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A PSEUDODIFFERENTIAL ANALYTIC PERSPECTIVE ON
GETZLER’S RESCALING

GEORGES HABIB AND SYLVIE PAYCHA

ABSTRACT. Inspired by Gilkey’s invariance theory, Getzler’s rescaling method
and Scott’s approach to the index via Wodzicki residues, we give a localisation
formula for the Zy-graded Wodzicki residue of the logarithm of a class of differ-
ential operators acting on sections of a spinor bundle over an even dimensional
manifold. This formula is expressed in terms of another local density built
from the symbol of the logarithm of a limit of rescaled differential operators
acting on differential forms. When applied to complex powers of the square
of a Dirac operator, it amounts to expressing the index of a Dirac operator in
terms of a local density involving the logarithm of the Getzler rescaled limit
of its square.
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INTRODUCTION

On a closed Riemannian manifold (M™, g), the algebra U (M, E) of classical pseu-
dodifferential operators acting on the smooth sections of a finite rank vector bundle
E over M, admits a unique (up to a multiplicative factor) trace, called the Wodzicki
[W] or the noncommutative residue, built from a residue density defined as follows.
Given @ in U (M, E), the residue of @ is defined as the integral over M of the
residue density w%es(x) :=res(a(Q)(x,-)) dzt A ... A dx™ defined in (4) with

(Q;W /|£|_1 (-0 (Q)(@,€)) dst.

res(0(Q)(x, ) =

Here, n is the dimension of M, tr¥ stands for the fibrewise trace on End(E), (z,¢)
is an element in T*M, and o_,(Q)(z,§) is the (—n)-th homogeneous part of the
symbol at (x, ). The Wodzicki residue extends beyond classical pseudodifferential
operators to the logarithm log, @ of a pseudodifferential operator ¢ with Agmon
angle 6 (see (17)), giving rise to the logarithmic residue w&‘z o(x). Here the loga-
rithm logg @ is defined as the derivative with respect to z of the complex power Q7
[Se] at the point z = 0 (see §1.4 for the precise definition) and the Agmon angle 6

gives a determination of the logarithm.

The Wodzicki residue is local in so far as it is expressed as the integral on M of
a volume form involving the (—n)-homogeneous component of the symbol. So it
comes as no surprise that the index of the Dirac operator can be expressed in terms
of the residue. For a Zy-graded vector bundle E = E+ @ E~, the index of an elliptic
odd operator » Vo (M,ET) — Uy (M, E~) with formal adjoint [}~ = (12+)*
can be written [Sc]

+y _ 1 2\y _ 1 sRes
Index(D") = —§sres(log9($ ) = ~3 /M Wi 1 (z)dx,
where I§ := 1D+€BE7 so that lﬁQ = lDfler—HDJr]Df and § = 7. The graded residue
“sres” is defined in the same way as the residue with the fibrewise trace on End(E)
replaced by the Zs-graded trace and wlsies(mi,)(x) = sres(a(loge(lf))(a:, ) dxt A
6
oA dz™

Inspired by the approach adopted in [Sc], we revisit Geztler’s rescaling in the con-
text of index theory in the light of the logarithmic Wodzicki residue. For a class of
differential operators acting on spinors which includes $2, we express the logarith-
mic residue density evaluated at a point p in M in terms of another local density

&fggs i (€) (see formula (1)) involving a limit P'™ a5 the parameter A goes to zero
6

of a family of operators If”f\}c built from the original one by rescaling it at the point
p (see Formula (54)). This new local density is defined on operators acting on dif-
ferential forms and the rescaling defined in terms of a local diffeomorphism f along
geodesics (see Formula (6)) composed with a dilation/contraction map Uy, acting on
tensors (see Formula (27)), amounts to pulling back the tensor from the manifold
to its deformation to the normal cone at the point p (see Formula (6)). In this
sense, Formula (3) at the limit as A tends to zero, can be viewed as a localisation
formula of the logarithmic residue at point p.
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For this purpose, we single out a class of differential operators acting on smooth
sections of a vector bundle F, which we call geometric w.r. to a metric g, that
send geometric sections of the bundle to geometric sections (Definition 4.10). Stalks
of geometric sections at a point p are polynomials in the jets of the vielbeins for the
metric g (Definition 4.5). Inspired by Gilkey [G], we define the Gilkey order (at
a point p) of a geometric section (see (48)) as being the order of those jets. Then
a geometric operator is required to transform a geometric section to one whose
Gilkey order is obtained by adding the order of the operator to the Gilkey order
of the initial section. Geometric differential operators enjoy nice transformation
properties under local dilations (fi)epo,1] along local geodesics defined by means
of exponential geodesic normal coordinates (see Equation (6) for the definition).
Indeed a geometric differential operator w.r. to g transforms to one w.r. to gy
(Proposition 4.15), where gy = A™2f;g. This transformed metric can be viewed as
the pull-back metric under the canonical projection 7 : M — M of the deformed
manifold M via a deformation to the normal cone to p, see (41).

We consider the bundle E = AT*M. From a differential operator P in W (M, AT*M)
acting on differential forms, we define a family of operators ]f”f\;e = \erd(P)y f\fﬁ)\P
(see (54)) using notations borrowed from [vEY], which are obtained under the com-
bined action of the dilations f) mentioned previously and the so-called Getzler
map U, that acts on tensors, see Definition 2.2. We call a geometric differential
operator P rescalable if ﬁ’fe admits a limit PU™ when A — 0 (Definition 5.1). In
Proposition 5.6, we give a necessary and sufficient condition for the rescalability of
a geometric differential operator in W (M,AT*M) and show that the coefficients
of the limit Pi™ are polynomial expressions in the jets of the Riemannian curvature
tensor.

A first result is the localisation formula (2) for a differential operator P acting
on differential forms. It involves a local n-degree form &ges(x), inspired by Scott’s
proof of the index theorem [Sc, §3.5.3]. This local form is actually defined for
more general operators @ in Uy (M,AT*M) (see Section 2 for the definitions),
whose homogeneous symbol o_,(Q)(x,&) of degree —n at (z,§) in T*M lies in

End(AT; M) so that 0_,(Q)(z,£) 1, lies in AT M. It is defined as (see Equation
(31)):

1

&) @) = e [ 0-(@(@8) Ly, dst.
@ (2m)™ SxU, ]

where U), is a local exponential neighborhood of a point p in M and S;U, is the

unit sphere in the cotangent space T,;U, at point x and «y, is the n-degree part of

a. This local form differs from the Wodzicki residue density wg;® (), which involves

the fibrewise trace tr¥(o_,(Q)(x,&)). In general it does not induce a global form.
Its relevance lies in the fact that it does define a global form on a subclass of
operators in the range of a Clifford map in so far as there, it is proportional to
the Wodzicki residue density (Corollary 2.11). The local form 53595 extends to
logarithmic pseudodifferential operators ) = logy P for a differential operator P

with Agmon angle 6. In Proposition 2.7 we show that the local n-form &{;g p(+) at

the point §(z) is the local n-form associated to the pull-back operator Uf\fﬁ\ (logyP)
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at the point x. This allows us to show that for small enough positive A
QEESG(P)GA(I)) = %ROZ(@%)(I), Ve € Up.

If moreover P is rescalable, taking the limit as A tends to zero yields the localisa-

tion formula

~Res _ ~Res
(2) WIOZQ(P) (p) - wlozg(ﬁlim)(x)’ VCU S Up.

This formula can be applied to the Hodge Laplacian which is a geometric and
rescalable operator (see Example 5.8).

We then consider the case of a spinor module £ = XM when M is a spin mani-
fold of even dimension. To define rescalability of geometric differential operators in
U (M,XM) we use the identification C4(TM) ® C ~ End(XM), and the Clifford
map cf : CUTM) — End(AT*M) (see (25)) which sends an element of the Clif-
ford algebra C¢(T'M) on the tangent bundle to an endomorphism of AT*M. We call
a geometric differential operator P in W (M, ¥ M) rescalable if ¢/(P) is rescalable
in We (M, AT*M). We then give a necessary and sufficient condition for the rescala-
bility of geometric differential operators in W (M, X M), see Proposition 5.9. In this
part of the work, we consider even dimensional spin manifolds, however our study
extends to manifolds with a spin® structure. Indeed the construction relies on the
identification CY(TM) ® C ~ End(XM) which can be extended to manifolds with
a spin® structure, in which case we have the identification C¢(TM) @ C ~ End(FE)
[BHMMM, Thm. 2.13] with £ a vector bundle isomorphic to the spinor bundle of
the spin® bundle. For simplicity, we restrict ourselves to spin manifolds.

It follows from Proposition 2.9 that for a differential operator P € W (M, X M) with
Agmon angle 6, the form Z)lpggse ca(P) defines a global density. In Corollary 5.10, we

infer from the above localisation formula (2) a second localisation formula for
operators in Diff (M, XM):

sRes _ (_9:\n/2 ~Res
(3) wlogg P(p) - ( 22) wloge (ﬁlim) (if),
where P is a rescalable geometric differential operator in Diff (M, X M) of Agmon

angle 6 which is even for the Zs-grading M = YTM @ X~ M. This formula

expresses the residue density wﬁi‘gisp(p) at a point p in terms of a local density

cTJIR‘;S @“m)(x) of the limit P'"™ of the rescaled operators ﬁ’fe
08¢

The localisation formula (3) applied to the square of the Dirac operator (Proposition
6.1), which is proven to be a rescalable geometric differential operator, confirms the
results of [Sc, §3.5.3.3] (identification of (3.5.3.12) and (3.5.3.40)). Although the
limit operator Pi™ is expected to have a simpler form than the original operator

as in the case of the Dirac operator, computing (.T)lReS @ )(:z:) nevertheless remains
og (Blim

a challenge since it involves its (—n)-th homogeneous symbol.

1. THE WODZICKI RESIDUE DENSITY FOR CLASSICAL PSEUDODIFFERENTIAL
OPERATORS

In this section, we review the definition of the Wodzicki residue for classical pseu-
dodifferential operators acting on sections of a given vector bundle. We recall the
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covariance property of the Wodzicki residue under local dilations (see Proposition
1.3). We also recall how the Wodzicki residue extends to logarithms of classical
pseudodifferential operators with appropriate spectral properties and refer to this
extension as logarithmic Wodzicki residue. Specialising to the trivial vector bun-
dle, we show a localisation formula for the logarithmic residue of scalar differential
operators. It identifies the logarithmic residue density at the point p of a differ-
ential operator P with the logarithmic residue density at any point = in a small
neighborhood of p of the same operator localised at p (see Proposition 1.5).

