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Abstract

We extend to general cartesian categories the idea of Coherent Differentiation re-
cently introduced by Ehrhard in the setting of categorical models of Linear Logic.
The first ingredient is a summability structure which induces a partial left-additive
structure on the category. Additional functoriality and naturality assumptions on this
summability structure implement a differential calculus which can also be presented in
a formalism close to Blute, Cockett and Seely’s cartesian differential categories. We
show that a simple term language equipped with a natural notion of differentiation can
easily be interpreted in such a category.
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Introduction

This article is a long version of a paper, with the same title and by the same authors,
accepted at the ACM/IEEE Symposium on Logic in Computer Science 2023. In particular,
all the proofs which are missing in the conference version are provided in the present article.

Linear Logic (LL) and its models [1] strongly suggest that differentiation of proofs should
be a natural operation extracting their best “local” linear approximation. Remember that
for any E, F' Banach spaces, f : E — F is differentiable at x € F if there is a neighborhood
U of 0 in E and a linear and continuous function ¢ : E — F such that, for all u € U

[l +u) = f(z) + o) + o[[ul]) . (1)

When ¢ exists, it is unique and is denoted as f'(z). When f'(z) exists for all z € F, the
function f' : E — L(E,F), where L(E, F) is the Banach space of linear and continuous
functions £ — F, is called the differential of f. This function can itself admit a differential
and so on. When all these iterated differentials exist one says that f is smooth and the
nth derivative of f is a function f : E — L,(E,F) where L,(E,F) is the space of
n-linear symmetric functions E™ — F. It can even happen that f is locally (or even
globally) expressed using its iterated derivatives by means of the Taylor Formula f(z+4u) =
> %f(") (z)(u,...,u); when this holds locally at any point x, f is said to be analytic.

Based on categorical models of LL where morphisms are analytic functions, the differen-
tial A-calculus and differential LL provide a logical and syntactical account of differentiation.
A program of type A = B can be turned into a program of type A = (A — B). This pro-
vides a new approach of finite approximations of functions by a syntactical version of the
Taylor Formula which has shown relevance in the study of the A-calculus and of LL. Differ-
entiation is deeply connected with addition, as it can already be seen in its definition Eq. (1).
This connection also appears when writing the differential of f : R™ — R as a sum of partial
derivatives:

o, omn) - (U, up) ziwui

Ox;
i=1 v

and, of course, in the Taylor formula itself. For this reason, until recently, all categorical
models of the differential A-calculus and of differential LL [2, 3] were using categories where
hom-sets have a structure of commutative monoid and both formalisms feature a formal
and unrestricted addition operation on terms or proofs of the same type. The only available
operational interpretation of such a sum being erratic choice, these formalisms are inherently
non-deterministic.

Recently, the first author observed [4] that, in a setting where all coefficients are non-
negative, differentiation survives to strong restrictions on the use of addition. Consider
for instance a function [0,1] — [0,1] which is smooth on [0,1) and all of whose iterated



derivatives are everywhere > 0'. If z,u € [0,1] are such that z + u € [0,1] then f(x) +
f(x)u < f(x +u) € [0,1] (this makes sense even if f'(1) = oo, which can happen: take
f(x) =1—+/1—=x). Soif S is the set of all such pairs (x,u) that we call summable, we can
consider the function D(f) : (z,u) — (f(z), f'(z)u) as a map S — S. This basic observation
is generalized in [5] to a wide range of categorical models £ of LL including coherence spaces,
probabilistic coherence spaces etc. where hom-sets have only a partially defined addition. In
these summable categories, S becomes an endofunctor £ — £ equipped with an additional
structure which allows to define summability and (partial) sums in a very general way and
turns out to induce a monad. Differentiation is then axiomatized as a distributive law
between this monad (similar to the tangent bundle monad of a tangent category [6]) and
the resource comonad !  of the LL structure of the category? £. Indeed, this distributive
law allows one to extend S to £, the Kleisli category of ! and this extension D: Ly — L
turns out to be a monad which has all the required properties of differentiation.

It is well known that £, is a cartesian closed category, and it can be interesting to drift
away from the LL structure of £ by only looking at the structure of its Kleisli category. This
is what happened with differentiation. It was first axiomatized in a typical LL setting with
additive categories and differential categories [2]. It was then carried to the setting of carte-
sian categories with left-additive categories and cartesian differential categories (CDC) [3].
Unsurprisingly, the Kleisli categories of the former provide instances of the latter, but carte-
sian differential categories cover a wider range of models. As mentionned in [5], differential
categories can be seen as a special instance of summable categories equipped with differen-
tiation (we will call those coherent differential categories) in which addition is unrestricted.
Naturally, we can wonder if there is a notion of cartesian coherent differential categories,
that arise as the Kleisli categories of coherent differential categories, and that generalize
CDC to a partial setting.

We provide a positive answer to this question. We define coherent differentiation in
an arbitrary category, whose morphisms are intuitively considered as smooth. So we start
from a category C equipped with a map® D : Ob(C) — Ob(C) given together with morphisms
T0,X,T1,X,0x € C(D(X), X) (for each X € Obj(C)). The intuition is that D(X) is the object
of summable pairs of elements of X, that 7; are the obvious projections and that o computes
the sums. We assume 7, 71 to be jointly monic and this is sufficient to say when fo, f1 €
C(X,Y) are summable: this is when there is a necessarily unique h € C(X,D(Y")) such that
m; o h = f; and when this holds we set fo + fi = 0 o h. Under suitable assumptions this
very light structure suffices to equip hom-sets of C with a structure of partial commutative
monoid which is compatible with composition on the left?.

_ This structure is a convenient setting for differentiation: it suffices to furthermore equip
D with a functorial action on morphisms wrt. which some morphisms (definable in terms of
7o, 71, 0) are natural. This is the notion of coherent differential category whose axioms are
in one-to-one correspondence with those of a CDC. Just as in tangent categories [6,7], our
functor D can be equipped with a monad structure. Contrarily to the additive framework
of CDC our differentiation functor D is not defined in terms of the cartesian product so
it is important to understand how it interacts with the cartesian product when available:
this is formalized by the concept of cartesian coherent differential category (CCDC). This
compatibility can be expressed in terms of a strength with which D can be equipped, turning
it into a commutative monad. This induces a satisfactory theory of partial derivatives. We

IThis actually implies that f is analytic.

2Which by the way needs not be a fully-fledged LL model.

31t will become a functor and even a monad later.

4 And not on the right in general since, intuitively, the morphisms of C are not assumed to be linear.



provide a concrete example of such a category based on probabilistic coherence spaces and
illustrate our formalism by interpreting a simple term language equipped with a notion of
differentiation in a CCDC.

1 Left summability structure

We introduce in this section the notion of left summability structure in order to generalize
the notion of summability structure introduced in [5] to a setting where morphisms are not
necessarily additive.

1.1 Left pre-summability structures

Let C be a category with objects Obj(C) and hom-set C(X,Y") for any X,Y € Obj(C). We
assume that any hom-set C(X,Y) contains a distinguished morphism 0%Y" (usually X and
Y are kept implicit) such that for any f € C(Z, X), 0%Y o f = 0%Y.

Definition 1. A summable pairing structure on a category C is a tuple (5, 7o, 71, 0) where:
e D: Obj(C) — Obj(C) is a map (a functional class) on objects;

L] (WO,X)XEObj(C)v (Wl,X)XEObj(C) and (UX)XGObj(C) are families OmeI‘phiSmS in C(BX, X)
The object X will usually be kept implicit;

e 7y and m; are jointly monic: for any f,g € C(Y, BX), if mpof = mgog and myof = w09
then f =g.

_ We assume in what follows that C is equipped with a summable pairing structure
(D,7T0,7T1,0').

Definition 2. Two morphisms fo, fi € C(X,Y) are said to be summable if there exists
h € C(X, BY) such that m; o h = f;. The joint monicity of the m;’s ensures that when
h exists, it is unique. We set {fo, f1)) := h, and we call it the witness of the sum. By
definition, m; o {fo, f1) = fi- Then we set fo + f1 := oo {f1, f2)-

Remark 1. A more standard approach to notations would be to write 771 and 7o instead of
mo and 71. The reason we proceed that way is that Equation (1) will be formalized in our
setting with the use of a pair {f(x), f'(x) - u). That is, the left element of this pair is of
order 0, and the right element is of order 1.

Notations 1. We write fo B fi for the property that fy and f; are summable. We say that
an algebraic expression containing binary sums is well defined if each pair of morphisms
involved in these sums are summable. For example, (fo + f1) + f2 is well defined if fo B f1

and (fo + f1) B fo.

Proposition 1. The morphism m and w1 are summable with witness (mo, 71 ) = id and
sum mg + 7T = 0.

Proof. m; oid = m; so by definition, my H 7y with witness id and sum o oid = 0. o

Proposition 2 (Left compatibility of sum). For any fo, f1 € C(Y,Z) and g € C(X,Y), if
fo B fi1, then (foog) B (f1 0g) with witness {fo o g, f109) = {fo, f1) og. Moreover,
(foeg)+(fieg)=(fo+ fi)og.



Proof. Let w = {fo, f1) og. Then m; ow = f; o g so w is a witness for the summability of
foogand fiog. And foog+ fiogi=cow=(fo+ fi1)og. O

An important class of morphisms is that of additive morphisms, for which addition is
compatible with composition on the right.

Definition 3. A morphism h € C(Y, Z) is additive if hoO = 0 and if for any fy, f1 € C(X,Y),
if fo 8 f1 then ho fo B ho fi and ho (fo + f1) = ho fo + ho fi. Note that id is additive
and that the composition of two additive morphisms is an additive morphism.

Proposition 3. A morphism h such that ho0 = 0 is additive if and only if homwy B homy
with sum hoo.

Proof. For the forward implication, recall that w9 B 71 with sum o. Thus by additivity of
h, homy B hom with sum hoo. For the reverse implication, assume that fy B fi. Since
homy B homy, Proposition 2 ensures that ho fy = homgo{(fo, f1)) and ho f1 = hom o fo, f1))
are summable, with sum (homg+hom) o {(fo,f1) =hooo{fo,fi) =ho(fo+ f1). O

Definition 4. The summable pairing structure (5, 7o, 1, 0) 18 a left pre-summability struc-
ture if mg, w1 and o are additive.

The additivity of the projections implies that the sum behaves well with respect to the
operation {_, ) itself.

Proposition 4. Assume that my and w1 are additive. Then for any fo, f1, 90,91 € C(X,Y),
if fo B f1, go B g1 and ( fo, f1) B (g0, 1)), then fo B go, f1 B g1, (fo+90) B (f1+g1) and
(fo, [1) + (g0, 91) = (fo + g0, f1 + g1)-

Proof. By additivity of m;, m; o { fo, f1)) = fi and m; 0 {go, ¢1)) = ¢; are summable with sum
fi+gi=mio({(fo, f1) + (g0, 91)). Since mo B m; this entails by Proposition 2 that fo + go,
f1+ ¢1 are summable with witness {fo, f1) + {90, 91)- O

The additivity of o implies that whenever (fo, f1)) B {go, f1)), one has o o {fo, f1)) B
o0 {go, g1)) and

o o ({fo, fr) + (90, 91)) = (o © {fo, /) + (o © (g0, 91))

Assuming the additivity of the projections, the additivity of ¢ implies that whenever
({fo, f1), €go0, g1)) exists, the two sums below are well defined (see Notations 1) and

(fo+g0) +(fi+g1)=(fo+ f1) + (90 +91). (2)

Proposition 5. The morphisms 0 and 0 are summable with witness 0 and sum 0. In
particular, 0 is additive.

Proof. On the one hand, m; o 0 = 0 by additivity of m;, so 0 B 0 with witness 0. On the
other hand, o o 0 = 0 by additivity of o so 0 + 0 = 0. In particular, 0 is additive thanks
to Proposition 3 because 0 o mp = 0 and 0 o m; = 0 are summable with witness 0 and sum
0=0o0. O



1.2 Left summability structures

We consider a category C equipped with a left pre-summability structure (5,770,771,0).
The goal of this section is to make (C(X,Y),+,0) a partial commutative monoid. Similar
structures appear in [8] or more recently in [9], in a setting where sums can be infinitary. Our
partial monoids have only finite sums®. More crucially, the categorical notion of summability
defined above is essential for us whereas it is not categorically formalized in these works.

Definition 5. The left pre-summability structure is commutative if for any object X,
71,7 € C(DX,X) are summable with sum o. Then we set v = {m,m) € C(DX,DX)

so that m; oy = m1_;. This property is called ([~)—com).

Proposition 6 (Commutativity). The left pre-summability structure is commutative if and
only if for any fo, f1 € C(X,Y), if fo 8 fi then fi B fo and fo+ fr = f1 + fo.

Proof. For the direct implication, assume that fo B f1. Then m; oy o (fo, f1) = m1—i 0
(fo, i) = fi—i so fi B fo with witness v o (fo, f1). Furthermore, fi + fo = co~yo
(fo, 1) = g o {fo, f1) = fo + f1. Conversely, mp B 1 so by commutativity m B my and
T 4+ 7T =79+ 7T = 0. O

Definition 6. The left pre-summability structure has 0 as a neutral element if for any
object X, idx B 0 and 0 H idx with sums equal to idx. We call this property (D-zero). We
define 1,1 € C(X,DX) as ¢ := {idx,0)) and ¢; := (0, idx ).

Proposition 7 (Neutrality of 0). The left pre-summability structure has 0 as a neutral
element if and only if for any morphism f € C(X,Y), 08 f, fBHO and f+0=0+f=f.

