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A splitting method for semi-Lagrangian Vlasov-Poisson solvers
with a strong external uniform magnetic field

Michel MEHRENBERGER * Anh-Tuan VU T
(March 6, 2023)

Abstract

We solve numerically the Vlasov-Poisson system with a splitting method suited for
strong external magnetic field. Our splitting scheme is inspired by J. Ameres [2] but uses
the semi-Lagrangian solver instead of a Fourier spectral discretization solver. We show
that when the magnitude of the external magnetic field becomes large while the time step
is independent of the fast oscillation in time, this scheme is able to provide a consistent
semi-Lagrangian discretization of the guiding-center model. In addition, we propose some
numerical simulations to validate the method under the Kelvin-Helmholtz instability test
case.

Keywords: Vlasov-Poisson system, Guiding-centre model, Asymptotic analysis, Splitting
schemes.
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1 Introduction

We consider a plasma consisting of mass m with individual electric charge ¢, which is described
by the Vlasov equation coupled with the Poisson to compute the self-consistent fields £ in
the presence of an external magnetic field B, motivated by the magnetic confinement. The
unknown f(¢,x,v), depending on the time ¢, the position z, and the velocity v, represents
the distribution of particles in the phase space with (z,v) € R? x R%,d = 2,3. The Vlasov
equations reads:

6tf+v-fo+%(E(t,:r)—i—v/\B)-va:O, (t,z,v) €]0,T] x R x R3, (1)
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To simplify, the curvature of magnetic field lines is neglected and we assume that the external
magnetic field only applies in the x3-direction

B = (0,0, B),

where B is a given constant.
In the two dimensional setting x = (x1,z2), v = (v1,v2) the Vlasov equation writes

8tf+v-fo+% (E(t,x)—kBLv) Vof =0, (t,z,0) €]0,T] x R? x R?, 2)

€

where ~v = (v9, —v1), while the Poisson equation is

Elt,x) = —Vod(t,z), —c0ha® = plt,z) = q / £(t, 2, v)dv, 3)
RQ

where g¢ is the permittivity of the vacuum. We complete the above system with the initial
condition

f(O,l‘,U) = fO(va)'

The well-posedness of the Vlasov-Poisson problem is well known, see [9] for the weak solution,
and [10] 11} 12 [13] for the strong solution. The numerical solution of the Vlasov equation can
be classically performed by Lagrangian, Eulerian, or semi-Lagrangian methods. Lagrangian
particle methods like particle in cell methods (PIC) consist of approximating the plasma by
a finite number of macro-particles. The trajectories of these particles are computed from the
characteristic curves given by Vlasov equation, whereas self-consistent fields are computed by
gathering the charge densities of the particles on a mesh of the physical space (see [14]). Eule-
rian methods have been used to discretize Vlasov’s equation on a phase space grid instead of
particles. Semi-Lagrangian methods can be viewed as a combination of Lagrangian methods
and Eulerian methods which consist in computing the distribution function on a grid by fol-
lowing the characteristic curves, backward in time for a one-time step and interpolating the
value at the feet of the characteristics using the grid point values of the distribution function
at the previous time step, see [8, [I5]. This method is usually coupled with a time splitting.

We are interested in the long-time behavior of particles under the regime of intense mag-
netic field, i.e. T'— 400 and |B| — 400 in order to observe a drift phenomenon in the plane
orthogonal to the magnetic field direction. Therefore, we first introduce a set of characteristic
scales. The characteristic length scale Z is the Debye length

_ kBE()T 1/2
T=Xp= 4mng? ’

where kp is the Boltzmann constant, T is the temperature scale and 7 is the density scale.
Then, the characteristic velocity ¥ is the thermal velocity

V=VUtp = | — .

m

The characteristic magnitude of the electric field E can be expressed from 7 and Z by

_ dTgnx
5o 4mang
€0
Finally, we denote by B the characteristic magnitude of the magnetic field and f = %
v

the distribution function scale. Next, we introduce various time scales that appear in the
problem:



e Tj the observation time scale,

T
o I)=w, 1= = the reciprocal plasma frequency,
v
1 m
o I.=w_" = 5 the reciprocal cyclotron frequency.
q

The above regime i.e. (T' — +o0, |B| — +00) corresponds to the following scaling assumption
n [I] given by
T 1 T
Do fog (4)
T, ¢ T,
The small parameter € > 0 is related to the ratio between the reciprocal Larmor frequency
and the advection time scale. Then we define the new variables and given fields by

_
=7

E(t B
E/(t,7$/): ( ’:L‘)v B/:Tv
B
and the new unknown
f(t7 x? U)
7}0 )

Inserting all these changes into , we obtain the dimensionless equation

fi 2 ) =

Loy
pr() ot

o Vg f + L [E’ + “’CB%’] Vof =0, (t',2',v) €0,T'] x R x R?.
m

Wp

For the sake of clarity and simplicity, we drop the primes in the above equation. Therefore,
under the scaling assumption , the Vlasov equation can be recast in dimensionless variables,
as follows:

qB
8ft€ +v vxfs + E \% fs + *HLU : vvfs = O, (t,x,v) G]OaT] x ]RZ X RQa (5)

where the Poisson equation for the potential ®. satisfies F.(t,z) = —V,®.(t,z) and

— 0P (t,z) = qpe(t,x) = /fst:zv (6)

We are interested in the behavior of the Vlasov-Poisson equation —@ as ¢ — 0. At
the continuous level, following the work of L. Saint Raymond [5] or more recently of Miot [7]
using the characteristic curves, it can be proved that the density particle (p:)e~o converges
in some ways to the solution of the guiding center model

Oep(t, x) + Lng) SVap(t,z) =0, (t,z) €]0,T] x R? (7)

E(t,x) = -V, ®(t,z), —e0lAsP(t,z) = qp(t,x). (8)

This means that when watching the dynamic of particles on a long enough time as the
intensity of the magnetic field |B| is large enough (i.e ¢ << 1), the density particles of the
Vlasov-Poisson system — is approximated by the density of the system @—. Hence,
the asymptotic model — is sufficient to describe the Vlasov-Poisson system in this regime
and it only requires solving a two-dimensional problem instead of a four-dimensional problem
like the Vlasov-Poisson problem, thus reducing the cost of numerical simulation. Moreover,
since it does not contain any stiff term, standard numerical methods can be employed to
approximate it, c.f [8] using the backward semi-Lagrangian methods. Readers can refer



to the semi-Lagrangian method for guiding center simulations on different meshes, see for
example [18] 19, 20].

In this work, we perform the numerical solution of the Vlasov-Poisson equation —@
by semi-Lagrangian methods coupled with a time splitting, inspired by the splitting schemes
introduced in [2]. Before describing and analyzing our numerical methods for the Vlasov-
Poisson equation, we need to observe the motion of each individual charged particle in the
electromagnetic field. The trajectories of particles are computed from the characteristic
curves corresponding to the Vlasov equation as follows:

dX.(t) 1 )
=V X = R
n . (1), (0) =2 € R%,
dV.(t) q Ee(t,Xc(t) | we, 2
L V. V = R
dt m 5 g2 (1), (0)=veR,

whereas the electric field is computed from a discretization of the Poisson equation on a
mesh of the physical space. When the electromagnetic field is constant and given, by direct
computation, one sees that the trajectory of particle is described by

B
B b
LVE(O)] LE

We

V() =R ( ?t) Vo(0) + ¢

We V=(0)
~—

center circle slow drift fast Larmor rotation

X.(t) = [Xa(O) te

c

The evolution of a given particle’s position is a combination of two different time movements:
a slow dynamic of the center of the circle x, = x + etv/w., usually called guiding center,
which is given by the drift velocity and a fast rotation of period about T, = £227 /w,, with a
small radius ¢|v|/w, around guiding center. Thus, the Vlasov-Poisson system is multi-scale.
Due to high oscillations in time, if one wants to do accurate simulation of the Vlasov problem
using classical numerical schemes, one needs small time steps, typically smaller than T.. A
way to avoid this restriction is to use the asymptotic model —, since it does not contain
fast oscillations in time, and so a very small time step is no longer required in order to
simulate these oscillations. However, the aim of this work is to produce a reference solution
of the Vlasov-Poisson equation for several values of the parameter €.

From the discrete point of view, we are interested in a method which is able to capture
this singularly oscillatory limit, while the numerical parameters may be kept independent
with respect to €, in particular the large time step, so that the numerical method provides
a consistent discretization of the limit system as € — 0. This concept is called Asymptotic
Preserving property (see [I7]). The methods of passage from Vlasov-Poisson equation to the
Guiding-center model, which satisfy this property have been studied by recent works within
the framework of PIC method, which allow to focus on the construction of a numerical scheme
in time of the characteristic equations. Readers can refer to various multi-scale techniques
that have been proposed such as the exponential integrator in velocity in [16], implicit-explicit
time discretizations in [4], and two-scale formulation integrator in [21].

In this paper, we propose an alternative to such methods allowing us to make direct
simulations of the Vlasov-Poisson system with large time steps with respect to O(¢?). This
work is based on the same splitting method as [2] but the semi-Lagrangian Vlasov solver is
used instead of a Fourier spectral discretization solver. Now, we start to summarize the basis
of the method and the results of this paper. The time splitting that is used to approximate
the solution of the Vlasov-Poisson system is based on exact computations of the following



two equations:

B
Ofe+v-Vale+ 2200V f =0, )
e fe + EEe(Lx) +Vyfe =0. (10)

The time splitting presented here for the Vlasov equation in strong magnetic field into two
parts where one part includes the transport term and magnetic term, and the other part in-
cludes the electric term which has also been applied in [24] for the finite radius approximation
Larmor regime. First, we consider the approximation of the characteristic curves. The exact
characteristic curves of the Vlasov equation can be approximated by a composition of flows
associated with the equations @— respectively. Under the first order time splitting, the
approximation of the exact characteristic curves can be written as:

X.(t) = X.(0) + [R (—gt + 77/2) - R(7r/2)] Wiva(o),

C

V() =R (—gt) V.(0) + m% /Ot E-(s, X.(s))ds,

(see in Section 3). We now want to study formally the stability of this characteristic

SV()

curves. Setting Z.(t) = X.(t) +¢ , the above system can be re-written for (Z.,eV;) as

We e 1
5V5(t):R<——t m/ E.(s, Z-( R( 5 )w—c V(0))ds.
Under some classical smoothness assumption on the electric field E. and initial data (X(0),eVZ(0))

we show formally when ¢ — 0 that Z. — Z and €V, — V # 0 which satisfy the following
system:

t 1
26) = 200)+ | 4 (5. 2(5) = V()i

2m
0
m/ 5 E(s,Z(0) — R (—0) - )dfds.

We see that the limit system does not coincide with the characteristic curves corresponding
to the guiding center model (7)), in contrast to the the result obtained in [4] where it has been
shown that the velocity €V, tends to 0 as € — 0 which implies that the particle’s position
approximate the guiding center position.