1.1. The Wodzicki residue for classical pseudodifferential operators. Let
(E,m, M) be a vector bundle over M of rank k and let ¥, (M, F) denote the
algebra of classical polyhomogeneous pseudodifferential operators acting on the
space C°(M, E) of smooth sections of a vector bundle E modelled on a vector
space V, based on an n-dimensional smooth manifold M. These are linear maps
Q: C®(M,E) — C>(M, E), which read Q = }_,.; Qu, + Sq, where given a par-
tition of unity x;,%7 € I of M subordinated to a finite covering (U;,i € I) of M
with open subsets, Qu, := x: Q|u,,? € I are localisations of () in open subsets U;
of M, and Sg is a smoothing operator-it maps any Sobolev section to a smooth
section. Since we are interested in singular linear forms which vanish on smoothing
operators, we reduce our study to localised operators ;7. To simplify notations, we
drop the explicit mention of the localisation and simply write ). A pseudodifferen-
tial operator (localised on some open subset U of M) acting on C*°(U, E) is called
classical or polyhomogeneous if it is a linear combination of pseudodifferential
operators Q whose (local) symbol o(Q)—which lies in C°(T*U \ U x {0}, End(V)),
in any local trivialisation of F over U-has a polyhomogeneous expansion of the
form

o(Q) ~ Y om—5(Q),
j=0

with m in C, the order of Q. Explicitly, for any N in N, the difference o(Q) —
Z;V:o X 0m—;(Q) is a smooth pseudodifferential symbol of order < R(m) — N, with
X a smooth function which vanishes in a neighborhood of zero, and o, (Q) positively
homogeneous of degree a € C, that is,

UQ(Q)(xv )\f) =\ UQ(Q)(«%&)

for any (z,&) € TU*\ U x {0} and A > 0. For further details, we refer to classical
books on the subject such as [Sh], see also [Sc, Example 1.1.8]. We also consider
the class of logarithmic pseudodifferential operators, namely those whose symbols
have a log polyhomogeneous expansion of the form

0(Q)(x,§) = mlog(|¢))Id + 00 (Q)(x,¢),

where 00 (Q) is a classical symbol of nonpositive order. We define the local residue
density!

s densities on an n-dimensional real vector space V' are functions p : V' — R such that
w(Avy, Ava, ..., Avy) = |det(A)|® p(vi, ..., vn) for any linear isomorphism A of V' and form a one
dimensional vector space |A|*(V). An s-density on a manifold M is a section of the s-density
bundle |A|*(TM) over M whose fibre over = consists of s-densities on the tangent space Tp M.
On an n-dimensional manifold M, 1-densities, also called densities, can be canonically identified
with the n-forms on M.
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(4) wges(m) = res(a(Q)(x,-)) dx' A... Adaz"

where dz! A ... Adz" is the flat volume form in local coordinates on the (oriented)
n-dimensional manifold M and

e [, @ 0) st

where trf stands for the fibrewise trace on End(FE), ds¢ for the standard density
on the unit sphere S*~! obtained as the interior product of the flat volume form

d&t A AdET A L. A dE™ by the radial vector field R := > & agi

res(a(Q)(z,-)) =

n—1
ds€ = Ru(d€ Ao A AdEY) = (<1 EEdEY AL AdET AL N dE™
j=1

A priori, wges(:ﬂ)7 which is defined using a localisation of the operator @ around =,
depends on the choice of local coordinates in a neighborhood of . M. Wodzicki [W]
showed that it actually defines a global n-form, which can be integrated to define
the linear form Res on ¥ (M, E), called the Wodzicki or noncommutative residue:

Res(@)i= [ wf™(a).

M
Remark 1.1. (1) If (M™,g) is a Riemannian manifold, we can equivalently
define
1
res(r(Q)e ) = gy [ 670 (@) 1 (6),
(2m) SxM

as an integral over the cotangent unit sphere SIM = {£ € Ty M, |¢| = 1}
endowed with the induced Riemannian volume form v,. As before, n stands
for the dimension of M.

(2) The Wodzicki residue easily extends to a Zs-graded vector bundle E = ET®
E~ replacing the fibrewise trace tr” by a graded trace str” := trB" —trf,
in which case we set

1

sres(oQ)(e:)) = (g [ sl ) dst

and

wSQReS(a:) = sres(o(Q)(x,-)) dzt A ... Ada™.

1.2. Local dilations. Throughout the paper, (M™, g) denotes a smooth Riemann-
ian manifold and p a point in M. The local identification uses the exponential map

(5) exp, : T,M > B, — U, C M

around p which yields a local diffeomorphism from a ball B, of radius r > 0 centered
at 0 to a local geodesic neighborhood U, of p. This exponential map is combined
with a rescaling leading to the map (This is the map exp o7, in [F, Formula (4.4.7)])

exp,ohy : T,M D B/, — U, C M,
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where
hyx:B,.CTyM — B,CT,M
X — AX.
For 1 > X >0 and r > 0 we set Uz;\ := exp, (B x), so that U, C U];\ and

[A]

Vp'i=exp,(Bg) x {A} C M* = M x {A} =~ M.

P BN
The map (5) induces local transformations
for Uy — Uy
(6) exp,(x) +— exp,(Ax)
which we shall denote by fx to simplify notations. As the map A — exp,(Ax) is
continuous, we define f, = ;irr}) falu,- Hence, fo(exp,(x)) = p for any x € B,.
—

Throughout the paper, we use the following notations. From a given orthonormal
basis e1(p), ..., en(p) of T,M at p € M, we build:

e a local orthonormal frame

(7) O;D(x’g) ={e1(x,9),...,en(z,9)}, 7 € Up
of T, M by the parallel transport 7. : T,M — T, M along the geodesic
c(t) = exp,(tx), with x in B, C T, M, which takes p to o = ¢(1) so that
3(,9) = e(e;(p)); .
e normal geodesic coordinates at any point x € U, as follows: Let B, be the

open ball in R" of radius r centered at 0 and consider the map ET CR" —
Up; (zt,...,2") + x, which is defined via the local exponential map exp,
in (5) by

(8) T = exp, (Z a'e; (p)> € exp,(By).

Unless specified otherwise, throughout the paper, we use normal geodesic coordi-
nates. As usual, we identify any point x € U, with its coordinates X := (x!,... a").

Composing the map f;l with the normal geodesic coordinates B, CR" — U, gives
rise to a new coordinate system on Ug‘

n
B, CR" — U;‘; (' .. y") exp,, (Z Alyiei(p)> .
i=1
Since U, C U;‘ for any A > 0 small enough, there are two coordinate systems
X = (2',...,2") and

Y = (yl =zt .yt = Az™)

at any point in U,. A direct computation shows that the coordinate system Y is
indeed the normal geodesic coordinates associated to the metric f}g on U;‘ since
(f59)p = A%g|p. Hence, for any A > 0 small enough, we have

0 0 0 , . .
(9) fA (8331) = oy =1 97 ° fa and fldz' =dy* = Ada’ ofy.
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In the following, we often identify a point y in UI;\ with its coordinates ¥ =
(... ym).

1.3. The behaviour of the Wodzicki residue under local dilations. Let
us now recall the general fact on pull-back of operators. Any local diffeomorphism
f: U — V induces a local transformation on a localised pseudodifferential operators
as follows: Given any @ in ¥ (V, E) where (E, 7, M) is a vector bundle over M,
we define f#Q € ¥ (U, §*E) by

(10) (FQ)s=1(Q (') =Q (seF) of,

where s is any local section in {*E above U. Here, {*F is the pull-back bundle over
U of the bundle E given by

fPE = {(z,y) € Ux E[ f(z) = 7(y)}.

The following lemma is an easy consequence of the transformation property of
symbols under the local diffeomorphism f, defined in (6). We nevertheless provide
an explicit proof.

Lemma 1.2. Given any Q in Vo (M, E), we have for small enough positive A,

(11) o(RQ)(x,€) = a(Q) (fr(z), (F)'(€)) .

at any giwen point x in U, C UI;\.

Proof. Under a local diffeomorphism f, the symbol o(Q) of @ transforms as [Sc,
Equation (3.5.3.31)]

(12) U(fﬁQ)(x,f) =0(Q) (f(a:), (f*)t(f)) + lower order terms.

Here “lower order terms” stands for the push forward by § of the sum
2 lal>0 L ®,(z,€) Ogo (x,§) with

Ba(2,€) = DLy and () = f(2) - f(a) — df() (= - ),
which is a polynomial in £ of degree < % whose coefficients are linear combinations
of products of derivatives [[, 07f(z) of f at  with >7|y| = |a| and |y| > 2. In the
case of § := fx, we have 0;0;f = 0 for any indices 7, j running from 1 to n, so that
the lower order terms vanish leading to (11). (]

Proposition 1.3. Let E be a vector bundle over M. For any given @ in ¥ (M, E),
the n-form wges transforms covariantly under dilations fy as

Res

wQ o f)\ _ wRes

fQ
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Proof. Applying the local residue density (4) at the point fy(z), we have

(2m)"wg™ (fa(e) = /£ » o-n(Q) (fr(x),€)) ds§> dy' Ao Ady"

= (/5 3 E(o_n(@) (Fa(z), A1) ds§> del A A dam

/5 . P (0-n(Q) (fr(2), (FR)'(€))) ds€> dz' AL A da"

(Ll n Res
This finishes the proof of the lemma.
|

1.4. The Wodzicki residue for logarithmic pseudodifferential operators.
For later purposes, we review here how the Wodzicki residue can be extended to
a class of logarithmic pseudodifferential operators, a notion which we first briefly
recall (we refer the reader to [Sc, §2.6.1.3] for further details). As before, we consider
a vector bundle F over M of rank k. We say that an operator @ in W, (M, E) of
order m has a principal angle 6 € [0,27) (see [Sc, §1.5.7.1]) if there is a conical
neighbourhood of the ray Lg := {re*,r > 0} such that its leading symbol matrix
oL (@Q)(z,€) := 0, (Q)(x,€) has no eigenvalues in this neighbourhood for every
(x,€) € T*U \ U x {0}. In particular, the operator is elliptic and, therefore, has
a purely discrete spectrum. A principal angle 6 of an operator @ is said to be an
Agmon angle if there are no eigenvalues of @ on the ray Ly. In this case, @ is
invertible and there exists a solid angle of the ray

Aavgz{rem,er f—e<a<b+e},

for some € > 0, that contains no eigenvalue of . Now, for any operator () with
Agmon angle 6 and for a holomorphic function ¢y : C\ Ly — C, we define the
Cauchy integral

i

(@ = 5= [ Q=N

where 'y is a closed contour along the ray Ly around the spectrum of @. For
example, this contour can be taken as follows: Fix 0 < § < R, we define