Proof. By definition of g, mgpopo f =ido f = fand myoof=00f=0. So fHO
with witness (o f and f+0=0coyo f =ido f = f. We do the same for 0 + f with ¢;.
Conversely, we apply the neutrality of 0 on id to get that id B 0 and 0 B id, with sum id. [

Associativity is not that straightforward, as there are two possible notions. The situa-
tion is similar in the infinitary setting of [9] with the distinction between Weak Partition
Associativity and Partition Associativity.

Definition 7 (Weak Associativity). The operation + is called weakly associative if whenever
(fo+ f1)+ f2 and fo+ (f1+ f2) are well defined (recall Notations 1), we have (fo+ f1)+ f2 =
fo+(fi+ f2).

Definition 8 (Associativity). The operation + is called associative if whenever (fo+ f1)+ fo
or fo+ (f1+ f2) is well defined, the other expression is also well defined and (fo+ f1) + fo =

Jo+ (f1 + f2).

We need to work in a partial setting in which addition is associative: this is required for
instance in Section 2.1 to define § = {my o mp, Mg 0 T + ™1 o Mp)). This associativity seems
related to a kind of positivity of morphisms.

Ezample 1. Let x,y € [—1,1] be summable when |z| + |y| < 1, with  + y as sum. Then +
is weakly associative, but is not associative. Indeed, take xo = —%,xl = %,yl = 1. Then
(zo + 1) + y1 is defined, but o + (21 + y1) is not since |z1] + [y1| = 3 > 1. However, the
same definition on [0, 1] yields an associative operation.

5 Although the extension of the finite sum to an infinitary operations will have to be considered when
dealing with fixpoints.



Recall from Equation (2) that whenever ({ fo, f1), {90, 91)))) exists, the expressions (fo+
go) + (f1 +g1) and (fo + f1) + (go + g1) are well defined and equal. Taking go = 0 and
assuming (D-zero), this means that whenever (((fo, f1), (0,1)) exists, (fo + f1) + g1 and
fo+ (f1 +¢1) are well defined and equal. Taking f; = 0 and assuming (f)-zero), this means
that whenever ({fo,0), (g0,91))) exist, fo + (g0 + g1) and (fo + go) + g1 are well defined
and equal. Thus associativity holds if (5-zero) holds and if whenever (fo + f1) + g1 is
defined (respectively fo + (go + g1) is defined), then ({fo, f1), {0, g1)) exists (respectively
({fo0,0), (g0, 91)) exists). This shows that associativity follows from the following axiom.

Definition 9. The left pre-summability structure admits witnesses if for any f, g € C(Y, DX ),
ifoofHoogthen fH g. We call this property (D-witness).

Theorem 1. The properties (D-zero), (D-com) and (D-witness) give to C(X,Y) the struc-
ture of a partial commutative monoid for any objects X,Y. That is, for any f, fo, f1, f2 €
C(X,Y):

o fHO, 0B fandO+ f=f4+0=f;
o If fo B f1 then f1 B fo and fo+ f1 = f1+ fo;

o If (fo+ f1)+ f2 or fo+ (f1+ f2) is defined, then both are defined and (fo+ f1)+ f2 =
fo+ (fi+ f2).

One can define inductively from this binary sum a notion of arbitrary finite sum. The
empty family is always summable with sum 0. The family (f;);c; for I # () is summable
if 3ig € I such that (fi)icr/{i,} is summable and if (Ziel/{io} fi) B fi,. Then we set
>ier fi = 2 icr/qioy fi + fio- Theorem 2 shown in [5] ensures that the choice of order for
the sum is irrelevant.

Theorem 2. A family (f:)icr is summable if and only if for all partition® I,..., I, of I,
we have that for all j € [1,n] :=={1,...,n}, (fi)icr, is summable and (3_,c;. fi)je[i,n] i

summable. Moreover, 3,1 fi = 3 icq1.n) 2oiet, fi-

Definition 10. A left summability structure is a left pre-summability structure ([~), T, T1,0)
such that (D-zero), (D-com) and (D-witness) hold.

1.3 Comparison with summability structures

In the LL setting of [5], the first author introduced a notion of pre-summability structure
(S, m,m,0) as a summable pairing structure (recall Definition 1) where S is a functor for
which 7g, 71, 0 are natural transformations.

Theorem 3. The following are equivalent
o (S,m,m1,0) is a left pre-summability structure and every morphism is additive;
o (S,m,m1,0) is a pre-summability structure [5].

Remember that in [5], the underlying category C is assumed to be enriched over the
monoidal category of pointed sets, the distinguished element of C(X,Y) being denoted 0.
In particular f o 0 = 0 always holds.

6Where we admit that some I js can be empty.



Proof. Let (S,mo,m1,0) be a left pre-summability structure in which every morphism is
additive. By Proposition 3, for any f € C(X,Y) we can define Sf := {f o mo, f o m1)) and
the following equations hold: 7; 0 Sf = fom;, 0o Sf = f oo. Furthermore, S is a functor:
m;0Sid=idom; = m;0id and m; 0SfoSg = fomoSg= fogom =m oS(fog). Thus, by
joint monicity of the 7;, Sid = id and S(f og) = Sf 0Sg. Then the equations w; 0Sf = fom;
and 0 oSf = f o ¢ introduced above correspond to the naturality of 7y, 7 and o.
Conversely, let (S,mg,m1,0) be a pre-summability structure in the sense of [5]. The
naturality of my and 7 ensures that for any f, fomg H f om; with witness Sf. The
naturality of o ensures that the sum of those two morphisms is 0 0 Sf = f o ¢. Finally,
f o0 = 0 by assumption. So every morphism is additive by Proposition 3. In particular,
mo, 1 and o are additive, so (S, mg, w1, 0) is a left pre-summability structure. O

Corollary 1. The summability structures of [5] are the left summability structures where
all morphisms are additive.

2 Differential

2.1 Differential Structure

Recall from Equation (1) the main idea of the differential calculus. We generalize it to a
partial additive setting: f is differentiable at z if for any wu, if 2 B u then f’(x)-wu is defined,
f(x) B f(z) - u and, intuitively, f(z +u) =~ f(z) + f'(z) - u. Hence the differential of f can
be seen as a function D f that maps a pair of two summable elements {x,u)) to a pair of two
summable elements D f(z,u) = (f(z), f'(z) - u).

Definition 11. A pre-differential structure is a left summability structure ([N),wo,m,a)
together with, for each X,Y € Obj(C), an operator C(X,Y) — C(ﬁX, BY), also denoted as
5, and such that 7T006f = fomg. We define the differential of f asDf :=m OBf € C([N)X, Y).
By our assumptions Df = (f o mo, D).

At this point we do not assume D to be a functor, this will be the Chain Rule. Then the
equation my o Df = f o my will be the naturality of mg. We can also introduce three families
of morphisms 6, | and ¢ whose naturality will correspond to some axioms of differentiation.
This is very similar to what happens in tangent categories [7], the difference being the
structure of the functor D itself’.

The additivity of o ensures that comg H oomy. That is, (mgomg+m1omg) B (mpom +m10
m1). By associativity, this implies that ((mg o m+ m1 0 7g) + mg o m1) + 71 011 is well defined,
so (mpomg+miomg)+moom is well defined. By associativity again, mpomg+ (m omg+moom1)
is well defined, so Definition 12 below makes sense.

Definition 12. For any object X, define 6 € C([~)2X, BX) as 6 := {mpomg, m oMy + MO ).

By (D-zero), (g + 0) B (0 4 1) so by (D-witness) {mo,0) B (0,71). So Definition 13

below makes sense.

Definition 13. For any object X, define | € C(DX, D2X) as | := ({70, 0, (0,71 ))-

"There might be a way to combine tangent categories and coherent differentiation in one notion allowing
to axiomatize objects similar to manifolds where the tangent spaces have an addition of vectors which is
only partially defined. The first step should be to develop convincing concrete examples of such objects,
which might be related to the semantics of Type Theory.



By Proposition 2 (left compatibility) mo o (mg + 1) B m o (mg + m1). By additivity of
mo and 71, it means that (mp o mg + mp o 71) B (m o w9 + m o 71). So by (D-witness),
{mo o 7o, Mo 0 71 ) B {71 0 o, ™1 0 1) and Definition 14 below makes sense.

Definition 14. For any object X, we can define ¢ € C(D?X,D2X) as ¢ := ({0 o 7o, T ©
m ), (1 o mo, w1 o T )).

It is probably easier to understand those morphisms by how they operate on witnesses.
This corresponds to Proposition 8 below. The proof is a straightforward computation using
the joint monicity of my and 7.

Proposition 8. For any z,u,v,w € C(U, X) such that {{x,u), {v,w)) is defined,

00 ({x, u),
co ((z,u),

Definition 15. A differential structure is a pre-differential structure (5,#0,771,0) where
the following axioms hold, using the associated notation D f introduced in Definition 11:

(1) (Dproj-lin) Dmg = mp o w1, Dy = 71 0 7y

2) (Dsum-lin) Do = ¢ o7, DO = 0;

3) (D-chain) D is a functor (Chain Rule);

5

@) (
®3) (
(4) (D-add) o, 6 are natural transformations (additivity of the derivative);
(5) (D-lin) | is a natural transformation (linearity of the derivatives);

(6) (

6) (D-Schwarz) c is a natural transformation (Schwarz Rule).

A coherent differential category is a category C equipped with a differential structure.

The axiom (Dproj-lin) corresponds to an important structural property of D with regard
to {_, ). The axiom (Dsum-lin) corresponds to the additivity of the derivative operator,
that is, (f +¢9) = f'+ ¢. The axiom (D-chain) corresponds to the Chain Rule of the
differential calculus. The axiom (D-add) says that u — f’(z) - u is additive. The axiom
(D-lin) says that w — f’(z) - u is not only additive, but also equal to its own derivative
in 0. It is shown in Prop. 4.2 of [7] (in the left-additive setting of cartesian differential
categories) that it implies that u — f’(x) - u is equal to its own derivative in any points.
The same reasoning can be generalized to our setting, but it would require too much technical
development to be developed in this paper. Finally, the axiom (D-Schwarz) corresponds to
the Schwarz Rule, that is, the second derivative f”(x) (a bilinear map) is symmetric. An
account of these axioms as properties of D can be found in Section 3 and might help the
reader understand the ideas mentioned above.

2.2 Linearity

For the rest of this section, C is only assumed to be equipped with a pre-differential structure.
Any use of an axiom of coherent differential categories will be made explicit.

Definition 16 (D-linearity). A morphism f € C(X,Y) is D-linear if the following diagrams
commute.



Dx 2, py bDx-22,py X

o

Remark 2. The first diagram can also be written as D(f) = f o m; and means that [~)f =
(f omo, fom).

Proposition 9. A morphism f is D-linear if and only if it is additive and Df = f om
(that iS, Df = <<f © 7o, f © 7Tl>>)'

Proof. Assume that f is D-linear. Then fo0 =0 and, by Remark 2, fomy H fom of
witness Df. Thus fomg+ fom = coDf = f oo by assumption. So f is additive
by Proposition 3, and Df = f o w1 by assumption. Conversely, only the second diagram is
not part of the assumptions.

ao[N)f:(ﬂ'O—Fﬂ'l)o[N)f
=mgo 6f + 7m0 6f by Proposition 2
= fomy+ fom by assumption
=fo(m+m)=foo Dby additivity of f

Thus f is D-linear. O

Thus D-linear morphisms are in particular additive. As we will see, our notion of additive
and D-linear morphisms ultimately coincides with that of [3], so this distinction between
additivity and linearity is as relevant as it is in their setting.

Corollary 2. (Dproj-lin) is equivalent to the linearity of 7o and m1. (Dsum-lin) is equivalent
to the linearity of o and 0.

Thus D-linear morphisms are special instances of additive ones. Our notion of additive
and D-linear morphisms ultimately coincides with the one of [3] thanks to Proposition 10
below, so this distinction between additivity and linearity is as relevant as it is in their
setting.

Proposition 10. Assuming (Dproj-lin), (D-chain) and (D-add), any morphism h € C(X,Y)
such that Dh = h o my s additive, hence D-linear.

Proof. The proof relies on Propositions 18 and 19 of Section 3. If h = Dh o 7y, then for
any g € C(Z,X), hog=hom 0{0,g9) = Dho{0,g)). Thus, ho0 = Dho {0,0) = 0 by
Proposition 18, and ho(fo+f1) = Dho(0, fo+f1)) = Dho(0, fo))+Dho(0, f1}) = ho fo+ho fi
by Proposition 19 again. Thus, h is additive, so h is D-linear by Proposition 9. O

Thanks to (D-chain), (Dproj-lin) and (Dsum-lin), we can show that linear morphisms
are closed under composition, witnesses and sum.

Proposition 11. Assuming (D-chain), D-linear morphisms are closed under composition
and inverses.

Proof. Easy verification using the functoriality of D. o

Proposition 12 (B—Iinearity and pairing). Assume (D-chain) and (Dproj-lin). Assume
that ho, h1 € C(X,Y) are summable and both D-linear. Then (ho,h1)) is D-linear.

10



Proof. Let us do the diagram involving o, the other two being very similar. By joint monicity
of the m;’s, it suffices to solve the diagram chase below for ¢ = 0, 1.

Bhom) Fay o, By

\m J o |

h;

X

{ho,h1)

(a) is a consequence of (D-chain), (b) is a consequence of (Dproj-lin) and (c) is the D-linearity

Proposition 13. Assuming (D-chain) and (Dproj-lin), o is D-linear if and only if for all
ho,h1 € C(X,Y) summable and both D-linear, hg + hy is D-linear.

