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Feedback boundary stabilization for a viscous incompressible fluid
with Navier slip boundary conditions in interaction with a damped
beam
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Université de Lorraine, CNRS, Inria, IECL, F-54000 Nancy, France

March 3, 2023

Abstract

We show the stabilization by a finite number of controllers of a fluid-structure interaction system where
the fluid is modeled by the Navier-Stokes system into a periodical canal and where the structure is an elastic
wall localized on top of the fluid domain. The elastic deformation of the structure follows a damped beam
equation. We also assume that the fluid can slip on its boundaries and we model this by using the Navier
slip boundary conditions. Our result states the local exponential stabilization around a stationary state of
strong solutions by using dynamical controllers in order to handle the compatibility conditions at initial
time. The proof is based on a change of variables to write the fluid-structure interaction system in a fixed
domain and on the stabilization of the linearization of the corresponding system around the stationary state.
One of the main difficulties consists in handling the nonlinear terms coming from the change of variables in
the boundary conditions.

Keywords: Navier-Stokes system, damped beam equation, strong solutions, stabilization, Navier slip boundary
conditions
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1 Introduction

We consider the stabilization of a fluid-structure interaction system coupling the Navier-Stokes equations with
a damped beam equation. Such a system has been introduced in [46] as a first model for the blood flow into
arteries. The corresponding system has been studied by many authors, see at the end of this section for some
references on the subject. In most of these works, the fluid is assumed to satisfy a no-slip boundary condition that
can be modeled by the Dirichlet boundary condition. Nevertheless several works in fluid-structure interaction
systems suggest to modify this hypothesis (see, for instance, |21}, 22] 27, 28] 29] [30]). Here we assume that the
fluid can slip tangentially on its boundaries and that the fluid satisfies the Navier slip boundary conditions.
These conditions were introduced in [42] by Navier in 1823. Our aim here is to stabilize the corresponding fluid-
structure interaction system by using boundary controls localized on the boundary of fluid, on a non-moving
part.

To simplify the presentation, we assume that the fluid motion is bi-dimensional so that the elastic motion
at its boundary is one-dimensional. We also focus in a particular geometry where all the quantities are periodic
in the horizontal direction. We have considered that all the physical parameters are equal to 1 (viscosity and
density of the fluid, elasticity parameters of the plate, friction coefficients in the Navier slip boundary conditions,
etc.) More precisely, let us present the geometry of our problem: we assume L > 0 and we denote by Z := R/LZ
the corresponding torus. Then, for any function 1 : Z — (—1,00) (that corresponds to an elastic deformation),
we define the corresponding fluid domain

Q) ={(z1,22) €I xR : 0< a2 <1+1n(z1)},
whose boundary can be split into a fixed bottom and an upper deformable part, that is 092, = I';, UT', where
L, :={(x1,22) €I xR : zg=1+n(z1)}, Ip:=Zx{0}.
The equations of motion of the fluid-structure interaction system we consider write as follows:

OV +(V-V)V—divT(V,P)=f% t>0, z€ Q.
B divV =0 t>0, l‘EQn(t), (1.1)
Ofn+ 0y n— 0,05 n=H,(V,P)+h°% t>0, 2, €T,

=0 t>0, zely,
z €I},
=0 t>0, .’EEFn(t)7
m’EFn(t)7

(1.2)

n(0,-) = 77? inZ, (0, = ng inZ, V(0,)= V9in Q. (1.3)

In the above system, the Cauchy stress tensor T is given by

1 . )
WMHZEWW—P57DWWJ:2CM+QW>7

8Ij 3561

so that
divT(V,P) = AV — VP.

The force exerted by the fluid on the structure is
Hy (V. P) = =1+ (02,12 (T(V. P)v - e2),

where 7 = 7,, and v = v,, are unit vectors for the tangent and exterior normal vectors on 0§

1 1 1 —0,,
Ty e [%U] S — [ ; ”} on T, (1.4)



T:=—e;, V:=—ey onl}.

The equations in (1.2]) correspond to the Navier slip boundary conditions and in order to write them, we have
used the normal and tangential components of a vector w € R?:

Wy =W Vv, Wri=w-T on 0.

The system (1.1)—(1.3) contains a boundary control Uy localized on a non empty open subset T'eont of T'p.
Our aim is to write Ugopnt as a feedback control such that (V,n, 9;n) converges for ¢ — co to a stationary state
(v5,7°,0), solution of the system

(vs . V) vS —divT(®,p%) = f5 in Qs
dive® =0 in Q,s,
8;11773 :Hns(vs,ps)—l—hs inZ,
vS =0 and [Q]D)(vs)u + USL_ =0 on 0Q,s.

(1.5)

Here v5, p°, n°, f5 and h° are time independent functions. Note that in the above system, v and 7 stand for
the normal and the tangential vectors on 0€,s, i.e: v = v,s, T = 7,5 on Qs (see (1.4)) and can be different
from the normal and the tangential vectors in . If needed, we will make explicit this dependence by keeping
the indices.

To be more precise in our objective, our feedback control is finite-dimensional: we are going to show that
for a chosen exponential decay rate —o < 0, there exist N, € N and a family

(w(j)> c L2(Ty,)?, suppw? C Teon, / wP v dry =0 (je{l,...,N,}), (1.6)
je{1,...,N} Ty

and such that we can stabilize (1.1)—(1.3) with a control of the form
No .
Ucont = Mu := Zujw(J). (1.7)
j=1

Before stating our main result, let us point out some remarks and introduce some notation. First, if there
is no control in (1.1)—(L.3), the incompressibility condition and the boundary conditions imply

— t dx1 = 0.
p 177(@1) T

In particular, assuming that 1 € LZ(Z), where
LA(T) = {g € L*(Z) : /g(xl) dry = o},
z
we deduce that n(t,-) € L3(Z) for all t > 0. We denote by projpz : L*(Z) — L3(Z) the orthogonal projection
and we set
H,(V, P) = = projpz /1 + |0z, (T(V, P)v - e2) .

We also introduce the operators (A;, D(A;)) and (A, D(A3)) on L3(Z) defined by

D(A) = HNI)NLY(T), A= 05n, D(Az)=HI)NLYT), An=-0;1. (1.8)
Then we can replace the beam equation in (T.1]) and in (T.5) by its projection on L3(Z):

Oun + Ain + A20;n = H,(V, P) + proj 2 RS, An® =H,s(v5,p%) + projpz hS.



In that case, the pressures P and p° are determined up to a constant, and we can determine these constants by
using the projections of the beam equations on Lg (I)J‘.

A standard difficulty in the study of fluid-structure interaction system comes from the fact that the fluid
velocity and pressure (V, P) are written in a moving domain €2,y and since we want to compare them with the
stationary state (US, ps) written in {2,s, we need to use a change of variables. We thus set

N:=Qps, T:=T,s,

and we consider the following diffeomorphisms

51

X(t) 1 Q@ — Qs Bj — |1+ 77(1572/1)112 , (1.9)

L+n3(y1) ™

x o ]
Y(t,): Qe — Q, Lj — | 14+ 95(z1) E (1.10)

L+mn(t,z1)

Then, we can transform (V) P) into

U(t,y) = (Cot VX (t,9))"V(t, X(t,y)), B(t.y) =Pt X(ty) (t=0, yeQ). (1.11)

We also transform the initial condition for the fluid velocity:
= (Cof VX)* V%0 X where X" := X(0,).