Dy =TjUTZUT)UTY,
where
p={re”, §<r<R}, Ij={re">, s<r<R}
and
I3 = {6, 6—2r <t<0}, Th={Re", 6—2r<t<0}.
One can easily check that Qe (Q) = vo(Q)Q. The symbol of ¢y(Q) reads as
i

(13) w(0(@) ~ 5= [ @) e(@) =Nt
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where o(Q) is the symbol of Q, the star in *~! stands for the inverse in the symbol
algebra and

(@@ =N = 0@ (e(@QorL(@Q) T = Aor(Q)F )
= 07(Q)' (1 + symbol of order < 0)*~*
is obtained by means of an expansion in . Given a local diffeomorphism §: U — V
and an operator Q € ¥ (M, F) with Agmon angle § and order m, the operator f*Q

defined in (10) is in ¥ (M, §* F) with the same Agmon angle 6, since from Equation
(12), we have that

o1(FFQ)(x,€) = 01(Q) (f(x), (7)"(£)) -

Also the relation §#(Q — A\)~! = (ffQ — \) ™! gives that *(09(Q)) = ©e(F*Q). Now,
we consider the particular case where pg(\) = A\Z = [A\|7e?*2(N) for R(2) < 0 and
0 < arg(\) < 0 4 27 and define the complex power

Qi =@ = 5 [ %@

In this case, the symbol of QF has the expansion

(QO z g Zamz —J QQ)(m 5)

7=0

where 0,,,—;(QF)(z, ) are the positive homogenous of degree mz — j given by [Sh,
§11.1]

(14) O—mz—j(QZ)(Iag) = i/l" z O—m—j ((Q - )‘)71) (‘T7§)d)‘

The map z — @ is holomorphic on the complex plane with values in the space
B(H*(M, E), H*~"%Z) (M, E)) for all s € R. Therefore, we define the logarithm
of () as:

logyQ = (0.Qp)
- ;( /\ZQ A~ 1d>\>

z=0
= — [ logyph Nl
27r - 0gpA (@ — A)~

By construction, one clearly has that (logy@) Q@ = Q7 (logg@). We also have that
¥ (logyQ) = log,(F*Q), since §* and Q% both commute. Note that the logarithm
log, @ of a classical pseudodifferential operator is not classical, it is “nearly” classi-
cal in so far as its local symbol differs from a classical symbol by a logarithm term.
Indeed, it is shown in [Sc, p. 219] that the symbol of the logarithm reads as

(15) o (logyQ)(x,§) = mlog([¢])Id + o (logyQ) (2, £),

where o (logg@) is a classical symbol of order zero with homogeneous components
o_;(logeQ) of degree —j, j > 0 given by

(16) o_;(1ogyQ)(z, &) = |¢| <az <amz_j(62§)(w7 ;)))Z_O
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The fact that the logarithmic part of the symbol vanishes on the cotangent unit
sphere underlies the extendibility of the Wodzicki residue to logarithmic pseudodif-
ferential operators (for a detailed discussion, we refer the reader to [Sc, §2.7.1]). We
shall henceforth apply without any further ado, the above constructions to log, @
for an operator @ in ¥ (M, FE) with Agmon angle 6. In analogy with (4), we set

1
reslolony Q) = o [ 6P (o-allons Qw9 dst
(17) wlRong(m) = res(o(logy Q)(x,-)) dx' A... Ada",

which we call the logarithmic residue density of (). On the grounds of (15),
0_n(logyQ)) = (oc1)_,, (logyQ)) so that one can easily adapt the proof of Proposi-
tion 1.3 to show the covariance of the logarithmic residue:

Res _, Res
(18) Wiog, @ © A = Yiog, 14,Q”
where we have used the fact that fﬁ)\ and log, commute.

Remark 1.4. We shall drop the explicit mention of the principal angle when we
can choose 0 = 7.

1.5. A localisation formula for the logarithmic residue density of scalar
differential operators. We now focus on logarithms of scalar differential opera-
tors, for which we prove a localisation formula for the Wodzicki residue density. In

the sequel, we use the following notations. For any multiindex v = {é1,...,45}, we
set
0 0
Yo
(].9) DX .—%...%,
in the local normal geodesic coordinates X = (x!,...,2") at point x with the usual

identification = < X.

To simplify notations, unless this gives rise to an ambiguity, we henceforth write
D7 instead of D%.

Given a vector bundle £ — M of rank k, trivialised over an open subset U of M,
D7 acts on a local section s|y = Zle a;s;ly on U by

k

(20) DYs:=> D"(a;)s;.

i=1
Here {s;}i=1..x is a basis of the bundle E|; in the local trivialisation E|y ~ U xR,
A differential operator of order m € Z>q reads P = Emgm P, D7, which means
that in the local trivialisation E|y ~ U x R¥ of E, it acts as

k k
(21) P Zajsj =3 3 (P, DV(ay) s,

[y[<m i,j=1

where we have used Equation (20). Differential operators form an algebra Diff (M, E)
and we have the following isomorphism of C'*°-modules:

Diff (M, E) ~ Diff (M) @ e (3r) C™ (M, End(E)),
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where we have set Diff (M) := Diff (M, M x R). Following [VEY], we define a family
of rescaled differential operators for any P € Diff (M, M x R) by

(22) P:=X"P, A>0,
and set for any small positive A:
(23) Py := A"f4 P.

In local normal geodesic coordinates, we have fg\D"’ = A" D" so that the family

of rescaled operators built from a differential operator P = > P, D7, locally
[v|<m
reads (these and the above notations Py are borrowed from [vEY])

Py=Y x"MI(Pofy) D7,
-

As ) tends to zero, P, converges to the operator P evaluated at the limit point p:

(24) )I\EI%JPA|UP = Z P,y (p) D[, = Plp,

[v|=m

where P, (p) corresponds to P,(x) evaluated at the reference point p. In the follow-
ing, we state a localisation formula for the residue of the logarithm of a differential
operator (see [Sc, (3.5.3.33) p.382] for a similar formula)

Proposition 1.5. For any differential operator P in Diff (M, M x R) with Agmon
angle 0, we have the following localisation formula:

WS o(p) = R L (a),
for all x € Up.

Proof. We first observe that for small positive A
logy Py = logy(A™ P) = (m log \) Id + log, (fﬁp) .

Since the residue density vanishes on differential operators and hence on Id, we
Res — ,Res : : : Res — ,Res

have “logy Br = “logy (14 P)’ Equation (18) implies that Wrog By = Wlogy P © fr. We

then take the limit as A — 0, by which Py tends to P|, by (24). The continuity of

the logarithm combined with the continuity of the Wodzicki residue for the Fréchet

topology of (log-)classical operators of constant order then yields the statement of

the proposition. (I

2. A LOCAL BEREZIN TYPE n-FORM ON W (M, AT*M)

In this section, we define a local n-form @®° on W (M, AT*M) (see Eq. (31)),
which unlike the Wodzicki density, is not covariant under dilations defined in the
previous section. We give in Proposition 2.7 the behaviour of this local n-form &R
under Getzler rescaling map (see Definition 2.2) combined with the local dilations.
When the manifold M is spin and for a differential operator P acting on smooth
sections of its spinor bundle, we use the expression of the super trace in terms of
a Berezin integral (see (26)) to relate the local n-form &g; ca(py of the logarithm
(with spectral cut 6) of ¢9(P) (defined in Equation (37)) to its (super-)Wodzicki

residue wls(?g‘zscg( Py Much of this section is inspired from Simon Scott’s approach
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to the local Atiyah-Singer index theorem by means of the Wodzicki residue [Sc,
§3.5.3].

2.1. Prequisites: The supertrace versus the Berezin integral and the Get-
zler rescaling. In the sequel, following [BGV, Chap. 3| we review the construction
and properties of the Berezin integral together with its relation with the supertrace
as well as Geztler’s rescaling on differential forms. Let V be a real vector space.
A linear map T : AV — R is called a Berezin integral if 7' vanishes on A*V for
k <n=dim(V). If V is an oriented Euclidean vector space equipped with a scalar
product g, there exist a canonical Berezin integral defined as the projection of any
element in AV onto its component on the n-form e! A...Ae" where {ey,...,e,} is
an orthonormal basis of (V,g). We will denote this Berezin integral by T

Te*A...Ae") =1, T()=0, if |I| <n.
Let us now consider the Clifford algebra C¢(V) of (V,g). The isometry —Id €
O(V, g) gives rise to the map
:CUV) — CUV)
€iy 'g---gCi (71)1961'1 g g €y
with 41 < ... < 4}. Here “;” denotes the Clifford multiplication with respect to
the metric g. The map ® clearly satisfies 2 = Id. Therefore, we get a splitting of
Ce(V) into
CUv)y=cCce(yraeceyv),
where C/(V)* := {a € CL(V)| ®(a) = +a}. Now we have the proposition [BGV,
Prop. 3.19]
Proposition 2.1. Let V' be an oriented Fuclidean vector space of even dimension
n. There exists a unique Zy-graded Clifford module S = ST ® S~, such that
ClV) ® C ~ End(95).
In particular, dimS* = 23 =1, Also, we have that C¢(V)T - ST C ST and C(V)~ -
S* c ST. Therefore, we have the isomorphism
Cl(V)*t ® C ~ End(SF).

Notice that ST are defined as the eigenspaces of S associated with the eigenvalues
+1 of the complex volume form we =i%e; - ...+, e, with n even. Now, there is a
natural super trace on C4(V) ® C, defined by

_Jur5" (@) =5 (a), ifae COV)T,
str(a) := { 0, itaecuv)

i

where, as before, tr” stands for the fibrewise trace on End(E). In order to relate
this supertrace with the Berezin integral, we assign to any vector v € V* the
endomorphism ¢?(v) € End(AV) that uniquely extends to a morphism of algebra
bundles

(25) ¢d: CLV) — End(AV)
defined by
AI(v)e=vAe—1vf e
where vfs is the vector in V associated to v by the musical isomorphism. The
symbol map s9 : C{(V)) — AV is the isomorphism given by s9(a) := ¢?(a)l. Indeed,
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to show s9 (as well as ¢9) is injective, we assume that s9(a) = 0 for some a =
Zi1<_“<ik Qi ix€iy "g - - g €. Then c9(a)l = Zi1<___<ik @iy in€iy N ANeg, = 0.
Hence, a;,.. i, = 0 and, thus, a = 0. The bijectivity of s9 comes from the equality of
the dimensions. In [BGV, Prop. 3.21], it is shown that there is a unique supertrace
which is related to the Berezin integral by the following
(26) str(a) = (=2i) % (T 0s9)(a).
for any a € C{(V) ® C.
Definition 2.2. The Geztler rescaling map is the tensor bundle morphism defined
for any A >0, by

Uy: @V — oIV
(27) t — AT
The Getzler rescaling map U, restricted to AV induces a map

U! :End(AV) — End(AV)

(28) Q — UlQ:ww U QU w,
which satisfies:
(29) Uf\(v/\o) =X'vAe and Uf\(vﬁgﬁ) =o',

for any v € V*. Combining (29) with c¢?(v)e = v A @ — vfs e yields the map
Uj{ oc? : CLV) — End(AV)
given by
(Uﬁ o cg) (v)e=A"TvAe—Ivfr e,
We have the following straightforward lemma that we will use later
Lemma 2.3. Letel :=e't- e ... je'* foriy <ig <...<ij with |I| =i1+...+ig,
it follows that

N (17 g o0 () — T
(30) ;1_)1110)\ (U/\oc)(e) e'n

where el ;= et A ... NetE.

