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Abstract

By means of a Darboux transform with particular generating function
solutions to the Kadomtsev-Petviashvili equation (KPI) are constructed.
We give a method that provides different types of solutions in terms of
particular determinants of order N. For any order, these solutions depend
of the degree of summation and the degree of derivation of the generating
functions.

We study the patterns of their modulus in the plane (z,y) and their
evolution according time and parameters.

Keywords: KPI equation; Darboux transformation; wronskians; rational solu-
tions.

PACS numbers :
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1 Introduction

Kadomtsev-Petviashvili equation (KPI) is considered in the following normal-
ization
(dup — Uty + Upgz)s — uyy = 0, (1)

where subscripts z, y and ¢ denote partial derivatives.

In 1970 Kadomtsev and Petviashvili [1] proposed first this equation as a uni-
versal model describing weakly nonlinear waves in media with dispersion of
velocity. It is used in hydrodynamics for surface and internal water waves [2, 3],



and in nonlinear optics [4]. The inverse scattering transform (IST) was used by
Zakharov to solve this KPI equation.

The first rational solutions were construced by Manakov, Zakharov, Bordag and
Matveev [5] in 1977. We works of Krichever [6, 7] showed that the dynamics
of the lumps of the KPI equation is governed by the Calogero-Moser system.
Among many researches, we can mention the following works of Satsuma and
Ablowitz in 1979 [8], Matveev in 1979 [9], Freeman and Nimmo in 1983 [10, 11].

Solutions of the KPI equation are constructed in terms of wronskians of order
N depending on several real parameters. We construct here some explicit solu-
tions of order 1, depending on several real parameters, and the representations
of their modulus in the plane of the coordinates (z,y) according to parameters
and time t.

2 Multi-parametric solutions of order N to the
KPI equation

Let the Kadomtsev-Petiaviasvili (KPI) equation be written in the following
normalization
(4us — 6Uly + Ugpg)z — SUyy = 0.

We denote W(f1,..., fn) the wronskian of order N of the functions f1,..., fn,
defined by det(9:71f;)1<i<n,1<j<n, O, being the partial derivative of order i
with respect to z and 92 f; being the function f;.

Let aj, bjsa, ¢js, djs, €55 be arbitrary real numbers.

Let f;s be the following elementary functions defined by

Fyo(@,y,t) = elesmmivticnt, (2)
Then, we have the following result :
Theorem 2.1 Let 1);, be the functions defined by
s D . o s D
G,y t) = aj + Y D bjsadl €TINS = 0y 43 TN Theadl fis(x,y,1). (3)
s=1d=0 s=1d=0
then the function u defined by
U($7y7t) = _285 ln(W(wlw"uwN) (4)
is a solution to the (KPI) equation (1) depending on real N(S(D +4) + 1) pa-

rameters a;, bjs.d, Cjs djs, €js;, 1 <FJ<N,1<s<85,0<d<D.

The order N of the wronskian will be called the order of the solution. The
degree of the summation of the solution will be the number S of terms of the



summation and the degree of derivation of the solution with the number D.
For each order N of the solution there is a lot of choices concerning the degrees
of the summation and derivation.

In the following, we give some examples.

3 Solutions of order 1 depending on 45 + 1 pa-
rameters without derivative

In this section, we take equal N to 1. We make variations on the degrees of
summation.

3.1 Case S=1, (D=0)

In this case solutions to the KPI equation can be written as

n(z,y,t)
) 7t =-2—F5
R TP
with
n(@,y,t) = by 1 g1 1 2eicrremiena ytieL itk diatien g
and

. . 3 . 2 :
d(x,y,t) — b1,1706161,1z+zt61,1 —ic1,1 y+di1+iern ay
We give some figures in the (x lane of coordinates
)

Figure 1. Solution of order 1 to KPI, on the left for t =0, a1 =1, b1,10 =1,
c11=1,d11=1,e,; =1;in the center for t =1, a; = 102, b1,1,0 = 10,
c11=1.5,d11 =1, e;;1 = 1; on the right for t = 103, a) = 102, b171’0 =1,
C1,1 = 1, d171 = 1, €1,1 = 1.

