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ASYMPTOTIC SMOOTHNESS AND UNIVERSALITY
IN BANACH SPACES

BY

R. M. CAUSEY (Middletown, OH) and G. LANCIEN (Besangon)

Abstract. For 1 < p < oo, we study the complexity and the existence of universal
spaces for two classes of separable Banach spaces, denoted A, and N, and related to
asymptotic smoothness in Banach spaces. We show that each of these classes is Borel
in the class of separable Banach spaces. Then we build small families of Banach spaces
that are both injectively and surjectively universal for these classes. Finally, we prove the
optimality of this universality result, by showing in particular that none of these classes
admits a universal space.

1. Introduction. The notion of asymptotic uniform smoothness has
become very important in the recent developments of the linear and non-
linear geometry of Banach spaces. In a recent work |[CL| we have proved that
the class T, N Sep of all separable Banach spaces admitting an equivalent
p-asymptotically uniformly smooth norm is analytic non-Borel in the class
Sep of all separable Banach spaces and that there exists a space U, € T,NSep
such that any space in T, N Sep is both isomorphic to a subspace and to a
quotient of Up,. For a Banach space X, the property T, can be characterized
in terms of some infinite game and in terms of the existence of upper /-
estimates for weakly null trees of infinite height in By, the unit ball of X
(see |[C18b]).

In Section [2, we introduce the properties A, and N,, which are both
slightly weaker than T, (and N, is weaker than A,). We give their defini-
tions in terms of finite two-player games and recall their main characteriza-
tions. First we give their characterizations in terms of upper ¢,-estimates for
weakly null trees of finite height in the unit ball. We also recall their dual
characterizations. For that purpose we need to introduce the so-called Szlenk
derivation in a dual Banach space and the associated notions of g-summable
Szlenk index and convex Szlenk index for a Banach space. The aim of this
paper is to address, for A, and N, the questions solved for T, in [CL].
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2 R. M. CAUSEY AND G. LANCIEN

In Section [3] we introduce the necessary framework, built by B. Bossard
[B02], for conducting a meaningful study of the topological complexity of a
class of separable Banach spaces. Then, we use the dual characterizations of
A, and N, to show the following.

THEOREM A. Let p € (1,00]. The classes Sep N A, and Sep N N, are
Borel.

Next, we start our construction of universal families for Sep N A, and
Sep N N,,. This will take a few steps. In Subsection we build a first fam-
ily of model spaces for A, and N,. If ¢ is the conjugate exponent of p and
6 € (0,1), we denote by 00 the dual of the g-convexification of Ty, the
Tsirelson space of parameter 0, and we show that T*e € A,. We slightly
modify the construction to get a typical N, space U *o. In fact to com-
plete this family, we need to introduce another parameter M, an mﬁnlte
sequence in N, and associated spaces T 0.0.M and Uq, o0 I Subsection
we introduce the key notion of press down norm associated with a Banac
space Z with finite-dimensional decomposition E and a Banach space T with
a l-unconditional basis. The associated Banach space is denoted Z7 (E) and
we show that if T has A, (resp. N,), then Z (E) has A, (resp. N,). Then, in
Subsection we gather technical results about the interaction of gliding
hump arguments and quotient maps.

In Section |5 we take a crucial step, by showing that for any space X in
Sep N A, (resp. in Sep N N,), there exist § € (0,1) and Banach spaces Z,Y
with FDDs F, H, respectively, such that X is isomorphic to a subspace of

T T Ux
Z,""(F), and to a quotient of Y, “’(H) (resp. to a subspace of Z,*’(F), and
U*
to a quotient of Y, “’(H)).
In Section [6] we take the final step of our construction, which is to use
the complementably universal space for Banach spaces with an FDD built

by Schechtman [S75]. We denote by W this universal space and by J its
finite-dimensional decomposition. Then we show:

THEOREM B. Fiz 1 < p < oo and let q be its conjugate exponent. Let X
be a separable Banach space.

(i) X has A, if and only if there exist 6 € (0,1) and an z'nﬁnite sequence M

i N such that X is isomorphic to a subspace of WAq M (1) if and only
if there exist 0 € (0,1) and an infinite sequence M in N such that X is

T,
isomorphic to a quotient of W, "™ (J).
(i) X has Ny, if and only if there exist 0 € (0,1) and an z'*nﬁm'te sequence M

U
in N such that X is isomorphic to a subspace of Wx**" (J) if and only
if there exist 0 € (0,1) and an infinite sequence M in N such that X is

U
isomorphic to a quotient of W, *" (J).
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In the concluding Section [7, we show that this result is optimal. More
precisely, we introduce yet another two-player game to show the following.

THEOREM C. Fiz 1 < p < oo. If U is any Banach space with Ny, then
there exists a Banach space X with A, such that X is not isomorphic to any
subspace of any quotient of U. More precisely, if q is the conjugate exponent
of p, then there exists 0 € (0,1) such that T;,e is not isomorphic to any
subspace of any quotient of U.

2. The properties and their characterizations. All Banach spaces
are over the field K, which is either R or C. We denote by Bx (resp. Sx) the
closed unit ball (resp. sphere) of a Banach space X. By subspace, we shall
always mean a closed subspace. Unless otherwise specified, all spaces are as-
sumed to be infinite-dimensional. For a Banach space X, we denote by Wx
the set of weak-open neighborhoods of 0 in X, by cof(X) the set of closed
finite-codimensional subspaces of X and by Kx the set of norm-compact
subsets of Bx. For XY Banach spaces, a bounded linear map @) : X — Y
is called a quotient map if it is onto and induces an isometry from X /ker(Q)
onto Y. If X and Y are isomorphic Banach spaces, the Banach—Mazur dis-
tance from X to Y is dpm(X,Y) = inf {||T|| |T~!|| : T an isomorphism from
X onto Y}.

Let D be a set. We denote D=" = | JI_; D, D<% = 22, D*, we let D¥ be
the set of all infinite sequences whose members lie in D and DS = D<YUD.
For s,t € D<“ we let s ~ ¢t denote the concatenation of s with t. We let [¢]
denote the length of ¢. For 0 < i < [t|, we let t|; denote the initial segment
of t having length 7, where t|g = ) is the empty sequence. If s € {#} U D<%,
we let s < t denote that s is a proper initial segment of .

We start with the definition of the Szlenk index. For a Banach space X,
K C X* weak*-compact, and € > 0, we let s.(K) denote the set of z* € K
such that for each weak*-neighborhood V' of z*, diam(VNK) > ¢. We define
the transfinite derivations

Se(K) =K, sEH(K) = se(s8(K)),

£

and if £ is a limit ordinal,

SE(K) = () s4(K).
I

For convenience, we let so(K) = K. If there exists an ordinal £ such that

s$(K) = 0, we let Sz(K, ¢) denote the minimum such ordinal, and otherwise

we write Sz(K, ) = co. We let Sz(K) = sup,~qSz(K, ), where Sz(K) = oo
if Sz(K,e) = oo for some £ > 0. We let Sz(X,e) = Sz(Bx~,¢) and Sz(X) =
Sz(Bx+). In this work, we will exclusively be concerned with Banach spaces
X such that Sz(X) < w, where w is the first infinite ordinal. By compactness,
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Sz(X) < w if and only if Sz(X,¢) is a natural number for each ¢ > 0. We
recall that Sz(X) < oo if and only if X is Asplund (see [LO6] and references
therein). One characterization of Asplund spaces is that every separable
subspace has a separable dual.