Next we will study the approximation of the distribution function f. when using the split-
ting scheme @—. Since each equation can be solved exactly in time using the char-
acteristic method when the magnetic field is uniform, the error is only due to the split-
ting procedure (first order for Lie spliting, second order for Strang splitting). If we use
such a method, we have to guarantee the accuracy of the scheme, especially when consid-
ering the high frequency oscillations of the particles. By investigating the commutator, the
global error of the p-order splitting is O(AtPH/ePT1) see Appendix for p = 1,2. This
error bound indicates that to obtain good results for the numerical solution of the distri-
bution function f.(¢,2,v), the time step At has to be the same order of ¢ which would
require very large CPU time cost when considering a very small €. However, considering
the numerical solution for the density particle p.(t,z) obtained from the approximation of



the distribution function f.(¢,z,v), we realize that it can be performed with larger time
step, and moreover it provides a consistent approximation to the guiding center model.
To see the asymptotic limit as € goes to 0, we expect that when ¢ becomes very small,
the distribution function f.(¢,z,v) satisfies f.(t,z,v) ~ f.(t,x — e*v/w.,v) and so, we get
that pe(t,z) = [go fe(t,z,v)dv & [go f-(t, @ — et v/we, v)dv. Following [7], we work on the
gyro-coordinates (z — “v,v) and focus on the equations satisfied by the shifted distribution
fo(t,z—etv/we,v). Performing the change variables, we get equations for f.(t, z —ev/we,v)
that can be written as (see Proposition 3.3):

1 1 r 1 1

atfg(t,x—s—v,v)+wc—: -Vy fe(t,:v—e—v,v) =0,

We € I we ]

1 i 1 1

E
Ofe(t,x —e—,v) + a(t,x—e—v) Vafe(t,x e—v,v)
wc B [ C

1 1 r 1 1
—i—ngE(t,x—e—) -V fe(t,:v—s—v,v) =0

m We L c J

After integrating these equations with respect to velocity, we get the following equations

)
Ocfe(t,x —e—,v)dv =0,
R2 We
L 1 1 1
v E v v
- O fe(t,x — aw—c,v)dv + - BE (t,z — 5w—c) “Vafelt,z — aw—c,v)dv =0,

which do not contain the stiff term. Formally passing to the limit as € — 0 we obtain

Ocf(t,x,v)dv = 0,
R2

1
E
Ocf(t, z,v)dv + / —(t,x) -V f(t,z,v)dv =0,
R2 R2 B

which corresponds to the guiding center approximation

LE(t,x)

atp(t?x) = 07 8tp(t,:£) + B

-Vgp(t,x) = 0.

Finally, we will construct the full discretized numerical scheme for the distribution function
fe(t,z,v) from the splitting scheme @— by using the backward semi-Lagrangian method.
The first order scheme in time and second one of solutions are presented. Then we perform
a formal analysis of the first order full-discretized scheme for the density particle p.(t, ) to
show that the numerical method provides a consistent discretization to the guiding center
model. During the implementation, we have to filter out the fast rotation of velocity and
then remove the fast translation of the electric field that occur in the characteristic curves
by making a change of variable in the direction of the velocity.

The paper is organized as follows. In Section 2 we briefly first recall the main steps of
the semi-Lagrangian method for solving the Vlasov-Poisson system, and we present then two
splitting schemes: exponential Boris and Scovel’s method. Section 3 is devoted to investigate
the asymptotic limit for the approximation of characteristic curves and then the density of
the Vlasov equation under the Scovel method. Then the full discretized numerical solution
is constructed from the Scovel method using the semi-Lagrangian method in Section 4. In
Section 5 we write an algorithm for the second order accuracy of the exponential Boris and
the Scovel method. Finally, in Section 6 we present some numerical results for the Kelvin-
Helmholtz instability test case.



2 The time-splitting problem

Now we will recall the principles of semi-Lagrangian method for the Vlasov-Poisson equation
cf. [8] in two dimensions of the phase space. In this Section, we work on the unscaled
Vlasov-Poisson equation — for the sake of simplicity in the presentation. We return
to the scale system when we study the asymptotic limit in Section 3. The characteristic
curves corresponding to the Vlasov equation are the solutions of the following first order
differential system:

X(t; s,x,v) = V(t;s,x,v),

B 11
V(t;s,x,v) = %J‘V(t;s,x,v) + %E(t7X(t7 S,l‘,’l))), ( )

with the initial conditions
X(s;s,xz,v) =z, V(s;s,x,v)=0.

We denote by (X(¢;s,x,v),V(t;s,x,v)) the position in phase space at time ¢, of a particle
which was in (z,v) at time s. Then, the solution of the Vlasov equation is given by

f(t,z,v) =f(s, X(sit,2,0), V(sit, z,0)) (12)

=fo(X(0;t,2,v),V(0;t,z,v)), (x,v) € R* x R? t>0. (13)

Replacing s by t* and t by t"*! in , and denoting X" = X (t";t"*!, z,v) and V" =

V(" 1"t 2, v) we have
A z0) = FE, XV,

For each point of the phase space grid (z,v), the distribution function is updated thanks to
the two following steps:

i. Find the starting point of the characteristic curves ending at (x,v), i.e X™ = X (¢";t""! x,v)
and V™ = V(t";t"*!, z,v) by solving (L1).

ii. Compute f(t", X", V™) by the method based on Lagrange interpolation, f being known
only at mesh points at time t".

We now perform a time discretization in the step i. of by introducing a splitting proce-
dure.
2.1 The exponential Boris algorithm

The characteristics of the splitting underlying the exponential Boris algorithm reads [15]:

X(t;s,xz,v) = V(t; s, z,v),
. 14
{ V(t;s,z,v) =0, (14)
X(t;s,x,v) =0,
. B 15
m
X(t;s,2,v) =0,
0. _ 4 . (16)
V(t;s,z,v) = =E(t, X(t;s,x,v)),
m

which leads us to the equations associated with the first order differential systems ,

and respectively:
Of+v-Vaf =0, (17)



0uf + 10204, — 100 f] =0, (18)

of + %E(t, z) - Vof = 0. (19)
We denote gp[ﬁ, go[ABt} and go[AEt] the exact solutions corresponding to the equations ,

and on one time step At from the initial condition fo(z,v). The solutions gogl and go[AEt]

can be computed exactly in time since the advection fields in the equations and ((19)
do not depend on the variable to be advected. The solution <p[ABt] of can also be solved
exactly in time, since the fact that characteristic equation can be computed exactly.

With the two-dimensional rotation matrix

~o- (S o).

the characteristic solution to equation ((15) on one time step At writes
. 9B
X(At;0,z,v) =z, V(At0,z,v) =R(—0)V(0), with 6 = —At.
m
Hence, the solution to ((18) by the method characteristic (13]) writes

o8, = fo(X(0; At, z,v), V(0; At, z,v))

= fo(z,R(O)v), 6= %At.

For step ii., a two-dimensional interpolation has to be performed in the variable v of go[g to

update the numerical unknown. However, high-dimensional interpolation is known to be non
conservative and it is obviously more demanding in terms of complexity and time. To remedy
this difficulty, we use the method in [3] where the authors proposed a splitting strategy to
reduce the problem into very simple one-dimensional linear transport equations which can be
solved efficiently with a semi-Lagrangian method. The splitting is based on the fact that the
two-dimensional rotation matrix R() is decomposed into a product of three shear matrices:

= () )6 ) (o D6 )

for @ # km, k € Z*. This formula has been generalized to arbitrary dimension, the reader can
refer to [22, 23]. As a consequence, the computation of go[ABt] can be done by solving three one

dimensional linear equations (in vy, vy and vy direction successively), i.e.

fo(z,v) = f*(x,v) = fo(z,v1 — tan(0/2)ve, va) — [ (z,v) = f*(x,v1,sin(f)vy + va)
— o8, = f*(x,v1 — tan(6/2)va, vo). (21)
This factorization is very useful to compute the rotation, since, using the semi-Lagrangian
methods, it requires one dimensional interpolations instead of two dimensional interpolation.

Moreover, when the angle 0 is small (i.e. BAt¢t << 1), by approximating sin(z) = z and
tan(x) = z, we get the approximate decomposition of rotation given by

mo= (ot a7 )6 )G D6 ),



(B]

Wthh correspond exactly to the computation of ¢ ,; by using a Strang splitting for equation
, where the splitting steps read:

B

Ouf + 103 V0 f =0, At/2
B

Of — Lvy -V f =0, At
m

B
Of + %w Vo f =0, At/2.

Note that, contrary to the exact splitting , this factorization is not exact: there is re-
mainder term which is evaluated as O(B?At?). Consequently, it is less accurate than
and then the time step can not be taken quite large.

Now, we want to use the splitting methods to approximate the solution f in of the
system (2| . A first order Lie method based on the exponential Boris algorlthm writes

Xai = f(At) + O(AP)
where
XK = ol o o 0 olar,
and then the Strang method based on the exponential Boris algorithm writes
YarE = f(AD) + O(AF)
(which is a second order accurate splitting method) with

Stran, f E B f
Xag &= SO[A]t/Q © 90[A£/2 © ‘P[At] © ‘P[At]/2 © ‘P[Alm (22)

To achieve the second order accurate as Strang splitting, one can consider the composition of
a first-order method like Lie method with its adjoint cf. [3]. This composition method writes

C . . *
Xag = XIK?/Q ° (XIAI?/Q) ) (23)
N .
where the adjoint method (Xlﬁf/g) of the Lie method XIAIE/Q is denoted the inverse map of
the original method with reserved time step, and it writes

(52) = 0 = (971) Ly () a® ()

Since (,D[AEt] /2 is the exact solution of equation on the half-time step At with the initial data

fo, and so 90 Af /2 = fo(v—Ep-At/2) where the electric field Ey is computed from discretization
-1
of the Poisson equatlon at the initial time, it yields that ( [E] ) = fo(v+Ep-At/2) and

PAt/2
hence (cp[ ]) = folv— Ey- At/2) = go[AEgﬂ Similarly, we also have (gpm):l cp[ﬂm

—At)2 T At)2 =

-1
For (go[B]) Aty2) from , we have the inverse solution (go[ABt] /2) writes

fo(z,v) = [ (x, v) = fo(z,v1 + tan(0/2)ve, ve) — f*(x,v) = f**(x,v1, — sin(0)vy, vs)

((p@) = f*(x,v1 + tan(0/2)va, v9), 6 = %%
hence it yields that ((p[B]) N (p[At] /2 Combining these computations, we deduce that the
adjoint of the Lie method <XIA‘f/2>* writes
(XIK%)* = SO[AEE/Q © %O[ABt]/z © 90%1/2 X]Kf/2
Therefore XCompo = XSAttr M8 is of order 2 in time.



2.2 The Scovel method
The characteristic of the splitting underlying Scovel’s method reads cf. [2]:

X(t;s,2,v) = V(t;s,z,v),

. B 24
m
X(t;s,:c,v) =0,
ar _ 4 : (25)
V(t;s,z,v) = =E(t, X(t;s,x,v)),
m

which leads us to the equations associated with the characteristic equations and
respectively:

atf+v-vxf+%¢v-vvf:o, (26)
8tf+%E(t,m)-VUf:0. (27)

Note the following properties of the rotation matrix:

d

GR(=0+7/2) = R(~0), (28)
d d —sin(f)  cos(f) 0 -1
a0+ m/2) = <deR(_6)> R(r/2) = <—Cos(0) —sin(e)> (1 0 ) = R(=0).

Thanks to , the exact solution of the characteristic curves in the equation on one
time step At reads:

V(AL 0,2,0) = R(—0), 0 = %At. (29)
At At C_[B
X(At;0,z,v) =z + V(r;0,z,0)dr =2 + R(——7)vdr
0 m
At d
=z+ B/ ——T—i—ﬂ'/Z)vdT
=x+ 7B [R (—mAt + 77/2) — R(T['/Z):| v
B m ( sin(0) 1 — cos(0) _ 4B
—:E—I-qB (cos(@)—l sin(0) v, 0= mAt. (30)

We can therefore rewrite the equations and in matrix form as follows:

( | 10 25 sin(0) a5 (1 —cos(8))

X(At;0,z,0)y |0 1 Z(cos(f) —1) I sin(6) x _qB

(V(At;(),x,v)) o o w cos(0) qgin(ﬁ) <v>’ b= EAt. (81
0 0 sin(—6) cos(6)

We denote 'y[ABt} and fy[AEt] the exact solutions corresponding to the equations and on

one time step At from an initial condition fy(z,v). From , we can deduce that the exact
solution of equation writes

Yoy = fo(X(0; At,x,v), V(0; At,z,v)), (32)

10



where
apsin(=0)  Z5(1 - cos(f))

aplcos(0) —1)  Tpsin(—6) x _ 4B
cos(6) sin(—0) (v)’ o m At (33)
sin(0) cos(0)

[}

X(0;At,z,v)\
V(0;At,x,v) )

oo O =
o O = O

For step ii., a four-dimensional interpolation needs to be used in order to update the func-
tion values of the numerical unknown on the phase space grid. Therefore, to avoid four-
dimensional interpolation, we propose an exact splitting that allows us to reduce four-
dimensional interpolation to one-dimensional interpolations. To do so, the matrix (33 can
be expressed into two shears:

10 0 0 1 0 Jgsin(=0)  Jp(1—cos(h))

0 1 0 0 0 1 Jp(cos(d)—1)  J5sin(—0) (34)
0 0 cos() sin(—0) 0 0 1 0 ’

0 0 sin(f) cos(d) 0 0 0 1

where the first matrix is decomposed into three shears as (20)) and the second one can be
expressed into a product of four shear transformations:

1 0 Jgsin(=0) 0 1 0 0 0 1 0 0 J5(1—cos()) 100
0 1 0 0 [0 1 J5(cos(d)—1) 0 010 0 010
0 0 1 0 00 1 0 0 01 0 0 01
0 0 0 1 00 0 1 0 0O 1 0 00

leads to an exact splitting in time. In consequence, we just have to solve shear transformations
which are nothing but one-dimensional linear advections. Moreover, for the small angle 6,
by approximating sin(z) ~ 2 and 1 — cos(z) = 22/2 ~ 0, the product of two matrices in ([34)
becomes

10 0 0 1 0 -At 0
01 0 0 01 0 —At| ,_aB,,
0 0 cos(f) sin(—=6) [0 0 1 0 |” " m
0 0 sin(f) cos(0) 00 O 1
which implies that
B B
Tar = Pt 0 Pl (35)

where cp[ﬂ and go[ABt] are exact solutions of equations and and this is equivalent to

splitting the equation into successive equations and . We see that 7@ does not

remain the exact solution of equation ([26)).