3.2 Case S=2, (D=0)

In this case solutions to the KPI equation can be written as

n(x,y,t)

D e



with
. . 2 . 3 .
n(x,y,t) — 7b1,1,001,126161’1z7261’1 y+ici1 t+d1,1+181,1a1

2 jicy 1x+icy awticy 1o t+d ie1.1—icy1.12y—icy o y+icy 2 t+d ie
7b1,1,001,1 elcr1ztict 2z tic 1 t+di 1 t+ier 1 1,17y 1,2 y+ecr 2 t+dr 2+ 1,2b17270

2 jicy ax—icy o2y+icy o t+dy otie
,b1)2700172 elc1,2 1,2°y+icy 2 t+dy 2+ L2g,

,bl)270cl7226i01,1I+iC1,2I+i61,13t+d1,1+i€1,1*icl,1Qy*iCl,22y+i61,23t+d1,2+i€1,2bLLO
ic11z4ic pxticy 1 S tdy 1 Fier,1 —ic1 1 2y —ict 2 yticy 2 t+dy 2 tier 2
+2b1,1,0c1,1€ b1,2,0¢1,2
and
_ ici 1x+iter 1° —icy 1 2y+dy 1 +ie
d(x’y,t) — bl,l,Oe 1,1 1,1 1,1"Y+d1,1 1,1
+b1 5 Oei01,z$+it01,23—i01,22y+d1.2+i61,2 +a;
)2,

We give some figures in the (z,y) plane of coordinates

Figure 2. Solution of order 1 to KPI, on the left for t =0, a1 =1, b1,10 =1,
b1)270 = 2, C1,1 = 1,, Cl,2 = 2, d1)1 = 1, dlyg = 2, €1,1 = 1, €1,2 = 2; in the center
for t = 1, a1 = 102, b171,0 = 10, b1,270 = 2, C1,1 = 0, 1, C1,2 = 2, dl,l = 1,
dLQ = 2, €1,1 = 1, €12 = 2, on the I'lght for t = 102, a; = 103, 6171,0 = 10,
51,2,0 =2, C11 = 1, C12 = 2, d1,1 =1, d1,2 =2, €1,1 = 1, €12 = 2.

3.3 Case S=3, (D=0)

In this case solutions to the KPI equation can be written as

t — 2 n(x7 y7 t)

/U(:E7y7 ) - d 1)2
(z,9,1)

with

TL((E,yﬂf) = —b1 1001 126i61,1$*i01,12y+i01,13t+d1,1+i€1,1al

_bLLOcL126i61,11+ic1,293+i01,13t+d1,1+i€1,1*i61,12y*i01,22y+i01,23t+d1,2+i61,2bl’z’o

_bl’l’ocl’126i01,11+i61,3ﬂi+i01,13t+d1,1+i€1,1—i01,12y—i01,32y+i01,33t+d1,3+i61,3 b1,3,0
_bl’2’0Cl’226i01,21—i01,22y+i01,23t+d1,2+i€1,2a1
_bl72’061’226i01,11+ic1,2ﬂi+i01,13t+d1,1+i€1,1—i01,12y—i01,22y+i01,23t+d1,2+i61,2 bl,l,O
_bl’2’061’226i01,21+ic1,3ﬂi+i01,23t+d1,2+i€1,2—i01,22y—i01,32y+i01,33t+d1,3+i61,3 b1,3,0
_bl’3’0Cl’326i01,31—i01,32y+i01,33t+d1,3+i€1,3a1

2 jicy 1x+icy zxticy 1 ot+d ie1.1—icy112y—icy 3 y+icy 3 t+d ie
_b1,3,001,3 elCr1xticy 3T ticy,1"t+di 1 tier 1,1°Y 1,3 y+ec1,3 t+d1 3+ 1,3b1’1’0