2.2. A local n-form on ¥ (M,AT*M) and Getzler rescaling. In order to de-
fine the local n-form, we fix a normal geodesic neighborhood U, around a point p
in M and for (z,§) € T*U, and consider the symbol o(Q)(z,§) € End(AT;U,) of
an operator @ in W (M,AT*M) in the corresponding coordinate chart. Its homo-
geneous component o_,(Q)(z, ) of degree —n evaluated in 1, yields a differential
form o_,,(Q)(x,&) 1, € AT;U,. Hence we define

1

(31) @) = e /|s|—1 (0 0(@)(,€) L], ds€,

where oy, stands for the part of degree n of a form « in AT; M.

Remark 2.4. e Note that this differs from the Wodzicki residue density.

Contrarily to wges which is covariant w.r. to the action of f, as we shall see

shortly, @ges is not. Getzler’s rescaling map will enable us to compensate

this lack of covariance.
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e The above constructions generalise beyond classical pseudodifferential op-
erators, to logarithmic pseudodifferential operators. For a differential oper-
ator P in Diff (M, AT* M) with Agmon angle 6, similarly to (31), we define:

1
B (27‘1’)” /|§|_1 [U_n(logg P)(LE,S) lz][n} dgsé.

Dlogy p(2) :

The maps U )ﬂ\ defined in (28) induces a transformation on differential operators as
follows: for any P =3}, Py D" in Diff (M, AT*M) of order m, we define

(32) ULP = Y U{(P,) D" € Diff(M,AT* M),
[v|<m

A first direct consequence of (32) is that the operator U )ﬂ\P is also of order m and
of Agmon angle 6. For any (z,¢&) € T*U, the symbols of UﬁP and P are related by

Om—3(UP)(,€) = U (0m—; (P)(x,€)),
for all 5 > 0. To check that the Agmon angle remains unchanged, we observe
that the eigenvalues of O’L(Uf\P)(l‘7£) are the same as those of or(P)(z,£). The
eigenvectors of JL(U§P) (z,€) are derived from those of o, (P)(x, ) by applying U,.
Also the eigenvalues of UiP are the same as the ones of P, since Uf\(P —pId) =
U!P — BId. We then define
(33) Ui (#6(P)) = 9o (UL P).

where we recall that g : C\ Ly — C is a holomorphic function. As a consequence,
we can prove that

Lemma 2.5. Given any P € Diff (M, AT*M) of Agmon angle 6 and Q := py(P)
we have for any A > 0

(US o )(@) = (0 U)(Q)
for any local diffeomorphism f:U — V.

Proof. First, we show that Uy of* = f* o Uy, where by definition {f*w = w o f for any
differential form w. Indeed, we compute

(Unof)w = Ux(wof)

= Z A (wo )
i=1

= Z Aiiwh‘] o) f
i=1
= (ol
Hence, we get for P € Diff (M, AT*M)
(Ufof)(P) =Urof o Pof,oUy! =" oUyo PolUy " of. = (7 o UY)(P).

Now, for Q@ = @g(P), we deduce the statement by using the fact that f* and U g
both commute with g. This finishes the proof. (]

We now have:
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Lemma 2.6. For any differential operator P € Diff (M, AT*M) of Agmon angle 6
and order m, we have for Q = pg(P) that

(34) om-i(U3Q)(@.&) = Ui (om—;(Q) (¢,€)).
for any (z,§) € T*U and j > 0.

Proof. Using Equation (13) for the symbol, we have that

om-(U§¢o(P)) = om—s(2o(ULP))(,€)

= = | 0N (0 (UEP) = N dA

% F@
7 .

= 5 [ 9o (Uiom—;(P) = )1 dA
Y To

= Ui(omj(pa(P)).

This finishes the proof. O

As a direct consequence of Equation (34), we get the following

Proposition 2.7. For any differential operator P € Diff (M, AT*M) of Agmon
angle 0, we have for Q = pg(P) that for any A > 0.

Res _ , R ~Res _ y—n~Ri ~Res _ yn~R
(35) ngsQ =wo®, ngsQ =\""wg*  and wﬂ‘g = \"@0u™ o fa.
In particular, we get

(36) ~ Res ~Res ° f}\.

w = W,
vt T @

Proof. For any A > 0, we write

A

(2m) Wl () = ( /m—l AT M (a_n(UﬁQ) (x,g)) d5§> dz' AL A da"

<¥<AHMN%WWMMMW@§mMmMﬂ

</|§|1 AT M (U>\ o-n(Q) (7,8) U)\—1> dsf) de' A A da”

</|£|1 M (0-0(Q) (@, €) dsf) dz' A A da”

= (27r)"wges (z).
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To prove the two other equalities, we also compute

erafn@ = [ (o eo)u] s

= /5_1 (Tn(@ @) 1] m 256

_ / [UA(0-n(Q) (2,€) 1)),y dsé

lg1=1

= [ [ ey s
6l=11 i

= A O_n z, ) 1e]y; d
(2 [P @ 1], dse

= AT €j=1 [U—n(Q)(x7)1I][n]dsf

= AT"(2m)" o™ (@)
To prove the last equality in (35), we use Equality (11) to write

erratn@ = [ (oo ds

= [ (@ () (' (©) 1], st

@ (@A) 1]y dst

= A"(2m)" G5 ().

Finally, Equality (36) is obtained by combining the last two identities in (35). This
gives the statement.
(]

2.3. The Wodzicki residue density versus a local Berezin type density. In
this paragraph, we enhance the well-known algebraic identity (26) to a lesser known
identity of local densities on spin manifolds. Let now (M™,g) be a spin manifold
of even dimension and let XM be its spinor bundle. The morphism ¢ defined in
(25) induces on a differential operator P = 3" ., P, D" in Diff (M, ¥M) of order
m, the operator ¢(P) given by
(37) d(P):= > ¢ (P,) D" € Diff (M, AT*M).

[yI<m
Clearly, the operator ¢9(P) has the same order as P and,
(38) om—j(¢?(P))(z,§) = ¢ (om—; (P)(x,8)),
for any (z,£) € T*U \ {0}. In order to find the relation between &R and w?es, we

need the following lemma:

Lemma 2.8. For any differential operator P € Diff(M,XM) of Agmon angle 6
and order m, the operator ¢9(P) has also an Agmon angle 6. Also, we have that

o—j(logec?(P))(x,§) = ¢?(0—;(loge P)(, £)),
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for 7 >0.

Proof. We shall prove that the set of eigenvalues of ¢?(o(P)(x,€)) is a subset of
the one of o1, (P)(z,£). Thus, as the eigenvalues of o, (P)(z, £) do not meet a neigh-
borhood of the ray Lg, then neither do the eigenvalues of ¢9(or(P)(x,£)). Indeed,
if X is an eigenvalue of ¢?(op (P)(x,€)), then ¢?(o(P)(x,&)) — AId is non injective.
Hence ¢4 (o, (P)(z,£) — AId) is non injective and, therefore, o, (P)(x, &) — Ald is non
injective since ¢? is injective, meaning that A is an eigenvalue of o, (P)(x,&). In the
same way, we can prove that the set of eigenvalues of ¢9(P) is a subset of the one
of P. To prove the second part, we first have for all j that o,,.—;(c?(P))(z,§) =
cI(omz—j(P§)(z,€)). Indeed, using Equation (14), we compute

d N0 ((2(P) = X)) (z,€)dA

Omz—j (I (P)g)(x, &) 2
L Ny (P M) (0
o Ty

Y (0—m—j (P = Ad) ") (=, €)) dA
2 Ty

(1:4) c? (O'mz—j(PGZ)<x7 5)) :

Now, using Equation (16), we write

o_;(loggc? (P))(@,€) = |¢| 7 (@ (Umzj<cg<P>5)<””’ |5>>>z_o

- (az <cg (am”(P;)(x, ép)))zzo

= cg(a_j(loggP)(l”,f))-

This ends the proof. O

By choosing a = o_,(logy P)(z,£) in Equation (26), for any differential operator
P € Diff (M, X M) which is Zs-grading, we get that

Proposition 2.9. For any differential operator P € Diff (M, X M) with Agmon
angle 0, which is even for the Zo-grading M = XM & X~ M, we have

Dl co(p) (@) = Jg(2)(=20) " wigiesp (@),

where jg(x) = /det(gs;(x)).
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Proof. Using Lemma 2.8 for j = n, we compute

wl%zsg c9(P) (.’,E) = (2;)71 /51 [U—n(logg Cg(P))(:c’ 6) lx][n] ds§
= (2;_)” /5_1 [Cg(O'_n(IOga P)(Jf,é.)) 1“5][71] dsf
1 g
= 2m)n /6—1 [s9(0_n(logg P)(x,g))][n] dsé
- (271r)" / _ (T os?)(o_n(logy P)(z,8)) e A... Ae™dsg

= % (/m_l str (o_y (logy P)(x,€)) dsf) det A A da?

= Jola)(=20) " Pwirp(x).

Here, we use the fact that P is Zs-graded, meaning that o_;(logeP)(z,§) is in
End(3EM) ~ C/T,M)* @ C and, thus, Equation (26) is applied. O

Remark 2.10. As a consequence of Proposition 2.9, for a differential operator
P e ¥y (M,XM) with Agmon angle 6, GI%; co(P) does define a global density since

sRes
Wioga P does.

Corollary 2.11. For any differential operator P € Diff(M,XM) of Agmon angle
0 and order m which is even for the Zo-grading XM = X TM ® X~ M, we have
~Res _(a n/2, sRes
Crogou (e (pyy = U @I (Z20) 7 Rwiogp o fa
Proof. We take Q = logyc9(P) € W (M,AT*M) in Proposition 2.7 (i.e. pp = logy)
to get after, using fﬁl\loge = logefi (see Subsection 1.4) and Uﬁloge = loggUg by
Definition (33), that

Slogyen(p) ©Tr = loge(U”fk(cg(P))

Now we use Proposition 2.9 at the point f(-) to deduce the result. O

3. THE GEOMETRIC SET-UP

In this section, we review the geometric set up underlying Getzler rescaling. Specif-
ically, in the language of [DS1, Paragraph 1.1], we deform the manifold M to a man-
ifold M via a deformation to the normal cone to a given point p, and pull back the
Riemannian metric g on the manifold under the canonical projection 7 : M — M
to a family {gx}aso of dilated metrics (see (42)). This family will play a crucial
role when deforming operators.

