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—— Abstract

Although quantum circuits have been ubiquitous for decades in quantum computing, the first
complete equational theory for quantum circuits has only recently been introduced. Completeness
guarantees that any true equation on quantum circuits can be derived from the equational theory.

We improve this completeness result in two ways: (i) We simplify the equational theory by
proving that several rules can be derived from the remaining ones. In particular, two out of the three
most intricate rules are removed, the third one being slightly simplified. (ii) The complete equational
theory can be extended to quantum circuits with ancillae or qubit discarding, to represent respectively
quantum computations using an additional workspace, and hybrid quantum computations. We show
that the remaining intricate rule can be greatly simplified in these more expressive settings, leading
to equational theories where all equations act on a bounded number of qubits.

The development of simple and complete equational theories for expressive quantum circuit models
opens new avenues for reasoning about quantum circuits. It provides strong formal foundations for
various compiling tasks such as circuit optimisation, hardware constraint satisfaction and verification.

2012 ACM Subject Classification Theory of computation — Quantum computation theory; Theory
of computation — Equational logic and rewriting

Keywords and phrases Quantum Circuits, Completeness, Graphical Language

1 Introduction

Introduced in the 80’s by Deutsch [16], the quantum circuit! model is ubiquitous in quantum
computing. Various quantum computing tasks — circuit optimisation, fault tolerant quantum
computing, hardware constraint satisfaction, and verification — involve quantum circuit
transformations [21, 31, 32, 33, 36]. It is therefore convenient to equip the quantum circuit
formalism with an equational theory providing a way to transform a quantum circuit while
preserving the represented unitary map. When the equational theory is powerful enough to
guarantee that any true property can be derived, it is said complete, in other words, any two
circuits representing the same unitary map can be transformed into one another using the
rules of the equational theory.

The first complete equational theory (denoted QC,4 in the following) for quantum
circuits has been introduced recently [10]. This equational theory has been derived from
the LOv-calculus [9], a language for optical quantum computing. Before that, complete
equational theories were only known for non-universal fragments of quantum circuits, such

1 Originally called Quantum Computational Networks, the term quantum circuits is nowadays unanimously
used.
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as Clifford+T circuits acting on at most two qubits [6, 13], the stabiliser fragment [30, 40],
the CNot-dihedral fragment [1], or fragments of reversible circuits [22, 12, 11].

The quantum circuit model can naturally be extended to encounter ancillary qubits,
measurements, or qubit discarding, in order to express more general evolutions like isometries
and completely positive trace preserving maps. In a model of quantum circuits with ancillae,
one can use an additional work space by adding fresh qubits, as well as releasing qubits when
they are in a specific state. Even if the vanilla quantum circuits form a universal model
of quantum computation,? this additional space is useful in many cases. It is for instance
commonly used for the construction of quantum oracles.® Another important example is the
parallelisation of quantum circuits: ancillae enable a better parallelisation of quantum gates,
leading generally to a tradeoff between space (number of ancillae) and depth (parallel time)
[34]. Notice that ancillae should be carefully used as the computation should leave a clean
work space: one can only get rid of a qubit at the end of the computation if this qubit is in
the |0)-state.

We also consider another extension of quantum circuits where arbitrary qubits can
be discarded (or traced out), whatever their states are. This extension allows for the
representation of: (i) quantum measurements and more generally classically controlled
computations; and (i) arbitrary general quantum computations (CPTP maps?*). Such
quantum circuits can be used to deal with fault-tolerant quantum computing and error
correcting codes which, by construction, require an additional workspace, measurements
and corrections. One can also represent measurement-based quantum computation [41, 14]
with this class of circuits. The study of hybrid quantum-classical models is also a subject of
interest in algorithmic and complexity theory [19, 2].

Contributions. We address here the problem of simplifying the complete equational
theory QC,q. Obtained through a non-trivial translation from the LOv-calculus, QC,4
involves non-trivial equations (see Figures 3 and 4), in particular Figure 4 displays a family
of equations acting on an unbounded number of qubits, witness of the non-functoriality
of the back and forth translations between quantum circuits and optical circuits, due to
the fundamentally different interpretations of the parallel composition in the two circuit
languages.

We show that several rules, including two of the three most intricate ones (Figure 3), can
actually be derived from the other rules, the third one (Figure 4) being slightly simplified.
This leads to a simpler, more compact and easier to use complete equational theory, which
however still involves a family of equations acting on an unbound number of qubits.

We consider the more expressive frameworks of quantum circuits with ancilla and/or
discards. Several constructions for discarding [20, 8], measurements and quantum operations
[43], allow one to turn the complete equational theory for vanilla quantum circuits into
complete equational theories for quantum circuits with ancilla and/or discards, by adding
a few extra equations. We then mainly show that in these more expressive setting, the
unbounded family of equations (Figure 4) can be derived from bounded ones, leading to
complete equational theories acting on a most three qubits.

Related work. The first complete equational theory for a universal quantum computing
model has been introduced in 2017 for the ZX-calculus [23]. Since then, complete equational

2 Any n-qubit unitary transformation can be implemented by a n-qubit vanilla quantum circuit.

3 Implementation of the n-qubit unitary transformation Uy : |z, y) + |,y @ f(z)) given a classical circuit
implementing the boolean function f [37].

1 Completely positive trace-preserving maps.
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theories have been introduced for other universal fragments of the ZX-calculus [24, 18, 25,
47, 26] and its variants ZH-, ZW-calculi [3, 17]. ZX-like languages differ from quantum
circuits mainly in two ways: they are more expressive, allowing the representation of any
matrix® so in particular those representing post-selected evolutions for instance; the second
major difference — and the most important in our context — is that not all the generators
are unitary, thus even if a ZX-diagram represents an overall unitary evolution, it does not
provide in general a (deterministic) implementation by means of elementary gates contrary
to the quantum circuit model. To circumvent this problem one can consider the so-called
subclass of circuit-like ZX-diagrams which is in one-to-one correspondence with quantum
circuits, however this class is not closed under the known complete equational theories of the
ZX-calculus. In particular, the problem of transforming a ZX-diagram representing a unitary
evolution into a circuit-like one has been studied in the context of circuit optimisation [27],
leading to various heuristics [28, 4, 15]. However, this approach fails so far to lead to a
complete equational theory for quantum circuits.

The paper is structured as follows. In Section 2, we consider vanilla quantum circuits
together with a new equational theory QC. We prove the completeness of QC first for
the fragment of 1-CNot circuits,® that we then use to derive the remaining equations of
the already known complete equational theory QC,, introduced in [10]. In Section 3, we
introduce an extension of vanilla quantum circuits with |0)-state initialisation. Universal
for isometries, such quantum circuits with initialisation are introduced as an intermediate
step towards circuits with ancillae and/or discard. We add to the equational theory QC two
basic equations involving qubit-initialisation, and provide a proof of completeness of the
augmented equational theory QC,,, using a particular circuit decomposition based on the

1S0
so-called cosine-sine decomposition of unitary maps. The completeness of QC;,, is extended
to provide complete equational theories for quantum circuits with ancillae (QC,, . i
Section 4) — which additionally allow for the release of qubits when they are in a specific
state — and for quantum circuits with qubit discarding (QCgjscarq i Section 5) — which
allows the tracing out of any qubits. Both extensions provide alternative representations
of multi-controlled gates, allowing the simplification of the remaining intricate rule — which

acts on an unbounded number of qubits — into its 2-qubit version.

2 Vanilla quantum circuits

2.1 Graphical languages

We define quantum circuits using the formalism of props [29], which are, in category theoretic
terms, strict symmetric monoidal categories whose objects are generated by a single object,
or equivalently with (N, +) as a monoid of objects. The prop formalism provides a formal and
rigorous framework to describe graphical languages. The main features of props are recalled
in the following. Circuits Cy : m — n and C3 : p — ¢ in a prop, depicted as mn and

Pq can be composed: (1) “in sequence” Co0Cy : m — ¢ if n = p, graphically mq ;
AR

(2) “in parallel” C; ® Cy : m 4+ p — n + ¢, graphically _—_ . The unit for tensor product
T

5 the only constraint is on the dimension of the matrices which must be a power of two for the qubit case,
qudit versions also exist [7, 39]
6 The sub-class of quantum circuits made of at most one CNot gate.
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® is the empty circuit: i: 0 — 0. This means (1@ C = C' = C ® i for any circuit C. The
circuit — : 1 — 1 depicts the identity, —— : 2 — 2 is the identity on two wires and more
generally —®™ := — @ (—)®™~ 1 :m — m (with (—)®° :=1) is the identity on m wires.
Graphically, we obviously have —®" o C' = C' = C o —®™ for any C : m — n. Finally, a
prop is also endowed with a particular circuit X" : 2 — 2 which satisfies X" X~ = .
Graphically (and semantically in what follows) ~x_ swaps places. By compositions, we may
build the following family of circuits

m+n—-n+m

which exchanges m-sized and n-sized registers. In a prop, circuits satisfy a set of identities,
that graphically translate as “being able to deform the circuit". For instance, the following
identities are valid transformations:

m 015" mfcl
Ty bl

In the following, all the considered theories will be props, and hence will have the empty,
identity and swap circuits as basic generators.

2.2 Vanilla quantum circuits and their equational theory

We first consider the vanilla model of quantum circuits generated by the very standard
gateset: Hadamard, Phase gates, and CNot, together with global phases:

» Definition 1. Let QC be the prop generated by 1 =1, 1 =1, g 12— 2
and ®:0 — 0 for any ¢ € R.

We associate with any quantum circuit its standard interpretation as a unitary map:
» Definition 2 (Semantics). For any n-qubit QC-circuit C, let [C] : CIO1" — 01" pe
the semantics of C' inductively defined as the linear map satisfying [Co o C1] = [Ca] o [C1];
[C1® Co] = [C1] ® [C2]; and 0) + (~1)7|1)
[1=1~1 [@]=1~¢% [{]=|z)~ V2 [{POF] = |2) = e |a)

L] =k leey =)~k DA =ley -y

Note that for any QC-circuit C, [C] is unitary. Conversely, it is well known that any
unitary map acting on a finite number of qubits can be represented by a QC-circuit:

» Proposition 3 (Universality). QC is universal, i.e. for any unitary U : C101}" — c{0.1}"
there exists a QC-circuit C' such that [C] =U.

Quantum circuits, as defined above, only have four different kinds of generators, however,
it is often convenient to use other gates that can be defined by combining them. For instance,
following [5, 10], Pauli gates, Toffoli, X-rotations, and multi-controlled gates are defined
in Figure 1. Note that while the phase gate {P(»)}- is 2m-periodic, the X-rotation {Rx(®)} is
4m-periodic.

We use the standard bullet-based notation for multi-controlled gates. For instance —e—

Pt
denotes the application of a phase gate on the third qubit controlled by the first two
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qubits. With a slight abuse of notations, we use dashed lines for arbitrary number of control

2
bits, e.g. —+— : 1— 1 or simpl : l15n+1h > 0 control
qubits, e.g s n + n + orblmpy n + n ave n > 0 contro
S
qubits (possibly zero), whereas :n+2—n+2and I l+4n+1—=14n+1
P(p) P(p)

have at least one control qubit.