_bl73,001,32Ciclygz+ic1,3x+icl723t+d1,2+i61727i01,22y7iclY32y+icly33t+d1,3+i6173b1’270

+92 bl71706171CiC1,1fCJriCl,2$+i61,13t+d1,1+i€1,1*iC1,12y*icl,22y+i61,23t+d1,2+i61,2b1,2706172+
2 b1,1706171Ci01,1I+i61,3m+i81,13t+d1,1+i€1,1*icl,l2y*icl,32y+i01,33t+d1,3+i61,3 b1,3,001,3 +
2 bl,2706172ei01,2I+i61,3I+i81,23t+d1,2+i61,2*icl,22y*icl,32y+i01,33t+d1,3+i61,3 b1,3,001,3

and
d(x’y,t) =by, Oeic1,191+i7501,13—iC1,12y+d1,1+i€1,1
1,

+b1 5 Oeicl,2w+it61,23—i01,22y+d1,2+i61,2

)2,

+b 5 Oeicl,3w+it61,33—i01,32y+d1,3+i61,3 +a
,3,

We give some figures in the (z,y) plane of coordinates

Figure 3. Solution of order 1 to KPI, on the left for t =0, a1 =1, b110 =1,
bi2o=2,b130=3,cii=1lcipo=2,c13=3,d11=1,di2=2,d13=3,
etn=1,e12=2 e 3=3;inthecenterfort =1,a1 =1,b110=1, b120 =2,
b130=3,¢c11=0,1,¢c12=0,2,¢c13=0,3,d1,1 =1,d12=2,e13 =3,
€1,1 = 1, €12 = 2, d173 = 3, on the I'lght for t = 10, a; = 1, bl,l,O = 1,
bipo=2bi30=3cr1=1c12=2,c13=3,di1=1,d12=2,d13=3,
e11=0,1,e12=0,2,¢e13=0,3.

4 Solutions of order 1 depending on S(D+4)+1
parameters with derivatives

In this section, we take the order N equal to 1. We make variations on the
degrees of summation and derivation.

4.1 Case S=1,D=1

In this case solutions to the KPI equation can be written as

n(z,y,t)
U(x7y7t):_2d 2
(,9,1)
with
Lo s 2, . 3 . . s 2, . 3 .
n(x,y,t) = —gelcrar—iyci1”+icin t+d1,1+ze1,1bLLlCLlQalx_ewLw iyc1,1°+icy,1 t+d11+ie1 1



, 4 . 3 2 i1 1@—iyey 2 ic 13 tbdy 1+ 2
(3ib1,1,101,1 a1 —21by 1,101,1°ya1+b1,1,0c1,12a1+2 ¢1,1b1 1 1ag —eP e eL T e i dy e, %)
and
d(x,y,t) = ’Lbl 1 1ei01,1$+it61,13—iy61,12+d171+i5171x_’_al_*_bl 1 Oei01,1w+it61,13—iy01,12+d1,1+ie1,1_

; ici,1x+iter, 18 —iyer,1 2 +d,1+Hier 1 ; 2 ic11w+iter 12 —iyer,12+di, 1 Fiern
2iby1,1€ yei,1+3ithy 110117

We give some figures in the (z,y) plane of coordinates

Figure 4. Solution of order 1 to KPI, on the left for t =0, a1 =1, b110 =1,
biii=1c,1=1,d11 =1, e;1 =1;in the center for t =1, a; =1,
b1,170 = 102, b1,171 =2, 1,1 = 10, d1)1 =1, el = 1; on the right for ¢ = 10,
ay = 10, b17170 = 10, b1’171 = 2, C1,1 = 3, d171 = 1, €1,1 = 1.