For 1 < ¢ < oo, we say X has ¢-summable Szlenk index provided there
exists a constant ¢ > 0 such that for any n € N and any ¢1,...,&, > 0 such
that s, ...s.,(Bx+) # 0, Y i el <% In the ¢ = 1 case, we refer to this
as summable Szlenk indexr rather than 1-summable Szlenk index.

We shall also need a somewhat slower derivation and the corresponding
index, called the conver Szlenk indexr Cz(X), introduced in |[GKLOI|, which
is defined identically from the following derivation: for K C X* weak*-
compact, and € > 0, ¢.(K) is the weak*-closed convex hull of s.(K).

We now define the asymptotic smoothness properties that we shall study
by means of two different two-player games on a Banach space X (and their
variants). Fix 1 < p < oo and let ¢ be its conjugate exponent. For n € N, we
denote by £} the space K™ equipped with the p-norm: [|all, = (3251, |ai|P)V/P,
a € K". For ¢ > 0 and n € N, we define the A(c, p,n) game and the N (¢, p,n)
game. In the A(c,p,n) game, Players I and II take turns choosing U; € Wx
and z; € U; N By, respectively, until (z;)_; has been chosen. Player I wins

if
s {3

and Player II wins otherwise. The spatial A(c,p,n) game on X is similar,
except Player I chooses Y; € cof(X) and Player II chooses z; € By,. The
conditions for Player I or Player II winning are the same as in the A(e, p,n)
game. The compact spatial game is also similar, except Player I chooses
Y; € cof(X) and Player II chooses C; € Ky;, where for Y € cof(X), we write
Ky for the set of norm-compact subsets of By . Player I wins if

max{HZ a;T;

and Player II wins otherwise.

The N(c,p,n) game is similar to the A(c,p,n) game. Only the winning
condition is modified. Player T wins if || Y7, #;]| < en'/?, and Player IT wins
otherwise. The modifications needed to define the spatial N(c,p,n) and the
compact spatial N(c,p,n) game are identical to those for the A(c, p,n) games.

Let us now specify what we mean by strategies in these games. We define
only the notions of strategies and winning strategies for Player I. For a
Banach space X and n € N, an n-strategy is a function x : BY" — Wx.
A spatial n-strategy is a function x : BY" — cof(X). A compact spatial
n-strategy is a function x : K5" — cof(X). If x is an n-strategy, then we

a/Z'L 1€BZ"}§Ca

(ai)i 1 € B, ()i 1€HC}<C
=1
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say (x;)., C Bx is x-admissible if z; € X((xz), 1) forall 1 < j < n.
The notion of y-admissibility for a spatial n-strategy is defined similarly.
If x is a compact spatial n-strategy, we say (C;), € K% is x-admissible
it C; C x((C)IZ ) for all 1 < 7 < n. For any type of strategy in any of
the games deﬁned above, we say the strategy is a winning strategy if any
sequence admissible with respect to it satisfies the winning condition of the
game for Player I.

It is known (see [C18b, Section 3] that each of these games is determined.
That is, in each game, either Player I or Player II has a winning strategy.
We let aj, ,,(X) denote the infimum of ¢ > 0 such that Player I has a winning
strategy in the A(c,p,n) game, and we let a,(X) = sup,, ap»(X). We note
that a,(X) is the infimum of ¢ > 0 such that for each n € N, Player I has
a winning strategy in the A(c,p,n) game if such a c exists, and a,(X) = oo
otherwise. We let ny,,,(X) denote the infimum of ¢ > 0 such that Player I
has a winning strategy in the N(c,p,n) game, and n,(X) = sup,, np »(X).

We shall also use the following infinite game. First, denote by cog the
space of all finitely supported scalar sequences. Then, for two sequences
(en)oy, (fn)o2 1 in (possibly different) Banach spaces and for ¢ > 0, we
write (ep)02 Se (fn)o2 provided that

V(an)ol; € coo HZ Gneén
n=1

<3 e
n=1

For a Banach space T with basis (e;)?°, and ¢ > 0, we define the spatial
(T,c) game on X. Players I and II take turns choosing Y; € cof(X) and
x; € By, respectively. Player I wins if (2;)72, Sc (e)52,, and Player II wins
otherwise. The notions of w-strategies, admissibility and w-winning strategies
are defined identically.

DEFINITION 2.1. Let p € (1,00]. We define A, to be the class of all
Banach spaces X such that a,(X) < oo, and Ny, to be the class of all Banach
spaces X such that n,(X) < oo.

The following proposition relies on routine approximation arguments.
PROPOSITION 2.2. Fiz 1 < p < oo and let X be a Banach space.

(i) X has Ay if and only if there exists ¢ > 0 such that for alln € N, Player I
has a winning strategy in the spatial A(c,p,n) game if and only if there
exists ¢ > 0 such that for alln € N, Player I has a winning strategy in
the compact spatial A(c,p,n) game.

(ii) X has Ny, if and only if there exists ¢ > 0 such that for all n € N,
Player I has a winning strategy in the spatial N(c,p,n) game if and only
if there exists ¢ > 0 such that for all n € N, Player I has a winning
strategy in the compact spatial N(c,p,n) game.
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We now recall the main characterizations of these classes. We refer to
[CFL] for an overview of these properties and complete references. The re-
sults stated here come from [CI8a| and [C21]. To give these characteriza-
tions, we need more notation. Given D a weak neighborhood base of 0 in X
and (z¢)iep<e C X, we say (2¢)iep<w is weakly null provided that for each
t € {0} U DY, (x4 ))vep is a weakly null net. Here D is directed by
reverse inclusion.

THEOREM 2.3 (|[C18a]). Fiz 1 < p < oo and let q be conjugate to p. Let
X be a Banach space. The following are equivalent:

(i) X €A,

(ii) There exists a constant ¢ > 0 such that for any weak neighborhood base
D at0in X, anyn € N, and any weakly null collection (xt),cp<n C Bx,
there exists t € D™ such that || 31| azxy, || < cllall, for all a € K™.

(iii) X has g-summable Szlenk index.

THEOREM 2.4 (|C21]). Fiz 1 < p < 0o and let q be conjugate to p. Let

X be a Banach space. The following are equivalent:

(i) X €N,.

(ii) There exists a constant ¢ > 0 such that for any n € N and any
weakly null collection (x4),cp<n in Bx, there exists t € D™ such that
|30 || < ent/e.

(iii) There exists a constant K > 0 such that

Vee (0,1) Cz(X,e) < Ke 4

Denote by D; the class of all Banach spaces with Szlenk index at most w
and by T, the “infinite game version” of A, (see [CFL] for the precise defini-
tion). We recall the following inclusions.

THEOREM 2.5.