(@) =l o G-k w W - EBE
e -

T T T
= — ' @) +— = JP(5)} )
@ RO {R T
T T

= (6) =

P(r) P(p)

Figure 1 Shortcut notations for usual gates defined for any ¢,0 € R. Equation (1) defines
X-rotations while Equations (2) and (3) define Pauli gates. Equations (4) and (5) are inductive
definitions of multi-controlled gates. Equation (6) is the definition of the well known Toffoli gate.
Equation (7) is an alternative definition of the multi-controlled phase gate that is proved to be
equivalent to Equation (5) in Appendix B.1.

We equip the vanilla quantum circuits with the equational theory QC defined in Figure 2.
We write QC F C7; = C5 when Cy can be transformed into Cs using the equations of QC.
More formally, QC I - = - is the smallest congruence which satisfies the equations of Figure 2
together with the deformation rules that come with the prop formalism. QC is sound, i.e. for
any QC-circuits C1, Cq if QC F Cy = Cy then [C1] = [C2]. This can be proved by observing
that all equations of QC are sound.

In Appendix B.2, we prove some usual circuit identities (Figure 8) using the equations of
QC. We also prove in Appendix B.3 some identities about multi-controlled gates (Figure 9).

A complete equational theory QC,4 for vanilla quantum circuits has been introduced in
[10]. The rules of this original equational theory QC,4 that are not in QC are Equations
(20), (23), (26), (28), (8), (9) and (K})4) (see Figures 8, 3, and 4).” Compared to QC,,4,
Equations (20) and (23) are now subsumed by Equation (G) in QC, Equation (K¥) is a
slight simplification of Equation (K 4) (with one less parameter in the RHS circuit), whereas
Equations (26) and (28) (Figure 8) together with Equations (8) and (9) (Figure 3) have been
removed, as we prove in the following that they can be derived in QC.

2.3 Reasoning on quantum circuits

To derive an equation C; = C3 over quantum circuits, one can apply some rules of the
equational theory to transform step by step C into Cs. In the context of vanilla quantum
circuits, we can take advantage of the reversibility of generators to simplify equations. Indeed,
intuitively, proving C; o =50 is equivalent to proving C; = Cs as is (provably)

7 Notice that Equations (18) and (31) are in the original equational theory QC,,4 of [10] but are proved
to be derivable in the same paper.
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@®=-@=01 ) @@ =G B HHu} = © HPOF = —

= (¥) = @)
I I

a - - 0

@meRxw»HP(ﬂsw &)

T T T T T T T T T T
I
I

[

T
I

- -

| Rx(0s)| ' P(85) (K")

Rx (71) . Rx(va)F = :
R S T S T
P(72) IPE)HPG2)HRx (63) P(35)HRx (36 )HP (0r)fF——

Figure 2 Equational theory QC. Equations (B) and (G) are defined for any ¢, ¢1,p2 € R. In
Equations (J) and (K*) the LHS circuit has arbitrary parameters which uniquely determine the
parameters of the RHS circuit. Equation (J) is nothing but the well-known Euler-decomposition
rule which states that any unitary can be decomposed, up to a global phase, into basic X- and
Z-rotations. Thus for any o; € R, there exist 8; € R such that Equation (J) is sound. We make the
angles 3; unique by assuming that 81 € [0,7), So, 82,83 € [0,27) and if B2 € {0,7} then 81 = 0.
Equation (K*) reads as follows: the equation is defined for any n > 2 input qubits, in such a way
that all gates are controlled by the first n — 2 qubits. Equation (K*) can be seen as a generalisation
of the Euler rule, using multi-controlled gates. Similarly to Equation (J), for any v; € R, there exist
d; € R such that Equation (K*) is sound. We ensure that the angles §; are uniquely determined by
assuming that 81, 02,85 € [0, ), d3,d6, 07,08 € [0,27), d4 € [0,47), if 63 = 0 and 6 # 0 then §2 = 0,
if 63 = w then &1 = 0, if 64 € {0,27} then 61 = d3 = 0, if 64 € {m, 37} then § =0, if 64 € {m, 37}
and d3 = 0 then 6; = 0, and if ¢ € {0, 7} then d5 = 0.

[l

] Patil
Rxw)}L{Rx(e)} [Rx (0] s—-Rx ()} = —{Rx(-0)H—¢-{Rx(0)) }Rx(ﬁ)#l—{l?x(fﬁ) (9)
Ry (0)—+{Rx(-0) B Ei B Ei Ry (-0)-+—Rx(0)

Figure 3 Two of the equations of the complete equational theory QC,,4 introduced in [10] that
are not in QC, defined for any 0,0’ € R.

T T T
I I I

-

T
=1 x(01) T 7 P(3s) (Kia)
1P )HP((Sz)HRx(&;)}i{P(Js)HRx (0)HP ()P (5)]-

— . o R (6.

T T T T
I
I

-- -

Figure 4 The version of Equation (K*) given for QC,4 in [10]. Similarly to Equation (K*), for
any 7; € R, there exist §; € R such that Equation (K*) is sound. We ensure that the angles J; are
uniquely determined by assuming that 61, 2,95 € [0, ), d3, d4, 06, I7, s, 09 € [0, 27), if 3 = O then
52 IO, if53:7rthen51 IO, if64=0then (51 2(53 (Z 62)20, if54=71'then (5220, if(54=7T
and 03 = 0 then §; = 0, and if d6 € {0, 7} then 65 = 0. Note that these conditions on the d; for
1 < j < 8 are the same as in Equation (K*) except for d4, which is restricted to be in [0, 27) instead
of [0,4m), and for d2, which has to be 0 when d3 = 0 even if dg = 0.
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reversible. Similarly, proving C; = C5 should be equivalent to proving C7 o C’;r = —, where
the adjoint of a circuit is defined as follows:

» Definition 4. For any QC-circuit C, let CT be the adjoint of C inductively defined
as (Co 0 C)t = Cf o Cl; (€1 @ Co)t = Cf @ CL; and for any ¢ € R, (@) = @,
( )Jr = P}, and g* == g for any other generator g.

» Proposition 5. [CT] = [[C}]T for any QC-circuit C, where [[C}]Jr is the usual linear algebra
adjoint of [C].

Proof. By induction on C. |
» Proposition 6 (Simplification principle). For any n-qubit QC-circuits C,C1, Co
QCHCoC1=Cy &  QCHC1=CTo(y

and
QCHCLoC =Cy & QCHCL=Cy0Ct

Proof. First we show by induction that QC+ C o CT = —®" and QC+ CT o C = —®" for
any C. Then, w.l.o.g. we show that (QC - CoCy = Cy) = (QCF C; = C' o Cy): assuming
QCFCoCy =Cy wehave QCFC, =CtoCoCy =CtoCs. >

2.4 Completeness

We prove the completeness of QC by showing that every equation of the original complete
equational theory QC, 4 introduced in [10] can be derived in QC. To this end we first show
the completeness of QC for the (modest) fragment of quantum circuits containing at most
one CNot gate.

» Lemma 7 (1-CNot completeness). QC is complete for circuits containing at most one g,
i.e. for any QC-circuits C1,Co with at most one g, if [C1] = [C2] then QCFE Cy = Cs.

Proof. The idea of the proof is to conduct a semantic analysis to characterise the possible
values of the unitaries represented by the 1-qubit circuits ) ) , in the following

equation:
)

It turns out that we can prove this equation in QC for any such unitaries (when the semantics

coincide). We conclude the proof using the completeness of QC over 1-qubit circuits. The
proof is given in Appendix C.1. <

» Proposition 8. Equation (8) of Figure 3 can be derived in QC.

Proof. Usinf the simplification principle (Proposition 6), one can turn Equation (8) into

an equivalent equation whose circuits contain only one [ . The derivation is given in
Appendix C.2. We conclude the proof using the completeness of QC for 1-CNot circuits
(Lemma 7). <

» Proposition 9. Equation (9) of Figure 3 can be derived in QC.

Proof. It turns out that we can use Equation (8) to derive Equation (9) in QC. The
derivation is given in Appendix C.3. <
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» Proposition 10. Equation (K}),) of Figure 4 can be derived in QC.

Proof. We show that for semantic reasons, we have either the angle g in (K{}4) in {0, 7},
or d3 = 03 = 05 = dg = 0. When 9 = 0, Equation (K74) can be trivially derived from
Equation (K*). Otherwise, Equations (K*) and (K4) can be transformed into each other
using elementary properties of multi-controlled gates. Moreover, these transformations
induce a bijection between the 8-tuples of angles §; corresponding to right-hand sides of
instances of Equation (K*) and the 9-tuples corresponding to right-hand sides of instances
of Equation (K};), so that the uniqueness of the ; in Equation (K*) follows from the
uniqueness in Equation (K}};). Details are given in Appendix C.4. <

» Theorem 11 (Completeness). The equational theory QC, defined in Figure 2, is complete
for QC-circuits, i.e. for any QC-circuits Cy,Cs, if [C1] = [C2] then QCF Cy = Cs.

Proof. All the rules of the complete equational theory introduced in [10] that are not in QC
are provable in QC: Equations (20), (23), (26), (28) are proved in Appendix B.2, Equations
(8), (9) and (K},4) are proved in Propositions 8, 9 and 10 respectively. <

3 Quantum circuits for isometries

In this section we consider a first standard extension of the vanilla quantum circuits which
consists in allowing qubit initialisation in a specific state, namely in the |0)-state.

» Definition 12. Let QC,,, be the prop generated by @ : 0 — 0, 1 =1, 1 =1,
g:2—>2 andr+:0—1 for any p € R.

» Definition 13 (Semantics). We extend the semantics [-] of vanilla quantum circuits
(Definition 2) with [-] = |0).

» Proposition 14 (Universality). Any isometry® V : CIO1" — CLO1™" can be realised by a
QC,-circuit C :n —m s.t. [C]=V.

For instance, the so-called copies in the standard basis (Jz) — |zz)) and in the diagonal
basis can be respectively represented as follows:

D

We consider the equational theory QC,,,, given in Figure 5, which is nothing but the
equational theory QC augmented with the following two sound equations:

e —
Plp)- = +— (L) = (M)
& —

Viewing as a control-global-phase gate, Equations (L), (M) can be interpreted as
instances of the following property: a control gate can be removed when one of its control
qubit is initialised in the |0)-state. This kind of properties can actually be derived within
QC,,, (see Figure 10 in Appendix B.4).

8 An isometry is a linear map V s.t. VoV is the identity.
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Figure 5 Equational theory QC, .. It contains all the equations of QC together with Equation (L)
(defined for any ¢ € R) and Equation (M), which are new equations governing the behaviour of the
new generator .

iso*

» Lemma 15. Let C be a QC,, -circuit such that ¥ |p) € C*", [C]|p) = |0) @ |@). Then:

Qcisol_i;ci; = :

Proof. The proof is in Appendix D. <

A direct corollary of Lemma 15 is the completeness of QC,,, for quantum circuits with at
most one initialisation. Notice that one can then use Lemma 17 of [43] to essentially prove
the completeness of QC,,,. However, as the semantics in [43] is based on CPTP maps rather
than isometries (so global phases should be treated carefully), and moreover the proof of this
Lemma 17 is not described, we provide a direct completeness proof of QC;,, in the following.