Then, applying the change of variables on (1.1))—(1.3) (see Section for the details and the definitions of the
operators a, b, D and IN), we obtain a system of the form

(VX)0,0 + (VX)(VD)D,Y (X) + det(VX)Dpa(X)D
— div (D?) + bVp 4+ N(¥) = (det VX) f3(X) in (0,00) x Q, (1.12)

divo =0 1in (0,00) X 113
o + 8;1177 — 0,02 n=—T" (D@)|rvys — Djriys) + projpz RS in (0, 00) X (1.13)

[v— T@tn}y = (Mu), on (0,00) x 0%,

~ 1 +77 ~
D - + (Mu), =0 0, x Iy,
(012 = 5 ol (Mu), on  (0,00) x Iy (1.14)
~ L+19,,18” ~

D@)v,s - m)(X)y | ————=% +a(X)v-7,(X) — ez - 7,(X) =0 on (0,00) x I,

n(0,)=nYinZ, 9m(0,-)=nYinZ, (0,-)=72"in Q. (1.15)

In order to write the boundary conditions, we have used the operator 7 € L(LZ(T), L?(99)?) defined by

0 ifzely,

(TE)(w) = { E(zy)es if (x1,1+n°(z1)) €T (1.16)

We can check the adjoint of 7 satisfies for ¢ € L*(9Q)?,

(T*O)(@1) = projpz /1 + 00,15 (21) 2 (21, 1+ 0 (21)) - €2 (21 € D). (1.17)

Now, (7,p) and (v5,p®) are defined on the same spatial domain Q and we can consider their differences:

vi=0-0% pi=p-pt, E=n-1P (1.18)



and the differences of the initial conditions:

=) =S Q=9I =70 -5, (1.19)

Then subtracting (1.5 to (1.12)—(1.15) yield the following system where we separate the linear part, that is the
operators L', L2, L, L*, and the nonlinear parts, that is F, G, and H (see Section :

0ev =V - T(v,p) + (v° - V)v + (v- V)o* = V- L1(€) + L*(€) + L*(8:€) = F(v,p,€) in (0,00) x
V-v=0 1in (0,00) x ,
0ut& + Ar€ + A20:6 + T (L1 (§)v) = =T (T(v,p)v) + H(v,€) in (0,00) x Z,

[v—T0¢&, = (Mu), on (0,00) x 99,
{ [2D(v)v + (v — TO) + L' (&)v + L4(£)]T = (Mu), + G(v,&) on (0,00) x 99,

£0,)=¢& inZ, 9£0,) =& inZ, v(0,:) =" inQ, (1.22)

Let us introduce some notation for the functional framework. For a Banach space X and o > 0, we define
for p € [1,4+00] the space

L2(®) = (f € LP(0.00:%) : £ ™ f(1) € D000 D)} [F gy = 1t = @ F O gy - (129
We define similarly H>(X) for s € R. We also define

H= {(v,gl,gg) € [P x DAY X LA(T) : V-v=0in9Q, [v—T&)], =0on aQ} : (1.24)

Vi=HN ([Hl(ﬂ)]2 x D (Ai’/‘*) x D (A}/‘*)) : (1.25)

with their canonical inner product.

In this article, we are interested by the stabilization of strong solutions. In this context, we are going to
consider initial conditions regular enough, in particular v € H 1(Q)2 and this leads to compatibility conditions
between u and v° that are not always satisfied for a general feedback control. This difficulty already appears
for the Navier-Stokes system without any structure, see [47] or [2]. In order to deal with this difficulty, we use
the strategy considered in [4] (see also [5]) by considering dynamical controllers. This means that u is obtained
as a solution of a differential equation and that the feedback operators act on this additional equation. More
precisely, we will show the existence of

R e L(H,RY"), RD e L(RN), (1.26)
such that (1.20)—(1.22) combined with
u' =RW (0,6,0,6) +RPu in (0,00), u(0) =0, (1.27)

is exponentially stable. This is the statement of the main result of this article.
Theorem 1.1. Assume

(0%, 9%, 0°) € W (Q)? x WhR(Q)/Rx W(T), 14+9°>0, [f°e[W>* Q) (1.28)
such that the system is verified. Then, there exist N, € N*, a family (w(j)) , verifying ,
R((,l) and R5,2> satisfying and Cy > 0 such that if

(0%.&.6) eV, %€, < Co, (1.29)
then there exists a unique strong solution
ve Ly (H*(Q) N Hy(LX(Q), peLy(HY(Q)/R), 7€ Ly(D(A) NHZ(LY(T)), ue Hy(RY),
of 7 together with . Moreover, there exists a constant C > 0 such that
I(w(®), (1), D)y, < Ce™ " [|(0%, 60, &), (t>0).

j€{1,....No



Note that systems similar to (L.I)—(L.3) have already been studied by several authors: [I8] and [I7] (existence
of weak solutions), [11], [33], [24], |25], [37] and [16] (existence of strong solutions). Without the damping term
—6t8§177, the existence of strong solutions is more difficult to achieve. It is obtained with an additional term of
inertia of rotation (783813117) in [25]. Without any additional term, the corresponding fluid-structure system is
studied in [7] and [8], where the existence and uniqueness of strong solutions is done by using Gevrey semigroups.
In the framework of weak solutions, there have been some works studying the existence of weak solutions for a
beam equation without dissipation (or a similar structure equation): [23], [54], etc. We can also mention some
works for different similar models: [9] (linear wave equation), [32} BI] (linear elastic Koiter shell), [39] (dynamic
pressure boundary conditions), [40, 41}, B8] (nonlinear elastic Koiter shell models), [52] and [53] (nonlinear elastic
and thermoelastic plate equations), [35], [36] (compressible fluids), etc. There are only few works where the
no-slip boundary conditions are not assumed: [I6] and [I5] where the author uses boundary conditions involving
the pressure and [19] where we show the existence and the uniqueness of strong solutions for the same system as
here. Note also that in the case where the structures are rigid bodies, some works are dealing with the Navier
slip boundary conditions: [21], [13], [43], [45], etc.

In the context of control theory, there are few results for this kind of system: the first result of stabilization
was obtained in [48] for strong solutions and with a distributed control acting on the structure. Then in [6], the
authors show the boundary stabilization of weak solutions around a stationary state. Both previous results are
obtained with the no-slip boundary conditions. With respect to these previous works, we are considering here
the Navier boundary conditions and we are stabilizing strong solutions around a stationary state. As explained
above, one of the difficulties corresponds to the fact that for such a problem there are compatibility conditions
between the initial state and the boundary feedback control. We overcome this issue by using dynamical
controls. Another difficulty comes from the transformation of the Navier slip boundary conditions: we need to
estimate the nonlinear term G in H}*(L?(0Q)%) N L2(H'/?(9Q)?). In the case of the Navier-Stokes system,
such a term can be estimated by using an adequate lifting. This is done for instance in [3] in order to deal
with nonlinear Neumann boundary conditions. Nevertheless with the method used in [3], one need that G in
HY4+e/2(L2(00)%) N L2 (HY?%2(90Q)?) for € > 0 arbitrary small. Here our nonlinear term does not satisfy this
assumption and we thus adapt a strategy proposed by [50], see Proposition below.

