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Abstract. Inspired by Gilkey’s invariance theory, Getzler’s rescaling method and Scott’s
approach to the index via Wodzicki residues, we give a localisation formula for the Z,-graded
Wodzicki residue of the logarithm of a class of differential operators acting on sections of
a spinor bundle over an even-dimensional manifold. This formula is expressed in terms of
another local density built from the symbol of the logarithm of a limit of rescaled differential
operators acting on differential forms. When applied to complex powers of the square of
a Dirac operator, it amounts to expressing the index of a Dirac operator in terms of a local
density involving the logarithm of the Getzler rescaled limit of its square.
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1 Introduction

On a closed Riemannian manifold (M", g), the algebra W (M, E) of classical pseudodifferential
operators acting on the smooth sections of a finite rank vector bundle F over M, admits a unique
(up to a multiplicative factor) trace, called the Wodzicki [19] or the noncommutative residue,
built from a residue density defined as follows. Given @ in V¢ (M, E), the residue of @ is the
integral over M of the residue density wges(a:) :=res(0(Q)(x,-))dzt A -+ Ada™ defined in (2.1)
with

1

. = — I‘E o_ A .
res(o(Q)(z,)) : @) /|£:1t (0-n(Q)(,€))ds¢

Here, n is the dimension of M, trf stands for the fibrewise trace on End(E), (z,€) is an
element in T* M, and 0_,(Q)(z,§) is the (—n)-th homogeneous part of the symbol at (z,&). The
Wodzicki residue extends beyond classical pseudodifferential operators to the logarithm log,(Q)
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(see Appendix B for the precise definition) of a pseudodifferential operator @) with Agmon angle
(see (2.11)), giving rise to the logarithmic residue wlfégse (Q)(l‘). The Wodzicki residue is local in
so far as it is expressed as the integral on M of a volume form involving the (—n)-homogeneous
component of the symbol. So it comes as no surprise that the index of the Dirac operator can
be expressed in terms of the residue. For a Zs-graded vector bundle £ = ET @ E~, the index
of an elliptic odd operator )" : C°>°(M, Et) — C°(M, E~) with formal adjoint )~ = (lD+)*
can be written [16]

Index(]D+) = —%sres(logg (Ez)) = 1 /M wSResz)(az),

2 logg (

where ) := [1;+ JZZ;} acting on ET @ E~, so that lDQ = ZD_]D+EB$+¢_ and 0 = 7. The graded
residue “sres” is defined in the same way as the residue with the fibrewise trace on End(F)

replaced by the Zo-graded trace and wSReS(m )(:c) := sres (o (logy (lDQ))(CC, J)dzt Ao A da™

Inspired by the approach adopted in [16], we revisit Geztler’s rescaling in the context of in-
dex theory in the light of the logarlthmlc Wodzicki residue. For a class of differential operators
acting on spinors which includes lD we express the logarithmic residue density evaluated at
a point p in M in terms of another local density W o, (z) (see formula (1.1)) involving
a limit Pi™ as the parameter A goes to zero of a famllye of operators IP’Ge built from the origi-
nal one by rescaling it at the point p (see equation (6.1)). In this sense, equation (1.3) at the limit
as A tends to zero, can be viewed as a localisation formula of the logarithmic residue at point p.
For this purpose, we first single out a class of differential operators acting on smooth sections of
a vector bundle F, which we call geometric with respect to a metric g, whose coefficients written
in some local trivialisation are geometric sections (Definition 5.8). We consider polynomials in
the jets of the vielbeins for the metric g (Definition 5.3) and inspired by Gilkey [11], we define
their Gilkey order (at a point p) (see equation (5.5)) to be the order of those jets. We call a differ-
ential operator geometric if its coefficients are geometric polynomials whose Gilkey order obeys
a compatibility condition involving the order of the operator, see equation (5.8). Geometric dif-
ferential operators enjoy nice transformation properties under local contractions (fx)xe[o,1] along
local geodesics defined by means of exponential geodesic normal coordinates (see equation (2.5)
for the definition). Indeed a geometric differential operator with respect to g transforms to
one with respect to g\ (Proposition 5.15), where g\ = /\_2f§\g. This transformed metric can
be viewed as the pull-back metric under the canonical projection 7#: M — M of the deformed
manifold M via a deformation to the normal cone to p, see equation (4.3).

We first consider the bundle £ = AT*M. From a differential operator P in W (M,AT*M)
acting on differential forms, we define a family of operators IF’SQ = f\fﬁ/\P (see (6.1))
using notations borrowed from [18], which are obtained under the combined action of the con-
tractions f\ mentioned previously and the so-called Getzler map Uy that acts on tensors, see
Definition 3.1. We call a geometric differential operator P rescalable if IP’)(:’e admits a limit Pi™
when A — 0 (Definition 6.1). In Proposition 6.6, we give a necessary and sufficient condition for
the rescalability of a geometric differential operator in W (M, AT*M) and show that the coeffi-
cients of the limit P™ are polynomial expressions in the jets of the Riemannian curvature tensor.

A first result is the localisation formula (1.2) for a differential operator P acting on differential
forms. It involves a local n-degree form wges( x), inspired by Scott’s proof of the index theorem
[16, Section 3.5.3] and defined for operators @ in W (M, AT*M) as (see equation (3.5)):

@) = e [ @@L ds (L.1)

Here U, is a local exponential neighborhood of a point p in M, S;U, is the unit sphere in the
cotangent space 1 U, at point x and the integrand is the degree n-part of the differential form
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0_n(Q)(z,€)1;. When restricted to operators in the range of a Clifford map, the local form @5‘35

is proportional to the Wodzicki residue density (Corollary 3.10) and therefore becomes a global
form. It further extends to logarithmic pseudodifferential operators @@ = log,(P) for a differential
operator P with Agmon angle 6. In Proposition 3.6, we show that the local n-form o?lfégse P) at
the point fy(x) is the local n-form associated to the pull-back operator U/ﬁ\fg\(logg(P)) at the
point x. If moreover P is rescalable, taking the limit as A tends to zero yields the localisation

formula

51%;3(13) (p) = aEzZ(@lim)(x)v Vo € Up. (1.2)
This formula can be applied to the Hodge Laplacian which is a geometric and rescalable operator
(see Example 6.8).

We then consider the case of a spinor module ¥ = > M when M is a spin manifold of even
dimension. To define rescalability of geometric differential operators in V¢ (M, X M) we use the
identification C{(TM) ® C ~ End(XM), and the Clifford map ¢9: C{(TM) — End(AT*M)
(see (C.1)) which sends an element of the Clifford algebra C/(T'M) on the tangent bundle
to an endomorphism of AT*M. We call a geometric differential operator P in W (M,XM)
rescalable if ¢9(P) defined in formula (3.11) by applying ¢ to the coefficients of the differential
operator P, is rescalable in W (M, AT*M). We further give a necessary and sufficient condition
for the rescalability of geometric differential operators in W (M, X M), see Proposition 6.9.!

It follows from Proposition 3.8 that for a differential operator P € W (M, X M) with Agmon
angle 6, the form (TJI%; (c9(P)) defines a global density. In Corollary 6.10, we infer from the above

localisation formula (1.2) a second localisation formula for operators in Diff (M, X M):
WIS(;RgZS(P) (p) = (_2i)n/2a311§22(@im)(x)7 (13)

where P is a rescalable geometric differential operator in Diff (M, ¥ M) of Agmon angle § which
is even for the Zo-grading XM = Y TM @ X~ M. This formula expresses the residue den-
sity wlsféis( P) (p) at ngoint p in terms of a local density @Ezz (@im)(x) of the limit P of the
rescaled operators PY°.

The localisation formula (1.3) applied to the square of the Dirac operator (see Proposi-
tion 7.1), which is proven to be a rescalable geometric differential operator, confirms the results
of [16, Section 3.5.3.3] (identification of (3.5.3.12) and (3.5.3.40)). Although the limit oper-
ator Pim ig expected to have a simpler form than the original operator as in the case of the
Dirac operator, computing (7)112;5 (@im)(m) nevertheless remains a challenge since it involves its
(—n)-th homogeneous symbol.

2 The Wodzicki residue density
for classical pseudodifferential operators

In this section, we review the definition of the Wodzicki residue for classical pseudodifferential
operators acting on sections of a given vector bundle. We recall the covariance property of the
Wodzicki residue under local contractions (see Proposition 2.3). We also recall how the Wodzicki
residue extends to logarithms of classical pseudodifferential operators with appropriate spectral
properties and refer to this extension as logarithmic Wodzicki residue. Specialising to the trivial

'In this part of the work, we consider even-dimensional spin manifolds, however our study extends to manifolds
with a spin® structure. Indeed the construction relies on the identification C4(T'M) ® C ~ End(XM) which can
be extended to manifolds with a spin® structure, in which case we have the identification C{(T'M) ® C ~ End(E)
[4, Theorem 2.13] with E a vector bundle isomorphic to the spinor bundle of the spin® bundle. For simplicity, we
restrict ourselves to spin manifolds.
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vector bundle, we show a localisation formula for the logarithmic residue of scalar differential
operators. It identifies the logarithmic residue density at the point p of a differential operator P
with the logarithmic residue density at any point x in a small neighborhood of p of the same
operator localised at p (see Proposition 2.5).