4.2 Case S=1,D =2

In this case solutions to the KPI equation can be written as

n(z,y,t)

v(z,y,t) = —2m

with

n(z,y,t) — eiC1,1I—i01,12y+i01,13t+d1,1+i€1,1(_2 bLl’QZeiCl,lI—iCL12y+ic1,13t+d1,1+i€1,1_|_
bi1,2¢1,1%a1) 2% + eleraw—ierafytiey Pty tien (6 bi1,2¢1,1 tay —iby 1 1e11%aq

—41by 121,101 + 8b1,1,22c1,1eic1’1z_m'12y+icl'13t+dl’1+iel'1y —4by 1201 1%ya; —

12 bl71,2261712€icl’lx_icl’12y+icl’13t+d1*1+i81*1t—|—2 Z‘bl7172b1,171eicl,1x—ic1,12y+ic1,13t+d1,1+i81,1)x_l_
eicl,1I—ic1,12y+ic1,13t+d1,1+i81,1(6 ibl71,2b1,17leicl’lx_icl’12y+icl’13t+d1‘1+i81’1tCl712 _
18ib1,17261713ta1_2bl717261717061'61,196—1'61,12y+i61,13t+d1,1+i61,1+eic1,1$—i51,12y+i51,13t+d1,1+i6’1,1b171712_
2b11,1¢1,1a1—b11,0¢1,1%a1—2b1 1 a1 —12 ib1,1,22eicl’lx_icl’12y+icl’13t+d1‘1Hel’ltcl,l—

12b1 1 201,1°tya; —3 ib1,1,101,14ta1—4ibl,1,2bl,1,1eicl’1z_icl’12y+ic1’13t+d1'1+i61‘1y01,1+

2iby 1,101,1%ya; —8 b1,1,2201,12y29icl'1m_icl’12y+icl’13t+d1’1+i81’1+9 bi1201,1%t% a1+
24617172261713teicl’1x_icl,12y+icl’13t+d1’1+i81*1y—|—4bl71,201,14y2a1
+4ibl71,2zeicl’1z_icl’1zy+icl’13t+d1'1+iel’1y—|— 10ib1,1,261,12ya1

—18 bl,1722Cl,14t2ei61,1m—i01,12y+i01,13t+d1,1+i61,1)

and
d(x,y,t) =—by1 2ei01,1$+it01,13—i61,12y+d1,1+i61,1m2+(_6tbl 12C1 126i61,1$+it01,13—iC1,12y+d1,1+i61,1+



4ybl 19C1 1eicl'1m+itcl’13_icl'12y+d1’1+iel’l+ib1 1 1eicl,1m+itc1,13—i01,12y+d1,1+i€1,1):L-_l_
,1,261, ,1,
a1—|—b1,17oeicl’1z+it61’13_icl’12y+d1'1+iel’1—2ib1’172€icl’1x+itcl’13_icl'12y+d1’1+iel’ly+
. . . 3_. . 2 . . . . 3_. . 2 .
31tb1,1,101,126161’”“—“01’1 iC1,1 y+d1,1+ze1,1_225171,16161,196—0-%61,1 iC1,1 y+d1~1+”1’1y61,1—|—
; ici1xtiter 10 —icr 1 2ytdi,1ien 1 _q 42 4 icy 1xtiter 12 —icy 12y+di,1+ier
6itby 1,201 1€ ) ) 9t°by,1,2c1,17€ \ , +
3nict,1z+itcy 1” —icy 1 y+d171+i€1,1_ 2 2 ici,1T+itcy;1” —icy 1 y+d1,1+i€1,1
12tyby 1,2¢1.1°%€ 4y°b1,12c1,17€

We give some figures in the (z,y) plane of coordinates

Figure 5. Solution of order 1 to KPI, on the left fort =0, a; =1, b1,10 =1,
b171’1 = 1, b1,172 = 1, b1,173 = 1, 01’1 = 1, d1’1 = 1, 6171 = 1; in the center fOI‘
t=1,a1 =102 b110=10,b111=1b112=1¢c1=01,di1=1e1=1;
on the I‘lght for t = 103, ay = 102, b17170 = ].0, b17171 = ]., b17172 = ]., C11 = 1,
dl,l = ]., €1,1 = 1.