(1) Dy = U1<p§oo Tp = U1<p§oo AP = U1<p§oo NP‘
(ii) For1 <p<oo, T, CA, CN,.
(iii) Too € Aso = Neo.

3. Descriptive set theory and asymptotic smoothness

3.1. Background. We recall the setting introduced by B. Bossard [B02]
in order to apply the tools from descriptive set theory to the class Sep of
separable Banach spaces.

A Polish space (resp. topology) is a separable completely metrizable space
(resp. topology). A set X equipped with a o-algebra is called a standard Borel
space if the o-algebra is generated by a Polish topology on X. A subset of
such a standard Borel space X is called Borel if it is an element of the
o-algebra, and it is called analytic (or a 1 set) if there exists a standard
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Borel space Y and a Borel subset B of X x Y such that A is the projection
of B on the first coordinate. The complement of an analytic set is called a
coanalytic set (or a IT] set). A subset A of standard Borel space X is called
Yi-hard if for every i subset B of a standard Borel space Y, there exists
a Borel map f : Y — X such that f~!(A) = B, and it is called ¥1-complete
if it is both 31 and X}-hard.

Let X be a Polish space. The set F(X) of all closed subsets of X can be
equipped with its Effros—Borel structure, defined as the o-algebra generated
by the sets {F' € F(X) : FNU # (0}, where U varies over the open subsets
of X. Equipped with this o-algebra, F(X) is a standard Borel space.

Following Bossard, we now introduce the fundamental coding of separ-
able Banach spaces. It is well known that C(A), the space of scalar valued
continuous functions on the Cantor space A = {0, 1}, equipped with the
sup-norm, contains an isometric linear copy of every separable Banach space.
We equip F(C(A)) with its corresponding Effros-Borel structure and we
denote

SB = {F € F(C(AQ)) : F is a linear subspace of C(A)},

considered as a subspace of F(C(A)). Then SB is a Borel subset of F(C(A))
[BO2, Proposition 2.2] and therefore a standard Borel space, which we call
the standard Borel space of separable Banach spaces.

Let now ~ denote the isomorphism equivalence relation on SB. The fun-
damental coding of separable Banach spaces is the quotient map ¢ : SB —
SB/~. We can now give the following definition.

DEFINITION 3.1. A family G C SB/~ is Borel (resp. analytic, coanalytic)
if c71(G) is Borel (resp. analytic, coanalytic) in SB.

This will allow us to describe the complexity of classes of separable Ba-
nach spaces that are stable under linear isomorphisms, such as T,, A, and N,
It will sometimes be convenient to use another coding of separable Banach
spaces, by using the fact that any separable Banach space is a quotient of /1.
For a sequence T = (z,,)02, € ¢4, define ¢4(7) = (¢1/Span(x)) (where (E)
denotes the equivalence class of a separable Banach space in SB/~). The
following is taken from [B02, Proposition 2.8].

PROPOSITION 3.2. A family G C SB/ ~ is Borel (resp. analytic, coana-
lytic) if and only if cgl(G) is Borel (resp. analytic, coanalytic) in 5.

Let K be the closed unit ball of ¢ equipped with the weak*-topology
induced by ¢;. Then K is a metrizable compact space. We denote by F(K)
the set of closed subsets of K. The Vietoris topology on F(K) is the topology
generated by the sets of the form {F € F(K) : F' C O} and {F € F(K) :
FNO # (0}, for O an open subset of K. It is a Polish topology as it is compact
and metrizable. Then the Borel g-algebra associated with this topology is
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generated by the sets {F € F(K): FNO # 0}, for O an open subset of K.
It can also be described as the o-algebra generated by {F' € F(K) : F' C O},
for O an open subset of K. We shall also use the following [B02, Lemma 4.14].

PROPOSITION 3.3. Define k : t¢ — F(K) so that, for T € £y, k(T) is
the closed unit ball of the orthogonal of the linear span of T in £1. Then k is
Borel.

3.2. The classes Sep N A, and Sep N N, are Borel. For ¢ > 0, we
consider the following derivations on F(K). For F' € F(K),

(i) se(F)=F\|U{V : V a weak*-open set such that diam(SNF) <¢e},

(ii) co(F) is the weak*-closed convex hull of s.(F'),

(i) ke(F) = F\ U{S : S a weak™-open half-space with a(S N F) < e},
where a(A) is the Kuratowski index of A C K defined by

a(A) =sup{6 > 0:Vn € N 3af,... x5 € A ||z} —z}|| > ¢ for i # j}.

v

Associated with the derivations s., ¢. and k. we define Sz(F'), the Szlenk
index of F, Cz(F'), the convex Szlenk index of F' and Kz(F'). We recall the

following estimates from [HLO7].

PROPOSITION 3.4. For any weak*-closed convexr subset F of K and any
e > 0 we have

C4€<F) C kQE(F) C CE(F).

For the derivation s., the following statement is due to B. Bossard. Its
proof can be found in his PhD thesis [B94], but unfortunately not in his
paper [B02|. We detail here an adaptation of this proof for the derivation k..

PROPOSITION 3.5. Let € > 0. Then the maps s. : F(K) — F(K) and
ke : F(K) — F(K) are Borel.

Proof. First we fix a dense sequence (z,,)72; in ¢ and a dense sequence
(r1)72; in R and we denote by S the countable set of weak*-open slices of
the form {Rex, > ri} or {Rex, < r,}. We also fix a countable base V
of open sets for the topology of K. For z* € K, we denote by S(z*) the
set of elements of S containing z* and by V(z*) the set of elements of V
containing x*.

Fix now an open subset O of K. We need to show that the set H(O) =
{F € F(K) : k.(F) C O} is Borel. First note that an easy approximation
argument implies that

H(O) = {F € F(K):Vz* € F\ O 35 € S(z*) a(SN F) < £}.
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Then, using weak*-compactness, we deduce that

HO)= [{Fef(K) FC (U s) uo}
I€eP:(S) Sel
N({F € F(K):a(SNF) < s}},
Sel

where Py(S) denotes the set of finite subsets of S. This set being countable
and the sets {F € F(K) : F C (Uge;S) U O} being open, we only need to
show the following lemma.

LEMMA 3.6. Forall S € S ande > 0, the set {F € F(K): a(SNF) <&}
is Borel.

Fix S € § and € > 0. Noting that (S N F) > ¢ if and only if there
exists > € such that for all n € N, there exist z7,..., 2} in SN F such that

rr'n

|27 — a}|| > & for all i # j, we only need to show that for all n € N, the set

Ap={F € F(K):31,...,2, € SNF ||z] —x}| > ¢ for all i # j}
is Borel.

It is easy to see that if ||z} — 27| > § for all i # j, then there exist
Vi,...,V, such that for all i < n, V; € V(zf) and for all i # j and all
(z*,y*) € Vi x Vj, ||a* — y*|| > . Set

Wh={(Vi x---xV,)eV":

V(@l,...,zp) € (Vi x - x Vy) Vi # j [y} —yjll > o}

Then we can write

A, = U ({F e F(K): FNV;in s #0}.
ViX- XV eEWp i=1

This shows that A, is open in F(K) and finishes the proof. m
We can now prove our regularity result for the classes A, and N,,.

