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WORD PROPORTIONS

come    

Introduction

Word proportions are expressions of the form "a is to b what c is to d" as studied in computational linguistics and natural language processing (cf. [START_REF] Itkonen | Iconicity, analogy, and universal grammar[END_REF][START_REF] Itkonen | A rehabilitation of analogy in syntax (and elsewhere)[END_REF][START_REF] Lepage | Analogy and formal languages[END_REF][START_REF] Stroppa | Formal models of analogical proportions[END_REF][START_REF] Miclet | Analogical dissimilarity: definition, algorithms and two experiments in machine learning[END_REF][START_REF] Prade | A short introduction to computational trends in analogical reasoning[END_REF], and artificial intelligence in general.

The purpose of this paper is to study word proportions within [START_REF] Antić | Analogical proportions[END_REF] abstract algebraic framework of analogical proportions recently introduced from first principles within the general setting of universal algebra.

In Section 3, we prove some elementary properties of word proportions and in Section 3.1 we carefully anlayze [START_REF] Lepage | Rendant Compte de la Commutation en Linguistique[END_REF] and [START_REF] Antić | Analogical proportions[END_REF] axioms in the word domain. We prove that (except for symmetry) Lepage's axioms should in general not be presupposed as justified by simple counterexamples, which has critical consequences given that Lepage's axioms are accepted by a number of authors (cf. [START_REF] Miclet | Analogical dissimilarity: definition, algorithms and two experiments in machine learning[END_REF][START_REF] Miclet | Handling analogical proportions in classical logic and fuzzy logics settings[END_REF]. This gives a negative answer to a question raised in Antić's (2022, Problem 30).

In Section 4 we prove that [START_REF] Stroppa | Formal models of analogical proportions[END_REF] notion of word proportions-which is often used in the literature-is strictly subsumed by our notion in the sense that every word proportion that is derivable in [START_REF] Stroppa | Formal models of analogical proportions[END_REF] model is captured within our framework (Theorem 9), whereas the other direction fails in general justified by a simple counterexample (Example 10). This provides further evidence for the applicability of [START_REF] Antić | Analogical proportions[END_REF] underlying framework.

In a broader sense, this paper is a further step towards a mathematical theory of analogical reasoning.

Word proportions

We now recall [START_REF] Antić | Analogical proportions[END_REF] abstract algebraic framework of analogical proportions interpreted in the word domain.

In the rest of the paper, let Σ denote a finite non-empty alphabet. As usual, we denote the set of all words over Σ including the empty word ε by Σ * and Σ + := Σ * -{ε}. As usual, we denote the concatenation of two words a, b ∈ Σ * by a • b often abbreviated to ab. For any object o = o 1 . . . o n we denote the length n by |o|. In what follows, we abbreviate the algebra (Σ * , •, Σ * ) containing "constant symbols" for each word in Σ * together with concatenation simply by Σ * and we do the same for (Σ + , •, Σ + ).

A term over Σ and set of variables Z is any word from (Σ ∪ Z) * . We will always write s(z) → t(z) or s → t instead of (s, t), for any pair of terms s and t containing variables among z such that every variable in t occurs in s. We call such expressions rewrite rules or justifications. We denote the set of all justifications with symbols from Σ and variables among Z by J Σ (Z). We make the convention that → binds weaker than every other algebraic operation.

Define the set of justifications of two words a, b ∈ Σ * by

Jus Σ * (a → b) := s → t ∈ J Σ (Z) a → b = s(⃗ o) → t(⃗ o), for some ⃗ o ∈ (Σ * ) |z| .
We define the word proportion relation in two steps:

(1) Define the set of justifications of an arrow proportion a → b :

• c → d in Σ * by Jus Σ * (a → b : • c → d) := Jus Σ * (a → b) ∩ Jus Σ * (c → d).
A justification s → t is trivial in Σ * iff it justifies every arrow proportion in Σ * , and we say that J is a trivial set of justifications in Σ * iff every justification in J is trivial. Now we say that a → b : 

• c → d is an arrow proportion in Σ * iff either Jus Σ * (a → b) ∪ Jus Σ * (c → d)
Σ * (a → b : • c → d ′ ), d ′ ∈ Σ * , containing at least one non-trivial justification, that is, for any element d ′ ∈ Σ * , ∅ ⊊ Jus Σ * (a → b : • c → d) ⊆ Jus Σ * (a → b : • c → d ′ ) implies ∅ ⊊ Jus Σ * (a → b : • c → d ′ ) ⊆ Jus Σ * (a → b : • c → d).
In this case, we say that a, b, c, d are in arrow proportion in Σ * written

Σ * |= a → b : • c → d.
(2) Finally, the analogical proportion relation is most succinctly defined by the following derivation (see Antić, 2022, Fact 16):

a → b : • c → d b → a : • d → c c → d : • a → b d → c : • b → a a : b :: c : d.
This means that in order to prove Σ * |= a : b :: c : d, we need to check the relations in the first line with respect to |= in Σ * . The same defintions apply with Σ * replaced by Σ + .