(B]

*
We consider now the adjoint solution of 'yg]. The adjoint solution <’y At) reads

()" = (21P) " = Fo(X(~ 850, 0), V(= At;0,,0)).

because of the fact that (a(_ ﬁzgigg) is just the inverse of (igégﬁ:iz;) with the time step

reversed. From and (33]), we get (X, V)(—=At;0,z,v) = (X, V)(0; At,x,v) which yields

* *
that (751) = fy[ABt]. Hence QAB;) is still exact solution to equation . Therefore, we can
(34

use the decomposition as in (34]) to compute the adjoint solution. For symmetric composition

11
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with the adjoint method, the matrix created by (éé:iﬁfg’j’z)&can be decomposed into two

shears that is the inverse of the product of two matrices in (34} with the time step reversed

10 75 sin(—0) qﬂB(cos(@) —1) 10 0 0

0 1 J5(1—cos(d)) . psin(—0) 0 1 0 ' 0 (36)
00 1 0 0 0 cos(f) sin(—0)

00 0 1 0 0 sin(f) cos(f)

where the second matrix is decomposed into three shears as (20]) and the first matrix can be
decomposed into a product of four shear transformations:

1 00 0 1 0 0 Jp(cos(d)—1) 10 0 0 1 0 Jpsin(—0)
0 1 0 5sin(-0) 010 0 0 1 Jp(l—cos(d) O] [0 1 0
0 01 0 0 01 0 0 0 1 0 0 0 1
0 00 1 0 00 1 0 0 0 1 0 0 0
For the small angle 6, the product of two matrices in becomes
1 0 -At 0 10 0 0
01 0 -—At 0 1 0 0 o gAt
00 1 0 0 0 cos(f) sin(—=0)|> =~ m
00 O 1 0 0 sin(f) cos(#)
Hence, we get
B\ * B
(’VLQ) = ol o oyl (37)

*
and <7§]> is not the exact solution of . This is equivalent to splitting the equation

(24) into successive equations (15 and . It is clear that, in this situation i.e. € is small,
from and the solution 'yABt] and its adjoint are different, since these solutions are not
exact solutions for the equation .

Now, we want to use the Scovel method in combination with Strang’s splitting or the
composition with adjoint method to approximate the solution of the system —.
The second order Strang splitting based on the Scovel method writes T2 ™8 = f(At)+O(At3)
with

TAT™™ = Yira © Tas © Yara: (38)

The composition with adjoint method based on the Scovel method writes

Compo _ [ [E] (B] \* (E] [B]
Ta 0= <7At/2 © 7At/2) © (7&/2 © 7At/2) : (39)

* *
Since ('7[AE£/2> = 751/2 and (7[ABt]/Q> = ’Y[AB;}/Z we obtain

Compo __ [B] \* E] \* [E] (B]
P = (7&/2) ° <7At/2) ©Vats2 © Vats2
_ Bl (E] [E] [B] __ 1Stran
= Yat/2 © Vatyz © Va2 © Vayz = Lae .

Therefore the composed Scovel coincides with the Strang splitting based on the Scovel method
and so it is of order 2 in time. Moreover from and , for the small values of B - At,
it is easily seen that the method splitting based on Scovel method is same the one based on
exponential Boris algorithm.

12
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3 Consistency in the limit ¢ — 0 of Scovel method
In this section, we consider the characteristic system of the Vlasov equation () given by

aXa(t;s,x,v) = V.(t; s, z,v),
, BtV.(t; 40
Titisn) = LY L an), e
m m

and the characteristic equation of the guiding-center approximation - given by

. 1 “s.x
Y (t;s,x) = E(t’YB(t’ )

In the sequel we will denote X, (t) = Xc(¢;s,z,v) and VL(¢) = VL(t; s, z,0).
We define then the following combination of the characteristics:

, (t,s) €]0,T7. (41)

4@=L@+%&wm (42)

which is the formula giving the Guiding center position.

Proposition 3.1 For all (z,v) € R?xR2, the evolution of the Guiding Center Z.(t) satisfies:

1
Za(t) — Es(t‘aBXE(t)).

Proof. By direct computation and using of equations (40]) we have:

Z@wa&@+é%&m@

TE(t X (1))
= :

O, (48 Tl

0, = +LE.0x0)) -

m e

[

We consider now the Vlasov equation under the Scovel method, that means the distribu-
tion function f.(¢,x,v) solves successively

0 fo(t, 2, v) + v - Vafe + %lv Vofe =0, (t,2,v) €]0,T] x R? x R, (43)

and
e0uf:(t,2,0) + T Ee(tia) - Vofe = 0, (ta,v) €]0,T] x B? x B2, (44)

where the electric field E. is computed from the Poisson equation after performing the equa-
tion (43]).

3.1 The asymptotic limit for the characteristic curves

First, we observe the approximation of the exact Guiding center position Z. in when
computing the composition of the characteristic equations associated with equations and
respectively. Then we formally analyse the asymptotic behavior of the sequence (Z.). as
€ goes to zero and compare with the position of guiding center approximation in . The
characteristic equation associated with equation is

EXE(t) - Vé(t)7

t>0

N -
_ 4B V)

eVL(t) ——

13



and with equation being
OIS t>0
eVa(t) = - Eu(t X (1),

where the electric field E. is computed from the Poisson equation.
Using the formulae -, the exact solution of the subflow £!(¢) reads then

X = eXel0) 4 R (-2 4 wj2) - Rin/2)| V.00,
Voo =R (—fg@) V2(0), (45)

and the exact solution of the subflow £2(t) with the initial condition (X, 4, Vz) reads
X (t) = eXey,

t
eVL(t) = Vi + % / B.(s, Xe.,)ds. (46)
0

Combining and we get the approximate characteristic curves of the Vlasov equation
under the Scovel method

m qB t
X.(t) = X.(0) + B [R <_m52 + 77/2) - R(ﬂﬁ)} eVz(0),
qB t q [t
eVo(t)=R i eV (0) + m ), E.(s,X:(s))ds. (47)
Substituting the second equation into the first one of (47)), we obtain that
t L
_ m q ["ZEe(5,Xe(9)
X(t) = Xo(0) + ZpR(m/2e Valt) = Ve(o)) + £ [ =2,

Then, using , this equation becomes:

Z.(t) = Z.(0) + /Ot ng <s, Z.(s) — deWE(s)> ds.

Therefore, the system can be re-written for (Z,,eV;) as:

t L1

20 = 2.0+ [ (5.2~ Bl as

0

V() =R <—n;;> V() + 2 /Ot E. (5, 2.0 - 2R (‘59;) elvs(0)> ds. (48)

We expect that the family of trajectories (Z.,eV.),. is stable as the parameter £ becomes
small, and we are looking for the limit trajectory (Z,V) = lim._o (Zc,eV.). Obviously, we
see the appearance of two time scales, a slow time scale depending on the variable ¢ and also
a fast time scale depending on the variable s = t/e2. In order to establish the convergence of
(Z2,€Ve),~q, we appeal to a standard result in homogenization theory, c.f [6].

14



Proposition 3.2 LetU = U(z,t,s) : OxRy xRy — R be a function in LP (O x Ry; Cy(Ry)),
where O is an open set of RN and Cs(Ry) stands for the set of continuous periodic of
period functions of period L > 0. We consider rapidly oscillating function of the form
Us(z,t) = U(z,t,t/e). Then we have U, — < U > (z, t) as e — 0 weakly in LP(O x Ry) for

p € [1,00) and *-weakly in L>®°(O x R,), where < U > ( - fo (z,t,s)ds is the mean

value of U with respect to s.

Now, we formally show that the limit trajectory (Z,V) of (Z.,eV;).5, in satisfies the
following equations:

2(t) = Z(0)+/t B <s,z<s) V(s )> ds,

m/ o /27r <s Z(0 ——R( 9)%/(0)) dfds. (49)

Indeed, by Proposition 3.2 we have the following weak-x convergences in L™ (R?)?

R (—qt> .0 = L [ R(—0)dov(0) =

2)Tr/ < ~ %R (;};;) sivg(o)) ds
m/ gﬂ/ <SZ —*R( 0) V(O))d@dsass—)O.

Substituting these approximations into the first equation of and then passing to the
limit, when € goes to 0, leads to (Z, V) satisfies equation .

We see that from the first equation in the system the time evolution of particle’s position
Z(t) is not compatible with the characteristic position of the guiding center model. Thus
when € — 0, the guiding center position Z. does not approach the correct trajectory.

and

3.2 The asymptotic limit for the density particle

We will use the splitting scheme — to approximate the distribution function f.(¢,z,v)
and then compute the density particle p.(t, ). We show formally that the limit p(¢, z) of the
sequence (p). when € goes to 0 is consistent with the guiding center equation, based on the
work of Miot in [7]. Motivated by the computation in the Proposition 3.1, we introduce the
change of coordinates (x,v) — (Z,v) and consider the gyro-coordinates given by

At any time ¢ € [0, 7], we introduce the new distribution of particles f.(t) in the new coor-
dinates (Z,v), that is

f-(t,z,v) = f-(t,z,v), =7 —c—.
We

Performing the above change of coordinates allow us transform the equations — of
presence density f. into equations of f. which give respectively by:

15



Proposition 3.3 We have

1
O f-(t, 7, v) +wc?§ Vofe =0, (t,5,0) €[0,T] x R? x R?, (50)

and

B J.EE 1 _ E 1 B
atfa + ? (t,$ - €v> : vif& + %?E (t,x - 5,0) : vvfa = 07 (tafﬂ}) € [O,T] X R2 X R2'
(51)
Proof. We compute:

atfs :atfsv vxfs :v:ffsv

and

vvfa = ! (avj)vifa + vvfa :t <€R(_ﬂ-/2)> vo’c.fe + vvf; = wiR(ﬂ-/2)vifa + vvfa'

We c
Combining the above computations we obtain that

Eatfa + - va:fa + %LU : vvfa = Eatfa + - vi:fa + %LU : |:5'R(7T/2)fo5 + vvfe:|

c

— — — w —
= 58tf5 + - vifa —U- viﬁfa + ?CJ_U : vvfa
= 58tf5 + %J—U : vvfsy

and we also have

_ £ _ _
5atf5 + %E(ta ZL') : vvfe = Eatfzs + %Es(tv l‘) ' |:wR(7T/2)sz5 + vvfs:|
~ g L B 1 B
= el fe + e—= (t,i‘ - 5U> “Vazfe+ gEe (t,a_j - 50) -V fes
B We m We
which yield the result. ]
We then consider the macroscopic density in the gyro-coordinates Z, that is
_ Ly
pe(t,x) = fe(t,z,v)dv = / fe(t,z — e—,v)dv.
R2 R2 c

After integrating into the equations in Proposition 3.3 with respect to the velocity v, the
density p. solves successively the following equations:

Proposition 3.4 We have

Oupe(t,7) = 0, (1,7) € [0,T) x R?, (52)
and
J_Es J_U B
Oup(t, 7) + divs [ / (t,x - ) fadv] —0, (7)€ [0, T xR (53)
R2 B We