THEOREM 3.7. Let p € (1,00]. The classes Sep N A, and Sep N N,, are
Borel.

Proof. Tt follows from Proposition that for fixed e1,...,&, > 0, the
set

{FeF(K):se...5,(F)#0}

is Borel. Let ¢ be the conjugate exponent of p. We know that F' has ¢-
summable Szlenk index if and only if

Fel)J () {GeF(E):s,...5,(G)=0}

S D e
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Of course this union and this intersection can be taken countable, so that
the condition “having a g-summable Szlenk index” is Borel. We can now
apply Propositions and to deduce that the class of separable Banach
spaces with g-summable Szlenk index is Borel. Finally, we use the fact that
spaces in A, are exactly those with g-summable Szlenk index (Theorem [2.3)
to conclude that the class Sep N A, is Borel.

Similarly, we deduce from Proposition that the set of all F' € F(K)
such that there exists C' > 1 with Kz(F,e) < Ce™P for all € € (0,1) is a
Borel subset of F(K). We recall (Theorem[2.4)) that a Banach space is in N,,
if and and only if its convex Szlenk index is of power type p. So we conclude,
applying Propositions that the class Sep N N,, is Borel. =

4. First tools

4.1. Model spaces. In this subsection, we introduce the fundamental
spaces that we will use to build our universal families for A, N Sep and
N, N Sep.

For subsets F, G of N, we write F' < G to mean that either F = 0, G = 0,
or maxF < minG. For n € N and F' C N, we write n < I’ to mean that
F # ) and n <min F. For f € cqg, we let

supp(f) = {i € N: f(e;) # 0}.
For f,g € cpo, we write f < g to mean that supp(f) < supp(g). For n € N
and f € cgo, we write n < f to mean that n < supp(f).

Before introducing our spaces, we need to recall the construction of the
q-convezification X9 of a Banach space X. First, if X is a Banach space with
Schauder basis (€;)72; and C > 1, then (e;)72, is said to be C'-unconditional
if for all (a;)72; € coo and all (g5)32; € {-1, 1N

o0 o0
aa-e-H SCH a-e-H .
HZ 7936 5 E i€ ||

J=1 J=1

Let now ¢ € [1,00) and X be a Banach space with a normalized 1-uncondi-
tional basis (e;)72;. We set

o
X1 = {3: = (z;)52; € KN : 29 = Z |z|%; € X}
j=1

and endow it with the norm ||z| xe = quH;{/q. We also let (e;)72; be the
sequence of coordinate vectors in X7. It is clear that (e;)72; is a normalized
1-unconditional basis of X¢ and that X! is isometric to X. Also, the triangle
inequality implies that X? is g-convex with constant 1, meaning that for any
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T1,... a0 € X9 (wWe write zy, = (w5,7)52, for 1 <k < n), we have
oo
| Yol + 4 gl oes|| < Uailla + -+ lanll ).
j=1

Note that that if x1,...,z, € X9 have disjoint supports with respect to
(ej);?ilv then (z1 +--- +2,)! = x'f + -+ 2) and

lz1 + -+ 2l ko < llzallia + - + llzalfa-

We now proceed with the construction of our model spaces, starting with
those for property A,. Fix p € (1,00] and let ¢ be its conjugate exponent.
Fix also 6 € (0,1). We recall that the Tsirelson space Tyq is the completion
of ¢gp under the implicitly defined norm

n
Izllz,, = maX{Hcho,Gq sup {Z izl cn €N, n < <-ov < In}}
i=1
This norm is built as the limit of the following inductively defined sequence
of norms: ||z||p = ||z||e and, for I € N,

n
ol = meox {1,607 sup { il 1 :n €Nm < Iy <o < L }.
i=1
We refer the reader to the book by Casazza and Shura [CS89| for all the
necessary background on Tsirelson spaces. We recall that the canonical basis
of Tpe is 1-unconditional and we let T, ¢ be the g-convexification of Tpa.
It follows from our preceding remarks that the canonical basis of Tj g is
shrinking. It is also known that Tyq is reflexive, from which we deduce that
its canonical basis is boundedly complete and therefore, so is the canonical
basis of Tj, ¢. In particular, T ¢ is reflexive.
It will be convenient for us to describe T}, g through a norming subset of

its dual. So denote by (e})5°; the dual basis of the canonical basis of ¢y and
define

Ko={Xej i e N, A <1},
Kl :Kl,lu
{03 afiineNn<fi< < fo fic K, i 20, (@) € By |,
=1

and K = J;2, K.
When necessary, we will write Kf in place of Kj.

PROPOSITION 4.1. For all x € coo, |z]|1,, = supsek |f(2)|. Moreover,
the closed unit ball of Ty is ©0(K), the closed convex hull of K.
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Proof. An easy induction shows that for all € ¢gg and all I € {0} UN,
we have [|29||; = sup e, | f(2)]?. We deduce immediately the first statement.
The second assertion then follows from the reflexivity of 7}, . m

PROPOSITION 4.2. Let f1,..., [y € BTq*e be such thatn < f1 < -+ < fn.
Then

n
V¥(bi)iy € By 0 bifi € Br,.
i=1

Proof. Since K is closed under interval projections, for positive integers
[ <m,

{f € Bry, : supp(f) C [I,m]} =co{g € K : supp(g) C [I,m]}.

Let now n < I} < --- < I, be intervals such that supp(f;) C I;. It is clear
from the definition of K that for gi,..., g, with g; € K Nspan{e; : j € I},
0> bigi € K. It then follows that 0 " | b; f; € co(K) = BTq*e' "

We now turn to our model spaces for property N, and modify the con-
struction of the above norming subset. We let U, ¢ be the completion of cgg
with respect to the norm ||z[|y, , = supsep | f(z)], where

Lo={AefrieN, |\ <1},

9 n
Ly=1Li1 U {I/ZaifzineN 2<n<fi <o <fn, fi€ L1, fl#o},
i

and L = [JZ, Li. We also note that the norm || - ||y, , can be defined on cg
by
Il = lim el
where |$|Uq7970 = ||z||¢, and
’x‘Uq,Qvl =
n
max { [zl 01,500 {07 Ly, a1 2<m < I< e < o) ).

i=1
With a similar argument we obtain

PROPOSITION 4.3. Let f1,..., fn € BUq*‘9 withn < fi <--- < fn. Then

n
Hn’l/pii € BU;o'
1=1

We shall need one last generalization of the above families. For that
purpose, fix also M = (m,)52; € [N]* (the set of increasing sequences
in N). We define the spaces Thsq9 and Uprqp to be the completions of
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coo with respect to the norms ||z||7,, ., = supsek,, [f(2)| and ||Jully,, ., =
Sup e, |f(2)], where

K07M = {/\ef 11 €N, ’)\’ < 1},
Kiv=Ki—1,mU

{QZaifiin€N, my < fi <o <fn, fi € Kicim, 1 #0, (ai)is GBZ;},
i=1

and KM = U?io Kl,M7 and

LO,M = {)\6: 11 €N, ’A‘ < 1},
Livi=Li—1mVU

9 n
{nl/pZaifi:neN,an, My < f1 < - < fo, fi € Li_ia, f17é0},
i=1

and Ly = |J;2o Li,m. Of course, Ty g = Tivq0 and Uy g = Un q,0-
Then we have the following straightforward generalization of the previous
propositions.