The outline of the article is as follows: in the next section, we apply the change of variables on 7
and obtain, after the separation between linear and nonlinear terms, a system of the form on (1.20])— :1.22. We
show in Section [3] that the corresponding linearized system is exponentially stabilizable with a finite number of
dynamical controllers. Then using this result and the estimates of the nonlinear terms obtained in Section [2]
we can prove Theorem [I.I]in Section [

2 Change of variables

2.1 Transformation of the system

We set
a = (Cof(VY))*, b= Cof(VX), (2.1)

where Cof (M) stands for the cofactor matrix of the matrix M. We also define

3(]@}1{; 8am,k ~ 6Yl 6Yl 8’17k
D7, = 3 (G200 + 220 ) by + 3 (000 () o () 4 a0 G (X)) T, (22)

m,k O, m,k,l
and - dasy . X, o
IN@), = ,;n ot (X) 5, i + ; @ (X) G5 (2.3)
From 7 we can write
V(t,x) = a(t,x)v(t,Y (t,z)), P(t,x)=p(t,Y(tx)), (2.4)



and after standard computations, we transform the terms appearing in 7:
(det VX) 9, V(X) = (VX)0v + (VX)(V0)0,Y (X) + det(VX)0ra(X)7, (2.5)
(det VX) (AV) (X) =div(Dv), (detVX)VP(X)=0bVp, (detVX)[(V- -V)V](X)=N(), (2.6)

Hy (V, P) = =/ 1+ [0, 15 "D @)y - e + .

Then, we can also transform the Navier slip boundary conditions (|1.2]) into the boundary conditions (|1.14}) and
we deduce that (v,p,n) satisfies (1.12)—(1.15)).

and

2.2 Linearization after the change of variables

Next we can consider the differences between the controlled state and the stationary state, that is we set (1.18])
and (|1.19) and we are going to make the difference between (|1.12))—(/1.15) and (1.5). Our aim is to linearize the

corresponding system.

Let us set 1+ ¢
n
= = 1 . 2
b R 27
We have
0y, € Dy n® 1 S £ £

0y = — — 4 , 2=1- =1- , 2.8
I L (1+77S)25 0 L+nS+¢ R (s ey 28)

82 S 82 S o S\ 2
51 _ y1€S _ Oy, 281,/15"‘ _ Oy? . +2( .7 )3 £, (2.9)

1+ (1+9%) (1+79) (1+99)

0€ Oy, & 0 778

00 = ——, = > LR 0. 2.10
t 1 —|—T]S t,y1 1 +7’]S (1 +778)2 té- ( )

We use the above computation to split the coefficients coming from the change of variables into a linear part
¢%) and a nonlinear part £ with respect to the variables &, v, and p. In these expressions, we have coefficients
of the form

B1 S\B2 92 S\Bs3 S Bs g B1io

Y 8. i 0 n Be 8: ( Ov; Bo [ OF;

cg = 2" (9y°) " (95,m%) 5 (05)™ (v3) (a;,;) (13) (@;) B; eN. (2.11)
O+WW< 1+%mw) : :

We don’t need the exact expressions of the linear and nonlinear parts, so that we use the same notation cg for
different values of B during the computation below. Note that with the regularity (T.28)), cs € W>°(9Q).
2]

We recall that X and Y are given by (1.9) and , a and b are given by ([2.1)). Then, we have
[ 1 o0 [0 —y20,,0 B 1 0 [ 16 o0
v = [ygaylo 9} , 0= [o L YWY = a0 100 M) e 000 1)
so that
VX=L+(M® b=L+@ vvyx)=L+®1+® ox)=0+@ 0O (2.12)

where the coefficients of the linear parts E,EJJ are of the form % or 0y,0, and where the

+nS

coefficients of the nonlinear parts s, e® are of the form

€% (9,,6)™

c R 0; € N, 01+ 09 = 2. (213)
TS o”



We also obtain

~0,,0/6° 0 0 0
(axla) (X) B |J'/2 (8?31 9/6 -2 (6111 9/9)2) O] , (aw a) (X) N {ayl 0/02 O}

so that 5
ik +c8 (2.14)

O0xm

where the coefficients of the linear parts (® are of the form 0y, 0 and y282 0 and where coefficients of the

nonlinear parts e are of the form or
A
a5 +9)

We also have

B 0 B —0,0/6* 0 B
atY(X) - _y27627 ata(X) - Y2 (at,yl 0/0 _ 28y198t0/02) 0l det VX = 97
so that
Y (X)=t® 4+ O (det VX)da(X) =0 + 0 (2.15)
where co,¢
@ .= P e, O .= t ,
T [ (EETo ke

where the coefficients of /@ are of the form 00 and y20; 4, 0 and where the coefficients of 5 are of the form

L&D o 00
PO+ +e) Pa+ns+e

From these first linearization, we can handle the terms appearing in ([1.12). First, combining (2.5)), (2.12)

and (2.15]), we deduce

(det VX) 8,V (X) = dyv + (B 4 B (2.16)

where é is a linear combination of terms of the form
cﬁat€7 cﬁata91§7

and where ¢® is a linear combination of terms of the form

€91 (9,,6)" (8,)* (aml
cp

04
cﬁg(sl (8y1£)62 3251) |5| 2 17 > |5| 2 533 54

L4+n3+¢ 0Yi,
£ (0,9 (09"
Cc 1y—|-778 +£ (’Uil) |5| 2 53, 54 , c58t,y1§vi1, (217)
where i; € {1,2
From , , and ,
D7 = 2D(%) + 4B + 2D(v) + @, (2.18)

where ¢@ is a linear combination of terms of the form cg€, cg0y, &, 0585 . &, and where 0 is a linear combination
of terms of the form

' 5o N\ 3 51 (9 82 93
ﬁ(f+£;6syf)§)ao (gZ) 6] > 2, 03 < 1, ﬂg ((122 +(5) ) (i)™ 18] =2, 83,00 < 1, (2.19)




where i; € {1,2}. We thus deduce from (2.6) that

(det VX) (AV) (X) = div (D7) = AvS + div(® + Av + dive®. (2.20)
From @0). 3. €12 and (E10)
(det VX) [(V - V)V](X) = (°- V) 0® + (v- V) o5 + (0% - V) v + (0D 4 0D (2.21)

where (89 is a linear combination of terms of the form cg€, cg0y, &, 058515 , and where e is a linear combi-
nation of terms of the form

& (0,6)% (92,6)™

(0i)° (v3,)™ 18] = 2, 83, 04, 05 <
(1475 +€)%

51 82 o\ %4
Cﬂ% (’Ui )53 (avlz> |(5| 2 63’ 64 ’ <222)
(1+n5+8” %

where i; € {1,2}. Finally, from (2.6) and (2:12),
(det VX) VP(X) = Vp* + Vp + (B0 (¢,9,,6) + e@D(¢,9,,¢,Vp), (2.23)

i3

where ¢/ is a linear combination of terms of the form

0 0
( p>§7 CB(aZz> 157 7::1’27

and where ¢ is a linear combination of terms of the form

0
es€™ (9,)™ 57

i

0] > 1, (2.24)

where ¢ € {1,2}.
We recall that det VX = 6 where 6 is defined by (2.7) so that

(det VX)f5(X) = 5+ 0 (f5(X) — f5) + : fns 5. (2.25)