4.3 Case S=1,D =3
In this case solutions to the KPI equation can be written as

n(z,y,t)

Y=

with
. . 2, . 3 . 2 . 2, . 3 .
n(ac,y,t) = Jelcr1z—iyc1a +ici1 t+l6111b1’1’3 ezclylw+231,1 iyc1,1”+ic1 1 t+1e1,1$4 +

. i 2, . 3 . . 2 _ 2, . 3 .
eic11z—iyer 1 +ici t+1€171(zb1’1’301’12e31’1a1+36b1’1,3 6161,1Z+231,1 tyc1,1”+ic1,1 t+zel,1tcl’12_
. . - 2, . 3 . 2 . 2 . 3 .
4Zb1’1’3ew1,1w+31,1+21,1 iycy,1”+ict 1 t+%61,1b171’2_24bl’1’3 elcr1e+231,1—iycr 1" Ficin t+lel’1y01’1)1’3+
. i 2, . 3 . 2 o 2, . 3 . .
elci,1z—iyci, 1 +ici t+zel,1(_2 b1,1’2 elc1,1e+221,1—iycr, 1" Ficin t+7/61,1_6Zb171’301’13e31,1ya1+
2 . _ 2, . 3 .
6b171,3631'101,1a1 + 72 b1,173 617126161’1$+231’1 iyc1,1”+ic1 1 t+Z€1,1y2
£162b; 1 52¢, 14eic1,1z+231,1—iyc1,12+ic1,13t+ie1,1t2_216 by 132er 136ic1,1x+231,1—iycl,12+ic1,13t+ie1,1yH_
. )1, L, » o s L1, )
241iby 1 geg eI T R T eL T e T e by oy 49dby 1 3er et tar b1 per 1 Pe?  ag —
361by 1001 12€i01,1w+31,1+21,1—iy61,12+i01,13t+i€1,1b1 1 3t)1.2
. ’ ’_,’ 2, . 3 . . 7 . . o 2, . 3 .
4eic1,1—iyc11 +ic11 t+1€1,1(]_2Zb1’1’301’14e31,1y2a1+2Zb1’1’26161,11+21,1+11,1 iyc1,1”+ic1 1 t+l€1,1b1’1’1+
2 . o 2, . 3 . 2 . o 2, . 3 .
432[)1’1’3 cl’l4ewl,1w+231,1 iyc1,1”+ic1 1 t+’6111ty2+8b1,172 Cl’lewl,1m+221,1 iyc1,1°+ic1 1 t+161,1y_

. . . 2 3, .
].08Zbl’1,201’14elcl’1w+31’1+21’1 iyci,1”tici t+zelv1t2b1,1,3—36Zb1’1’301’15e3111tya1—

. . . 2, . 3 . . s 2, . 3 .
48Zb1’1’2cl’12ewl,1w+31,1+21,1 iycy,1”+icy 1 t+wl’1y251,1,3—96 b1’1’326w1,1w+231,1 iycy,1”+icy 1 t+1€1>1y361,13+



324 b171732617160icl'1m+231=17iycl>12+icl’13t+iel'lt3—4 ib171,201,1621'1a1+54 b1,17361713C31'1tQ1—

30 6171,301,12631v1ya1—648 b17173261715ci61,1ﬂ7+231,1*iy61,12+i61,13t+i61,1t2y_6 ib1,173C31’1a1—
4b1,17261713(}21'1ya1 +36b171732ci01,1x+231,1*in1,12+i01,13t+i61,1t

—6 Z’b171736i61,11’+31,1+d1,1*iy61,12+i01,13t+i61,1bl,LO _ ibl717101712ell=1a1

—~12 b1,172201,126i01,11+221,1*iy01,12+i61,13t+i61,1t_|_ 271.[)171,301,16631*1752@1
+144ib1,17261713ei61,1$+31,1+21,1*iy61,12+i61,13t+i61,1ybl7173t+6 61717201714621’115(11)564—
eicl,1Z*iyc1,12+i01,13t+i61,1(32 ibLLQCLl3ei61,1$+31,1+21,1*in1,12+iC1,13t+i€1,1y3b171,3_|_
6ib1717161712eic1)1x+21,1+11,1*iy61,12+i61,13t+i81,1b171’2t

