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We theoretically study spin pumping from a ferromagnetic insulator (FI) into a carbon nanotube
(CNT). By employing the bosonization method, we formulate the Gilbert damping induced by the
FI/CNT junction, which can be measured by ferromagnetic resonance. We show that the increase
in the Gilbert damping has a temperature dependence characteristic of a Luttinger liquid and is
highly sensitive to the Luttinger parameter of the spin sector for a clean interface. We also discuss
the experimental relevance of our findings based on numerical estimates, using realistic parameters.

I. INTRODUCTION

Spin pumping induced by ferromagnetic resonance
(FMR)™ is a fundamental technique in spintronics for
generating spin current from a ferromagnet to an adja-
cent material®¥, While spin pumping has been used for
injecting spin into various materials, it can also be uti-
lized for detecting spin excitations in various systems> 17,
Compared with bulk measurement techniques, such as
nuclear magnetic resonance (NMR) and neutron scatter-
ing experiments, spin pumping has an advantage in sen-
sitivity for nanostructured systems such as surfaces, thin
films and atomic-layer compounds?.

The study of exotic spin excitations which emerge in
specific materials is one of the forefront topics of con-
densed matter physics. A typical example is spin exci-
tation in quasi-one-dimensional interacting electron sys-
tems, whose low-energy excitation can be described by
the Tomonaga-Luttinger liqui . Spin excitations in-
herent to the Tomonaga-Luttinger liquid have been stud-
ied in carbon nanotubes (CNTs) by using NMRZ2I23,
While NMR can detect the local spin susceptibility in
CNTs, the use of spin pumping to detect spin excitations
in CNTs is expected to provide useful information reflect-
ing the exotic character of the Luttinger liquid, which
cannot be captured by NMR.

In this work, we theoretically formulate the increase
in the Gilbert damping due to spin pumping in a setup
in which spin is injected into CNTs. We consider a
magnetic junction composed of a ferromagnetic insula-
tor (FI) and a single-wall CNT (see Fig. [1)) and take in-
terfacial randomness into account with a simple model.
We derive an analytic expression for the increase in the
Gilbert damping by utilizing the bosonization method
and second-order perturbation with respect to the in-
terfacial exchange coupling. We also estimate it using
realistic experimental parameters for two limiting cases
of junctions, i.e., clean and dirty junctions.

Our paper is organized as follows. We introduce the
microscopic model of the FI/CNT magnetic junction in

microwave

spin current

FIG. 1. Magnetic junction composed of a ferromagnetic in-
sulator (FI) and a single-wall carbon nanotube (CNT). The
dimension of the FIis W x W’ x d'.

Sec. [ We analytically calculate the increase in the
Gilbert damping in Sec. [[TI] and subsequently estimate
it with realistic parameters in Sec. [[V] Finally, we briefly
discuss the experimental relevance of our findings in
Sec. [Vl and summarize our results in Sec. [VIl A detailed
derivation of the analytic expressions is given in the two
Appendices.

II. MODEL

Let us consider a bilayer system composed of a CNT
and FI, whose Hamiltonian is given by H = Hcont +
Hrr + Hing. Here, Hont and Hpp describe electrons in
the CNT and FI, respectively, and H;,4 represents the
interfacial exchange interaction between the CNT and
FI. We will give their explicit forms in the subsections
that follow.



A. Carbon nanotube

The low-energy Hamiltonian of electrons in CNTs is
given by

Hent = Hi + He, (1)

where Hk and H¢ represent the kinetic energy and the
forward scattering potential due to the screened Coulomb
interaction, respectively. Using standard conventions?4,
the Hamiltonians describing these energies of electrons in

CNTs are given by

HK = _iUF/dxzrw:_aa(x)awwrao(x% (2)

He = %/dw dy p(x)V (z = y)p(y), (3)

where Yrqo(x) is the slowly varying part of the
field operator of electrons, vg is the Fermi velocity,
V(z) is the screened Coulomb potential, and p(z) =
> o Yoo (T)rao () is the electron density operator.
The subscripts, r (= £), « (= %), and o (= %), repre-
sent the direction of propagation, the nanotube branch
(the valley), and the spin orientation, respectively. Using
the bosonization method!?2% the annihilation operator
describing fermions in the CNT can be expressed in terms
of bosonic fields, 0., (z) and ¢qo (), as