Applying the Taylor-Lagrange theorem, for any y € €,

X)) =fs(y)+st(y)-(X(y)—y)+/O (1=5) V23 (1= s)y +sX () (X(y) —y) - (X(y) —y) ds

and since £(n)
Y1
Xy —y=—"—5— ,
W) —v=17 o) 2
we deduce that
(det VX)£5(X) = 5 + (0 (e) + @), (2.26)
where I is a linear combination of terms of the form cg&, and where ¢ is a linear combination of cp&? and
of 5
6’r"fs ( sy2€(y1) ) ( y28(y1) )
9/ + e ) ds| ———~| . 2.27
P ) PTG 220

Assume that (v,p, &) are given by (2.4 . and (1.18]). Then, gathering (2.16]), (2.20)), (2.21)), and (2.23)), we
deduce

(det VX) (0,V + (V- V)V —divT(V, P) — f%) (X) = —Av® + Vp® + (v° - V) o5 — f5
+ 00— A+ Vp+ (v-V) oS + (¥ V) o+ (8 —dive® 4 1@ _ give® 4 B (2.08)



where /03 is a linear combination of terms of the form

€, Cp0y &, Ty &, (2.29)

~ op°

where ¢g = cg or cg 8p > for some i = 1,2 and where ¢ i5 a linear combination of terms of the form (12.17)),
Yi

(2.22), (2.24) and (2.27]).

Let us now linearize the terms coming from the change of variables that appear on the boundary. We keep
the notation (2.11)) but with 3, replaced by 0 on I’y and by 1+7° on I. First on the bottom of the fluid domain,

we have from ((1.14) and (2.18):

7 01 + (Mu),
= ()15 — 0§ + 2D()15 — (0 — Mu), + 68 + 00D 4 B L D — 0 on (0,00) x Ty, (2:30)

where /& is of the form cg€ and where £ ig a linear combination of terms of the form

£ 5
) 1522, 6 < L. (2.31)
ﬁ(l S 4%

On the top boundary of the fluid domain, that is on (0,00) x I', we deduce from (1.4) that

1 1 0 1+ 19y, n5[? Oy, §e2
X) = _ 4 =, —r + = |. 2.32
(%) \/1+ayln|2<[8yms} {&ylé‘D m T 0 (232

Moreover, we have
S|2
1410, ) @ @ (2.33)
1+ [0y, n|? ’

where /3 is of the form cg0y, & and where ¢ is a linear combination of terms of the form

o (94,)"
<8y1778 + a@nf) (<8y1778> + <ay177$ + 8y1£>)60

where
() :=V1+22 (z€eR).

From (2.32)), (1.14)), (2.12) and (2.18)), on (0,00) x T,

L+ 10,11 (0 140,057 -
1716, 52 |\ P (X )4 | L S ot (VY (X)) (X) — Dimes - 7 (X
m (@)vys - m(X) T + 0 Cof (VY (X))7)(X) — Dimey - 7y(X)

= [2ID)(vS)Vns + vs] Tps + [2D(0)vys + (v — Oyen)] - Tys + Z@I/ns “Tps + @ 4 09 = 0, (2.34)

where /9 is a linear combination of terms of the form cg€, cg0y, &, and where £ is a linear combination of
terms of the form cgdy, £0:€,

dvi, \*
& 0,0 (52

C@(
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and s N 5

£ (8,,6)™ (92.6) (vs,)™
1 + 778 + 5)50 <ay177$ + 8y1€>6_1 (<ay17is> + <8y1778 + ay1£>)5—2
Finally, from ([2.18)

—projzz \/1+ |8y1778|2D(5)u,7s ceg=—T" ((QD(US) +0® 4 2D(v) + g@) Vns> . (2.37)

2.3 Estimates on the linear and nonlinear parts

Cﬂ( |(5| = 2, (53,(54 < 1. (236)

We now set

(&)
L) =@ 120) =@, 135,60 =B 1) = { 2@2 iﬁ Zz ib , (2.38)
(&)
F = —dive® 4 B H(v, &) :=-T" (5@%3) , G,¢) = { ezt i ZE Egzzi i ll:b (2.39)

Then, from (2.28)), (2.30]), (2.34)), (2.37), (1.5) and (1.12))—(1.15)) we deduce that (v, p, £) satisfies a system of the

form (120) (L22).
Moreover, from the regularity hypothesis (1.28]) and the definition (2.11)) of cg, we can check that

L'er (D(A}”), L2(Q)4) ne (D(Ai’/“), H1(9)4) : (2.40)
L’erl (D(A}/Q),LQ(Q)Q) . Lel (D(A;”),LZ(Q)Q) , (2.41)
L*er (D(A}/ 2),L2(6Q)2> ne (D(Aj"/‘*), H1(89)2> . (2.42)

We also introduce the adjoint operators
LY ec (L2(9)4,D(A}/2)) . (L) e (LQ(Q)?,D(A}/“')) . (LY e (L?(@Q)?,D(A}/Q)) . (2.43)

For L3, we recall that it is a linear combination of terms of the form cg€a and cgdy, &o. Assume ¢ € HY(Q)?,

we can integrate by parts in y:

14+1°%(y1)
/Qaylﬁz(yl)%(yl,yz) ~o(y1,y2) dy1 dyz = —Aéz(yl)ayl </ ca(y1,92) - (Y1, y2) dyz) dyi,
0

and since

1475 (y1)
Y1 > Oy, / cs(yi,y2) - (Y1, y2) dyz
0

is in L2(Z), this allows us to define the adjoint of L? as
(L) e £ (H'(Q)?, L5(T)) - (2.44)

Concerning the nonlinear terms, we define for R > 0 and ¢ > 0
BRo = {(v,p, €) € [LZ(H*(9)) N HA(LX()]” x L2(H (2)/R) x [L2(D(A1)) N H2(L3(T))]

: HU”Lﬁ(H?(Q)?)mH;(LQ(Q)"’) + va||Lg(L2(Q)) + HgHLg(D(Al))ﬁH?,(LS(I)) < R} . (2.45)

In what follows, we set

1w, 2, Ol == 0]l L2 (2 )2y nm 22y T 1VPI L2 (L20)) + 1€l 2 (DA ) H2 (12 (D)) -

Then, we can show the following result
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Proposition 2.1. For R > 0 small enough, the functions ¥, G and H defined by satisfy
F: Br, — LA(L(Q)?), G:Br, — L2(HY?(00)%) N HYY(L2(09)%), H: Br, — L2(LAD)). (2.46)
Moreover, for R € (0,1) small enough, there exists a constant C > 0 such that for any
(0, €) (v(n,p(l)’f(n) ’ (v@),p(?),g@)) € Br., (2.47)

the triplet (F, G, H) satisfies
IF (0,0, 12 (12(0)2) < CR?, (2.48)

HF (Uu)’p(l)’g(l)) _F (U(Z),p(Q),f(Z))) <CR H <v<1)7p<1)’§<1)) _ (u@),p@),g@)) H* (2.49)

L (L2(2)?)