To do so, we may want to generalise Lemma 15 to any number of qubit initialisations.
However, the proof does not generalise. Indeed, it relies on the fact that, semantically, the
vanilla circuit of which we initialize a single qubit is necessarily of the form diag(I,U), with
I and U of the same dimension, so we can start with a circuit implementing U and control
each of its gates to get a circuit implementing diag(l,U) with only controls and phases
on the control wire. To generalise this notion to more than one qubit initialisation, where
semantically we would need to implement diag(Z,U) with U of dimensions larger than I’s,
we need a finer-grain decomposition of said matrix.

We hence resort to the following unitary decomposition:

I| 0 0 e
» Lemma 16. Let U = | O [ Uoo | Ui n—Fk pe unitary with Ugg and Uyy square.
0|Uw| Un }n

Then, there exist:

o Ay, Ay, By, By unitary,
o C =diag(cy,...,cq) and S = diag(s1,...,8q4) (¢iysi >0 andd <n—k).
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such that:
e C?2+8582=1
I] o 0 I10]0] 0 I] o0 0
er—| 074 0 0|¢jo0]-5 0/By| O
olol1] 0

The above decomposition is a variation on the Cosine-Sine Decomposition (CSD) [38],
which has already proven useful in quantum circuit synthesis [42].

Proof. The proof itself is a variation of the proof for the usual CSD. It specifically involves
the so-called RQ and SVD decompositions, which are introduced, alongside the full proof of
the lemma, in Appendix D. <

It is then possible to show the completeness of QC

iso*

» Theorem 17 (Completeness). The equational theory QC,

isos defined in Figure 5, is complete
for QC,g, -circuits.

Proof. The proof goes by showing that deriving equality between two QC,, -circuits amounts
to generalising Lemma 15 to any number of qubit initialisations, which is shown inductively
using the above variation of the CSD. The full proof is in Appendix D. |

4 Quantum circuits with ancillae

In this section, we consider quantum circuits which are implementing unitary maps (or
isometries) using ancillary qubits, a.k.a. ancillae, as additional work space. To represent
quantum circuits with ancillae, we not only need to be able to initialise fresh qubits, but
also to release qubits when they become useless. Note that to guarantee that the overall
evolution is an isometry, one can only release a qubit in the |0)-state.

To encounter the notion of ancillary qubits we extend QC,,-circuits (already equipped
with qubit initialisation ) with a qubit removal generator denoted -. Because of the
constraint that removed qubits must be in the |0)-state, we define the language of quantum

circuits with ancillae in two steps.

» Definition 18. Let QC . ancinna e the prop generated by @ : 0 — 0, 1 = 1,
:1—>1,g:2—>2,k:0—>1 and <:1—0 for any ¢ € R.

» Definition 19 (Semantics). We extend the semantics [-] of quantum circuits for isometries
(Definition 13) with [-] = (0.

Notice that the semantics of a QC,. ancilla
not isometric.® As a consequence, we define QC
with an isometric semantics:

-circuit is not necessarily an isometry as [-] is
as the subclass of QC

-circuits

ancilla pre-ancilla

» Definition 20. Let QC,,, iy, be the sub-prop of QC, ¢ ancina-circuit C' such that [C] is an
isometry.

9 Actually any linear map L s.t. L'L T I can be implemented by a QC
the Lowner partial order. Thus QC
computations.

pre-ancilla-Circuit, where C is

pre-ancilla Can be seen as a language for postselected quantum
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It contains all the equations of QC,,, where Equation (K*)
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Figure 6 Equational theory QC,, .-
has been replaced by Equation (K?), together with Equation (N), which is a new equation that
allows one to create ancillae.

Notice in particular that any QC,,-circuit is in QC,, i1, Which implies the universality of
QC, . qilla for isometries. We equip the QC,, jj.-circuits with the equational theory QC
given in Figure 6, which is nothing but the equational theory QC,,, where Equation (K*) is
replaced by its 2-qubit version Equation (K2)7 together with a new elementary equation (N)

governing the behaviour of the qubit removal generator —.

ancilla

H = (N)

Quantum circuits with ancillae form a standard model of quantum computing. They are
for instance used in the context of quantum oracles: Given a circuit Cy : n+1 = n+1
z,y) = |z,y @ f(z)) for some boolean function f, one can implement

whose semantics is
the corresponding phase oracle C'; whose semantics is |z) — (=1)7@®) |z) as follows:

Ci- = ’C—‘
'

Quantum circuits with ancillae are also extensively used in the context of circuit parallelisation,

as one can decrease the depth of a quantum circuit by adding ancillary qubits [34]. Finally,
ancillary qubits can be used to provide an alternative realisation of multi-controlled gates,
for instance a 3-qubit controlled gate can be implemented using an ancillary qubit, Toffoli
gates, and the 2-qubit version of the gate:

P(y) —Pe)——

This can be generalised to any multi-controlled gates with at least two control qubits:

» Proposition 21. The following two equations can be derived in QC,, ia-

11
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— = t (11) — = ' (12)
P(p) Rx (0)
Proof. By induction on the number of qubits. The proof is given in Appendix E.1. <

» Remark 22. Notice that Equations (11) and (12) are actually derivable in QC,,,. However,
in order to provide an alternative inductive definition of multi-control gates (like in Equa-
tion (10)), it requires the presence of at least one fresh qubit which can always be created in
the context of quantum circuits with ancillae thanks to Equation (N).

Thanks to the alternative representation of multi-controlled gates, one can derive, in
QC, 1 cilla, the equation (K*) for any arbitrary number of controlled qubits:

» Proposition 23. Equation (K*) can be derived in QC,, .-

Proof. Let (K") be Equation (K*) acting on n qubits for any n > 2. Equation (K?) is in
QC,peila- We first prove that (K?) can be derived from (K?) by defining the Fredkin gate
(or controlled-swap gate) and by pushing the two last wires of the LHS circuit of (K*) into
two fresh ancillae, which allow us to apply (K2) and reverse the construction to get the RHS
circuit of (K*). The detailed proof is given in E.2 together with all necessary intermediate
derivations. This technique is not applicable in the general case for any controlled circuit
because if the Fredkin gates are not triggered, it could be the case that the gates pushed
into the ancillae do not release the ancillae into the |0)-state. The key observation is that
this is possible for (K®) as every involved gates are either phase gate or uniquely controlled
gate (which both act as identity on the |0)-state). Then, we prove that (K") is derivable in
QC,cilla for any m > 4 by induction on n using the alternative definition of multi-controlled
gates (Proposition 21), which allows us to construct an instance of the LHS circuit of (K" *)
from the LHS circuit of (K™). The detailed proof is given in E.3. <

We are now ready to prove the completeness of QC, i

» Theorem 24 (Completeness). The equational theory QC, .., defined in Figure 6, is
complete for QC,, qiya-Circuits.

Proof. Proposition 23 implies that for any —i-free circuits Cy, Ci, if QCy, F Co = C4
then QC, ¢ia F Co = C1. Using deformation of circuits, any QC,, jja-circuit C : n — m

can be written :|c’ , where C" : n — m + k is a QC,,-circuit. Since both [C] and

[C'] are isometries and [C] = (Id ® (0%]) [C'], we have [C'] = [C] ® |0F). Given two
QC,, cina-circuits Cy, Cy s.t. [Co] = [Ci], let C) : n = m + k, and C] : n — m + £ be
the corresponding QC,, -circuits. W.l.o.g. assume k < ¢, and pad C’ with £ — k qubit

initialisations: C} := C} ® (H)®*~*. We have [C}/] = [C}], so by completeness of QC,,,
QCpeitta F CY = C, 50 QCpeinia F Co @ ( +1)®¢F = C}. Tt suffices to apply the (N) rule
to obtain QC,, .. F Co = C1. <
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5 Quantum circuits with discard for completely positive map

The last extension considered in this paper is the addition of a discard operator which consists
in tracing out qubits. Contrary to quantum circuits with ancillae, any qubit can be discarded
whatever its state is. Discarding a qubit is depicted as follows: .

» Definition 25. Let QCyigcarq e the prop generated by 1 = 1, 1 =1,
g:2—>1,k:0—>1 and +:1 — 0 for any ¢ € R.

The ability to discard qubits implies that the evolution represented by such a circuit is
not pure anymore. As a consequence the semantics is a completely positive trace-preserving

(CPTP) map acting on density matrices (trace 1 positive semi-definite Hermitian matrices).

Formally the new semantics is defined as follows:

» Definition 26 (Semantics). For any quantum QCgiscara-circuit C @ n — m, let (C) :
Man on (C) — Mam om (C) be the semantics of C' inductively defined as the linear map
(C2 0 C1) = (C3) o (C4); (C1L ® Ca) = (Ch) ® (Co); () = p — tr(p) and for any other
generator g, (g) = p — gl plgl’, where tr(M) is the trace of the matriz M and M its
adjoint.

Notice that the global phase generator ® is not part of the prop anymore. If it were,
its interpretation would be (@) = p — [@] p[®@]" = €'?pe=¥ = p, which is the same as
that of the empty circuit. Thus, for this model the X-rotation can simply be defined as
= (the same definition as Figure 1 but without the global phase).

» Proposition 27 (Universality). QCiscara @ universal for CPTP maps.

Proof. According to the Stinespring dilation lemma [44], any CPTP map F : Man on(C) —
Mam om(C) can be purified as an isometry V : C2" — C2""" such that for any p, F(p) =
tri,(VpV'1), where try(.) is the partial trace of the last k qubits. By universality of QCi,
there exists a circuit C such that [C] = V. Let C’ be the global-phase-free version of C, thus
[C'] = V. Seen as a QC yiqcarq-circuit, C’ has the semantics (C’) = p +— (V) p(e? V)t =
VpV1. Discarding the last k qubits of C’ leads to a QCyjsarq-Circuit implementing F. <

The new generator and new semantics allow us to model measurements. For instance,
the standard basis measurement can be obtained via:

[ S—

HDA

Indeed we recover the semantics of the standard basis measurement:

L)-0a)- (0 a)

The output wire can be interpreted as a classical bit (encoded in a quantum bit), a (resp. d)
being the probability to be 0 (resp. 1).
One can also encode classical gates, for instance the AND gate using Toffoli:

e e |

—e—]li

Ho—

With the promise that the input is classical, i.e. the input density matrix is diag(poo, po1, P10, P11)

(where p,, is the probability for the input to be in the state zy € {0,1}?), the output state
is diag(poo + po1 + P10, p11) which corresponds to the behaviour of the AND gate.

13
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Figure 7 Equational theory QC jisca.q- It contains all the equations of QC,, .1, except Equations
(A), (B), (N) and where Equation (J) has been replaced by its global-phase free-version Equation (J’),
together with Equations (O), (P) (defined for any ¢ € R), (Q) and (R), which are new equations
governing the behaviour of the new generator .

More generally, one can represent classically controlled computation using the QCg;scarq-
circuits, allowing to reason on fault-tolerant computations, error correcting codes and
measurement-based quantum computation for instance.

While [43] provides a way to get completeness for quantum circuits with measurements
from a complete one for isometries, we instead use [8] which provides a similar result but for
isometries with discard, as the latter is a little bit more atomic than measurements. This
leads us to equip QCgigcarq With the equational theory QCgigoarq defined in Figure 7, which

is a global-phase-free version of QC where - replaces -, and with the addition of:

ancilla
= —w (0) P = —n (P = Q)
—o— —
= (R)
—BHn —n

This observation allows us in particular to transport all the proofs using QC into
the present theory, the only two differences being that - plays the role of 4 and that the

QCiscara version of the proofs have no global phase @.

ancilla

» Theorem 28 (Completeness). The equational theory QCyiscaras defined in Figure 7, is
complete for QC gicarq-Circuits.