Nrao  i(—r z =
wraa(x) = —F/—€ (=rbao (2)+dao( )), (4)
2ma

where 7.4 is the Klein factor, and a is a short-length
cutoff which can be identified with the lattice constant of
the CNT. To diagonalize the Hamiltonian, we introduce
new bosonic fields for the charge and spin sectors, 8;5(x)
and ¢js(x) as

oo () = 5 3 (0, 0)65(a), )
s

Bao () = 5 3 his(, 0)5s(x). (6)
It

where § (= =) represents symmetric/antisymmetric
modes, j (= ¢, s) indicates the charge/spin mode, h.t =
1, he— = a, hsy = 0, and hs_ = ao. The Hamiltonian
of the CNT's can be written as

vj _
Howr = 30 92 [dalle (0.0 + Kio(@.630)°). (7)
7.6
where K5 is the Luttinger parameter and vjs = vp/Kjs.

B. Ferromagnetic insulator

We consider a bulk FI described by the quantum
Heisenberg model and employ the spin-wave approxi-
mation assuming that the temperature is much lower

than the magnetic transition temperature and the mag-
nitude of the localized spin, Sy, is much larger than
oneSHOHIT29E201 - Ty this situation, the Hamiltonian for
the FI is approximately written as a superposition of
magnon modes:

Her = Y hwibb, (8)
k

where by is the annihilation operator of magnons, hwg =
Dk?+liyyhq. is the magnon dispersion, D is spin stiffness,
g is the gyromagnetic ratio, and hg. is the static mag-
netic field. We will only focus on uniform spin precession
induced by external microwaves. For this purpose, it is
sufficient to consider the magnon mode of k = 0 with the
simplified Hamiltonian

Hepr = hwoblbo. (9)

Microwave absorption in FMR can be related to the
imaginary part of the retarded spin correlation function,
which is defined as

1

Gw) =~ [ a0, 55, (10
where Sg = 1/25ibp and S, = \/2501)8 are spin

ladder operators of the FI for k = 0 and Sg(t) =
eMt/hSTe=t/h  For an isolated bulk FI, the spin sus-
ceptibility is calculated as:

250/

R _
GO(W)_w—wOJri(?'

(11)
In real experiments, the FMR linewidth is finite due to
the the Gilbert damping. To represent this finite spin
relaxation in the bulk FI, we introduce a phenomeno-
logical dimensionless parameter ag and express the spin
correlation function as

250/
GRw) = ———— . 12
0 (@) w — wp + tagw (12)

C. Interfacial exchange interaction

Now let us consider the interfacial exchange interaction
between the FI and the CNT with the Hamiltonian,

Hint = 5’3'57 + S(]_s+, (13)
where sT is the spin ladder operator of the CNT, defined

s = \/NTFIZZ/OdeJ(x)

~ e*i(ozfal)kpmfi(rfr’)quwia_ (x)wr/o/—i- (l‘), (14)

and st = (s7)T. Here, W is the length of the interface,
J(x) is the interfacial exchange coupling, Ngy is the num-
ber of unit cells in the FI, kp is the Fermi wavenumber,
and gr (< kp) is the momentum mismatch associated
with the two modes. A simplified model for randomness
in J(x) will be accounted for in the next section.



III. FORMULATION
A. Gilbert damping

Using second-order perturbation with respect to the
interfacial exchange coupling, the spin susceptibility is
calculated as

1
G(k,iwy,) = 15
(ks ioon) = G o) = S, o) (15)
1
Y (iwy,) = - dre™n"™(T.sT(1)s7(0))  (16)
0
where s (1) = eMtextm/hgEe=HontT/h For uniform pre-
cession (k = 0), the retarded Green’s correlation function

is obtained by analytic continuation iw, — w + id as

GR(O?W) T w— (wo + 5W(J2)Si/ZQG + dag)wo (17
0 o 20 Re ), (18)
Sag ~ —%SO Im 2 (wp), (19)

where Y(w) is the retarded self-energy defined by
Rlw) = /dte“”’ER(t), (20)
i) = -2 e, o), @)

0(t) is the step function, and ag + dag < 1 has been
assumed. In our work, we focus on the increase in the
Gilbert damping due to the junction, dag, which is writ-
ten in terms of the dynamic spin susceptibility of CNTs.