”G (vav 5)”L(Z,(Hl/z(a(l)?)ﬁH;M(Lz(39)2) < CRZ» (250)

HG (Uu),p(l),fu)) e} (U@),p(z),f(z))‘

L2 (HY/2(8Q)2)NHL * (L2 (69)2)
<CR ‘(U(1>7p<1>75(1>) _ (v@)’p(z)’g@))

IH (0, )l 12 (12(z)) < CR?, (2.52)
(1) (1)) _ (2) ¢(2) 1) (1) M) _ (,,(2) ,(2) ¢(2)
HH (U € ) H(U € )’Lg(m(z)) gCRH(v e ) (v PLE )

Proof. From (2.45)), (2.47) and Sobolev embeddings, there exists a constant C' > 0 such that

. (251)

*

(2.53)

*

€0l Loe (c2(z)) + 196l oo (100 (7)) + H<9215||L3(Lw(1)) 1ol 2 (Lo (o))

<C (HU||L§(H2(Q)2)mH;(L2(Q)2) + H§||Lg(D(Al))mHg(Lg(z))) . (2.54)

and the same relation for (v(l),p(l), 5(1)) , (U(2),p(2), 5(2)). For R small enough, there exists a constant C' > 0
such that

1
H L4754+ €| e (1 (1)) <G (2.55)
and
I - m <cfem - . (2:56)
L+nS+€0 1+98 + €3 || 1o (poo() Lo (L>(T))
In particular,
| & (9,9)™ < ORI+
A+ 49" [y |

(L4nS+6m)™ (1458 +¢@)"

< CRO o1 Hg(l) _ 5(2)H
HI(H(I))

H (€M) (9,6)™ (62" (9,,6®)™

HL(H(T))
We have similarly

: < |gwrarrasl
T [0y m®) + (0y, S + 9y, 6) HL(HY(T))

- X g C’
H (0, 1° + 0y, €) HH:;(Hl(I))

12



1 1
: <cfjen-e|
||<3yms+<9y15<1>> (0 + 006D || 1 s ) Hi(H2 (D)
1 1
Hf) S) - @i 1 0y ED) (B 1) + (B T 0y €D H <Clew-e2] . .
<y177 >+< (/- ylg > <y177 >+< (/ ylg > HL(H(T)) Hl(H?(T))

The above relations allow us to estimate terms of the form (2.17), (2.22)), (2.24) and (2.27) and the space
derivatives of terms of the form (2.19). We can thus deduce that F satisfies (2.48) and (2.49). Similarly, we can

obtain that H satisfies (2.52)) and (2.53).
Finally, G is a linear combination of terms of the form (2.35)) and (2.36]). Note that with the above estimates

. £ (9,,8)"
(1 + 778 + 6)60 <ay1778 + ay1§>571 (<8y1778> + <8U1 778 + 8y1€>)672

and by using a trace theorem (see for instance [34, Theorem 2.1, p.9])

€ Hy(H'(09)),

ov; vy

By L2(HY2(00Q)) N HY4(L2(89)).

Now, using a standard result on the product in Sobolev spaces (see, for instance, [I4, Lemma 6]), we deduce
that terms of the form are in L2 (H'?(0Q)) N HY*(L*(09)). By a trace theorem (see [34, Theorem 2.1,
p.9]), we also have

vi, € L (H*?(09)) N HY*(L*(99)),

and
0y & € LY (HY(T)) nHY*(HY*(T)).

Using again the result on the product in Sobolev spaces (see, for instance, [14, Lemma 6]), we deduce that G

satisfies (2.50)) and (2.51]). O

3 Stabilization of the linear system

We show in this section that the linear system corresponding to (1.20)), (1.21)), (1.22) where the nonlinearities
F, G, H are replaced by given function (f,g,h) (see (3.39)), (3.40), (3.41) below) is stabilizable with dynamic
controllers.

3.1 Functional Framework

Let us consider m € C%(9€), suppm C Teont, / m ds = 1 and let us set

Ceont

A/lU:sz—(/F

We can check that M € L(U, L*(09)), where U := L?(T'¢ons) and that we have the compatibility condition

mU - v da:’) mu. (3.1)

cont

/8Q (MU),, ds = 0. (3.2)

We can thus consider the following system, where the control is U € L? (0, T;U):
o —V-T(v,p)+ (- Vo + (v-V)o® =V -LYE) + L2(6) + L3(0,6) = f  in (0,00) x Q,

V-v=0 1in (0,00) x Q, (3.3)
Ou€ + A1+ A0 + T*(Ll(g)u) =—-T*(T(v,p)v)+h in (0,00) X Z,

13



[v—T0(], = (MU), on (0,00) x 02, 3.4
[2D()y + (0 — To,E) + LA(€w + L), = (MU), on (0,00) x 92, (3:4)
0,)=¢&inZ, 0,£(0,)=¢&inZ, v(0,)=12"in Q. (3.5)
We are going to write the above system as
PW' = AP P
{ P%(O) fpvgfj BUAPE 1d (1d—P)W = (1d—P)EU, (3.6)
where
v v° f
W=[§], WO:[ﬁﬁ)a F=10 (3.7)
(223 3 h

Such a decomposition into a dynamical system and a stationary system is standard for the controllability of
Stokes type systems and was introduced in [49]). We are going to show that A is the infinitesimal generator of
an analytic semigroup with compact resolvent and satisfies a Fattorini-Hautus test so that it is exponentially
stabilizable with a finite number of controls (see below for details). Then, we will be able to replace MU by
Mu as in (1.20)), (1.21)), (1.22).

First, we denote by P the orthogonal projection

P: [L2(Q)]? x D(AY?) x L3(T) — H,
where H is defined by (1.24). We then define the operator A : D(A) — H by
D(A) 1= { (v,61,€2) € [HA(Q)? x D(41) x D(4})] nH

such that [2D(v)v + (v — Té&) + L' (&)r +L4(€)]. =0 on aQ}, (3.8)

v Av— (0 V)o = (v- V)0 + V- L'(&) - L (&) — L (&)
A& = & . (3.9)
&2 —A1&y — Asy — TH(LY(&)v) — T*(2D(v)v)

We have the following result, similar to results obtained in [6, Section 3| and [19, Section 5]. We give a sketch
of the corresponding proof for completeness.

Theorem 3.1. The operator (D(A), A) defined by (3.8) and (3.9) has compact resolvent and is the infinitesimal
generator of an analytical semigroup on H. Moreover, its adjoint is given by

DA) = { (¢,¢1,¢2) € ([HXQ) x D(A) x D(AY™)) NH + 2D(p)v + (= TG, =0 on o0}, (3.10)

¢ Ap+(0° V)sg ve')
G| =P |-¢- (Ll) (Vo) = (L) (¢) + (L ) <P T¢2) (3.11)
G2 A — AxGa — T (2(Dg) v) — (L?)" ()
Moreover, for any o € [0,1]
D((Aold=A)¥) = [D(A), H]1—a: D((Ao1d—A")") = [D(A"), H]i—a. (3.12)

where [-,-]g denotes the complex interpolation.
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Proof. First, if (v,&1,&2) € D(A), then after some integrations by parts, we obtain
v
alalal) == [z dy- [ @9yt wdy- [ L) Vody- [ 1@)vdy- [ L&)y
&)/, Q Q Q Q Q
2
—/ |(v—7’§2)7|2 ds—/ L&), (v—T&), ds (3.13)
L2(T) a0 9

- [[4:%
so that using Proposition and the Korn inequality, we deduce that for A > 0 large enough, A — AId is
dissipative. We can then show that for A > 0 large enough, A — A1d : D(A) — H is invertible by following the
proof of Proposition 5.1 in [I9]. Consequently, there exists Ay > 0 such that for A > Ao, A — A1d is m-dissipative
and is a consequence of [12], Proposition 6.1, p.171].
The adjoint of A can be obtained by integration by parts: assume (v,&1,&2) € D(A) and (¢, (1,(2) € D(A").
Then

v

&1
3

v 2
<~A §1] s [Cl] > = / v (ASDJF (US Ve — (VUS)*cp) dy+/ L4(51) (p—T¢) ds
&) &/, 70 o0