—4 Z’bLLlCl,leicl,113+21,1+11,1*iyc1,12+i61,13t+i61,1b17172y

+12 ib171736ic1,11+31,1+d1,1*iy61,12+i01,13t+i€1,1ycl71b171,0

—-18 ib1,17061,12eicl’1x+31"1+d1’17iycl‘12+icl’13t+iel’lb1,1,3t

+36 ib1,17161716ic1*1z+31’1+11=17iycl’12+i61*13t+i61*1b1,173t

—108 ib1,17261716eiclle+31'1+21~17”’51’12+i61=13t+i61’1t3b1,173760 ib17173631*1t61712a1+
247;b1’173631’1y61,1al—3ib1’1,161714611’1t(11+2 ib171’101713611’1ya1—18 ib1’1’201113621’1ta1+

10 ib1’1’201’12e21*1ya1+27ib1$1’301’18631'1t3a1—8ib1’1,361’15631’1y3a1—12 b1,1,201,15e2111tya1—

126 b1’1’3cl’14e31.1tya1_|_b1’1’12€i01,190+2 11,1—iy01,12+i01,13t+i€1,1_|_4 ib1’1’22ei01,1$+221,1—iy01,12+i01,13t+i€1,1y_
216 b1’1’326i61,1$+231.1—iy01,12+i01,13t+i61,1t261’12+48 b1’1’3201’14ei61,11+231,1—iy01,12+i01,13t+i€1,1y4+
243 b1’1’3201’186i0171w+231*1_iy61'12+i01~13t+i61*1t4—18 b1’1’22€i01,1w+221,1—iy01,12+i61,13t+i61,1t2cl’14_
8b1’1’22ei01,1$+221,1—iy01,12+i61,13t+i€1,1y2cl’12_12ib1’1’36i01,1w+31,1+11,1—iy01,12+i01,13t+i€1,1ybl’Ll_
12 ib1’1’26i01.1$+31,1+21,1—iy61,12+i01,13t+i€1,1bl’l’St_12 ib1’1’22€i01,1$+221,1—iy01,12+i61,13t+i€1,1tcl’l_
b1’1’001’12ed1,1a1 _ 2b1’1’101’1611'1a1 -~ 36 b1’1’326i01,1i+231,1—iy01,12+i01,13t+i€1,1y2

-9 b1’1,2e21’1a1 _ 2b1’1’26i01,1w+21,1+d1,1—in1,12+i01,13t+i61,1bl’l’o

+216 Z’bl’1’201’15ei01,1w+31,1+21,1—iy01,12+i01,13t+i€1,1yb1’1’3t2
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We give some figures in the (z,y) plane of coordinates

Figure 6. Solution of order 1 to KPI, on the left fort =0, a1 =1, b1,10 =1,
b171’1 = 1, b17172 = ]., b1,173 = ]., C11 = 1, dl,l = 1, €11 = 1, in the center for
t=1,a1=1,b110=1,b111=1,b112=1,¢c11=0,di1=1,e11=1;0n

the I‘ight for t = 104, a; = ]., bl,l,O = ]., b1,1’1 = 1, b1,1’2 == 1, C1,1 = 0, d1,1 = ].,

€1,1 = 1.

In the following, in the case where S is greater or equal to 2, to shortened the
expressions of the solution we fix parameters a;, bjsq4, ¢js equal to 1, and dj,
ejs equal to O for all the values of the indices.