2.1 The Wodzicki residue for classical pseudodifferential operators

Let (E,m, M) be a vector bundle over M, an n-dimensional smooth manifold, of finite rank
and let U (M, E) denote the algebra of classical polyhomogeneous pseudodifferential operators
acting on the space C°°(M, E) of smooth sections of E. These are linear maps Q: C*°(M, E) —
C>(M, E), which read Q = Y ,.; Qu;, + Sg, where given a partition of unity (x;,7 € 1) of M
subordinated to a finite open covering (U;,i € I) of M, the operators Qu, := ¥;Qx; are locali-
sations of ) in open subsets U; of M, and Sg is a smoothing operator — it maps any Sobolev
section to a smooth section. Here (1,7 € I) are smooth functions compactly supported with
support in U; and which are identically equal to one on the support of y; for any ¢ € I. Since
we are interested in singular linear forms which vanish on smoothing operators, we reduce our
study to localised operators Q. As these choices will not influence our results, we drop the
explicit mention of the localisation and simply write ). A pseudodifferential operator (localised
on some open subset U of M) acting on C*°(U, E) is called classical or polyhomogeneous if it is
a linear combination of pseudodifferential operators () whose (local) symbol o(Q) — which lies in
C>®(T*U,End(V)), in any local trivialisation of E over U — has a polyhomogeneous expansion
of the form

(@)~ Y om-—4(Q),
j=0

with m in C, the order of Q). Explicitly, for any N in N, the difference o(Q) — Zj’vzo Xom—;(Q)
is a smooth pseudodifferential symbol of order no larger than Re(m) — N, with x a smooth
function which vanishes in a neighborhood of zero, and ¢,(Q) positively homogeneous of degree
a € C, that is,

7a(Q)(x,A) = A0a(Q)(,§)

for any (z,§) € T*U and A > 0. For further details, we refer to classical books on the subject
such as [17], see also [16, Example 1.1.8]. We also consider the class of logarithmic pseudodif-
ferential operators, namely those whose symbols have a log-polyhomogeneous expansion of the
form

o(Q)(z,§) = mlog([E])Id + 0a(Q)(, ),

where 0.(Q) is a classical symbol of nonpositive order. We define the local residue density
wges(a:) =res(0(Q)(x, ~))dacl Ao Ada”, (2.1)

where dz! A+ - Adz™ is the flat volume form in local coordinates on the (oriented) n-dimensional
manifold M and

1 E
res(r(Q)(w. ) = o [ (0@ €)ds
(2m)" Jig)=1
2s-densities on an n-dimensional real vector space V are functions p: V™ — R such that u(Avi, Ava, ..., Av,) =
| det(A)|°u(v1,...,vn) for any linear isomorphism A of V' and form a one-dimensional vector space |A|°(V). An

s-density on a manifold M is a section of the s-density bundle |A|*(TM) over M whose fibre over x consists of s-
densities on the tangent space T M. On an n-dimensional oriented manifold M, 1-densities, also called densities,
can be canonically identified with the n-forms on M.
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where tr” stands for the fibrewise trace on End(FE), dgé for the standard density on the unit
sphere S"~! obtained as the interior product of the flat volume form dé' A--- Ad€™ by the radial

vector field R := Y"1 | & aai, namely

ds€ = Ro(AE A A AdE™) = ST (1Y IIdE A AET A - A dET
j=1

A priori, wges(aj), which is defined using a localisation of the operator @) around x, depends on

the choice of local coordinates in a neighborhood of x. M. Wodzicki [19] showed that it actually
defines a global n-form, which can be integrated to define the linear form Res on ¥ (M, FE),
called the Wodzicki or noncommutative residue:

Res(Q) := /M wges(x).

Remark 2.1.
1. If (M, g) is an n-dimensional smooth manifold Riemannian manifold, we can equivalently
define
1
res(r(Q)(w ) = 1y [ 0P (Q) e ra(©)
(2m) S M

as an integral over the cotangent unit sphere SiM = {¢ € T M, |¢| = 1} endowed with
the induced Riemannian volume form v,.

2. The Wodzicki residue easily extends to a Zg-graded vector bundle E = ET & E~ replacing
the fibrewise trace tr” by a graded trace strf := trf — trf” | in which case we set

1

) = strf(o_ T
sres(o(Q)(x,-)) : @) /5|=1 tr (0_n(Q)(z,§))ds,

and

wZQReS(x) .= sres(o(Q)(x,-))dzt A -+ A da™

2.2 Local contractions

Throughout the paper, (M, g) denotes a smooth Riemannian manifold of dimension n and p a
point in M. The local identification uses the exponential map

exp,: T,M D B, — U, C M (2.2)

around p which yields a local diffeomorphism from a ball B, of radius r > 0 centered at 0
to a local geodesic neighborhood U, of p. This exponential map is combined with a rescaling
leading to the map (this is the map exp oT¢ in [9, formula (4.4.7)])

exp,ohy: Tp,M D B,/ — U, C M,
where

hy: TpM D Br/)\ — B, C TpM,

X — AX.

In the sequel, we use the following notations. From a given orthonormal basis e1(p), ..., en(p)
of T,M at p € M, we build:
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e normal geodesic coordinates at any point x € Uy, by means of the map B, C R" — Up;
(a:l,...,x") —x

T = exp, (Z xiei(p)> € exp,(B;) (2.3)

defined via the local exponential map exp, in (2.2);

e a local orthonormal frame

Op(z,9) :={ei(z,9),...,en(z,9)}, z e U, (2.4)

of T, M by the parallel transport 7.: T,M — T, M along the geodesic c(t) = exp,(tx),
with x in B, C T, M, which takes p to x = ¢(1) so that e;(z,g9) = 7.(e;(p)).

Unless specified otherwise, we use normal geodesic coordinates. As usual, we identify any

point x € Uy, with its coordinates X := (xl, e ,x"). Let 1 > A > 0. By means of the map hy,

we define a rescaled coordinate system
Y = (y1 =t Lyt = )\ac")
at any point in Up. Since we have the inclusion B, C B, \, the map h induces a diffeomorphism

for: Up — U;‘ i= exp,(Bxr) C Up,
exp,(x) = exp, ohy(x) = exp,(\x), (2.5)

which we shall denote by f) for simplicity. As a consequence of the above constructions, we have

fA(axi) = oy = 183;1‘ ofy and  fidz'=dy’ = Ada' o fy. (2.6)

2.3 The behaviour of the Wodzicki residue under local contractions

Let us now recall the general fact on pull-back of operators. Any local diffeomorphism §: U — V
induces a local transformation on a localised pseudodifferential operator as follows: Given any ()
in Uy(V, E), where (E, 7, M) is a vector bundle over M, we define f#Q € U (U, *E) by

(7Q)s == (Q(() '(s)) = Q(soF 1) o, (2.7)

where s is any local section in {*E above U. Here, {*F is the pull-back bundle over U of the
bundle E given by

fPE={(z,y) €U x E|f(x) =n(y)}

The following lemma is an easy consequence of the transformation property of symbols under
the local diffeomorphism fy. We nevertheless provide an explicit proof.

Lemma 2.2 (compare with [16, p. 381]). Given any Q in Vo (M, E), we have for small enough
positive A,

o (.Q) (2, €) = o(Q) (r(@), (((12):)") ' (©) = Q) (@), (1)"(©)), (2.8)

at any giwen point x in Up.
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Proof. A local diffeomorphism f: U — V between two open subsets U and V' of M, induces
a map (f*),: T}U — T’E )V and the symbol o(Q) of @ transforms as (see, e.g., [17, equa-
tion (4.2.1)])

U(fﬁQ)(x,f) =o(Q) (f(=), ((f*)t)_l(g)) + lower order terms. (2.9)

Here “lower order terms” stands for the push forward by f of the sum -, Lo, (z, §)ogo (z,8)
with

Bo(2,8) = DLFEE | and  @l(2) == §(2) — f(e) — di(a) (2 — ),

which is a polynomial in & of degree < |a‘ whose coefficients are linear combinations of products
of derivatives [, 97f(z) of f at  with Z |v] = |a| and |y| > 2. For § = f) with U = U, and
V= U , we have 0;0;f = 0 for any indices 7, j running from 1 to n, so that the lower order
terms vamsh leading to (2.8). [

Proposition 2.3. Let E be a vector bundle over M of finite rank. For any given @Q in ¥ (M, E),
the n-form wges transforms covariantly under contractions fy as

wges ° f>\ - wfﬁ Q?
for any XA > 0 small enough.

Proof. Applying the local residue density (2.1) at the point fy(x) with z € U,, we have

(2m)"wBe (5 (1)) = ( /5 N ltrE< n(Q)(fA(x)vﬁ))dsf) Gt Ay

[ P @) A7) dse st A
l§1=1

(
</|g e @(a@), (fi)t(ﬁ)))ds§> dr' A A da”
)

28 n, Res
(M) ) (@)

This finishes the proof of the lemma. |

2.4 Logarithmic residue density

For later purposes, we review here how the Wodzicki residue can be extended to logarithms of
pseudodifferential operators as defined in Appendix B. As before, we consider a vector bundle E
over M of finite rank. We say that an operator @ in W (M, E) of positive real® order m has
a principal angle 6 € [0, 27) (see [16, Section 1.5.7.1]) if the leading symbol matrix o7 (Q)(z, &) :=
om(Q)(x,€) has no eigenvalue on the ray Ly := {rel’, » > 0} for every (z,£) € T*U \ U x {0}.
In particular, the operator is elliptic and, therefore, has a purely discrete spectrum. A principal
angle # of an operator @ is said to be an Agmon angle® if there exists a solid angle of the ray

A&g:{reia,r20,9—5§a§9+5},

for some £ > 0, that contains no eigenvalue of (). In that case, the operator () is invertible.

3The order is assumed to be real so as to ensure that does not intersect all rays.
4One can actually build an Agmon angle from a small perturbation of any principal angle.
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Remark 2.4. We shall drop the explicit mention of the principal angle when we can choose
0 =m.

For such an operator (), we can define the complex power Q7 for z € C and the loga-
rithm logy(Q) as in Appendix B. It is “nearly” classical in so far as its local symbol differs from
a classical symbol by a logarithm term. Indeed, it is shown in [16, formula (2.6.1.11)] that the
symbol of the logarithm reads

o (logy(Q))(x, &) = mlog(|£))Id + oci(logy(Q))(x, £), (2.10)

where o(logy(Q)) is a classical symbol of order zero with homogeneous components
o_;(logy(Q)) of degree —j,j > 0 given by (this follows from the formula above (2.6.1.11) on
p. 219 in [16])

o 5(10gs(@))(2,€) = I¢] 7 (az (am_j@z) <x é,) ) ) .

The fact that the logarithmic part of the symbol vanishes on the cotangent unit sphere
underlies the extendibility of the Wodzicki residue to logarithmic pseudodifferential operators
(for a detailed discussion, we refer the reader to [16, Section 2.7.1]). In analogy with (2.1), we set

reslo0o(@) ) 1= gy [ (0 log(@)e )t
wines (o) (@) := res(o(logg(Q)) (x, ))dz" A -+ A da™, (2.11)

which we call the logarithmic residue density of P. Given a local diffeomorphism §: U — V
and an operator Q € W (M, E) with Agmon angle 6, the operator f#Q defined in (2.7) lies in
U (M, f*E) with the same Agmon angle 6, since equation (2.9) implies that

o (fQ) (x,€) = or(Q) (f(x), (7)"(€)).

Furthermore, the relation f(Q — \)~! = (fﬁQ — A)_l gives that
(Q5) = (" Qo) (2.12)

for any complex number z with negative real part. Since f#(Q*) = (fﬁQ)k for any positive
integer k, it follows from the construction of the extension )7 to any complex number z, that
Property (2.12) extends to z € C. Similarly, one shows that

f(logy(Q)) = logy (FQ),

in other words, f* commutes with the functional calculus. On the grounds of formula (2.10),
0_n(logyg(Q))) = (0e1)-n(logy(Q))) so that one can easily adapt the proof of Proposition 2.3 to
show the covariance of the logarithmic residue:

Res R

Wiogy(Q) © Fr = wloZZ(fn)\Q)’ (2.13)

where we have used the fact that fﬂ/\ and log, commute.
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2.5 A localisation formula for the logarithmic residue density

We now focus on logarithms of scalar differential operators, for which we prove a localisation
formula for the Wodzicki residue density. In the sequel, we use the following notations. For any
multiindex v = {i1,...,is}, we set

0 0

DA
DY i= 5o o (2.14)

in the local normal geodesic coordinates X = (:cl, e ,m”) at point x with the usual identification
x < X. To simplify notations, unless this gives rise to an ambiguity, we henceforth write DY
instead of DY .