- 1) Ve dy- [ 12€) wdy- [ L) ¢ dy
Q Q Q
+ <Ai/251, —Ai/2C2> + (&2, A1C1 — Al — T (2(Dy) v)) . (3.14)

Moreover, we can write the operator A* as A* = Ay + A; with

ArCr — A2l — T (2(Dyp) v)
¢ (- V) = (Vo¥)
DA) =V, A |G| =F |- (L) (Vo) - (L) (9) + (L) (0 - TC)| - (3.16)
G2 i —(L*) " (p)
We have shown in [I9, Proposition 5.3] that Ay is the infinitesimal generator of an analytical semigroup on
H and that D (()\0 Id —.AO)I/Q) = V. Note that A; is well-defined since L', L?, L? and L* satisfy and

(2.44). Then, using [44, Corollary 2.4, p.81], we deduce that A* and thus A are infinitesimal generators of
analytical semigroups on H. O

[
D(.A()) == D(A*), .A() C1] = IP)
[C2

Ay
—G2 ] ; (3.15)

Before defining the control operator, let us state some useful lemmas:

Lemma 3.2. The operator (D(A),.A) defined by (3.8) and (3.9) satisfies

D((Ao1d —A)®) = D((AoId —A*)*) = [HM(Q)2 %)) (A}/“a/?) o)) (A‘f/Q)] nH
(o € [0,1/4) U (1/4,3/4)),
and for a € (3/4,1),

D((AId—A)*) = { (v,&1,&) € {H2a(Q)2 x D <A1/2+a/2) x D (A(f/2>] NH

such that [2D(v)v + (v — T&) + L' (&)v + L4(£1)]T =0 on 8(2},

D((Aold —A")*) = { (0,¢1,G2) € [HQ“(Q)2 xD (Aimm) xD (A?/z)} nH

such that 2D(@)v + (¢ —T¢2)], =0 on 8(2}.
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Proof. We introduce the spaces
Ly(Q):={fel?(? : divf=0, f,=0}, Hy(Q):={fecH(Q*NLQ) : 2(Df)v+ f], =0}.
It is shown in [51] that
[HZ(Q), LL()],_, = LL(Q) N H**()? (o €[0,1/4) U (1/4,3/4)),
[HZ(Q), L], _, = {f € H**(Q*NLJ(Q) : 2Df)v+fl, =0}. (ae(3/4,1))
Then, we consider the operator E defined by E(&;,&) := 7 is the solution of
N0~V -T@,p) —V-L'(&)=0 inQ,
divo=0 inQ,

[0 —T&],=0 on 09,
[2D(@)v + (U — T&) + L' (&1)v + L*(&)] . on 9.

(3.17)

If (¢&1,6) € D(A1) x D(AY?), then T¢& € H2(0)? and from Proposition Li(&) € HY ()Y, L&) e

HY2(9Q)%. Thus, from [I] or [10], there exists a unique strong solution (7,p) € H?(Q)? x H'()/R of the

above system and we deduce that E € £ (D(Al) x D(AY?), H?(Q)?). If (£1,6) € D(AY?)x L2(T), then T¢&, €

L*(09)* and from Proposition L'(&) € L2(Q)*, LY(&) € L*(09Q)2. Therefore, there exists a unique solution

v e L*(Q)? of by using the transposition method. We thus obtain E € £ (D(A}/2) x L3(T), L* (Q)Q)
Now, we can see that and can be written as follows

U= {(0,6,6) € TNQP x DY) x L3(T) + v—B(e1,&) € I2(Q)},

D(A) = { (0,61,&) € HAQ)? x D(A1) x D(A}*) v~ B(61,&) € HA®) },
and from (3.12)), we deduce that
D((old—A)") = {(v,61,&) € H*(@)? x D (4/*"%) x D (A7) © v - E(&,&) € [HAQ), LX), _, }
which gives the result for D((A Id —A)®). The proof for D((AoId —A*)*) is similar. O
Lemma 3.3. The orthogonal projection
P: L2(Q)2 x D(AY?) x L(T) — A,

satisfies for a € [0, 2]

Pecr (Ha(o)2 %D (A}”*““) x D (A;‘/ 4)) . (3.18)

Proof. The proof is already done in [6] for « € [0, 1]. Here our domain 2 is assumed to be more regular so that
we can obtain the result for &« = 2 and proceed by interpolation to deduce the lemma. Assume

(v,61,6) € HX(Q)? x D (A;) x D (A}/Q) .

It is obtained in the proof of Proposition 3.2 in [6] that
v v—Vp
Pl&| = &1
&2 S+ T (pv)

)
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where p is the solution of the Neumann problem

Ap =dive in Q,
%JrTT*(pV)'V: (v =T&)-v ondY

where we recall that (see (1.16) and (L.17))),

(3.19)

0 in Iy,
TT* ) -v=1{ Pnl+n))

2
1+ 10y,7° (1))

if (y1,1+n°(y1)) €T

Using standard results on the elliptic regularity of the Laplace equation with Robin equations (see, for instance,
[26, Theorem 2.5.1.1, p.128]) and that 9Q is C*', we deduce that p € H*(Q) and thus (3.18) for a = 2. This
concludes the proof of the result. O

In order to define the operator B, we consider Ao > 0 large enough such that Ag € p(.A) and we consider the
solution BU := (v, &V, €Y) of the system

Ao =V -T(Y,p%) + (0% - V) + (0¥ - V)o® = V- L&) + L) + L3 (&) =0 in Q,
diveV! =0 in Q,

el =& mz, )
M€+ Arg] + A&y + THLNE ) = =T (T(",p")v) inZ,
[’UU_ng]y:(MU)V on 99, (3.21)
(2D )y + (07 = TE) + LY v + L&), = (MU),  on 99. '

We have the following result on the above lifting

1
Lemma 3.4. The operator E defined above satisfies for s € [2, 2]

E e £ (H*(09), [H*2(@) x D(4]1%) x DAY H17%)).

Proof. We prove the above result by interpolation: for s = 3/2, we note that if U € H3/2(8§2)2, then MU
defined by (3.1) is in H3/2(9Q)? and satisfies (3.2). As a consequence (see [I] or [I0]), there exists a unique
strong solution (7,p) € H*(Q)* x H*(Q)/R of

XD~V -T(@,5) =0 inQ,

divo=0 in Q,
[0], = (MU), on 09,
2D(@)v 4+ 7], = (MU); on 0.
Then, we consider the solution (3Y,¢V, €Y € D(A) of
o —(3 - V)0 — (B-V)o®
NoId—A) |V | =P 0 €H.
& ~T*(2D(@")v)
Setting vV := Y + 9 € H?(Q)? we can check that (v¥, ¢V, £V) is the solution of (3.20)-(3.21).
For s = —1/2, we define the solution by transposition: (v¥, €Y, £Y) is the unique element of H such that for
any F € H,
oY ©
s\ —1
< gg F> = — (U, M(T(0, 7)) 11200y m1/2 00y - Where (G| = (Aold =A%) F, (3.22)
52 H <2
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and where 7, € H'() is such that

vV, Ap+ (05 V)p — (Vo) p
07 | =By |G- () (Vo) - (L) () + (L) (o~ TG | (3.23)
—T () ArGr = AsG = T (2(Dg) v) = (L7) ()
O
Then, we can define the control operator B € £ (U, (D(A*)") by
B:= (\oId —A)PE. (3.24)
Combining Theorem [3.1} Lemma [3.2] Lemma [3.3] and Lemma [3.4] we deduce the following result:
Proposition 3.5. For any ¢ € (0,1/4),
(Mo Id—A)"* B e L(U,H).
Moreover, the adjoint of B is given by
14
B* |G| = -M(T(p,mp)v), (3.25)
G

where m, is given by (3.23)).