3.1. Deformation to the normal cone to a point. For an embedding My <— M
of two manifolds, the deformation to the normal cone is defined as

D(Mo, M) := (M x R4) U (N My x {0}),

where A M, is the total space of the normal bundle to My in M. The deformation
to the normal cone extended to the embedding of the base of a groupoid into the
groupoid gives rise to the tangent groupoid introduced by Connes [C] which proves
useful in the context of manifolds with singularities. Here, choosing a reference
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point p € M fixed throughout the paper, we take My = {p} so that N'My = T,M,
in which case the deformation amounts to replacing M by the deformed manifold
around p defined as

M := (M xRy) U (T,M x {0}).
The gluing of the two parts, namely M x R4 and T, M x {0} is carried out via the
local diffeomorphism fy described in (6). Now, we build the map (denoted by © in
[DS2, Paragraph 3.1], but here we adopt the notations of [VEY])
Exp, : T(po)M D B, , — M
defined on
By, = ({(x,\) € T,M xRy, x € B,/»}) U (T,M x {0}) C T, M

by the identity map on T, M x {0} and on the remaining part of B, , as follows

Exp, : {(x,\) € ,M xRy, x€ B,)»} — U,xRiCM
(39) (x,A) == (exp,(Ax),\) for A >0.
We consider the open set in M ([DS1, Paragraph 1.1.])

W, = (U, x Ry) U (T, M x {0}) C M.

The deformed manifold M is endowed with the smooth (coarsest) structure for
which the map Exp, : B,, — W, is a diffeomorphism (we refer the reader to
[H, Above Lemma 4.3] for further details). Via Exp, the point (z = exp,(x), )
is identified with the point fi(z) = exp,(Ax) and the point p is identified with
x. We refer to the coordinates given by (39) as the A-rescaled exponential
coordinates. To recover the manifold M from the deformed manifold M, we
consider the projection map

7 M 2 MxRsy — M
(x,\) — (z, ) — x ifA>0
(x,0) — (,0)  — p

With M endowed with the smooth structure described above, the map 7 is smooth
allowing to pull-back the geometry on M to M. For any section s of a vector bundle
E over M, its pull-back is a section of the pull-back bundle E := #*FE C M x E
over M given by

(7*s)(x,\) = s(x) for small enough A >0, Vo € M
and
(7*s)(x,0) = s(p), VxeT,M.
In particular, the tangent bundle TM — M is pulled back to
7" TM = {(z,\, y,u) € MxRy xTM| z = y}U{(x,0,y,u) € T,Mx{0}xTM| p =y}

which is clearly isomorphic to TM x R. Also the local diffeomorphism (39) induces
the isomorphsim of vector bundles (see [DS2, Remark 3.4 (e)], [F, p.67-68])
TM xR — TM
(x,u, A) —  (z, u=hx(u),\) if A>0
(2, x,0) — (p,x) € T,M.
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Now, in the local exponential chart (39) of M, the pull-back of a section s on F is
the map 7*s o Exp, : B, , — E that can be read as

(s 0 Expy)(x, A) = (s 0 7)(exp, (Ax), A) = s(exp, (Ax)) = (s o fx)(exp,(x))
for any A > 0 and x € B,./5. Also on the remaining part of By, ,., we have
(7"s 0 Exp,)(x,0) = (s 0 #)(x,0) = s(p) = (s o fo)(exp, (x)).

Therefore, by identifying the vector x with the point z := exp, (x), we write that
Exp,
(7*s)(z, ) x> (sofr)(z) for small enough A > 0.

3.2. Tensor bundles pulled back by 7. Coming back to the deformation to
the normal cone, the tensor bundle T¢M := TM®? @ T*M®" is pulled back to
T*TIM — M and a tensor ¢ written in a normal geodesic coordinates chart with
coordinates X at a point = as

) | |
- 1‘1 1 r
(40) = e ® @ ® d ®.® daT

is pulled back to
FD (@A) =7 o a(a)
= Sion) (o oh) @ew (5o oh ) @ @ of) ©.w (@ ol
for small enough A > 0. Combining (9) with (27), we deduce that

(77 (2, A) AT (D) () = Ux (i3 (2),

for any small enough A > 0 and (7*t)(z,0) PPy t(p), for A = 0. Specialising to

q = 0 and r = 2, yields that the local description of the pull-back of the metric g
on M, viewed as a covariant two tensor:

Epp

~ % Exp, — * *
(41) (7*g)(x,A) =" A2 (f19)(2)= Uxr(i39)(z)
for small enough A > 0 and it is g(p) for A = 0. It is therefore natural to introduce
(42) gx = A= Ua Prg,

so that at any point in U,

(97);5 (x) = (79)i; () = gis (Fa(2)).-
As a consequence of the last identity and with the help of the Koszul formula,
the Christoffel symbols Ffj(~7g) =g (VB%Z %, %) satisfy for any small enough
positive A
T 90) = ATHGA(); 9)-

Similarly, the Christoffel symbols T¢ (-, g) := g(Ve,es, e:) read in an orthonormal
frame obtained by parallel transport along the geodesic curves, satisfy
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4. GEOMETRIC DIFFERENTIAL OPERATORS

In this section, we define the notion of geometric polynomials with respect to a
given metric, as smooth sections (Definition 4.5) of a given vector bundle in terms
of the corresponding vielbeins (see Appendix 6). To these polynomials, we assign
an order called Gilkey order, inspired by Gilkey’s “order of jets” in the context of
his invariance theory [G, Par. 2.4], see also [MP, Section 3], both of which use
jets of metrics. Whereas geometric sections are defined in terms of the jets of the
vielbein and hence metric tensor, the Gilkey order does not depend on the choice of
metric. We then define geometric differential operators to be differential operators
which take geometric sections to geometric sections with respect to some metric
with an additive condition on the Gilkey order (Definition 4.10). In Proposition
4.14, we show that a geometric polynomial w.r.t. ¢ transforms under a dilation
fa to a geometric polynomial w.r.t. gx. In Proposition 4.15, we show a similar
property for a geometric differential operator.

4.1. Polynomial expressions in the jets of the vielbeins. Let us recall some
basic facts on the jets of a vector bundle. Given any vector bundle (E, 7, M) where
7w : E — M is the orthogonal projection, we let I'(E) be the vector space of sections
of E and I',(E) be the stalk 2 of local sections at a point p. Two local sections s
and s’ in I',,(E) have the same r-jet (r € Z1) at p if

%l — (D7
(D 5>‘p = (D7s )’p
for any multiindex + such that 0 < |y| < r. The relation
s~ s <= sand s have the same 7-jet at p

defines an equivalence relation and we denote by j, s the equivalence class of s. The
integer r is called the order of the jet. The set

J(E) = {j,slp € M,s e T,(E)},
is a manifold, called the r-th jet manifold of w. The triple (J"(E), w,, M) is a fiber

bundle where 7, : J"(E) — M; j;s — p and, in local coordinates,

Jps = (s(p), D7s[p; 1< |y[ <)

which can be locally represented by the polynomial Zl'ylér DMs|pX7 (here in the

variable X). Inspired by Gilkey [G], we define the Gilkey order® (at a point p) of
D7s of any local section s in I',,(E)

Gi — : _
ord,"(D"s) 1= ord(]zlﬁls) =|v|.

Note that whereas D7s|, depends on the choice of local coordinates, its Gilkey
order does not as it takes into account the maximal order of derivation.

Remark 4.1. Clearly, the notion of Gilkey order is attached to a choice of vector
bundle E but we do not emphasize this fact in the notation for the sake of simplicity.

2 et Sy denote the set of local sections of E defined on an open subset U of M containing p.
The stalk of local sections at the point p is the set of ~ equivalence classes where for two elements
sy in Sy and sy in Sy, sy ~ sy if and only sy and sy coincide in some neighborhood of p.

3relative to the vector bundle E.
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In the sequel, we shall repeatedly use the additivity of the Gilkey order on products.
For two local sections s1, s3 of the endomorphism bundle End(E), we have

Ordsi (D5 D2 sy) = ord;}i (D"s1) + Ordgi (D2s,).

Remark 4.2. If E = J*F is the jet bundle of a vector bundle F, then a section
s of E evaluated at the point p is of the form s(p) = j;ft where t lies in I',(F). In
this case, the Gilkey order of s at point p with respect to F' is k added to its Gilkey
order with respect to E.

The reference vector bundle E will often be implicit only when needed shall we
mention it.

Definition 4.3. Given a normal geodesic coordinate system X = (x',... 2") at a
point p and for a non negative integer r, the r-valuation of a local section s € I',(E)
is defined by

val'y ,(s) = min{|y| <, D}s|p # 0}
with the notation of (19) provided such a minimum exists. Otherwise, following the

usual convention we set Valg<7p(s) = 400. Correspondingly, we define the valuation
of s as being

(44) valy p(s) = min,ez. ,val’y ,(s) = min{|7/| D’YS’p # 0} € [0, +o0].

Since we have fixed the point p, for simplicity, we henceforth omit the subscript p
in the Gilkey order, abusively writing ord% (D7s) = |5|.

Example 4.4. We choose E = T*M®T*M, and view g as a section of F trivialised
above U, by means of normal geodesic coordinates on U,. In that trivialisation,
the expansion of the metric around a point p is given by

1 1
(45) 9i(®) = bij = 3 Rijlp 7 = 2 Rintjomp 2 2'2™ + O(J2]"),
where Rikij.m = (VR)maiki;j- Therefore, in this trivialisation, the valuation of g —Id
is at least 2. In contrast, in the trivialisation of E obtained by parallel transport,
the valuation of g — Id is +oc.

Similarly the expansion of the inverse is given by
g 1 1
(46) gv(x) =8;; + gRiklj|p ahat 4 ER?klj;tLD Falat + O(|x|*),

so that, in these coordinates and with a slight abuse of notation, the valuation of
g~! —1d is at least 2. Combining Equations (60) with (45) (resp. (59) with (46))
yields the following expansions [AGHM, Eq. (11)]

1 . 1 .
al(z,g) = 6y — éRijkl(p) aigh — ﬁvtpbijklle'kxt + O(|z|"),
and
: 1 . 1 .
bi(z,9) = du + gleki(p) alzk + ﬁVtszm‘w]xkxt + O(|z|").