Given a vector bundle E — M of rank k, trivialised over an open subset U of M, D7 acts on

a local section s|y = Zle aisi‘U on U by

k
DVs:= Z D7 (a;)s;. (2.15)
1=1

Here {s;}i=1,. 1 is a basis of the bundle E|y in the local trivialisation E|y ~ U x RF. A dif-
ferential operator of order m € Z>p reads P = Zlv\Sm P, D7, which means that in the local

trivialisation E|;y ~ U x R¥ of E, it acts as
k k
P(Z%’Sa‘) = > D (P)yD(ay)si, (2.16)
=1 y[<m ij=1

where we have used equation (2.15). Differential operators form an algebra Diff (M, E') and we
have the following isomorphism of C'**°-modules:

Diff (M, E) ~ Diff (M) @ge(2s) C*°(M, End(E)),

where we have set Diff (M) := Diff(M, M x R). Following [18], we define a family of rescaled
differential operators for any P € Diff (M, M x R) by

P:=\"P, A >0, (2.17)
and set for any small positive A
Py == A4 P. (2.18)

In local normal geodesic coordinates, we have fﬁ)\DV = A~11D7 so that the family of rescaled
operators built from a differential operator P = ngm P,D7, locally reads (these and the
above notations Py are borrowed from [18])

Py = Z )\m_hl(P'y ofa)D7.
[v|<m

As )\ tends to zero, IAP()A converges to the operator P evaluated at the limit point p

lim Py, = ||Z P,(p)D"|, = P}y, (2.19)
y|l=m

where P,(p) corresponds to P,(z) evaluated at the reference point p. In the following, we
state a localisation formula for the residue of the logarithm of a differential operator (see [16,
formula (3.5.3.33), p. 382] for a similar formula).
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Proposition 2.5. For any differential operator P in Diff (M, M x R) with Agmon angle 0, we
have the following localisation formula:
R R
Wiogy (P) (P) = Wiog, (p|,) (%)
for all x € U,.
Proof. We first observe that for small positive A

logg (ﬁ’x) = logy ()\mfﬁ/\P) = (mlog \)Id + log, (f&P),

where m is the order of P. Since the residue density vanishes on differential operators and hence

Res — ,,Res : ; : Res — . ,Res
on Id, we have Yogn®r) = Yo, Py Equation (2.13) implies that Yiogs(By) = Ylogy(P) © fr. We

then take the limit as A\ — 0, by which Py tends to P|, by (2.19). The continuity of the logarithm
combined with the continuity of the Wodzicki residue for the Fréchet topology of (log-)classical
operators of constant order then yields the statement of the proposition. |

3 A local Berezin type n-form on W, (M,AT*M)

In this section, we define a local n-form @R on Wy (M, AT*M) (see equation (3.5)), which
unlike the Wodzicki density, is not covariant under contractions defined in the previous section.
We give in Proposition 3.6 the behaviour of this local n-form @ under Getzler rescaling map
(see Definition 3.1) combined with the local contractions. When the manifold M is spin and for
a differential operator P acting on smooth sections of its spinor bundle, we use the expression of
the super trace in terms of a Berezin integral (see (C.2)) to relate the local n-form Uulr’égz (co(py) Of

the logarithm (with spectral cut €) of ¢9(P) (defined in equation (3.11)) to its (super-)Wodzicki

residue Wls(f;s(cg( P))- Much of this section is inspired from Simon Scott’s approach to the local

Atiyah—Singer index theorem by means of the Wodzicki residue [16, Section 3.5.3].

3.1 The Getzler rescaling map
To simplify the notation, we set @}V := V&1 @ (V*)®r,

Definition 3.1. The Getzler rescaling map is the tensor bundle morphism defined for any A > 0,
by

Uy: @1V — @1V,
t— N7t (3.1)
The Getzler rescaling map U), restricted to AV induces a map
U: End(AV) —s End(AV),
Q— ULQ: w— UrQU; tw, (3.2)
which satisfies
U)ﬁ\(v Ane)=AtuAe and U)ﬁ\ (v% 10) = Av¥s e (3.3)

for any v € V*. Combining (3.3) with the Clifford map ¢9: C/(V) — End(AV') defined in (C.1)
Appendix C, on the covector v € V* by c9(v)e = v A  — v¥s e yields the map

Uloct: CUV) — End(AV)
given by
(Uf\ oc?)(v)e = A lone— b e,

We have the following straightforward lemma that we will use later.
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Lemma 3.2. Let el :=elt - 2. el fori) <iy < - < iy with |I| =k, it follows that

li It o i) (el) — of 4
)\12%/\ (Usodd)(e') =e'A, (3.4)

where el N\ := et Ao A€tk

3.2 A local n-form on ¥,(M,AT*M) and Getzler rescaling

In order to define the local n-form, we fix a normal geodesic neighborhood U, around a point p
in M. For (z,§) € T*U,, we consider the symbol o(Q)(x,&) € End(AT;U,) of an opera-
tor @ in Wy (M,AT*M) in the corresponding coordinate chart. Its homogeneous component
o_n(Q)(x,&) of degree —n evaluated in 1, yields a differential form o_,,(Q)(z,§)1, € AT, U,.
Hence we define

~Res L L o x
W () = (2n)" /5|=1[ —n(Q)(x, )1z dsé, (3.5)

where ay,) stands for the part of degree n of a form a in AT; M.
Remark 3.3.

e Note that this differs from the Wodzicki residue density. Contrarily to wges which is
covariant with respect to the action of fy, as we shall see shortly, nges is not. Getzler’s

rescaling map will enable us to compensate this lack of covariance.

e The above constructions generalise beyond classical pseudodifferential operators, to loga-
rithmic pseudodifferential operators. For a differential operator P in Diff (M, AT* M) with
Agmon angle 6, similarly to (3.5), we define

@) = g [ 70ROt

The maps U /ﬂ\ defined in (3.2) induce a transformation on differential operators as follows: for
any P =3, P,D7 in Diff (M, AT* M) of order m, we define

ULP = Y Ui(P,)D" € Diff(M,AT*M). (3.6)

[v|<m

A first direct consequence of (3.6) is that o, (UP\P) = Uf\aL(P) so that the operator U/ﬁ\P is also

of order m and has Agmon angle §. We build (U)ﬁ\P)Z and logy (Uf\P) following the construction
in Section 2.4.

Lemma 3.4. For any differential operator P € Diff (M, AT*M) with Agmon angle 6 and or-
der m, we have

Tmai (USP):) (2,€) = U (0ma—j(Ff ) (2, €)),
o_j(logg(ULP)) (x,€) = U} (0—;(logy(P))(,€)) (3.7)
for any (x,&) € T*U and j > 0.

Proof. We prove the first identity, the second one can be shown in a similar manner. Let u lie
on the contour I'y. Since Uf\P — = Uf\(P — 1), the same property holds on the symbolic level

a(Uf\P) —u= Ug (O’(P) — u). As a result, the product formula a((U)ﬁ\P — ,u)_l) * (U(U;{P) —
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p) = Id (see, e.g., [16, equation (4.8.2.2)]) which determines the homogeneous components
a_m_j((U/ﬁ\P—u)_l) of the resolvent with j € Z>¢, reads a((Uf\P—,u)_1)*(U§(U(P)—u1)) =1Id.
It follows that J_m_j((UEP—,u)_l) = U)ﬁ\a_m_j (P —p)~t) for j € Z>p. Using equation (B.3)
in Appendix B, this yields for Re(z) < 0 and j € Z>g
z i 2 —1
Oz (ULP);)(x,€) = 27r/r 150 —m—i (USP = 1)) (&, §)du
0
i —
= o= [ U o—m— (P = ) ™) (@, &)dp
s Ty

= U (0 (P) (3, ).

These identities can then be extended to any complex number z. For Re(z) < k with k£ € N, we
. k —k . k

write (USP); = (ULP)"(USP);™". Since oyi—; ((ULP)") = oy (ULP?) = Ulopp; (P¥) for

any j € Z>o, it follows from (B.4) that

z (_i led o o z—k .
Umzfj((Uip)e) = Z Ojaé C’mk—a((Uip)k)axC'm(z—k)—b((UiP)e ) Vi€ Zxo

a+bt|al=j

—i)led
! YA .
- Z ( o}' Uia?amk_a (Pk)Uf\ago-m(z—k)—b(Pg k) v_] c ZZO
atbtlal=i
= Uf o (Ff). .

Lemma 3.5. Given any P € Diff(M, AT*M) we have for any A > 0

(UL o) (P) = (ff o UL)(P) (3.8)
for any local diffeomorphism f: U — V.

Proof. First, we show that Uy o §* = §* o Uy, where by definition {*w = w of for any differential
form w. Indeed, we compute

(Uyof)w=Ux(wof) = Z/\_i(w o) = Z)\_iw[i] of = (f o Uy)w.

i=1 i=1
Hence, we get for P € Diff (M, AT* M)
(Ul of¥)(P)=Uyof o Pof,oUst = oUyo PoUstof. = (ff o U!)(P). n
As a direct consequence of equation (3.7), we get the following

Proposition 3.6. For any differential operator P € Diff (M, AT*M) of Agmon angle 6, and for
any A > 0:

Res Res ~Res —n ~Res ~Res n ~Res
— — = (] . .
“logg(Uip) ~ Wlogg Pr Yo (1t p) A Orog, P “logy (1. P) A" Blog, p O (3.9)
In particular, we get
~Res _ ~Res
w - wlogg po° f)\' (310)

#
logy (USF} P)
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Proof. For any A > 0, we write

(27)"w iz wip (@) = ( /|£ . AT M (o, (logg(Uﬁp))(x,g))dS§> dzt A - A da®

3.7)

= </|£_1 trAT*M(UE\(U—n(IOgQ P)(%ﬁ)))dsf)dxl Ao A da™
= </|£ ltrAT*M(UAJ_n(IOgg P)($7£)U)\_1)dsf>da:1 Ao Ade

= < /|£ _ ltrAT*M (o_n(logy P)(x,g))dsg> dz' Ao Ada”
= (2m)"wisg, p(2)-
To prove the two other equalities, we also compute
n ~nes _ ﬂ
(2m)" R e () = A Lo ltong (UFP)) o ) 1] 056
D[ (U llory(P) )] dst
§1=1

- /5| 1 [U)\(Ufn(logQ(P))(x’5)11)][n}dsg

:/§| 12 UA o_n(logy(P))(z, )150][1:]][”](155

n

= [ 2 oo (P) e gl st

37 [ (o (P) e s
lgl=1
= A" (2m) @ gy (2).
To prove the last equality in (3.9), we use equality (2.8) to write
n es — ﬁ
(27) wlf;gg i () (@) = /g o [0 (1} Jogy P) (,6)La] €
- /g  Lonlogs P)(12(0), (3)'(©))1] s

- /g  Lloalion P)(1n(2). A~ "€))12] s

= )\"(27r)”w1%§2 (fa(2)).
Finally, equality (3.10) is obtained by combining the last two identities in (3.9). This gives the
statement. |

3.3 The Wodzicki residue density versus a local Berezin type density

In this paragraph, we enhance the well-known algebraic identity (C.2) to a lesser known identity
of local densities on spin manifolds. Let now (M, g) be a spin manifold of even dimension n
and let XM be its spinor bundle. The morphism ¢f defined in (C.1) induces on a differential
operator P = ngm P,D" in Diff (M, ¥ M) of order m, the operator ¢/(P) given by

¢I(P):= Y c9(Py)D" € Diff (M, AT*M), (3.11)
Iv|<m
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where we have used the identification C/(TM) ® C ~ End(XM) as in Proposition C.1. Clearly,

the operator ¢?(P) has the same order as P. In order to find the relation between @R and wies,

we need the following lemma:

Lemma 3.7. For any differential operator P € Diff(M,XM) of Agmon angle 6 and order m,
the operator ¢9(P) has also an Agmon angle 0. Also, we have that

a-j(loge(c?(P)))(x, &) = ¢?(0—;(logy(P))(%,£)), Vi € Zxo.