Proof. The first equation is obvious since

/ LoV, fodv =0.
R2

16



For the second equation we have to show that

Ly ~
/ E. <t,a’c — 5> - Vyfedv = 0.
R2 We

After using the integration by partial w.r.t the variable v, we have to compute the divergence
of the following term

J"U J‘U J‘U
div, [EE <t, T — 5)] = 0, B} <t, T — 5) + Oy, E? (t, T — s>
We We We

1 1
— (0,5 (m _ g”> _ £ (0, (m _ 5”)

wC wC Cc wC

=0,

where we used E. = (E}, E?) = —(0,, ®c, 92, ®.), hence the second equation of Proposition
3.5 follows. |

Remark 3.1 We see that the evolution of the density particle from the equations —
does not contain the fast scale, so a very small time step is no longer required to simulate
well. Then we compare it with the exponential Boris algorithm presented in Section 2 when
applying the above procedure. In this procedure splitting, the simulation of density particle

will be affected by the time step. Indeed, we appeal the exponential Boris algorithm for the
Vlasov equation as

58tf8(t7 l‘,U) +v- vxfa = 07
Eatfg(t,.’lf,"l)) + %J—U : vae = 07
Eatfg(t,l’,’l)) + %Ea(tax) : vvfa =0.
When we apply the above change of coordinates, the above equations becomes:

satfe(t,:i,v) +v-Vaf. =0,
SO (4,7,0) —v- Vafo + 2oV, f =0,
i i 1
Opf-(t) + Ee (t,gz —sv) -Vafe+ a ke <t,:7: —gv> Vufe =0.
B w m €

(& wC

Integrating these equations w.r.t the variable v, we obtain
e0pe(t) + Vz - / vf.dv =0,
R2

edpe(t) — Vz - / vf.dv =0,
R2

J_EE J_,U B
8t,(_)5(t,f) -+ lej |:/ B (t,.i‘ - €w> fgd?):| = 0.
R

2 c

We see that the stiff term is still present in the above system. Therefore, in order to obtain
good results with this method, the time step At has to be the same order of € which penalizes
the method in terms of CPU time cost when we consider a very small €.
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Finally, we will formally check the asymptotic behavior of the sequence of density particle
(pe)e. Passing formal to the limit as € — 0 in the equations of Proposition 3.4 yield

1

FE

pltz) =0,  Ouplt,x) + div, [ / 0D p4, 2, )| =0,
R2

Therefore we get the density limit p solves successively the following equations:

LE(t,x)

Op(t,x) =0, Op(t,x)+ -Vzp(t,z) = 0.

Proposition 3.5 (formal) Assume that the family (E:):>0 is uniformly bounded in L>° (R x
R?) and the sequences (p:)e>o satisfy the equations in Proposition 3.4, with the initial data
(fe,0)e>0 be a non negative presence density satisfying

sup/ / feo(Z,v)dzdv < 400.
e>0 JR2 JR2

Then, there is a sequence (ex)r such that p., — p, E-, — E as e, — 0 and the limit (p, E)
solves successively the following equations:

atp(ta 'f) = 07
L

Oup(t, ) + = (1,7) - Vaplt, 7) = 0, (54)

in the sense of distribution.

Proof. The uniform boundedness w.r.t ¢ > 0 of the total mass [po [po fe(t)dzdv and the
electric field E. implies that there exists p € L>([0,T], M+ (R?)) and E € L>([0,T] x R?),
such that up to extraction of a subsequence (p, ),, the following convergences hold as k& —
400

pey = pin L([0, T), M*(R2)) weak — ,
E., — E in L*([0,T] x R?) weak — *.
Let ¥ € C5°((0,T) x R?), from the equation (53)) we have

d
S L= [ penavins
dt ]R2 ]Rz

1E Lo\ -
+/ ViU(t,z) - (/ “k (t,a‘c —€k> fak(t,i,v)dv) dz.
R2 R2 B We

Observing the first term in the above expression we get

/ P (1, )00 (t, )T — / Fo (6, 0)0,0(, 7)dzdo
R2 R2 JR2

1
= / / e <t7$ - €kwv,7)> 0V (t, z)dzdv
R2 JR2 c

1
= /2 2f€k (t7j7’1)) atlp(t)j:'i_gk )dfi’di}
R? JR

v
We
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Similarly for the second term,

LE Lo\ -
Vz¥(t,z)- (/ “k <t,:z — 5k) fer (t,:f,v)dv) dz
R2 R2 B We

J_,U J_E
:/ Val(t,7 4+ ep—b) - —2k (4, 7) £, (£, 7, 0)dvdz.
R2 JR2 We B

Finally, we obtain

d

4 mgu@wwafz/“/'ﬁgu@vﬂwwaz+%
dt RQ RQ RQ

1
“Ndzdw
Lo LE.

[ [ Veuea ) S (10) fo ) deds
R2 JR2 w B

Cc
The expression on the right of this equality can be rewritten as

€1

[ pa 0000+ [ Taw(t.)- = () oy (120
RQ RQ B

L
—I—/ / fer (1, Z,0) [&\I/(t,a_c + «Sk—v) — 0y (t,z)| dzdv
R2 JR2 We

Ly LE.
+/ / I:Vj\lf(t,l'—FSk) —V;,,\I/(t,x)] . E(t,T) fe,, (t, T, v)dvdz.
R2 JR2 We B

By using Lebesgue’s dominated convergence theorem and the fact that we assumed that
the uniform boundedness of electric field E.,, € L°°, as e — 0, we deduce, for any ¥ ¢
Cs°((0,T) x R?), that

1
E
4 p(t,2)¥(t,z)dz = / p(t,z)o¥(t,z)dz + | VzVU(t,T) - — (t,7)p(t, z)dz,
dt Jre R2 R2 B
which yields the equation (54]) after integrating w.r.t the variable time ¢. ]

4 Numerical scheme

This Section will be devoted to the construction of a numerical scheme for the splitting
scheme — using the semi-Lagrangian method. We will perform the analysis of the first
order numerical scheme: we check formally that this numerical scheme provides a consistent
discretization.

Let At > 0 be the time step and denote t,, = nAt for n > 0 as the discretisation of
the t-variables. Then denoting f: ,,(x,v) with the approximation of f.(t,x,v), psn(x) with
the approximation of p.(t,,x) and E; ,(z) with the approximation of E.(t,,x). We define
(Xs,'m Va,n) = (X& Ve)(tn; tn-1, Xs,n—h Ve,n—l)-

4.1 The first order numerical scheme

The numerical scheme of the forward trajectory of particles (X.(t), Vz(t))
Now we give a time discretizations for equations — based on the explicit Euler scheme.
The discretization in time of the equation on a time step At can thus be written as follows:

me? qB At
5Xa(tn+1/2; tn, Xa,m Vs,n) = 5Xa,n + qu |:R <_m62 + 7T/2> — R(?T/Q):| Va,ny
) qB At
‘/E(tn+1/27 tna Xe,ny ‘/;‘,n) =R (_mEQ) va,na
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and we evaluate the distribution function at time ¢,, at the foot of the characteristics starting
(m,v) at time ¢, 1/ as

fa,*(xa ’U) = fs,n(Xa(tn; tn+1/27 x, ’U), Vva(tn; tn+1/27 x, ’U))

Then we compute the electric field E. at time t,,4.1 by substituting f. . in the Poisson equation.
Hence the discretization in time of the equation on the time step At becomes

€X€,n+1 = gXE(tn—f—l/Q; tna XE,na Vz—:,n)a
5‘/:5,n+1 = 5‘/2-:(7571,-4-1/2; tn, XE,’I’La ‘/s,n) + %AtEs,n+1(X5(tn+1/2; tn, Xa,na ‘/s,n))

Therefore the numerical solution at the time ¢, for trajectory particles is

B At
Xepir = Xem + 2 [R <—qm€2 + 7r/2> - R(ﬂ/2)] Ve,

(55)
5Va,n+1 =R <_€2> Eva,n + %AtEe,n—l—l(Xe,n—f—l)-

We now study the position of the guiding center by substituting the second equation in the

first one of

LE X
Xepit = Xop + TER(m/2)e [Vorss — Vo] + Ap— Lzt Kent1)
k) k] qB 9 ) B
Using then the formula , we can rewrite this equation as
Zemi1 — Len = AtLEE’"H(XE’"H)
en en — .

B
Finally, the system can be re-written for (Z; ,eV.,) as

Ze n+l — Zen LE& n+1 m
M ) 9 J_
= Za,n+1 - 9 Vva,n—&-l )

At B qB
qB At q m qB At
Eva,n—f—l -R <_m52> 5Vs,n = EAtEs,n—s-l (Zs,n - ER <_m52 5L‘/&t,n s (56)

with the initial data (Z. 0, Vzo) = (XE,O + q%&v;p, VE,O).

Proposition 4.1 (formal) Assume that (Ex,,)->0 is uniformly bounded in L>([0, T] x R?)
and consider a time step At > 0, a final time T > 0 and set Ny = [T/At]. Assume
that the sequences (Xcn, Ven)eso and (Z:n)e>0 given by and respectively, for all
1 < n < Nr, and the initial data (Xc0,eVe0)eso s uniformly bounded in L>(R?)* with
respect to € > 0. Then, for 1 <n < Np, Z.p, = Z,, and eV, — V,, weak-x in L>(R?)?2, as
e — 0 and the limit (Zy, V) o<n<Np—1 satisfies the following equations:

Zn+1 — Z _ J_E‘n—i-l 7 _ m
At B B )
1 27 q m N
Vel = At— —F, Zn— —R(=0)"V, | db. 57
a=aig [T g (2,- Dr-0rv) (57)

Proof. For all 1 <n < Np, we consider (Z; ,,eV;,) the solution to (56|) now labeled w.r.t
e > 0. Since the family of electric field (E.,)e>0 and the initial sequence (X ,eVz ) are
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uniformly bounded in L*>°(R?)* w.r.t &€ > 0, hence the sequence (Z. ,,, V- ) is too. Therefore,
we can extract a subsequence labeled by € and find some (Z,, V;,) such that

Zeym = Zny, €Vepn — Vi weak —x in LOO(RQ) as g, — 0.

Thanks to the Proposition 3.2 we get the following weak-x convergence in L>(R?)?

At 1 [
R ( m ) Vom — — | R(=0)d0V;, =0,
27 0

qB Ek
and
m gB At 1 1 [ m 1
E n Z n- n - - En Zn - TS - n .
e,n+1 < €ks qBR< m 5% ) €k ng’ > o ) +1 qBR( 9) V, | dé

Substituting these limits in the equations of and passing to the limit as ¢ — 0, we
obtain that the limit (Z,,V,,) satisfying . We are done if we show that the limit point
(Zy, Vy) is uniquely determined. The uniqueness of the limit point V,, can be easily seen by
the second equation of and that of the limit point Z,, by observing that the first equation
of can be written as

m B At m
Za,n-i—l = Za,n - quR <_q2> 5LV5,n + qugLVE,n-i-L

m &

[

The full-discretized numerical scheme for the distribution function f; ,(z,v)
First of all, we assume that the initial distribution fy € C}(R? xR?) whose support is included
in some 2 = [~ R, R]?> x[~vg, vg]?> C RZxR? for R > 0, vg > 0 large enough and we introduce
the finite uniform mesh points (z; ;, vx,;) whose coordinates are denoted by

xij = (xi,25), (4,5) €0,1,2,..., Ny —1 and vy = (vg,v1), (k,1)€0,1,2,...,N, — 1

to discretize the phase-space computional domain (z,v) € 2 where Az, Axg are the sizes of
one cell in z;, x; directions and Awvy, Avy are the sizes of one cell in vy, v; directions. Then,
we give the value of distribution function f. at the mesh points (x; ;,vk,;) at any given time
t,. Therefore, the numerical scheme which allow us go to from time t, to t,11 and compute
fen+1(ij,vg,) using the characteristics backward in time can be described as follow:

(A1) Computing the distribution function at time ¢,,1/, at the foot of the characteristic
subflow &£} starting (2i,j,vk,) at time ¢,41 using the Lagrange interpolation operator. This
action is given by the operator T: as follow:

ﬁfe,n(fvi,j; 'Uk:,l) = H,Tlfe,n(xi,j’ Uk7l)7
where II is the Lagrange interpolation operator with
Tifen(@ig,veg) = fen(Xe(tng1/2i tnr1, Tigs Vit)s V(g1 /2 tntts Tigs Vkit))s

and

B At v
Xe(tng1/2itnt1, Tig, V) = Tijj + [R <%n + /2) (7r/2)} 5%7

qB At
Ve(tngay2i tat1s Tigs vkt) = R < m &2 ) o
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The output from above is integrated with respect to velocity to provide an approximation
for the density at time ¢,41,

T Leltrrsig) = [ T ol v)d,

which is then substituted into the Poisson equation to compute the approximation of the
electric field at time ¢,4;, that is

Eent1(xij) = —VaoPenii(ij), —€0DaPenti(zij) = q/2 ﬁfa,n(xi,jav)dv-
R

(A2) The result obtained from (A1) is computed the distribution function at time ¢,, at the
foot of the characteristic subflow £2 starting (Xe(tng1/25 tnr1s Tigs Vit), Ve(tg1 /25 tnrts Tigs Uit))
at time ¢, 1o with the electric field E. 11 using the Lagrange interpolation operator. This

action is described by the operator T3 as follow:

Tofem(@ij, vit) = OTofe (@i j, v1),
with
Tafen(@ig, vk1) = fen(Xe(tn; tug1/2, Tigs Vi) Ve(tns tny1 /2, Tigs Vi),
where
Xe(tnstng1/2: Tig, Vi) = Tijs A
q At
Ve(tnstng1/2, Tijs V1) = Ukt — —— Eeny1(i5).
m e
If we use such a method, due to the é—frequency oscillations of the electric field, we have to

guarantee the accurate simulation of the scheme using the semi-Lagrangian solvers. There-
fore, the time step At must satisfy the following condition:

At < O(elvgl), (58)

where vr denotes the maximum value in the velocity grid.
Finally, the full-discretized numerical scheme can be written as:

Fema1(@ij,vp0) = T2 0 T e (Tigs Uk ), (59)
and then we compute the density p. 41 given by

Ny—1

pent1(Tig) = AviAvg Y feni1(wi,vey).
k=0

The asymptotic limit of full discretization for density (p:n)s>0

In the Section 3.2, we have been analysed the asymptotic limit of the semi-discretization in
time for density particle p.. Now, we want to study the asymptotic limit property of the
full discretized density pen+1(2ij), as € — 0. To do this, we rewrite the formula of the
distribution function f; 41 in as:

73 o IITh fo (i g, Vi) = I T2 © Til fe (@i, vig) + O((Azq)P(Ax2)P) + O((Av)P(Avg)P),

where p denotes the degree of the Lagrange interpolation operator. Hence, considering the
fine phase space mesh, we can expect that

72 o IITh fen (i j, vit) = ILfen(Xe(tn; tng1, Tijs Ok 1), Ve(tni tnst, @i, Uk t)),
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where [T2 0 Ti] fen (@i, k1) = fen(Xe(tnitngt, Tij Vi), Ve(tn: tng1, Tij, viy)) with

qB At

Uk,
Xg(tn;tn_l’_l,xi’j,vk’l) =5+ |:R ( m —|— 7T/2> (7T/2):| Ej,

Cc
qB At qg At
Ve(tn;tnt1, Tij,vpg) = R ( o o2 ) Vg, — E?Es,n—i-l(xi,j)'

We now give a formal proof that the density p., obtained from f; ,

Ny—1

Ps,n+1($i,j) ~ AviAvy Z Hfz—:,n(Xs(tm tn+1, Zi g, Uk,l)a Vs(tn§ bnt1, Ti 5, Ukl)) (60)
k,1=0

is a consistent first order approximation w.r.t At of the guiding center model, that is
Pen — Pn, as € — 0,

and the limit (py,), is a first order numerical solution w.r.t At of the guiding center equation
provided by the semi-Lagrangian method. Before passing to the limit, we need the following
Lemma:

Lemma 4.1 Let us consider a time step At > 0, a final time T > 0 and set Ny = [T/ At].
Assuming that the initial distribution function fo(x,v) whose support is included in =
[~R, R]? x [—vgr,vr]? and (f-n)o<n<ny—1 is the numerical solution of the Vlasov-Poisson
system, computed by the numerical scheme in . Then, for 1 <n < Np, we have

1

Vgl

Tifen(ij,veg) = Tifen(zij—€ - k1) + O(e).
C

Consequently, we get

Tz o0 ’Tlfa,n(fi,ja Uk,l) =

B At v B At At
fmmw+n(q +/@ kﬂn<q )wf—qume»+0@.
m w m 5 m £

C

Proof. Since

Tifen(Tig,ve1) = fe(tn, Xe(tnitni12 Tig, Vk)s Ve(tn; tug1/2, Tig, Vi)
qB At V.| qB At
= Je tna i,j 2 2 =
et + R (257 4 mj2) ~ Rin/2)] 24, R (225 ) ),

c

we get

kal
ﬂfe,n(xi,j - 57 Uk l)

[ <qB At 7r/2> = R(m)] =R (‘f?ﬁ) Vk,1)
At
2

B At
+7T/2> €vk’l,R <q2> ka).
w m €

C

= fs(tm Tij —

qB
— fE(tn, T+ R (
m

Hence we deduce by the mean-value theorem that

L
Ukl
|Ti fen(@ij,vng) = Tifen @iy — € .

Cc

€
vg1)| < o IV fe(tn)lloo|vr,| < Ce,
Cc
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where C' = C(we, fo,vr) and then it implies that

J‘U
Tifen(@ig,vrt) = Tifen(@ig — " vpg) + O(c). (61)

Finally, we apply the operator 7> to and we obtain

1
T2 o Tifen(xij,viy) = T2 0 [Tlfa,n(ﬂﬂi,j —€ :k7lvvk,l):| + O(e)

C

[

qB At Vg1 qB At q At
= f57n<1'i7j +R (m52 + 7T/2> o , R <€2 Vil — E?E57n+1($i7j)) + 0(8),

since the operator 73 is linear. O

Thanks to the Lemma 3.1 we have that

Ny—1
AviAvy > T 0 T fe (i g, Ury)
k=0
et qB At tog, qB At q At
= A’U]_A’UQ k;o Hfg,n(xihj — R E? . ,R H{;‘T Vgl — E?Eg7n+1(xi7j)) + 0(5)
Ny—1 L
Ukl q At
= Av A I i — ’ —=—F i O(Avi A O
V1Av2 kzl_:o fen(zij—e e R S—— en+1(2i5)) + O(AviAvg) 4+ O(e),
) qB At ..
where we used the change of variable vg; — R(—-——— vk, to filter the fast rotation in
m €

velocity. The error O(AviAwvy) comes from the fact that the discrete integral over the

velocity variable is not conserved by a rotation. Performing then the translation wvi;

At
Vg + g—EanH(xi,j) to remove the stiff term, with the condition (58 to ensure that this
m €

change of variable is well defined in the velocity grid. If we consider a fine mesh in the
direction of velocity, we can expect that the density p. p41 in can be approximated by

No—1
pent1 ~ AviAvy Y T[T 0 Ti] fen (i g, vry)
k,1=0
Nt At Ly
k.l
~ A’UlAUQ Z Hf&n(x@j — fLE&y%Fl(xi’j) — & : ,UkJ) + O(E) (62)
k,1=0 We

Formally passing to the limit as ¢ — 0 in , we obtain that

Ny—1

At
Prn+1(wij) = AviAvg Z O f (2, — glEnJrl(:Ui,j)avk,l)
k,1=0
No—1
= At
=Y Tpa(wi, - = B (@),
k,1=0

which is a consistent first order approximation with respect to At of the guiding center model
provided by the semi-Lagrangian method.
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4.2 The first order adjoint scheme
Now we consider the first order which is an adjoint of Lie method in Section 4.1

eX.(t) =0,
E 1) : over At >0

8‘./5(75) = %Ea(tv Xa(t))7

eXo(t) = V(1),
At >0
gg(t) . over
. BV (t
eVa(t) = L& )
m €
We give a time discretization for these equations based on explicit Euler scheme. The dis-

cretization in time of the equation £1(t) on a time step At can thus be written as follows:

5X£,* = 5Xa,na
Ve =Vin + %AtEE,n(XE’n),

and the equation £2(t) with the initial condition (X, Vz,) given by

m qB
Xs,nJrl = Xs,* + qu |:R <_'m52At + 71-/2) - R(T‘-/2):| 5V€(tn+1/2; tn, XE,TL’ VE,n)a
qB

Vs,nJrl =R <_At> ‘/z-:,*'

Therefore, the numerical solution at time t,11 for the trajectory particles reads:

m

B [R <§§At - 77/2) - R(W/Q)} (Ve + %Am&n(xm» ,

B
Vins1 =R <—q 2At> (ev;,n + iAtEE,n(XE,n)) :
me m

XE,nJrl = Xs,n +

(63)
We then evaluate the distribution function at time ¢, at the foot of the characteristic curves
starting (z,v) at time 41

fE,TL+1($7 /U) - fE,TL(XE(tTLa thrla x, U)a VYE(tna thrla x, U))a

which is substituted into the Poisson equation to compute the approximation of the electric
field at time ¢,,41.
In order to study the guiding center position, we substitute the second equation into the first

one of to get

m LE. (X
Xe,n-{—l = Xe,n + £R<7/2)5[%,n+1 - Vs,n} + Atsmés,n).

Using then the formula , we can write this equation for Z. , as
Ze,n+1 - Zs,n o J_E‘es,n()(an)

At B
Finally, the equation can be rewritten for (Z.,,Vz,) as

Zs,n+1 - Zs,n o J_E‘s,n m
Az =5 (Zen - WB° Ven),

B
R <th> Eva,n—I—l = Eva,n + %AtEs,n(Za,n

me?2

m

— q—BELVa,n). (64)

25



Proposition 4.2 Assume that (E. ;)0 is uniformly bounded in L>(R?)? and consider a
time step At > 0, a final time T > 0 and set Ny = [T/At]. Assume that the sequences
(Xem, Ven)o<n<nNg and (Zepn)eso0 given by and respectively, for all 1 < n < Np,
and the initial data (Xc0,eVz0)e>0 is uniformly bounded in L>(R?)2 with respect to ¢ > 0.
Then, for 1 <n < Np, Z.p = Zy, and eV, — V,, weak-x in L>®(R?)2, as ¢ — 0 and the
limit (Zy, Vi)o<n<Np—1 satisfies the following equations:

Zpa1 — 2. 1E m
n+1 n o _ n(ZnJ_Vn>,

At B qB
q mo
V, = —-——AtE,(Z, — —V,). 65
m ( qB ) (65)

The full discretized numerical scheme for the distribution function f; ,(z,v)
(A1) Computing the distribution function at time ¢, /5 at the foot of the characteristic
subflow &} starting (xij,vk,) at time t,41 using the Lagrange interpolation operator. This
action is described by:

Tifer @i gy vng) = OT1 fen (g, i),
where
Tifen(@ig, veg) = fen(Xe(tng1/2i tnt1, Tigs Vi) Ve(tng1 /25 tntts Tigs Vkit))s
with
Xe(tpp1/25tnt1, Tig, Vkt) = Tij,

q At
Ve(tnsi/2 tnt1, Tijs Vkl) = Uk — E?Ea,n(xi,j)-

(A2) The result obtained from (A1) is evaluated at time ¢, at the foot of the characteristic
subflow &2 starting (Xe(tp1/25tnr1, Tigs Viet), Ve(tnii /s tatt, T4 g, vky)) at time ¢, 14 /o using
the Lagrange interpolation operator. This action is given by:

7-2fs,n(1‘i,ja 'Uk,l) = Hﬁfs,n(xi,jy Uk,l)7

with
Tofen (@i, k) = fon(Xe(tns tugry2 Tigs k1), Ve(tni trg1y2: Tigs Vi),
where
m B At
Xe(tn; tnyi/2, Tigs Vkt) = Tij + B [R <qm€2 + 7T/2) - R(”/Q)} EV,L
B At
Ve(tnstngi/2, i, vkt) = R (371&) £V

Finally, the numerical scheme can be written as:

femt1(@ig, vnt) = To 0 Tife (i g, va)-
Then we compute the density p. 41

Ny—1

Pent1(xij) = AviAvg Z fent1(Tij, V),
k,1=0

and then solve the Poisson equation at time ¢,,11 to get E p41.
The asymptotic limit of full discretization for the density (p:n)e>0
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In the same way as the proof in the subsection 4.1, we can conclude that the limit of particle
density pen+1(2i;) approximates pn11(x; ;) when e goes to zero which satisfies the following
equation

gLEn(wi,j)),

pr+1(Tig) = pp (25 — i

which is a consistent first order approximation with respect to At of the guiding center model.