Hence, in the same way as before, the valuation of A—1Id (resp. B—1d see Appendix
6) is at least 2 as well.
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Finally, using the Koszul formula combining with (45) and the properties of the
curvature operator, the Christoffel symbols Ffj(-, 9) =g (V 8?, s Dk ) have the

following Taylor expansion at point p in the normal geodesic coordlnates

Tt (2,9) = 5 (Ras(0) + Rang () 2!+ O(Jal?).

Also the Christoffel symbols in an orthonormal frame T (-, g) = g(V.,es, e;) have
a similar Taylor expansion:

~ 1 .
(47) L (r.9) = —5 Riis(p)a’ + O(af?),
which shows that both Christoffel symbols have valuation at least 1.

4.2. Geometric polynomials. We consider a rank k£ vector bundle ¥ — M
equipped with an affine connection. We trivialise the bundle E over an exponential
neighborhood U, of p using geodesic normal coordinates (x',...,2") at a point x
in U, by identifying the fibre E, above x = exp,,(x) € U, with the fibre E,, at point
p via the parallel transport along geodesics c(t) = exp, (tx), x € V,, C T, M. We fix
a basis (s1(p), ..., sk(p)) of E,, which is then transported to (s1(z,g), ..., sk(z,9)).
In this trivialisation, sections of £ may be viewed as smooth functions on U, with
valued in the fixed fibre E,.

Definition 4.5. We call a local section s of E over U, a geometric mononomial
(resp. polynomial) or simply geometric section with respect to some metric g, if
when s = Zj:1 aj s; is written in the local trivialisation si(-,9),7 = 1,...,k of
E above Uy, the coordinates o(-,g) are monomials (resp. polynomials) in the
jets of vielbein Ap(-,g) and By(-,g) for the metric g (resp. linear combinations of
monomials) with the same Gilkey order which we refer to as the Gilkey order of s.
Ezplicitly, the (-, g) are (resp. linear combinations of ) expressions of the form

S;

J

(48) [T D% ()i (.9) D7 (b)) (- 9)),

s=1
all of which have the same Gilkey order ZSS’Zl |B2| + |¥2| independent of j. In this
case, we shall write s(-,g).

One observes that the notion of geometric polynomial is invariant under transfor-
mations g — f*(e¥g) of the metric g, where f is a diffeomorphism on M and ¢ is
a smooth function on M.

Remark 4.6. When FE is a subbundle of the tensor bundle, we can alternatively
trivialise it over the exponential neighborhood U, of p using geodesic normal coor-
dinates (z',...,2") at a point in U,. By (58), we have W =3 a(,9) e g)
and dz' = Y"" _ bi(-,9) €'(-, g), where (e1(-,9),...,en(:, g)) is the basis of TM ob-
tained by parallel transport of some (fixed) orthonormal basis of T, M. Inserting

these relations in (40) yields an expression of

Zt“ B % G en (1) ®. .. B, (,g)®EM (-, 9)®... @™ (- g),

J1--gr
where P; LN Qlh74,  are linear combinations of expressions of the form (48).
Thus, the coordmates t _Z-"T of t in (40) are linear combinations of expressions of

the form (48) if and only if its coordinates tml,,,‘in,, in the basis e/, (,9) ® ... ®
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ee,(9) ®@e™(,9) ®...®eM (-, g) are also linear combinations of expressions of
the form (48). Consequently, we can use either trivialisation in this case.

Here are first examples of geometric polynomials.

Example 4.7. (1) Take E = T*M ®, T*M. The metric g, which is a local
section of F| is a geometric monomial with respect to the metric g of Gilkey
order zero since its coordinates in the basis dz’ ® dz’ induced by the nor-

mal geodesic coordinates z', ..., 2" read gi;(-) = Y_,_; ak(-,g) ai(-,g) (see

Equation (59)). So is its inverse g~! a geometric monomial of Gilkey order
zero since g (-) = Y1, bi(+, 9) b{(-, g) (see Equation (60)).

(2) Take E = T*M @ T*M ® TM. The Christoffel symbol which is a local
section of E, is a geometric polynomial with respect to the metric g since
its coordinates I'}; (-, g) in the basis dz’ ® dz? @ 7% induced by the normal

1

geodesic coordinates ', ..., z"™ read by Koszul’s formula:

(49) F?j('vg) = ngl(') (aac’ (gjl(')) + aﬂcj (gzl()) - 8Il (gw())) )
=1

is a polynomial in the jets of vielbeins of Gilkey order one.

(3) Similarly, the Christoffel symbols Tt (-,g) = g(V,es,e:) written in the
orthonormal frame (ei(+,g),...,ex(-,g)) obtained by parallel transport as
in Remark 4.6 read as (use Einstein convention)

(50)  Tfi(9) = i(9) bl () b (., 9) i 9) + 03 (-, 9) b (-, 9) D, (b5 (- 9)) g (-):
are polynomials in the jets of the vielbeins of Gilkey order one.

Remark 4.8. Since jets are compatible with composition and differentiation, geo-
metric mononomials form an algebra stable under differentiation.

Remark 4.9. Due to Equations (59) and (60) which relate the metric to the
vielbein, the class of polynomials we single out in Example 4.7, is consistent with
the classes of polynomials in the jets of the metric considered in [ABP], [E, Theorem
1.2] and [G, Eq. 2.4.3]. There, the polynomials depend on the metric tensor, its
inverse (or [ABP], see formula in item 1) on p. 282) its inverse determinant) and
the derivatives of the metric tensor.

4.3. Geometric operators. In this subsection, we are going to define geometric
differential operators on vector bundles based on the definition of geometric sections.
Definition 4.10. Let E be a vector bundle over M of rank k equipped with an affine
connection. We call a differential operator P = Z\'ﬂ<m P, D7 in Diff(M, E) of
order m geometric with respect to a metric g if for any geometric polynomial local

section s € T'(E) with respect to g as in Definition 4.5, the section Ps is a geometric
polynomial local section of E with respect to g such that

ord“(Ps) = ord(P) + ord“i(s).
In other words, and by using the local expression of Ps in Equation (21), a geometric
operator P with respect to the metric g is equivalent to saying that P, = (Py);j(x) €

End(E,), written in the basis obtained by parallel transport of some fized basis of
E,, are polynomials in the jets at x of vielbeins in a way that

(51) ord® ((P,)ij(x)) = ord(P) — |,
for all ~.
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Remark 4.11. As for geometric sections, when FE is a subbundle of the tensor
bundle, we can alternatively trivialise it over the exponential neighborhood U, of
p using geodesic normal coordinates (x!,...,2") at a point in Up.

Example 4.12. For E = AT*M, resp. E = XM, for any X € TM, the covariant
differentiation Vx defines a geometric operator with respect to g of order 1.

(1) When E = AT*M, we express the covariant derivative on a differential
form o = Y, oy da’ of degree k in normal geodesic coordinates (z?,...,z")
around p € M as follows (here [ = {i; < ... <ix})

9 I
Vaiia = zj: (3331'@[) dx

—|—;oq Zg(vﬁdxis,dxl) gu() | dz™ AL A isft/ A Adx',

s,l=1 sth—slot

This shows that V _s_ is a geometric differential operator with respect to the
dx?

metric g of order 1 whose zero-th order part > " ,_, g (Vi dx's, dacl) gu(*)
. 57
has coefficients given by linear combinations of monomials (48) with Gilkey
order 1.
(2) When E = XM is equipped with the spin connection induced by the Levi-
Civita connection, the corresponding End(X, M )-valued functions

(ei-g:UHei-gU,i: 1,...,n)
on U, are constant along the geodesics and hence in the trivialisation in-

duced by parallel transport [BGV, Lemma 4.14]. Using the normal geo-

desic coordinates z', ..., 2" on U,, the spinorial connection V_s_ acting on
dx?

smooth functions from U, to E, reads

0 1
(52) Vo =—+ 1 Zg(v%eaet) e’ g et'g
—— —

ot ox?

s,t

Tt (-,9)
and therefore defines a geometric differential operator with respect to g of
order 1. Indeed, the coefficients I'} (-, g) are smooth real functions from U,
and, by (50), are polynomials in the jets of the vielbeins of Gilkey order 1.

In the following, we consider again a vector bundle E over M of rank k& equipped
with a connection V. We consider the pull-back bundle f}E over UI;\ which we
equip with the following connection: For any local section s € T'(F) and X € TU;‘

(53) VRP((s) = TR (VE, ). x9)-

Lemma 4.13. Let E be a vector bundle over M of rank k and let s(p) € E,, for
some fized p € M. We denote by s(-,g) the section in T'(E) obtained by parallel
transport of s(p) along the exponential curve c(t) = exp,(tx) corresponding to the
metric g with x € B, C T,M. We also denote by 3(-,gx) the section in I'(f;E)
obtained by parallel transport of s(p) along the exponential curve y(t) corresponding
to the metric gx. Then, we have

30, 9x) = s(fa(), 9)-
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Proof. First, we notice that if ¢() = exp, (tx) is the exponential curve correspond-
ing to the metric g with x € B,, C T, M, then the curve v: I — U;‘ given by

Y(t) = fytoe(t) = expp(t/\_lx)

is the exponential curve associated with the metric 3 g as well for the metric gy. The
section s(-, g) ofx in I'(f{ E) is parallel along the curve 7(t) as a direct consequence
from Equation (53) and the fact that s(-, g) is parallel on F along the curve c¢(t).
Now the initial condition and the uniqueness of the parallel transport allow to
deduce the result. (]

Proposition 4.14. Let E be a vector bundle over M of rank k. Let s be a local
section of E which is a geometric monomial (resp. polynomial) with respect to the
metric g of Gilkey order ordGi(s). The local section fis in the bundle fAE is a
geometric monomial (resp. polynomial) with respect to the metric gy of the same
Gilkey order ord%(s).

Proof. Since the local section s is a geometric monomial with respect to the metric g,
it can be written as s(-, g) = Z?zl a;(+,9)s;(-, g) where o (-, g) is a monomial in the
jets of the vielbeins. The section f}s is equal to f{s = Zkzl a;(fa(), 9)s;(Fa(-), 9)-

J
In order to express f3s in terms of the metric gy, we first differentiate the relations

from Lemma 6.2 in the Appendix,
a;(-,95) = a;(fA(-),9) and  bi(-,g9x) = bi(Fa("), 9);

to get that a;(-,gx) = AordGi(s)aj(f,\(~),g). On the other hand, by Lemma 4.13, we
have that 5;(-, gx) = s;(fa(+), g) for all j. Therefore, we deduce that

2

* —ord®i(s -

Frs = A—ord )Zaj(’vgk)sj('vg)\)'
j=1

That mainly means f} s is a geometric monomial with respect to the metric g, and
that s and §}s have the same Gilkey order. g

As a direct consequence, we get the following result on geometric differential oper-
ators.