Proof. From the injectivity of ¢ we easily deduce that the set of eigenvalues of ¢ (o (P)(x,§))
(resp. ¢9(P)) is a subset of the one of o (P)(z,&) (resp. P). Thus, an Agmon angle 6 for P is
also one for ¢9(P). The second part of the assertion can be proved along the same lines as the
proof of equation (3.7) with ¢f playing the role of U f\ |

By choosing a = g_,(logg(P))(x, &) in (C.2), for any differential operator P € Diff (M, X M)
which is Zs-grading, we get that

Proposition 3.8. For any differential operator P € Diff (M, X M) with Agmon angle 0, which
is even for the Zo-grading XM = XTM & X~ M, we have

Bl (ea(py) () = G () (=20) PR b (2),

where jg(x) = /det(gij(x)).

Proof. Using Lemma 3.7 for j = n, we compute

G o @) = e [ 7nl1ogg(e ()0 Ll

|€l=1
1 9
- (2m)m /ﬁl—l[c (U—n(logg(P))(x,§))1Z][n}d55
1 g
~ (2m)n /ﬂ_l[s (0-n(logg(P))(x,&))]mdsE
- 1 n (T ° Sg)(U_n(loga(P))(x7f))el ARERA e"d5§
(2m)" Jigi=1
(C2) Jg(x)(=20) "2

& ( /5 B str(a_n(logg(P))(:c,f))dgf)dxl AeooAdz”

= Jo(2)(=2) 7wl py (2).
Here, we use the fact that P is Zy-graded, meaning that o_;(logy(P))(z,€) is in End(SEM) ~
CUT,M)" @ C and, thus, equation (C.2) is applied. |

Remark 3.9. As a consequence of Proposition 3.8, for a differential operator P € W (M, M)

with Agmon angle 6, (ZIP;ZZ (9(P)) does define a global density since wfg;is( P) does.

Corollary 3.10. For any differential operator P € Diff (M, M) of Agmon angle 6 and order m
which is even for the Zo-grading XM = XM @& X~ M, we have

~Res
loge

Wi ey = U © (2D 2wigilp) o fa

Proof. By (3.10) applied to the differential operator ¢9(P), we write

~Res _ ~Res
“logg(es(P) © TN = o kit eopyy”

The statement then follows from Proposition 3.8 at the point f(-). [
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4 The geometric set-up

In this section, we review the geometric set up underlying Getzler rescaling. Specifically, in the
language of [6, Section 1.1], we deform the manifold M to a manifold M via a deformation to
the normal cone to a given point p, and pull back the Riemannian metric g on the manifold
under the canonical projection 7: M — M to a family {g)} >0 of dilated metrics (see (4.4)).
This family will play a crucial role when deforming operators.

4.1 Deformation to the normal cone to a point

For an embedding My — M of two manifolds, the deformation to the normal cone is defined as
D(My, M) := (M x Ry) U (N My x {0}),

where N'Mj is the total space of the normal bundle to My in M. The deformation to the
normal cone extended to the embedding of the base of a groupoid into the groupoid gives rise to
the tangent groupoid introduced by Connes [5] which proves useful in the context of manifolds
with singularities. Here, choosing a reference point p € M fixed throughout the paper, we take
My = {p} so that N'My = T,,M, in which case the deformation amounts to replacing M by the
deformed manifold around p defined as

M = (M x Ry) U (T,M x {0}).

The gluing of the two parts, namely M x Ry and T,M x {0} is carried out via the local diffeo-
morphism fy described in (2.5) as follows. We build the map (denoted by © in [7, Section 3.1],
but here we adopt the notations of [18])

Exp,: T,M xRDB,, — M
defined on
By = ({(x,\) € T,M xRy ,x € B, /) }) U(T,M x {0})
by the identity map on T, M x {0} and on the remaining part of B, , as follows:
Exp,: {(x,A\) € T,M xRy, x € B,)\} — U, x Ry CM,
(x,A) = (exp,(Ax), ), for A > 0. (4.1)
We consider the open set in M [6, Section 1.1]
Wy, == (Up x Ry) U (T, M x {0}) C M.

The deformed manifold M is endowed with the smooth structure for which Exp, is a dif-
feomorphism, and which restricts to the standard smooth structure on M x Ry (we refer the
reader to [12, above Lemma 4.3] for further details). Via Exp,, the point (z = exp,(x),\) is
identified with the point f)(z) = exp,(Ax) and the point p is identified with x. We refer to the
coordinates given by (4.1) as the A-rescaled exponential coordinates. To recover the manifold M
from the deformed manifold M, we consider the projection map

: M2 M x Rsg — M,

T
(,\) — (2, \) —> x if A >0,
(x,0) — (p, 0) — p-.
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With M endowed with the smooth structure described above, the map 7 is smooth allowing
to pull-back the geometry on M to M. For any section s of a vector bundle E over M, its
pull-back is a section of the pull-back bundle E := #*F C M x F over M given by

(7*s)(x, \) = s(z), VYA>0, VeeM
and
(7%s)(x,0) = s(p), Vx € T,M.
In particular, the tangent bundle TM — M is pulled back to

TTM = {(x,\,y,u) e M xRy xTM |z =y}
U{(x,0,y,u) € LM x {0} x TM | p = y}.

Also, the local diffeomorphism (4.1) induces the isomorphism of vector bundles (see [7, Re-
mark 3.4 (e)] and [9, pp. 67-68])

(TM x R) U (T,M x {0}) — TM,
(z,u, \) — (z, Au = hy(u),\) if A >0,
(x,0) —xeT,M if X=0.

Now, in the local exponential chart (4.1) of M, the pull-back of a section s on F is the map
s o Exp,: By, — E that can be read as

(7"s o Exp,)(x,A) = (s 0 T)(exp,(Ax), A) = s(exp,(Ax))
for any A > 0 and x € B,./5. Also, on the remaining part of B, we have
(75 0 Bxp,) (%, 0) = (s 0 7)(x,0) = 5(p).

Therefore, by taking x € B, C B, for A > 0 small enough and identifying it with the point
x 1= expyX € Uy, we write that

Ex

(#*s) (@A) =" (sofa)(x),

for x € Up.

4.2 Tensor bundles pulled back by &

Coming back to the deformation to the normal cone, the tensor bundle T}/ M := TM®I@T* M®"
is pulled back to #*TZM — M and a tensor field ¢ written in a normal geodesic coordinates
chart with coordinates X at a point = € U, as

) 0 A A
tx) =Y t1" R @ — Rdr' @ @ dad”

J1---Jr axil Oxlta (42)

is pulled back to

Exp,

(7*t)(x,\) =" tofr(x)
i1 0 0 . .
= Z(tﬁ...fi o f)\)((%:’l o f,\> R ® (axiq o fA) X (dg;h o f)\) R ® (dx]'r o f)\) 7

x
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for small enough A > 0. Combining (2.6) with (3.1), we deduce that

Ak EXPP —r gk
(@) (@, A) =" AT (fAE) (),
E
for any small enough A > 0 and (7*¢)(x, 0) =" t(p), for A = 0. Specialising to ¢ = 0 and r = 2,
yields that the local description of the pull-back of the metric g on M, viewed as a covariant
two tensor is

. Exp o *
(g) (@, A) =" A (FRg) (=) (4.3)
for small enough A > 0 and it is g(p) for A = 0. It is therefore natural to introduce
gx = AR, (4.4)

so that at any point in Uy, we have (gx);; (z) = gij(fA(z)). As a consequence of the last identity
and with the help of the Koszul formula, the Christoffel symbols Ffj(-, g9) = g(V 2 %, < )

Bk
satisfy for any small enough positive A

Similarly, the Christoffel symbols f‘fs(~, g) = g(Ve,es, ) read in an orthonormal frame obtained
by parallel transport along the geodesic curves, satisfy

Lfy(.90) = AL (), 9)- (4.5)

5 Geometric differential operators

In this section, we define the notion of geometric polynomials with respect to a given met-
ric, as smooth sections (Definition 5.3) of a given vector bundle in terms of the corresponding
vielbeins (see Appendix A). To these polynomials, we assign an order called Gilkey order, in-
spired by Gilkey’s “order of jets” in the context of his invariance theory [11, Section 2.4], see
also [15, Section 3], both of which use jets of metrics. Whereas geometric polynomials are de-
fined in terms of the jets of the vielbeins and hence of the metric tensor, the Gilkey order does
not depend on the choice of metric. We call a differential operator geometric if its coefficients
written in a local trivialisation are geometric polynomials (Definition 5.8). In Proposition 5.14,
we show that a geometric polynomial with respect to g transforms under a contraction f to
a geometric polynomial with respect to gy. In Proposition 5.15, we show a similar property for
a geometric differential operator.

