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Analytic pseudo-rotations

Pierre Berger*

October 15, 2022

Abstract

We construct analytic symplectomorphisms of the cylinder or the sphere with zero or exactly
two periodic points and which are not conjugate to a rotation. In the case of the cylinder, we
show that these symplectomorphisms can be chosen ergodic or to the contrary with local emer-
gence of maximal order. In particular, this disproves a conjecture of Birkhoff (1941) and solves
a problem of Herman (1998). One aspect of the proof provides a new approximation theorem,
it enables in particular to implement the Anosov-Katok scheme in new analytic settings.
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1 Statement of the main theorems

In low dimensional analytic dynamics, a fundamental question is wether far from periodic points,
the dynamics is rigid. In real or complex dimension 1, dynamics without periodic point are rigid
[ , |: the dynamics restricted to an invariant domain without periodic point is either a
rotation or in the basin of periodic points. In dimension 2, for real analytic volume preserving
diffeomorphisms of the cylinder or the real sphere, the Birkhoff rigidity conjecture for pseudo-
rotations | | states that such are also conjugate to rotations. We are going to disprove this
conjecture. More precisely we are going to show two examples of entire real symplectomorphisms
of the annulus A = R/Z x R, without periodic points and such that outside a region A{ of A
bounded by two disjoint analytic curves, the dynamics is analytically conjugate to a rotation, while
inside A{j the dynamics is not rigid. In the first example, the restriction f|A{ will be ergodic —
see Theorem A — while in the second example it will be extremely far from being ergodic — see
Theorem C. More precisely the ergodic decomposition of the latter map will be infinite dimensional
and even of maximal local order, i.e. with local emergence of maximal order 2. This confirms a
conjecture on typicality of high emergence in many categories | ].

From this we will deduce a corollary disproving the Birkhoff rigidity conjecture. The proof of
the main theorems are shown by developing the Anosov-Katok method | |, together with a
new approximation theorem for entire symplectomorphisms developing a recent work with Turaev
[ ]. The corollary regarding the sphere is obtained by using a blow-down technique introduced
in | ]

Finally we will remark that these analytic constructions give examples of entires symplectomor-
phisms of C/Z x C without periodic point and with a non-empty instability region .J.

1.1 Ergodic analytic and symplectic pseudo-rotation

Let S be an orientable analytic surface. We recall a diffeomorphism of S is symplectic if it
preserves the orientation and the volume.

Conjecture (Birkhoff | , Pb 14-15]). An analytic symplectomorphism of the sphere with only
two fized points and no other periodic point is necessarily topologically conjugate to a rotation.

Analogously, an analytic symplectomorphism of a compact cylinder without periodic points is
topologically conjugate to a rotation.

While following Birkhoff “considerable evidence was adducted for this conjecture”, Anosov-
Katok [ | gave examples of smooth symplectomorphisms of the sphere or the annulus with
resp. 2 or 0 periodic points which are ergodic. Anosov and Katok proved their theorems by
introducing the approximation by conjugacy method, that we will recall in the sequel. Also,
in his famous list of open problems, Herman wrote that a positive answer to the following question
would disprove the Birkhoff rigidity conjecture:

Question 1.1 (Herman | 1[Q.3.1]). Does there exist an analytic symplectomorphism of the
cylinder or the sphere with a finite number of periodic points and a dense orbit?

Corollary B will disprove both Birkhoff’s conjectures and answer positively to Herman’s question
in the cylinder case. It will also bring a new analytic case of application of the approximation by
conjugacy method, as wondered by Fayad-Katok in [ , §7]. To state the main theorems, we set:

T:=R/Z, 1:=(-1,1), A:=TxR, and Ag=AxI.

We recall that a map of A is entire if it extends to an analytic map on C/Z x C. An entire
symplectomorphism is a symplectomorphism which is entire and whose inverse is entire.



An analytic cylinder of A} of A is a subset of the form {(0,y) € A: v (0) <y <~1(9)}, for
two analytic functions v~ < y*.

Theorem A. There is an entire symplectomorphism F of A which leaves invariant an analytic
cylinder Ay C A, whose restriction to Ajj is ergodic and whose restriction to A\ cl(A}) is analytically
conjugate to a rotation. Moreover the complex extension of F' has no periodic point in C/Z x C.

The following consequence of Theorem A is the counter example of both Birkhoff conjectures
and a positive answer to Herman’s question in the case of the cylinder:

Corollary B. 1. There is an analytic symplectomorphism of cl(Ay) which is ergodic and has
no periodic point.

2. There is an analytic symplectomorphism of the sphere, whose restriction to a sub-cylinder is
ergodic and which displays only two periodic points.

This corollary is proved in Section 2.4 using the blow up techniques introduced in | . Tt
seems that the proof of Theorem A might be pushed forward to obtain a positive answer to the
following;:

Problem 1.2. In Theorem A, show that we can replace Ay by a cylinder with whose boundary is
formed by two pseudo-circles.

Theorem A will be proved by proving a new approximation Theorem 1.8 which enables to
implement the approximation by conjugacy method to analytic maps of the cylinder. Analytic
symplectomorphisms of the 2-torus which are ergodic and without periodic points are known since
Furstenberg [ , Thm 2.1] (one of the explicit examples is (01,62) € T2 — (61 + «, 1 + 02) for
any « irrational). Actually the approximation by conjugacy method is known to provide examples
of analytic symplectomorphisms of T? which are isotopic to the identity, see | | for stronger
results. Up to now, the only other known analytic realization of approximation by conjugacy
method was Fayad-Katok’s theorem | | showing the existence of analytic uniquely ergodic
volume preserving maps on odd spheres. As a matter of fact, we also answer a question of Fayad-
Katok [ , §7.1] on wether analytic realization of the approximation by conjugacy method may
be done on other manifolds than tori or odd spheres .

A way to repair the Birkhoff conjecture might be to ask rigidity for dynamics without peri-
odic point! whose rotation number satisfies a diophantine condition, as wondered by Herman in
[ ][Q.3.2]. The approximation by conjugacy method has been been useful to construct many
other interesting examples of dynamical systems with special property, see for instance the survey
[ , ]. Certainly the new approximation Theorem 1.8 enables to adapt these examples to
the case of analytic maps of the cylinder. In the next subsection, we will study a new property.
We show how to use this scheme to construct diffeomorphisms with high local emergence. The
readers only interested by the Birkhoff conjecture can skip the next subsection and go directly to
Section 1.3.

1.2 Analytic and symplectic pseudo-rotation with maximal local emergence

While an ergodic dynamics might sound complicated, the description of the statistical behavior of
its orbits is by definition trivial. We recall that by Birkhoff’s ergodic theorem, given a symplectic

!These are called pseudo-rotation in [ ]



map f of a compact surface S, for Leb. a.e. point x the following limit is a well defined probability
measure called the empirical measure of z.

1 n
k=1

The measure e(x) describes the statistical behavior of the orbit of . The empirical function
e:x € S — e(x) is a function with value in the space M(S) of probability measures on S. Note
that e is a measurable function.

A natural question is how complex is the diversity of statistical behaviors of the orbits of points
in a Lebesgue full set. To study this, we shall look at the size of the push forward e,Leb of
the Lebesgue probability measure Leb of S by e. The measure is e.Leb is called the ergodic
decomposition; it is a probability measure on the space M(.S) of probability measures of S. The
ergodic decomposition describes the distribution of the statistical behaviors of the orbits.

To measure the size of the ergodic decomposition, for every compact metric space X, we endow
the space M(X) of probability measures on X with the Kantorovitch-Wasserstein metric d:

Vg, p2 € M(X),  d(pr, pe) = inf{/ d(zy,z2)dp = pp € M(X?) s.b. Pt = pi; Vi € {1,2}} ,
X

2

where p; : (w1,22) = X2 — x; € X for i € {1,2}. This distance induces the weak x topology on
M(X) which is compact. Also it holds:

Proposition 1.3. For any compact metric spaces X,Y, any p € M(X) and f,g € CO(X,Y) it
holds:

d(fspt; gen) < maxd(f(z), g(x))-

Proof. Let i be the measure on the diagonal of X x X which is pushed forward by the 1st and 2sd
coordinate projection to p. Then observe that the pushforward v of i by the product (f,g) is a
transport from f.p to g its cost [y, d(y,y')dv is at most max,cx d(f(z), g(x)). O

The following has been proved several times (see | , Thm 1.3] for references):

Theorem 1.4. The box order of (M(S),d) is 2:

lim log log NV (€)

=2  with N(e) the e-covering number of (M(S),d) .
e—0  |loge]

In contrast, up to now, all the bounds on the emergence of symplectic and analytic dynamics
are finite dimensional:

Ezample 1.5 (Case study). 1. If the measure Leb is ergodic, then the ergodic decomposition is
a Dirac measure at the Lebesgue measure: e, L.eb = ¢, -

2. For a straight irrational rotation of the annulus Ay = Tx I, we have e, Leb = f]l 5LebTx{y} dLeb (y)
with Leb r, (.} the one-dimensional Lebesgue measure on T X {y}. Hence the ergodic rotation
of a straight irrational rotation of the annulus is one dimensional. The same occurs for an
integrable twist map of Ay.

A natural problem (see [ , , ]) is to find dynamics for which e,Leb is infinite
dimensional in many categories. The notion of emergence has been introduced to precise this



problem. In the present conservative setting”, the emergence describes the size of the ergodic
decomposition. More precisely, the emergence of f at scale ¢ > 0 is the minimum number
E(€) > 1 of probability measures (11;)1<;<g(e) such that:

/min d(e(x), pi)dLeb < €.

The order of the emergence is

— log1
O€; = limsup 28108 E()
e—0 | log E|
In | , ineq. (2.2) and Prop. 3.14], it has been shown that Oy < dim S = 2. Also we

constructed an example of C*°-flows on the disk with maximal emergence order: O& +=2. Wedo
not know how to perform this example in the analytic setting®. Also this example has an ergodic
decomposition of local dimension 1. Actually, in view of Theorem 1.4, on can hope for the existence
of an ergodic decomposition of infinite local dimension and even of positive local order.

Let us denote é := e, Leb the ergodic decomposition of f. The order of the local emergence
of fis*:

_ log |log e(B
O f) = hmsup/ og [log &(B(p, )l .
e—0 | log 6’
In [ |, Helfter showed that for & a.e. u € M(S) it holds:
— log |log é(B —
Oroeé(it) = limsup 221108 EBW Il 0¢; .

e—0 | 1Og 6|

As O&f < 2 by Theorem 1.4, it comes that Oj,c&(p) < 2 a.e. Thus if O&,.(f) = 2, then the local
order Oj,c&(u) of & is 2 for é-a.e. u € M(S). In this work we give the first example of smooth
symplectomorphism with infinite dimensional local emergence for smooth dynamics. Moreover our
example is entire and of maximal order of local emergence:

Theorem C. There is an entire symplectomorphism F of A which leaves invariant an analytic
cylinder Afy C A, whose restriction to A}y has local emergence 2 and whose restriction to A\ cl(Af)

1s analytically conjugate to a rotation. Moreover the complex extension of F' has no periodic point
in C/Z x C.