B. Self-energy of electrons in CNT's

By substituting Eq. into Eq. , we obtain

where 6J(z) = J(z) —
energy is calculated as

(J(x))imp. Accordingly, the self-

(1) = 27(t) + 23(1), (26)
»it) = - 2;(\)[;1 Z // da:/ dy

~ e—i(kF(a—a’)+qF(r—r ))(x—y)cmr o (@, y,1), (27)

2
SOJ?a Z / dx Crar o (2,2, ).

»R(t) = —if(t hNFI

(28)

Since the integrand of X£(¢) includes a rapidly oscillating
part as a function of (z — y), the integral is negligibly
small except for the case of « = o’ and r = r’. There,
we obtain

S =

hNFI Z/ dx/ dy Crara(2,9,t).
(29)

We should note that Yf(¢) corresponds to the process
of electron creation and annihilation in the same branch
and represents momentum-conserving spin relaxation for
a clean junction. In contrast, X () represents spin re-
laxation for a “dirty” junction that is independent of the
electron momentum. Here, the word “dirty” means that
during spin exchange process the momentum of electrons
in the CNT is not conserved and transitions between dif-
ferent branches of valleys and propagation directions are
allowed. The following discussion will consider two lim-
iting cases for the interface. For the clean interface limit
(J1 > Jo), the magnon self-energy is represented with
YE(t), while in the dirty interface limit (J; < J3), it is
represented with X(¢).

C. Clean interface

Since the correlation function Craros(z,y,t) can be
calculated using the bosonization method (see Ap-
pendix , the self-energy 1(t) can be obtained ana-

25 Iytically. Therefore, th IT nding incr in th
R 400 ytically. erefore, the correspo g increase e
2 = NFI Z Z / de / dy(J (@) I (y) pimp Gilbert damping is obtamed as

X e—i(kF(oz—a )+qF(T_T ))(r_y)crar’a’ (xa Y, t)7 (22) 50[(; 1= 7%1111 ER(WO)

Crocr'a’(l‘vyat) = <[¢Ia,+(l‘7t)wr’a’,*(xat)a
Vhar (4. 0)rat (y, 0o (23)
Here, (- )imp indicates a random average for the in-
terfacial exchange coupling. For simplicity, we assume

that the exchange coupling follows a Gaussian distribu-
tion whose average and variance are given by

<J($>>imp =Ji, (24)
(6J(2)8J (y))imp = J3ad(x — y), (25)

4SOJ1
= d d dt t
" h2wo(27a)? Ner / ! / Y / sin o

sinh(ima/Bhur) vt
X Im [(sinh(w(m —(z—vy)— th)/ﬁth))

sinh(iwa/Bhur) v 30

(sinh(ﬂ(ia +(r—y) — UFt)/BhUF)) - B0

_ Ky Koo 1 L 31
YETL T Tag, Tik 51



After analytic integration with respect to t (see Ap-
pendix [B| for details), we obtain

o = 2 T'(y)2 SoJ2Wa [ 2ma \*77°
Gl1=7 ['(27) h2v3 Npp \ Bhop
X I(ﬂW/Bth, ), (32)
I(w,~) = —/ dz’ / dze20—1)z
—Ly2yl—e ), (33)

where F(a,b,c;x) is the hypergeometric function.

D. Dirty interface

The self-energy X1(t) can be obtained in a similar
way as above. The corresponding increase in the Gilbert
damping is given by

25

50[G 92 = 7ﬂolm ZQR(WO)
SOJ2 CLW
h2w0 71'0, 2NF1 Z / bln(,d()

rr'a,af

sinh(ima/Bhvr) Prar'a
X Im Ksmh(w(m -y /ﬁh@) ] » (34)

Vrar'a! = Y10rr0a,ar + V200 —p/ 0,0
+ V3071700, —ar + V40r,—10a,—a,
( s+ T K, + 1/Ks+ + I/Ks—)/47
= (Kt + Koo +1/Kop +1/K,) /4,
= (Kot + Kee +1/Key +1/K) /4,
Yo = (Key + Ko +1/Koy +1/K._)/4.