Example 1. We want to show Σ + |= aa : aa :: ab : ba.

Intuitively, we obtain ba from ab by commuting the two letters a and b and applying the same procedure to aa yields the same word aa which is an informal justification for the proportion and to prove it within the above framework, we proceed as follows. We first show the arrow proportion

Σ + |= aa → aa : • ab → ba. (1)
The rule z 1 z 2 → z 2 z 1 is a justification of aa → aa : • ab → ba in Σ + and there is no other word d ∈ Σ + such that aa → aa : • ab → d is justified by z 1 z 2 → z 2 z 1 since we are forced to put z 1 := a and z 2 := b as Σ + does not contain the empty word which is essential. This shows that Jus Σ + (aa → aa : • ab → ba) is non-empty and maximal which proves (1). The proofs for the remaining arrow proportions aa → aa : • ba → ab and ab → ba : • aa → aa and ba → ab : • aa → aa are analogous.

We call a set J of justifications a characteristic set of justifications of a → b : The following reasoning pattern-which roughly says that functional dependencies are preserved across (different) domains-will often be used in the rest of the paper.

• c → d in Σ * iff J is a sufficient set of justifications of a → b : • c → d in Σ * , that is, iff (1) J ⊆ Jus Σ * (a → b : • c → d), and (2) J ⊆ Jus Σ * (a → b : • c → d ′ ) implies d ′ = d, for each d ′ ∈ Σ * . In case J = {s → t} is a singleton set satisfying both conditions, we call s → t a characteristic justification of a → b : • c → d in Σ * . Lemma 2 (Uniqueness Lemma). Let s(z) → t(z) be a non-trivial justification of a → b : • c → d in Σ * . If
Theorem 3 (Functional Proportion Theorem). Let t(z) be a term. If e 1 = a ∈ Σ * and e 2 = c ∈ Σ * are unique elements satisfying t(e 1 ) = t(a) and t(e 2 ) = t(c), then

(Σ * , •, Σ * ) |= a : t(a) :: c : t(c).
This holds particularly in case s and t are injective.

Properties

In this section, we prove some elementary properties of word proportions and in Section 3.1 we analyze [START_REF] Lepage | Rendant Compte de la Commutation en Linguistique[END_REF] and Antić's (2022, §4.3) axioms in the word domain.

Theorem 4. We have In the proof of Theorem 6, two assumptions are essential: first, we exclude the empty word since otherwise the Uniqueness Lemma 2 is no longer applicable; and second, we assume that a and b have the same length for the same reason. We can avoid both assumptions by simply adding the injective reverse operation to our algebra since by the Functional Proportion Theorem 3, we then have

Σ * |= a 1 o 1 a 2 . . .a n o n a n+1 : b 1 o 1 b 2 . . . b n o n b n+1 :: a 1 u 1 a 2 . . . a n u n a n+1 : b 1 u 1 b 2 . . . b n u n b n+1 , for all a 1 , a n+1 , b 1 , b n+1 ∈ Σ * , a 2 , . . . , a n , b 2 , . . . , b n ∈ Σ + , and o i , u i ∈ Σ * , n ≥ 1. Proof. Since a 1 z 1 a 2 . . . a n z n a n+1
(Σ * , •, r, Σ * ) |= a : a r :: b : b r , for all a, b ∈ Σ * .
This is a common pattern and we encourage users of our framework to add (preferable injective) algebraic operations to the word algebra as needed for intended applications. The next result analyzes the above axioms in our setting.

Theorem 7. The word proportion relation satisfies

• symmetry (3),

• inner symmetry (7),

• inner reflexivity (8),

• reflexivity (9),

• determinism (10), and, in general, it does not satisfy

• central permutation (4),

• strong inner reflexivity (5),

• strong reflexivity (6).

Proof. We have the following proofs:

• That the word proportion relation satisfies symmetry, inner symmetry, inner reflexivity, reflexivity, and determinism is an instance of the more general result shown in Antić's (2022, Theorem 28). • To disprove strong inner reflexivity, notice that by the Uniqueness Lemma 2, we have Σ + |= aa : aa :: ab : ba, (11) characteristically justified by z 1 z 2 → z 2 z 1 .

• Central permutation is disproved by ( 11) together with Σ + ̸ |= aa : ab :: aa : ba, which follows from

Jus Σ + (aa → ab) = {aa → ab, . . .} ̸ = ∅, whereas 
Jus Σ + (aa → ab : • aa → ba) = ∅.
• To disprove strong reflexivity, notice that for any distinct letters a, b, d ∈ Σ, we always have

Σ * |= a : b :: a : d since Jus Σ * (a → b) ∪ Jus Σ * (a → d) = ∅, Jus Σ * (b → a) ∪ Jus Σ * (d → a) = ∅.