A more restrictive version of local emergence could be done by replacing the liminf instead of
lim sup. Then a natural open problem is:

Question 1.6. Does there exist a smooth conservative map such that the following limit is positive:

log |log é(B
e—0 ’]Ogd

2The notion of emergence is also defined for dissipative system.

3Yet in the dissipative setting, a locally dense set of area contracting polynomial automorphism of R? has been
show to have emergence of order 2 in | ]

4This definition of order of the local emergence is at most the one of [ | were the limsup is inside the integral.



1.3 Sketch of proof and main approximation theorem

Let Symp™(A) denote the space of symplectomorphisms of A. Let Ham®(A) be the subgroup of
Hamiltonian C*°-maps of A: there is a smooth family (H¢),c[o,1) of Hamiltonians H; € C§5°(A) which
defines a family (fi)ejo,1) such that fo =id, fi = f and 0, f; is the symplectic gradient of H;. Let
Hamg®(A) be the subgroup of Ham> (A) formed by maps so that (H¢).c[o,1] can be chosen supported
by Ag. We have Ham* (A) € Symp™(A). Indeed, the rotation R, : (0,y) € A — (0 + «a,y) of angle
a € R belongs to Symp®™(A) \ Ham™(A).

The celebrated approximation by conjugacy method introduced by Anosov-Katok gives the
existence of a map which satisfies all the properties of Theorem A but the analyticity. Our first
chalenge is to perform this construction among analytic maps of the cylinder. Let us recall:

Theorem 1.7 (Anosov-Katok [AlX70]). There exists a sequence (Hp)nen of maps H,, € Hamg®(A)
and a sequence of rational numbers (o, )n>0 converging to o € R\ Q such that the sequence of maps
F, = Hy,o Ry, o H,! converges to a map F € Symp™ (A) whose restriction F|Aq is ergodic.

We will give a complete proof of this theorem in Section 2.2.1. Let us here sketch its proof to
understand the difficulty to adapt it to the analytic case (Theorem A).

Sketch of proof. We construct a,, = p,/qn, and H,, by induction such that:

(1) for most points y € I, the push forward of the Lebesgue measure on T x {y} by H,41 is close
to the Lebesgue measure on Ay,

(2) Hpt+1 = Hy 0 hyyq with hyqq which commutes with the rotation of angle a,.

The first property is obtained by constructing a map h,y; as depicted in Fig. 1, so that it sends
most of the Lebesgue measure of T x {y} nearby the Lebesgue measure of Ay.

Figure 1: A conjugacy which sends horizontal curves to cuves close to the Lebesgue measure.

As H,, is area preserving and fixed before h,1, this property remains true for H, 1 as claimed
in (1). To obtain (2), it suffices to consider a lift of hy,1 by the covering (0,y) — (qn+1 - 6,y)-
Finally we take aup+1 = pnt1/qn+1 close to au, so that F,, 11 is close to:

Hnohn—&-loRanoh;iloH;lZHnORanOHglen.



as hp+1 commutes with R,,11. This implies the convergence of (F},), to a map F.

Moreover, as q,41 is large, all the points (f,y) have their R, -orbits which are close to be
equidistributed on T x {y}. Thus most of the points of Ay have their F,,ii-orbits close to be
equidistributed on Ag. This implies that F}, is close to be ergodic and thus F' is ergodic. O

To disprove the Birkhoff conjecture using the approximation by conjugation method, we shall
find a sequence of analytic maps (hy,), satisfying (1) and (2). Actually the whole property (1) is
not needed, but we need at least that the sequence of compositions H,, = hj o hy--- o h,, diverges
on Ay without having a singularity in a uniform complex neighborhood of Ay C A¢ := C/Z x C
and likewise for its inverse. An idea to tackle this problem is to define h,, as the time-one map of
an entire Hamiltonian or to define it implicitly by an entire generating function. Then, in general,
the map h, is not an entire automorphism: it or its inverse has a singularity in Ac. So we have
to check that after composition this singularity does not approach A C Ac¢. This is not easy. Step
(ii) is even more problematic: after a g,-lifting of h, to obtain (ii), a singularity of h,, becomes
1/qn-times closer to A.

To avoid these problems, the idea is to work with entire real automorphisms. Then there
are no singularity to take care of. The complex definition domains of the maps and of their inverses
cannot shrink since it is maximal, that is equal to:

Aciz(C/ZXC.

Horizontal twist maps which are Hamiltonian maps of the form (0,y) — (0 + 7(y),y) and
vertical twist maps which are Hamiltonian maps of the form (6,y) — (6,y + v(6)) provide
examples of entire automorphisms. It suffices to take any 7 and v entire. Horizontal twist maps leave
A invariant while vertical twist maps do not. One can show that an entire symplectomorphism
which leaves Ag invariant must be a horizontal twist map®. To overcome the lake of such entire
symplectomorphisms, we relax the condition on the invariance of Ay and we ask instead that the
entire map should be close to the identity on a large compact subset of

Ec:={(0,y) € C/Z x C: Re(z) ¢ I}.

We will see below (see the main approximation Theorem 1.8) that there are a lot of such mappings.
Then the idea is to use them in the approximation by conjugacy method (as the hj). Indeed
the approximation by conjugacy method ensures the convergence of the F,, = H, o R, o H,! on
C/Z x C to a map which is not conjugate to a rotation while we know that (H,), converges on a
large compact subset of E¢ (a sequence of compositions of sufficiently close to the identity maps

converges).
The main approximation Theorem 1.8 is done by adapting to the analytic setting a new result
with Turaev | |, which states that compositions of horizontal and vertical twist maps are dense

in Ham® (A), see Theorem 3.1. It is easy to approximate these maps by entire automorphisms, yet
these might be far from preserving Ag. That is why, we will show that the set of commutators of
vertical and horizontal twist maps with the set of horizontal twist maps generate a dense subgroup
of Ham*(A). Furthermore, we will notice that to approximate Hamg”(A) only horizontal twist
maps or such commutators supported by Ay are necessary. See Theorem 3.3.

To pass to the analytic case, we will use Runge theorem to approximate the latter maps by
entire automorphisms which are arbitrarily close to the identity on A\ Ag. This leads to the main
main approximation Theorem 1.8 stated below. This apparently simple step is actually one of the
main technical difficulty of this work.

SFor every y € Ao, wee apply Picard’s Theorem to the second coordinate projection of the entire symplectomor-
phism restricted to C/Z x {y} to conclude that it must be constant and so equal to y



We need a few notations to state Theorem 1.8. For every § > 0, let Iy := [-1 + 6,1 — ],
As = A x I and for every ¢ > 0, let Ham§$°(A) be the subgroup of Hamg®(A) formed by flow maps
of Hamiltonian (H).[o,1) supported by As. Observe that:

Hamg®(A) = | Ham$®(A) .
6>0

We denote Ham® (A) be the subgroup of Ham® (A) formed by Hamiltonian entire real automor-
phisms. For p > 1, put:

K, =T,xQ, whereT,:=T+i[—p,p] and Q,:=[—p,—1]U[L,p]+i[—p,p].

We denote Ham{;(A) the subset of Ham*”(A) formed by maps whose restriction to K, is p~l-close
to the canonical inclusion K, < Ac:

p
P

Ham?¥(A) := {h € Ham“(A) : sup|h —id| < pl} :

Theorem 1.8 (Main approximation result). Let 0 < ¢ < 1, let h € Ham§*(A) and let U be a
neighborhood of the restriction h|As in C°°(Ags, A). Then for any p > 1, there exists h € Hamj (A)

such that the restriction iL|A§ s U.

Remark 1.9. By using Mergelyan’s theorem instead of Runge’s theorem, the proof of this theorem
can be adapted to obtain an analogous statement for the surface T? instead of A.

A consequence of Theorem 1.8 regards (1/q,0)-periodic maps for g > 1, which are maps h
satisfying h(6 + 1/q,y) = h(0,y) + (1/q,0) for every (6,y) € A:

Corollary 1.10. Let 0 <6 < 1, let h € Hamg®(A) be (1/q,0)-periodic and let U be a C*°-nghd of

the restriction h|As. Then for any p > 1, there exists h € Ham{} (A) which is (1/q,0)-periodic and
whose restriction iL’Ag s U.

Proof. The map h induces an entire automorphism [h] on the quotient R/q~'Z x R. Note that
R/q~'Z x R is diffeomorphic to A via the map v : (0,y) € R/¢7'Z xR — (q-0,y) € A and that
1 o [h] 0 ¢! satisfies the assumptions of Theorem 1.8. Hence there exists a map § € Hamg.,(A)
such that the restrictions §|As and 1 o [h] 0 4p~! are close. Then note that ¢)~! o §o 1) is an entire
automorphism on the quotient R/¢~'Z x R. It defines a map he Ham{(A) which is 1/g-periodic

and such that the restriction h|As is close to h|As. O

We will plug this corollary into the approximation by conjugation method to prove Theorem A
in §2.2.2.

To prove Theorem C, we will first implement the approximation by conjugation method to
prove the following new result:

Theorem 1.11. There is F € Symp®™(A) which leaves Ay invariant, without periodic point and
whose order of local emergence of F|Ag is 2. Moreover F is CO-conjugate to an irrational rotation
via a conjugacy supported by Ag.

We will give a complete proof of this theorem in Section 2.3.1. Let us sketch its proof.
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Figure 2: A conjugacy which sends horizontal curve in different strips to distant ones in law.

Sketch of proof. The proof follows the same lines as the one of Anosov-Katok, but differs at one
point: we will not assume that the map h,+1 pushes forward of the measure on Leb 1 (,) nearby
Leb 4,, for most y. Instead, we will take the map h,41 so that for most of the point y, the
measure of the set of 3 such that h,i1.Leb Tx{y'} 1S €p-close to hpy1.Lebryy,y is smaller than
some exp(—e2~) for some €,,n, — 0, see Fig. 2 and Lemma 2.7. This lemma is proved using
Moser’s trick (see Theorem 4.1) and a combinatorial Lemma 4.5 develloping [BB21, Prop 4.2]. [

Again we will plug Corollary 1.10 into this proof to prove of Theorem C in §2.3.2.

1.4 A complex analytic consequence of the main results

Given a complex dynamics f of several complex variables, there are two sets of special interest.
The closure J* of the set of hyperbolic periodic points of f and the set J of points z with bounded
and Lyapunov unstable backward and forward orbits. In the setting of polynomial automorphisms
of C?, a natural problem which goes back to the early 90's is wether J = J*. In the conservative
setting, this problem can be seen as a complex counterpart of Birkhoff’s conjecture, since on each
component of the J’s complement, the dynamics escapes to infinity or is analytically conjugate
to a rotation, see [Bedl8, Thm 2.1]. In the dissipative setting, arguments in favor of J = J*
are the recent results of Crovisier-Pujals [C’18] and Dujardin [Duj20] which assert that for every
real and resp. complex Hénon map satisfying |detDf| - (deg f)? < 1, then J = J* a.e. for
any invariant probability measure. In the conservative setting, we observe that the complexified
Furstenberg symplectomorphism (01, 0s) € C?/Z? + (61 + «, 02 + 61) with a € R\ Q satisfies
J=R/Z x C/Z # (O = J*. We bring the following new cases:

Corollary D. The real entire symplectomorphisms F of C/Z x C of Theorems A and C have
non-empty Julia set J which contains A}y and none periodic point. In particular J # J* in each of
these examples.