Proposition 4.15. Let E be a vector bundle over M of rank k equipped with
an affine connection. Let P be a differential operator in Diff (M, E) of order m
geometric with respect to the metric g. The differential operator fﬁAP in Diff (M, {3 E)
of order m is geometric with respect to the metric gy .

Proof. Let s be a local section of E which is a geometric polynomial with respect
to the metric g. As P is a geometric differential operator with respect to g, the
local section Ps is geometric with respect to the same metric. By Proposition 4.14,
the section f5(Ps) = Pso fy is geometric with respect to the metric gy. Now the
relation (fﬁ)\P)(s ofx) = Ps o fy which can be proven straightforwardly allows to

deduce that (fﬂ/\P) (s ofx) is geometric with respect to the metric gx. We just need



28 GEORGES HABIB AND SYLVIE PAYCHA

now to show the equality with the Gilkey orders. Indeed, we compute

ord® (P (sof)) = ord(i5(Ps))
Pro;;4.14 OI‘dGi(PS)
Peeom 4+ ord%i(s)
Prop.4.14

m + ord¥i(fs).
Recall here that the operator fﬁ)\P has the same order as P. This ends the proof. [

5. GETZLER RESCALED GEOMETRIC DIFFERENTIAL OPERATORS

In this section, we focus on geometric differential operators P in Diff(M, E) for
E = YM, resp. E = AT*M given in Definition 4.10. We study their behaviour
under the combined action of a dilation fy and the map Uy defined in (28) as well
as the limit as A tends to zero of the resulting operator. For that purpose we in-
troduce the operators IP’Ge|(.’>\) in (54), resp. (55), where the superscript Ge stands

for Getzler. We call P rescalable if E’Gek., n) admits a limit Pi™ when A tends to
zero. In Proposition 5.6 in the case £ = AT*M, resp. in Proposition 5.9 in the
case E = XM, we give a necessary and sufficient condition for P to be rescalable
and show that the coefficients of the limit operator Pim are polynomials in the jets
of the curvature tensor on M. For P in Diff (M, AT*M), resp. in Diff (M, X M), we
give in Theorem 5.7, resp. Corollary 5.10 (for an even order operator) a localisation
formula similar to the one in Proposition 1.5. This time instead of the local residue
form wlf:)zz i OUL localisation formula involves the local n-form (Dlpgzse i

In the same spirit as (22) and (23), we set for P € Diff (M, AT*M) of order m

(54) PYe|( sy = AMULP|(y, and P§e = PO,
resp. for P € Diff (M, XM)
(55) POy == A" (U0 et (P)) |y, and B i= f§ PO,

where Uf\P and ¢9(P) are given in Equations (32) and (37) respectively.
Definition 5.1. We call a differential operator P in Diff (M, E) with E = AT*M,
resp. E = XM rescalable at a point p if and only if P§°|y, introduced in (54) and
(55) admits a limit P"™ when \ goes to zero.

Remark 5.2. Note that rescalability is a local notion valid at a point, and is
defined via a local normal geodesic coordinates.

Proposition 5.3. Rescalable operators in Diff (M, E) at point p for E = AT*M,
resp. B =XM, form a subalgebra.

Proof. Let Py, Py be two operators in Diff (M, AT*M) of order m; and mqy respec-
tively. Since the order is additive on products of operators and the degree is also
additive on wedge products of forms, we have

Amtme fﬂUﬁ(Png) — ()\m1 fﬁAUi(Pl)) ()\mz fg\Ui(PQD )

If P, and P, are rescalable, the limits as A — 0 exist on the r.h.s., and hence so do
they on the lL.h.s., which shows that the product P, P, is rescalable. Replacing U g
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by U j{ o ¢9 and using the fact that ¢9 is an algebra morphism yields the result for
E=YM. O

The following technical lemma will be useful:

Lemma 5.4. In local normal geodesic coordinates X, and with the notations of
(44), let q := valx ,(h) be the valuation of a local section h € T',(E) around p,
where E is the trivial bundle E .= M xR — M and p € M.

(1) For any real number 0, as X\ tends to zero, the expression \"0D7(h o fy)
e converges if and only if 0 < max(|v|, q);
o if 0 <max(|v|,q), it converges to zero.
(2) If & = max(|y|,q), the expression \=? DY (hofy) converges to the coefficient
of order 0 — || in the Taylor expansion of h at point p.

Proof. The proof is based on the fact that A=?D7(h o fy) = AVI=¢(D7h) o fy.

By definition of ¢, we have h = O(|z|?) so that for ¢ > ||, we have (D7h) o fy =
X=MO(|z|2= ). If, ¢ < ||, we have (D7h)ofy = O(1), which ends the proof of (1)
and (2) observing that in the convergent case, the limit corresponds to the 6 — |7
coefficient in the Taylor expansion. |

We now specialise to a monomial in the jets of the vielbeins as in (48) written in
normal geodesic coordinates. We set
X, s s
9(.7:,1;) = Zmax(|as|,valxvp(afs (x,9)) + max(|,83|,valx7p(blns (z,9)).

S

In the following, we shall often drop the explicit mention of X,p,x,g.

Example 5.5. (1) Recall that gi;(x) = Y, a(x, g)al(x,g). We have Oy, =0
if i = j =1 and it is larger than 2 otherwise.
(2) Using the Koszul formula (49), the Christoffel symbols I‘fj(m,g) can be

written T (z,9) = 3, Pil7j7k(x7g) with @Pil,j,k =1lforl=7¢=j=kand
larger than 2 otherwise. }
(3) Similarly, by relation (50) the Christoffel symbols I'f,(x, g) can be written

f‘?é(x7g) = Zpl]?s,t(x’g)
k

with ©pr > 2. Notice here that ©pr  cannot be equal to 1, since this

corresponds to | = s = t = k which would imply T%,(z,g) = I'},(z,9) = 0
and hence would yield a contradiction.

Proposition 5.6. Let P € Diff(M,AT*M) be a geometric differential operator
with respect to a metric g of order m. In a local trivialisation around a point p of
AT*M induced by normal geodesic coordinates (z',... ,2™) on Uy, the operator P
applied to a section s =Y arda’ (do’ :=dax™ AL Adx'il for T = {iy,... i7})

reads
P(Zoqda:l> = Z Z (P.Y)IJ(~’g)D’Y(Oq)dJL‘J.

ICN |[v|<m I,JCN

where (Py)rj(-,g) are polynomials as in (48). The operator P is rescalable at a
point p if and only if |J| — |I| < Op,,,. In this case, the limit rescaled operator
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reads
o= 3 Y (B ) (de!) @da’)D7
[y <m | T|=11=8p,), ,

where
lim . I|—|J
(P"/)IJ (p,g) = )1\13}) ()‘l = I(P’Y)]J ('a%\))
is a polynomial expression in the jets of the Riemannian curvature tensor.

Proof. The local expression of P in the theorem results from Remark 4.6, Equations
(21) and (40). Hence, from the definition of UiP = U\PU; ", we get

‘p) <Z a,dx1> = > Y AP, (9) DY (a) da’.
ICN ly|<m I,JCN

Since P is a geometric differential operator, the coefficients (Py)r;(-, g) are in the
jets of the vielbeins as in (48) with ord*'((P,)rs) + |v| = m. Now, we write

P{“(sofa) = A"(RULP)(s o)
= A(UFP)(s) o
= 30 3 AP (30,9 D enda

|v|<m I,JCN

= 3 S AR (L g) APID Y (a0 ) da? o o

|v|<m I,JCN

In the last equality, we use the fact that (P,)rs(-, gx) = Aerd ¥ (Py) 1) (Py)rs(Fa(-), 9)-
Hence, we deduce that

B = 3" Y MR, (00 (da!)” © da)|, D7,

|v|<m I,JCN

Now by Lemma 6.2 in the Appendix, we write for (Py)7s(-, gx)

HD“ gx)) D (bl ( HD% B (g)ofa) DB (b (- g)of).

For convenience, we have dropped the exphc1t mention of the indices I and J. Ap-
plying Lemma 5.4 to hg := aﬁj( g) and hy, := by (-, g) with both 6, and 6 non nega-
tive integers such that 6,460, = |J|—|I|, it tells us that the expresmon A% D7 (5 h,)
converges if and only if 6, < max(|as|, ¢a), With ¢, := valx ,(a*(z,9)) and that
the limit vanishes if we have a strict inequality. If 6, = max(\as| qda), the limit is
a polynomial in the jets of the curvature tensor. Similarly for h; and 6,. Hence,
the only non zero terms which survive in the limit of (56) as A — 0, correspond
to 6, = max(|as|, ¢a) and 6, = max(|5s|, ¢») and hence ©p ) = |J| — |I|. This
yields the statement of the theorem. (I

We prove a localisation formula for the local form w wl P when £ = AT*M

Theorem 5.7. Let P in Diff (M, AT*M) be a geometric differential operator with
respect to the metric g of Agmon angle 0. If P is rescalable, then

TR plP) = TR Gy (@), Vo € U,
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where Pim .= hm]P’GC
A—0

Proof. Formula (36) applied to @ = log, P (py = log,y) combined with the fact that
the logarithm commutes with f& and Ulj yields

~Re:> ~Re:>
wlogg (f)\( )) logg Ut (f}\p)( ) loge(Pge)( )
By Proposition 5.6, the limit Plim .= ;irr%)]P’ge exists, from which we deduce the
—
statement of the theorem by letting A tend to zero in the above identities. 0

Example 5.8. The exterior differential d : AT*M — AT*M (as well as its L?-
adjoint d) is not a rescalable operator. Indeed, by writing d = Zn dxd ANV o and

using the local expression of V_»  in Example 4.12, we have for any oo = Z ;o Idz
oz
that

0 )
d (Z quxl> = Z ((‘Mal) dz? A da?!
I 7,1
JrZog ZQ<VﬁdIis,dzl) gu() | ded Adx™ AL A dat AL A dat
5,l=1 sth—slot
Hence for the j’s that do not belong to I in the first sum of the r.h.s., we have
|J| —|I| = 1 and the corresponding © = 0. Therefore the condition in Proposition
5.6 is not fulfilled. However, the Hodge operator A = df + dd is a geometric
rescalable operator. This results from the Bochner-Weitzenbock formula on k-
forms: A = V*V + W where V*V is given by
V'V = —g7() (Ve Voo ~TH(.0V o, )
ox

dx? oxd
and Wkl = Z:lj 1€ A (eiaR(ei,ej)) is the Bochner operator. Here R is the
curvature operator of the manifold M. Indeed, by replacing V 2 by its expression
and performing some computations, one can easily see that A (we use Einstein
convention) has the form

_a (
9" 5 9

4.