4.4 Case S=2,D=1

In this case solutions to the KPI equation can be written as

n(x,y,t)
v\ t) = 22—~
( 'Y, ) d(m,y,t)2
with
n(x, v, t) = _92 ,L'eizfiy+itx+4 ieizfiy+ity_6,L'eimfiy+itt+4 e2 ir—2iy+2 it_6 eimfierit
and

d(z,y,t) = 2ie’ @+ =Yg 4+ 14 2@ H=Y) _ 4iyei@+H=v) 1 6 jtel@+t—v)
We give some figures in the (x,y) plane of coordinates



Figure 7. Solution of order 1 to KPI, on the left for t =0, a1 =
b1,1’1 = 1, blyg’() = 2, b1’1,1 = 2, C1,1 = 0.5, C12 = 0.2, dl,l = 1, d1,2 = 2,
€11 = 1, €12 = 2; in the center for t = 1, ay = 1, b1,170 = 1, bl,l,l = 1,
bi20=2,b0111=2,¢c1=05,¢c12=01,di1=1,di2=2,e11=1,e12=2;
on the I‘lght for t = 103, a; = ]., b17170 = 1, bl,l,l = ]., b17270 = 2, b1,171 = 2,
c1=01Lca=1din=1,di2=2,e11=1,e10=2.

4.5 Case S=2,D =2
In this case solutions to the KPI equation can be written as

n(x,y,t
v(z,y,t) = —QW

with

n(x, v, t) — (2 eiz—iy—f—it _ 862 ix—24iy+2 it)m2 + (_10 Z'eiz—iy-l—it + 12 eim—iy—i—itt +

32 e2 ir—2iy+2 'L'ty_48 e2 ix—24iy+2 ztt+8 i62 ir—2iy+2 'L't_8 eix—iy+ity)x_24 eiw—iy+ityt+

8 eiz—iy+ity2+18 eix—iy+itt2_32 e2 1x—21iy+2 ity2_72 e2 ix—21iy+2 itt2_24 ie2 1x—21iy+2 itt_
10 eim—iy+it —4 eZ x—21y+2i4t + 24 ,L'eiz—iy+ity + 96 eZ x—21iy+2 ztyt — 42 ieix—iy-{-itt

and

d(z,y,t) = —2@ T2 4 (24e!@H=y) 1 gyeil@+ti=y) _ 12¢ei(@+—v))p 4 1 4

9 gilz+t—y) 8 iyei(m—i-t—y) 8 y2ei(x+t—y) —18 t2ei(z+t—y) 118 itet@+t—y) 1924 tyei(m—i-t—y)
We give some figures in the (x,y) plane of coordinates




Figure 8. Solution of order 1 to KPI, on the left for t =0, a1 =1, b1,10 =1,
b1,1,1 =1, b1,1,2 =1, b1,2,0 =2, b1,2,1 =2, b1,2,2 =2, C11 = 0.1, C12 = 2,
dl,l = ]., dl,g = 2, €1,1 = 1, €12 = 2, in the center for ¢t = ]., a; = ]., b171’0 = 1,
bii1=1,0b112=10b120=2,b121=2,b122=2,¢c1,1=0.5,c12=0.2,
dl,l =1, d1,2 =2,e11=1,e12=2;0n the right for t = 103, a; =1, b171)0 =1,
51,1,1 =1, b1,1,2 =1, 51,2,0 =2, b1,2,1 =2, b1,2,2 =2, C11 = 0.1, C12 = 1,
dig=1,di2=2,e11=1,e12=2.

4.6 Case S=2,D =3

In this case solutions to the KPI equation can be written as

n(z,y,t)

Y

with

Tl(;, v, t) =12 eZ ir—2iy+2 itl’4+(796 62 ir—2iy+2 ityf].ﬁ i62 ix—24iy+2 it+2 Z‘eimfiy+it+

144 e2 1r—2iy+2 itt))x?’—i— (96 7;62 1r—2iy+2 ity_8 62 ix—24iy+2it —864 e2 ir—2iy+2 itty_

12 ieiw—iy+ity+18 ieiw—iy+itt+14 eiw—iy+it_144 Z'eQ ix—21iy—+2 ltt+648 62 ix—21iy+2 itt2+
288 e2 ix—21iy+2 ZtyQ))Z‘2—|—(—432 ie2 ix—21iy+2 itt2_22 ieiw—iy+it+1296 e2 ir—241y+2 ittS_
2599 e2im72iy+2itt2y + 576ie2ix72iy+2itty + 54,L'eizfiy+itt2 + 120 eixfieritt _