PROPOSITION 4.4. Let f1,...,fn € BT?(MG with my, < f1 < -+ < fa.
Then h

M,q,0"

V(bi)iz1 € Bep ezbifi € Br;
i=1

Letfl,---,fneBUj’\‘/fqg with my, < f1 < -+ < fn. Then

We are now ready to relate these families to properties A, and N,,.

PROPOSITION 4.5. Fiz 1 < p < oo and let g be its conjugate exponent.
For any 6 € (0,1) and M € [N|“, T}, o has A, and Uy o has Ny.

Proof. For ¢ > 67!, let us quickly describe the winning strategy for
Player I in the spatial A(c,p,n) game in T]T/[,q,e' Player I chooses Y7 =
{z € T3, : mn < supp(z)}. Then, after each choice of z; by Player II,
Player I picks Yi11 = {2 € T} ¢ kiy1 < supp(z)} for some ki1 > k; so
that there exist small enough perturbations yi,...,y, of x1,...,x, satisfy-
ing m, <y < --- <y, to ensure, thanks to the previous proposition, that
for all (a;);_; € Bun,

n
|3
=1

<e.

n
< 67P and H Zaiazi
=1

p p
* *
TJ\/I,q,G T]\/],q,G
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To address property Ny, in Uy, .00 We similarly use the fact that forn € N
and my, < f1 <--- < f, with f; € BUqu .+ the element Ol /P | fiisin

BU]T/I,q,G . n

The next result goes somewhat in the other direction: any A, (resp. N,)
space has a Ty, (resp. Uy ) like behavior.

THEOREM 4.6. Let X be a Banach space and p € (1,00]. Let q be the
conjugate exponent of p.

(i) If X has A, then there exists 6y € (0,1) such that for all 8 € (0, 6]
Player I has a winning strategy in the spatial (T;Q, ) game in X.

(ii) If X has N,, then there exists 8y € (0,1) such that for all 8 € (0, 6]
Player I has a winning strategy in the spatial (Uq7 1) game in X.

Proof. (i) There exists a constant ¢ > 1 such that for all n € N, Player I
has a winning strategy ¥, in the compact spatial A(c p,n) game. We define a
winning spatial w strategy x for Player I in the (T JPE 1) game, for 0 € (0,1/c].

Let x(0) = x1(). Assume that for some [ € N, x((z;)%_;) has been
defined for all (z;)¥_; € B§'. Fix (v;)!_, € Bx'. Define

I+1

X((zi)iey) (ﬂx;®>

I+1 j-1

N (ﬂ ﬂ ﬂ x; ((Bx Nspan {zy, : m € IZ})f:1)>

J=lk=11<---<Iy, IiC[17l]

This completes the recursive construction. We now fix (x;)72; x-admis-
sible. Assume now that 2 < n € Nand n < I; < --- < I, and denote
C; = Bx Nspan{zy, : m € I;}. We claim that (C;)"_; is x,-admissible.
Indeed, for any 1 < j < n and any m € I;, we have m > n, which implies
that

n—1
T € ﬂ ﬂ Xn((Bx Nspan {zy, : m € Ji})le).
k=1 J1<~~~<Jk,lic[1,m—1]
In particular, z,, € xn(C1,...,Cj—1), which proves our claim. Since x;, is
a winning strategy for Player I in the compact spatial A(c,p,n) game, we
obtain

n n
V(ui)?zl (S H CZ V(ai)?zl S ng QZazul S Bx.
i=1 i=1
For a = (@)%, € coo, we now define A(> 2, aef) = > 77 a;x;, where
(ef)s°, is the canonical basis of T, y- It remains to show that A maps
BT* N coo into Bx. We adopt the notation used in the construction of T,
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for the sets K = Ul ~o K and recall that BT* is the closed convex hull of K.
Therefore, it is sufficient to show that A(K ) C Bx. For this we prove by
induction on ! that A(K;) C Bx. The base case follows from the fact that
any admissible sequence must lie in Bx. Assume the result has been proved
forl >0, and let f € K;\ K;_1. Then thereexist n >2,n < f1 < --- < f,, €
Ki_; and (a;), € Byn such that f =0 > a;fi. By induction hypothesis,
we have u; = A(f;) € Bx. Note also that 2 <n <wuj < --- < uy,. The above
discussion then implies that Af =03 " | a;u; € Bx.
The proof of (ii) is an inessential modification of the proof of (i). =

Let T be a Banach space with basis (e)22; and C > 1. We recall that
(en)p2; is C-right dominant if for all (ar)}_, € K", i1 < --- < i, and
g1 < -+ < gp with i < jg for all 1 < k < n, we have

aRe; < CH ape;
k=1 k=1

The definition of a C-left dominant basis is obtained by exchanging the
places of ix’s and ji’s in the above inequality.

We will need the following lemma on interlaced subsequences of the
canonical basis (ep)>2; of our model spaces.

LEMMA 4.7. Let p € (1,00], q be its conjugate exponent and 6 € (0,1). Let
(ki)2q, (1i)324 be sequences of integers such that1 <k <1y < kg <ly < ---
Then, for all (a;)2, € coo,

HZZ 1% <3HZZ 1%
11 H Zz:l a; — H Zz:l a;

Proof. (i) ThlS follows from the fact that T, is the g-convexification
of Tyq, 1-right dominance of the canonical basis of Ty, and the fact that for
any 1 <njp <ng < -+, (€ny)21 Se (€n,)52, in Tha (see [CS89, Proposition
1.12]).

(ii) We prove by induction on r that for any (a;)$2; € coo,

[o.¢] o
a;ej, < ‘ E a~ek.‘
‘Z v 0/2,r ‘ v 0,r
=1 =1

The r = 0 case is trivial. Assume the result holds for some r and fix (a;)$2,
in coo. Let x = Y272 aje, and y = Y772 azer,. If [z]g /0,41 = |2[g/2,, then

Ugo’

1Zl0/2,04+1 = 1%lo/20 < Ylor < [Ylori1-
Assume |7g/9,41 > |2]g/2,,- Then for some 2 <n < Iy <--- < Iy,

9 n
|zlg/2,r41 = onilp Z [ Liz]6/2,-
i1
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Note that for each 1 < i < n, Lix # 0. Indeed, note first that I;x must
be non-zero for at least two values of i, since otherwise |z]g/2,41 = |Z]o/2,-

Now, if I x = 0 for some %, then we could omit all such i’s and replace 27;? 5

with o 1/p, where m = |{i : Lx # 0} € (1,n), which would lead to the
following contradiction:

0 0 "
|zl /2,041 > /P Z [izlg o, > onl/p Z [Lizlg 2 = |%lg/2,041-
i: I;z#0 i=1
So{jeN:ljel}+#0and we can set t = min{j € N:l; € I;}. Define
g JUeN:Lely, 1<i<n,
{jGNIleIl}\{t}, ’izl,

{jGN:kje_hL 1=1,

and let Ji,...,J, be the smallest intervals such that {k; : j € H;} C J,.
Note that n < J; < --- < J,. By the properties of (k;)2, ({;)32,, we have

[ 9 (-
\33|9/2,r = nl/p Z; ’Iix\e/zr < mmt’ |€lt|9/2,r+m Z;‘ ZG: ajei;
1= 1=1 jei;

1 [oe)
2 ;aiek 2n1/p Z’ Z 45 k; o.r

i= 1]6H

o)
= z; a;€g, 2n1/p Z ek
i=

1 o0
<z E ek |  + *‘ E €k, < ’ § Q;€g;
214 0,0 214 0,7+1 : 0
i=1 =1 i=1

REMARK 4.8. If k1 <y <ko <lo<---,thenalsol] < ko <lyg<kz<---,
ko <lg9 < k3 <l3 < ---, etc. From this it follows that for m =0,1,2,...,

'_{UEN:QGQL 1<i<n,

0/2,r

(by inductive hypothesis)

IN
\

= |y‘9,r+1' u

Tq,9 2 (elm+i)’?il 532’”+1 (eki)zgil CT .05

Uy o-eming D (Clyi)ic S (er;)i21 CUgap

4.2. The spaces Z! (E) and ZI(E). We recall that a finite-dimensional
decomposition for a Banach space Z is a sequence E = (E,)0% of finite-
dimensional, non-zero subspaces of Z such that for any z € Z, there exists
a unique sequence (z,)>2; € [[2 | Ey such that z = ° | z,. We then let
PE denote the canonical projections PE(z) = z,, where z = 320 z, and
(2n)22 1 E [12%, E,. For a finite or cofinite subset I of N, we let PE = IF =
Yomer B n When no confusion can arise, we omit the superscript and simply
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denote I by I. It follows from the principle of uniform boundedness that
sup {||I8| : I € N is an interval} is finite. We refer to this quantity as the
projection constant of E in Z. If the projection constant of E in Z is 1, we say
E is bimonotone. It is well known that if E is an FDD for Z, then there exists
an equivalent norm | | on Z such that E is a bimonotone FDD of (Z,| |).
We denote by cpo(E) the space of finite linear combinations of elements in
By, B, .. ..

A sequence F = (F},)>2 is called a blocking of the FDD E of Z if there

n=1
exists an increasing sequence 1 = mg < my < --- such that for all n € N,
n—1
F, = @?imnil E;.

We also need to recall some basics on dual FDDs. If Z is a Banach space
with FDD E = (E,)S°,, we let E* denote the sequence (E})S ;. Here, E}
is identified with the sequence ((PE)*(Z*))22,. This identification need not
be isometric if E is not bimonotone in Z. We let Z*) = ¢yo(E¥) € Z*. The
FDD E is said to be shrinking if Z*) = Z*, which occurs if and only if any
bounded block sequence with respect to E is weakly null. The FDD E is said
to be boundedly complete if E* is a shrinking FDD of AS (in that case Z is
canonically isomorphic to (Z(*))*).

Given a Banach space Z with FDD E and a Banach space T" with nor-
malized 1-unconditional basis, we define two associated spaces, Z! (E) and
ZT(E). Each will be the completion of coo(E) with respect to the quantities
| Il || - |lv defined below.

For z € cpo(E), we define

o0
[2]lv = SUP{HZ 115 2] zemin 1,
i=1

L <Ilp<---,I;an interval}.
T

We call this norm the lift up norm associated with Z, E and T
We also define

(el = inf {|| 3 152l zewsaz,
=1

pn<tc =)

n n

2lln = inf { > [z0n s n € N, 2 € con(E), 2 = 3 2}
i=1 i=1
We call || - ||» the press down norm associated with Z, E and T'.

It is easily checked that E is an FDD for Z} (E) and Zl'(E). The following
classical convexity lemma will be useful.

LEMMA 4.9. Assume moreover that E is a bimonotone FDD of Z. Let
I < -+ < I, be intervals of N and z1,...,z, € coo(E) with supp(z;) C I;.
Then

214+ 2n €C0{y1 + -+ yn s supp(yi) C Ly [yila < |zilla}-
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The duality between press down and lift up norms is described by the
following proposition (see [CN19, Proposition 2.1]).

PROPOSITION 4.10. Let Z be a Banach space with bimonotone FDD E
and let T' be a Banach space with normalized 1-unconditional basis.

(i) (ZL(E)® = (26N (E).
(it) (ZT(E)™ = (20)T(E").

It is known that if the basis of T is shrinking, then the FDD E of ZZ (E)
is shrinking. In item (iii) of the next proposition, we include a separate proof
which is illustrative in the case that 7" has N,,.

PROPOSITION 4.11. Fiz 1 < p < oo and let T be a Banach space with
normalized 1-unconditional, shrinking basis. Let Z be a Banach space with

FDD E.

(i) If T has A,, then so does ZI (E).
(ii) If T has Ny, then so does Z¥ (E).
(iii) If T has Ny, then E is shrinking in Z} (E).

Proof. Let us explain the argument for (i). First, we assume, as we may
after renorming, that the FDD E of Z is monotone. Since T" has A, there
exists ¢ > 0 such that for all n € N, Player I has a winning strategy in the
spatial A(c,p,n) game on T Let us now fix n € N. Let x : B5™ — cof(T) be
a winning spatial strategy for Player I. Since the basis (e;) of T is shrinking,
we may assume, by another approximation argument, that x takes values in
{T}, : n € N}, where T;, denotes the closed linear span of {e : k > n}. We
may also assume that whenever uq, ..., u, € coo are such that (uy,...,u,) is
x-admissible, we have u; < - -+ < u,. We now try to define a winning strategy
for Player I in the A(c,p,n) game on Z! (E). For that purpose we denote
by Z, the closed linear span of (J,,, Fy in Z} (E). Again by approximation
and replacing ¢ by ¢ > ¢, it is enough to define 1) on (BZcAr(E) N coo(E)<™.
Then everything is in place to support our next claim. We can build ¢
with the property that if z1,...,2, € coo(E) are such that (z1,...,2y) is

1-admissible, then z; < --- < 2z, and for each 1 < ¢ < n, there exist
intervals I; 1 < --- < I; j, covering the support of z; so that [z;]x = ||us||7,
where u; = ;’:1 ||I]Ezl-||zemin1i7]. and (v1,...,v,) is x-admissible, where

V; = ’LLZ(”UZHT)_l Then

n n n
p p
‘ E a;zi|| < [E aizz} < E ;g
AN A
i=1 i=1 i=1

The second inequality is due to the fact that (I;;); ;) is an interval cov-
ering of the support of Y ", a;z and the last inequality comes from the
x-admissibility of (v1,...,vy,). Then the conclusion follows from Lemma

n

p

2S¢ E 1 |aglP[zi]R
1=
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The proof of (ii) is similar.