4.3 The second order scheme

We will now consider the second order scheme (39) which is the composition of Lie method
and its adjoint over the time step At/2. Therefore, the first stage corresponds to

m qB At
Xe,n+1/2 = Xen + qu [R <_Tn€22 + 7T/2> — R(W/2):| eVen,

qB At q At
eVenr12 =R (—mggz> eVen + E?Ea,n-‘rl/Z(Xa,n-l-l/Q)a

where the electric field F; at time ¢,/ is computed thanks to the resolution of the Poisson
equation with the distribution function

fa,*(% U) = fa,n(Xa,*7 Ve,*)y

where the characteristic curves (X. ., V. ) are given by

Xep=1+ q% [R (‘fﬁ; + w/2> - R(ﬂ/2)] ev,
Vex =R (f;) .
Then, the second stage is given by
KXemt+1 = Xeny1/2
2. +q% [R (—C'ifi; + 77/2> - R(”/Q)} (€Vs,n+1/2 + glétEs,n+l/2(Xs,n+l/2)>
eVent1 =R <—(I£QA€§> <5Vs,n+1/2 + glitEs,n+1/2(Xs,n+1/2)> -

Finally, the numerical solution of trajectory particles at the time step ¢,41 is given by

)
qB At q qB At
eVent1 =R <_m52> eVen + EAtR 922 B ni12(Xent1/2)s
m qB At
Xept1 = Xep + B [R <—m52 + 7T/2) - R(”ﬂ)} eVen (66)
qB At Eent1)2
+At [R <_m252 + 7T/2> - R(W/Q)] T(Xs,n+1/2)'

In order to study the guiding center position, we substitute the first equation in the second

one of to obtain

1
X€7n+1 = Xa,n + 772(7‘(‘/2)8[‘/57714_1 — ‘/:5771/] + At B

B

E.n
;n 77+1/2(‘Xs,n—|—1/2)'
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Using then the formula , this equation can be written for Z, ,, as

Zenit = Zem " Eoniiyo
e,n N en _ 5; (X57n+]_/2)7 (67)

Finally the equation (66) can be re-written for (Z. ,,eV; ) as

);

Zent1 — Len LEE n+1/2( R qgB At\ m Ly
At B Xen

“me2 2 ) ¢qB "

eVeni1 =R < QAt> eVen
me

q ¢B At gB At\ m
+ mAtR( me2 9 )Ea,n—s-l/z(zem _R< me2 2 qBE Ven)-

Passing formally to the limit as ¢ — 0, we get

Znt1 —Zn _ 1 2 LBy
At 27'(' 0 B
2T

q m |
Vi = LAt [ R(=OVE, 1 ,5(Zn — R(—0)22117,)d6.
= at ) (=0) Epy1/2( ( )qB )

m
Zy — R(—0)—1V,,)do,
( R( )qB Vi)

The full discretized numerical scheme for the distribution function f.,

(A1) Computing the distribution function at time ¢, ., intermediate between t,, | /2 and tpq1
at the foot of the characteristic subflow £! starting (@i, vE,) at time ¢, 41 using the Lagrange
interpolation operator. This action is described by:

Ti fen (@i, vna) = T fen(2i g, vr )

where
Tifen(@ig, Vi) = fon(Xe(tnx tng1s Tig, Vi), Ve(tnwns tnt1, Tijs Ukt))
with
m qB At
Xe(tnons tn 15 Tij V1) = Tij + B R ( o 922 7T/2) (W/Q)] EV
qB At
Va<tn,**§ tnt1, i, Uk,l) =R <m252 Vg 1-

The output from above is integrated with respect to velocity to obtain an approximation for
the density at time ¢, /9, which is then substituted into the Poisson equation to compute
the approximation of the electric field at time ¢,,, /o, that is

E(tyi1/2,7ij) = —=Va®(tyr1/2,Tij), —€0lzP(tnq1/2,7ij) = Q/R2 Ti fen (i3, v)dv.
(A2) The result obtained from (A1) is computed at time ¢, /o at the foot of the charac-

teristic subflow &2 starting (z; ;,vk;) at time ¢, 4 with the electric field E(t,41/2) using the
Lagrange interpolation operator. This action is described by:

Tofen (@i, ve1) = OTafen(ij, vi),

where
Tofen(@i g, k) = fen(Xe(bnr1/2; tnss Tigs Vi) s Ve(tng1 /25 tnsss Tigs Vi)

28



with

Xe(tnxitnr1/2, Tig, V1) = Tij,
q At
Ve(tnsstngt/2s Tig, Vkl) = Vgt — E%E\E,n-&-lﬂ(l‘i,j)'
(A3) The result obtained from (A2) is evaluated at time ¢, , intermediate between t,, and
tnt1/2 at the foot of the characteristic subfow E2 starting (7 j,vk,) at time tpy1/2 with the
electric field F,, /5 using the Lagrange interpolation operator. This action is described by:

Tofer @iy ve1) = OTafe (i, i),

where
Efs,n(xi,ja Uk:,l) = fe,n(Xs(tn,*; tn+1/27 L5, 'Uk:,l)v Vs(tn,*§ tn+1/2> L 5, 'Uk,l)

with

Xe(tnws tns1/2: Tigs Ukg) = Ti g,

q At
Ve(tnx tngt /2, Tigs Vkt) = Ukt — E%Es,n+1/2(xi,j)-

(A4) The result obtained from (A3) is computed at time ¢, at the foot of the characteristic
subflow &} starting (xij,vk,) at time t,, using the Lagrange interpolation operator. This
action is described by

ﬂfe,n(l'i,ja 'Uk,l) = H’Tlfe,n(xi,jy Uk,l)y

where
’Tlfs,n(xi,ja Uk,l) = fs,n(Xs(tm tn,*a T 5, Uk;,l)a Xs(tn; tn,*a L 5, 'Uk,l)),
with
m qB At
Xe(tns toges Tijs Viy) = Tij + B [R <m€22 + 77/2> - R(W/Q)} EVL, I,
qB At
Ve (tn; bnes Ti gy Uk,l) =R (nwg2> Uk,

Finally, the second order numerical scheme is given by
Jemt1(@ig, ve) =Ti0Ta0Ta 0 Ti fen (i, Vi),

then we compute the density p. 1

Ny—1

Pen+l = AviAvg Z fe,n—&—l(xi,javl,k)-
k=0

The asymptotic limit of full discretization for the density (p:)s>0
In the same way as the proof in the subsection 4.1, we can conclude that the limit of density
Pen+1(zi ;) approximates p,11(x; ;) when e goes to zero which satisfies the following equation

At
pr+1(Tig) = Upp (w5 — §LEn+1/2($i,j))

which is a consistent second order approximation with respect to At of the guiding center
model provided by the semi-Lagrangian method.
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5

Int
Sub

The Algorithm

his Section, we review the main steps of the splitting methods which are presented in the
sections 2.1 and 2.2 in the case of directional splitting with constant advection.

Initialization: fo(x,v) is given. We then can compute p(0, ) = ¢ [g2 fo(z,v)dv and compute

the

electric field F by solving the Poisson equation. Update from ¢,, to t,+1 = t, + At with

f™ is known at all grid points (z,v) and E™ is known at x.
Algorithm for Strang-Boris method

1

2.

10.

11.

12

. Perform along the v-axis fl(x,v) = f*(z,v; — tan(%At/él),vQ)
Perform along the vy-axis 12 (z,v) = fl(z, v, sin(%Atﬂ)vl + v9)
Perform along the vj-axis fB¥(z,v) = f&(z,v; — tan(%At/ll), v2)

. Perform along the z;-axis fl¥(z,v) = fB8(z; — At/2v1, 22, v)
Perform along the zy-axis fP(z,v) = f¥(zy, 29 — At/209,0)

. Computation the charge density and the electric field at time ¢, by substituting f (5]
in the Poisson equation

Perform along the v-axis fl6 = fBl(z, v — E(t, 1, 2)At)

Perform along the vj-axis f[7(z,v) = fI(z,v; — tan(%At/ll), v2)
Perform along the vp-axis fI8(z,v) = fI7l(x, vy, sin(%At/Q)vl + v9)
Perform along the vj-axis f%(z,v) = f18(z,v; — tan(%At/ll), v2)
Perform along the z;-axis fI'%(z,v) = f(z; — At/201, 29, v)

. Perform along the zo-axis f"t(z,v) = fl%(xy, 29 — At/209,0)

Algorithm for Strang-Scovel method

1

2.

10.

. Perform along the v-axis f(z,v) = f™(z,v; — tan(%At/él),vQ)

Perform along the vo-axis fP2(z,v) = fl(z, v, sin(%At/Q)vl + v2)

Perform along the vi-axis f3(z,v) = f@(z,v; — tan(%At/ll), v2)

Perform along the zi-axis f*(z,v) = fB(z; — o SiH(%At/Q)’Ul,JIQ,’U)
Perform along the zj-axis f(z,v) = fi4(z; + - cos(%At/Q))vl, T2,0)
Perform along the zo-axis f10(z,v) = fBl(z1, 25 + q%(cos(%At/Z) — 1o, )
Perform along the zo-axis fl7(z,v) = fI0(x1, x5 — i sin(%At/Q)vg,v)

Computation the charge density and the electric field at time ¢,,41 by substituting f [7]
in the Poisson equation

Perform along the v-axis f8 = fl7l(z, v — E(t, 1, x)At)

Perform along the vi-axis f(z,v) = f18(z,v; — tan(%At/ll), v2)
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11.

12.

13.

14.

15.

16.

Perform along the vp-axis fl9(z,v) = Iz, vy, Sin(%Atﬂ)vl + v2)

Perform along the vj-axis flU(z,v) = f0(z v, — tan(%At/él), v2)

Perform along the z-axis f1?(z,v) = fM(z; — B sin(%Atﬂ)vl, x2,)
Perform along the z;-axis f'3(z,v) = f012(z; + - cos(%At/Q))vl, x2,)
Perform along the zo-axis fI'4(z,v) = fI81(zy, 2o + q%(cos(%At/Q) — 1)y, )

Perform along the zo-axis f"!(z,v) = fI4(x1, 2y — iB sin(%At/Q)vg, v)

Algorithm for Composition with adjoint method

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Perform along the vi-axis fl(z,v) = f*(x, v, — tan(%At/él),vg)
Perform along the vp-axis f12(z,v) = fl(z, vy, sin(%At/Q}vl + v2)

Perform along the vi-axis f1¥(z,v) = fBl(z, v, — tan(%At/él), v2)

. Perform along the z1-axis fI*(z,v) = f18(z; — iB sin(%Atﬁ)vl,xQ,v)

Perform along the zj-axis f®!(z,v) = fi4(z; + - cos(%At/Z))vl,xg,v)
Perform along the zo-axis fl0(z,v) = f0l(zy, 2o + qﬂB(cos(%At/Q) — 1wy, v)
Perform along the zo-axis fl7(z,v) = fI0(x1, 2y — o sin(%Atﬂ)vg, v)

Computation the charge density and the electric field at time ¢,/ by substituting
f in the Poisson equation

Perform along the v-axis fI8 = fI7l(z,v — E(tn11/2,7)At/2)

Perform along the v-axis f1% = fI8(z,v — E(tn11/2,7)At/2)

Perform along the zq-axis f1'%(z,v) = f9(2q, 20 — uB sin(%Atﬂ)vg, v)

Perform along the zo-axis fI'(z,v) = f1(zy, 2o + Bl- cos(%Atﬂ))vl, T, V)
Perform along the z;-axis fI'2(z,v) = f(z; + q%(cos(%At/Q) — 1)vy, z2,v)
Perform along the zj-axis fI13(z,v) = fI12 (2 — 1B sin(%At/?)vl, T2,v)
Perform along the vi-axis f4(z,v) = f13¥(z, v — tan(%At/él), v2)

Perform along the vp-axis f119)(z,v) = fI4(x, vy, sin(%Atﬂ)vl + v2)

Perform along the vi-axis f11%(x,v) = f15)(z, vy — tan(%At/él),vg)

Computation the charge density and the electric field at time ¢,,41 by substituting f [16]
in the Poisson equation.
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6 Numerical Simulation

This section is devoted to numerical illustrations of the numerical schemes introduced above.
We consider the Vlasov-Poisson system —@ with the Kelvin-Helmholtz instability type
initial data

. 1 v12 4 vg?
fo(z,v) = (1 + sin(kox2) + Vcos(klxl))% exp ) (68)

defined in , x €, where Q, = [0, L1] x [0, Lo] is the periodic domain with the lengths Ly =
21 kg, d = 1,2, kg = (k1,ke) = (0.4,1), the amplitude » = 0.015 and Q, = [—vmax,vmaX]Q,
Umax = 8. Then the initial density of the guiding-center approximation — writes:

po(z) = 1+ sin(kexs) 4+ v cos(kiz1), (69)

defined in ;. The numerical parameters are Nx points in space, Nv points per velocity
direction.