Proof. We can use the discard construction [8] to build QC*-II from QC,,,, by adding equation:

1s0 1807

4@ o U = 4®" (13)

t

for any QC;,,-circuit U : n — m. The discard construction guarantees that QCig,

is complete
for CPTP maps (Proposition 2 in [8]). It remains to prove that all equations in QC?ISIO derive
from those of QCgisearg- All equations of the former except Equations (K*) and (13) appear
in QCjccarq- Those are trivially derivable. As mentioned above, it is possible to prove (K*)

from QCgiscarg €Xactly as in the case of QC,, .1, by replacing each occurrence of +— =
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by + = 3. This means all the equations of QC,,, are derivable. Finally, all the equations
@M o J = u® for different isometries U can be derived from Equations (O), (P), (Q), and
(R). <

6 Concluding remarks

We have simplified the complete equational theory for quantum circuits, and provided ones
for standard extensions of quantum circuits, including qubit initialisation, ancillae, and/or
qubit discarding. The equational theory can be simplified in these more general settings,
leading in particular to equations acting on a bounded number of qubits, avoiding the use of
controlled gates on arbitrary number of qubits. It is interesting to notice that increasing the
expressive power of the model makes the equational theory simpler.

This simplification of the equational theory is a step towards a minimal equational theory
(i.e. an equational theory where each equation provably cannot be derived from the other
ones), a question which remains open.

Getting rid of Equation (K*) eases also the practical implementation of the rewriting
rules as it avoids to consider a family of rules acting on an unbounded of qubits. Notice that
regarding practical considerations, various equations presented in this paper have parameters,
e.g. —Rx(a)HP(e)HRx(as) = —PBUHRx(B2)HP(Bs)l that should be read as follows: for any
angle o; on the LHS, there exist 3; on the RHS so that the equation holds. 3; can be
computed using fairly simple trigonometric operations. Notice that even if the equation looks

non-symmetric, one can show conversely that for any 3; there exist o; angles such that the
equation holds (see Equation (35)).
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A Bullet-based graphical notation for multi-controlled gates

We use the standard bullet-based graphical notation for multi-controlled gates where the

negative control (or anti-control) —4- is a shortcut notation for . For instance, Pw)
stands for the gate on the third qubit positively controlled by the first and fourth
qubits and negatively controlled by the second qubit. According to [10] we can simulate the
expected behaviour of this bullet-based notation in QC without using Equation (K*).
Combining a control and anti-control on the same qubit makes the evolution independent
of this qubit. This is provable in QC without (K*) and illustrated by the following example.
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Another expected behaviour provable in QC without (K*) is the fact that controlled and
anti-controlled gates commute (even if the target qubits are not the same in both gates).
This is illustrated by the two following examples.

{ - } Pl T Pl

In the following, the use of such properties is denoted by (%) and refers to Propositions
15, 16 and 17 (together with Propositions 10 and 11 in some cases) of [10].

B Proofs of intermediate circuit equations

B.1 Proof of the alternative definition of the multi-controlled phase
gate

Proof of Equation (7).

T
'

L O @
ﬁ

B.2 Proofs of usual circuit identities

Proof of Equation (18) and Equation (31). Those two equations are consequences of Equa-
tion (J). See Proposition 20 of [10]. <

Proof of Equation (19).

Rx@Hx ) 2 © G&B P

0150,
(g) (:) Rx (61 + 65)

Proof of Equation (32).

3 C
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=— =— RxO)- = — (9 - an)

PP} = —[Pler +e2)- (18) {Rx @ HRx (02} = {Rx(: 102 (19)

_ BT w T XTI e

— Sl

o e, - ) o
(24)

= (26) = (27)
& &

= (28) = (20) = (30)

PN = P{pea)- (31) Az = {rxco- (32

DHP(p N R ] N VAR
T - o ) D G
& & & &

—{PleHBx () HP(as)- = —Rx (BHP(B2)HRx (8) - (35)

Figure 8 Some usual identities provable in QC for any ¢, @1, 2,6, 61,62 € R. Equation (35) is
the dual version of Equation (J) where the angles are computed in a similar way.

Proof of Equation (14).

D 31) © D)(A
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<
Proof of Equation (15).
&g Q@ R © R 2 Q
|
Proof of Equation (16).
L O@ o LY ©_
|
Proof of Equation (17).
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Proof of Equation (20).
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Proof of Equation (22).

T=-DOC® 2T

Proof of Equation (33).

SO ~ () P
Leard = XTDC e
(20 [Ple) © ~“PPWM

Proof of Equation (21).
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(- {HE

Proof of Equation (34).

" (1)(©)

Proof of Equation (24).

(1)(C) (21) [HP
= =
Rx (0)}b PO)HHEFD P(9)

23) == (21) == (1)(©)
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Proof of Equation (25).

Proof of Equation (26).

© ! (1)
(HHEHDAHH ]

Proof of Equation (27).

(3)(0) (2) —HH (a)6) HSRIHS (@21 ®)
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Proof of Equation (28).

(€)1 E = (20) E = (20) E o
T T i
o 4] - -
-
-
—-
Proof of Equation (29).
1 (SIC2Y) (28) (€)(21)
) @ em 2 Eerm L
Rinen i iR
Proof of Equation (30).
(€)1 E 2 ) (€)1
e iw © meom L
o 4] iy

Proof of Equation (35).

1

raEare Y CrnaEEraEDE
c
© ORx(m)HP(az)HRx(OB)

-—0-;9’
W E PGP

€D,
.4Rx<61>HP<ﬂz>HRx(ﬁg)k

With o = %ﬁ% and By = ag + ﬁ(/) + %

B.3 Proofs of usual circuit identities over multi-controlled gates

Equations (36) and (37) are proved in Proposition 13 of [10]. Equation (39) is proved in
Lemma 53 of [10]. Equation (40) is proved in Lemma 47 of [10]. Equation (41) is proved in
Proposition 12 of [10]. Equations (42) and (43) are proved in Proposition 11 of [10]. The
proofs also hold for the equational theory QC because all the equations used are provable in

QC.

i e i P - e G -
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Figure 9 Some usual identities over multi-controlled gates provable in QC for any
0, 01,92,0,01,02 € R.

Proof of Equation (38).
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B.4 Proofs of usual circuit identities using ancillae

— X|e—{x —
2 B I E
—— — ——
/e (47 . = (48)
— —
B —
H -t (49) t = t (50)
P(p) P(p) Rx(6) Rx(0)

Figure 10 Some identities provable in QC,  defined for any ¢, € R. Note that the proofs do

not use Equation (K*).

iso

Proof of Equation (44).

<2:6>= ) |
B

<
Proof of Equation (48).
—— - D o{]-
) ©)
BOF  ARxOfeARx Do Ry (D+{Rx (- D+——
(©)21) )
Rx(§) ABx (DHHEHEHEx (D HEHH-
B —
(<) (37)(53)
N A
Rx(-5) —
<

Proof of Equation (47). By induction on the number of controls with base case n = 1
control.
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i i —
_ (M) (36)(53)
PEPCD - PEHPCD) —
Proof of Equation (50).
i B
@ ©
Rx(D—— xR
@
(©)(21)
Rx(5)
(20) (M)

®) (40) (37)
§ § SHRx (5

Proof of Equation (49).

IXHP(oHx] P(-p) | |

41 39 41 47
... (41) | (39) 7 (41) L e
P(yp) : ' .

P(p) P(p)

Proof of Equation (45).
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Proof of Equation (46).

©

waomE o

C Proofs used for the completeness of QC

C.1 1-CNot completeness

In this Appendix, I, X, Z, CNOT, P(y) and Rx () refers to the unitaries associated with
the quantum gates —, {x}-, {2}, g, and respectively.

» Lemma 29 (1-qubit completeness). QC is complete for 1-qubit quantum circuits, i.e. for
any 1-qubit QC-circuits Cy, Cy, if [C1] = [C2] then QCF Cy = Cs.
Proof. QC contains all the equations of the complete equational theory from [10] acting on

at most one qubit. <

>> Claim 30. By inputing and projecting the CNOT unitary on [0),, |1);, [+),, |—), and
([, (1], (+]g, (|, we get the following equations:
CNOT|0), = (I ®I)|0), 0], CNOT = (0|, I ® I)
CNOT 1); = (I ® X) [1), 1, CNOT = (1}, (I ® X))
CNOT [+)y = (I ®I)]+), +], CNOT = (+], I ® I)
CNOT =), = (Z2®1)|-), —[, CNOT = (-, (Z®I)

o~ o~~~
—~~

» Lemma 31. Let U € Uy be a 1-qubit unitary. If (O|U |0) =0V (1| U |1) = O then there
exist ,0 € R such that U = e XP(p). Similarly, if (+|U|+) = 0V (~=|U|=) = 0 then
there exist 0,6 € R such that U = e ZRx ().

Proof. First notice that (0]U |0) = 0 iff (1{U[1) = 0. Then by unitarity there exists
5, ¢ € R such that U = (695 C:'f ) = X(C:)é e%) = ei‘sX((l) ei(f_@ ). And we are done by taking
p=¢—9.

We prove the second statement by reducing it to the first one. (+|U |[+) = 0V(—|U|-) =0
iff (O|HUH|0) = 0V (1]HUH |1) = 0. Thus there exists 6,¢ € R such that HUH =
e’ X P(0). This implies that U = ¢ HXP(0)H = ei(‘H%)ZRX(G) and we are done by
taking 0 = ¢ + g. <
» Lemma 32. For any ¢, ¢',6 € R, if P(0)P(¢') = e?1 then ¢’ = —p (mod 27). Similarly,
for any 0,0',8 € R, if Rx(0)Rx (') = ¢*I then ' = —0 (mod 27).

Proof. For the first statement P(p)P(¢’) = ((1) ez‘(fm’)) = (egs D)= eI directly implies
that ¢’ = —p (mod 27). The second statement is reduced to the first one as follows:
0/

Rx(0)Rx(0') = I = e*”(gﬁ)HP(e)P(o’)H = = e*”(g%l)P(o)P(a') =

— POPO) = HE) [ 5 0 — g (mod 27)

27
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<

» Lemma 33. Let A,B,C,D € Uy be 1-qubit unitaries, if (C ® D) o CNOT o (A® B) =
CNOT (see the following circuit representation) then there exist ¢,0,a,8,v € R and
k,l € {0,1} such that A = e“X*P(p), B = ¢P?Z'Rx(0), C = e"P(—p)Z'X* and

D === BN Ry (-0)Z' X*.
[5ia] - (2]

Proof. From the condition we derive four equations satisfied by A, B, C, D and we conduct
a case distinction corresponding to the four possible assignements of k,1 € {0,1}.