This corollary is proved in Section 2.4. This leads to the following natural question:

Question 1.12. Does there exist a conservative entire map of C? which satisfies J # J* ?

Acknowlegments. I am grateful to Vincent Humiliére and Sobhan Seyfaddini for advices on
how to write the proof of Moser-Krygin’s Theorem 4.1. I am thankful to Romain Dujardin for several



discussions around the J = J* problem. I am grateful to Bassam Fayad for his bibliographical and
general advices. I indebted to Raphael Krikorian for many comments on the redaction of the proof
of the main theorem.

2 Proof of the main theorems

2.1 Notations for probability measures

Let (M, d) denote the space of probability measures on A endowed with the Kantorovitch-Wasserstein
distance (see §1.2). We denote by Leb the Lebesgue measure on A and by Leb 1 the one-dimensional
Lebesgue measure on T. For every cylinder Ajj C A, we set:

- 1 /
LebA6 = mLeb |A y

which is a probability measure on Af,. For every y € R, we denote by Leb Tx{y} the probability
measure Lebt ® d,. For every z € A, n > 1 and F' € Symp™(A), the ntP-empirical measure is:

1 n
k=1

By Birkhoff’s ergodic theorem, if a cylinder A{ is left invariant by F then for Leb. a.e. = € Ay,
the sequence (el ()),, converges to a probability measure ef'(x). We recall that F|A] is ergodic iff
ef(x) = Leb ay for ae. z € Aj.

2.2 Proof of Theorem A on ergodic pseudo-rotations

To prove that Theorem 1.8 implies the main theorems, we shall first recall the proof of Anosov-
Katok’s Theorem 1.7.

2.2.1 Existence of ergodic smooth pseudo-rotations

The proof of Theorem 1.7 can be done by induction using a sequence (€, ), of positive numbers s.t.:

Zen<1.

n

We recall that for o € R, the rotation of angle « is denoted by R, : (6,y) € A — (0 + «,y). Also
for e > 0, we denote A, :=T x [-1 +¢€,1 — €]. We prove below:

Claim 2.1. There are sequences of rational numbers o, = % and of Hamiltonian maps H, €

Ham®(A) such that F,, := H, o R,, o H ! satisfies for every n > 1:

Fy

(P1) for every x € Hy(A.,), the empirical measure et (z) = ey

(x) is en-close to Leb .

(Py) The CV-distance between e,f" and ef”_l is smaller than €, for every k < qn_1.

(P3) The C™-distance between Fy, and F,_1 is smaller than €,,.

Proof that Claim 2.1 implies Theorem 1.7. By (P3) and the convergence ) . €, the sequence (F},),
converges to a C°°-map F' € Symp™(A).

Again by convergence of ) €, and Borel Canteli-Lemma, the subset B :=(",~qUp>n Hn(Ae,)
of Ag has full Lebesgue measure in Ag. Also by (P;) and (P,), for every x € B, the measure Leb 4, is
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an accumulation point of the sequence of empirical measures (e’ (z)),,. Thus by Birkhoff’s ergodic
theorem, a.e. point in B satisfies that eX () — Leb,. As B has full Lebesgue measure in Ay it
comes that F'|A is ergodic. O

Proof of Claim 2.1. Now let us show the Claim by induction on n. Put ¢g = 1, ag = 0 and Hy = id.

Let n > 1, assume (Hg)g<pn and (ag = Z—:) k<n constructed and satisfying the induction hypothesis.

We will show in Section 4.2 the following:

Lemma 2.2. For every n > 0, there exists a map hy, € Hamg®(A) such that:
1. the map hy, is (1/qn—1,0)-periodic.

2. for every (0,y) € A, , the map hy, pushes forward the one-dimensional Lebesgue probability
measure Leb 1y () to a measure which is n-close to Leb a,.

Then for n sufficiently small, as H,_1 leaves invariant A(, we obtain:

2°. for every (0,y) € A, , the map Hy,, := Hy,_1 o h,, pushes forward the one-dimensional Lebesgue
probability measure Leb .,y to a measure which is €,/2-close to Leb .

Then by 1., we have:
HpoRa, oH,'=H, 10hyoRq, ,ohy oH ' =F,,

and so for every a, sufficiently close to a,—1, the map F,, = H,o Ry, o H,, 1is sufficiently close to
F,_1 to satisfy (P,) and (P3). Also observe that when «,, = p—z is close to a;,_1, then g, is large
(with g, A pp, = 1). For every x = H,(6,y) € Hy(A,), it holds that:

1 qn 1 qn 1 qn
Frn _ — —
e 0) = &3 it = e 3t ) = e (3 )
" k=1 " g=1 " k=1
is close to the pushed forward by H,, of Lebr,,} as gy is large. Thus by 2’ assumption (Py) holds
true with B, := Hy,(Ay). O

Remark 2.3. We can develop the construction to obtain immediately that F' has no periodic point.
To this end, it suffices to add the following induction hypothesis®:

(Py) for every z € Ay and every 0 < k < ¢,,—1, it holds:

d(Fy(x), ) > d(Fy_y(x),z) - (1-27").

such an assumption is immediately verified by taking «,, sufficiently close to ay,_1. Also it implies
that for every k > 0, with n such that k& < g,, it holds:

d(F*(z),z) > d(F)(z),z)- [J(1-2")>0.

m>n

Consequently F' has no periodic point.

6 Actually using rotation number theory, one can show F has no periodic point without this extra assumption, but
this argument seems difficult to adapt to the complex settting.
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2.2.2 Existence of ergodic analytic pseudo-rotations

Let E:= A\ Ag and E¢ := C/Z x {y € C: Re(y) ¢ I}. We recall that:
(21) K,:=T,xQ, where T,:=T+i[—p,p] and Q,:=[—p,—1JU[L,p]+i[—p,p] Vp>1.
Similarly to the proof of Theorem 1.7, we are going to show:

Claim 2.4. Let p > 1. There exist of a sequence of entire automorphisms H, € Ham‘tj(A) and a
sequence of rational numbers o, such that:

(i) The sequence (), converges to a number o € R\ Q and the sequence of restrictions Hy|Ec

converges to a map H which is analytic on int(Ec) and on C/Zx{—1,1} with supg, |H(z)—

x| < pL.

(ii) The sequence (Fy,)n of maps Fy, := H, o R,, o H, ! converges to an entire automorphism
F € Symp“(A) which is ergodic on A" := A\ H(E).

(t3i) The map F has no periodic point in C/Z x C.

Proof that Claim 2./ implies Theorems A. It remains only to show that A’ := A\ H(E) is an
analytic cylinder. Note that the boundary of c¢l(A’) is equal to the one of H(E), and the latter is
H(OE) = H(T x {—1,1}). By (i), the restriction H|JE is analytic and by Cauchy inequality, it is
Cl-close to the canonical inclusion T x {—1,1} <+ A when p is large. Thus we can chose p large
enough so that H(OE) = H(T x {—1,1}) is the union of two analytic graphs and so that A’ is an
analytic cylinder. O

Similarly to Anosov-Katok’s proof, Claim 2.4 is proved by induction using a sequence (€y,),, of
positive numbers such that:
Z €n < 1.

n

For p =n > 1, Eq. (2.1) defines sets T,,, @, and K,, = T}, X Q. Put:
D(n) :={z € C: |z| < n}.
We are going to prove:

Claim 2.5. For any N > 1, there are sequences of rational numbers o, = Z—: —a €R\Q and of

entire automorphisms H, € Ham®(A) such that with ag = 1, Hy = id and F,, := H, o R,,, o H, !
for every n > 1, it satisfies:

(Py) The restrictions Hy,|Knyn and Hy, 1| Knin are e, n-C°-close with Hy = id.

Fy

(Py) for every x € Hy(A.,), the empirical measure ef (x) = &g

(x) is ep-close to Hyp_1.Leb a,.

(P2) The distance between ef” (z) and ef"il(:c) is smaller than €, for every k < q,—1 and z €
T, x D(n).

(P3) The C%-distance between F,|T, x D(n) and F,_1|T, x D(n) is smaller than ¢,. The C°-
distance between F;'|T, x D(n) and E;*||T, x D(n) is smaller than e, .

(Py) For every xz € Ty, x D(n) and every 0 < k < qn_1, it holds:

d(Fy(x), ) > d(Fy_y(x),2) - (1-27").
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Proof that Claim 2.5 implies Claim 2.4. Let p > 1 be given by Claim 2.4. Let N > p be large
enough such that Y, -y e, < p~ L

Let us prove (7). Observe that for every x € E¢, there exists Ny > N such that z € K No- As
Ky, C K, for every n > Ny, by (F), the sequence H,,(z) converges. Also if z is in int(Ec) (resp.
in C/Z x {—1,1}), then there is a bidisk D (resp. disk) containing  and included in Kx,+1 (resp.
Kny41 NC/Z x {—1,1}). So (H,(D))y is bounded by (Fp). Thus H is analytic on int(Ec) and
C/Z x {—1,1}. Moreover, observe that:

sup |H(z) —z|| < sup |H(z) -2 <Y sup [Hoti(x) = Ho(2)| < D en<pt.
€K, €Ky n>0TEEN n>N

Let us prove (ii). First observe that for the same reason as in the proof that Claim 2.4 implies
Theorems A, for N large enough, the set H,,(A() is an analytic cylinder for every n and the sequence
(Hp(Ag))n converges to an analytic cylinder Aj := A\ H(E). Thus H,,Leb,, converges to the
normalized Lebesgue measure Leb 5, on the cylinder Aj which equals (1,50 Ugs, Hi(Ao):

6: ﬂ U Hk(A()) and Hn*LebAO N LebA6 .
n>0k>n

By (Ps), we observe that (F),), converges to an entire real automophism F' from A onto A. As
its Jacobean is constantly equal to 1, so it is actually an entire automorphism in Symp®(A).
By (Fy), the map F' is integrable on H(intE). By the Borel-Cantelli lemma, the subset C' :=
Ny>o Ursn Hi(Ae, ) has full Lebesgue measure in Aj = (,,>0 U, Hi(Ao). Also by (Py) and (P),
for every « € C, the measure Leb Ay Is an accumulation point of the sequence of empirical measures

n
Finally, using the same argument as in Remark 2.3, we obtain that (Py) implies (7). O

(ef'(x))pn. Thus a.e. point in Aj satisfies that el (z) = Leb Ay and so F|Ag is ergodic.

Proof of Claim 2.5. Let us show the Claim by induction on n > 0. Put ¢p = 1, a9 = 0 and
Hy = id. Let n > 1 and assume (Hg)g<n and (o = Z—:);Kn constructed and satisfying the

induction hypothesis. By Lemma 2.2, there exists h,, € Hamg®(A) such that:
(1) the map hy, is (1/gn—1,0)-periodic.

(2) for every (0,y) € A, , the map H, := H,_10h, pushes forward the one-dimensional Lebesgue
probability measure Leb 1, (,} to a measure which is €, /2-close to H,,_1.Leb 4.