We perform numerical simulation using the splitting schemes coupled with the semi-
Lagrangian method described in Section 2 for the Vlasov-Poisson equation -@. On the
orther hand, we compute an approximation of the guiding center model @— using a
backward semi-Lagrangian method developed in [8] with Lagrangian interpolation. This
reference will be used to compare our results obtained from Vlasov-Poisson system with a
large magnetic field for a long time.

First of all, we are interested in the time evolution of the electrostatic energy in the first
dimension || E1|3. We focus our comparisons on the different methods presented in Section
2: the Strang splitting based on the exponential Boris algorithm, the Strang spliting and
the composition with the adjoint of Scovel method from weak to strong magnetic field whilst
holding the actual number of time steps constant. In Figure 1, we plot the time evolution of
the electrostatic energy in the first dimension with several values of £ going from 1 to 1/132.
We also compare the numerical results obtained with these schemes to a numerical solution
for the Guiding center model. The run is performed up to a final time 7" = 50 with the
value of the time step At = 0.01. For e = 1,1/2,1/4 and 1/8 all integrators show the same
performance, but in the case of the parameter ¢ becomes smaller, the Scovel method is clearly
better. Fore = 1/16,1/32,1/64 and 1/132 the Strang splitting based on the exponential Boris
algorithm fail entirely whereas the Strang splitting and the composition with adjoint based on
Scovel’s method remain unaffected, confirm the convergence of Vlasov-Poisson system —@
towards the asymptotic model —.

Then we investigate numerically the effect of condition to the convergence of the
Vlasov-Poisson system —@ to its limit model —. In Figure 2, we plot the time
evolution of the electrostatic energy in the first dimension for different values € when fixing
the numerical parameters as follows: At = 0.01, Nx = 128 and the ratio Nv/vmax = 4 which
is denoted the number of points per cell in the velocity grid. As we can see in Figure 2 that
when the parameter £ becomes smaller, we need to choose a large value of vy to obtain
good results. For € = 1/132, we take vpax = 8 as enough value to produce a good simulation,
and then for e = 1/400 and 1/1000, this value of vyax is not sufficient, it gives bad result,
but the value vyax = 16 give better result. For £ = 1/1600, we need to choose vpax = 32.

In the following, we will do numerical comparisons between the density particle obtained
from the discretized Vlasov-Poisson system with the semi-Lagrangian method and the one
corresponding to the discretized guiding center model. More precisely, we represent in the
physical space the contours of the particle densities at several values of final fluid time T €
{10, 18,25,58,98,120}. First, we observe the time evolution of the density particle for the
guiding center model by using Lagrangian interpolation in Figure 3. For the densities given

32



by Vlasov-Poisson system, first we consider the case where ¢ = 1. In this weak case, the
plasma is not well confined. The lack of confinement appears to introduce diffusion like
effects and does not develop the instability phenomena, see Figure 4. Then, we take with
several values of ¢ € {1/32,1/64,1/132}, and for this case, the figures in Fig. 5,6 and 7 show
the development of the instability of the density and it is obeyed to the same evolution as
the density of the guiding center model in above Figure 3 for final time 7' going from 10 to
58, but in the case of the long final time 7" = 98 and 120 there is no longer obeyed because
of the error in time.

On Fig. 8 and Fig. 9, we plot the time evolution of L? and L' for the Vlasov-Poisson sys-
tem with several values of ¢ € {1/2,1/4,1/8,1/16,1/32,1/64,1/132} and several of number
of points in the position grid Nz = Ny € {32,64, 128,256} and compare these results with
the guiding center model.

On Figs. 10 and 11, we investigate the kinetic effects in the case of weak and strong
magnetic fields. These figures indicate that kinetic effects are only present in the weak case.
Due to the lack of confinement the distribution does not clearly display Maxwellian. For the
strong field the distribution ressembles a sharp Maxwellian.

7 Conclusion

In this paper, we have used the semi-Lagrangian method to solve the four-dimensional Vlasov-
Poisson system with a strong external uniform magnetic field. The splitting schemes for the
Vlasov equation are presented based on the exponential Boris algorithm and Scovel method.
The exponential Boris algorithm works badly. The Scovel method presented here performs
independently of the strength of the magnetic field very well, we can choose the time step
At much larger than O(g?). However, due to the high oscillation in the electric field by
the Scovel method, the time step At is imposed to the condition within the semi-
Lagrangian method. As the parameter ¢ becomes smaller we need to take the larger value
of vmax and then increase the number of points in the direction of velocity to produce good
results. Since the semi-Lagrangian schemes are based on interpolation on a phase space
mesh, we have to pay attention to the number of point in the velocity grid as vpnax is larger.
Therefore, for an intermediate value of ¢, the Scovel method is an appropriate method to
the Vlasov-Poisson model, but for a very small value of ¢, the fluid model is an appropriate
approximation to the kinetic model because it contains all the relevant dynamics and will
be much cheaper. Moreover, we have shown numerically that the Scovel method provides a
consistent discretization with respect to the limiting guiding center model.

8 Appendix: A priori estimate

In this Appendix, we will give the global error of the p-order Scovel method (p = 1,2)
presented in Section 4. We want to evaluate the global error at time ¢, 1:

€1 = ”ft’:‘(tn-‘rlaxav) - 7-2 O7—1f5(t7’m$7v)||[/°°7
él = ”fE(tn-‘rlvxav) - 7-1 OBfE(tn,{L‘,’l})”Lm,
€2 = Hft?(tn-‘rlvxav) - 7-1 © 7-2 % ﬂfa(tnaxvv)HLm7

where the transport operators 7;, i = 1,2 are given by

Tifltn 2,0) = foltn, 3+ [R (gm +7/2) = R(r/2)] gwic, R (gm) v),

At
Tofeltn,2,0) = fltn, 2,0 = - = EL(t,2).
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Lemma 8.1 Assume that f. € C}(0,T; CY(R* x R?)) and E. € C}(0,T;C'(R?)), then there
exists a constant C such that

er < O felloy 1 B lley) [(At/e)? + (At/2)]

&1 < Ol felley, |1 Bellen)(At/2)?,

e2 < CIfelley. 1 Eelley ) (At/e)

Proof. As f. is constant along the characteristic curves, we have
fa(tn—l-la Z, ’U) - fE(tTU X8<tn7 tn+17 x, U): ‘/a(tm tn+17 Z, ’U)),

where (X¢, Vz) are the characteristic solutions of %Xg(t) = 1V.(t) and %Vg(t) =

G

1E.(t, X.(1)+
%lVE(t). We therefore have by integrating these equations between t and t,,41

q
m

1 tnt1
X (t;tps1,x,0) =2 — 5/ Ve(s;tnt1,x,v)ds, (70)
t
tn+1
We q We
Ve(t;tpyr,z,v) =R (8—2(75”“ — t)) v /t R (6—2(5 — t)) E (s, Xc(s;tpy1,x,0))ds.
(71)
We will first estimate €1 = || fe(tn+1,2,v) — T2 0 Th fe(tn, z,v)|| Loo.
We have
71 o Bf&(tna SC, U) = f&(tn) Xs(tna tn-i—l) iE, U), ‘_/E(tnv tn-‘rlu JJ, U)))
where
. ) We A € q At
Keltitnsr, w,0) =2+ R (A4 7/2) = R(x/2)] — (0= LBt ) ),
o We q At
Ve(tn;tns1,z,v) =R (;At) <v — meEE(tn’x)> .
Now using the right rectangle rule to approximate the integral in we obtain
. — (% _ _ 4 _ We _ 2
Votitpsr,,0) = R <52 (ts t)) v [(th HR ({52 (tns1 t)) B-(tpi1,z) + O(At )} :
(72)

then using for t = t,, we get

Veltnitnsr,2,0) = R (gAt) v— L [Am (gm> E-(tps1, @) + O(AtZ)} .

me

Hence, we deduce that

Ve(tn;tnit, 2,0) — Ve(tnitnit, z,0) = O(At/e)(E-(tn, z) — Ee(tni1, ) + O(At?/e)
= O(At?/e). (73)

Substituting the equality into the equation to get
Xe(tnitnst, ©,0) = T + [R (gm + 7r/2) - R(w/z)} v+ O(A3/e?)
We

E€ (tn—l-l’ J))

+ [-atr (gm +7/2) + AtR(r/2) + O(AF) o
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where we used the formula %R(—Q + 7/2) = R(—0) and hence

Xe(tn;tns1,2,0) — Xe(tn; tpy, ,v)
= O(At) (Be(tn, ) — E-(tni1,2)) + O(A /e?) + O(AL?) = O(AL3 /e2) + O(AL?).  (74)

Finally, using and we obtain
&1 = | fe(tn1,2,0) = Ti o Tafe(tn, ,0)ll2 < O(| fellcz, 1 Bellcp) O(AL /€2).

Next, we will estimate e; = || fe(tnt1,x,v) — T2 0 Ti fe(tn, x,v)|| oo
We have

75 o ﬂfs(tnvxa U) - fé(tnaXs(tn;tn+l7x7v)a Z(tn;tn—&-la x, U))?

where

Xe(tnitnit, @,0) = + [R (gm n m) - R(m)} wiv,

c

_ w At 5
Veltns tas1,2,0) = R (S5A8) 0 = LB (b1, Keltaitns, 7,0)).

Using now the left rectangle rule to approximate the integral in we obtain
w
V(t) = R (S5 (tnsr =) v =~ [(trss = DEL(t, Xeltiturr, 2,0) + O(AB)], (75)
which implies for ¢t = ¢, that
We q 2
Ve(tn: tst, 2,0) = R (?At) v = =L [ALE (ta, Xeltui turr, 2,0) + O(AP)].

Substituting the equality into the equation and re-use the left rectangle rule to get

B We B e q At? 3, 9
Xe(ty) = + [R (&Sm + 7T/2) R(w/z)} 0 g Beltn, Xe(tn) + O(AF/22),
Hence we deduce that
Xo(tpitny1, 2,v) — Xe(tpitni1, z,v0) = O(At2/52) + O(At3/52), (76)

and, as a consequence

Vltn) = Volta) = L 20 [Belti1, Xeltn) — B, Xelta)] + O(A2)

= O(At/e) [At + | Xo(tn; tas1, 2, 0) — Xe(tnitntr, z,0)|] + O(AE [e)
= O(At? ) + O(AL3 /%) + O(AL /%) + O(A [e). (77)

Thus from and we obtain
e1 = | fe(tns1,2,0) = T2 0 Tife(tn, 2, 0) | < O felloy, 1B:llcp )(O(AL? /) + O(AE /7).