We should note that daq 2 is proportional to W, since the
spin relaxation rate is determined through spatially-local
spin exchange in the dirty interface and is proportional
to the number of spin-exchange channels. After analytic
integration with respect to ¢ (see Appendixfor details),
we obtain

w w
(=2 N

A~ A~~~
W w
oo

= D — D T

39

2 rot—2
Z F('Vrozr’oc’>2 ( 2ma ) e . (40)
F(2'—Yrar’oz’) ﬂth

’ ’
rr! oo

IV. NUMERICAL ESTIMATE

Next, we evaluate numerically the increase in the
Gilbert damping by using realistic experimental parame-
ters. While the increase was formulated for a single CNT
in the previous section, to increase the signal, it would be
more useful if we considered a junction with a bundle of
CNTs. Thus, in the following, we will consider a junction

TABLE I. Parameters used for the numerical estimate.

Microwave frequency wo 1GHz
Fermi velocity of CNT VR 10°m/s
Lattice constant of CNT a 2.46 A
Diameter of CNT d 1.5nm
Amplitude of spins of FI So 10
Lattice constant of FI a 12.376 A
Thickness of FI d 10 nm
Interfacial exchange couplings Ji 2K
Jo 1,2,3K
Luttinger parameters Kt 0.20
Kyt 1.07
Koo, Ko 1
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FIG. 2. Temperature dependence of increase in the Gilbert
damping, dag,1, for a clean interface (J1 > Ja).

composed of a FI and a bundle of CNTs with an area of
W x W' (see Fig. [1)) and multiply dag,: and dag,z by
the number of CNTs in the junction, Nont = W'/d (d:
the diameter of CNTs).

The parameters are given in Table [l The Fermi ve-
locity vg, lattice constant a, diameter d, Luttinger pa-
rameters of CNTs, K., K._, and K,_, are taken from
Refs 202427 The value of K, is an experiment result?
under a magnetic field of 3.6 T2%, The spin amplitude Sy
and the lattice constant a’ are determined by assuming
that the FI is made from yttrium iron garnet (YIG). The
interfacial exchange coupling (J; or J3) is roughly esti-
mated to be 2 K%Y, The number of unit cells is estimated
as Npr = WW'd' /a’®, where d’ is the thickness of the FI.

A. Clean interface

The estimated increase in the Gilbert damping for a
clean interface (J; = 2K > J5) is shown in Fig. 2] as
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FIG. 3. Junction-length dependence of increase in the Gilbert
damping, dag,1, for a clean interface (J1 > Jo).

a function of temperature. While dag 1 is proportional
to 1/T at high temperatures, it is almost constant at
low temperatures. The crossover temperature for a fixed
length W is given by T* = g(v)hvr/(kgW) (kp: Boltz-
mann constant), which is proportional to 1/W. The fac-
tor g(v), which depends only on -, is explicitly shown
later. The increase in the Gilbert damping is shown as a
function of the junction length W in Fig. [3} While daq,1
is proportional to W for a short junction, it is almost
constant for a long junction. The crossover length for a
fixed temperature T is given by W* = g(v)hvr/(ksT).

In the present estimate, the condition Ly, < vr/wo
always holds, where Ly, = fivp/kgT is a thermal length.
Under this condition, the increase in the Gilbert damping
becomes independent of wg and is approximately given
by

_ I(y)? SoJia®a (2ma 23
b = s e () fm W L),
(a1)
w) = 4 w/m (w/m<g()),
o {gm, (/7> g2). 2

2 (o]
9(v) = */ dze 0P F(y = 1,7,27;1 — ™).
™ Jo

(43)
From this analytic expression, we obtain
2y —2
sagrocd LW W<g®la). gy
T*7=3g(v), (W > g(y)Ln).
The exponent v = (Kot + Ko_ + K, ' + K. )/4 cor-

responds to unity when K, = K, = 1. Even in the
present estimate employing K = 1.07, the exponent is
almost unity (y = 1.00114). By setting v = 1, we can

10_55“““

107 F E
F Jo=3K — ]
2K ——
1K
10-8 M| L L MR | L
3 10 100 300
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FIG. 4. Temperature dependence of increase in the Gilbert
damping, dag,2, for a dirty interface (J2 > Ji). The three
lines correspond to J2 = 1, 2, and 3 K, respectively.

reproduce the power in the temperature and junction-
length dependence of dag,1 shown in Figs. [2] and [3|

Finally, let us discuss the factor g(y). If ~ is slightly
larger than 1 as in the present estimate, the geometric
function is approximated as F(y—1,7,2v;z) ~ 1. Then,
the factor g(v) is approximately given as

_
m(y—1)

This expression indicates that the increase in the Gilbert
damping in the high-temperature limit (7" > T*) or the
long-junction limit (W > W*) is highly sensitive to the
deviation of 7 from unity. The crossover temperature
T* and the crossover length W* also include the factor
g(7) o< (y—=1)71. Thus, the increase in the Gilbert damp-
ing can be used to investigate small deviations from unity
of the Luttinger parameter K ; in the spin sector.