Proof. Assume that hq, hy are D-linear. By Proposition 12, {hg, k1)) is D-linear so ho+hy =
o {(hg, h1)) is D-linear (D-linearity is closed under composition). Conversely, o = 7y + m
and my, m; are D-linear so o is D-linear. O

Corollary 3. Assuming (Dproj-lin), (Dsum-lin) and (D-chain), to,t1,c¢, 1,6 are all D-linear.

Proof. All these morphisms are obtained through pairing, sums and composition of D-linear
maps. O

On a side note, by Remark 2 the B-Hnearity of m; means that Bm = ((m; o my, m; © LY.
In particular, it implies that ¢ = {Dmg, Dmy)). This is very useful because the differential of
a pair can then be obtained from the pair of the differentials.

Proposition 14. Assume (Dproj-lin), (D-chain). Let fo, f1 € C(X,Y) such that fo B f1.
Then Df() H Dfl and <<Df07 Dfl >> =Co D<<f0, fl»

Proof. m; o coD(fo, f1) = Dm; o D fo, f1) = Df:. O

2.3 The Differentiation Monad

Proposition 15. Assuming (D-chain), (Dproj-lin) and (Dsum-lin), the following diagrams
commute.

Dx Do, D2X +°_ Dx  D3x 2%, D2y

A

D?2X —— DX
0x

Proof. By Corollary 3, g is D-linear. Thus by Remark 2, Dy = {to o mo,t0 0 M) =
{((mo,0), {m1,0)). Hence 6 o Dig = {mo,0 + m1)) = {70, 71 ) = id5y by Proposition 8. Next
12X = ({0, m1), (0,0)) since (o, 71 ) = id and (0%, 05X ) = 0PX:PX_ By Proposition 8
again, o 19 = (mo, m1 + 0)) = (7o, m1)) = id5 so the triangles commute.

11



The square is a direct computation. We use simple juxtaposition for the composition of
projections for the sake of readability. The bottom path can be reduced using left compat-
ibility of addition (Proposition 2) and additivity of the projections:

o= {mpompob,m omyol+myom ob)
= ((mo o ™o © Wy, Ty © T © Wy + Mo © (M1 0 7 + 7 © 7))

= (g o g 0 Ty, 1 © Mo © Mo + (Mo 0 M 0 Wy + T O MY OT))) -
The upper path can be reduced by B—Iinearity of # and left compatibility of sum (Proposition 2):

<<7TOO7T0066‘,7T1 O7T0066‘+7T07T1 066‘»
={mpofomy,m obomy+moobom)
={

o © T © Mo, (M1 © Mg + T © T1) © T + Tp © T © 71) )

<<7TOO7TOO7T0,(7T1 O7T007T0—|—7TQO7T1O7TQ)+7TQO7TOO7T1)>>.

We conclude that those two morphisms are equal, using the associativity of the partial
sum. O

Corollary 4. (Dproj-lin), (Dsum-lin), (D-chain) and (D-add) imply that (B,LQ,H) is a
monad.

3 Interpreting the axioms as properties of the derivative

In this section, C is only assumed to be a category equipped with a pre-differential struc-
ture (Definition 11). We show that the various axioms of a coherent differential category
correspond to standard rules of the differential calculus, written as properties about D(f).
The results of this section are only necessary for Section 6 but they also provide some
intuitions on the axioms of coherent differentiation.

All the proofs are similar, and consist in using the joint monicity of my and m; to reduce
the axioms to a set of equations, then show that only one of those equations is non trivial.
In what follows, “linear” always means D-linear.

Proposition 16. D is a functor if and only if D(id) = m1 and D(go f) = D(g)o{ fomo, D(f)).

Proof. D is a functor if and only if Didx = idg y and for any g, f, (gof) DgoDf. By joint
monicity of the 7;, Did = id if and only if 7; o Did = m; 0id = m;. But mg o D|d~— idomy = mo
by assumptions on Pre-Differential Structures. So Did = id if and only if 71 o Did = 71, that
is, if and only if D(id) = m;.

Similarly, g o Dg o Df = gomo Df =gofom = Mo O D(g o f) by assumption on
pre-differential-structures. So by joint monicity of the m;, D(g of)= Dg oD f if and only if
moD(go f) = m oDgoDf. By definition of D, this corresponds exactly to the equation

D(go f) = D(g) o Df = D(g) o {f o m,D(f)) O

Proposition 17. Assuming (Dproj-lin), o is linear if and only if Do = 57‘1’0 + Bm Assum-
ing (Dproj- lm) and (D chain), o is linear if and only if for any fo, f1 that are summable,
D(fo+ f1) = Dfo + Df1 (recall that Dfo | Df1 by Proposition 14).

12



Proof. By linearity of m;, Bm = {(m;omp, m;0m1 ) so by Proposition 4, 57‘1’0-‘1— Bwl = (mgomo+
momg, moom +mom ) = {(mo+m1)omg, (mo+m1)om) = (o omy,ocom). But o is linear
if and only if Do = (o omy, 0 0m1) by Proposition 9, that is, if and only if Do = 57r0 +Drm.

For the second part of the lemma, notice that the right statement for fy = 7o and f1 = m
is exactly Do = D+ Dy, so the converse direction holds. For the forward direction, notice
that

D(fo + f1) = B o (fo, f1))
= Do o D(fo, f1) by (D-chain)
— (Do + Dmy) o D(fo, f1) by assumptions
= Do 0 D((fo, f1) + D1 o D( fo, f1)
= E)fo + Bfl by (D-chain)
o

Corollary 5. Assuming (Dproj-lin) and (D-chain), o is linear if and only if for any fo, f1
that are summable, D(fo + f1) = D(fo) + D(f1)

Proof. The linearity of ¢ is equivalent to 5( fo+ f1)= D fo+ D f1 for any fo, f1 summable.
By Proposition 4, this is equivalent to {(fo+ f1)omo, D(fo+ f1)) = (foomo+ fiomo, D(fo)+
D(f1))). The left compatibility of addition (Proposition 2) ensures that the first coordinates
are always equal. So o is linear if and only if for all fo B f1, D(fo+ f1) = D(fo)+D(f1). O

Proposition 18. The following assertions are equivalent:

(1) o is natural;

(2) For any f € C(X,Y), Df otp=0;

(8) For any f € C(X,Y), any object U and x € C(U, X), Df o {(x,0)) = 0.
Proof. (1) < (2). By joint monicity of the m;, for any f € C(X,Y), Df oy =too f if and
only if qooDfow =mgowgo f=fand m oDforg=m 0190 f=0. The first condition
always hold by naturality of my and definition of ¢qg. So ¢y is natural if and only if the second
identity holds. This equation is precisely (2).

(2) < (3). The forward direction is directly obtained by composing the identity of (2)

by x on the right. The reverse is directly obtained by applying the equation of (3) to
xr = idx. O

Proposition 19. Assuming (Dproj-lin) and (D-chain), the following assertions are equiv-
alent:

(1) 0 is natural;
(2) for any f € C(X,Y), Df oDy BDfomy and Df 06 = Df o Dmg+ Df o my;

(3) for any f € C(X,Y), any object U and any x,u,v € C(U,X) that are summable,
Df o {ix,u) 8D/ o (z,v) and

Df o (xz,u+wv)=Dfo(z,u)+Dfo(z,v).
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Proof. (1) & (2). By joint monicity of the m;, for any f € C(X,Y), Dfof = 60 oDf
if and only 1f7roonot9 = ﬂ'ooﬁoD2f and 71'1on09 = 7r1000D2f The equation
mpoDfol=myobo D2f always holds. Indeed

7r005f00 = fomyo# by naturality of mgy
= fomyomy by definition of 6
T 060 oD%f =myomoD2f by definition of 6
= fomyomy by naturality of mg .

The left hand side of the equation m o Df 08 = m; 0 6 o D2f is D(f) o 6 by definition. The
right hand side rewrites as follows.

7T109062f:(7T007T1—|—7T107T0)062f

Ty O 1 O [~)2f + T om0 [~)2f by Proposition 2

=m0 57r0 o [~)2f + 7 om0 [~)2f by B—Iinearity of m
m o ﬁ(wo o [N)f) + T omgo 52f by (D-chain)

m o 5(f omy) + 7 0 Dfom by naturality of m
=m o ﬁf o Bﬂ'o + 7o [N)f omy by (D-chain)
=Dfo 67‘(0 + Df omy by definition

So this second equation under consideration is equivalent to the equation of (2).

(2) < (3). Recall that Dmy = (g o 7o, mo o 1) by linearity of my. Then the forward
direction is directly obtained by composing the equation of (2) with {{z,v})), {u,0)) on the
right. The converse is directly obtained by applying the equation of (3) to z = mg o mo,
u=m 0m and v = 7y o0 Y. O

Remark 3. Notice that D(D(f)) = m10D(m10Df) = 7 0Dmy 0D2f = 1y 0y 0 D2f assuming
(D-chain) and (Dproj-lin). Thus, D(D(f)) is nothing more than the rightmost coordinate
of D2f. This will be useful for what follows in this part.

Proposition 20. Assuming (Dproj-lin), (D-chain) and the naturality of 1o, the following
assertions are equivalent:

(1) | is natural;
(2) for all morphism f € C(X,Y), D(D(f)) ol =D(f);
(3) for all morphism f € C(X,Y), for all morphisms x,u € C(U, X) summable,

D(D(f)) o ({x,0), (0, u)) = D(f) o {z,u}.

Proof. By joint monicity of the m;, | is natural if and only if for all f and for all 4,j €
{0,1},momjoD?fol=m omoloDf. By Remark 3 (and because w1 o7y ol = 77), the
equation for i = j = 1 corresponds exactly to the equation D(D(f)) oI = D(f). Thus, it
suffices to show that m; o7, o D2fol=m;o0 mjolo Df always holds when (i,7) # (1,1) to
conclude that (1) is equivalent to (2).

e Caset=0,j=0: ﬂ'oowooloﬁfzﬂ'ooﬁf:foﬂ'o and7T007T0062fO| = fomgomol =
f o mo;
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e Casei=1,j =0: woowloIOBf:OOBf:Oandwlow00[~)2f0|:wlo[N)fOWQOI:
moDfowygomy=m1otyo fom =0 thanks to the naturality of ¢q;

e Casei=0,j=1: 7T007T10|0Df—OODf—OaHdﬂ'()Oﬂ'lODQfO _7rloD7'rooD2fo|
moDfoDmgol=m0Dforgomy =mi0tp0 fomy =0 thanks to the naturality of ¢¢.

Next (2) is a particular case of (3) for x = my and u = ;. Conversely, assuming (2) we

have that D(D(f)) o ({z,0), (0,u}) = D(D(f)) o lo (z,u) = D(f) o (2, u)- 0

Proposition 21. Assuming (Dproj-lin) and (D-chain), the following assertions are equiv-
alent:

(1) c is natural;
(2) for all morphism f € C(X,Y), D(D(f)) oc=D(D(f));
(8) for all morphism f € C(X,Y) and z,u,v,w € C(U,X) that are summable,

D(D(f)) o ({2, u), (v, wh) = D(D(f)) o ({2, v}, (u, w))

Proof. By joint monicity of the m;, c is natural if gnd only if for all f and for all 4,j €
{0,1}, mom;0D? foc = miomjocoD? f. But momjocoD?f = mjom;oD? f. Then, by Remark 3,
the equation for i = j = 1 corresponds exactly to the equation D(D(f))oc = D(D(f)). Thus,
it suffices to show that m; o 7; o D2foc = = mjom;o D2f when (i,§) # (1,1) to conclude
that (1) is equivalent to (2).

e = 0,7 = 0: The equation holds by reflexivity of equality.

ei=1,7=0: 7T007T1O§2f:~ﬂl067T0062f:ﬂ'106f06ﬂ'0 and7r107r00[~)2foc:
moDfomyoc=m oDfoDmy so both sides are equal.

e i =0,5=1: 7T007T1062fOC = 7T107T0062f if and Onlyifﬂ'oowloEN)Qf = 7T107T0062fOC

because c is involutive. But this equation holds, as seen above.

Next, (2) is a particular case of (3) for x = mpomg, u = mpomy, v = M omy and w = 71 077.
Conversely, if (3) holds then D(D(f)) o {(z,u), (v, wh) = D(D(f)) o co ({z, v}, (u, w}) =
D(D(f)) o ({z, v), (u, w)). O

4 Compatibility with the cartesian product

We assume in this section that C is cartesian and is equipped with a left summability
structure (D, mg, m1,0).

Notations 2. We use & for the cartesian product, following the notations of LL. For
any objects Yp, Y7, the projection will be written as p; € C(Yp & Y7,Y;) and the pairing of
fo € C(X,Yy) and f1 € C(X,Y1) as (fo, f1). Finally, the terminal object will be written T.
Note that the uniqueness of the pairing in the universal property of the cartesian product
can be understood as the joint monicity of the p;.
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4.1 Cartesian product and summability structure

Definition 17. The summability structure (5,71'0,771,0) is compatible with the cartesian
product if {(0,0) = 0 and, for all fy, g0 € C(X,Yp) and f1,91 € C(X,Y1):

® (fo, f1) B (g0, g1) if and only if fo B go and f1 B g1

e and then (fo, f1) + (90, 91) = (fo + f1,90 + g1)-

That is, sums are computed componentwise. Let us break down this definition in more
details.