Using the operator A and B defined by (3.8]), (3.9) and (3.24]), we can check that (3.3)—(3.5) writes as (3.6)),
(3.7). Indeed, taking ® := (¢, (1,¢2) € D(A*) and multiplying the first equation of (3.3)) by ¢ and the third
equation by (2, we obtain after some integrations by parts, that

d
(GW®) = WA+ (U], + (.0,
H

Moreover, we have W — EU € H so that (Id —P) (W — EU) = 0.

3.2 Stabilization of the linear system

We can now check that (A, B) satisfies the Fattorini-Hautus stabilization criterion (see, [4] and [5, Theorem
1.6]); it is stabilizable if the following condition hold

2 ® @
Q] . B [@1] 0 — [gl} —0. (3.26)
C2 G2 G2

We thus consider (¢, (1, () € [H?(Q)]? x D(A;) x D(A}ﬂ) satisfying

¥
G
G2

A* =A

Ap =V -T(p,7,) — (v° - V)p + (V’l}s)*(pz 0 in Q,
dive =0 in £,

A+ G+ (L) (V) + (L) () = (L) (9 = TG) =0 inZ, (3.27)
Ao = A1G1 + Aslo + T (T(p, mo)v) + (L) () =0 in T,
[¢p—TCl, =0 on 0,
{ 2D(p)v + (¢ — TC)], =0 on 99, (3.28)
and
M (T(p, 7)) = 0. (3.29)
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We set,
Cp 1= / mT(p, )V - v dyi,
r

cont

and we deduce from (3.1)) that
T(p,mp +cp)v =0 on suppm C I'y. (3.30)

Combining this with (3.28)), this yields that ¢ = 0 on supp m. We can thus apply a classical unique continuation
result [20] for the Stokes system (see [5, Appendix A] for more details) and we deduce (¢,7,) = 0 in Q and

then (3.26) by using (3.27)(3.28).

Applying [4, Proposition 17] or [5, Theorem 1.6], we can construct a feedback stabilization with finite

dimensional controllers. More precisely, for a finite family (@(j )) C U we define the operator
j=1,., Ny
N,
B:RY" = DAY, ue Y u;BaY). (3.31)
j=1

Then we deduce the following result from ((3.26]):
Proposition 3.6. For o > 0, there exist N, € N*, a family (@(j)) C H3/2(Fb)2 and operators

RW e L(H,RN), R e L(RN) such that the operator

7j=1,...,N,

(3.32)

D(Ar) = {06 Ga] € HXBY : Aln&r Gl 4 Bue M), A= oty o]

Rg.l) R((72)

is the infinitesimal generator of an analytic and exponentially stable semigroup on H x RNe of type lower that
—0.

Proof. Since the proof is already done in [4] and in [5], we only recall briefly the main arguments for the

exponential stabilization. From (3.26) and from [5, Theorem 1.6], there exists a family (@(j))
j=1,..,N,

H3/? (]."]D)2 such that the system Z' = AZ + Bu is exponentially stabilizable with a decay rate of order —o.
Moreover, we have (see [5, Theorem 1.6, item 3.]),

<{D(1), B*(I)>Z/{
YA eC, Red > —o, V® € Ker(A] — A7), : =0 = ®&=0. (3.33)
(@), B D)y
Then, we can consider the operators

D(A,) = {[’U7§1,§2,U] eH xRN Ajv,€,6]+Bu e 7—[}, A, = [‘gl ](ﬂ and B, := [I?v} . (3.34)

They corresponds to the control problem
7' =AZ +Bu, u =u*, (3.35)

where u is now included in the state (Z,u) and the new control is v*. The Fattorini-Hautus criterion applied
on (A, B;) leads to the condition

VAEC, ReA> —0, A*G =)D, B*d=0 — &= 0. (3.36)

However, from ((3.31)
(W, B*®)y
B*® — ,

(@), B b
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so that ([3.33) implies (3.36). Hence, using again [5, Theorem 1.6], we deduce the existence of R{Y € L(H,RN7)
and R(?) € L(RN7) such that the control

w=RMNZ+RPu

stabilizes exponentially the system (3.35) with a decay rate of order —o. O
We define
w9 = M@\, (3.37)
that satisfies w') € H3/2(90)? with suppw"?) € Leone. The operator M is defined by (1.7) that is
Na .
M: RN = L2(09)%, ue > uMa). (3.38)
j=1

Using Proposition we are going to show that the following linear system is exponentially stable:

O —V -T(v,p) + (05 - V)v + (v- V)o® = V- L&) + L*(€) + L3(9:¢) = f in (0,00) x Q,
V-v=0 1in (0,00) x Q, 3.39)
it + Aré + Asdif + T (L () = —T*(T(w,p)v) + h in (0,00) xZ, &
u' =RY(v,6,0,6) + RPu+~ in (0,00),

{ [v—ToK&], = (Mu), on (0,00)x 99,
[2D(v)v + (v — TOE) + L' (v + L*(€)] . = (Mu), +g on (0,00) x 99,

€0,)=¢&"inZ, 0,00,)=€inZ, v(0,)=2"inQ, wu(0)=0. (3.41)

First we consider the case g = 0:

(3.40)

Proposition 3.7. Assume
[°.&.81eV, g=0, feLi(L*(Y)?), heLy(Li(T), ve€Lz(RY).
Then (3.39)—(3.41) admits a unique solution
ve L2 (HA(Q)%) N H) (L3(Q)%), ¢ H2 (I3(T) nH} (D(A)%) N L2 (D(41)), ue HARM),
and there exists a constant C' > 0 such that
||vHLE(H2(Q)2)HH}7(L2(Q)2) + ||vp||L§(L2(Q)2) + ||€||H§(L(2)(I))0Hé (D(Ai/2))ﬂL§('D(A1)) + ||u||H01,(RNcr)
<C (H[UO7§?753]|‘V Tl gz p2@)2y + 10lln2 2@y + ||'7||L§(RNU)) . (3.42)

Proof. We deduce from (3.6)) and (3.7)) that (3.39)—(3.41]) can be written as

U= o= 8] s
(Id—P)W = (Id —P)EMu. (3.44)

Using Proposition [3.6] we deduce that
PW 2 N, 1 N,
[U}ELU(D(.A)XR )N H (1 x RY).