(C'® D)o CNOT o (A® B) = CNOT

(C® D)o CNOT o (I ® B) = CNOT o (A ® I)
(C®D)oCNOT o (A®I)=CNOT o (I ® BY)

(0], (C® D)o CNOT o (I ® B)|0), = (0|, CNOT o (AT ® I)|0),
(1], (C ® D) o CNOT o (I ® B) 1), = (1], CNOT o (AT @ I) |1),
(+],(C ® D)o CNOT 0o (A® I) |+), = (+], CNOT o (I ® BY) |+),
(=], (C®D)oCNOTo (A®I)|-), = (~|,CNOT o (I ® BY) |-),

(0], (C®D)o(I®I)o(I®B)[0), = (0], [®I)o(AT®I)]0),
(1;,(CeD)oc(I®X)o(I®B)|1),=(1], @ X)o (AT @1)|1),
(+],(C@D)o(I®I)o (AR I)|+)y = (+l, (I @)oo (I ® BY)|+),
(=, (C®D)o(Z@I)o(ARI)|=)y = (|, (Z®I)o(I®BT)|-),
0/C'|0)y DB = (0| AT |0) I

1|C|1)DXB = (1] AT|1) X

+ D|+)CA=(+|BT|[+) T
~|D|-)CZA=(-|B'|-)Z

Claim 30
=

o~ o~~~

Case (0| AT|0) # 0 and (+| BT |+) # 0. It must also be the case that (0| C'|0) # 0
and (4| D |+) # 0. Moreover, by unitarity of AT and B, we also have (1| At |1) # 0 and
(—| Bt |=) # 0. The first equation implies D = ¢ B for some § € R, which implies that
(+| D |+) = €? (+| Bt |+) and (—|D|-) = ¢ (—| B |=). Then the third equation implies
C = e A", which implies (1| C'[1) = e~ (1| AT |1). Hence the system becomes:

DB =e¥]

DXB =¢e"X CA=CZAZ
CA=e9J - {DB = DXBX
CZA=e9Z

The first equation implies that there exist ¢,a € R such that A = ' “P(y) (because
A = ZAZ), which implies that C' = ¢(=9=®) P(—y). Similarly, the second equation implies
that there exist 6, 3 € R such that B = ¢/’ Rx(0) (because B = X BX), which implies that
D = ¢'0=ARx(—0). And we are done by tacking k = = 0 and ~ := —§ — a which leads to
0—B=—-a—0—1.

Case (0| AT|0) = 0 and (+| BT |+) # 0. It must also be the case that (0| C'|0) = 0
and (+| D |+) # 0. Lemma 31 implies that there exist ¢, ¢, a, v € R such that A = e’ X P(y)
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and C = e P(¢') X. Moreover, the third equation implies CA = ¢ for some § € R, thus

et P X X P(p) = €], which implies that ¢ = —¢ (mod 27) (Lemma 32). Then we
¥ ® , p @ ®

can use the following derivation to get a new condition satisfied by B and D.

o)HX e XHP(—¢) 26 P(p)—eP(=) 23)(18)(D
H¢ﬂ<:>ﬂﬂ< ><:><>|[ ﬂ

We get e (“t) (1@ DX)oCNOT o (I ® B) = CNOT from which we obtain two new equations:

¢t (I ® DX) o CNOT o (I ® B) = CNOT

'@t (0, (I ® DX) o CNOT o (I ® B)|0), = (0], CNOT |0),
{e“aﬂ) (1], (I ® DX) o CNOT o (I ® B)|1), = (1], CNOT |1},
)

)

Claizp 30 et (0], @ DX)o(I®1)o (I ®B)|0), = (0], (I®1I)|0),
el (I, @ DX)o(I®X)o(I®B)[1); =(1]; I ®X)[1),

et DXB =1
et NDXXB =X

This implies that DX B = DBX, thus there exist 6, 3 € R such that B = e'® Rx (6) (because
B = XBX). The first equation implies D = e(~*#=7" Ry (—0)X, and we are done by
tacking k =1 and [ = 0.

Case (0| AT|0) # 0 and (+| BT |[+) = 0. It must also be the case that (0| C'|0) # 0 and
(+| D|+) = 0. Lemma 31 implies that there exist 6,6, 3,0 € R such that B = e*ZRx (0)
and D = €' Rx(0')Z. Moreover, the first equation implies DB = €¥[ for some § € R, thus
!Bt Ry (0")ZZRx (0) = €I, which implies that §’ = —0 (mod 27) (Lemma 32). Then
we can use the following derivation to get a new condition satisfied by A and C.

H Al ]](27)[[- l ZHc] ﬂ24)19)16|[ l ll
R« OHz[B{ZHRx (-0) b{Rx(-6) <>

We get ¢/(P+9)(CZ®1)o CNOT o (A®I) = CNOT from which we obtain two new equations:

P+ (CZ ® 1) o CNOT o (A® I) = CNOT

P9 (1], (CZ @ 1) 0o CNOT 0 (A® I) |+)y = (+], CNOT [+),
¢i?+9) (—|,(CZ @ 1) o CNOT 0 (A I) |-), = (~|, CNOT |-),

Bt (4, (CZ@T) o (IR T) o (ART)|+)y = (+], TR 1) |+),
(|, (CZ@ )0 (Z@I)o (AR ])|=), = (~|, (Z&1)|-),
eBtICZA=1
ePt)CZZA=Z
This implies that CZA = CAZ, thus there exist p, a € R such that A = e?“P(p) (because
A= ZAZ). The first equation implies C' = ¢'(=*=#=9) P(—)Z, and we are done by tacking
k=0,l=1and v:= —a— 8 — o, which leads to 0 = —a — § — .

Case (0| AT|0) = 0 and (+| BT |+) = 0. It must also be the case that (0| C'|0) = 0
and (+| D |4+) = 0. Lemma 31 implies that there exist ¢, ¢’,0,0", a, 8,7,5 € R such that
A=eXP(p), B=ePZRx(0), C =e"P(¢)X and D = ¢ Rx(0')Z. Then we can use
the following derivation to get a new condition satisfied by ¢, ¢, 8,6’

H
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We get e @847+ (P(p')Z @ Rx (6')X) o CNOT o (P(p) ® Rx (6)) = CNOT from which
we obtain two new equations:
e @B+ (P Z © Rx(8'X) o CNOT o (P(¢) ® Rx(8)) = CNOT
= e Bt (0], (P(¢)Z @ Rx(0')X)CNOT(P(p) @ Rx(6)) |0), = (0], CNOT [0),
et B+7+0) (1| (P(¢')Z ® Rx (0")X)CNOT(P(¢)) ® Rx(0) |[4+), = (+], CNOT |+),
= e BT (0] (P(¢)Z @ Rx () X)(I ® I)(P(p) @ Rx(0))]0), = (0], (I @ I)[0),
e BT (1], (P(¢')Z @ Rx (0)X)(I @ I)(P () ® Rx (0)) [4)y = (+], T @ ) [+),

e OtB IR (0 X Ry (0) =
ei(a+5+7+6)67i(9+0’)/2p( /)ZP( ) I

Rx(0") = —1(a+B+w+5)RX( 0)X
= P /) —1 a+5+’¥+5)e i(0+6’ )/QP( )Z
Ry (9/ — e—z(a+[3+fy+6)em/2RX (ﬂ. _ 9)
= P((,O/) —4 a+ﬁ+7+6)€z(0+0 )/QP( 90)

Lemga 32 0 =n—0 (mOd 27‘(‘)
¢ =7 —¢ (mod 27)

Hence, we get A = e’ X P(p), B = ¢PZRx(0), C = eV P(1m — p)X = e"P(—¢)ZX and
D = o B2 Ry (7 — 0)Z = - P~V Rx(—0)ZX. Thus we are done by taking
k=1=1. <
Proof of Lemma 7 (1-CNot completeness). Let C,C’ be two 1-CNot QC-circuits, i.e. cir-
cuits containing at most one g gate each, such that [C] = [C'].

First notice that if both C,C’ contains no CNot, then, according to Lemma 29 we have
QCF C =’ If C contains a CNot then one can show that C’ must contain a CNot otherwise
they would not have the same semantics.

Then, w.l.o.g. we can suppose that the CNot is applied to the first two qubits in C. We
first show that the CNot is also applied to the first two qubits in C’, and that the permutation
of wires is the same in both circuits. Pushing all swaps to the right in C, we get:

where o is a permutation of wires. In C’, using the prop equations to move the CNot on the

first two qubits, we get:
: igl

By applying the inverse of all 1-qubit unitaries from C, as well as the inverse of o, [C] = [C']

E
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becomes equivalent to:

with o3 = 090071, Tt then becomes apparent that if o1 (i) > 3, then o3(0y(i)) = i. Moreover,
we get [¢f] = [—]. We then have:

[P —

—

Getting back to C and C’, we conclude that qubits that are not involved with the CNot have
the same 1-qubit unitary applied to them on both sides, and are permuted with the rest in
the same way. By completeness of QC for 1-qubit unitaries, it is now enough to show the
result when C and C’ are 2-qubit circuits.

We can now show that if a swap appears on one side, it also appears on the other side
(i.e. that o} = of above). Indeed, suppose that C has a swap and C’ does not. Using the
prop equations, we can push the swap to the right, and get C = ~x_ o C’. Thus [C] = [C'] is
then equivalent to [ ] = [[C/ o C_T]]. We hence have a circuit €’ o CT that implements >,
using at most two CNots. This contradicts Theorem 6 of [46] that proves that the swap
requires at least 3 CNots. Hence, if C has a swap then so does C'.

In the case where the two circuits have a swap, the equality between the two becomes
equivalent (Proposition 6) to the equality without swaps on both side. Hence, we can assume

w.l.o.g. that C and C’ are 2-qubit circuits containing one and only one CNot and no swap.

Moreover thanks to Equation (21) we can assume:

= C =
for some 1-qubit circuits , , , .

First, by the simplification principle (Proposition 6), we reduce it to showing the following
equation for any semantically correct 1-qubit circuits {4}, {8}, {c}, o} .

Lemma 33 and Lemma 29 together with Equations (A) and (B) implies that this is always
the case that this equation is equivalent (Proposition 6) to one of the following equations:

B
ROV R0} g
?)

cmElnm &

We conclude the proof by observing that we can derive all those equations for any ¢, 8 € R
using Equations (27),(26),(23),(24),(18),(19),(D), and (16). <
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C.2 Proof of Equation (8)

» Lemma 34. Equation (51) can be derived in QC.

= #RX DHPGHRx B} (51)

Proof.
AL PPN GPG)
2 PP e HAE
© PR CSHPCE)

W O FenvE e E -
u O e PomEre P PR ePEHP-
(18)(D) O o Fal-

<

» Lemma 35. For any 1-qubit QC-circuit , there exists ag, a1, o, a3, B, B1, B2, 83 € R
such that QC I = ﬁRx(nﬂHP(az)HRx(as)% and QC = @P( )

Proof. Whatever is, we can always apply Equations (I), (J), (35), (A) and (B). <

Proof of Equation (8). First, we do some steps on the LHS and RHS circuits.

Ry (0) +{Rx (0))} (51) Rx(-0)r Rx ()]
: = lEaINe ;
Rx (O DAHMDRX (00} H Rx (0)Fp{Rx (DHPDHRx GFRx (0)Fb{H

(24)(19) @ \Rx (-0)] [Rx(0)]

Rx(6+%) P(%) Rx(0'+%)
(34) T T T T
- O

© o |
) #w ey e e

(51) @ [Rx (0} Rx(-6)
[HFDRx (0 Rxgmlzxg%{ ®

(24)(19) @ Rx () Rx(-0)
g6 )
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Then we can use the simplification principle (Proposition 6) to turn Equation (8) into
the following equivalent equations for some «;, 5;,7:,d;, v; € R. The last equation is over
1-CNot circuits, which together with Lemma 7 conclude the proof.