Proposition 22. The following are equivalent

® pg, p1 are additive;

e (0,0) =0 and for all fo,g90 € C(X,Yy) and f1,91 € C(X, Y1), if {fo, f1) B {g0,91) then

fo B go, f1 B g1 and (fo, f1) + (90, 91) = (fo + f1,90 + 91)-
Proof. Assume that pg,p; are additive. Then p; o0 = 0 = p; 0 (0,0). Thus by joint
monicity, 0 = (0, 0). Furthermore, assume that (fo, f1) B {(go, g1). Then by additivity of p;,

pi © (fo, f1) = fi and p; o (go,g1) = g; are summable and f; + g; = p; © ((fo, f1) + (90, 91))-
So the joint monicity of the p; implies that {fo, f1) + (g0,91) = {fo + f1,90 + 91)-
Conversely, since (0,0) = 0 we have p; 00 = p; 0(0,0) = 0. Let f,g € C(X,Yy & Y1) be
summable. One can write f = (pgo f,p1 0 f) and g = (pp 0 g,p1 0 ¢g). Since f H g we have
piofHpiogand f+g=(poof+poog,piof+piog). Applying p; on this equation
yields that p; o (f + ¢g) = pi o f + pi o g so p; is additive. O

Corollary 6. If pg and p1 are additive, then 0 & 0 = 0 and for all fo, g0 € C(Xo,Yo) and
fi.1 € C(X1,Y1), if fo& f1 B go & g1 then fo B go, fr B g1 and fo& fr + g0 & g1 =
(fo+90) & (f1 +g1)-

Proof. We simply use the fact that f & g = (f o po, go p1) and Proposition 22 together with
the left compatibility of sum with regard to composition (Proposition 2). O

We now assume that the projections pg and p; are additive. This allows us to define a

morphism cg € C(D(Xy & X1),DXp & DX;) for any objects X, X1 as cg := ({po © 70, po ©
1), {p1 © T, p1 © m1))). In other words, m; o pj o cg, = p;j o m;, that is

cg © ((fo, f1), (90, 91)) = ({(fo, g0)), (f1,91)) -

This is very reminiscent of the flip ¢ (it swaps the two middle coordinates), except that
there are no summability conditions associated with the ( | ) pairing.

Theorem 4. The following assertions are equivalent
(1) cg is an isomorphism;
(2) ™0 &Tro H ™1 &ﬂ'l,’

(3) for any fo,g90 € C(X,Y0), fi,91 € C(X, Y1), if fo B go and f1 B g1 then fo & fi B
go & g1;

(4) for any fo,90 € C(X,Y0), f1,91 € C(X, Y1), if fo B go and f1 B g1 then (fo, f1) B
<907gl>

and then (mo & mo, ™ & ™) = g
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Proof. (1) = (2): Assume that cg is an isomorphism with inverse w. Then m;0p; = m;0p;o0
cgow = pjomow. But mop; = pjo(m; &m;) by naturality of p; so pjomow = pjo(m; &m;).
By joint monicity of the p;’s we have m; o w = (m; & m;). That is w = (7o & mo, m1 & m1).

(2) = (1): Assume that mo&mo B m1 & 71, of witness w. Then, p;omow = pjo(m&m;) =
m; o p;j. Hence

pj o OwWoCy, =T 0P;j 0Ck = P;jOT;
T OPj 0CEOW = P;j O OW = T; O Pj

By joint monicity of the p;’s and of the m;’s we get w o cg = idB( and cg ow =

id

Xo&X1)
DXo&DX:" _ _

(2) = (3): We have (fo,g0) € C(X,DYp) and {(f1,91)) € C(X,DY1). Let w = {(mp &
mo, m & m1)) o ((fo, 90) & (f1,91)). We have moow = fo & f1 and 71 0w = go & g1 so that
Jo& fi B go & g1.

(3) = (2): (2) is a particular case of case (3).
(3) = (4): Assume that fo B go and f; B g1. Then by assumption, fo & f1 B go & ¢1.
Let w = {fo & f1,90 & g1) o (id,id). Then mp o w = (fo, f1) and m o w = (g, g1) so that

(fo, f1) B (g0, g1)-

(4) = (3): Assume that fo B go and f1; B g1. Then foopg B goopo and fiopy B giopy by
left compatibility wrt. composition (Proposition 2). Hence, by assumption, (foopg, f1op1) B
(9o © po, g1 0p1). That is fo & f1 B go & g1. O

Corollary 7. A summability structure is compatible with the cartesian product if and only
if po, p1 are additive and cg is an isomorphism.

4.2 Cartesian product and differential structure
We now assume that C is a cartesian category with a pre-differential structure ( 5, 0,71, 0).

Definition 18. The (pre-)differential structure (D, 7o, 71, o) is compatible with the cartesian
product if the underlying summability structure is compatible with the cartesian product,
and if pg, p1 are D-linear. A cartesian coherent differential category (CCDC) is a coherent
differential category whose cartesian product is compatible with the differential structure.

We assume that C is a CCDC. By B-Hnearity of pg and p1, all constructions involving
only the cartesian product are D-linear.
Proposition 23. If hy € C(X,Yy) and hy € C(X,Y1) are D-linear, then (ho, hy) is D-linear-.
If fo € C(X0,Yp) and f1 € C(X1,Y1) are D-linear, then fo & f1 is D-linear.
Proof. For the first statement we proceed as for Proposition 12 except that the paring as a
summable pair is replaced by the pairing of the cartesian product. The second statement

follows from the first one, because fo & f1 = (fo © po, f1 © p1), the projections are D-linear,
and D-linearity is closed under composition. O

For any objects Xg, X1, there is a natural transformation <[~)p0,5p1> € 0(5(X0 &

X1), [~)X0 & 5X1). By D-linearity of pp and p; this natural transformation is equal to
{{(po © m0, po © ™1 ), {P1 © T, p1 © T1))) = cg. Whence a result similar to Proposition 14.

Proposition 24. For any fo € C(X,Yy) and f1 € C(X, Y1), <[~)f0, Bfl) =cCgo [~)<f0,f1)

Proof. p; ocg o D{fo, f1) = Dpi o D{fo, f1) = Df;. O
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4.3 Partial derivatives
Using cg_cl, we define two natural transformations

0 = (cg) ! o (idgy, & t0) € C(DXo & X1,D(Xo & X1))
@' = (cg) ! o (1o &idgy,) € C(Xo & DX1,D(Xo & X1))
Note that cg, (cg ) ™!, ®° and ®! are all D-linear, thanks to Propositions 11 and 23 and Corollary 3.
Proposition 25. ®° = (my & idx,,m & 0) and ®! = (idx, & 7,0 & 1))

Proof. By Theorem 4, (cg )™t = (mo&mo, 71 &1 ) and the result follows by a straightforward
computation. O

Definition 19 (Partial derivative). If f € C(Xo & X1,Y) one can define Do f := Df o ®° €
C(DXo & X1,DY) and D1 f := Df o ®! € C(Xo & DX;, DY), the partial derivatives of f.

Proposition 26. For any f € C(Xo & X1,Y), mo o [~)0f = fo(m & id) and m o Blf =
f o (Id & 7T0).

Proof. my o [~)0f =Ty o Bf 0@ = fomyo®® = fo(m & id) by Proposition 25. The proof
for ®! is similar. O

Proposition 27. The following diagram commutes.

B(Xo&ﬁXl) & SXO&BXl Ll} 5(5X0&X1)

Séll lﬁqﬁ

D2(X, & X)) < D2(Xo & X))

Proof. We use Proposition 25 to compute D®! o ®° and D®° o 1. Since d° is 5—1inear,
D®Y = (®° o 7g, @ o 1)) by Remark 2. Thus
D’ o ®' = DP° o (idx, & 70,0 & 1)
= (®° o (idx, & m0), ®° 0 (0 & 1))
= ({70 & mp, m & 0), (0 & 71,0 & 0))

Similarly, D& 0 ®° = ((mo & 70,0 & m1 ), (71 & 0,0 & 0)). The commutation results
from Proposition 8. o

Proposition 28. The following diagram commutes

B(Xo&ﬁXl) & BXO&BXl L} B(BXo&Xl)

6@{ lc(;l lﬁ@o
52(X0 & Xl) 49> S(XQ & Xl) (97 52(X0 & Xl)
Proof. Thanks to the computation of D®° o ®! in the proof of Proposition 27, we know
that 6 o D®° o ! = (g & 7o, ™1 & 0+ 0 & ™) = (7m0 & 7o, ™1 & m1) by Corollary 6.

So 00 D® o B! = (cg)™t by Theorem 4. A similar computation yields the result for
0 o DP! o PO, O
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Remark 4. We can check that the natural morphisms ®°, ®! are strenghts [10,11] for the
monad (6, to,0). Then the diagram of Proposition 28 means that this strong monad is a
commutative monad. The diagrams can be checked by hand, but are also a consequence of
very generic properties about strong monads on cartesian categories.

As mentioned in [12] in paragraph 2.3, any monad (M, n, 1) on a cartesian category can
be endowed with the structure of a colax symmetric monoidal monad® taking

e n’ is the unique element of C(MT, T)
o n§(11X2 = <MP17 Mp2> S C(M(Xl &Xg), MX; & MX2)

If n? and n° are isos, M becomes a (strong) symmetric monoidal monad. This is what
happens here for M = 5, because n? = cg, and we can show that n® is an isomorphism with
inverse ¢y using the join monicity of the ;. But symmetric monoidal monad are the same
as commutative monads as shown in [10, 14], and it turns out that the strengths induced
from the symmetric monoidal structure are exactly ®° and ®!.

The axioms (D-Schwarz) and (D-add) carry to the setting of partial derivatives very
naturally thanks to Propositions 27 and 28 respectively, giving the full fledged Schwarz
and Leibniz rules. The fact that the Leibniz rule is a consequence of the additivity of
the derivative is not surprising, as it is also the case in the usual differential calculus:

F(@,y) - (u,0) = f/(2,9) - (,0) + f(2,9) - (0,0) = Gz, 9) - ut+ G (z,9) - 0.
Proposition 29 (Leibniz rule). Bf o c&_é1 =0fo 5051]‘ =4fo [~)1 Bof
Proof. Let us prove that 6f o c&;l =fo f)of)lf.
9oDoD1f =00D(Df o®")od® by definition
=0oD%foD®' 0 d® by (D-chain)
=DfofoD®' 0d® by (D-add)
= [N)f ) cgl by Proposition 28 O

The proof of Sf o cgcl =0o 51 Bof is similar.

Proposition 30 (Schwarz rule). 5051f =co [~)1 Bof

Proof. Very similar to that of Proposition 29, except that it uses the naturality of c¢ of
(D-Schwarz) instead of the naturality of 6. O

4.4 Generalization to arbitrary finite products

Notations 3. Recall that the existence of arbitrary finite products is equivalent to the
existence of a binary product and a terminal object. In order to stay consistent with the
current notations, we write the finite products starting from 0: Xy&- - -&X,,. We allow empty
products, with the convention that taking n = —1 yields a product Xg & --- & X_1:=T.

The constructions above can be extended to arbitrary finite products. On can indeed

define a (symmetric monoidal) natural transformation cf € C(D(Xo & --- & X,,), DX, &
.-+ & DX,,) inductively by (cg)x =tz € C(DT,T), (c)x := idg, € C(DX,DX) and
c?jl = cg o (g, idBXnH}. By associativity of the cartesian product, this definition does

not depend on the actual parenthesizing of X & --- & X,.

8 Also called oplax symmetric monoidal monad, or symmetric comonoidal monad, or Hopf monad, see [13]
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Notations 4. Let X0, Yy, ..., X, Y, € Obj(C), i € [0,n] and fi € C(Xk, %) for each k # i.
Let g € C(X;,Y;). Define (g; f—i) := fo& - & fic1 & g & fig1 & -+ - & fr, in which we use f;

everywhere except at position ¢ where we use g.

Similarly to the binary case, one can then define a strength ® € C(Xo & --- & DX; &
& X, D(Xo & - & X)) as

@i := () o (idgy,: (10) ).

Proposition 31. cf, is an isomorphism and ()t =(mo&  -&my,m & --&m1). Hence,
@' = ((mo;id—s), (15 0-)).

Proof. The equation on cg, is obtained by unfolding the inductive definition and using Theorem 4.
The equations on the ®¥’s follow from this, as in Proposition 25. o

Definition 20. For any f € C(Xo & --- & X,,,Y) one can define the i-th partial derivative

Proposition 32. 7y 0D, f = f o (m;id_;).
Proof. Same as Proposition 26. O

Definition 21. For any X € Obj(C) and n > 0, we can define 6% € C(D"X,DX) as
the composition of k copies of 6: 6% = idg y and 9’;(“ = 9’% o 6= We define similarly

o DkX "
7F e C(DFX, X).

Note that 6% = (75t Z?:o T om o wgfj ). In other words, the right component of

6% sums over all of the possible combinations of k left projections and one right projection.
One can prove a generalization of Proposition 28 for n > 1,

()~ =" 0 D"®*™ 6 ... 0 D) 6 PP

for any a permutation of [0,n]. As in Proposition 29, this generalizes the Leibniz Rule to
the n-ary case.

Proposition 33 (Leibniz, generalized). For any n > 1 and for any permutation a of [0, n],
Df o (Cg)_l =0"o Da(n) .. Da(o)f.