5.1 Valuation of local sections

Let us recall some basic facts on the jets of a vector bundle. Given any vector bundle (E, r, M)
where 7: E'— M is the orthogonal projection, we let I'(E') := C°°(M, E) be the vector space of
sections of £ and I',(E) be the stalk® of local sections at a point p. Two local sections s and s’
in I',(E) have the same r-jet (r € Z) at p if

(D7s)lp = (D7s)]p

Let Sy denote the set of local sections of E defined on an open subset U of M containing p. The stalk of
local sections at the point p is the set of ~ equivalence classes where for two elements sy in Sy and sy in Sy,
sy ~ sy if and only sy and sy coincide in some neighborhood of p.
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for any multiindex v such that 0 < |y| < r. The relation
s~ s <= sand s have the same r-jet at p

defines an equivalence relation and we denote by j,s the equivalence class of s. The integer r is
called the order of the jet. The set

J(E):={jrs|peM,secTy(E)}
is a manifold, called the r-th jet manifold of . The triple (J"(E), m,., M) is a fiber bundle where
w2 J'(E) = M; jjs — p and, in local coordinates,

Jps = (s(p), D7slp; 1 < [y <),

which can be locally represented by the polynomial Z|"/|ST D|7‘s|pX 7 (here in the variable X).
The reference vector bundle E will often be implicit only when needed shall we mention it.

Definition 5.1. Given a normal geodesic coordinate system X = (:L‘l, - ,x") at a point p and
for a non negative integer r, the r-valuation of a local section s € I',(E) is defined by

Vaerm(s) = min {|’y| <r, D}s|p + 0}

with the notation of (2.14) provided such a minimum exists. Otherwise, following the usual
convention we set val’y ,(s) = +00. Correspondingly, we define the valuation of s as being

valy p(s) = min val’ (s) = min {|y| | D'Ys‘p #0} € [0,+00]. (5.1)

TGZZO

Example 5.2. We choose ' = T*M @ T* M, and view g as a section of E trivialised above U,
by means of normal geodesic coordinates on Up,. In that trivialisation, the expansion of the
metric around a point p is given by

ahala™ + O(|z[*), (5.2)
p

1
gij(w) = b5 — 3 ik

aFal — éRiklj;m
p
where Riiij.m = (VR)miri;- Therefore, in this trivialisation, the valuation of g —Id is at least 2.
In contrast, in the trivialisation of E obtained by parallel transport, the valuation of g — Id
is +o0.
Similarly the expansion of the inverse is given by
aF ot + O(|z|"), (5.3)

1
k..l g
-R
mx+6

g 1
g (z) = di + 3Bkt ikl
p

so that, in these coordinates and with a slight abuse of notation, the valuation of ¢~ — Id is
at least 2. Combining equations (A.3) with (5.2) (resp. (A.2) with (5.3)) yields the following
expansions [1, equation (11)]

1 . 1 )
al(z,g) = 6y — 6Rijkl(p)m]a:k — EVtRijklx]xkxt +O(|z[*)

and
i 1 ik, 1 P kot 4
bi(z,g9) = da + élekz’(p)me + EVtRijﬂjw 2+ O(|z|").

Hence, in the same way as before, the valuation of A —Id (resp. B — Id, see Appendix A) is at
least 2 as well.
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Finally, using the Koszul formula combining with (5.2) and the properties of the curvature
operator, the Christoffel symbols Ffj (,9) = g(V o %, %) have the following Taylor expansion
ozt

at point p in the normal geodesic coordinates

1(]-'%zmj(ﬁ?) + Rakj(p))z’ + O(|z]?).

Also, the Christoffel symbols in an orthonormal frame f‘fs(', 9) = g(Vees,€) have a similar
Taylor expansion

- 1 )
Flu(@.9) = 5 Rua ()’ + O(Jol?), (5.4)

which shows that both Christoffel symbols have valuation at least 1.

5.2 Polynomial expressions in the jets of the vielbeins

We consider a rank k vector bundle £ — M equipped with an affine connection. We trivialise
the bundle F over an exponential neighborhood U, of p using geodesic normal coordinates
(z',...,2") at a point z in U, by identifying the fibre E, above z = exp,(x) € U, with the
fibre E, at point p via the parallel transport along geodesics c(t) = expp(tx), x € T,M. We
fix a basis (s1(p),...,sk(p)) of E,, which is then transported to (si(z,g),...,sk(z,g)). In this
trivialisation, sections of E may be viewed as smooth functions on U, with valued in the fixed
fibre E,,.

Definition 5.3. We call a local section s of E over U, a geometric monomial (resp. polynomial)
with respect to some metric g, if when s = Z?Zl a;s; is written in the local trivialisation s;(-, g),
j=1,...,k of E above Up, the coordinates a;(-,g) are monomials (resp. polynomials) in the
jets of vielbeins A,(-,¢) and By(-, g) for the metric g (resp. linear combinations of monomials),
namely if they are (resp. linear combinations of ) expressions of the form

Sj _ _
[T D% ((a;)i2 (. 9)) D% (b)), (-, 9)). (5.5)
=1

such that E§i1 ‘ 53 } + }73\ is independent of j. In this case, we shall write s(+, g) for an expression
of the type (5.5) and call ord“!(s) := Zjil ‘ﬁg| + hg! its Gilkey order.

One observes that the notion of geometric polynomial and its Gilkey order is invariant under
transformations g — f*(e¥g) of the metric g, where f is a diffeomorphism on M and ¢ is
a smooth function on M.

Remark 5.4. When F is a subbundle of the tensor bundle, we can alternatively trivialise it
over the exponential neighborhood U, of p using geodesic normal coordinates (:(:1 ,x") at

a point in U,. By (A.1), we have % =Y at(-,9)ee(-,9) and dz’ = e bf(-,g)el(-,g),
where (e1(+,9),...,en(+,g)) is the basis of T'M obtained by parallel transport of some (fixed)
orthonormal basis of T, M. Inserting these relations in (4.2) yields an expression of

by
thll Z]qTlel Zq %1 ]gnrezl( 79) R '-'®€eq(-,g) ®em1(,jg) ®...®emr(.7g)7
where lel qu and Q;rl[l'f_]:?nr are linear combinations of expressions of the form (5.5). Thus, the
coordinates tjllzj‘i of t in (4.2) are linear combinations of expressions of the form (5.5) if and
only if its coordinates e, "%, in the basis e, (9) ® - ®eg(,9)®e™(,9) @ - ®e™ (- g)
are also linear combinations of expressions of the form (5.5). Consequently, we can use either
trivialisation in this case.
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Here are first examples of geometric polynomials.
Example 5.5.

1. Take E = T*M ®; T*M. The metric g, which is a local section of FE, is a geomet-
ric monomial with respect to the metric g of Gilkey order zero since its coordinates in
the basis da’ ® dz? induced by the normal geodesic coordinates z!,..., 2" read gii(+) =
py aé(-,g)a§(~,g) (see quation (A2)) Solis its inverse ¢! a geometric monomial of
Gilkey order zero since g (-) = >, bi(-, 9)b] (-, g) (see equation (A.3)).

2. Take £ = T"M @ T*M ® TM. The Christoffel symbol which is a local section of F,
is a geometric polynomial with respect to the metric g since its coordinates Ffj(~, g) in
the basis dz! ® dz/ ® -9 induced by the normal geodesic coordinates !

IoF ,...,x" read by
Koszul’s formula

LH(,9) =D gM() @i (90()) + Oaa(gu(-)) — u(935())) (5.6)
=1

is a polynomial in the jets of vielbeins of Gilkey order one.

3. Similarly, the Christoffel symbols ffs(-, g) = g(Ve,es, €;) written in the orthonormal frame
(e1(+,9),...,er(+,g)) obtained by parallel transport as in Remark 5.4 read as (use Einstein
convention)

Tl(.9) = b, 9)b] (9B (. 9) T (- 9) + B )] (-, 9)0e, (O (- 9)) 95 (), (5.7)
are polynomials in the jets of the vielbeins of Gilkey order one.

Remark 5.6. Since jets are compatible with composition and differentiation, geometric mono-
mials form an algebra stable under differentiation.

Remark 5.7. Due to equations (A.2) and (A.3) which relate the metric to the vielbeins, the
class of polynomials we single out in Example 5.5, is consistent with the classes of polynomials
in the jets of the metric considered in [2], [8, Theorem 1.2] and [11, equation (2.4.3)]. There,
the polynomials depend on the metric tensor, its inverse — or its inverse determinant, see [2,
formula, item 1, p. 282] — and the derivatives of the metric tensor.

5.3 Geometric operators

In this subsection, we define geometric differential operators on vector bundles based on the
definition of geometric polynomials.

Definition 5.8. Let F be a vector bundle over M of finite rank equipped with an affine connec-
tion. We call a differential operator P =3 ., PyD" in Diff (M, E) of order m geometric with
respect to a metric g if its coefficients P, (x) € End(E;), written in the basis obtained by parallel
transport of some fixed basis of E,, are geometric polynomials in the jets at = of vielbeins such
that for all v

ord®(P,(z)) = ord(P) — |5|. (5.8)

Remark 5.9. As for geometric sections, when F is a subbundle of the tensor bundle, we
can alternatively trivialise it over the exponential neighborhood U, of p using geodesic normal
coordinates (ml, . ,x”) at a point in U,.

Example 5.10. For £ = AT*M, resp. £ = XM, for any X € T'M, the covariant differentia-
tion Vx defines a geometric operator with respect to g of order 1.
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1. When E = AT*M, we express the covariant derivative on a differential form o = ", ayda!

of degree k in normal geodesic coordinates (xl, . ,x") around p € M as follows (here
I={ip < - <ig})

Voa= Z(aiicw)dxl

ozt
I

n
+ ZcU(Z g(V(gid:z:“,dxl)gtl(J)dx“ Ao A dat A---Adate,
t,I s,l=1 sth_slot
This shows that V _» is a geometric differential operator with respect to the metric g of

ozt

order 1 whose zero-th order part >, ; g(V 0. dq:iS,dxl) gu(+) has coefficients given by
b B Z

linear combinations of monomials (5.5) with Gifkey order 1.

. When F = ¥ M is equipped with the spin connection induced by the Levi-Civita connec-

tion, the corresponding End(%,M)-valued functions

ei-g: U'—)Gi-ga', 1=1,...,n
on U, are constant along the geodesics and hence in the trivialisation induced by parallel
transport [3, Lemma 4.14]. In the normal geodesic coordinates z!,...,z" on Up, the
Clifford multiplication operators dxi-g are geometric operators since by (A.1) they read

dxi‘g = Z?:l b%(‘vg)el‘g'

. When F = XM, the spinorial connection V o acting on smooth functions from U, to E,

ozt
reads

o 1
Vo = p + ZZQ(V%eS,et) e gty (5.9)
851 N ——’

ozt

fis(vg)
and therefore defines a geometric differential operator with respect to g of order 1. Indeed,

the coefficients ffs(-, g) are smooth real functions from U, and, by (5.7), are polynomials
in the jets of the vielbeins of Gilkey order 1.

Proposition 5.11. The product of geometric differential operators with respect to the metric g
s a geometric differential operator.

Proof. Indeed, let

P:= > PD" and Q:= Y @D

[v|<ord(P) |6]<ord(Q)

be two geometric operators. Their composition reads

PQ= > P(D"Qs)D7".