We prove (iii). Assume 7" and therefore Z! (E) have N,. Then Z} (E) has
T, for 1 < s < p. It follows that any bounded block sequence (z; )y in Z% (E)
admits a subsequence which is dominated by the ¢, basis, where r is the
conjugate exponent of s. We then easily deduce that (zj) is weakly null,
which shows that E is a shrinking FDD of Z7 (E). =

As a direct consequence of the previous corollary and Proposition [£.5] we
get

COROLLARY 4.12. Let p € (1,00|, q be the conjugate exponent of p,
6 € (0,1) and M € [N|¥. Then, for any Banach space Z with FDD E,

ZyM (E) has A, and Zn*"™ (E) has N,.

4.3. Gliding hump and quotient maps. In this subsection we gather
a few general results on quotient maps with an application to the general
(T, c) games.

PROPOSITION 4.13. Let X be a Banach space and Z be a Banach space
with shrinking FDD E and let Q : Z — X be a quotient map. For simplicity,
we will identify in our notation X* with its image in Z* by the isometry Q*.
Then, for any finite-codimensional subspace Y of X, any 6 € (0,1/20), and
any j € N, there exists | € (j,00) such that for any interval I C [l,00) and
any x* € Sx« such that ||z* — PE x*|| < 6, there exvists = € By such that
Qz €Y and Rex*(Qz) > 1/3.

Proof. 1f the result were not true, then for some j € N and every [ > j,
there would exist an interval I; C [I, 00) and =} € Sx+ such that Hx;‘—PE*:cfH
< § and for each z € By N Q71 (Y), |2}(Qz)| < 1/3. For each | > j, we can
choose z; € (1 — §)Bx such that Rexj(x;) > 1 — 26. Since Y is finite-
codimensional in X, by passing to a subsequence and relabeling we can
assume, using compactness in a finite-dimensional complement of Y, that
for all 11,1y > j, 1, — z;, € 6Bx + 2By

Fix any l; > j and 2z; € Bz such that Qz; = z;,. Note that since E is
shrinking,

tim sup |27 (a1,)] = limsup |27 (Q=1)
l l
< limsup ||z} — PE*:U;kH + lim sup |P5*m7(21)| <.
l l

Therefore for sufficiently large lo > Iy, |z, (21,)] < 26. Let y = (21, —21,)/2 €
$Bx + By and fix u € §Bx and v € By such that y —u € By and Qu = w.
Fix zo € By such that Qzs = z;, and let

22 — 21

2

20 = —U€(1+5)Bz.
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Note that Qzp =y —u € By and

1 1

Reaf,(Q0) 2 5 Reaf, (s1,) — 3lof, (a1,)| — |2, (v)
1-2 1
> 6—5—627—3(5.
2 2
Finally, for z = 1+6 € Bz, we have Rz €Y and
$-30 _3—2 1

This contradiction finishes the proof. =

LEMMA 4.14. Let M be a metric space and let f : M — M be a function.
Suppose that G C M is such that f(G) C K for some compact subset K
of M. Then for any § > 0, the set {x € G : dp(z, f(x)) < 0} admits a finite
49-net whenever it is non-empty.

Proof. Assume H = {x € G : dy(z, f(z)) < §} # 0. Fix a finite d-net
F of K. Define n : H — F by letting n(z) be such that dy(f(z),n(x)) < 9.
Let v : n(H) — H be such that for each y € n(H), v(y) € n~'({y}). Note
that v(n(H)) C H is finite. We show that v(n(H)) is a 46-net for H. Fix
x € H and let y =n(z) e n(H) and z = v(y) € v(n(H)). Then

dy (2, 2) < dur(w, f(2)) + du(f(2),9) + du(y, f(2)) + du(f(2), 2)
= du(z, f(2)) + du (f (), n(x) + dar(n(2), £(2)) + du(f(2), 2)

<4). =
For the next two results, we adopt some convenient notation. For positive
integers 1 < 7 < rg < --- and any (z;)2,, we let (z;,7;)°, denote the

sequence (u;)72; such that

Wi — Liy ] =T,
j = .
0, jGN\{Tl,TQ,...}.
That is, (x;, ;)2 is the sequence which has x; in position 71, z2 in position
r9, ..., and all other positions are occupied by 0. We make a similar definition
for finite sequences (z;, ;)] ;.

PROPOSITION 4.15. Let X be a Banach space, let Z be a Banach space
with shrinking FDD E, and let Q : Z — X be a quotient map. Let x be a
spatial w-strategy on X. For any strictly decreasing null sequence (8;)5°, C
(0,1/20), there exists a blocking F of E such that the following holds: For any
integers 1 < ry < 1o < oy any intervals I; C (ri,7i11), and any (x})52, C
Sx+ such that ||z} — xf|| < 0; for all i € N, there exist (y;)72, C Sx=
and ()52, C Bz such that

(1) (Qzi, )2, is x-admissible,
(i) [laf — g7 < 46; for alli € N,
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(i) Rey/(Qz;) > 1/3 for alli e N,
(iv) Y5 (Q25)| < 20maxgijy for all i, j € N with i # j.

Before the proof, we introduce some notation. For sets 4,7 and a subset
B of A<% which is closed under taking non-empty initial segments, we say
a function X : B — 1"<% is monotone if whenever o is a non-empty initial
segment of 7 € B, then ¥ (o) is an initial segment of ¥(7). If ¥ : B — 1T"<¥ is
monotone and length-preserving, then if X'((A\;)" ;) = (vi)ley, 2((Ni)2,) =
(vi)r for all 1 < m < n. The body of B is given by

[B] = {(N\i)iZ1 € A :Vn € N (N)iL, € B}

IfXY:B —>7T<w is monotone and length-preserving, then there is a natural
extension X : [B] — T where X((\;)$2,) is the infinite sequence whose
initial segments are given by X'((\;)" ), n € N.

Proof of Proposition . In the proof, for a sequence o, we let im(o)
denote the set of members of o. For a sequence o = (I;, z;)_; of pairs, we
let imy(0) = {x1,...,x,}, the set of all second members of these pairs.

So let us fix a spatial strategy x : By — cof(X) and (6;)5°, C (0,1/20)
strictly decreasing to 0. For each non-empty finite interval I and i € N, let

Gri={z" € Sx-: ||l2* — PF 2*|| < &}

Clearly, for each I and i, G ; is non-empty. So, by Lemma [£.14] there exists
a finite 49;-net Ny ; of Gy ;. Then we define

B = {(I’Laxz)z :neN, I} <--- < I, I intervals, (z)i~, € HNIM}’

which is a subset of (2N x Sy+)<“ that is closed under taking non-empty
initial segments. We will define integers 0 = mg < m; < --- and a monotone,
length-preserving function X' : B — B3“ as part of the following recursion.

Let mg = 0.

Let Y7 = x(0). By Proposmon u 4.13], there exists my € N such that for
any interval I C (mq,00), if * € Sx+ is such that ||z* — PF 2*| < 1, then
there exists z € By such that Qz € By, and Rez*(Qz) > 1/3 Define By = ()
and A; = {0}.