4.5 Multilinear morphism
We generalize to multivariate functions the notion of additivity and f)—linearity.

Definition 22. A morphism f € C(Yp & --- & Y, Z) is additive in its i*" argument (for
i € [0,n]) if fo (0;id—;) = 0 and if for all hg,h1 € C(X,Y;) such that hg B hq, then
Fo(hosid—s) B f o (hi;id_;) and

fo(hosid_;) 4+ fo(hi;id—;) = f o (ho + hi;id_;)

Proposition 34. A morphism f € C(Yo & --- &Y, Z) such that f o (0;id_;) = 0 is additive
in its i'" argument if and only if f o (mo;id_;) B f o (my;id_;) with sum f o (o;id_;).

Proof. The proof is the same as Proposition 3, using the fact that for any k& € {0, 1},
fo(h,k,ldfz) = fO(ﬂ'k,ld,Z)O(<<h,0,h1>>,ld71) O
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Definition 23. A morphism f € C(Xo & --- & X,,,Y) is linear in its it" argument if it is
additive in this argument and if w1 o D; f = f o (71;id_;).

As in Proposition 10, (D-add) ensures that the equation 7y o D;f = f o (my;id_;) is a
sufficient condition for linearity in the i*" argument.

Proposition 35. Assume that m o [N)Zf = fo(m;id_;). Then f is additive in its i*"
argument, hence linear in that argument.

Proof. The equation allows rewriting f o (h;id_;) as follows.
fo(hyid_;) = fo(m;id_;) o ({0,h);id_;)
=D;f o ({0,h);id_;) by assumption
=Dfo® o ((0,h);id_;)
=Df o ((05id_;), (h;0_;)) by Proposition 31

In particular, f o (0;id_;) = Df o ((0;id_;), (0;0_;)). But (0;0_;) = 0 by Corollary 6.
So by (D-add) and Proposition 18, f o (0; _1) = 0. Similarly, if hg B hq,

fo(ho+ hi;id_;)
= Df o ((05id—s), (ho + h130-,))
:Df ((05id—3), (ho; 0—3) + (h1;0-4)) by Corollary 6
= Bf 0 ((0:id_s), (ho; 0_)) + Bf o ((0:id_), (h1:0_5)) by (D-add) and Proposition 19
= f o (ho; Id—z) + fo(hy;id_;).
O

Definition 24. A morphism f € C(Xo & -+ & X,,,Y) is multilinear (and more precisely,
(n + 1)-linear) if it is linear in all of its argument. Note that the 1-linear morphisms are

exactly the D-linear ones.

As a sanity check of the notion, we can use the result below together with the Leibniz
rule to show a result similar to the fact that in differential calculus, if ® is a bilinear map,
then ®'(z,y) - (u,v) = ®(z,v) + P(u, y).

Lemma 1. For any f € C(Xo & --- & X,,,Y) and 1,5 € [0,n] such that i # 7,
Dmo 0 D;D; f = Dy f o (mo;id_;)
Proof. This is a direct computation
Do o D;D; f = Dmg o D(D; f) o ®°
=D(myoD;f)o®" by (D-chain)
= B(f o (m;id_;)) o ®" by Proposition 32
=Df o D(mp;id_;) o ® by (D-chain)
=Dfodio (mo;id_;) since ®' natural and i # j
=D;f o (mo3id_;)
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Theorem 5. For any (n + 1)-linear morphism f € C(Xo & --- & X,,,Y)

mooDfo(cg) t = fol(m&---&m)
moDfo(cg) '=fo(m&m& --&m)+-+ fol(m& - &m&m)
Proof. We will write the proof for n = 1. The general case relies on the same arguments.
The first equation is just a direct consequence of the naturality of mg and Proposition 25. For
the second equation, Leibniz (Proposition 29) ensures that 73 oD f o cgcl =mofoDyD,f =
w1 om0 DgDy f 4+ mg o 0 DDy f. We can compute those two summands separately.
M O Ty © 5051]” =m o [N)lf o (mg & id) by Proposition 26
= fo(id&m)o(mp & m) by bilinarity of f
= f @) (7T0 & 7T1)

7TQO7T106051f:7T1067T006061f by linearity of ™0
=m 0Dof o (id& 7o) by Lemma 1
= fo(m &id)o (id & m) by bilinarity of f
= fo(m &mo)
Which concludes the proof. O

We can expand on the ideas of the proof Lemma 1 to show the following result. This
result is crucial, as it explains how to project on a series of partial derivatives.

Proposition 36. Letn >0, f € C(Xo & -+ & X,,), d >0 and i,41,...,iq € [0,n]. Then,
D%y oDi,...DyDif =Dy, ...D;, f o (D"Drg:id_;)

where hq(i) = #{k € [1,d]) | ir = i}. Furthermore, if f is (n + 1)-linear, then
D%y 0Dy, ...D,Dif =Dy, ...D;, f o (D"Wry:id_;)

Proof. By induction on d. The case d = 0 is Proposition 32 for 7, and the definition of
n-linearity for m. We deal with the inductive step for my. The inductive step for m; is dealt
with similarly.

D1 (D%mo) 0 D(Dy, ... Dy, Dif) 0 @+ by definition

(deo o D e 51-1 Bzf) o ®l+1 by (D-chain)

D(D;, ...D;,Dif o (D" xy:id_;)) o ®*+ by inductive hypothesis
=DD;,...D;,D;f o D(D"Dry;id_;) o ®'¢+1 by (D-chain)

7T006id+1...61'161‘f*6

d

The next step is to use the naturality of ®i+1:

D(fo& - & fn) 0@+ = (Dfiyy s foinsr)
If id+1 = i, then

D(D" I rgsid_;) o i+t = i+t o (DM id ;)
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If ig41 # @ then

D(th(i)ﬂ_o; Id_l) o (I)id+1 _ (I)id+1 ° (Bhd(i)ﬂ—o; |d—z)

In both case,

D(D" 7y id_;) o P+t = Piatt o (Dha+1 D rryrid_y)

Consequently:
B 1m0 Biy., ... Do Dif — DDy, ... Doy Dif 0 Dot o (B4 Drgiid )
=Dy, Di,...D;,Dif o (DM+1Oryiid )
which concludes the proof. O

This property instantiated in d = 1 gives back something similar to Lemma 1.
Corollary 8. If f e C(Xo & --- & X,,) is (n+ 1)-linear, then for any i,j € [0,n] such that
1 # j and for any k € {0,1},

Dy, 0 D;D; f = D, f o (ms;id_;)
D 0 D;D; f = D f o (Dry;id_;)

We can use this corollary to show that the partial derivative of a (n+ 1)-linear morphism
is also (n + 1)-linear.

Theorem 6. If f € C(Xo & --- & X,,) is (n + 1)-linear, then for any i € [0,n], Dif is
(n + 1)-linear.

Proof. Let j € [0,n]. The goal is to prove that m o [N)jﬁif = D;fo (m1;id_;). By joint
monicity of the 7, it suffices to prove that 7 o w1 0 D;D;f = 1 0 D;f o (m1;id_;) for any
ke {0,1}. If i # 7,
T O O 6J61f =710 67Tk @) 6J61f by 5—linearity of 1

=m0 f)jf o (m;id—;) by Corollary 8

= fo(m;id_;) o (m;id—_;) since f is (n + 1)-linear

= fo(mg;id_;) o (mi;id_;) since i # j

=m,oD;fo (m1;id_;) since f is (n + 1)-linear

The case ¢ = j is very similar

M, O O Bi Bif =m0 Bﬂ'k o [N)l[N)lf by B-Hnearity of m
=m0 [N)Zf o (67%; id_;) by Corollary 8
= fo(m;id_;)o (Dm;id_;) since f is (n + 1)-linear
= fo(mg;id—;) o (m;id—;) since 7y is D-linear
=mpoD;fo(m;id_;) since f is (n+ 1)-linear.
O

Composition with a linear morphism preserves multilinearity. Thus, the Leibniz rule
ensures that if f is multilinear then Df is also multilinear.
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Proposition 37. If f € C(Xo & --- & X,,,Y) is (n + 1)-linear and h € C(Y, Z) is linear,
then ho f is (n + 1)-linear.

Proof. This follows from a straightforward computation 7y o 5Z(h of)y=mo 5(h of)odt =
moDhoDfo® =hom oD;f =ho fo(m;id_;). O

Theorem 7. If f € C(Xo & -+~ & X,,,Y) is (n + 1)-linear, then Df o ()t e ¢(DXy &
- & DX,,DY) is also (n + 1)-linear.

Proof. By Leibniz (Proposition 33), [~)f o(cg)t=6"0 Ba(n) - [N)a(o)f. But the partial
derivatives preserves multilinearity by Theorem 6 and composition by 6™ on the left pre-
serves multilinearity by Proposition 37. O

5 Kileisli category of the exponential of a model of LL

5.1 Coherent differentiation in a linear setting

Let £ be a symmetric monoidal closed category that is a model of LL, and more precisely
a Seely category in the sense of [15]. We write the composition of f € L(X,Y) with
g€ L(Y,Z) as g f to stress the intuition that the morphisms of £ are linear. The axioms of
a Seely category include the existence of a cartesian product & and a comonad (!, der, dig) on
L, where dery € L£(!1X,X) and digy € L£(!X,!!X) are natural transformations. The Kleisli
category L) of this comonad is the category whose objects are the objects of £ and whose
hom-sets are £i(X,Y) = L(!1X,Y). Composition is defined in this category as go f = g!f dig
and the identity at X is derx, the unit of the comonad. It is well known that £ is a cartesian
(closed) category, with the same cartesian product & as L.

The goal of this section is to show that coherent differentiation on £ as introduced in [5]
in the setting of LL gives £, a CCDC structure.

Theorem 8. Any differential structure on a summable category L (see [5]) induces a CCDC
structure on L.

Let us detail first what the assumption means. The category L is said to be summable [5]
if it has a summability structure (S, 7o, 71, o) in the sense of the first author. By Theorem 3,
this means that (S, 7, m1,0) is a left summability structure in the sense of Definition 10
where every morphism is additive and the functorial action of S is given by Sf := (f o
70, f o). Then, we can define ¢;, 0, | and c as usual?. The difference is that the additivity
of every morphism ensures that those families are natural transformations for the functor
S. In particular, (S,¢,0) is de facto a monad. The category L is said to be summable
as a cartesian category if (Spo,Sp1) = cg is an isomorphism!’. Because every morphism
of L is additive, this corresponds by Corollary 7 to the fact that the cartesian product is
compatible with the left summability structure as in Definition 17.

It is well known that there is a faithful functor Der : £L — £, which maps X to X
and f € L(X,Y) to fderx € L(!X,Y). We can show that this functor induces a left
summability structure (D, Der(m), Der(m ), Der(c)) on £y (where DX := SX) compatible
with the cartesian product & of £;. The reason is that Der preserves monicity and additivity,
thanks to the well known fact that Der(h) o f = h f. Finally, the definition of Der ensures

9Note that in [5],  is called 7
10We can show that the condition required in [5] that 0 € £(ST, T) is an isomorphism always hold, using
the joint monicity of the m;
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that Der({ fo, f1))) = {Der(fo), Der(f1})). In particular, the families of morphism generated by
the Left Summability Structure (D, Der(m), Der(m ), Der(c)) in Definitions 6 and 12 to 14
are Der(s;), Der(0), Der(l) and Der(c) respectively.

Then a differential structure on a summable category L is a natural transformation
Ox € L(I1SX,S!X) satisfying some equations called (9-chain), (9-local), (8-lin), (9-&) and
(0-Schwarz) (see [5]). The first axiom, (0-chain), is a compatibility condition of J with

regard to dig and der, making 0 a distributive law between the functor S and the comonad
!

Definition 25. A distributive law between a functor F' : £ — £ and the comonad !
on £ is a natural transformation A" € L(IF X, F1X) such that the two following diagrams
commute.

A%

F
IFX X, pIX IFX FIX

\ J{Fderx digFXJ/ iFdigx
derpx
FX

NFX —— IFIX —— FIX
g A

A definition of distributive laws can be found in [16], together with a proof of Propositions 38
and 39 stated below (corollary 5.11 of [16])*!.

Proposition 38. Let I': C — C be an endofunctor. There is a bijection between distributive
laws A\p € L(IFX, F'X) and 1ifting312 F of F on Ly. A lifting F of F is a functor F': L) —
Ly such that FX = FX and F(Der(h)) = Der(Fh).

Proof. Given a distributive law A" € L(!F X, F!X), one can define an extension mapping X
to FX and f € £i(X,Y) to F(f)\§ € LI(FX,FY). We can check that it is a functor using
the diagrams of distributive laws, and a lifting of F' using the naturality of A". Conversely,
any lifting I of F induces a family A} = Fidx € £(!FX,F!X). The two diagrams of
distributive law comes from the functoriality of ' and the naturality comes from the fact
that F' is an extension of F. O

Remark 5. Let F,G : L — L be two functors, with respective lifting F and G associated
to the distributive laws A" € L(IFX, F1X) and A% € £(!GX,G!X). Then GF is a lifting
of GF and the distributive law associated with GF is the following natural transformation:
NF = GOE) MGy € LIGFX,GF'X).

The result below, proved in [16], is rather overlooked. While the proof is indeed quite
simple, it provides a very interesting perspective on the idea of extending structure to a
Kleisli (or similarly to an Eilenberg-Moore) category.

Proposition 39. Let F,G : L — L be two endofunctors. Assume that F and G are lifting
of F and G respectively, and let \¥' and \® be their respective associated distributive law.
Let ax € L(FX,GX) be a natural transformation. Then Der(ax) € Li(FX,GX) is natural

if and only if the following diagram commutes.