FinaHY7 we estimate €2 = Hfs(thrlaxvv) - 7’1 o 75 © ﬂf&(tn7xvv)”lz°°'
We have

7-1 o 75 o ﬂfE(tnaxa U) == fe(tn7X€(tn;tn+17x7v)a ‘Z:(tn;tn—&-la x, U))
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where

v
We

_ qB
Xe(tnitng1,x,v) = + [R <m62At+7r/2> R(m/2) } €
R(

— At [R (:ﬁ = /2)

9 7T/2):| ( n+1/27XE(tn;tn+l/27x7v))7

_ B At B At
%(tn7tn+17xvv):R<q2At>fU—qR<q 2
me me* 2

m e ) E&(tn+1/27XE(tn;tn+1/27xaU))7

_ B At
with Xe(tn;tny1/0,7,0) =2+ [R < 1 5 + /2) —R(m/2) e—.

Using now the midpoint rectangle rule to approximate the integral in we obtain

We
Ve(titnir, m,0) =R (?(tn-&-l - t)) v

We

q
oo [(tn+1 —)R (?(thrl/Q - t)) E(tni1/2: Xe(tng1y2itn1, @,0)) + O(At3)] )
(78)

which implies for ¢ = t,, that

We we At
‘/a(tn) = R (?At> v — me |:AtR < 2 ) Ea(tn+1/27X€(tn+1/2; tn+1,.’13',7))) + O(Ats)] .

Substituting the equality into the equation for t =,/ and using the left rectangle
rule to get

Xe(tosrje) = + [R (f@i A; W/z) (7r/2)] e

(4
g At?

7E(tn+1/27 Xo(tns1y2)) + O(A /%),

o(att/e) + 4=

and hence we deduce that
Xe(tni/2) = Xeltnitnr12, 2, 0) = O(At' o) + O(AL? /&) + (At?[e?) = O(AH /%), (79)

Do it again for ¢t = ¢,, we have

X.(tn) = = + [R (qj ?t 7r/2) (71'/2)} awic +O(AHe)

At qB At
—B[R( o wﬁ mmﬂ (120 Koo b, 2,0)) + O(AF).
(80)
where we computed the integral
tnt1 Bt tn+1 d Bt — s
. q n+1/2 NG qb tnt1/2
/tn (tht1 — )R ( > ds 5 (tnt1 s)dsR ( e + 7r/2) ds
2 tn+1 tn _
_— [ AtR <qB At + /2 ) (qBJrl/;(S+7T/2> ds}
We m €
2 -t
=5 { AtR (qB At ) + AtR (QBW + w/2> - O(At?’)]
We
2 B A
— _%At [R (q 2t 2) R(7/2) ] + £20(At3).
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Using and we have

Xe(tn;tn+1,$,v) - Xe(t’n;tn—i-lax,U) - O(Atg/gg)v
Ve(tnitny1, T, v) — ‘Z—:(tmthrla T,v) = O(At3/53)'

Finally we get

e2 = ||fe(tns1,2,0) = T2 0 Ti 0 Tife(tn, 2, 0) oo < Cllfelley, I Bellca) O(AL /7).

References

1]

[10]

[11]

[12]

Pierre Degond and Francis Filbet, On the asymptotic limit of the three dimensional
Vlasov-Poisson system for large magnetic field: Formal derivation, Journal of Statistical
Physics volume 165, pages 765-784 (2016).

Jakob Ameres, Splitting methods for Fourier spectral discretizations of the strongly
magnetized Vlasov-Poisson and the Vlasov-Maxwell system, arXiv:1907.05319.

Joackim Bernier, Fernando Casas, Nicolas Crouseilles, Splitting methods for rotation:
application to Vlasov equations, SIAM Journal on Scientific Computing Vol. 42, Iss. 2
(2020).

Francis Filbet, Luis Miguel Rodrigues, Asymptotically Stable Particle-In-Cell Methods
for the Vlasov—Poisson System with a Strong External Magnetic Field, STAM Journal
on Numerical Analysis Vol. 54, No. 2 (2016), pp. 1120-1146.

L.Saint-Raymond, Control of large velocities in the two-dimensional gyrokinetic ap-
proximation, J. Math. Pures Appl. 81 (2002) 379-399.

Andrey A.Amosov, Weakly convergence for a class of rapidly oscillating functions.
January 1997 Mathematical Notes 62(1):122-126.

Evelyne Miot, On the gyrokinetic limit for the two-dimensional Vlasov-Poisson system,
arXiv- 1603.04502 (2016).

Eric Sonnendriicker, Jean Roche, Pierre Bertrand and Alain Ghizzo, The semi-
Lagrangian method for the numerical resolution of the Vlasov equation, J. Comput.
Physics 149, 201-220 (1999).

A.A. Arsen’ev, Global existence of weak solution of Vlasov’s system of equations,28 Z.
Vychisl. Mat. Fiz. 15(1975) 136-147.

J. Batt, Global symmetric solutions of the initial value problem in stellar dynamics,30
J. Differential Equations 25(1977) 342-364.

M.Bostan, Asymptotic behavior for the Vlasov-Poisson equations with strong external
magnetic field. Straight magnetic field lines, STAM Journal on Mathematical Analy-
sisVol. 51, Iss. 3 (2019).

T. Ukai, S. Okabe, On the classical solution in the large time of the two dimensional
Vlasov equations, Osaka J. Math. 5(1978) 245-261.

37



[13]

[14]

[15]

[16]

P.-L. Lions, B. Perthame, Propagation of moments and regularity for the 3-36 dimen-
sional Vlasov-Poisson system, Invent. Math. 105(1991) 415-430.

C.K. Birdsall, A.B. Langdon, Plasma Physics Via Computer Simulation, McGraw-Hill,
New York, 1985.

Nicolas Crouseilles, Lukas Einkemmer, Erwan Faou Hamiltonian splitting for the
Vlasov—Maxwell equations, Journal of Computational Physics 283 (2015) 224-240.

Emmanuel Frenod, Sever Adrian Hirstoaga, MathieuLutz, Eric Sonnendriicker Long
Time Behaviour of an Exponential Integrator for a Vlasov-Poisson System with Strong
Magnetic Field, Communications in Computational Physics, vol. 18, issue 02, pp. 263-
296.

J. Hu, S. Jint and Q. Li, Asymptotic-Preserving Schemes for Multiscale Hyperbolic
and Kinetic Equations, Handbook of Numerical Analysis, Volume 18, 2017, 103-129.

Adnane Hamiaz, Michel Mehrenberger, Hocine Sellama and Eric Sonnendriicker, The
semi-Lagrangian method on curvilinear grids, Communications in Applied and Indus-
trial Mathematics, Volume 7 (2016) - Issue 3 (September 2016), 99 - 137.

Adnane Hamiaz, Michel Mehrenberger, Aurore Back and Pierre Navaro, Guiding center
simulations on curvilinear grids, ESAIM: PROCEEDINGS AND SURVEYS, March
2016, Vol. 53, 99-119.

Michel Mehrenbergerl, Laura S. Mendoza, Charles Prouveur and Eric Sonnendriicker,
Solving the guiding-center model on a regular hexagonal mesh, ESAIM: PROCEED-
INGS AND SURVEYS, March 2016, Vol. 53, p. 149-176.

Nicolas Crouseilles, Mohammed Lemou, Florian Méhats, Xiaofei Zhao, Uniformly
accurate Particle-in-Cell method for the long time solution of the two-dimensional
Vlasov—Poisson equation with uniform strong magnetic field, Journal of Computational
Physics Volume 346, 1 October 2017, Pages 172-190.

Joackim Bernier, Exact splitting methods for semigroups generated by inhomogeneous
quadratic differential operators, Foundations of Computational Mathematics volume
21, pages 1401-1439 (2021).

Joackim Bernier, Nicolas Crouseilles, and Yingzhe Li, Exact splitting methods for ki-
netic and Schrodinger equations, Journal of Scientific Computing volume 86, Article
number: 10 (2021).

Philippe Chartier, Nicolas Crouseilles, Xiaofei Zhao, Numerical methods for the two-
dimensional Vlasov-Poisson equation in the finite Larmor radius approximation regime,
Journal of Computational Physics, Volume 375, 15 December 2018, Pages 619-640.

38



05|,

05 I,

05| IF

epa =1

10000.0000000 T u Srok Bon
trang Boris
Strans &we:
Ul aval
émim center
1000000000 E
/_'_"‘\/_H-_H_
1.0000000 ,/\\_///\ E
/""\,"
AN
. /.n_/—’ \/
e
00100000 ‘|I / \ f
II ||l |I |
|| \
| || |||
n.o001000 | || E
4
00000010 . . .
o 10 20 30 40 &0
Fluid Time Scale
eps = 1/4
1000 T T P ——
rang Boris
Siran ﬁwe:
int Scoval
et
o E
10 b i oo e Mﬂwm‘:
1 o
\l'-
21 E
.01
o 1o 20 a 40 50
Fluid Time Scale
eps = 1118
1006 = o
trang Boris
Strang Scovel
int Scovel
100 b Guiding center |
1 / - o ]
1k p
01
o E
0.o0m E
0.0001 . -
o 10 20 30 40 50
Fluid Tirme Scake
eps = 1/64
10000000000 T Strang Bori
trang Boris
Strang Scovel
100.0000000 jaint Scovel
Giuiding center
10.0000000 -
1.0000000 | E
///
01000000 | E
-
0.0100000 - E
20010000 E
0.0001000 + E
0.0000100 F 1
0.0000010 - .
o 10 20 30 an &0
Fluid Time Scake

05|,

0.5 |1

05|

1000

100

a

o1

0.01

1000

100

21

0.01

1000

100

o1

0.01

1000

100

a

0.01

eps = 1/2
' ' Strang Baris
Strang Scovel
joint Scovel
Guiding center
3 P AVAVAVAVAVAVAVAVAVLVEUN 3
. VA
Py, Vi
o
! Ay
J
A
n
v
N I
nf Y
I 1 PI |II ]
a i
i !
h (1)
Y
vy L n n
o 10 20 i 40 &0
Fluid Time Scale
eps = 1/8
' ' Sméng Boris
Siran: &we:
int Scovel
it
— T — e o
o 10 20 kg 40 50
Fluid Time Scale
eps = 1132
Sirang Boris
Strang Scovel
int Scovel
Guiding cenier
0 10 20 o 40 50
Fluid Time Scale
eps = 17132
! ! Strang Barie
Strang Scovel
joint Scovel
Guiding center
[ //
/ /
VARV
i \
/ |
! |
| |
I
o 10 20 i 40 &0

Fluid Time Scale

Figure 1: Comparison between the time evolution of electrostatic energy in first dimension

from Vlasov-Poisson system and the guiding center model. Nz

128, Nv = 64, vpax =

8, At = 0.01. The number of time steps stays constant N = 5000.
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Figure 4: Simulation for time evolution of the density of Vlasov-Poisson system with ¢ = 1.
Nz =128, Ny = 128, Nvx = 64, Nvy = 64, At = 0.01.
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Figure 5: Simulation for time evolution of the density of Vlasov-Poisson system with e = 1/32.
Nz =128, Ny = 128, Nvx = 64, Nvy = 64, At = 0.01.
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Figure 6: Simulation for time evolution of the density of Vlasov-Poisson system with e = 1/64.
Nz =128, Ny = 128, Nvx = 64, Nvy = 64, At = 0.01.
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Figure 7: Simulation for time evolution of the density of Vlasov-Poisson system with ¢ =
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Figure 8: Comparison between the time evolution of theoretically quantities of Vlasov-Poisson
system with several values of € and the guiding center model. Nx = Ny = 128, Nvx = Noy =
64, Vmax = 8, At = 0.01.
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Figure 9: Comparison between the time evolution of theoretically quantities of Vlasov-
Poisson system when ¢ = 1/32 with several values of Nz and the guiding center model with
Nx =128. Nvx = Nvy = 64, vmax = 8, At = 0.01.
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Figure 10: Simulation for time evolution of the kinetic effect of Vlasov-Poisson system with
e=1. Nx =128, Ny = 128, Nvx = 64, Nvy = 64, At = 0.01.
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Figure 11: Simulation for time evolution of the kinetic effect of Vlasov-Poisson system with
£=1/32. Nz =128, Ny = 128, Nvz = 64, Nyy = 64, At = 0.01.
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