«{Rx(m)}LRX(QZ)HP(ag)HRx(0'4)MRX(@5) o Rx(ﬁ])}LRX(ﬁz)HP(ﬂg)HRx(;’ﬁ)}LRﬂH@}»

)
— =
{Rx<u1)MPm)HRX(A/Z)HP«/@MRX<as> .Rx(ﬁl>MP<61>HRX(52>HP<63)MRX(35»

@

B

- Il
{RX(M)HP(“/I)}LRX(W)}J‘{P(%)HRX(&S) JHHRx (BO)HP 01} #{Rx (32)}+{P(55) HRx (85)F

%)
{Rx(ﬂl)HP(’h)}l{}?x(”f‘z) P(y)HR x (as) HHEHR X (-85) HP (-63)F .Rx(ﬂl)HP(%)}l{Rx(ﬁz)L

—

Lemma 35
e =
; °+Rx<a1>HP<mMRxm)ﬂﬁRxm)HP@)HRx(us)k Rxwl)HP(&@Rx(@)L

(34)(24) ‘
> =
) O‘{Rx(‘ll)HP(%)HRX(M)}LRX(’YZ)}LP(VZ)}» Rx(b’l)HP(Jl)HRX(-ug)}—LRX(Jz)L
T T T T
— Qutro) =
‘{RX((Yl)HP('YI)HR}((’/I)}LRX("I’Z)}LP(VZ)}L RX(ﬂl)Hp(él)HRX(‘VB)}’LRX((SZ)}‘
L | |
0+vo =
‘{RX(O‘I)HP('YL)HRX(W)}LRX(“&)HP(W)}» Rx(ﬁl)HP(dl)HRX(—V;;)}—LRX(@)}»

C.3 Proof of Equation (9)

[H] i [Rx (0")] [Rx(-0)
Rx(-0) Rx(9) [Rx(6")] [Rx (-0
Rx(0) Rx(-0) (] [H]
——{a-o-H] Rx(¢) Rx(-0")
© Fix(0) Fx O {Fx @) Rx (0
Rx(0) Rx () [H}-6-{H]
(] Rx(0') Rx(-9)
(22) 7 V Y T ;
= x(-0) Rx(9) Rx(0") Rx(-0)
Rx(0) [Rx (-6) @HJ\*H
(] Rx(9) Ry (-0")
(29)(24) 7 W 7 e @ i
= < (-0) Rx(6) Rx (0')—4 Rx (-0)
Rx(0) Rx(6) ] A
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(29)(24)

(34)(24)

(C)éQl)

(24)(34)
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Rx(-0)
Rx(0)

(1] Rx(-0) H Rx(-0')
Rx(-0) Rx (0) Rx (0") Rx(-0")
Rx(0) H Rx (¢ [H]
(] Rx(0) Rx (-0)—H Rx(-0')
Rx(-0) Rx(-0)
Rx(0) H-{Rx(0) Rx(6)) i
] Rx (0)4—Rx(-6) Rx(-0)
Rx(-0) ‘ ‘ Rx(-6")
[Rx (0) @—{Rx(ﬁ’/)Fth(@')} s
H] Ry (-O)HPH Rx(-0")
Rx(-0) Rx(0") Rx(0) Rx(-0")
Rx(0) HH-BRx (0) Eig
{1} HD P O H-O—
+—{Rx(0) Rx (-0)}-+——{Rx(-0)) R
—B-{HFO{Rx () {HFD{Rx (O B{H [}
Rx (0)|-P{H-D{Rx (-0) [}
Rx(0) [Rx (-0)] [Rx(-6)] Rx(0)
Ja] Rx(0) H Rx(0)
Rx(-9") Rx(-9") (] x(9) Rx(-0) Eig
Rx(@) Rx(0)
Rx(-6') R (6" —s—{H}+—{Rx(9) Rx(-6) Fig
I I I
] Rx (@) _
R (O~ B{H]{Rx (0)—3{Fx (0) s
Rx(-9") i ‘ Rx (-0)
1} Rx (0)]+{Rx () Rx(0)
Rx (-0 HHRx(-0) Rx(0) Ei
Rx(-0) Rx(-0)
[H] Rx(0) Rx(0)—H| Rx(9)
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Rx(0)) HHP-{Rx (-0) ]
(24§34) Rx(-0") Rx (0") Rx(0) Rx(-6)
(] Ry (0)-D-|H Rx(0)
@o)z) R () NG [0+ e R (0)
J\ 1] Rx(0) Rx(0)
Bx () [x (@) [ G —
(29)(24) ST B = V
= x (-0) Rx(0") Rx(0) Rx(-0)
A@ Rx(-0) Rx(0)
Rx(-0") Rx(0) H-p-{u——
(222) Rx (-0 Rx(¢') Rx(0) Rx(-0)
[} [ () IR0
Rx (-0 Rx(®)] ] ]
© Fox (0 ——[Fx @)+ [Rx O —Rx (0)
(1] [H] Rx (-0) Ry (0)

C.4 Proof of Equation (K ,,), existence and uniqueness of the RHS of
Equation (K*)
The proof uses some properties of multi-controlled gates:

» Lemma 36. It follows from the equations of QC without Equation (K*) that two multi-
controlled P gates always commute, regardless of the colours and positions of their controls,
and of the positions of their targets.

| L

——P(¢") Ple)—e—
P(p) P(y)

For instance,

Proof of Lemma 36. This is a direct consequence of the results of [10], namely of Lemma
54 together with Propositions 11, 12 and 15. <

» Lemma 37. The following equations are consequences of the equations of QC without
Equation (K*):

.
= P (52)
X0

35
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» Lemma 38. The following equation is a consequence of the equations of QC:

—

P (54)
» Lemma 39. The following equations are consequences of the equations of QC without
Equation (K*), together with Equation (54):

X :
. = P(7) (55)
Rx(27r) —_—
e .

= P(r) ( 56)
ﬂ* m

Proof of Equation (52). Equation (52) corresponds to Lemma 48 of [10], whose proof does
not use Equation (KJj4). <

Proof of Equation (53). By a straightforward induction. <

Proof of Equation (54). The case with zero controls is a direct consequence of Equations (2),
(15), and (18). For the case with one or more controls, it suffices to remark that the derivation
given in [10] does not need dgy:

: (53) L

<

Proof of Equations (55) and (56). Equations (55) and (56) correspond respectively to
Lemmas 59 and 60 of [10], and it can be checked that their proofs given in [10] do not need
the full power of Equation (KJ,;) but only Equation (54). <

Given an instance of Equation (KJ4), we prove that its right-hand side can be transformed
into a circuit of the same form as the right-hand side of Equation (K*).
First, one can remark that

(1...101] |1...110>:—sin(%)sin(%)
iP( >.

2

while

-
(0 (6

(1...101] T i i
{P(gl)HP(EQ)HRX@)ﬁ{P : B —rA

. 5
|1...110) = —¢'% sin(g) sin(g).

T
=
=
>

1
oy}
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which, since dg € [0, 27),

)

o ig a real number

, this implies that e

If sin(%)sin(%) # 0
implies that dg € {0

7}

)

If g = 0, then

Yuuv‘(X\
o
=
Y
I
=
- --o—
Y
=

If 69 = m and dg = 0, then

\/
2
0
=

53
Lemma 36

If 69 = m and g # 0, then

P(m)

I
P(35)HRx (9)HP(67)

‘{P(51)HP(I¢52)HRX(53

=
- |
A
e m
9
e m
a
"
---9o— =
A
N
=
<
- --9——
<
=
0
=
- --0— |
A

‘{P(51)HP(I¢52)HRX(53
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Lemma 36 ' ' '

ey T T e
P(61) P(65)HP () RM%)HP(M@—

(56)

-
-

- -
REE
-- -
-

Lemma 36

93

If sin(%) sin(%) = 0, then since &5, 8, € [0,27) and d4 = 0 = 53 = 0, one necessarily has
03 = 0. In turn, the conditions of Figure 4 also imply that o = 0. Additionally, this
implies that sin(%*)sin(%) = 0 too, that is, sin(%) = 0 or sin(%) = 0.

If sin(%}) = 0, then cos(%) € {—1,1}, and one can remark that

(1...110] P- [1...110) = cos(%)
P(72)HRx (73)
while, since d3 = 0,
RS P SR R e o 6
(1...110] —— R P(6s)}— \1-.-110>=6158008(56)~
{P(&l)HP(@)HRX(@)ﬁ{P(&@HRx(5(,-)HP<57)}—{P(59)}
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Hence, cos(%ﬁ) has absolute value 1, which, since dg € [0,27), implies that §s = 0.1°
In turn, the conditions of Figure 4 also imply that d5 = 0. Thus,

i j T Rx(34) T T T P(3)}— ® L me) Py :
{P(él>HP<52>HRX<63>ﬁP<65>HRx<6(,>HP<07>HP<69>% 1Py P(s7)F——P(s)}
If §g € [0, 7), then

o Rx (51)—s—{P(5)—

Lemma 36, 4 4 2 4 * *
(52) 1 .

A
1
&«

If 09 € [, 2m), then

Lemma 36,

(52)

i : RXI((S4)HRX;27T)}i{P(I58)}>
PeTHPG } 1P(07)]

D i Rx<6;+2w>ﬁl’<lés>%
P(5)) P(a_;fﬂ) | P(d7)

o ]

{PUOHPGo—mHEx (0)

10 Moreover, €% is a real number, which, since g € [0,27), implies that ds € {0, 7}. Note however that
we do not use this property.
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If sin(3) = 0, then cos(%) € {—1,1} and one has

(1...101] 1...101) = icos(%)

while, since do = 0,

- - -4
- - -4
- - -4

A
'
'

(1...101]

1...101) = e COS(%).

IR ] ==
{PGOHPG,) HRA@)EP@)HRX<6G>HP<67>HP<6Q»

If cos(‘s“) # 0, then this implies that €% is a real number, so that dy € {0, 7} and
we can proceed as in the first case (where sm(‘s3 ) sm( 1) £ 0).

If cos(%) = 0, then on the one hand, since d, € [0, 27T) one has d, = m. In turn,
since d3 = 0, the conditions of Figure 4 imply that 4; = 0. On the other hand,
cos(%) = 0 too, so that sin(%-) € {—1,1} and

(1...101] |1..111) = +i
while, since d = 0,
(1...101] T j T Rx(54) T T T [P(3s)] j 1..111) = 4ie'd
{PUOHPEIHRx @) Plos)HEx (o) HP0)— P}

Hence, d9 € {0, 7} and we can also proceed as in the first case.