We then deduce from Lemma 3.4 that
(Id —P)W € H:(H2(Q)? x D(A1) x D(A?)).
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Let us now handle the case
f = Oa h= Ov Y= 07 g? = fg = 07 UO = 07 (345)

nd
) g € HYY([L*(09)°) N LL([H'*(00)]). (3.46)

To obtain the regularity of the solutions, we adapt the proof done in [50].
Proposition 3.8. Assume , . Then 7 admits a unique solution
ve Ly (H*(Q)°) N Hy (L(Q)?), pel; (H(Q)/R),
¢ € H2 (13(D) N H (D(AY)) N L2 (D(A), we HY(RY),

and there exists a constant C' > 0 such that

101l L2 (2 ()2)nm1 (L2 )2) T IVPI L2 (L2(0)2) + ||£||H§(L§(I))OH}, (D(AY/) ALz (D(a) + llull g1 o)

<C ||g||H;/4([L2(aﬂ)]2)ﬂL3([H1/2(89)12) . (347)

Proof. By using a change of variable g — e'g, it is sufficient to show the proposition in the case o = 0. Assume
(3.45) and let us construct by density the linear mapping

g H (U7§7 u) )

from HY/*(L2(00)%) N L*(HY/?(89)?) into
(L2 (H2(Q)%) 0 B (LA(@)2)] x [H? (L3(T) n B! (D(A)%)) 1 L2 (D(A)] x B (RY).
More precisely, we first assume g € C°(R; H Y 2(0Q)%) with compact support in R, . In that case, for A > 0,
from [10] and [1]], there exists a unique solution
(vg,pg) € C%(R; H*(Q)* x H'(Q)/R),
— V- T(vg,pg) =0 in (0,00)
V-vy=0 1in (0,00) x €,

[vg], =0 on (0,00) x 09,
[2D(vg)v +vy] =g on (0

(3.48)

and there exists a constant C > 0 such that

[|(vg, pg) HL2(H2(Q)2 xH(Q)/R) S <Clgllz: (H1/2(8Q)) *

Using this lifting in (3.39)—(3.41) and applying Proposition we deduce that (3.39)—(3.41)) admits a unique

solution with
(v,&,u) € C™ (Ry; H2(Q)? x D(Ap) x RY).

Let us estimate this solution. In order to do that, we differentiate (3.39)—(3.41]) with respect to time:

v =V -T(0w,dp) + (v° - V)dv + (v - V)o° — V- LH98) + L*(9,€) + L*(97¢) =0 in (0,00) x €,
divoyw =0 in (0,00) x Q,
D3E + A101E + AD2E + TH(LY(0,6)v) = —T*(T(dw, dyp)v) in (0,00) x T,
u" = RWM (0w, 8,€,02€) + R/ in (0, 00),
(3.49)
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(00 — TO7¢] = (Mu'), on (0,00) x 09, (3.50)
[2D(3pv)v + (Opv — TOFE) + LY (0:&)v + L4(8t§)]T = (Mu'), + ;g on (0,00) x 99, ’
0:£(0,)=0inZ, 07¢(0,-)=0inZ, 0w(0,-)=01inQ, u'(0)=0. (3.51)

Let us consider
(U,d) € C™ (RyH x RY7)

with compact support in R;. There exists T > 0 such that supp (¥,d) C [0,7] and we consider the unique
solution

(@, p) € L? ((—o00, T; (D(A*) x RN ) N H' ((—00, T|; H x RN7), (3.52)
of O ® [® U )
= A }+H HT:O, 3.53
a1 [ (3.5)
where A, is defined by . Setting
¢ [ . [ROu
® = Cl ) U= R1|, <R<(71)) H= R£1'4)/‘L )
G | R2 Rf)u
the system can be written as
~0rp =V - T(p.mp) = (v° - V) + (Vo) o = RPp =1 in (=00, T) x O,
dive=0 in (—o0,T) x €,
=~ + G+ (L) (Vo) + (LK) () = (L) (¢ = TC) =R u =1 in (=00, T) x I, (3.54)
—0iGo — A1G + Ao + T (T(p, mp)v) + (L3) (p) — RSIS)ff =ky in (—o00,T)xZ,
1 =B (,G1,G) + (RP) p+d in (o0, T),
[ —TC), =0 on (—o0,T) x 09, (3.55)
2D(p)v + (¢ = T¢2)l, =0 on (=00, T) x 09, '
G(T,)=0inZ, GT.)=0iZ, T, )=0inQ pu(T)=0. (3.56)

Note that from (3.25]), (3.31) and (3.38)

B*(¢,C1,¢2) - u=— Mu - T(p, m,)v ds.
90

Let us multiply the first equation of (3.49) by ¢ and integrate in [0, T]. After several integrations by parts and
using the above relation, (3.49)—(3.51]) and (3.54)—(3.56|), we obtain

T T
| oo aie ). )y, = [ @0)lo-TG, dsar (3.57)
From , we have
(o — TGl € H¥4(—o0, T; L2(09).

and cancels at ¢t = T. We can thus extend it by 0 as a function in H>/ 4(R; L?(092)) and we deduce the existence
of a constant C' > 0 such that

/oT /;)Q (Org) [0 = T, ds dt

<C HgHHl/‘l(]R;LQ(BQ)) ”[90 - TC2JT||H3/4(R;L2(E)Q))

<C H9HH1/4(R+;L2(39)) ||(qj?d)||L2(R+;HxRNo) .
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The above estimate and (3.57) imply that
1000, 018, 028, || 12 (3o < C M8l 13 112000 (3.58)

We deduce similarly that
|| [U7 57 at§7 ’LL] ||L2(’H><]RNU) g C HQHH1/4(R+;L2(3Q)) . (359)

Using the lifting (vg, py) defined by (3.48) and some similar lifting for Mu in (3.39)(3.41) and Theorem we
deduce that

||[U’§’at§’u]||L2(H2(9)2><D(A1)><’D(A}/2)><RNU) < C (H[’U?&6t§7u]||H1(H><RNo) + HgHLZ(Hl/Z(BQ))) .

Combining this result with (3.58) and (3.59), we deduce the result for g € C°(R; H/?(69)?) with compact
support in Ry. Then, by a density argument we conclude the proof of the proposition. O
4 Proof of the main result

We are now in a position to prove Theorem We consider N, € N*, the family (w(j )) LN and the
je{l,...,N,
operators

RWM e £(H,RY"), R e £(RN)
from Proposition and ([3-37). Then, we assume (v°,£7,£9) € V and we define

R=(.€.8),.

and we consider

B = {(f.9.h) € LALAQ)?) x [HY(L2OQ)P) 0 LE(H200)P)| x LA(L3(D)),

112 ooy + 190 s e oyeynie ez s + 10l iz ray < B
If (f,g,h) € Br, then from Proposition [3.7 and Proposition (3-39)—(3.41) admits a unique solution
ve L2 (HAQ?) NHL(LAQ?), ¢ e B2 (L3(@) nHy (DAT%) NLE(D(A4),  ue HYRY),

and there exists a constant C' > 0 such that

101 L2 (2 ()2 n a2 22 @)2) F VPl L2 (12()2) + H§||H3(L3(I))QH; (DA*)) 2 (D(41) + llull gy @rvey < CR.(4.1)

Applying Proposition for R > 0 small enough, the triplet (F(v,p,&),G(v,&),H(v,§)) is well-defined and
satisfies (2.48)—(2.53)). In particular, for R > 0 possibly smaller, the mapping

zZ: fBR — %R,
(f,9.h) = (F(v,p,§),G(v,§),H(v,9)),

is well-defined and is a strict contraction. From the Banach fixed point argument, we deduce that if R > 0 small
enough, (1.20)—(1.22) admits a strong solution. This concludes the proof of the main result of this article.
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