□

Remark 8. In Antić (2022, Problem 30), the author raised the question whether Lepage's axioms-which were introduced in the linguistic setting of words and cannot be assumed beyond the word domain as argued in Antić (2022, §4.3)-are satisfied in the word domain within [START_REF] Antić | Analogical proportions[END_REF] framework. Theorem 7 gives a negative answer to that question, that is, even in the word domain, we should (except for symmetry) not presuppose Lepage's axioms as justified by the simple counterexamples above.

Comparison to Stroppa and Yvon (2006)

The following notion of word proportions is an instance of Stroppa and Yvon (2006, Definition 2), originally given in the more general context of semigroups. Given a, b, c, d ∈ Σ * , define

Σ * |= SY a : b :: c : d iff a = a 1 . . . a n , b = b 1 . . . b n , c = c 1 . . . c n , d = d 1 . . . d n , for some symbols a 1 , . . . , a n , b 1 , . . . , b n , c 1 , . . . , c n , d 1 , . . . , d n ∈ Σ and n ≥ 0 such that (a i = b i and c i = d i ) or (a i = c i and b i = d i ) holds for all 1 ≤ i ≤ n.
For instance, the word proportions a : a :: bb : bb and abc : abd :: bbc : bbd are instances of the above definition.

We have the following implication. Otherwise, we define the terms s, t ∈ Σ * [z i 1 , . . . , z im ] as follows. For every i ∈ [1, n], if a i = c i and b i = d i define s i := a i and t i := c i and, otherwise, define s i := z i and t i := z i ; finally, define

s(z i 1 , . . . , z im ) := s 1 . . . s n and t(z i 1 , . . . , z im ) := t 1 . . . t n .
By construction, we have

s(z i 1 , . . . , z im ) = a 1 . . . a i 1 -1 z i 1 a i 1 +1 . . . a im-1 z im a im+1 . . . a n , t(z i 1 , . . . , z im ) = c 1 . . . c i 1 -1 z i 1 c i 1 +1 . . . c im-1 z im c im+1 . . . c n ,
and a → b = s(a i 1 , . . . , a im ) → t(a i 1 , . . . , a im ) and c → d = s(c i 1 , . . . , c im ) → t(c i 1 , . . . , c im ), ( 12)

which shows that s → t is a justification of a → b : • c → d in Σ * . Notice that if s does
It remains to show that s → t is a characteristic justification. For this, we seek to apply Item 3 1 of the Uniqueness Lemma 2. Let ⃗ e = (e 1 , . . . , e m ) ∈ (Σ * ) m be an arbitrary sequence of words satisfying a = s(⃗ e). We need to show b = t(⃗ e). By ( 12), we have From this it is easy to see that

b = c 1 . . . c i 1 -1 a i 1 c i 1 +1 . . . c im-1 a im c im+1 . . . c n .
t(⃗ e) = c 1 . . . c i 1 -1 e 1 c i 1 +1 . . . c im-1 e m c im+1 . . . c n = b.
The other cases of Item 4 are analogous. □

Notice that [START_REF] Stroppa | Formal models of analogical proportions[END_REF] define word proportions only for words over the same alphabet. We therefore cannot expect the converse of Theorem 9 to be true and the following example shows that it may fail even in the case of a single alphabet.

Example 10. Consider the word equation over Σ := {a, b, c} given by ab : ac :: bc : v.

Since z 1 bz 2 and z 1 cz 2 are injective in Σ * , the rewrite rule z 1 bz 2 → z 1 cz 2 is a characteristic justification of ab : ac :: bc : cc in Σ * by Antić's (2022, Functional proportion theorem). This solution formalizes the intuitive observation that ac is obtained from ab by replacing b by c-analogously, cc is obtained from bc by again replacing b by c. This solution cannot be 1 Since s and t may not be injective, applying Item 4 is not possible.

obtained with respect to |= SY as the first letters of ab and ac are identical, whereas the first letters of bc and cc differ.

Future work

Antić's (2022) abstract algebraic framework of analogical proportions which is underlying word proportions as studied in this paper has been recently lifted from universal algebra to full first-order logic in [START_REF] Antić | Analogical proportions III: first-order logic[END_REF]. A major line of future research therefore is to study word proportions in that more expressive setting where, for example, the following equational dependency can be shown (cf. Antić, 2023, Corollary 2):

ab = cd implies Σ * |= a : b :: c : d.
This cannot be shown in the purely algebraic setting of this paper.

Another important line of future research is to study word domains containing algebraic operations other than concatenation as motivated by practical applications in natural language processing and computational linguistics (see the discussion at the end of Section 2), most importantly substitutions of letters and words.