9(7) = (45)

B. Dirty interface

Next, we consider a dirty interface (J > Ji). Figure[d]
shows the increase of the Gilbert damping, dag 2, as a
function of the temperature for Jo = 1, 2, and 3K. In
this case, dag o is proportional to 77%43 in the whole
temperature range and shows a nontrivial exponent in-
herent to the Tomonaga-Luttinger liquid.

The condition L, < vr/we also holds for a dirty in-
terface. Therefore, g 2 can be approximated as

1 SoJ3aa’
27 (th)Qdd'

Y pmel ()T
]-—‘277"&7"04) Lth .

rr’ ool

50[@72 =



Noting that a < Ly, the factor (27a/Ly,)*rer’e’ in
Eq. is largely reduced as 7,qrq/ increases. There-
fore, in the sum of Eq. , it is sufficient to keep the
terms in which v,q. o takes a minimum value. In the
present estimate, Yoo/ is given by Eq. with

(71,72, 73, 74) = (1.001,0.784,1.001.0.784).  (47)

Upon setting the minimum exponent to be vy, = 0.784,
we obtain dag 2 T2min=2 = 70432 which is consis-
tent with the numerical results shown in Fig. @ There-
fore, the nontrivial exponent inherent to the Tomonaga-
Luttinger liquid appears in spin pumping through a dirty
junction. Note that the approximate expression is inde-
pendent of the junction length W for a fixed thickness,
since the W-linear factor in Np; = WW'd/a’® cancels
out the factor of W in Eq. .

The equation for the increase in the Gilbert damping
for the dirty interface has almost the same form as that
for 1/T1T in NMR experiments where 77 is the longitudi-
nal relaxation time of nuclear spins?t"23. Therefore, the
power law of the temperature dependence for the dirty
interface is the same as in NMR experiments. This is
because the spin transfer occurs at a spatially localized
point due to the impurity average at the dirty interface,
leading to the same situation as the NMR experiment in
which 1/T1T is related to the local dynamic spin suscep-
tibility.

V. EXPERIMENTAL RELEVANCE

We estimated the increase in the Gilbert damping dag
in two limiting situations, i.e., clean and dirty interfaces.
If we choose YIG as the ferromagnet, dag should be
roughly in the range 107°-1072, because it should be
comparable to the Gilbert damping of bulk YIG, ag,
which is of order of 107°~1073. For a clean interface,
dag is large enough to be measured in FMR experiments
(see Figs. |2l and . Note that dag can be reduced by in-
creasing the thickness of YIG (denoted by d'). On the
other hand, for a dirty interface, da is too small for it to
be observable by spin pumping (see Fig. . However, we
will moderate judgement on the possibility of observing
dag for a dirty interface, because detailed information
on the interfacial exchange coupling is still lacking. We
should note that in the present modeling of randomness,
the increase in the Gilbert damping is given by a sum of
these two contributions, i.e., dag = dag,1 +dag,2, for an
arbitrary strength of interfacial randomness.

Our calculation can be applied straightforwardly to
other one-dimensional electron systems such as quasi-
one-dimensional magnets, whose low-energy states are
also described by the Tomonaga-Luttinger liquid model.
In particular, the low-energy states of spin systems with
in-plane anisotropy are characterized by a Luttinger pa-
rameter K smaller than 1. If K is sufficiently smaller
than 1, dag should show nontrivial power-law behavior

with respect to the temperature even for a clean inter-
face.