5
[v1]+[v2|=7]

We easily check that

SO

ord (D™ P5) = ord®(Fy) + |ml,

ord™(Py (D7 Q) + 12 + 0] = ord“ (Py) + 0rd®(Qs) + | + e + 4]
= ord%(P)) + ord“(Qs) + 7] + |4]
= ord(P) + ord(Q) = ord(PQ).

This finishes the proof. |
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Remark 5.12. In [13], the authors assign a Getzler order to linear partial differential opera-
tors D acting on the smooth sections of the spinor bundle XM over M which can be expressed
as a finite sum of operators of the form f-D; --- D, where f is a smooth function and each D; is
either a covariant derivative V x, or a Clifford multiplication operator X-,, or the identity opera-
tor. In our terminology, such an operator is geometric as the product of geometric operators Vx
and X, (see Example 5.10). We will later see in Example 6.8 that the exterior differential d is
a geometric operator but not of the form f - Dy---D,. Also, the notion of geometric operator
generalises to classical pseudodifferential operators in requiring a condition similar to (5.8) on
the homogeneous components of the symbol, see [15].

In the following, we consider again a vector bundle E over M of rank k£ equipped with
a connection V.

Lemma 5.13. Let E be a vector bundle over M of rank k and let s(p) € E,, for some fized
p € M. We denote by s(-,g) the section in I'(E) obtained by parallel transport of s(p) along
the exponential curve c(t) = exp,(tx) corresponding to the metric g with x € B, C T,M. We
also denote by 3(-, gx) the section obtained by parallel transport of s(p) along the exponential
curve (t) corresponding to the metric gx. Then, we have

3('79)\) - S(fA(')?Q)'

Proof. First, we notice that if c(t) = exp,(tx) is the exponential curve corresponding to the
metric g with x € B, C T, M, then the curve v: I — U, given by

Y(t) := fa o c(t) = exp,(tAx)

is the exponential curve associated with the metric g as well for the metric g). The sec-
tion s(-, g) ofy is parallel along the curve y(t) as a direct consequence from the fact that s(-, g) is
parallel on E along the curve ¢(t). Now the initial condition and the uniqueness of the parallel
transport allow to deduce the result. |

Proposition 5.14. Let E be a vector bundle over M of rank k. Let s be a local section of E
which is a geometric monomial (resp. polynomial) with respect to the metric g of Gilkey order
ord®i(s). The local section f3s is a geometric monomial (resp. polynomial) with respect to the
metric gy of the same Gilkey order ord®(s).

Proof. Since the local section s is a geometric monomial with respect to the metric g, it can be
written as s(-, g) = Z?Zl a;(,9)s;(-,g) where a;(-, g) is a monomial in the jets of the vielbeins.

The section f3s is equal to fis = Z?Zl a;(fa(),9)s;(fa(-),9). In order to express fis in terms
of the metric gy, we first differentiate the relations from Lemma A.1l in Appendix A,

al(-gn) =ai(ia(),9)  and  bi(-,9z) = bj(fA("), 9),

to get that a;(-,gx) = AordGi(s)aj(fA(-),g). On the other hand, by Lemma 5.13, we have that
5i(-,gn) = s;(fa(+), g) for all j. Therefore, we deduce that

k

* —Oor Gi S <

frs = ATord )Zaj(wg)\)'sj(wg,\)-
j=1

That means f} s is a geometric monomial with respect to the metric g, and that s and f}s have
the same Gilkey order. [ |

As a direct consequence, we get the following result on geometric differential operators.
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Proposition 5.15. Let E be a vector bundle over M of finite rank equipped with an affine
connection. Let P be a differential operator in Diff (M, E) of order m geometric with respect to
the metric g. The differential operator fﬁ)\P in Diff (M, E) of order m is geometric with respect
to the metric gy.

Proof. If P =}, ., P,D7, then fﬁ/\P =D lyj<m f;PﬁgD”. Since by assumption, the coeffi-
cients P, are geometric polynomials with respect to the metric g, it follows from the previous
proposition that their pull-backs f} Py are geometric polynomials with respect to the metric gy
with the same Gilkey order as those of the P,’s. Since the order of f&P coincides with that of P,
for any multi-index v we have

ord%(j{P,) = ord®(P,) = ord(P) - | = ord () — Iy

so that fﬂAP satisfies equation (5.8). [

6 Getzler rescaled geometric differential operators

In this section, we focus on geometric differential operators P in Diff (M, E) for E = XM, resp.
E = AT*M given in Definition 5.8. We study their behaviour under the combined action of
a contraction fy and the map Uy defined in (3.2) as well as the limit as A tends to zero of the
resulting operator. For that purpose we introduce the operators IP’GG\(.)\) in (6.1), resp. in (6.2),

where the superscript Ge stands for Getzler. We call P rescalable if ﬁGe\(_’ ) admits a limit plim
when X tends to zero. In Proposition 6.6 in the case £ = AT* M, resp. in Proposition 6.9 in the
case I/ = XM, we give a necessary and sufficient condition for P to be rescalable and show that
the coefficients of the limit operator P'™ are polynomials in the jets of the curvature tensor on M.
For P in Diff (M, AT*M), resp. in Diff (M, X M), we give in Theorem 6.7, resp. Corollary 6.10
(for an even order operator) a localisation formula similar to the one in Proposition 2.5. This

time instead of the local residue form w&es ~:., our localisation formula involves the local
n-form WS _ toga (F%)
logg (Plim)’
In the same spirit as (2.17) and (2.18), we set for P € Diff (M, AT*M) of order m
G e G
PO = AmU§P|(_) and  P§ = fiPCe, (6.1)

resp. for P € Diff (M, X M)

pGe = A" (U o 9(P)) and  P§C .= fipCe (6.2)

|(-,A> : ‘(-)

where U f\P and ¢9(P) are given in equations (3.6) and (3.11), respectively.

Definition 6.1. We call a differential operator P in Diff (M, E) with E' = AT*M, resp. E = ¥ M
rescalable at a point p if and only if P?e introduced in (6.1), resp. in (6.2) admits a limit P™

v,
when A goes to zero.

Remark 6.2. Note that rescalability is a local notion valid at a point, and is defined via a local
normal geodesic coordinates.

Proposition 6.3. Rescalable operators in Diff (M, E) at point p for E = AT*M, resp. E = XM,
form a subalgebra.

Proof. Let P;, P; be two operators in Diff (M, AT*M) of order m; and mg, respectively. Since
the order is additive on products of operators and the degree is also additive on wedge products
of forms, we have
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If P, and P, are rescalable, the limits as A — 0 exist on the right-hand side, and hence so do they
on the left-hand side, which shows that the product P; P; is rescalable. Replacing U j{ by Uf\ ocd
and using the fact that ¢ is an algebra morphism yields the result for £ = X M. |

The following technical lemma will be useful.

Lemma 6.4. In local normal geodesic coordinates X, and with the notations of (5.1), let q :=
valx ,(h) be the valuation of a local section h € T',(E) around p, where E is the trivial bundle
EFE=MxR—M andp e M.

1. For any real number 0, as X tends to zero, the expression XDV (h o fy)

e converges if and only if 0 < max(|v|,q);

e if 0 < max(|y|,q), it converges to zero.

2. If § = max(|7|,q), the expression A\~ D7 (hofy) converges to the coefficient of order 6 — ||
in the Taylor expansion of h at point p.

Proof. The proof is based on the fact that A=?D7V(hofy) = AM=¢(D7h) o fy. By definition of ¢,
we have h = O(|z|?) so that for ¢ > ||, we have (Dh) o fy = M~MO(|z|9= ). If, ¢ < |7, we
have (D7h) o f, = O(1), which ends the proof of (1) and (2) observing that in the convergent
case, the limit corresponds to the 6 — || coefficient in the Taylor expansion. |

We now specialise to a monomial say P in the jets of the vielbeins as in (5.5) written in
normal geodesic coordinates. We set

O (P) Zmax 1B5], valxp (a¥ (2, 9))) + max( ||, valy, (b, (2. 9))).-

In the following, we shall often drop the explicit mention of X, p, x, g and simply write O(P).
Example 6.5.
1. Recall that g;;(z) = >, aﬁ(x,g)aé-(x,g). We have O(g;j) = 0if i = j and it is at least 2
otherwise.
2. Using the Koszul formula (5.6), the Christoffel symbols FZ] (z,g) can be written Ffj (z,9) =
> Pil,M(x,g) with @(Pll] ) =1forl=1i=j=k and at least 2 otherwise.

3. Similarly, by relation (5.7) the Christoffel symbols T (x, g) can be written

1_‘lsajg Z‘Plstl‘g

with @( s t) > 2. Notice here that @(Plks t) cannot be equal to 1, since this corresponds

tol = s =t = k which would imply Fls(a:,g) I‘ss( ,g) = 0 and hence would yield
a contradiction.

Proposition 6.6. Let P € Diff (M, AT*M) be a geometric differential operator of order m with
respect to a metric g. In a local trivialisation around a point p of AT*M induced by normal

geodesic coordinates (xl,...,x”) on U,, the operator P applied to a section s = > ; ardz!

(de =dz™ A Adat for T = {iq, ... ,im}) reads

P(Zoquf> > 9)D"(ap)da”,

ICN [v|I<m I,JCN
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where (Py)rs(-,g) are polynomials as in (5.5). The operator P is rescalable at a point p if and
only if |J| — [I| < O((Py)rs). In this case, the limit rescaled operator reads

plim = " > (P (p, 9)((da!)" @ da?) D7,

y|<m [J|=[1|=6((Py)1.1)

(P )lfl?(pa g) = /{K%(A‘I'_‘Jl(P’Y)IJ('ag)\))a VI) JCN

is a polynomial expression in the jets of the Riemannian curvature tensor.

Proof. The local expression of P in the theorem results from Remark 5.4, equations (2.16)
and (4.2). Hence, from the definition of UE\P = U,\PUA*l, we get

‘p) <Z aIde> = > NEVIRY) (-, g) DY (ag)da.