Thus, given any instance of Equation (KJ4), its right-hand side can be transformed into

i T R (5)}— , s [P(0H)} where
{PODHPOHRx (0) PODHR G HPO——
5 =6
5 = b5
I
5, = 6,
0o if g € {O, 71'}
8, = { 8 if 59 € (0, )

dg —m if dg € (m,2m)

5 — if59€[0,7r)

e 54 +27 if §g € [, 2m)

5l — 71'756 if69:7rand567é0

6 06 else

5 - dg +mmod 2w if g = 7 and dg # 0
8 0g else .
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These angles satisfy the conditions of Figure 2. Indeed, the only case where we can obtain
03 = 0 and 5 # 0 in the case distinction above, is the case where sin(%) = 0, in which
d¢ = 0¢ = 0. For the other conditions of Figure 2, the fact that they are satisfied by the dj,
follows directly from the fact that the J; satisfy the conditions of Figure 4.

The transformation only uses:

Equations (36), (37), and (41), which are proved in [10] without using Equation (K 4)
and therefore are provable in QC without Equation (K*),

Lemma 36 and Equations (52) and (53), which only rely on QC without Equation (K*),
Equation (54), which can be proved using Equation (KJ;) instead of Equation (K*)
and Equations (55) and (56), which are consequences of the equations of QC without
Equation (K*) together with Equation (54).

Since Equation (K},4) has been proved to be sound in [10] (that is, for any angles in its
left-hand side, there exist a choice of angles in its right-hand side satisfying the conditions of
Figure 4 that makes it sound), and it is easy to see that all equations of QC except maybe
Equation (K*) are sound, this implies that Equation (K*) is sound.

Moreover, this proves that Equation (KJ,;) is a consequence of the equations of QC.

It remains to prove that for any choice of angles in the LHS of Equation (K*), the choice
of angles in its RHS is unique. To this end, we now consider an instance of Equation (K*)
and transform its RHS into the RHS of the instance of (KJ,,) with same LHS. To make easier
to differentiate between the parameters of the respective RHS of Equations (K*) and (KJ,4),
we keep denoting those of Equation (K*) as d;:

Rx(m) Rx(m} = —+— T Rx (5} T +—{P5)F (K")
iw R () {P(aa)HP@)HRxwg)EP(&g)HRX(6@)HP<6§)%

41

e 2 e P
(o5 HRx (G HP(op)—— {P(oi)HP(éé)HRx(éé)ﬁ{P(é’,)HRx(%)HH&)}—W

[ ==
{P(ébHP(é»Hm(&)ﬁP
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(55) ' , '

= Rx((%*?ﬂ
1 2 Rx(&’)-

A A A4 T T A T A T
'
'
'

Lemma 36

Lemma 36
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Lemma 36, * * * 4

(36) R ' : : R
= " Rx (84—2m) T T T P(og+m)—
PUDHP() Rxwg)_ PURHRx @r—dp)HP5) ()
(36)(54) R : : : !

= Rx(84—2m) i i P(6g+m mod 277)'—-—:
P<61>IP<6;>IRX PURHEx Cr—ap P[P}

If 04 € [0,27) but 65 = 0 and 65 # 0, then the conditions of Figure 2 imply that 65 = 0,
so that

(53)
(52), * * * * * *
Lemma 36 | Rx(0) | | :
P&y PLHPE—— (P}
o T lami
PP P LR — P

If 84 € [2m,4m), 05 = 0 and 5 # 0, then the conditions of Figure 2 still imply that ég = 0,
so that
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(52),
Lemma 36

Thus, given any instance of Equation (K*), its right-hand side can be transformed into

S T Fx (@)l —+— s [P —— where
{P«h)HP<62)HRX<63>ﬁp<55>HRX(%)HP(&)HP(%)%
5 =0}
03 = 04
85 = 0%
87 = 04
5 = 0 ifd5=0anddy #0
2 8, else
sl if & € [0,2)
e d) —2m if 0y € [2m, 4m)
b = 21 — &g if 05 # 0 and §) € [2m, 4m)
¢ 54 else
S — 0% +mmod 27 if 8§ # 0 and &) € [2m, 47)
° 5% else
% if 05 =0, 65 # 0 and &) € [0,2m)
5o = 0y +m if 05 =0, 8, # 0 and §) € [2m,4n)
o if (84 # 0 or & = 0) and &, € [0,2)
v if (05 # 0 or 8, = 0) and ¢} € [2m, 4m)

It is easy to check that these angles d; satisfy the conditions of Figure 4 whenever the 5}
satisfy the conditions of Figure 2.

Let g be the function mapping any 8-tuple of angles J; corresponding to the RHS of
some instance of Equation (K*), to the 9-tuple of angles ¢; given by the formulas just above.
Conversely, let f be the function mapping any 9-tuple of angles §; corresponding to the
right-hand side of some instance of Equation (K;), to the 8-tuple of angles §), given by the
formulas given before.

Given any 8-tuple § = (0% )ke{1,...,8y of angles corresponding to the right-hand side of

(O )keqr,.s) = F(9(d):
By definition, one has §;/ = ¢}, for j € {1,3,5,7}.
Concerning 65':

If 85 # 0 or &4 = 0, then dy = 85, and dy is either 0 or 7 depending on 4}, so that
84 = b = 0.
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If 65 = 0, 65 # 0 and 0} € |0,27) then &9 = &5 € (0, 7), so that §5 = dg = d5.

If 65 = 0, 65 # 0 and &y € |27, 47) then dg = 65 + 7 € (m,27), so that 05 = dg — 7w = 5.

Concerning 0y
If 04 € [0,27), then 64 = d), and dg is either 0 or d5, which in any case is in [0, 7), so
that 8} = 04 = 0}.
If §) € [2m,47), then 04 = 04 — 27, and dy is either 7 or ¢4 4 7, which in any case is in
[m,27), so that §] = d4 + 27 = ).

Concerning ¢ and dg:
If 65 = 0, then dg = 8%, and dg = §; = 0, so that §f = dg = 05 (= 0) and §f = ds = 0.
If §) € [0,27), then on the one hand, ds = d§ and ds = d5, and on the other hand, dg
is either 0 or 4%, which in any case cannot be equal to 7, so that §§ = ds = &5 and

0y = 0g = 5.
If 64 # 0 and §) € [2m,47), then the conditions of Figure 2 imply that we cannot
have both 5 = 0 and d§, # 0, so that dg = 7, dg = 27 — &5, ¢ — 06 = O,

ds = 04 + m mod 27, and since 8§ € [0, 27), 04 = dg + ™ mod 27 = (58.

Thus, given any instance of Equation (K};,), the 8-tuple &' of the angles of its RHS satisfies
& = f(g(8")). Since we have proved that the 9-tuple g(&") corresponds to the angles of the
RHS of the instance of Equation (KJ;4) with same LHS, and it has been proved in [10] that
this 9-tuple is uniquely determined by the LHS, this proves that the 8-tuple & is uniquely
determined by the LHS as well.

D Proofs used for the completeness of QC;,

Proof of Lemma 15. By assumption, C isan — n+1 QC,-
of QC,,, that does not preserve the number of qubits is qubit initialisation . As there
is no generator that reduces the number of qubit, there is exactly one I in the circuit.
Using the axioms of prop, we can pull this qubit initialisation to the top left so as to get

where C’ is a QC-circuit.

I
Let U = [C]. Since U(]0) ® Id) = |0) ® Id, U is of the form U = <T‘%) with U’

unitary. By universality of QC-circuits (Proposition 3), there exists a QC-circuit Cy/ that
implements U’, using only global phase, phases, Hadamards, CNots and swaps. One can

circuit. The only generator

apply the following transformations — and DC — , it

leads to H-free, swap-free circuit Cy provably equivalent (with QC) to Cyr.

By controlling each of the gates constituting Cyv (using definitions in Figure 1, and taking
P(y) as the control of global phase o) with a fresh qubit, we get a circuit ACy such that
[[AC’UIH = [C'], and where the fresh qubit only sees Phases P and the control part of some

gates. By completeness of QC we have QC F ¢’ = ACy so QCi, F

Thus, one can push the initialisation of through all the (controlled) gates using

li
Equations 47, 48 and 45, leading to — . <

45
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To show Lemma 16, we first introduce useful known decompositions, and recall as well
the usual (balanced) CSD for reference:

» Lemma 40 (Matrix Decompositions [45]).

RQ (QL): Let A be a square matriz. There exists Q unitary and R upper triangular
(with non-negative diagonal coefficients) such that A = RQ. There exists Q" unitary and
L lower triangular (with non-negative diagonal coefficients) such that A = Q'L.

Singular Value (SVD): For any matriz A, there exist U and V unitary, and D =
diag(dy, ...

1\0

,dy) real diagonal with d; > d;11 > 0, such that A =UDV.

(

0jU

)

I‘ 0 )(I 0>isth6nanSVD0f(%‘L),

0D 0V

(balanced) Cosine-Sine (CSD): Let U = ( goo g(n ) be unitary with Us; all of
10 | Un
the same dimension. Then, there exist Ay, A1, By, By unitary, C = diag(co, ..., Cn)
_ Ao | 0 c|-S Bo| 0
dS =d vy Sny h that U = d
an iag(sg, ..., Sn) Suc a ( 0 ‘A1 ) < S‘ c 0 ‘B1 an

C?+5%2=1.

A more general version of the CSD exists for “unbalanced” partitions of U i.e. when the U;;
do not not have the same dimensions, but we will not use it in this paper.

Proof of Lemma 16. This is a small variation on the usual CSD. Let us start with U =

I 0 0
0 | Uoo Uo . Let:
0|Uw| Un

Aoc()Bo be an SVD of Uoo,

A1 R be a QL decomposition of (

0 ‘ Ul()Bg > and

0
LBj be an RQ decomposition of | ———|.
A0U01

The unitarity forces the diagonal components of Cy to be between 0 and 1.

If 1s ap-

pear, they do so as the first diagonal components, as the SVD sorts then from largest to
smallest. We then denote C' the submatrix of Cy which has only < 1 components. We

then have: U =

1ol o I|o R ol o
0] 4| © 0| C 0/ Bo| 0 | Notice
0l 0| 4 L ‘A{UHBQT oo | B

that since C' # Cj in general, Ay and C' may not be of the same dimensions. The or-
thonormality of the columns (resp. the rows) of the middle matrix forces it to be of the

1101010
0]C¢] 0 ' : 2 2 12 2 2 12 12 2 Q
form: 00X with C*+ 5 =C"+5*=1=C*+5"7=C""+ 5. Since
0S| o0 |C
both S and S’ are non-negative diagonal, this implies S = S’, which then, by unitar-
ity, forces C’ = —(C. Moreover,by unitarity again, X itself is unitary. We hence have
I10] 010 I110(0] O I1/0| 0 0
0]C] 05 = 0]C|0]-5 0]T] 0 0 . Wrapping it all up, we
010 |Xo| O 0|0 |1] 0 0/0]Xo]| O ’
0S| o0 |C 0|S|0] C 0(0] 0 | -1
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have:
Il o 0 I10(0] O I{0] 0|0 Il o 0
v | o]4 0 0|]C|0]|-=S 01| 0|0 0| By 0
00 1] 0 00| Xo| O )
0] 0] 4 0] S[o]C ojo[o -1 )\ 0] B
. . . . Xo| O ,
which gives the desired result with By := 0 7 Bi. |

Proof of Theorem 17. Let Cy and C5 be two circuits of QCy,,(n, n + k), such that [C1] =

[Cs]. Using the same reasoning as in the proof of Lemma 15, there exist two QC-circuits

}_
n:
C., and C,, such that C; = F—C,,

i

. By completeness of QC, showing that C; = Cj is

k:
i — —
n. : n.
equivalent to showing that u = for Cy = C,,,C}, (Proposition 6).

k: k

I I
Let us denote U = [Cy]. Notice that U has to be such that U | . | = , which,

0 0

1|0
by unitarity, means U = ol « | Let us now prove that QC,,, proves the equality, by

reasoning inductively on the number n of initialised qubits.