Let § > 0 be such that the support of hn is included in As. By Corollary 1.10, for any C*°-nghd U
of the restriction h,|As, for any p > 1, there exists h, € Hamj (A) which is (1/gy,0)-periodic and
such that the restriction h,|As is in U. Now put:

H, =H,_10h, .

Observe that if we fixed p > 1 large enough depending on H,_; and €,4y, then the restric-
tions Hy|K,+n and H,_1|K, N are €, n-close, as stated by (Pp). Furthermore the measure
H,.Leby, = Leb Ha(Ao) 18 €n/4-close to H,_1.Leby,. We will fix ¢ in the sequel. Again, by
(1/gn, 0)-periodicity of h,,, we have:

—1 —1 —1
HnoRan,1 OHn = Iin—1 OhnoRan,1 Ohn OHn_l = Fn—la
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and so for every a,, sufficiently close to a,_1, Fy, = H, o R,, o H, ! is sufficiently close to F;,_1
to satisfy (%), (P5) and (P,). Also observe that when oy, = 2 is close to an—1, then gy is large
(with g, A pp, = 1). Thus for every x = H,,(0,y) € Hn(A,,), it holds that

1 1
FTL
e () qn Z HnoRp.py, /qn (0:y) = Hos ( Z Riepy fan (0 ay)> < Z‘S(H’wn/qw))

is close to the push forward by H, of Lebr,y,. Thus by (2), assuming U small enough, we

obtain that ef™(z) is close to the push forward by H,, of the one-dimensional Lebesgue probability
measure Leb |T x {y}, and so %en—close to Hp—1.Leb z,. As Hy.Leb s, and H,_1.Leb 4, are €,/4-
close, Property (P;) holds true. O

2.3 Proof of Theorem C on pseudo-rotation with maximal local emergence

The proof of Theorem C follows the same lines as the one of Theorem A. We shall first give the
proof of Theorem 1.11, which is the smooth version of Theorem C.

2.3.1 Existence of smooth pseudo-rotations with maximal local emergence

The proof of Theorem 1.11 is also done by induction using a sequence (€,), of positive numbers

s.t.:
Zen <1.

n

We prove below:

Claim 2.6. There are sequences of rational numbers o, = p—: converging to o € R\ Q, a decreasing
sequence of positive numbers (1), converging to 0 and a sequence of Hamiltonian maps H, €
Hamg®(A) such that Hy = id, cp = 1 and for n > 1 it holds:

(P1) There is a family (In;)1<i<m, of My > exp(n,>T<") disjoint segments of I s.t.:

(a) for any i, it holds (1 — en)Mln < Lebl,; < Mln; hence Leb (I\ |, In,i) < Mlnen,

(b) foranyy € In; andy' € I, j, j # i, the distance between Hp.Leb g,y and Hp.Leb g1
18 > 21y,

(P2) It holds:

suKIIHn(:v)—anl(w)ll < én-1Mn—1 and supllH Ha) = H 2y (@) < en1mnt -
xe TEA

(P3) The C™-distance between F,, := H,, o R,,, © Hgl and F,,_1 is smaller than €,.

Proof that Claim 2.6 implies Theorem 1.11. Let (Fy,), be given by the claim. By (Ps;) and the
convergence y €y, the sequence (F},),, converges to a C*°-map F' € Symp*>(A). Let us show that
F satisfies the properties of Theorem 1.11.

By (P,), the sequence (H,,) converges to a homeomorphism H. As each H, coincides with
the identity on the complement of Ay, so does H and so F' coincides with R, on A\ Ay. Note also
that H preserves the volume. Also by continuity of the composition it holds:

F=HoR,oH™!,
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and so F is indeed C°-conjugate to an irrational rotation.

Now let us show that F' has maximal local emergence. For every n,i, let B, ; := T x I,,; and
By, == U, Bn;i- By (Ps), the set C := (>0 Up>n Hn(By) is included in Ag. By (P1) — (a), the
measure of | J.~.,, Hn(By) is equal to the one of Ay and so the subset C := (), ~o Ui>,, Hn(Bn) has
full Lebesgue measure in Ag. -

Now let € C. Then there exist n arbitrarily large and i such that « belongs to Hy (B, ;). Put
xr = Hy,(0,y). Then by (P;) — (a — b), we have:

2(1+€y) .

Leb {y €1: d(Hp(Leb i gy1), Hns(Leb py 1)) < 2nn} < Leb I, ; + Leb (I'\ U;I,, ;) < i

By (P») and Proposition 1.3, for every m > n, it holds:

m—1
2(1 + €,
Leb {y’ el: d(Hm*(LebTX{y})aHm*(LebTx{y/})) < (2 — Z €k)77n} < (76) .

k=n
Taking the limit as m — oo and infering that ), €, < 1, it comes:

2(1+ep) .

Leb {y € I: d(H,(Lebpygyy), Hi(Lebpy ) <} < "

As F = Ho R, o H™! with a € R\ Q, the empirical measure e’ (') of ' = H(¢',y') € Ay is
equal to Hy(Leb ). Thus:

2(1
Leb {(0,y) € Ao : d(e” 0 H(0,y),e" o H(¢',y')) <mn} < (]\}rﬁn) .
n
Now we infer that = H(6,y) and that H is area preserving to obtain:

2(1+ €,) .

Leb {2’ € Ay : d(ef (x), el (2") < M} < Y

Thus

log |log Leb {2’ € Aq : d(ef'(z),ef (') < nn}| - log |log(2(1 + €,)) — log M, |
— logn - — log

As M,, > exp(n;,;2T"), we obtain:

log | log Leb {2’ € Ag : d(e"(z),e"(2)) < mm}| _ log(n, > —log(2(1 + €n)))

~ 2.
—logny, —logm,

So the local order is a.e. > 2. By Hefter’s theorem | | and Theorem 1.4, the local order is at
most 2 and so equal to 2. ]

Proof of Claim 2.6. The proof is done by induction on n > 0. The step n = 0 is obvious. Assume
n > 1, with H,_1 and o,—1 = ’;Z—j constructed.

We are going to construct H,, of the form H, = H,_; o h, with h, € Hamg®(A) which is
(1/gn—1,0)-periodic. Then, for «, sufficiently close a,,—1 we observe that (Ps) is satisfied (by
Anosov-Katok’s trick). Consequently, to prove the claim, it suffices to find a (1/g,—1,0)-periodic

hyn, € Hamg®(A) such that H,, = H,,_; o h,, satisfies (P;) and ().
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Let @ be a large multiple of g,—1 and let (T} ¢)o<ke<g be the tiling of Ay defined by:

Tk,g::{HGTZ%<9<%}X(—14—2@4,—14-2%7—’_2) .

When @ is large and if h, € Hamg®(A) leaves invariant the tiling, i.e. hy,(T}e) = Tj ¢ for every
(k,£), then h,, and h,,! are Q~1-CY close to the identity. We fix Q sufficiently large such that H,, =
H,_1 0 h, and its inverse are en,mn,l—Co—close to respectively H,,_1 and its inverse, as claimed
in (P;). Consequently, to prove the claim, it suffices to find a (1/¢,—1,0)-periodic h,, € Hamg®(A)
which leaves invariant (7% ¢)o<k¢<g and such that (Py) is satisfied. In order to do so, we use the
following shown in Section 4.3:

Lemma 2.7. For every 1 > € > 0, there exist n > 0 arbitrarily small, an integer M > exp(n=2+¢),
a map h € Ham™ (T x R/2Z) and a family (Je:)i1<i<m of disjoint compact segments of R/27Z such
that:

(a) it holds Leb (I\ UU; Je;) = &€ and Leb J.; = (1 — €) & for every i,

(b) for any j # i, y € Je; and y € Jj, the distance between the measures hiLebry ) and
hiLeb 1y is greater than 2n.

(c) h coincides with the identity on neighborhoods of {0} x R/2Z and T x {0}.
Let us apply Lemma 2.7 with € = ¢, /2 fixed and some 7 € (0, 7,,—1) small enough so that
(22) M > exp(n 270/2) > exp(n,**")  with 1, := n/(Q - | DHp—1]|co) -

This is possible since the power —2 + ¢, /2 and —2 + ¢, are different in the latter inequality.
Let (Jei)i1<i<m be the family of disjoint segments of I and let h be the map provided by the
lemma. For every 0 < k, ¢ < @, let:

Gre: (0,9) €EThor (Q-0,Q-y+Q—20) € TxR/2Z.

Note that ¢y ¢ is a bijection from T} ¢ onto (T \ {0}) x (R/2Z \ {0}). We define:

(0,y) if (0,y) ¢ UOSk,Z<Q Ty

2.3 i = (0,
(2.3) (0,y) — {(ﬁ;}, ohodore0,y) if (0,y) € Thy .

Remark that h,, leaves invariant the tiling (75 j)o<i j<g. Now let us verify (P;). First let M, :=
Q-M. For 1 <i< M,, puti=:mM+/{ with1 </ <M and 0 <m < Q. By identifying J 4 to
a subset of (0,2) we define:

In,i = e’g/Q —1 —i—2m/Q C (—1,1) =1.
First observe that by Eq. (2.2), it holds:
My = Q- M = Q- exp(n 2/?) = exp(, > ),

as claimed in the begining of (P;). Moreover by Lemma 2.7 (a), Property (P1) — (a) is verified
as €, > €. Also for any y € I.; # I.; 3 v/, the distance between the measures h,.Leb Tx{y} and
hnxLeb g,y is greater than 27/Q and so the distance between the measures Hy.Leb g, and
Hp.Leb gy is greater than 2n/(Q - [[DHp—1|co) = 21y, as claimed in (Pr) — (b).
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2.3.2 Existence of analytic pseudo-rotations with maximal local emergence

For the same reasons, Theorem C is an immediate consequence of the following counterpart of
Claim 2.4 where only (i7) has been changed.

Claim 2.8. Let p > 1. There exist of a sequence of entire automorphisms H, € Ham*“(A) and a
sequence of rational numbers o, such that:

(1) The sequence (aw,)n converges to a number o € R\ Q and the sequence of restrictions H,|Ec
converges to a map H which is analytic on int(Ec) and on C/Zx{—1,1} with supg, |H(z) —
x| < pL.

(ii) the sequence (Fy), of maps F, := H, o R,, o H, ! converges to an entire automorphism
F € Symp®(A) whose restriction to A’ := A\ H(E) has local emergence 2.

(t3i1) The map F has no periodic point in C/Z x C.

Similarly, Claim 2.8 is proved below using some series ) . €, < 1 of positive numbers and the
following counterpart of Claim 2.5:

Claim 2.9. For any N > 1, there are sequences of rational numbers a, = 2’—: — a € R\Q,
of positive numbers (1), converging to 0 and of entire automorphisms H, € Ham®(A) such that
oo =1, Hy=1d and F,, :== H, o R,,, o Hgl, it satisfies for every n > 1:

(Py) the restrictions Hy|Knin and Hy_1|Knin are €,4 n-CO-close, with Hy = id.