68 eixfiy+ity+96 e2 ir—2iy+2 ’Ltt+32 e2 ir—2iy+2 ”y—384 e2 ir—2iy+2 zty3+24 ,L'ei:vfiy+ity2+
1728 62 ir—24iy+2 itty2_16 ieQ ir—21y+2 ’Lt_192 Z‘e2 ir—2iy+2 ity2_72 ieizfiy+itty))l._

10 eiz—iy+it_4 62 ix—2iy+2 it_16 ieim—iy+ity3+54 ieix—iy+itt3+2592 62 ix—21iy+2 itt2y2_
1152 e2 ix—2iy+2itty3 — 276 eix—iy+ityt + 672 eZ ix—2iy+2itty — 162 ieix—iy+itt +

72 ieim—iy+ity — 432 ieQ ir—21y+2 ittS +128 Z-e2 ir—21y+2 ityS + 192 e2 ir—21iy+2 ity4 _

936 e2 1x—21y+2 itt2 +80 eixfiy+ity2+234 eizfiy+itt27176 e2 1x—21y+2 ity272592 e2 1x—21y+2 itt3y+
972 e2 tr—2iy+2 itt4 + 72 ieizfiy+ity2t _ 108 Z‘eimfierittZy _ 576 Z'e2 ix—2iy+2 ittyZ +

864 ie2 ix—21iy+2 itt2y

and

d(z,y,t) = 2ie’@Ht=9) g3 1 (2@ H=9)) £ 18 tel(Ht=9)) — 12jyet(=+t=v))))z2 4

(54 iet @ =Y) 2 1 94 g2t (3 HY)) 1 4R tei (@ Ht—1)) _ 90 yei(r+t—v)) _9 jeilz+t—y)) _

720! @t yt))p—1-2 2@+ =) 108 it2ye! (@ T =Y) £ 54 i3t (#H 1)) 172 jtg 2t (@ HE=y))
8 jye (@ Ht=v)) 16 jyBei(@+t—v)) 132 tyet(@Ht—v)) 30 jtei(=+t—1)) 4 32 2t @+t —v)) 4

126 t2e!(@+t-v)

We give some figures in the (z,y) plane of coordinates
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Figure 9. Solution of order 1 to KPI, on the left for t =0, a; =1, b1,10 =1,
bi11=1,b112=1,b113=1,b120=2,b121=2,b122=2,b123=1,
6171 = ]., 0172 = 2, d171 = 1, d172 = 2, 6171 = ]., d172 = 2, n the center fOI' t= ].,
ar=1,0110=10111=1,b112=1,b113=1,b120=2,b121 =2,
bio2=2,bio3=1,¢c11=0,c12=2,d11=1,di2=2,e11=1,d12=2;0n
the I‘lght for t = 107 ay; = 1, b1,170 = 1, bl,l,l = 1, b171,2 = 1, b1’1’3 = 1,
b1,2,0 =2, 51,2,1 =2, 51,2,2 =2, 51,2,3 =1, C11 = 0.1, C12 = 2, d1,1 =1,
dip=2,e11=1,d12=2.

5 Conclusion

With the Darboux transform, multi-parametric solutions to the KPI equation
have been constructed. These solutions depend on multi-parameters; first, on
the order of determinant N. They depend also on the degree of summation
S and the degree of derivation D. In the case general case of an expression
with a second derivative in x of a determinant of order N, we obtain solutions
depending on N(S(D + 4) + 1) real parameters.

All these solutions are different from these already published in particular by
the present author [42, 44, 50, 58].

We restrict the study to the case where c;; is a real parameter. We postpone
to another publication the study in the case where c;sg;s + ihjs is a complex
parameter.

We only give the expressions of the solution in the simple case of the first order
N = 1. It would important to study in more details this first order and try to
classify these solutions.

It would be also relevant to study the cases of order greater or equal to 2 and
to realize an exhaustive classification of the solutions to the KPI equation.
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