ICN [v|<m I,JCN

Since P is a geometric differential operator, the coefficients (Py)rs(-, g) are in the jets of the
vielbeins as in (5.5) with ord“i((P,)15) + |y| = m. Now, we write

B§ (s 0 fa) = A (RULP) (s 0 fa) = ™ (USP) (s) o a
= > > AR (), 9) DY (an)da? |
|y|<m I,JCN
= > > AR 1 g)APIDY (ag 0 fa)da o . (6.3)

|[v|<m I,JCN

In the last equality, we use the fact that (Py)rs(-, 9x) = )xordGi((PV)U)(PW)U(f,\(-),g). Hence, we
deduce that

PSe= > > AR, g0((da')” @ da’) | D7

|v|<m I,JCN

Now by Lemma A.1 in Appendix A, we write for (Py)rs(-, gx)

S
H D> (afz('vg)\ )Dﬁg blg ]‘_[DOLq tg f)\)Dﬁg (bls ( ) e} fA)

For convenience, we have dropped the explicit mention of the indices I and J. Applying
Lemma 6.4 to hy := afz(-,g) and hp = bl (-, g) with both 6, and 6, non negative integers
such that 6, + 0, = |J| — |1, it tells us that the expression A~% D7(§ih,) converges if and only
if 0, < max(|as|, ga), With g, := valy p(a *(w, g)) and that the limit vanishes if we have a strict
inequality. If 6, = max(|as|,q.), the hmlt is a polynomial in the jets of the curvature tensor.
Similarly for hj and 6,. Hence, the only non zero terms which survive in the limit of (6.3) as
A — 0, correspond to 0, = max(|as|,q,) and 0, = max(|Ss|, ¢) and hence O((Py)ry) = |J| — 1.
This yields the statement of the theorem. |

We prove a localisation formula for the local form &Egse (P) when £ = AT*M

Theorem 6.7. Let P in Diff (M, AT*M) be a geometric differential operator with respect to the
metric g of Agmon angle 0. If P is rescalable, then

Bl () (P) = B iy (@), V2 € Uy,

where PI™ = limy_,q IP’)(\;Q.
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Proof. Combining equation (6.1) with equation (3.10) yields

a)lligz (P) (f)\ (l’)) = (‘DEZSQ (U§ (fu)\P)) ( ) ('N‘)llzes (]P;g\;e) (l')v

where we have commuted U)ﬁ\ and fﬁ)\ thanks to equation (3.8). By Proposition 6.6, the limit

Plim .= limy g ]@fe exists, from which we deduce the statement of the theorem by letting A tend
to zero in the above identities. |

Example 6.8. The exterior differential d: AT*M — AT*M (as well as its L?-adjoint 5) is
not a rescalable operator. Indeed, by writing d = Z i dz/ AV _» and using the local expression
of V_»_in Example 5.10, we have for any a =) ; ardz! that o

oxJ

d(z qum]) = Z<aija1> da? A da!

g1

+ ZO‘I<Z avdxisadxl)gtl('))d-ﬁj Adaz Ao A dat) A-eo A datk,

oxJ
s,l=1 Sth—SIOt

which shows that it is a geometric operator. For the j’s that do not belong to I in the first
sum of the right-hand side, we have |J| — |I| = 1 and the corresponding © = 0. Therefore, the
condition in Proposition 6.6 is not fulfilled and, thus, d is not rescalable. However, the Hodge
operator A = d§ + dd is a geometric rescalable operator. The fact that it is geometric comes
from Proposition 5.11. To show that it is rescalable, we use the Bochner—Weitzenbtck formula
on k-forms: A = V*V + Wl where V*V is given by

V'V = g7 (@)(V 0V o —~Tf(z,9)V o )
ox? oxJ oxk

and W = > i j=1€j/(eisR(e;, e5)) is the Bochner operator. Here R is the curvature operator of

the manifold M. Indeed, by replacing V _»_ by its expression and performing some computations,
ozt
one can easily see that A (we use Einstein convention) has the form

.0 0
A(qu:cl) = —g¥ 5 81‘1( )de
—g¥ 57 (aI)F gtkdx“ Ao A dat Ao Adat +

Since the Laplacian preserves the degree, then |J| —|I| = 0 < © is always satisfied. The limit of
the rescaled operator corresponds to polynomials with ©® = 0. Hence by the computation of ©
in Example 6.5, we get that

B (S gt ) = - 37 200 g
1 @

il

Therefore, the localisation formula in Theorem 6.7 can be applied for the Hodge Laplacian
and we get

~R SR

WIOEZ(A)( ) lOzsg(th) (x)a Vo € Up'
Proposition 6.9. Let P € Diff (M, XM) be a geometric differential operator with respect to the
metric g of order m. In the trivialisation {el, . ,e"} induced by parallel transport, the operator
reads

P = Z Z(P’Y)I('7g)e[ g D7, (6.4)

[y|<m I
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where (P,)1(+,g) are polynomials as in (5.5) and el.; = et -; - . e with iy < --- < iy and
|I| = k. The operator P is rescalable if and only if |I| < ©O((Py)r). In this case, the limit rescaled
operator in (6.2) reads

Pim= 3" N (P)i™(p.g)e’ AD,

Iyl<m [1|=6((Py)r)

where (Py)i™(p,g) = limxﬁo()\_m(Pw)](-,g)\)) is a polynomial expression in the jets of the
Riemannian curvature tensor.

Proof. In any local trivialization of ¥ M, the operator P can be written as

P= 3 Py(,9)D

[v|<m

where P,(-,9) € End(¥M) ~ C{(T'M) ® C. In the local trivialisation above a normal geodesic
chart induced by parallel transport, we write

Py(g) = Y (P)i(g)et.

1

Recall here that the End(%,M)-valued functions e-;: o0 + €' -, o for each i = 1,...,n on U,
are constant along the geodesics and hence in this trivialisation [3, Lemma 4.14]. Now, as P is
geometric, we get that (P,);(-,g) are in the jets of the vielbeins as in (5.5). Hence, we get (6.4).
In particular, we deduce that

= > 3 (P g)ef () D

ly|<m I
Now, we apply equation (6.2) to a section s to get
PSe(s 0 fa) = A" (RUSeY(P)) ( son = A" (U§c?(P)s) o fix

= 3 AP0V () D7),

|v|<m ICN

= Z Z)\m_‘1|(P7)I(f)\(.),g)/\\flUf\(cg(el))/\—lleV(Sof)\)
ly|<m ICN

= >0 S AR g AT (9 () DY (s 0 ).
|v|<m ICN

Here, we use the fact that

(Py)1(gx) = AP (R(),9)  and  ord((P)r) + 7] =

since (Py)r(-,g) are in the jets of the vielbeins. Therefore, we deduce that

PSe = 3" N AR (g AU (9 (7)) D7,

[y|<m ICN

Now, using (3.4), we have that /\‘I|U§ (cg (eI)) converges to e/ A as A — 0. Also, by Lemma 6.4,
the term A\~I(P,);(-, gx) converges if and only if |I| < ©((P,);). Thus, the operator P is
rescalable if and only if [I| < O((Py)r). The limit rescaled operator follows then easily. [

We prove a localisation formula for the local form le%; P) when £ =X M.
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Corollary 6.10. Let P in Diff(M,XM) be a geometric differential operator with respect to the
metric g of Agmon angle 0 which is even for the Zo-grading XM = XYM © X~M. If P is
rescalable, then we have

B iy (@) = (=202 ), r e U,

where P ;= lim,_,o fp)@\}e with ﬁ’fe as in (6.2).

Proof. Using the relation in Corollary 3.10, the fact that P is rescalable and that jsofy — 1
as A — 0 yield the result. |

7 The rescaled square of the Dirac operator

In this section, we show that whereas the Dirac operator I} (which is a geometric operator and
hence so its square) is not rescalable, its square is. We then apply the results of the previous
section to P = lﬁQ and compute Pim with the help of Proposition 6.9. This allows to find the
expression of P™ in terms of the curvature operator of M as in [10]. We then derive from
Corollary 6.10 a localisation formula (7.1) for the graded residue of the logarithm of lD2.

We recall that the Dirac operator on a spin manifold (M", g) is the differential operator of
order one given by ) := Y"1 ', V., where V., is the spinorial Levi-Civita covariant derivative
in the direction of e;. Using (5.9), it reads as

n

1 ~ .
D= Z e g xm+z e g ml+4 Z F;s("g)ali('vg)el ‘ges 'Qet ‘g

i#£l i,l,s,t=1

The Dirac operator is geometric. Indeed, the above expression involves a sum of three terms,
each of which is expressed in terms of jets of vielbeins (see Example 5.5 for F) and satisfies
condition (5.8). Yet it is not rescalable. With the notations of Proposition 6.9 with P = I,
the condition |I| < ©((Py)r) is not satisfied in the first of the three sums since |I| = 1 and
O((P,)r) = 0. Recall that the valuation of al(-,g) is zero if | = i and at least 2 otherwise.

Proposition 7.1. The square of the Dirac operator lDQ 1s a rescalable geometric differential
operator. Setting P := 122, the operator ]P’?e in (6.2), read in a local trivialisation of ¥ M at
point x in Uy, obtained by parallel transport along geodesics, converges to

2
- Z <8x¢ - é Z Rijst(p)x’e® A et/\) ,

j7s7t
where {e1(p),...,en(p)} is an orthonormal frame T),M .

Proof. Since I) is geometric so is its square ]ﬁz by Proposition 5.11. We now show it is
rescalable. Since the action by Clifford multiplication ei~g of the vectors of an orthonormal
frame of T, M obtained from {ei(p),...,e,(p)} by parallel transport is constant in x, in the
following we will simply write {ej,...,e,}. We use the Schrodinger—Lichnerowicz formula [14]
to write

lDZ‘x = = ]Zlg’bj vxlvaﬂ - (IL‘,g)mG) + %SC&](JL')

- _ Z Zg” < P+ 4sz($ g)e” el@,) > <azﬂ 1 (2, 9)e - et'g>

i,j=1k,l=1 st=1
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n

+ Zg Z]xg)z<8k+4rks(xg)e geg>+ ~Scal(z)

] k 1 S,tzl
i - 1 i - Tt s t
= _Zg {E{EJ - Zzg (x)zaibl(rjs(x?g))e 'ge 'g
3,7=1 i,7=1 s,t=1

@ (1)

n

1 .. -
- Z 59”(93)1“25(1»‘,9)65 ‘g e’ g O

2,5,8,t=1

(I11)

kool
_*Z Z Ly (z g)Fzs(:L’,g)e ge gt gely

1,j=1 k#l,s#£t
(1v)
—I—Zg UZL’g<xk+ kaszge geg>—|— Scal(z),
i,J,k=1 st=1
V)

where Scal is the scalar curvature of the metric g. Combining equations (A.2) and (5.7) with the
Koszul formula, we can express ]DQ in terms of the vielbeins. To avoid lengthy computations,
we only sketch the computation for the third term in the above equation to show that the
relation |I| < ©((Py)r) holds. Thus, the operator is rescalable. To show the inequality, we first
observe that |I| equals 2. According to Examples 6.5, the coefficient in (III) can be written
as a sum of polynomials of the vielbeins such that the corresponding © is at least 2 (since the
one corresponding to I'Y (z,g) is at least 2). With the help of (4.5) and (5.4), the limit of the
rescaled operator of (III) is equal to

lim A2 Z g (z,9))(e° Ne'N) Dy = —= Z SR Jkst(p)xk(es AN€'N)Dyi.