(P1) There is a family (In:)1<i<m, of My, > exp(n, 2T disjoint subsegments of [—1+ 6p, 1 — 8,],
with 8, = %en/Mn s.t.:

(a) for any i, it holds (1 — en)Mln <Lebl,; < Mln; hence Leb (I'\ |J; Ini) < M%I‘fn;
(b) foranyy € In,; andy' € I, j, j # i, the distance between Hy,Leb Tx{y} and Hp.Lebp, i
18 > Ny

(Py) It holds SUDseA, |Hp(x) — Hp—1(x)|] < €n—1mn—1-

(P3) The CY-distance between F,|T, x D(n) and F,_1|T, x D(n) is smaller than ¢,. The C°-
distance between F;'|T,, x D(n) and F,*||T, x D(n) is smaller than e, .

(Py) For every x € T), x D(n) and every 0 < k < qn—1, it holds:
d(Fy(x),2) > (1—27") - d(Fy_y(2), @) .

Proof that Claim 2.9 implies Claim 2.8. Properties (i) and (iii) are proved as in the proof of that
Claim 2.5 implies Claim 2.4, and likewise for the fact that (F},), converges to an entire automor-
phism F' € Symp“(A). Using verbatim the same argument as in the proof of Claim 2.6 we obtain
that the local emergence of F'|A[ is 2 as stated in (i7). O

Remark 2.10. Note that (P,) implies that (H,|Ag), converges for the C%-compact-open topology.
With slightly more work, one can also obtain that this limit is a homeomorphism onto its image.
However, the construction does not imply that this limit extends H : E < A continuously (the
union might be discountinuous at dAg), contrarily to the smooth case.

Proof of Claim 2.8. The proof is done basically as for Claim 2.5. The only change is that the map
hy defined by Lemma 2.2 is replaced by the map defined in Eq. (2.3) using Lemma 2.7. Then
we use Corollary 1.10 to obtain an analytic map H, whose restriction to As, is close to the one
of H,_1 o hn This enables to obtain statements (P;) and (P) of Claim 2.8 from the proof of
statements (P;) and (P2) in Claim 2.6. O
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2.4 Proof of the corollaries

Proof of Corollary B. By Theorem A, there is an entire symplectomorphism F' of A which leaves
invariant an analytic cylinder Aj C A.

1.) For + € {—,+}, let = € C¥(T,R) be such that Aj = {(0,y) € A : v~ (0) <y <7y (0)}.
Note that up to a conjugacy with a map of the form (0,y) — (0, - y) with o > 0, we can assume
that the mean of y© —~~ is 2. Now let £(0) = (v —~7)(6)/2. Note that [ £df = 1.

Thus there exists L € C¥(T, T) such that 9pL = ¢ and L(0) = 0. Note that 9ypL does not vanish
and so L is a diffeomorphism. Set:

¥ (0,y) = (L(6),y/€(0)).

Note that 1) is analytic and symplectic. Furthermore there is 0 € C*(T,R) such that the image
of Aj by v is {(0,y) € A :~°0) —1 <y <4°@) + 1}. Let h be the composition of ¢ with the
map (0,y) — (0,y —7°(6)). Observe that h sends A} to Ag. Then ho f o h~! satisfies the sought
properties.

2) Let Ag be a neighborhood of A} which is bounded by two integrable curves 'y := {(6,71(6)) :
0 € T} and T'9 := {(0,72(0)) : 6 € T}. By | , Thm 2.14], as the system is integrable nearby
these analytic curves, we can blow down them to transform Ag to a sphere, so that the dynamics
is pushed forward to an analytic and symplectic diffeomorphism of the sphere.

Let us give a short independent (sketch of) proof on how to complement A to obtain a sphere.
For i € {1,2}, let V; be a small neighborhood of I'; in which the dynamics is analytically conjugate
to the rotation (0,y) € R/Z x [—€, €] — (0 + a,y) via a map ¢; : V; — R/271Z x [—¢, €] so
that ¢;(I;) = R/27Z x {0}. Up to a composition with —id, we can assume that ¢;(V; N Ao)
is R/27Z % [0,€¢]. Now we compose ¢; with the analytic symplectomorphism (0,7) € R/27Z x
[0,€¢] = (/14 2rcosf,/1+ 2rsinf). From this we obtain that the composition v; is an analytic
symplectomorphism from V; N Ag onto the annulus C; of radii (1,4/1 4 2¢) and which conjugates
fIVi NA to a map which coincides with the rotation of angle o on the disk of radius /1 + 2¢. Now
we glue the cylinder Ao to two copies D7 and Dy of the disk of radius v/1 + 2¢ at C7 and Cy via
resp. ¥ and 9. This forms a sphere on which the dynamics extends canonically to the rotation of
angle o on the inclusions of Dy and Ds. This extension is ergodic on the inclusion of A}, and have
no more than two periodic points. O

Proof of Corollary D. Let F be given by Theorems A or C. We recall that F' does not have periodic
point in C/Z x C and so that J* = (). Hence it suffices so show that its Julia set J is nonempty.
More precisely we are going to show that the cylinder Aj is included in the Julia set of F. Let
z € Af. Both the forward and backward orbits of z are bounded.

For the sake of contradiction, assume that there is an open neighborhood U of x € C/Z x C
such that the following set is bounded:

Ut=JF@).
neN

Note that F~1(U*) D UT. As F preserves the volume, F~1(U*) and U+ have the same volume.
As F~1(U™) is open, it cannot contains a point which is not in the closure of U*. So F~}(U*) C
c(UT). Likewise we have F~™(U™') C cl(U™) for every n and so:

U=|JFwh = Fw
n>0 neL

is a bounded F-invariant invariant open set. Then one proves as in [ , Appendix] or | ,
Thm 2.1], that G := cl({F"|U : n € Z} is a compact Abelian subgroup of complex automorphisms
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of the bounded domain U. Then by the Cartan Theorem [ |, the set G is a Lie group equal to
an i-dimensional torus T?. As the set iterates of F |U is dense in G, the element F |U must act on
G as an irrational rotation. Thus the restriction of F' to the closure of the orbit of any x € UNA is
semi-conjugate via an analytic map to an irrational rotation on T?. The rank of the semi-conjugacy
must be invariant by the irrational rotation and so constant. Therefore, G -z = cl{F"(z) : n € Z}
must be a torus analytically embedded into A. This torus cannot be of dimension > 2 (as T?
cannot be embedded in A) neither of dimension 0 (as F' has no periodic point). Thus the orbit of
x is included in an analytic circle (on which F' acts as an irrational rotation). This implies that
there is an analytic fibration by circles on A{, which is left invariant by the dynamics. This is in
contradiction to the case of Theorem A which asserts that a typical point of Aj has the closure of
its orbit equal to Aj. This is also in contradiction to the case of Theorem C which asserts that
the local order of the emergence is 2, while by Example 1.5.2, a dynamics leaving invariant such a
differentiable fibration should have an order of emergence 0. O

3 Approximation Theorems

In order to prove Theorem 1.8 we are going to study the generators of Hamg®(A) and Ham®“(A),
see Theorems 3.3 and 3.4. In Section 3.4, we will prove that Theorem 3.4 implies Theorem 1.8.
3.1 Generators of Ham
The main theorem of | | implies that Ham® (A) is spanned by the following subgroups:

e Let V be the subgroup of Ham™ (A) of the form (0, y) — (0,y + v(6)) with [wvdf = 0.

e Let 7 be the subgroup of Ham*(A) of the form (0,y) — (6 + 7(v),y).

Theorem 3.1 (with Turaev). Any maps of Ham* (A) can be arbitrarily well C*-approzimated by
a composition of maps in T orV

Interestingly, the proof is constructive. Also, as a consequence of the proof using a Lie bracket
technique and Fourier’s Theorem inspired from | |, we will show that any maps of Ham* (A)
can be arbitrarily well approximated by a finite composition of maps in 7 or [V, T], where:

W, T ={[V.,T| =V 'oT ' oVoT:VeV&TcT}.

Also the subgroup of entire maps of T is dense in T and the subgroup of entire maps of V is dense
in V. Yet to prove the main approximation Theorem 1.8, we should take care of the supports of the
maps in this decomposition. First, we will see that any maps of Hamg®(A) can be arbitrarily well
C*°-approximated by a composition of maps in 7 N Hamg®(A) or [V, T N Hamg"(A)] N Hamg®(A).
Indeed, the set [V, T N Hamg®(A)] is not included in Ham®(A), so we shall study more carefully
the supports of these decompositions by introducing with the following notations:

e For € >0, let Ve :={V € V:sup,e, |V(z) — 2| < €} be the CY-enghbd of id in V.
e For 6 > 0, let 75 := Ham§°(A) N7, where Ham§$°(A) is defined in Section 1.3.
o Let V., T5] ={[V,T| =V 10T toVoT: VeV &T < Ts}

Most of the maps of V. are not compactly supported. In contrast 75 and [V, T;] are formed by
compactly supported maps if § > € > 0:
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Fact 3.2. For every § > € > 0, the set [V, Ts| is formed by maps in Hamg® (A).
Proof. Recall that A\ As_e =T x (—o0,—1+3d —¢)UT x (1 — 0 +€,00). Let:
V.T| =V loT oVoT eV, 75

Every z in A \ As_. is fixed by 7" and sent by V into A \ As on which 77! is the identity. Thus
T 1oV oT(z)=V(z) and so [V, T](2) = z. O

Here is a compactly supported counterpart of Theorem 3.1, that we will prove in Section 3.2:

Theorem 3.3. For any 0 < e <, any map F' € Ham$®(A) and any C>-neighborhood U of F,
there is a composition F' := Fy o---o Fy of maps F; in Ty or in [Ve, Ts] such that F is in U.

It is indeed a compactly supported counterpart of Theorem 3.1 since by Fact 3.2, each map
F; belongs to Hamg®(A). We shall prove Theorem 1.8 by introducing the analytic counterpart of
Theorem 3.3, which requires the following notations. First recall that for p > 1:

K, =T,xQ, whereT,:=T+i[—p,p] and Q,:=[—p,—1]U[L,p]+i[—p,p].

Recall that Ham® (A) denotes the space of entire Hamiltonian maps of A and Ham(A) is its subset
formed by maps whose restrictions to K, are p~t-C%close to the identity.
We will use the following generators for ¢, > 0 and p > 1:

e Let 7;° := T NHamj(A). In other words, it consists of maps of the form:

(0,y) — (0 + 7(y),y) where 7 is an entire function satisfying sup || < p~'.

P

e Let V) :=V N Hamj(A). In other words, it consists of maps of the form:

(0,y) — (0, y+v()) where v is an entire function satisfying sup |v| < p~! and /vdLeb =0.
T

P

e For any p1,p2 > 1,let [V, , Tp] = {[V,T] =V 10T oVoT: VeV, &TeT,}.
Here is the analytic counterpart of Theorem 3.3, that we will prove in Section 3.3:

Theorem 3.4. For any 1> 6 > 0, for every sequence (p;)j>o of numbers > 1, for every map F €
Hamg®(A) and any neighborhood U of F'|As in C*°(As, A), there is a composition F := Fyo---0Fy

of maps Fj in 7;)"; or in [V;"O,ﬁ“;] whose restriction F|Ag is in U.