)\F
IFX —— FIX

!al la (3)

IGX —— GIX
A

11 These observations are made in the more general setting of 2-categories
12The word “extension” is also used. We use the term lifting in order to stick to the terminology of [16]
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Proof. straightforward computation. O

In the case of differentiation, the axiom (9-chain) implies that 9 € C(ISX,S!X) is a
distributive law between the comonad ! and the functor S. This means that S can be lifted
to an endofunctor D on £;. Besides, there is a trivial distributive law idix € L(1X,!X) as-
sociated to the lifting of the identity functor on £ to the identity functor on £;. Then
(0-local) is an instance of Equation (3) in which F = S, G = Id and @ = m. This
means that (8-local) holds if and only if Der(m) € £y(DX,X) is a natural transforma-
tion. Thus, (D, Der (), Der(r), Der(c)) is a pre-differential structure on £ (in the sense of
Definition 11) and (D-chain) holds.

Moreover, since D is a lifting of S, for any h € L(X,Y), the morphism Der(h) € £;(X,Y)
is D-linear. Indeed, Der(mo) o D(Der(h)) = Der(mg) o Der(Sh) = Der(mo Sh) = Der(hmg) =
Der(h)oDer(mg). As aresult, Der(m;), Der(c), Der(p;) are all linear so (Dproj-lin), (Dsum-lin
hold and the pre-differential structure is compatible with the cartesian product.

Furthermore, (0-lin) consists of two instances of Equation (3). The first one is an instance
in which FF =S, G =Id and a = ¢y € £(X,SX). The second one is an instance in which
F =52 G=Sand a =0 € £(5X,X). Indeed, as we saw in Remark 5, there is a
distributive law S(dx)dsx € C(IS2X,S21X) associated to D2, the lifting of S? to £i. So
(6-lin) holds if and only if Der(1o) € £1(D?>X,DX) and Der(f) € £;(D2X,DX) are natural
transformation, that is if and only if (D-add) hold!3.

Finally, (9-Schwarz) consists of an instance of Equation (3) in which F = S?, G =
S2 and a = c. So (9-Schwarz) holds if and only if Der(c) € £y(D?X,D2X) is natural.
The only lacking axiom is (D-lin) that corresponds to the naturality of Der(l). Thanks
to Proposition 39, it would hold if and only if the diagram below commutes.

ISX Ox SIX

ul lhx (4)

1S2X o SISX <o S2X

This diagram is not mentioned in [5] but makes perfectly sense in the setting of coherent
differentiation in LL and holds in all known LL models of coherent differentiation. The
study of the consequences of this diagram is left for further work. This ends the proof of
Theorem 8.

Remark 6. The only remaining axiom is (0-&) that deals with the Seely isomorphisms
m” € L(IXg®...0!X,,(Xo&...& X,,)) of the Seely category L. It is possible to define
in LL a notion of multilinearity: given any | € L(Xo ® ... ® X,,Y), one can define le
Li(Xo&...&X,,Y) as =1 (der®...®@der) (m™)~!. Then a morphism in £;(Xo&...&X,,Y)
is (n + 1)-linear (in the sense of LL) if it can be written as h for some h. The axiom (9-&)
allows to show that any (n+1)-linear morphism in the sense of LL is also (n+1)-linear in the
sense of Definition 24. A proof of this fact can be implicitly found in Theorem 4.26 of [17].
This is a crucial fact, because it shows that what really matters is the (n + 1)-linearity in
terms of CCDC rather than the (n + 1)-linearity in terms of LL.

Many models of LL have a coherent differential structure, such as coherence spaces, non-
uniform coherence spaces and probabilistic coherence spaces. Thus, their Kleisli categories

13 As we saw, this gives to D the structure of a Monad on Ly. In fact, (0-chain) and (0-lin) taken together

make 0 a distributive law between the monad D and the comonad ! . There is a striking symmetry, because
it also allows to lift ! to a comonad on Lg the Kleisli category of S
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are all CCDCs. This provides a rich variety of examples. We present here the example of
probabilistic coherence spaces.

5.2 The example of probabilistic coherence spaces

A probabilistic coherence space (PCS) [18] is a pair X = (| X|, PX) where | X]| is a set and
PX C (Rso)XI satisfies PX = {x € (R>o)X | Va/ € P’ (z,2') := > ae|x| TaTq < 1} for
some P’ C (Rx¢)!X! called a predual of X. To avoid oo coefficients it is also assumed that
Va € |X| 0 < sup,ep @, < oo and then it is easily checked that for all Va € |X| 0 <
SUpPgepx Ta < OO.

A multiset of elements of a set I is a function m : I — N such that the set supp(m) = {i €
I | m(i) # 0} is finite. The set Mgy (I) of these multisets is the free commutative monoid
generated by I. We use [i1,. .., 4] for the m € Mg, (I) such that m(i) = #{j | i; = i}, for
i1y 0 € 1.

Given PCSs X and Y, a function f : PX — PY is analytic'* if there is a ma-
triv t € (Rso)Min(XDXIYT guch that, for all # € PX and b € |Y]|, one has f(z), =

2 mb)e M (1X]) x| | tmp™ Where 2™ = T o 20" Thanks to the fact that all the
coefficients in ¢ are finite, it is not difficult to see that they can be recovered from the func-
tion f itself by means of iterated differentiation, see [18]. So an analytic function has ezactly
one associated matrix.

The identity function PX — PX is analytic (of matrix ¢ given by t,, 4 = dy,,]q)) and
the composition of two analytic functions is still analytic. We use APcoh for the category
whose objects are PCSs and morphisms are analytic functions. For instance, if 1 is the
PCS ({*},]0,1]) then f1, fo : [0,1] — [0, 1] given by fi(z) =1 — /1 — 22 and fo(z) = e* !
are in APcoh(1,1), but f3(x) = 2z — 2% is not because of the negative coefficient. The
(pointwise) sum of two analytic functions PX — PY is always well defined PX — RLYO‘, but
is not necessarily in APcoh(X,Y) so APcoh is not left-additive!®.

If X is a PCS then DX = ({0,1} x |X|,P(DX) = {z € (Rso) <Xl | 10(2) + m1(2) €
PX}), where mi(2)q = 2ia, is a PCS. Then mp,m € APcoh(DX, X) and we have also
o € APcoh(DX, X) given by o(z) = mo(z) + m1(2). In other words DX is the PCS whose
elements are the pairs (z,u) € PX? such that  +u € PX. In that way we have equipped
APcoh with a left pre-summability structure and the associated notion of summability
is the obvious one: fy, f1 € APcoh(X,Y) are summable if their pointwise sum fy + f1
is in APcoh(X,Y") (the matrix of this sum is the sum of the matrices of fy and f1). It
is easily checked that this left pre-summability structure is a left summability structure
(see Definition 10).

As explained in Section 2.1, differentiation boils down to extending the operation D
to morphisms in such a way that the conditions of Definition 15 be satisfied. Given f €

M There is also a purely functional characterization of these functions as those which are totally monotone
and Scott continuous, see [19]
15 At least for this most natural addition.
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APcoh(X,Y) of matrix ¢ and (z,u) € P(DX) we have

flx+u) = Z tmp(z +u)™

(m,b)eMiin (|X])x|Y|

= b Z (ZZ) ™ PyP

(m;b)eMin (| X[)x[Y] psm

=fl@)+ > (m)xm—[“luaJrr(x,u)

a€supp(m) [CL]

= f(z) + Z m(a)xm_[“]ua +7r(z,u)

a€supp(m)

where (7;) = Hae‘ x| (7;(((:1))) € N when p < m for the pointwise order. In these expressions
the remainder r(x,u) is a power series in « and u all of whose monomials have total degree
> 1 in u (such as zqupu. if a,b,c € |X|). In particular ||r(z,u)| € o(|jul|) where |z| =
sup{(z,2’) | #’ € P’} € [0,1] for any predual of X (this norm does not depend on the choice
of P’). Using Definition 11 we set

Df(xz,u) = Z m(a)z™ 1Yy,

a€supp(m)

Since all coefficients of ¢t are > 0 we have f(z)+Df(z,u) < f(z+u) for the pointwise order so
that Df(z,u) = (f(z),Df(z,u)) € P(DY). In that way we have defined an analytic function
Df € APcoh(BX , BY) and it is easily checked that APcoh is a coherent differential
category in the sense of Definition 15. For the two examples above we get D fo(z,u) = e*~lu
and Dfi(x,u) = zu/v/1 — 22 which seems to be undefined when z = 1 but is not because
then we must have u = 0 and so Df1(1,0) = 0.

An analytic f € APcoh(X,Y) is linear if its matrix ¢ satisfies that whenever t,, , #
0, one has m = [a] for some a € |X|. This notion of linearity'® coincides with both
additivity Definition 3 and f)—linearity Definition 16.

The category APcoh is cartesian, with T = (), {0}) and X &Y = ({0} x | X|U {1} x
[Y]), {z € (Rso){OP¥IXIV{1} | by (2) € PX and py(z) € PY'} which is easily seen to be a PCS
(p; is defined exactly as 7;) such that P(X & Y) = PX XPY up to a trivial bijection. The pro-
jections p; are additive, and cg (see Section 4.1) is an iso: if ((z,u), (y,v)) € P(DX & DY)
then ((z,y), (u,v)) € P(D(X & Y)) since (,y) + (4, v) = (z + u,y + v) so the summability
structure is compatible with the cartesian product by Corollary 7.

An f € APcoh(Xy & X1,Y) is bilinear in Xo, X7 if it is linear (or additive) separately
in both inputs, which is equivalent to saying that its matrix ¢ satisfies that if ¢,,, ;, # 0 then
m = [(0,a0), (1,a1)] with a; € |X;| for i = 0,1. Let N = (N, {z € (Rxo)" | >, cn@n < 1})
which represents the type of integers in APcoh, then the function h : APcoh(N&N& N, N)
given by h(u,z,y) = uox + (3, -, un)y is bilinear in N, N & N and can be understood as
an ifzero operator. The function k € APcoh(N, N) such that k(z), = 2,41 is linear and
represents the successor operation.

16Which arises from the fact that APcoh is the Kleisli category of the comonad “!” on the PCS model of
LL of [18].
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6 Link with cartesian differential categories

We show in this section that CCDCs are a generalization of cartesian differential cate-
gories [3].

6.1 Cartesian left additive categories

We rely on the presentation of [20] for left additive categories, since this article uses a
minimal set of assumptions.

Definition 26. A left additive category is a category such that each hom-set is a commu-
tative monoid, with addition + and zero 0 commuting with composition on the right, that
is(f+g)oh=foh+gohand 0o f=0.

Definition 27. A morphism h is additive if addition is compatible with composition with
h on the left, that is ho (f +g) = ho f+hogand ho0 = 0. Note that the identity is
additive, and additive morphisms are closed under addition and composition.

Definition 28. A cartesian left additive category is a left additive category such that the
projections are additive.

Given a cartesian left additive category C, one can define a summable pairing structure
(Definition 1) (Dg, po, p1,po + p1) with Dg X = X & X. Then one can check that all
morphisms are summable (the witness of f B g is (f, g)). Moreover the left additivity of the
category ensures that the notion of sum induced by (5&, Po, P1, Po + p1) coincides with the
native structure of monoid on the hom-sets. In particular, a morphism is additive in the
sense of Definition 3 if and only if it is additive in the sense of Definition 28. Consequently,
po, p1 and po+p; are additive. Thus, (Dg, po, p1, Po+p1) is a left pre-summability structure.
Finally, it is a left summability structure because (S—Witncss) trivially holds (everything is
summable), and (D-zero), (D-com) hold thanks to the fact that everything is summable and
that (C(X,Y),+,0) is a commutative monoid.

Conversely any left summability structure on C of shape (5&, Po, p1,0) with B&X =
X & X endows each hom-set with a commutative monoid structure and Proposition 2 ensures
that the category is left additive. Then, as above, a morphism is additive in the sense of
Definition 3 if and only if it is additive in the sense of Definition 28. Thus pg, p1 are additive
so the category is cartesian left additive. Moreover o = pg 4+ p1 by Proposition 1 so the
left summability structure induced by the monoid on the hom-set coincides with the left
summability structure we started from. We just proved Theorem 9 below.

Theorem 9. Let C be a cartesian category. Define B&X = X & X. There is a bijection
between the monoid structures on the hom-set that make C a cartesian left additive category
and the left summability structures (D, mo,m1,0) on C such that D = Dg,, m9 = po and

T = P1-

Remark 7. Any left summability structure on C of shape (6&, Po, p1,0) with De X = X&X
is de facto compatible with the cartesian product. The additivity of pg and p; is part of the
axioms of summability, and cg is an isomorphism thanks to Theorem 4 and the fact that
everything is summable.

6.2 Cartesian differential categories

We give the axioms of a cartesian differential category following the alternative formulation
of [7] for convenience.
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Definition 29. A cartesian differential category is a cartesian left additive category C
equipped with a differential combinator D that maps each morphism f € C(X,Y) to a
morphism Df € C(X & X,Y) such that

(1) Dpo = po © p1, Dp1 = p1 0 p1;
2) DO =0 and D(f 4+ g) = Df + Dg;

3) Did =m and D(go f) = Dgo (f o m,Df);

5) DDf o ((2,0),(0,u)) = Df o (z,u);

(2)
3)
(4) Dfo(x,0)=0and Df o (z,u+v) =Df o (z,u) + Df o (z,v);
(5)
(6) DDf o ((z,u), {v,w)) = DDf o ((z,v), (u, w)).