A—=0
1,J58,t 1,J,k,s,t

The same thing can be done for the first term (I) which converges to —>°, 8. The second

term (IT) converges to %Ei,j,s,t 8 R;jst(p)e® Ael A . The fourth term (IV) tends to

Z ) JRqul Rjise(p )qulek Anet Ae® At A
j k7l7s7t7q

The other terms converge to 0. Therefore, we deduce that

lim IP’Ge = — Z 8:%1- + % Z 6inij5t(p)es Ael + i Z 5injkst(p):ck (es A et/\) Oyi

A—0 = L
,,8,t i,5,k,s,t
- — Z yJqukl let( ) aglek A el Ae® AetA
z Jhk,,s,tq
1 : 2
- - z(aﬂ LS Ryt nn)
7 7,8,t

which confirms the fact, which we checked by hand in the previous tedious computations, that
the operator is rescalable. |
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We can apply Corollary 6.10 to the square of the Dirac operator P = lDQ. Since the opera-
tor lD2 is non negative self-adjoint, it has a well defined logarithm log, (lﬁQ) (here # = 7). Hence,
we have that

~Res _ — (_9;\—n/2, sRes

wloge(]}nlim)(x) ( 21) wloge(ll)z)(p)’ (7'1)
for any x € Up. The computation of the Wodzicki residue on the right-hand side is tedious.
In [16], it is derived from the heat-kernel asymptotics of Pi™,

A Vielbein

Let (M",g) be a Riemannian manifold. Let Fp(-,g) := {%, e %} be the cartesian frame
on U, built from the geodesic coordinates around p defined in (2.3). From a given orthonor-
mal basis e1(p),...,en(p) of T,M at p € M, we build a local orthonormal frame O(-,g) =
{e1(+,9),...,en(,9)}, of T M obtained by the parallel transport along small geodesics as in (2.4).

A linear map Ay(-,g): TM — TM (resp. its inverse By(-, g)) which takes the basis F(-, g)
to Op(-, g) (resp. Op(-, g) to F,(+,g)) can be represented by a n x n matrix A = (al(-, g)) (resp.

B = (bj(-,9))) with

;;i = — ai(-. g)e(-, ), Vi € [[1,n]],
alg) = S b0 Ve [Ln] "
j=1

Also, we have that

n

dxi = Z:lbg('mg)el('vg)? Vi € [[1,?7,]], el('a.g) = z_:laé‘('vg)dxj? Vi € [[1777']]

With these conventions, and dropping the explicit mention of p whenever this does not lead to
confusion, we write A(-, g) = (aé(-,g))“ and we have that

Zaﬁ(-,g)aé(-,g) = gi5(+) or equivalently AA" = G, (A.2)
=1

where G has entries g;;(-). Similarly, we have
n . > ..
Zb}(-,g)b{(-,g) =g"(") or equivalently B'B = G~1. (A.3)
=1

Taking the scalar product of the first equation in (A.1) with e, yields after inserting the second
equation

al( )= gi(W](ng) and  b(ng) = g7()al(-g). (A.4)
=1

The second equation in (A.4) is also derived by multiplying by the inverse of the metric.

Lemma A.1. At any point in U, and A > 0, we have

ai’('ag)\) = aé(f)\('),g) and b?('agk) = b;(b\()?g)
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Proof. To prove the equality al(-,gy) = at(fr(),9), we let {€1(-,g),---,en(-, gr)} denote the
orthonormal frame obtained by parallel transport from {e;(p),...,en(p)} with respect to the
metric gy. We know from Lemma 5.13 that €;(-, gx) = ei(fa(:),9). Using (A.1) with respect to
the metric gy, we have that

0 B - ! B
9gi O A = ;ai(',w)ez(ng)-

Also, (A.1) applied to the point fy(-) gives that

aii ofx = Zaé(ﬁ(-),g)ez(h(),g).
=1

Comparing both equations yields the result. The second equality can be proven in the same
way. |

B Complex powers and logarithms of elliptic operators

Let E — M be a vector bundle E over M of rank k. We consider an operator @ in ¥ (M, E) of
positive real order m with angle 6 € [0,27). For 0 < 0, we define the contour along the ray Ly
around the spectrum of Q:

Ty =Ty UT3UT},
where
Fé = {reie,é < r}, FZ = {66“,0 —2r<t< 9}, Fg = {rei(ef%),é < r}.

For any operator @ € ¥ (M, E) with positive real order m and Agmon angle 6, the resol-

vent (Q — )\)_1 is a bounded linear operator on L?(M, E) with operator norm O(|]A|~!) as A
tends to infinity in a sector around the contour I'y. For Re(z) < 0, the Cauchy integral [16,
equation (1.5.7.1)]
z i z -1
= A — ) dA
QB o Ty B(Q ) )

converges in the operator norm to a bounded linear operator on L?(M, E). Here A} = |\|?e!*¥80%
with argg\ the argument of A in |0,0 + 27[. For any real s, it also defines a linear operator
Qj: H°(M,E) — H*(M, E) on the Sobolev closure H*(M, E) of the space C*°(M, E) of smooth
sections of E and, therefore, induces a linear operator on C*°(M, E). Complex powers of elliptic
operators Qf can be extended to any z € C with Re(z) < k for any k € N by

Q; = Q Q; ", (B.1)

thus giving rise to a group of well-defined complex powers @ acting on C*°(M, E) (see [16,
Section 1.5.7.1])

Qy=1d, Q;" =Q;Qy, Y(z,w)eC?

For Re(z) < 0, the symbol of @ reads [16, formula (4.8.2.6)]

7(@) ~ 5= [ Ai(e(@ = AyTlan
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where o(Q) is the symbol of @, the star stands for the inverse in the symbol algebra and

(0(Q) =N = on Q" (e(@or(@) !~ dor(@ )
= 01,(Q) (1 + symbol of order < 0)*~*

is obtained by means of an expansion in £. For Re(z) < 0, the complex power Q7 is a classical
pseudodifferential operator of order mz, whose symbol has the asymptotic expansion

o(Q5)(, &) ~ Zamz _i(Q§)(x,9), (B.2)
7=0

where 0,,.—;(QF)(x, &) are the positively homogeneous functions of degree mz — j given by [16
formula (4.8.2.7)]:

T (@)@ €) = = [ Ny (Q =07 w0 (B.3)

For a complex number z with Re(z) < k and k € N, the complex power Q7 given by (B.1) is also
a classical pseudodifferential operator of order mz as a product of classical pseudodifferential
operators, Q¥ of order mk and Q;fk of order m(z — k). It has an asymptotic expansion as
in (B.2) whose homogeneous components are given by the product formula for symbols [17,
formula (10.16)]:

||
Umz—j(Qz) = Z (a)ag Omk— a(Q )a Om(z—k)— (Q ), VJ S ZZO- (B4)
k,a+b+|a|=j ’

For zp € C with Re(zg) < 0 and following the notations of [16, formula (2.6.1.6)], we consider
the Cauchy integral

L0(Qu20) 1= 5= [ Toms(WAP(@— M),

which is absolutely convergent and defines an bounded linear operator Ly(Q, z9): H*(M,E) —
Hs—m Re(ZO)*E(M , E) for any real number s and for any positive e. As we did for complex powers,
we extend Ly(Q, zo0) to Re(zp) < k for any k € N by [16, formula (2.6.1.7)]

Ly(Q, 20) == Lg(Q, z0 — k)Q".

thus defining Ly(Q, 2z9) for any zo € C such that
Lo(@Q, 20) = Lo(Q, 0)Q% = logy(Q)Q3".

Here we have set logy(Q) := Lg(Q,0), which defines a bounded linear operator
Lo(@.20): H*(M, E) = H*“(M, E)

for any real number s and any € > 0. Since logy(A)Aj = Ajlogg()), extending instead by
Lg(Q; 20) := Q" Lp(Q, 20 — k),

gives rise to the same family of operators and log,(Q)Qj = Qf logy(Q) for any complex number z.
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C The supertrace versus the Berezin integral
and the Getzler rescaling

Following [3, Section 3], we review the construction and properties of the Berezin integral to-
gether with its relation with the supertrace as well as Geztler’s rescaling on differential forms.
Let V be a real vector space. A linear map T: AV — R is called a Berezin integral if T vanishes
on A*V for k < n = dim(V). If V is an oriented Euclidean vector space equipped with a scalar
product g, there exist a canonical Berezin integral defined as the projection of any element
in AV onto its component on the n-form e! A---Ae™ where {e1,...,e,} is an orthonormal basis
of (V,g). We will denote this Berezin integral by T

T(e' A+ ne™) =1, T(eI):O if [I] < n.
Let us now consider the Clifford algebra C4(V) of (V, g). The isometry —Id € O(V, g) gives rise
to the map

O: CUV) — CUV),

eil .g “. .g eik — (_1)kezl .g “ . .g eik
with 41 < --- < 4. Here “;” denotes the Clifford multiplication with respect to the metric g.
The map ® clearly satisfies ®? = Id. Therefore, we get a splitting of C£(V) into

Cuv)y=cev)ytecev),
where C/(V)* := {a € C{(V) | ®(a) = +a}. Now we have the proposition [3, Proposition 3.19).
Proposition C.1. Let V be an oriented Fuclidean vector space of even dimension n. There
exists a unique Zo-graded Clifford module S = ST @& S~, such that

Cl(V) ® C ~ End(S5).
In particular, dimS* = 2271, Also, we have that CL(V)T - §* ¢ ST and CL(V)~ - S c SF.
Therefore, we have the isomorphism

C{(V)* ® C ~ End(S%).

Notice that S* are defined as the eigenspaces of S associated with the eigenvalues £1 of the
complex volume form we = ize! g -+ g €" with n even. Now, there is a natural super trace on

Cl(V) ® C, defined by

r(a) = tr5" (a) — trS (a) if a € CHV)T,
A I itaeCuV),

where, as before, tr” stands for the fibrewise trace on End(E). In order to relate this supertrace
with the Berezin integral, we assign to any vector v € V* the endomorphism ¢9(v) € End(AV)
that uniquely extends to a morphism of algebra bundles

cd: CUV) — End(AV) (C.1)

defined by c9(v)e = v A @ — vfs_e, where vfs is the vector in V associated to its covector v
by the musical isomorphism. The symbol map s9: C/(V) — AV is the isomorphism given by
s9(a) := ?(a)l. Indeed, to show s? (as well as ¢f) is injective, we assume that s?(a) = 0 for
some a = Zz‘1<-~<z‘k ailmikeil g --geik. Then ¢9(a)l = Zi1<~~~<ik ailmikeil A---Aet = 0. Hence,
a;,..i, = 0 and, thus, a = 0. The bijectivity of s comes from the equality of the dimensions.
In [3, Proposition 3.21], it is shown that there is a unique supertrace which is related to the
Berezin integral by the following

str(a) = (—2i)2 (T 0 s9)(a). (C.2)
for any a € C/(V) ® C.
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