Let us now prove of the approximation Theorems 3.3 and 3.4.

3.2 The smooth case: proof of Theorem 3.3

For § > 0, let C§°(A,R) and C§°(R,R) be the spaces of smooth functions with support in respec-
tively As and [0 — 1,1 — 6]. We recall that the symplectic gradient of H € C*°(A,R) is:

Xy = (8,H, —0pH) .

The proof of this theorem will use Poisson brackets. We recall that given two functions f,g €
C>°(A,R) the Poisson bracket {f, g} is the function defined by:

{f, 9} =0of -0yg — Opg - Oy f .

The Poisson bracket has the following well known property:
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Proposition 3.5. Let Hy,Hy € C*°(A,R) and H = {Hy, Hy} be with respective symplectic gradi-
ents denoted by X1, Xo and X. Then X equals the Lie bracket of [ X1, Xa] = DXs(X1) — DX (X2):

(X1, Xo] =X .
In order to prove Theorem 3.3 we will use:

Lemma 3.6. Let 6 > 0 and H € C5°(A,R). For every neighborhood U of H in C*°(A,R), there
exist a function C € C°(R,R) and 2N functions Ay, ..., An,B1,...,By € C®(R,R) such that
the following is in U:

[:(0,y) € Ars Cly Z {COS (2mmf) Am(y)} 4 {M,Bm(y)} .

2mm 2mm

Moreover the derivatives of the functions Ay, ..., Ay, B1,..., By are in C3°(R,R).

Proof. Using Fourier’s Theorem, there are C' € C3°(R,R) and 2N functions a1, ...,an,b1,..., by €
C5°(R,R) such that the following is in U:

N
H(,y) € A= C(y) + Z am (y) cos(2mmb) + by, (y) sin(2rm8) .
m=1

Let Ay := — [ bm(t)dt and By, := [ am(t)dt whose derivatives are indeed in C§°(R,R). Note
that:
cos(2mmb) B ) sin(27m#) B
{M,Am(y)} = by (y) - sin(2rmP) and {27rm’ B (y) ¢ = am(y) - cos(2rmb) .
Thus H has the sought form. d

A consequence of the later lemma and Proposition 3.5 is
Lemma 3.7. The map H of Lemma 3.6 satisfies that there exist functions (1;)o<j<on € C5°(R,R)
and (vj)i<j<on € C°(T,R) such that with <Z>'jq the time-t map of H and with:
T; = (0,y) — (0 +1t1;(y),y) and Vjt = (0,y) — (0,y + tv;(0))
it holds (at N fized) in any C"-topology when t — 0:

2 2
o = [Ty, Vanl oo [T}, Vf]o- - o [T}, V{] o T§ +o(t?) .

Moreover the C°-norms of v; are bounded by 1.

Proof. In the setting of Lemma 3.6, let Hy := (6,y) € A — C(y) and for 1 < m < N, put Hay, :=
0,y) € A — {52 cos(2mrmb), Apn(y)} and Hap 1 := (6, y) € A — {51 sin(2mrmb), By(y)}. Let

2mm 2mm

Xp; be the symplectic gradient of H; and X 5 the one of H. As H = Z Hj, we have:
Xg=> Xu,.
J

Hence, denoting qﬁqu the flot of Xp,, in any C"-topology oo > r > 1, we have when ¢ — 0:

2N
(3.1) ¢t =id+tX g +O(t) =id+t Y Xp, +O(t) .
j=0
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Now observe that with 79 := C’(y) and T¢(6,y) = (0+t70(y),y), it holds id+t X, (0, y) = T§(0,v).
Thus

2N
(3.2) ¢ =(id+ty Xp,)oTh+O0(?).
j=1

Also for 1 < j < 2N, we have H; of the form H; : (6,y) € A~ {f;(0),9;(y)}. Put:
vji=—fj and 7ji=gj.
Note that sup | f}| = 1. With T}(0,y) = (0 +t7;(y),y) and V}(0,y) = (0,y +tv;()), the symplectic
gradients of (6,y) — f;(0) and (0,y) — g;(y) are:
Xj;(0,y) = (0,0;(0)) = 9, Vj(0,y) and  Xy,(0,y) = (7;(),0) = 9 T;(6,y) -

Then by Proposition 3.5, the symplectic gradient of H; is equal to the Lie backet of the symplectic
gradients of f; and g;:
XHj = [8t7§€78t‘/jt] .

Thus we have in any C"-topology:

id+t*Xg, = [T}, V]] + O(t%) .

Injecting the latter into Eq. (3.2) at time t2, it comes:
(3.3) 0l = [T, Vixl o - o [T, V] o T + O(¢)
which is the sought result. O

Proof of Theorem 3.3. For any f € Hamg®(A) , there is a smooth family (H¢).[o,1) of Hamiltonians
Hy € C§°(A) which defines a family (f;)ieo,1) such that fo =id, fi = f and 9 f; is the symplectic
gradient of H;. Observe that for M large, we have:

[= (fof(;\/l[,l)/M)O"'o(fi/Mof(;il)/M)o"'ofl/M-

Each (f;/ar of&il)/M) is O(M~2)-C"-close to the time 7 = M ~! map ¢7 of the vector field 9 f;/ns-
Thus in the C"-topology:

f=0ko-0l+OM™).
Note that ¢7 is the time 7 of the symplectic gradient of H;/y € Cs°(A). By Lemmas 3.6 and
3.7, with 2 := 7, each ¢7 is equal to a composition of elements in 75 and [V;, 75] up to precision
o(t) = o(M~1). Thus f is C"-close to a composition of elements in T35 and [V, T5] for any ¢ > 0.
We conclude by choosing t? < e. O

3.3 The analytic case: proof of Theorem 3.4

The proof of Theorem 3.4 follows basically the same lines as the one of Theorem 3.3, although we
have to extend the bounds to a complex compact set and use the Runge theorem.

In this subsection, we fix 1 > § > 0 and a sequence (p;);>0 of numbers > 1 as in the statement
of Theorem 3.4. For every n > 1, put:

M, = sup |27n-exp(2mi-n-z)|.
2€Tp,

Then observe that the same proof as Lemma 3.6 gives:
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Lemma 3.8. Let § > 0 and H € C{°(A,R). For every C*-neighborhood of U of H, there exist
a function C € C(R,R) and 2N functions Ai,...,An,B1,...,Bn € C®(R,R) such that the
following is in U:

H:(0,y) e A~ C(y) +m§2 {W,Am(y)} + {W,Bm(y)} :

Moreover the derivatives of the functions Ay, ..., Ay, B1,..., By are in C°(R,R).
Then by plugging Lemma 3.8 instead of Lemma 3.6 in the proof of Lemma 3.7 we obtain:

Lemma 3.9. The map H of Lemma 3.8 satisfies that there exist functions (1;)o<j<an € C°(R,R)
and (vj)i<j<on € C°(T,R) such that with ¢'; the time-t map of H and with:

T} = (0,y) = (0 +t75(y),y) and V}:=(0,y) ~ (0,y +tv;(6))
it holds (at N fized) in any C"-topology, when t — 0:

b = [Tiy, Vinl oo [TL Voo [TL V] o TE + o(t?) .

Moreover each v; is entire and satisfies sup{|v;(z)| : z € Ty} < 1.
Using the latter lemma instead of Lemma 3.7 in the proof of Theorem 3.3 gives immediately:

Lemma 3.10. Any F € Ham§°(A) can be arbitrarily well C*-approzimated by a composition
Fypo---oFy with each Fy in Ts or in [V, Ts).

We are now ready for the:

Proof of Theorem 3.4. Let 1 > 6 > 0 and let (p;);>0 be a sequence of numbers > 1 as in the
statement of the theorem. As the map p — V)’ is decreasing, we can assume:

(3.4) 2001 < 4.

Let F' € Ham§°(A) and let U be a neighborhood of the restriction of F|As in the C*°-topology.

By Lemma 3.10, there exists a composition Fiso- - -0F] whose restriction to Ag is in &/ and formed
by maps Fj in 75 or in [V}, T5]. It suffices to change the maps F}j in 75 to maps in 7;"; and those in
[V s Ts] to maps in [Vi 7;,“;] so that the restriction of their compositions to As = T x [—1+4,1—¢]
remains in Y.

We recall that the support of each Fj is in A5—P51 by Fact 3.2. Thus F}; sends any small
neighborhood of Aé—pgl into another small neighborhood of Aé_pgl. Likewise, if Fj is a map
whose restriction to a neighborhood of A5—061 is close to the one of F}, then l*:'j sends any small

neighborhood of Aé-_po—l to another small neighborhood of Aé_pal. Thus the composition Fyjo- - -0 F}
has its restriction to Ay C Ad—pgl close to the one of Fy; o--- o F} and so close to F'|As. Hence it
suffices to show:

Claim 3.11. For every j, there exists 1*:']- mn 7;,“; ulve

p0>
Aé*P(?l is C*°-close to the one of F.

7;‘:] whose restriction to a neighborhood of

23



Qp Qp,e

Figure 3: Domains of C involved in the application of the Runge theorem.

To show this claim, we fix a neighborhood N of [-1 4§ — 2p; 11— 64 2py!] which is disjoint
from R\ (—1,1). Such a neighborhood exists by Eq. (3.4). There are two cases.

Case 1) If F; € Ts, then there exists 7; such that Fj : (0,y) — (6 + 7;(y),y). First, by the
Weirstrass Theorem, there exists a polynomial C*°-approximation 7; of 7;|N. Now let N be a
neighborhood of cl(N) in C\ Q,, so that the complement of NU Qp; is connected. See Fig. 3.

Then using Runge’s theorem, there exists an entire map 7; which is C-close to 7; on N and
which is pj_l—small on Q. As 7 is real, up to considering s (F(2) + 7(2 )) instead of 7, we can
assume that 7 is real. Then by the Cauchy inequality, the map 7; restricted to N is C*°-close to
7;|N and so 7;|N.

Then we observe that £} : (6,y) — (6 +7;(y), y) belongs to T, and has its restriction to T x N/
close to the one of Fj.

Case 2) If F; € [ Vi Tsl, then there exist V; € Vi and Tj : (6,y) = (0 + 7;(y),y) such that
F; = [V;,Tj]. As in the case (1), there is T € T, such that the restriction of T and TjtoTx N
are C'°-close. Then put:

F; =V, Ty = V-_1 oT-_l oVjoT;.

Note that a small neighborhood of A oot is sent by T to a small neighborhood of A s which
is then sent by V; into a small nelghborhood of Ag —opg s which is therefore included in 'IF x N. As

1|’]I‘ x N is close to T} YT x AV, it comes that the restrlctlons of F and Fj to a neighborhood of
-1 are C"*°-close. O

Aép

3.4 Proof that Theorem 3.4 implies Theorem 1.8

By Theorem 3.4, we know that every map F € Ham$°(A) has its restriction to As which can be
approximated by a compositon F := F} o --- o Fj; of maps Fy in Ty, U [Vy,,Tp,], for any chosen
sequence (p;); of numbers > 1. Yet we do not know if F|K p is small. Actually it might be not
the case since the set K, is a priori not left invariant by the maps F;. Thus we shall first deduce
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from Theorem 3.4 a similar statement (see Lemma 3.12) giving an approximation of F'|As by the
restriction of a composition of maps F; which are moreover small on a neighborhood K, . of K,,.
Then we will show that the composition of these maps is indeed small on K,,.