VI. SUMMARY

We theoretically studied spin pumping from a ferro-
magnetic insulator into carbon nanotubes. First, we for-
mulated the increase in the Gilbert damping in terms
of the spin susceptibility and described the interfacial
exchange coupling with a simple model, in which two
types of spin-flip process, i.e., momentum-conserving and
momentum-nonconserving processes, coexist. Then, we
analytically calculated the increase in the Gilbert damp-
ing by treating electrons in carbon nanotubes in the
framework of the Luttinger liquid. For a clean interface,
the increase in damping is proportional to the inverse of
the temperature at high temperatures while it is almost
constant at low temperatures. The crossover tempera-
ture includes information on the Fermi velocity in carbon
nanotubes. We also found that the increase in damping is
highly sensitive to the deviation of the Luttinger param-
eter in the spin sector from unity. For a dirty interface,
the increase in damping shows a power-law dependence
on the temperature with a nontrivial exponent reflecting
the nature of the Tomonaga-Luttinger liquid. We also
estimated the increase of the Gilbert damping using re-
alistic parameters. Our results indicate a possible appli-
cation of spin pumping for detecting power-law behavior
of spin excitation in low-dimensional systems. Detection
of other types of spin excitation in exotic many-body
states will be left as a future study.
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Appendix A: Correlation functions

Here, we briefly summarize the calculation of the corre-
lation function Cyapas (2, y,t) defined in Eq. . Using



the bosonic fields, the correlation function is written as

Croa"oc’ (Z‘, Y, t)

_ (%1@)2 [(eAeBeCeP)y — (CePeeB)y], (A1)
A= (1B (2,1) + oy (2.1)), (A2)
B = i(—T’Ga/_(l‘,t) + ¢ar—(2,1)), (A3)
C= —i(—r’@a/,(y, O) + (ba’f(y’ 0))7 (A4)
D= i(—T9a+ (y7 0) + ¢o¢+ (yv 0))7 (A5)

where we set r = +1 (r = —1) for the left-going (right-
going) branch. Using the formula,

1
A1 Ao AN\ 2
(e?te? . e”N) = exp 25 (A7) +§ (AiAj) |,
) 1<J
(A6)

which holds when [A;, A;] is a c-number, we obtain

= Frarar (@=9,0)

(eAeBeCeD>
= exp <(A2 + B* + C? + D*)) + (AB) + (CD)

+ (AC) + (AD) + (BC) + (BD)/|, (A7)
(eCeDeAeB>0 efrarraly=2,=t) (A8)

The correlation functions of the bosonic fields, which are
defined as Gﬁy = (X(z,t)Y (y,0)), are calculated as'”

8 t) = T2 (I, 1) + T(—a,1), (A9)
G (1) = 5 7o, L@ 1) + I(=2.1)). (A10)
G, 1) = G2, 1) = 2(I(w, 1)~ I(—, 1)), (AL

I(x,t) = —log {QiBwaF sinh (ﬂm ;;}; UFt))} .
(A12)

Using these correlation functions, we obtain

Frar’a/(xa t) = Fl(sr,r’(sa,a’ + F25r,7r’5a,a’
+ F35T‘,'I"/5OL,—(¥, + F4§r,—r’5oz,—a/7 (A13)

Fi(z,t) = G + G% + G20 + é¢¢
— (G +G% + G2+ G, (A14)
Fy(z,t) = G + G% + G2 + G¢¢ (A15)
Fy(z,t) = G + G + G¢% + G2°
— (G + G + G2+ G, (A16)
Fy(z,t) = G2 + G% + G + Gfi), (A17)
where G§Y(z,t) = GXY(x,t) — G5(0,0). Com-

bining these results enables the correlation function
Crara (2,y,t) to be obtained analytically.

Appendix B: Analytic expressions of integrals

For a clean interface, the increase in damping is given
as

48y J?

Sagy = —— 20T B1
ac.1 h2wo(2ma)2Ngy ! (BL)
h w o0
7, = (ﬁ ) / /0 dy’ i du sin(@ou)

8 Im{ [sinh(z:ihim)y - u)}

sinh(ic)

x Lmh(mzww]“} (B2)

where wo = Bhwo/m, u = wt/Bh, w = 7W/Bhvp, &' =
mx/Bhvr, ¥y = my/Bhur, and o = wa/Bhvr. Changing
variables from 2’ and ¢’ with Z = (z+y)/2 and z = z—vy,
the integral is modified as

3 00
7, =vi <B7Th) /0 du sin(@ou)
w/2 27 2(w—2)
) l/o dZ/_z dz+/w/2 dZ/2(w Z) 1
sinh(ia)
X Im{ [sinh(za +z— u)}
sinh(ic) vt
x [smh( ia—z— u)]
UF ﬂh /w/2 2z
A [
2z