At the core of our notion of word proportions is the set Jus Σ * (a → b : • c → d) of all justifications of a given arrow proportion. It is interesting and challenging from a mathematical point of view to develop algorithms for the computation and representation of that set since it seems that existing tools from anti-unification theory (which is the theory of generalizations) (cf. [START_REF] Cerna | Anti-unification and generalization: a survey[END_REF]-which are designed to compute least and minimal sets of generalizations of two terms-cannot be adopted to our setting in a straightforward way.

Conclusion

This paper studied word proportions within [START_REF] Antić | Analogical proportions[END_REF] general framework of analogical proportions. In Theorem 7, we gave a negative answer to a question raised in Antić's (2022, Problem 30) by carefully analyzing the list of axioms of Section 3.1 in our setting. Moreover, we showed that [START_REF] Stroppa | Formal models of analogical proportions[END_REF] notion of word proportions is strictly subsumed by our notion which is interesting given that [START_REF] Stroppa | Formal models of analogical proportions[END_REF] notion is used extensively in the literature. In a broader sense, this paper is a further step towards a mathematical theory of analogical reasoning.

  there are unique ⃗ e 1 , ⃗ e 2 , ⃗ e 3 , ⃗ e 4 ∈ (Σ * ) |z| such that a = s(⃗ e 1 ) and b = t(⃗ e 2 ) and c = s(⃗ e 3 ) and d = t(⃗ e 4 ), and every variable in s occurs in t, then Σ * |= a : b : : c : d. This holds particularly in case s and t are injective.

  and b 1 z 1 b 2 . . . b n z n b n+1 are injective in Σ * whenever a 2 , . . . , a n and b 2 , . . . , b n are non-empty words (notice that two variables side by side yield non-injective word terms), the justification a 1 z 1 a 2 . . . a n z n a n+1 → b 1 z 1 b 2 . . . b n z n b n+1 is a characteristic justification by the Uniqueness Lemma 2. □ Corollary 5. We have Σ * |= a : eaf :: c : ecf and Σ * |= a : b :: eaf : ebf , for all a, b, c, e, f ∈ Σ * . We denote the reverse of a word a by a r . Theorem 6. Given words a, b ∈ Σ * of equal length, |a| = |b|, we have Σ + |= a : a r :: b : b r . (2) Consequently, Σ + |= a : a r :: a r : a. Proof. Since |a| = |b| holds by assumption, the rule z 1 . . . z |a| → z |a| . . . z 1 is a characteristic justification of a : a r :: b : b r in Σ + by the Uniqueness Lemma 2. The second assertion is a consequence of the first together with the identity (a r ) r = a. □

3. 1 .

 1 Axioms.[START_REF] Lepage | Rendant Compte de la Commutation en Linguistique[END_REF] (cf.Miclet et al., 2008, pp. 796-797) introduces the following axioms in the linguistic context as a guideline for formal models of word proportions (over a single domain): a : b :: c : d iff c : d :: a : b (symmetry), (3) a : b :: c : d iff a : c :: b : d (central permutation), (4) a : a :: c : d implies d = c (strong inner reflexivity), (5) a : b :: a : d implies d = b (strong reflexivity). (6) Antić (2022) adds the following axioms to Lepage's list: a : b :: c : d iff b : a :: d : c (inner symmetry), (7) a : a :: c : c (inner reflexivity), (8) a : b :: a : b (reflexivity), (9) a : a :: a : d iff d = a (determinism). (10)

Theorem 9 .

 9 For any words a : b :: c : d ∈ Σ * , Σ * |= SY a : b :: c : d implies Σ * |= a : b :: c : d. Proof. Let a = a 1 . . . a n , b = b 1 . . . b n , c = c 1 . . . c n , and d = d 1 . . . d n , n ≥ 1, be decompositions of a, b, c, d into letters of the alphabet. Let I be the set of indices i such that a i ̸ = c i and b i ̸ = d i , 1 ≤ i ≤ n, and let m be the finite cardinality of I = {i 1 , . . . , i m }. If m = 0 then we have a = c and b = d which together with p-reflexivity of word proportions implies Σ * |= a : b :: c : d.

From

  a = s(⃗ e), we deduce a = a 1 . . . a i 1 -1 e 1 a i 1 +1 . . . a im-1 e m a im+1 . . . a n , which entails a 1 . . . a i 1 -1 a i 1 a i 1 +1 . . . a im-1 a im a im+1 . . . a n = a 1 . . . a i 1 -1 e 1 a i 1 +1 . . . a im-1 e m a im+1 . . . a n . This implies a i 1 . . . a im = e 1 . . . e m .

  consists only of trivial justifications, in which case there is neither a non-trivial transformation of a into b in Σ * nor of c into d in Σ * ; or Jus Σ * (a → b : • c → d) is maximal with respect to subset inclusion among the sets Jus