6

Note that the axiom Did = p; seems to be missing from the axioms given in [7], although
it can be found in the original formulation in [3]. There is usually another axiom, that states
that D(f, g) = (Df,Dg). But as observed in [20], this axiom is a consequence of the linearity
of the projections and of the chain rule so we discard it.

Let C be a left additive category. As stated in Theorem 9, the structure of monoid in
the hom-set arises from a summability structure (Dg, po, p1, po + p1) compatible with the
cartesian product. Then, there is a bijection between pre-differential structures on top of
this summability structure and differential combinators in the sense of Definition 29: we
can define the functorial action of Dg, from D as Dg f := (f o pg,Df), and we can define D
from 5& asDf=p;o B&f.

Besides, we have shown in Section 3 that the axioms of coherent differentiation are equiv-
alent to some equational properties on D. When the underlying left summability structure
is (Dg, po, P1;Po + P1), those properties turn out to be exactly the axioms of cartesian
differential categories. The axiom (1) corresponds to (Dproj-lin). By Corollary 5, (2) corre-
sponds to (Dsum-lin). By Proposition 16, (3) corresponds to (D-chain). By Propositions 18
and 19, (4) corresponds to (D-add). By Proposition 20, (5) corresponds to (D-lin). By
Proposition 21, (6) corresponds to (D-Schwarz).

Finally, the differential structures on top of the left summability structure (5&, Po, P1,0)
are de facto compatible with the cartesian product, because the linearity of py and p; is
included in (1).

Theorem 10. The cartesian differential categories are exactly the cartesian coherent dif-
ferential categories in which DX = X & X, w9 = po, 71 = p1-

Remark 8. In [3], h is said to be linear if D(h) = h o p;. Then Proposition 10 ensures that
this notion of linearity exactly corresponds through Theorem 10 to our notion of B—Iinearity
introduced in Definition 16.

Remark 9. Every cartesian differential category is also a tangent category [7], and the
tangent functor induced from D is exactly the same functor as 5&. This makes sense,
as coherent differentiation and tangent categories are very similar: they extend cartesian
differential categories by generalizing addition in two different ways.

7 A first order coherent differential language

We introduce a first order language associated to these models. Note that a development
of a whole coherent differential PCF of which our language can be roughly considered as a
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fragment can already be found in [17], with a semantics based on [5]. Our main contribution
here is that CCDCs provide the tools for a more principled and synthetic treatment of the
semantics. This tighter connection between syntax and semantics allows for the development
of new ideas, such as a more systematic treatment of multilinearity.

7.1 Terms

Definition 30. Le B be a set of ground type symbols, ranged over by «, 3,... For any
a € Band h € N, D"a is a ground type. General types are inductively defined by

A B,C:=D"a| A& B.

For any type A, we define the type DA inductively on A by DD"a = D"*'a and B(A &
B)=DA&DB.

Definition 31. Let ¢,1,... be function symbols. Each function symbol ¢ is uniquely
assigned a function type of the form Ag,..., A, — B where A; and B are types. Then,
n + 1 is called the arity of ¢, denoted as ar(y).

A function symbol ¢ of type Ay, ..., A, — B will be interpreted in section Section 7.2 as
a (n+ 1)-linear morphisms [¢] € C([Ao] & - - - & [A,], [B]) (recall Definition 24). Note that
the types A; can themselves be products and need not be ground types. For example, a 2-
linear map in C((A& B)&C, D) can by no means be seen as a 3-linear map in C(A&B&C, D).

Definition 32. Define functions as

fg=elal o744 6]

where ¢ € {0,1}, n > O @ are function symbols and A, B are types. Each function f has
a function type: 7o, it have type DA — A, 1,14t have type A — DA the 6} have type
D"+14 — DA and p64 B, pf B have types A& B — A and A & B — B respectively. Notice
that projections have arity 1 and not 2. The type attached to the constructors m;, p;, ¢t; and
0, will always be kept implicit in what follows.

Remark 10. Taking n = —1 allows to write constants.

Definition 33. Let V be a set of variable symbols. The set A; of terms is defined inductively
as follows

tou,...:= (to,t1) | f(to,. .. tn) | =

where z € V, f are function symbols of arity n+ 1 and ¢ € [0,n]*, the set of finite words'”
of elements of [0, n].

Remark 11. Nothing prevents us from adding to this calculus non multilinear function
symbols, assuming that the formal derivatives for the function symbols are also provided.
We focus on multilinear functions though, due to the nature of the basic operations of PCF.
A coherent differential PCF would contain a base type nat, two function symbols pred
and succ of type nat — nat, a family of function symbols if# of type nat, A & A — A
(conditional) and a family of function symbols 1let” of type nat, (nat — A) — A (call-by-
value on the type of integers). An analysis of the semantics of these symbols in coherent
differentiation in the LL setting of [17] or in the example of Section 5.2 indeed shows that

17Such a word represents a successive application of partial derivatives on the multilinear symbol f, more
on this in Section 7.2.
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. I'ttg:A TrH¢:B
rz:Ael (Var) 0 1 (Pair)
I'kx: A FF<t0,t1>:A&B

fiAo,...,An =B Ce[o,n]* (It :DIkia)r,
T+ fS(to, ... tn) : DIIB

(App)

Figure 1: Typing rules

fy==x
(x,y) = Y

O(x, (to, t1)) = (O(z,t0), O(x, t1))
O, [ (o, tn)) = O (0 (O(, o), ..., O(2,10)))

o(y) otherwise

Figure 2: Differential of a term

pred and succ should be interpreted as linear morphisms, and that if4 and let? should
be interpreted as 2-linear morphisms. Using the fact that variables can be used in a non-
linear way as well as the PCF fixpoint operator, it is then possible to write terms whose
interpretation is not multilinear. For instance, fi; of Section 5.2 is the semantics of a term,
see [4].

Notations 5. For any word (, we write |(| for its length, and |¢|; for the number of
occurrences of the letter j. We will write f for f€, where € is the empty word. Notice that
when ar(f) = 0, a word ¢ € [0,0]* can be uniquely seen as an integer d = |¢|. We will then
write f(@ for f<.

We introduce the typing rules in Figure 1. The systematic treatment of multilinear
morphisms allows for a great factorization of the rules. We write f : Ag,..., A, — Bif f
has type Ao, ..., A, — B. Given any term ¢, one can define a term 0(z,t) by induction on
t. The inductive steps are given in Figure 2.

Proposition 40. IfT',x: A+t: B then T,z : DA O(z,t) DB
Proof. By induction on the typing derivation.

o If the last rule applied is (Var) then the first possibility is that ¢ = z and I,z AR
x: A. But then, (z,z) =z and T,z : DA+ x : DA. The second possibility is that
t =y with y # z and T - y : B. But then, 8(z,y) = to(y) and T+ 1o(y) : DB. Thus,
I,z :DAF 19(y) : DB in both cases.

o If the last rule applied is (Pair), then ¢t = (to,t1), t is of type Bo& By, ',z : Aty : By
and Iz : A F ¢ : By. But 9(x,t) = (0(x,1t9),9(x,t1)). By induction hypothesis
T,z :DAF O(x,ty) : DBy and I',z : DA d(x, 1) : BBl Thus, by applying (Palr)

T : BA F <8(I,t0),8($,t1)> : 6B0 & BBl But DBO & DBl = (B() & Bl)
T,z:DAF d(x, (to,t1)) : D(By & By).

e If the last rule applied is (App) then t = f<(to,...,t,), f has some type Ao, ..., A, —
B,and I,z : A+ t: DI/ B. Besides, for any i, I,z : A F t; : DIl 4;. By induction
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hypothesis, I,z : DA F Oz, t;) : DI¢li+1 4;. But [¢n---10|; = |¢]i + 1 so apply-
ing the (App) rule gives a derivation for T',z : DA b f$"19(d(x, to), ..., d(x,ty)) :
Dl¢lH+n+1p, Applying the (App) rule again for f = 6,, yields a derivation of T,z :
DA 6, (f$10(d(x, to), . .., d(x, t,))) : DI B, which concludes the proof.

O

7.2 Semantics

Let C be a CCDC. For the sake of simplicity, we assume that B(X &Y) = DX & DY and
ce = id'®. Assume that we are given an object [a] of C for any ground type symbol a.
Then one can interpret any type as an object: [D"a] = D"[a] and [4 & B] = [A4] & [B].
It follows by a straightforward induction that [DA] = D[A]. This interpretation extends as
usual to contexts, setting [zo : Ao, ..., Tn : An] = [Ao] & -+ & [A4,]. The semantics of the
empty context is T.

Assume that we are given a (n + 1)-linear morphism [¢] € C([Ao] & - - - & [A4,], [B]) for
any function symbol ¢ : Ag,..., A, — B. Then any function f : Ag,..., A, — B can be
interpreted as an (n + 1)-linear morphism [f] by setting [m;] = 4, [u:] = i, [0.] = 0™ (as
defined in Definition 21) and [p;] = p;.

Remark 12. Since cg = id, we have [N)pi = Bpi o(cg) ! = [N)pi o (m & mo,m & M) =

(pio(mo&emo), pio(m&m)) = (moopi, mop;) = p;. Notice also that (D fo, Df1) = D{fo, f1)
by Proposition 24

Theorem 11. For any term t such that T k¢ : A, we can define [t]r € C([T], [A])-
Proof. We proceed by induction on the term.

e If t = x then the last typing rule must be (Var) so that I' = g,z : A,T'1. Define
[z]r = piry| € C([To] & [A] & [T'1], [A]).

o If t = (to,t1) then the last typing rule must be (Pair), so ¢ is of type A& B, I' -
to: Aand '+ t; : B. By induction, one can define [to]r € C([T'], [4]) and [t1]r €
C([T], [B])- Then we define [{to,t1)]r = ([to]r, [t1]r) € C([T], [A & B]).

o If t = fS(tg,...,t,) with f : Ag,..., A, — B then the last typing rule must be
(App). That is, t must be of type DI/ B for some type B and for i = 0,...,n we have
a derivation of I" F ¢; : 6‘4‘1'141-. By inductive hypothesis, we can define [¢;Jr €
C([T], [Pl A;]). But [DI<liA,] = DI<li[A;] and D, ...D¢[f] € C(DISlo[Ao] &
... & DI¢I=[A,,], DI¥I[B]). Thus, we can set [f$ S (tg, ... t,)]r = D, ...De,[f] o
(Itolrs - - -, [tn]r)-

O

Notations 6. We use [z]r = p, for the projection on [I'] to the coordinate where x appears
in I
Remark 13. In particular, [x(? ()] = Dm; o [t], [\ ()] = D o [1], [65” (t)] = D™ o [1].

More importantly, [[pgd) (t)] = D9p; o [t] = p; o [t] because of our assumption that cg, is the
identity.

18This assumption is by no mean necessary but it simplifies the notations and the results
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Notations 7. For any word ¢ = (; - -~ ( in [0,n]*, define BC = Bck .. Dgl Then for any
feC(Xo&.. . &X,,Y),Dcf € C(DKloXy&--- & DIl X, DIIY). Note that D¢.s = DsDy.
Then, Proposition 36 can be seen as the property that for any f (n+ 1)-linear, for any word
6 of length d, Edﬂi @) ﬁgﬁjf = 65f @) (Ellsljﬂ'i; id_j)

The main result of this section on the calculus consists in showing that the semantics of
this syntactical derivative operation corresponds to the derivative in the model.

Theorem 12. IfT',z: A t: B then [0(x, )] .54 = 51 [t]r,z:a where [t]r,z:a is seen as
a morphisms of C([I'] & [A], [B]).

Proof. By induction on t.

o If t = 2 then [t]r.4:a = p1 € C([T] & [A], [A]). Then Dip; = Dp; o ®* = Dp; o (id &
m0,0& 1)) = (p1o(id&mp), p1o(0&m)) = {moop1, w1 0op1) = p1 using Proposition 25
and the linearity of p;.

o Ift = y # x then [[t]]pw A= [ylropo = pyopo € C([[I‘]]&[[Aﬂ [B]). Then Bl(pyOpo) =
pr o Dpg o ®* = Dp,, 0 Dpg o (id & 7o, 0 & 71 ) = Dpy, o (po © (id & o), po © (0 & 1)) =
Dpy o (po, 0) = {py © po, 0} = [to(y)] = [0(z, y)].

o If t = (to,t1), then [0(z,t)] = [(O(z.t0), O(z,t1))] = ([0(z,t0)], [0(z,t1)]). By in-
ductive hypothesis, [0(z,t)] = (D1[to], D1t1]). But (D1[to], Dl[[tl]]> (D[to] o
P!, D[t:]o®") = (D[[to]] D[t1])o® . By Remark 12, this is equal to D([to], [t1]) 0@ =
D1 ([to], [t1]) = D [1].

o If t = fS(tg,...,t,) then by definition d(x,t) = 6, (f"19(z,t0),...,0(z,tn))).
Thus, [0(z,t)] = 6" o D,.. 10D¢f [0z, to)], - -, [O(z,tn)]) = 0™ o Dn 10D<f o
(D1[to],. .., Dy [tn]) by inductive hypothesis. But then the Leibniz rule (Proposition 33)
states that 6" o D,,.. 10D<f DDCf Thus, [[8(1: t)] = DDCf (D[to] o ®*,...,D[t.] o
?1> = DD¢f o (D[to], - ., D[tn]) o ®* = D(Dcf o ([to], - -, [ta])) 0 ®* = D[[t]] o®l =
D1 [t]-

O

7.3 Reduction

We introduce in this section a set of reduction rules that deals with the differential content
of the terms. The set of rules is more compact than the one given in [17], but covers all of
the rules concerning the fragment we are looking at.