Case n = 0: In that case, there is no initialised qubit, and since [U] = I, by completeness of QC,
QCHU = Id.

The middle matrix can be seen as a product of:

Case n = 1: There, we have U = ( é UO’ > Then Lemma 15 gives directly the expected equality.
1|0 0
Case n+1: U is of the form U = | _0 | Uoo | Unm (with Upg and Uyp square). Notice that U
0 Uw| Un
has dimension 2¥*7*!, We can hence use the modified CSD to get:
Ilol o 11010 0 o] o
_ 0| Ao 0 0]C¢|0] -5 By 0 ith O2 27
U oTo T o with C? + S .

R :=c; |7)| + 55 |5 + 10...0)(j] — 55 [§)j + 10...0] + ¢; |5 + 10...0)(j + 10...0]
|z )|

_|_

>

z¢{j,j+10...0}
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n+l k n+k

for 0...01...1 < j < 10...0 in binary. Notice that the first R;s might be the identity, if Ag
and C' do not have the same dimensions. Notice also that j has at least one 1 in its first
n + 1 bits. R; is hence a rotation (Z] _Sj> = P(5)Rx(0;)P(-%) on the first qubit,
J Cj

controlled by all the other qubits. Matrix U can hence be implemented by the following
circuit:

— 1 S
10 o0 0
e (w]) Aﬁ (eal,) At =

1
R

where, similarly to [35], e.g. /- . is a syntactic sugar for the composition of all

—

I S
rotations on the first qubit, controlled by the ¢-th qubit and anti-controlled by the £+ 1-th
qubit:

—P(5)HRx ) HRx (DHRx () HRx (0 HRx () HP(-3)}-

1 \
7

Y G
= { { {
(——e— " (— ¢ ¢ ¢
X : L e e ]

(notice that each Rx should be surrounded by P(%) on the left and P(-7) on the right,
but all non-extremal ones simplify using (36) and (D).) By completeness of QC, Cy can
be turned into the circuit in (57).

The first block (with A;) is such that its interpretation satisfies V |) € C2", (I A1) (10)®

|©)) = |0) ® |¢), hence using Lemma 15, it is provably deleted by intialisation on the first
qubit, and a fortiori when the n + 1 first qubits are initialised. Similarly, the last block
(with By) is deleted by the qubit initialisations.

For the second block, notice that:
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which implies

from which we conclude

that the second block is deleted by initialisations on the n + 1 first qubits. Similary, the
penultimate block (with By) is deleted by initialisations on the first n + 1 qubits.

All the controlled rotations in the middle are deleted by the initialisations thanks to
Lemma 15. Finally, it is provable that:

- -
- - -
- - -

Che) ] (L) 4%;? () et -

ATT-TT
ATT-TT

|
1

©-- -4
©-- -4

-~

E Proofs used for the completeness of QC,,iia

E.1 Proof of Proposition 21

First, we derive the following equations. Equations (58) and (59) are alternative definitions
of 2-controlled and 3-controlled phase gates. Equation (60) tells us how we can express a
simply controlled gate with Toffoli gates and one 1-qubit gate using one ancilla.

= 59
P(9) —ﬁ{ P(5Ho—
Ply) = (60)
— HEAP (0)Hb-

49
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Proof of Equation (58).

Y

()
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© o © mp
PEHPE-SHPCHHPS- PP
Proof of Equation (59).
—— P(5) P(5)|
P(p) PE)HDAP(E)-D- [P(%)] P(-5)]
() UHH (14)(38)(53) (36)
G B P(3)
P(OLHPCE)] —PEISPEOHPCHOHPE
() ()
P(5) P(5)
POHPEPSHPE - —ﬁ—GP(%) L}
Proof of Equation (60).
@ (41)
HO{Plo - Pp)}b- PR P}~
58 38)(18)(D L
O (38)(15)(D) w
P(p)HD{P(-0) Pp)b- —
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We first prove Equations (11) and (12) by induction on the number of qubits, whose base
cases contains n = 4 qubits. The base case for Equations (11) can be derived as follows.

(47) (41) (59)
—HPH— Efﬂ — P(p)]
| | HPo)F{P (o)} b~ P(o)B{P(-p) P(o)Hb-
(38)(18)(53) —t+——— (41) (47)
B Ply) POIPEF P
P(p) I 1

The base case for Equations (11) can be derived as follows.

o -FTH— o 7D

RxOF P(o) P(6)

—~
=
!

(60) (38) (5)
2 P(0) POHHH— Rx (0)
—&-{PCD) He{PCD) =

VY BTy
VNN

P
<
<

Rx(%) Rx(-5) Rx (3] [Rx(-D)]
] @v
@) - AW
——Rx(H)Rx(-9) ——{Rx(§)+Rx(-9) —Bx(0)
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The induction step for Equation (11) can be derived as follows.

r— (5) —t—1 (12) — ' = ' '
— ' T P B 26 :
® T 1 ©
_ | p(a .
HHRx (p{HF— —P(¥)

E.2 Proof of Equation (K*)

The main idea of the proof of Equation (K*) is to use the Fredkin gate (or controlled-swap
gate), defined by Equation (61).

_ ]

X \04

= P(ds) (K3)
#P(m)HP(mHRx<6s>m1’<6s>HRx<6s)HP<57>%

(62) = (66)
£ = (67)
(63)
= (68)
= (64) .
| | = (69)
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[ = 71 —_—
P-0)HP(¢) ( ) B
@ Po)a- Rx (—¢)f{Rx(¢)
= (72)

-o{Pk-

— = —t (73) =

P(-p)HP(p) P(p) N

Proof of Equation (62).

. o

P

HRHHP@H A

Proof of Equation (63).

— P}

2 erom LY

Ligalii 1] -

Proof of Equation (64).

—HHHHHPAH A~
! !

Proof of Equation (65).

(38) (64)

—

[z
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Proof of Equation (66).
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(21)(62) H]

[ (= =]

HE

()W)

Proof of Equation (68).

(67)

%

Proof of Equation (69).

(67)

(38)

(61)
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Proof of Equation (70).

Proof of Equation (71).

» 2 2
- : 3 =
P(Z) *M%) Pepre- P

C
— Qg LY Y
Rx (—0)[{Rx(¥) P(—) P(—p){P ()
(71&73) (5)




56 Quantum Circuit Completeness: Extensions and Simplifications

Proof of Equation (75).

T A B —

(14) (70) (69) (14)(70)

The idea of the proof of Equation (K?) is to start from the LHS circuit of (K?), use
Equations (76),(77) and (78) to build an instance of the LHS circuit of (K?) on two ancillae,
apply (K?) and then rebuild the RHS circuit of (K*) using the same equations.

- = (76)
% FP(v)
Pl = (77)
P F—{P(¢)
Bx (@) = (78)
% - {Rx (@)
Proof of Equation (76).
Pl (60) (69) (60) ()
I 1 I = P(p) A P(-9)HP ()
HEAP () bH HBP () bH
(60) (75) (60) (nEn()
I Ply) I Ply) PLo)P(p) FP(p)
HOAP (o) DA HOAP (o) DA




A. Clément, N. Delorme, S. Perdrix, R. Vilmart

Proof of Equation (77).

11 69 11 41
=) an | Pl (69) P (1 7@9 4D
[ f f I P (p)
(11) (69) (11) (41)
H—HP(p)] = [P(o)}— H—P(p) =
| | | i [P(p)
(73) (41) (11)
: | P(-¢) : Pl
P ()P (¥) — P(p) [ P(p)
(75) (11) (41)
H—HP (o)) < {P (o)} 1
f P(p) P(p) P(-p)*P(p)
(1) (75) (11) (47)
f P(-p) P(p) P (p) P(p) P(-p) P(p) —

PC5) PCY)
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P(3) P(5)
11 69
w P0) © @y
P(-5) P(-9)
11 1
Y {m—rw e
= = [P(O)
P(3) P(-3)
(11) (69)
= =
— @\
P(-5) HE)) P9
(11) (63) (<)
= = =
— —
(60)(41) (69) (60)
f f } Vpi(@
i HHP(9) [ HHP(0) i P(0)
B P(-5)[bH HD1P() A
®) (74) ©)
: : | P
F—%{Rx(6) F——*{Rx (-0){Rx (6) +——k—{u{PCo){HHRx(9)
() (60)
HHP(D)] 1
H———{m{P(O{EHEx(0) ; HlP-o)H]
HB-P (DA
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(60)

- ul{P(o){aHRx (9)

HYP(O){H}-Rx(6)

HBHP(S)HEH

P6)|[H-[Rx (0)

(41)(47)(14)

H—{H}P(OHHHRx ()

Rx(0)

Rx(0)

B Py

S
= S
= &
m ]
mw = | =
=5
W\ w
=
r
= | & 1
1 [
I w %P
S el
x
>
o
_ = | &
mﬂ
ﬂ w
¥ £ il
<
B &
| =]
2 =

(11)

P(-0)

Rx(0)

Rx(0)

(63)

e\/@

—

Rx(0)

8

.

a1
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Proof of Equation (K?).
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N)(20)(38 ’—T—‘
Rx(m) Rx (1) ( )(Z)( ) Rx (1) R x (74
P(v2)HRx (v3) P(12)HRx ()]
78 78
(Z) Rx(m) (:) Rx (1)
P(y2)HRx (73)] [P(12)]
1 Rx (v4) ! I ! Rx (va)
1 | [ Rx(7s)
(7:7) Rx(m) (7:8)
: [Rx (1)} ! :
F——%—P(y2)HRx (v3) | |
(K?)

Rx (04)

P(3s)

I T 4‘8
Ii—{P(lﬁ)HP(52)HRX(53)\${P(55)HRX(56)HP(57)}7—|
(77)
Py
1 ! Rx (64) P(ds)
——%{P(d2)HRx (53)@1’:’(5 YHRx (66)HP (67)—————
(76)
P(5)HP(5)]
[ ! Rx () ! ! P(0s)
%—{Rx(@)ﬁpws)HRx(56)HP(57)}7—<
(78)

P(61)HP(52)HRx (35)]

Rx(d4)

P(d5) P(37)
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S Rx(84)

29

{P(61)HP(32)HRx (J5) P(5s)]

| P

[P(s)
I ( 8)
o P(é7) —|

(78) .-

— X \04

{P((Sl)HP(&g)HRX(&;)ﬁ{P(%)HRx(%)}

H

. P(d7)
(727) Rx (04)
{P(61)HP(32)HRx (J5) P(85)HRx (5)HP (67)]
f P(ds)

}

(79 Ry (51) P(s

X 8)
{P(61)HP(32)HRx (J5) P(85)HRx (9)HP (67)}

(N)(20)(38)

Rx (0a) P(ds)

{P(&)HP(&)HRX<63>EP<65>HRX@)HP(&)%

E.3 Induction step for the proof of Equation (K*)

/4
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