This leads us to introduce a few technical notations.

Notations For € > 0, we denote K, and @, the e-neighborhoods of K, and @,:
Kpe=TprexQpe and Quc:=[-p—€—-1+eU[l—€p+el+il-p—e€p+el.

Similarly, we denote Hamj (A) the subset of Ham} (A) formed by maps whose restrictions to K,
is p~1-C%-close to the identity:

w . w . —1
Hamj (A) := {F € Ham{/(A) : Zt;(p |F(z) — (z)] <p } .
€K, e

Likewise we denote:

e Let 7% := T NHamy (A). In other words, it consists of maps of the form:

(0,y) — (0 +7(y),y) where 7 is an entire function satisfying sup |7| < p~'.

pre

e Let V). :=VNHam, (A). In particular, its elements are of the form:

(0, y) — (0,y +v(0)) where v is an entire function satisfying sup |v] < p~t.
TP+6

e For any p1,p2 > 1, 1et[ Tw]:{[‘/’T]:V loVoT Ve &TE’];“;J».

p1,€? " p2,€ P1,€

Similarly to Theorem 3.4 we have:

Lemma 3.12. For any 1 > 6 > € > 0, for every sequence (p;);j>o of numbers > 1, for every map
F € Hamg®(A) and any C*-neighborhood U of F|As, there is a composition F = Fyo---0 Fy of
maps Fj in Ty7 o orin [V Ty ] such that F|As € U.

Pj,€ p0,€?

Proof. We can assume pg sufficiently large so that:
(3.5) 200 +e<d.

We notice that Vi .. = V5 .. Thus by Lemma 3.10 with pg + € instead po, any F' € Hamg®(A)
can be arbitrarily well C*°-approximated by a composition Fys o ---o Fy with each F} in 75 or in

(Vi e Ts]. Likewise it suffices to show:

Claim 3.13. For every j, there exists Fj mn prj,e Vi o T“’ <] whose restriction to a neighborhood
OfAé_pal is C*-close to the one of F}.

To prove this claim, we proceed as for Claim 3.11. We chose a neighborhood A of [—1 + 4 —
2001, 1—8+2py '] which is disjoint from R\ (—1+¢,1—e¢). Such a neighborhood exists by Eq. (3.5).
Then we distinguish two cases.

Case 1) If Fj € 75, then it is of the form Fj : (6,y) — (6 + 75(y),y). First, by the Weirstrass
Theorem, there exists a polynomial C*°-approximation 7; of 7;|A. Now let N be a neighborhood
of cl(N) in C\ Q,,  so that the complement of N U Qp; e is connected. See Fig. 3. Then using
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Runge’s Theorem, there exists a real entire map 7; which is C-close to 7j on N and which is

p}l—small on @p,;. Then by the Cauchy inequality, the map 7; restricted to N is C*-close to ;.

Case 2) If Fj € [V}, ., Ts, then there exist V; € Vi . and Tj : (0,y) — (6 + 75(y),y) such that

p0,€? P0,E

F; = [V;,T;]. As in the case (1), there is Tj € T, such that the restrictions of T} and Tj to a

,€

neighborhood of T x N are C*°-close. Then we conclude exactly as in Claim 3.11. O
A second ingredient for the proof of Theorem 1.8 is the following counterpart of Fact 3.2:

Lemma 3.14. For every ¢ > € > 0 and p, > p > 1 such that ¢ > € +2p~" > 0, for all

VT € [Vye; Ty s it holds:
e—€e —2p7!
V,T] —id|| < 3 ith p), i= ———————— - p. -
SSE IV 1) =adl < 5 with pri= "= =5 P
Proof. Let [V,T] € [V5,, Ty ]. As pr. > p and € > ¢ +2p~", we have:
(3.6) Tp+e’+2p,:1 X Qp76/+2p71 C Kp7€/+2p71 CK,e.

Note that T' sends K, = T,ie X Q¢ into T + which is then sent by V into

. by T~!. Thus, Eq. (3.6), the

p+6/+p;1 X Qp,e

1 and finally sent into T

Tp_,’_E/_’_pI;l X Qp’6/+p— p+€l+2p]:1 X Qp,e'—&-p*

following restrictions are equal:

_ (-1 ~1
ViTlik,, =V K, 10 © Tk, 1 ©VIK, 4yy1 0TI, 0 -
The restrictions to K, . of V' and its inverse are CO— ~1 close to the canonical inclusion K, — Ac.
Hence by the Cauchy inequality, the restriction of V=1 to K, /19,1 is C'-p /(e =€ —2p~1)-close
to the identity. Hence it holds:
-1 _ -1 _ —1_ -1 T -1 _ 1 ~1
sup [V oT " oVoT —T| = sup ||V oT "oV —id|= sup ||V T "=V
ol T(K, /) VoT(K, /)
-1 — - — -1 .

= 71 < D T —

Vo’.ﬁggp ) ”(V )|K0a6’+2p—1 ° V\Kp e/ +2p~1 H = Sup ” v ) Ky eryap—1 H 781&?,7 e ” ZdH

-1 ~1
p -1 _ . P -1
S ——F 5.1 sup T —id| < —————p
€e—¢ —2p! VoT(K, 1) e—¢e —2p71 TF
Now we infere that supy, |T —id|| < p;* to obtain:
1 p~! 1 1
aup [V.T)| < swp [V 0T oV —id] + sup |7 —id] < —2— 1 5" + oy
v S v p

which is p;;l. O

Here is the last lemma needed for the proof of Theorem 1.8:

Lemma 3.15. For any p > 1 and € > 0, let p}, := 2¥ max{¢'~L, p} for every k > 1. Then for any
sequence (Fy)r>1 of maps Fj, € Ham® (A) such that SUpg | Fi, — id|| < 1/p}., it holds:

Fyo---oF, € Hamy(A) for every n > 1.
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Proof. Let us first prove the case n = 2. First note that F»(K),) is in Kp,l/pfz C Kperps C Kper
Thus:

sup ||Fy o Fy —id|| < sup ||[F} —id|| + sup ||F» — id|| < sup ||F1 — id|| + sup || Fy — id||
K, Fy(K,) B el K,
<Upi+1/ph <p 27427 <ph

This proves that I} o F» belongs to Hamy(A).
Now let us prove the general case for any n > 2. First note that F;(K P ks 9-ker) 1s included in
KkaZi 9—ker. Thus by induction, Fj o --- o F,(K,) is included in KkaZiTkE/ C K, . We have:

sup||Fio---0o F, —id| < Z sup  ||[Fipq —id|| < Z sup || Fi41 — id]]
p 0<i<n—1 FiooFn (K, 0<i<n—1Ep.e
< Y odms Y 2ttt
0<i<n—1 0<i<n—1
This proves that Fy o ---o [, belongs to Ham} (A). O

Proof of Theorem 1.8. Let 0 < § < 1 and p > 1. Let F € Ham§®(A) and U a C*°-nghd of the
restriction F|[As. Let us show that there exists I’ € Ham} (A) such that F|As is in U.

We can assume p > 2/ and so that there are § > € > € > 0 satisfying € > ¢ +2p~!. For every
k>1, let:
1
_— . /
e—¢ —2pL P -

J— / J— -
ph =28 max{¢'"1 p} and pj = e p

By Lemma 3.12, there is a composition F := Fj o --- o Fj; of maps Fjin 75 or in Vi 7};76]
such that F |As € U. Thus by Lemma 3.14, each map F} satisfies:

sup ||Fj —d| < pj* .
p.e

Then by Lemma 3.15, we conclude that the composition F is in Ham( (A). O

4 Smooth Lemmas

4.1 A consequence of Moser’s trick

Let (S,w) be a surface of finite volume. We recall that Sympg°(S) denotes the space of com-
pactly supported smooth symplectomorphisms of S. The following Folkloric theorem will be a key
ingredient for the proof of Lemmas 2.2 and 2.7:

Theorem 4.1. Let (D;)i1<i<n and (D})1<i<n be two families of disjoints smooth closed disks in
int S, such that for every i, Leb (D;) = D}. Then there exists f € Sympg°(S) such that f(D;) = D,
for every 1 <i < N.

We were not able to find a proper reference for a proof of this lemma: Katok [ , Basic
Lemma §3] and Anosov-Katok | , thm 1.3] show versions of this theorem which are weaker
in dimension 2. Yet they wrote that A. B. Krygin had a proof of such result (without reference).
Others would identify this theorem as a direct application of Moser’s trick. Theorem 4.1 is proved
by induction using:
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Lemma 4.2. For any subsets D, D" C int S, if D and D' are smooth closed disks and Leb (D) = D/,
then there exists f € Sympg®(S) such that f(D) = D'.

Proof. First we consider an isotopy (g¢):e(o,1] of S with support in the interior of S and such that
g1(D) = D', this isotopy can be constructed by retracting the disks to a tiny ones and moving
one to the other. Each ¢y is a diffeomorphism that we shall transform to a symplectic map. Put
Dy := g(D). Using a tubular neighborhood of 9Dy, it is easy to deform smoothly (g¢);e(o,1] s0 that
gt preserves the volume form nearby 9D;. Indeed it suffices to work in a tubular neighborhood of
D; and tune the size of the normal component of g;.

So we can assume that (g¢)ycpo,1] is a smooth isotopy of S such that g;(D) = D" and gjw = w
nearby 905 LI 0D. To prove the lemma it suffices to define a map 1 so that f := g1 o ¢1 leaves
invariant w and ¢, and so f is equal to the identity nearby 0S5 L dD.

We shall apply twice Moser’s trick, one inside of D and resp. once outside D. Let A; :=
Leb D;/Leb D and resp. A; := Leb (S \ D;)/Leb (S \ D), where D; := g¢;(D). Observe that
Ao = A; = 1. This defines a smooth homotopy w; := A, L. g¥w of symplectic forms that agree with
w on the neighborhood of 9D (resp. D U 9dS). Then by Moser’s trick | , Ex. 3.2.6], there
exists a smooth isotopy 1y : D — D (resp. S\ D — S\ D) such that: 1y = id and ¢;w; = w and
1y is equal to the identity on a neighborhood of 9D (resp. 9D U 3S). Then

(g0 e)'w = 9 (giw) = A " fwe = A w .

In particular (g1 o ¥1)*w = w. The outer and inner constructions of ; are equal to the identity
nearby 0D , so they fit together to define a diffeomorphism ; of S which satisfies the thought
properties. O

Proof of Theorem 4.1. By induction on n > 1, we construct a map f, € Sympg°(S) which sends
(Di)1<i<n to (Dj)1<i<n. The step n =1 is the Moser theorem. Let n > 1. Let S, := S\ U,.,, D;.
By Lemma 4.2, there exists a map f € Sympg°(S,) which sends f,,—1(D,,) to D). We observe that
fn = f o fr_1 satisfies the induction hypothesis. 0

4.2 Lemma for Anosov-Katok’s theorem

Lemma 2.2 states that:

Lemma 4.3. For every ¢ > 1 and € > 0, there exists a map h € Hamg®(A) such that:
1. the map h is (1/q,0)-periodic,

2. for every (0,y) € Ac the map h sends the one-dimensional measure Leb Tx{y} t0 a measure
which is e-close to Leb 4.