Remark 14. We could have added a construct t[u/z] for explicit substitutions, with the
typing rule
I'z:AFt:B Tthu:A
I+ tlu/x]: B

(Cut)

as well as reduction rules that performs the substitution steps (for example, x[u/z] —4,
u). We decided not to do so because, in a higher order A-calculus setting, such explicit
substitutions are not necessary.

The main difference with the differential lambda-calculus of [21] is the absence of sum,
because we do not want a non deterministic typing rules such as

34



'kt:A TFrRu:A
'Ft+u:A
But the reduction of a m; against a  will introduce sums. Handling sum without the typing
rule above is tricky, because of subject reduction. There will be no guarantee indeed that
fT'Ft4+u: Aandt —p, ¢/ then T'F ¢ +u : A. For this reason, we chose a conservative
approach, by keeping sums as a formal multiset on top of the terms.

Definition 34. A term multiset is a finite multiset of term.

See Section 5.2 for the notations we use on multisets. We define a reduction —,, from
terms to term multisets. The reduction rules are given in Figure 3. Then we define _>?Al
as the “reflexive” closure of —,. That is, t —} L if t —, L or if L = [t]. It allows to
lifts —a, to a reduction from a term multiset to a term multiset in a monadic fashion: if
tq A L1 and for all ¢ }é 1, t; —>r1']xl Li, then

n

[tl, e ,tn] —>M(A1) ZLi
i=1

where > is the multiset union, that is, the pointwise sum of the functions L; : Ay — N.

D((to,t1)) —a, [ta]
(fm( ,tn)) S o, 7)) where [8] = d
DD (1)) =, It
m— '425(1) =, 1)
5049 () =, (61 (1))

D OD ) =, Y (xS (D) @)
k=0

Here, (wgd))" is a notation for n successive applications of wfd).

Figure 3: Reduction rules

Definition 35. A term multiset [t1,...,¢,] of type A in context T' is C-summable if
[t1]r, - - -, [tn]r are summable (in the sense of Theorem 2). Then, we define [[t1,...,t,]]r =
[talr + - - - + [tn]r. Note that [] is always C-summable, and [[]] = 0.

The main point of coherent differentiation is that the reduction — 5, will always introduce
term multisets that are C-summable, for any model C.

Theorem 13 (Invariance of semantics under reduction). For any T b ¢ : A, if t —a, L
then L is C-summable and [L]r = [t]r.

Proof. Let us consider every application of the rule —,,. Note that when a term multiset
has one element, it is always C-summable and [[t]] = [t].

[p\” ((to, t:))] = Dpi © ([to]. [t:])
= pi o ([to], [t:])
=[t:]-
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The rule below is the one where most of the differential content appears. Recall that [f]
is assumed to be multilinear, for any function f. It implies that D¢[f] is also multilinear
by Theorem 6, so it is possible to apply Proposition 36 on it.

[ (F to, .., ta))]
= Dmi 0 DsD;D[fT o ([toll - - [ta])
= Bgﬁc[[fﬂ o ([N)“;‘jm; id_;) o ([to],- - -, [tn]) Dby Proposition 36
= Des[f] o ([tol, -, Dm0 [t5], . [tul)
= [fto, ..., 7 @t5), . )]

The three next rules are rather standard and are consequence of the definition of 7;, +; and
0.
[ ()] = Bim; 0 D% o [1]
= Bd(”z‘ ou;)ot] by (D-chain)
=Dido[t] =[t] by (D-chain)

[ ({2 ()] = D¥ms 0 DY i o [1]
= [N)d(m ot1—;)o[t] by (D-chain)
=D%o[t] =00[t] by (Dsum-lin)
=0=[(II

[r§” (052 (1))] = D?mg 0 D™ o [1]
=D%my06") o [t] by (D-chain)
= D4 (my ) o [1]
= (D))"t o [t] by (D-chain)
= [(mg")" 1 (1)].

The last rule is where finite multisets of size greater than 1 are introduced. Most lines in
the following sequence of equations should be understood as follows: “the sum above is well
defined, so the sum below is well defined and they are equal”.

[P0\ (1))] = Dy 0 D4™ o [1t]
=D%m 06" o [t] by (D-chain)

(E)d(z T oMy o Wg_k)> o[t]
k=0

Z Bd(wg o 0 wg_k)> o[t] by (Dsum-lin) and Proposition 17

Il
YR
£
g

n
= Z De(nk omy ond¥) o [t] by Proposition 2
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(deo)k o [N)dwl o ([N)dwo)"_k o[t] by (D-chain)

I
NE

E
Il

0

[(a§ e ® (i) (@)]] -

[
NE

E
Il

0
Thus, 327 [(w{) kD (x{™)n=k ()] is C-summable of semantics [\ (85" (£))] . 0

Corollary 9. For any term multiset I' &= L : A that is C-summable, if L — pqn,) L' then
L’ is C-summable and [L']r = [L]r.

Proof. Assume that [ty,...,t,] is C-summable and that [ti,...,t,] —aqn,) L. That is,
for any 4, t; —>3\1 [th,...,t5] and L = 30 |[t},...,t¥]. Then by Theorem 13, for any

i, [t}], ..., [tF] are summable of sum [t;]. By assumption, [t1], ..., [t,] are summable,
that is, 251:1 1, E [t4] are summable. By Theorem 2, it means that the family
£, ... [t 1, - - ., [[tn]], .., [tE»] is summable of sum
n k; ) n
> [61=> [t
i=1 j=1 =
Thus L is C-summable and [L] = [[t1, ..., t.]]- O

The usage of such term multisets may seem somewhat non deterministic. But any
multiset generated by reductions of the calculus can be interpreted as a summable family
in deterministic models such as probabilistic coherence spaces’® (see Section 5.2) or non
uniform coherence spaces. This determinism of the models allows to prove in [17] a result
that roughly state that whenever a closed term of type integer reduces to a term multiset
C' + [v] (where v are the usual integer variables of PCF), then [C] = 0. That is, only one of
the branches of the reduction rule

n

d)(g(d) e Z d) k (d (d))n—k(t)]
k=0

produces a non empty multiset. The proof relies on the fact that any term of type integer will
be interpreted in APcoh as a Dirac distribution d,, on N or as the zero distribution, because
the calculus does not feature any form of probabilistic branching. Thus, a term multiset of
type integer is APcoh-summable if and only if there is at most one term in the multiset
whose semantic is not 0. In particular, [¢]AFc°P = §, and C + [v] is APcoh-summable (by
Corollary 9) so [C]AF°? = 0. One can also use non-uniform coherence spaces for proving
the same result in a similar way. This observation led to the development of a completely
deterministic Krivine Machine for a coherent differential version of PCF in [17], extending
the projections path with a writable memory structure.

Conclusion

We have introduced and studied a general categorical framework for coherent differentiation,
a new approach to the differential calculus which does not require the ambient category to
be (left-)additive. We have also proposed some basic syntactical constructs accounting

19Probabilistic branching is by no mean a form of non determinism
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in a term language for these new categorical constructs. These are the foundations for a
principled and systematic approach to the denotational semantics of functional programming
languages like (probabilistic) PCF extended with coherent differentiation. As shown in [17]
such an extension can perfectly feature general recursive definitions as well as deterministic
or probabilistic behaviors, in sharp contrast with the Differential A-calculus [22] which is
inherently non-deterministic. Accordingly, the next step will be to specialize the present
general axiomatization to the case where the category is cartesian closed.

Acknowledgment

We thank the reviewers for their careful reading and helpful comments. This work was
partly supported by the ANR project Probabilistic Programming Semantics (PPS) ANR-
19-CE48-0014.

References

[1] J. Girard, “Linear logic,” Theoretical Computer Science, vol. 50, pp. 1-102, 1987.
[Online]. Available: https://doi.org/10.1016,/0304-3975(87)90045-4

[2] R. Blute, R. Cockett, and R. Seely, “Differential categories,” Mathematical Structures
in Computer Science, vol. 16, pp. 1049 — 1083, 12 2006.

[3] —, “Cartesian differential categories,” Theory and Applications of Categories, vol. 22,
pp. 622-672, 01 2009.

[4] T. Ehrhard, “Differentials and distances in probabilistic coherence spaces,”
Logical Methods in Computer Science, vol. 18, mno. 3, 2022. [Online|. Available:
https://doi.org/10.46298 /Imcs-18(3:2)2022

[6] ——, “Coherent differentiation,” Mathematical Structures in Computer Science, p. 1-52,
2023.

[6] J. Rosicky, “Abstract tangent functors,” Diagramme, no. 12, 1984.

[7] R. Cockett and G. Cruttwell, “Differential Structure, Tangent Structure, and SDG,”
Applied Categorical Structures, vol. 22, 04 2014.

[8] M. A. Arbib and E. G. Manes, “Partially additive categories and flow-diagram
semantics,” Journal of Algebra, vol. 62, no. 1, pp. 203-227, 1980. [Online|. Available:
https://www.sciencedirect.com/science/article/pii/0021869380902124

[9] P. Hines, “A categorical analogue of the monoid semiring construction,” Mathematical

Structures in Computer Science, vol. 23, no. 1, p. 55-94, 2013.

[10] A. Kock, “Strong functors and monoidal monads,” Archiv der Mathematik, vol. 23, pp.
113-120, 12 1972.

[11] E. Moggi, “Notions of computation and monads,” Information and Com-
putation, vol. 93, mo. 1, pp. 5592, 1991, selections from 1989
IEEE Symposium on Logic in Computer Science. [Online]. Available:
https://www.sciencedirect.com/science/article/pii/0890540191900524

38


https://doi.org/10.1016/0304-3975(87)90045-4
https://doi.org/10.46298/lmcs-18(3:2)2022
https://www.sciencedirect.com/science/article/pii/0021869380902124
https://www.sciencedirect.com/science/article/pii/0890540191900524

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

21]

22]

M. Aguiar, M. Haim, and I. Franco, “Monads on higher monoidal categories,” Applied
Categorical Structures, vol. 26, 06 2018.

I. Moerdijk, “Monads on tensor categories,” Journal of Pure and Applied Algebra, vol.
168, no. 2, pp. 189-208, 2002, category Theory 1999: selected papers, conference held
in Coimbra in honour of the 90th birthday of Saunders Mac Lane. [Online]. Available:
https://www.sciencedirect.com/science/article /pii/S0022404901000962

A. Kock, “Monads on symmetric monoidal closed categories,” Archiv der Mathematik,
vol. 21, pp. 1-10, 01 1970.

P.-A. Mellies, “Categorical semantics of linear logic,” Panoramas et Synthéses, vol. 27,
pp. 1-196, 2009.

J. Power and H. Watanabe, “Combining a monad and a comonad,’
Theoretical ~ Computer  Science, vol. 280, no. 1, Pp- 137-162,
2002, coalgebraic Methods in  Computer Science. [Online].  Available:
https://www.sciencedirect.com/science/article/pii/S030439750100024X

T. Ehrhard, “A coherent differential PCF,” 2022. [Online]. Available:
https://arxiv.org/abs/2205.04109

V. Danos and T. Ehrhard, “Probabilistic coherence spaces as a model of higher-order
probabilistic computation,” Information and Computation, vol. 152, no. 1, pp. 111-137,
2011.

R. Crubill¢, “Probabilistic Stable Functions on Discrete Cones are Power Series,” in
Proceedings of the 33rd Annual ACM/IEEE Symposium on Logic in Computer Science,
LICS 2018, Ozford, UK, July 09-12, 2018, A. Dawar and E. Gradel, Eds. ACM,
2018, pp. 275-284. [Online]. Available: https://doi.org/10.1145/3209108.3209198

J.-S. P. Lemay, “A tangent category alternative to the Faa di Bruno construction,”
Theory and Applications of Categories, vol. 33, no. 35, pp. 1072-1110, 2018. [Ounline]|.
Available: http://www.tac.mta.ca/tac/volumes/33/35/33-35abs.html

T. Ehrhard and L. Regnier, “The differential lambda-calculus,” Theoretical
Computer Science, vol. 309, no. 1, pp. 1-41, 2003. [Online|. Available:
https://www.sciencedirect.com/science/article/pii/S030439750300392X

——, “The differential lambda-calculus,” Theoretical Computer Science, vol. 309, no.
1-3, pp. 1-41, 2003.

39


https://www.sciencedirect.com/science/article/pii/S0022404901000962
https://www.sciencedirect.com/science/article/pii/S030439750100024X
https://arxiv.org/abs/2205.04109
https://doi.org/10.1145/3209108.3209198
http://www.tac.mta.ca/tac/volumes/33/35/33-35abs.html
https://www.sciencedirect.com/science/article/pii/S030439750300392X

	Introduction
	Left summability structure
	Left pre-summability structures
	Left summability structures
	Comparison with summability structures

	Differential
	Differential Structure
	Linearity
	The Differentiation Monad

	Interpreting the axioms as properties of the derivative
	Compatibility with the cartesian product
	Cartesian product and summability structure
	Cartesian product and differential structure
	Partial derivatives
	Generalization to arbitrary finite products
	Multilinear morphism

	Kleisli category of the exponential of a model of LL
	Coherent differentiation in a linear setting
	The example of probabilistic coherence spaces

	Link with cartesian differential categories
	Cartesian left additive categories
	Cartesian differential categories

	A first order coherent differential language
	Terms
	Semantics
	Reduction