% (elUJou _ —zwgu
" sinh(ic) T+l sinh (i) 71
sinh(ic + 2 — u) sinh(ia — 2z — u) '
(B3)
In the last equation, we have used the relation
. si'nh(ia) * _ si.nh(ioz) (B4)
sinh(ia + z — ) sinh(ia F z 4+ u)

and the symmetry of the integrand with respect to Z <
w—Z and z <> —z. At this stage, it is useful to introduce

7+1
/ du i sinh (i)
smh(za —|— z—u)

. [sinhzzhy 0;)— u)} ’ (39)

so that

7 :fﬁ @ 3/W/de/zzdz
K 2 ™ 0 —27

% [B, (@0, 2) — By(~0, 2)]. (B6)



Setting v = 2u and rearranging the hyperbolic sine func-
tion, we obtain

1 . oo
B,((,z) = 5(1 - 672“1)2Fy€722/ dv

o—v(r—i¢/2)
X [e—v_|_e—2z+i(7r—2a)]'y+1[e—v_|_e—22+i(7r—2a)]’y—1
(B7)

)

which can be computed analytically, invoking the formula
3.315.1 in RefBY as

B’Y(Cvz)

= L C erioyzy mitr-200(tic/2) 220 -1-i¢/2)
2
IT(y +14¢/2)]? —4z
WF(W—1’7727§1—€ ), (B8)

where F(a,b, c; z) is the Gauss hypergeometric function.
To leading order in the small parameter o (< 1), this
reduces to

1 .
B,((2) = 5 (2a)2en/ 242201

IT(y+i¢/2)?

F’y_17’772’7;1_6_4z .
r@) )

(B9)

In practice, we are mostly interested in the regime where
wo = PBhwe < 1 so we can focus on values of ¢ such
that |¢| < 1. This allows us to expand B, (¢, z) for small
values of ¢, which yields, after substituting back into the
expression for Z,

0 A\* 2 w/2
I, = —Svhwo <i) (2a)27£((;)y) /0 iz

27
X / dzefh('yfl)F('y —1,7,2y;1 — e %), (B10)
0

where we have used the symmetry of the integrand with
respect to z <> —z. Combining this result with Eq. ,
Egs. and can be derived, after rewriting the
integral variable as 2z’ = 27.

In the limiting case, the integral I(w,~y) given in
Eq. can be approximated into a simple form. For the
short-junction limit (w/m = W/Bhvr = W/ Ly, < g(7)),
we obtain

1 w Z/
I(w,v) ~ E/o dz'/o dze” 071 = % (B11)

For the long-junction limit (w/7 > g(v)),

I(w,7)
1 w o0

~ —/ dz’/ dz’e_gz(”’_l)F(fy —1,7,2y;1 — e %)
w Jo 0
T

= 59(7)) <B12)

where g(7) is defined by Eq. (43). These analytical ex-
pressions lead to Egs. and (42) in the main text.

For a dirty interface, the increase in damping is ex-
pressed as

SngaW ,
0 T T R2wa(7a)2Ney z B13
agG,2 h2wg (ﬂ—a)QNFI ) Tga/ Vror' ol ( )
) h(s 2y
I = @/ du sin(&)gu)lm{ [sm(za)} }7
T Jo sinh(ia — u)
(B14)

with the same dimensionless variables as for a clean in-
terface. By a similar way as the clean case, the integral
I; is modified as

7 = (4, (~30) — A, (~50), (B15)
> inh (i ot
A4 (¢) Z/_ du e~ Ln?h(?ci)u)] . (B16)

Setting v = 2u and rearranging the hyperbolic sine func-
tion, we obtain
e_(7+i€/2)v
(efv + 62’(71'7204))27 :
(B17)

Invoking the formula 3.314 in Ref", this can be com-
puted as

L 2y ac —mc)2 IT(y +1i¢/2)
AQ) = 2(2sma) e*te TR (B18)
which then yields, to leading order in o (< 1),
Bh o o ID(Y+i¢/2)1? .
I =— 20)“7 ——————"—ginh 2). B1
. 47r( a) T2y sinh(rwe/2). (B19)

Assuming wg = fhwg /7 < 1, this is further simplified as

(Ze)" F

which finally leads to Eq. in the main text.
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