Proof. As both Leb 4, and each Leb ) are (1/q,0)-periodic for every ¢ > 1, it suffices to show
the lemma in the case ¢ = 1. Indeed then any g-covering of h will satisfy the lemma.

Hence for € > 0, it suffices to construct h € Hamg®(A) such that for every y € I := [—1+€, 1—¢],
the map A sends the one-dimensional Lebesgue probability measure Leb () to a measure which
is e-close to Leb 4,. The construction is depicted Fig. 1.

For N = n? large, we consider the following collection of boxes (C)o<k<n—_1 :

Ck; = [k+]\6[/8’ k+1]\;6/8] % ]Ie )

Note that the family (Cy) is disjoint, does not intersect {0} x I and that for every k we have:
Leb o, Cr = 2(1 —€)(1 —€/4)/LebAg = (1 —€)(1 — €/4) .
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Thus for every v > (1 —¢€)(1 —¢/4) close to enough to (1 —e€)(1—¢/4), there exists a disjoint family
(Dk)1<k<n such that each Dy is a neighborhood Cf, in Ay which does not intersect {0} x I, which
is diffeomorphism to a close disk and whose volume is Leb 4,C = v.

Now recall that N = n2. So there is a bijection k € {0,..., N —1} = (z1,yx) € {0,...,n—1}2.
Let zj, := (zx/n, —1+2-yp/n) € Ag. Note that for N large enough, the measure N~ 3", .,
is §-close to Leb s,. Let Cj = 2z + [¢/8n,(1 —¢/8)/n] x [¢/n, (2 — €)/n]. Note that the sets Cj,
are disjoint, included in Ag \ {0} x I, have the same Leb 4,-volume equal to (1 — €)(1 — €/4)/n>
and their diameters are < v/5/n. Likewise, for v close enough to (1 — €)(1 — ¢/4)/n?, there exists
a disjoint family (D} )1<g<n such that each D} C Ay \ {0} x I is a neighborhood of Cj which is
diffeomorphic to a close disk and whose volume is v and whose diameter is < v/5/n.

By Theorem 4.1, there exists h € Symp®(Ag) which sends each Dy, to D;. and which is equal
to the identity nearby 0Ag. Furthermore we can assume that it is equal to the identity nearby
{0} x I. Thus h € Ham*(Ag) and it can be extended to the identity to an element of Hamg®(A).
Then observe that the Kantorovitch-Wasserstein distance between h.Leb 1 and N -1 Zivzl 0z
is smaller than:

N

1

v > " d(zk, M(Dy)) + Leb gy 3 (T x {y} \ | Cr) < max diam D)+ ¢/4 <V5/n+¢/4
k=1 k

which is smaller than €/2 for n large enough. We recall that the distance between N1 chvzl 0z
and Leb 4, is < €/2 so the distance between h.Leb () and Leb 4, is <. ]

4.3 Lemma for emergence
Lemma 2.7 is:

Lemma 4.4. For every 1 > € > 0, there exist n > 0 arbitrarily small, an integer M > exp(n~=2¢),
a map h € Ham™ (T x R/2Z) and a family (Jei)1<i<m of disjoint segments of R/27Z such that:

(a) it holds Leb (I\ |U; Je;) = &€ and Leb J.; = (1 — €) & for every i,

(b) for any j # i, y € Je; and y € Jj, the distance between the measures hiLebry () and
h.Leb .y, is greater than n.

(c) h coincides with the identity on neighborhoods of {0} x R/2Z and T x {0}.

Proof. The proof of this lemma combines Theorem 4.1 and a development of [ , Prop 4.2].
The present construction is depicted Fig. 2. We fix ¢ > 0 small enough to satisfy two inequalities
(see Egs. (4.1) and (4.2)) independent of a large integer n > 3 depending on €. Let N :=2-n? and
let M be the integer part of (2N)~1/4eN/20.

N:=2-n2 and M= [(QN)_1/46N/20] .

Now we consider the family of boxes (B j)1<i<ny/2,1<j<n defined by:
' .3 2 3 2 . ' . 2 . 2
Bij = |(i+e/N)5, (i+1=€/N) ) X Jej with Jej:= (7 +€/2) 77 (G +1—¢/2) 77

The sets (B;j)i,; are disjoint, included in T x R/2Z \ ({0} x R/2ZUT x {0}) and have volume:

2(1-2¢¥/N) 2(1—¢) 2(1—¢€/n?*) (1—¢)
Leb B, := N VS — T
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Note that (Je ;); satisfies (a). We are going to define a conservative map h which sends each box
B, j into a union of N much larger boxes (Bg)i<k<n-
Let us define (Bg)1<k<n. As N = 2-n?, there is a bijection:

ke{l,...,N} = (zg,yx) €{0,...,n — 1} x {0,...,2n — 1} .
Let:
~ €21 2\ 117
B =z + [271’(1_2) n] with z; = %(xk,yk)ETxR/QZ.
The sets (Bk)k are €2 /n?-distant, included in T x R/2Z\ ({0} x R/2ZUT x {0}) and have volume:
Leb B, := (1 — €2)?/n?.

Now we shall determine in which Bk each B; ; is sent to. To visualize this attribution, one can
interpret each box B;; as a colored pearl, each row (B;;)i<i< N/2 as a necklace and each By as a

pearl case of same color, see Fig. 2. Hence a map h which sends each B; ; into a certain By, define a
coloring of each necklace. We are going to fix a coloring given by the lemma below. In the langage
of colored necklace, it states that NV colors suffices to color M necklaces of N/2 pearls each such
that any pair of necklaces have at least a quarter of their pearls of different colors and such that
each color is used approximately evenly among all the necklaces.

Lemma 4.5. For every N = 4 -n? sufficiently large, there is a map:
C:{1,...,N/2} x{1,..., M} —-{1,...,N}

such that:

(1) For every k € {1,..., N}, it holds #C~1({k}) < M(1 + €3 /n?)/2.

(2) For every j # j', it holds 2#{(i,7') : C(i,j) = C(, ')} < 3/4.

This lemma is a development of the second step of | , Prop 4.2]. It is proved below.
By (1), for every 1 < k < N, it holds:

201 —e3/n?) (1—¢) (1—e)(1—€/n?) .

M )
_ —1 3, 9 B
Leb () Bij=#CT (k) Leb By < (16 n?) S S = =
(1,5)eC—1({k})

On the other hand, we have Leb B, = (1 — €2)2/n?. We assume ¢ > 0 sufficiently small so that
(4.1) (1—€) < (1—€H)2.
Hence we have for every k € {1,...,N}:

Leb J  Bij=#C'({k}) LebB, < Leb By .
(i-))€C1 ({k})

So there exists v greater and arbitrarily close to Leb B, :=

2(1—;2/”2) . (1]\7[6) such that for every k:
£V ({k}) v < Leb By = (1 — é2)2/n?

For v small enough, for every (i,7j), there is a neighborhood Dj;; of B;; of volume v which is
diffeomorphic to a closed disk, such that (D;;);; are pairwise disjoint and disjoint from {0} x
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R/2ZUT x {0}. Also for v small enough, for every 1 < k < N, there is a family (D;, ) i,j)eC—1({k})
of disjoint disks which are included in By and of volume v.

Now we apply Theorem 4.1 which asserts the existence of h € Ham® (T x R/2Z) which sends
each D; ; to Dm and such that h coincides with the identity on neighborhoods of {0} x R/2Z and
T x {0}. Hence Property (c) is satisfied. Let us verify Property (b).

For every i and y € Je ;, the circles Tx {y} intersects each D; ; at a set of length > 2(1—€3/n?)/N
and no more than a subset of T x {y} of measure < €3/n? is not included in some D; ;. Thus for
any j' # j and ' € J.j, the distance between the measures h.Leb Tx{y} and h.Lebr,,y is at
least:

min (B, B)- (¥ = #{(0.) : C(i.5) = C(7,§)}) -minLeb Dy, Tx {y} ~v2-Leb | Dy}

¢ N 2 e 1 1
s € _ .3 32 € b L3, ) '
z2— 3 N(l E/n?) —v2-/n - (4 1€ /n? —\/2-¢/n)
We assume € > 0 sufficiently small so that
1
4.2 —— e - - > =
(4.2) 1 6 75

Then the distance between the measures h.Leb, () and h.Lebr,(, is at least:

as stated in (b). We recall that

2 22\ V2 _a
M = [(2N)_1/46N/20] _ [(Qn)—l/Qen /10] _ < ) 2502 |

5.1
As e is fixed, when N is large, then 7 is small and so ﬁ > ns/ and 2 L. en 2Te/? > e
Thus:
5:m 1 &2 5-m 4 —2+4¢/2 —24¢
M+1> T-e e T > T.e el > el +1.
This proves the lemma. O

Proof of Lemma 4.5. We consider the space:

Fe={f:{1,...,N} > {0,1}: Zf =Ny

We can associate to each element f € F a coloring of a necklace formed by N/2 pearls. Indeed we
can set that the color i is represented in the necklace iff f(i) = 1. This defines an increasing map:

Cy:{l,...,N/2} = {1,...,N}.
We endow the space F' with the Hamming distance:

Hamm(f, g) := #{i € {1,..., N} f(i) # g(i)} -
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Now chose randomly M elements (f;)i1<j<ar of F, for the equidistributed measure on the finite set
F and we define:

C: (i) €{l,...,N/2} x {1,...,M} = Cp (i) € {1,...,N} .

Let us show that the map C satisfies the statement of the lemma with positive probability.
For every k € {1,..., N}, the probability of the event {f;(k) = 1} is 1/2 for every j. Thus, with
¢ 1= €3/n?, by Bernstein’s inequality the probability of the event {#C~1({k}) < M (1 + €)/2} is

at most:
M€/2
poi=2-exp| ———-1.
2(1+ %)

Thus the probability that Property (1) fails is < N - pg which is small when N is large.

Given j # j', the probability p that #{(i,7) : C(i,j) = C(i',j')} > 3N/8 is equal to #B/#F
where B is a ball of radius N/4 in F. The following bound is obtained by first relaxing the condition
> f(i) = N/2 and then applying Berstein’s inequality:

(4.3) 27N . #B < Prob {(Xn)lgnSN c{o,}V:> X, < 1}}

= Prob {(Xn)lgngN e{-1,1}": + ZXn > %} < exp ( 21 il/Z) > < exp(—5ey) < exp(—3) .

1 1
3°32)

On the other hand, the cardinality of F is (N/2) > (2N)~1/22N (by Stirling formula). Thus:

#]__SF exp(—15) -

The probability to have obtained a map C' which does not satisfy property (2) of the lemma is:

p=

M

2
Sk—1)p < M2 p < 3 ((2N)VEN0) VAN exp(— ) = 4
k=1

Hence the probability that both properties (1) and (2) fail is at most close to 1/2. So there exists
indeed C satisfying both properties. O
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