A (oqdarl) = ap)dz! — ¢t 88 (a;)F“sgtkdacil AN dxt AL A dx

sth —slot

Since the Laplacian preserves the degree, then |J| — |I| = 0 < © is always satisfied.
The limit of the rescaled operator corresponds to polynomials with © = 0. Hence
by the computation of ©® in Example 5.5, we get that

plim <Z qux1> = —Z O ar dz’.
I il (81;1')2

Therefore the localisation formula in Theorem 5.7 can be applied for the Hodge
Laplacian and we get

T 8 (0) =T ) (@), Var € U
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Proposition 5.9. Let P € Diff (M, XM) be a geometric differential operator with
respect to the metric g of order m. In the trivialisation {e',... e"} induced by
parallel transport, the operator reads

(56) P= 3" > (P)i(g)e" 4 D7,
[y|[<m I

where (Py)1(+,g) are polynomials as in (48) and el = el -,.. .- et withiy < ... < iy
and |I| =iy + ...+ 1. The operator P is rescalable if and only if |I| < ©(p,),. In
this case, the limit rescaled operator in (55) reads

Dlim lim
pim = " Y (P (g el AD
[YISm|I|=8(p,),

where

()" (prg) = lim (AP, ()

is a polynomial expression in the jets of the Riemannian curvature tensor.

Proof. In any local trivialization of XM, the operator P can be written as P =
2 yi<m Py(59) DY, where Py (-, g) € End(X¥M) ~ C{(T'M). In the local trivialisa-
tion above a normal geodesic chart induced by parallel transport, we write

P’Y('ag) = Z(P’Y)I('ag)elv
I

Recall here that the End(X,M)-valued functions €', : o + e’ -, o for each i =
1,...,n on U, are constant along the geodesics and hence in this trivialisation
[BGV, Lemma 4.14]. Now, as P is geometric, we get that (Py)(-, g) are in the jets
of the vielbeins as in (48). Hence, we get (56). In particular, we deduce that

Py = 3 S (Pl g)e (D7
[y|I<m [T
Now, we apply Equation (55) to a section s to get
B{*(sofa) = A"(RUL(P))(s o)
AU (P)s) o fa
= D D AR, (W), 9) UL (€D )5 (-

|[v|<m ICN

= DY AR (), 9) ATUS (9 (M)A DY (s 0 )
|[v|<m ICN

= > > AR, g MU (e () D (s o ).
|[y|<m ICN

Here, we use the fact that (P,),(-,gx) = Aerd ¥ (Py) ) (P,); (;r(-),9) and that
ordGi((Pv)I) + || = m, since (Py); (-,g) are in the jets of the vielbeins. Therefore,
we deduce that

PSo= > > AP, (o) AT (") D7,

[y|<m ICN
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Now, using (30), we have that AU (¢9(ef)) converges to e/A as A — 0. Also by
Lemma 5.4, the term A~1I(P,)(-, gx) converges if and only if |I| < ©p.),. Thus,
the operator P is rescalable if and only if [I| < ©(p, ;. The limit rescaled operator
follows then easily. O

We prove a localisation formula for the local form @1%;59 p when E = AYXM.

Corollary 5.10. Let P in Diff(M,XM) be a geometric differential operator with
respect to the metric g, of Agmon angle 6 which is even for the Zo-grading XM =
STM ®X~M. If P is rescalable, then we have

B i (2) = (=20) 2R (), € T,

where PE™ .= lim IF’SG.

A—0
Proof. Using the relation in Corollary 2.11, the fact that P is rescalable and that
Jgofr— 1as A — 0 yield the result. [l

6. THE RESCALED SQUARE OF THE DIRAC OPERATOR

In this paragraph, we show that whereas the Dirac operator (which is a geometric
operator and hence so is its square) is not rescalable, its square is. We then apply
the results of the previous section to P = I) and compute Pim with the help of
Proposition 5.9. This allows to find the expression of Pim i terms of the curvautre
operator of M as in [Ge]. We then derive from Corollary 5.10 a localisation formula

(57) for the graded residue of the logarithm of 1°.

We recall that the Dirac operator on a spin manifold (M™, g) is the differential
operator of order one given by (using Einstein’s summation convention)

n
. i
D= g e g Ve,,
i=1

where V., is the spinorial Levi-Civita covariant derivative in the direction of e;.
Using the expression (52), the Dirac operator reads

w - Zei ‘g veq‘,
i=1
= Zaé(-,g)ei g ag;l + Zaé(yg)ei g 8301,
i=l

il
1 S a 4 s
+1 Z Ffs('vg)ai’("g)e g€ g et'g

i,l,8,t=1

The operator 1P is geometric. Indeed, the above expression involves a sum of three
terms, each of which is expressed in terms of jets of vielbeins (see Example 4.7 for
I') and satisfies Condition (51). Yet it is not rescalable. Indeed, with the notations
of Proposition 5.9 with P = ), the condition |I| < O(p,), is not satisfied in the
first of the three sums since [I| = 1 and ©p = 0. Recall that the valuation of

l

ai(-,g) is zero if | =4 and at least 2 otherwise.
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Proposition 6.1. The square of the Dirac operator lZ)2 is a rescalable geometric
differential operator. Setting P := ID2, the operator ]IT’S‘& in (55), read in a local
trivialisation of XM at point x in U, obtained by parallel transport along geodesics,
converges to

1 .
—(39;7 — gRijst(p)mjes A et/\)z,
where {e1(p),...,en(p)} is an orthonormal frame T, M.

Proof. Since Ip is geometric so is its square IDQ. We now show it is rescalable. Since
the action by Clifford multiplication e’-, of the vectors of an orthonormal frame of
T, M obtained from {e1(p),...,en(p)} by parallel transport is constant in z, in the
following we will simply write {ej,...,e,}. We use the Schrodinger-Lichnerowicz
formula [LM] to write (we use the Einstein convention in the sequel)

D2|x = —g"(x) (invm,- — Ffj(x,g)vwk) + iScal(w)
= —4 ( ) (871 + 4Flk(x g) > (&N 1 Js(%g)es N et.g)

. 1
0T ) (00 + 1Tl 0)e” oy ) + Scal(a)

1 .. ~ 1 .. =~
= 09 @%s — 107 @0 T 9))e" g 'y — 507 @) (2.9)e" g € O
(0 (11 (I11)
1 .
15 2 9@l (o) g el g ey oy
k£, s#t

(1v)

. 1
@0 ) (00 {00 ety ) + S0l

V)

where Scal is the scalar curvature of the metric g. Combining Equations (59) and
(50) with the Koszul formula, we can express lD2 in terms of the vielbeins. To avoid
lenghty computations, we only sketch the computation for the third term in the
above equation to show that the relation |I| < (©p,); holds. Thus, the operator
is rescalable. To show the above inequality, we first observe that |I| equals 2.
According to Examples 5.5, the coefficient in (III) can be written as a sum of
polynomials of the vielbeins such that the corresponding © is at least 2 (since the
one corresponding to T, (z,g) is at least 2). With the help of (43) and (47), the
limit of the rescaled operator of (III) is equal to

;ii%)\ 2 Zg L4 (2, g0)(€° A efA)Dyi = —5 Z(WR]kst 2*(e* A e'N)O,

The same thing can be done for the first term (I) which converges to—3,0%. The
second term (II) converges to %Zi,j,s,t 89 Rijst(p)e® A el A . The fourth term (IV)
tends to

Zéﬂqukl Rjist(p )qulek/\el/\es/\et/\.
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The other terms converge to 0. Therefore, we deduce that

1 g
mGe - _ 2 - D s t
)1\13%)}13’ ;5;1 + 3 Z 0 R;jst(p)e’ Ne

©,J,8,t
1 Ny
+- ZcWRjkst (p)zF (e A et N)D,
25 jR,qkl VRjist(p )qulek ANeb Aed Aet A
= 72 i — ust(p)xjes Ne'N)?,

which confirms the fact, Wthh we checked by hand in the previous tedious compu-
tations, that the operator is rescalable. ([l

We can apply Corollary 5.10 to the square of the Dirac operator P = ]DQ. Since

the operator 17?2 is non negative self-adjoint, it has a well defined logarithm log, $2
(here 6§ = 7). Hence, we have that

(57) a}lrizsg(ﬁnm)(x) =(—2i)~ n/ZWT(Z%DQ( ),

for any x € U,. The computation of the Wodzicki residue on the r.h.s is tedious.
In [Sc], it is derived from the heat-kernel asymptotics of Pim.

APPENDIX: VIELBEIN

Let (M™, g) be a Riemannian manifold. Let F,(-,g) := {%7 R axn} be the carte-
sian frame on U, built from the geodesic coordinates around p defined in (8). From
a given orthonormal basis e1(p),...,en(p) of T,M at p € M, we build a local or-
thonormal frame O,(-,g) := {e1(,9),...,en(-,9)}, of TM obtained by the parallel
transport along small geodesics as in (7).

A linear map A, (-, g) : TM — TM (resp. its inverse B, (-, g)) which takes the basis
F,(-,9) to Op(-, g) (resp. Op(-, g) to Fy(+, g)) can be represented by a n x n matrix
A= (ai(,g)) (resp. B = (bj(-,9))) with

)

= el ) V(] atg) = Do) g W (ol
Also, we have that "~

dz’ = Zb’ ), Vi € [[1,n]] and el(-,g)ziag(-,g)dﬂ,vm ([1,7]].

With these conventions, and dropping the explicit mention of p whenever this does

not lead to confusion, we write A(-,g) = (al(-,9)):; and we have that

(59) Zaé(~,g) a§(~,g) = gi;(-) or equivalently AA'=G
=1

where G has entries g;;(-). Similarly, we have

(60) be(-,g) b/(-,g) = g”(-) or equivalently B'B =Gt
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Taking the scalar product of the first equation in (58) with e, yields after inserting
the second equation

(61) al(9) = gii()b](.g) and b/(.g) = g"()al(-g).
=1 i=1
The second equation in (61) is also derived by multiplying by the inverse of the
metric.
Lemma 6.2. At any point in U, and A > 0, we have
ai’("gz\) = aé(f/\(')hg) and bli('ag)\) = blz(fz\()vg)

Proof. To prove the equality aj(-,gx) = a{(fA(-). g), we let {&1(~,gr),-..,&n( 92)}
the orthonormal frame obtained by parallel transport from {e1(p),...,e,(p)} with
respect to the metric g). We know from Lemma 4.13 that

ei(gn) = ei(fa(), 9).
Using (58), we write with respect to the metric g, that

0 n ~
5.7 T =D _ail.g)al, o).
=1
Also, (58) applied to the point §(-) gives that

aiz- ofx =D ai(ia().9)er(fa(). 9).
=1

Comparing both equations yields the results. The second equality can be proven
in the same way. (I
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