Next, suppose that integers mo < my < -+ < my, Y1,...,Y, € cof(X),
finite sets Bi,...,B, C S%¥, and finite sets A;,..., A, C Bx have been
defined. Suppose also that X' has been defined on B,, and

B, = {(Iz,ajl)z G keEN L <o < I,

I; C [1,m,] intervals, (), € HNIM}
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and that for each 1 <1i < n, each z* € Sx-, and each interval I C (m;,o0)
such that ||z* — PE 2*|| < &1, there exists z € By such that Qz € By, and
Rex*(Qz) > 1/3. Let

A1 = ({O}U U Q(im(E(a))))§n7

UEBn

T/L+1 = ﬂ X(U)’ 1;/—5—1 = ﬂ ker(:c*),
€A1 r*€U, e p,, im2(0)
and let
Y1 =Y, 1 NY,) € cof(X).

By Proposition 4.13], there exists mj, | € (my, 00) such that for any interval
Ic(mj,,,00)and z* € Sx- such that [|z* — PE"2*| <81, there exists z € By
such that Qz € By, ,, and Rez* (Qz) >1/3. Then there exists m;, , | >my so
large that for any interval I C (mj,q,00) and for any z € J,cp, im(X(0)),
| PE2|| < 0p41. Let my 41 =max {m/,,,m/ 1} and let

B”+1:{(Il’xz)z 1Pk eEN I <o < I,

I; C [1,mpy1] intervals, (z7)f | € HNIM}

We now complete the recursion by defining X(o) for each o = (I;,2})¥_, €
By+1 \ By, by induction on k = |o|.

Case 1, k= 1:

Case la, I} N [1,mq] # 0: Let X(o) = (0).

Case 1b, I} C (my,00): Let r be the minimum 1 < i < n such that
I C (m;,00). Since ] € Ny, 1, there exists z € Bz such that Qz € By, and
Rez*(Qz) > 1/3. Let X (o) = (2).

Case 2, k > 1: Assume that X(o’) has been defined for each ¢’ < o. Let
U = (Ilvxz)f 11

Case 2a, 0’ € By41 \ Bp: Let X (o) = X(o') ~ (0).

Case 2b, 0’ € By, Iy N [1,m1] # 0: Let X(0) = X(o’) ~ (0).

Case 2¢, 0’ € By, I, C (m1,00): Let r be the minimum 1 <4 < n such
that I, C (m;,00). Since x} € Sx+ N Ny, and 6 < 61, there exists z € By
such that Qz € By, and Rexz*(Qz) > 1/3. Let XY (0) = X(0¢’) ~ (2). This
completes the recursive construction.

We now consider the blocking F = (F,)52; of E defined by F, =
@?i’;nn_IH E, Fix1 <r <79 < ---inN, J < Jy < --- intervals
with J; C (ri, 1), and (2})2; C Sx« such that ||z} — PJ zf|| < 4 for
all i € N. Denote I; = (MminJ;—1,MmaxJ;], SO that PF PE for all
i € N. Then (x})$° L € [[;2, Gi, ;- Therefore there exists (yz)Z 1 € Hl L N1,
such that ||z} — yf|| < 49; for all i € N. We see that ([;,y})2, € [B]
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Let ()52, = 2 ((L;,y7)2,). We will show that (Qz;, ;)52 is x-admissible,
Rey;(Qz) > 1/3 for all i € N, and |y; (Qz;)| < 20max(s,;} for all distinct 4, j.
This will finish the proof.

Note that for any n € N, since Iy < --- < I, and I, C [1, mmaxj,] and
max J,, < rpq1, it follows that (I;,y)i) € Br,1—1.

We show that (Qz;, ;)72 is x-admissible. Since It = (Mumin J,—1, Mmax .J, )
and minJ; — 1 > 71, we have

Rz € By, C By,...0),
where the sequence in the last subscript contains r; — 1 zeros. Next, for

n € N, by the preceding paragraph and the definition of A, ., together
with the fact that min I,, 11 = Mmin g, -1 +1 and min J, 11 — 1 > 741,

Qznt1 € By, | C By(Qairi)n, ~(0,,0))

with the sequence of 7,41 — r;, — 1 zeros. This implies that (Qz;, 1), is
x-admissible.

We next show that whenever 1 <i < j, y7(Qz;) = 0 and |y} (Qz;)| < 29;.
The first equality follows from the fact that for such ¢, 7,

Qzj € Y}’J’ C ﬂ ker(z*).

*
27 GUUEBT‘jilimQ(a‘)

As noted two paragraphs above, v € |J ) imy (o). For the inequality,

o€EB,. _
J
it follows from our choice of m;’ and the fact that I; C (m;,00) and z; €

UUGBT, im(X (o)) that
J
|yj(QZZ)’ < Hyj - PIE yj” + ‘yj(PEZZN < d; + 1gllci§n7‘j Ok < 20;.

We last show that for all ¢ € N, Rey(Qz;) > 1/3. This follows from the
definition of X' together with the fact that we are either in Case 1b or 2¢ for
each . m

We can now deduce the following general result.

COROLLARY 4.16. Let X, Z be Banach spaces, Q : Z — X a quotient
map, and E a shrinking FDD for Z. Let T be a Banach space with normalized
1-unconditional basis. Suppose that ¢ > 0 is such that Player I has a winning
strategy in the (T,c) game on X. Then there exist a blocking F of E, A > 0,
and a strictly decreasing sequence (8;)5°, C (0,1) such that Y ;2 0; < A
and whenever 1 < rg < r; < --- are integers and (x})52, C Sx= satisfies
|z} — P(i:_lﬂ)azfﬂ < 0; for alli € N, then ()52 Sae (27)52,.

Proof. Let x : B — X be a winning strategy for Player I in the (T, ¢)

game on X. Let (6;)72; be as in the previous statement and with >~>°, §; < A
for some A > 0. Let F be the blocking of E given by Proposition Let
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1<rg<r <---and (z7)2; C Sx- besuch that ||z} — (’;* x*|| < §; for
all i € N. Let now (y)2; C Sx+ and (2;);2; C Bz be also glven by the pre-
vious proposition Since x is a Wlnnlng strategy for Player I, we deduce from
Proposition [.15]i) that (Qz)32; <c (er,)2;. Now it follows from Proposi-
tion [4.15[(i, iv) 1-unconditionality of (el) and elementary duality, that, for
A > 0 initially chosen small enough, (e},)2; Sae (77)52;. =

5. Reducing to FDDs and press down norms. The goal of this
section is to prove the following crucial intermediate result.

THEOREM 5.1. Let p € (1,00] and q be its conjugate exponent. Let X be
a separable Banach space.

(i) If X has A,, then there exist 6 € (0,1) and Banach spaces Z,Y with
FDDs F,H, respectively, such that X is isomorphic to a subspace of
T T
Z,""(F) and to a quotient of Y, *’(H).
(ii) If X has N,, then there exist € (0,1) and Banach spaces Z,Y with
FDDs F,H, respectively, such that X is isomorphic to a subspace of

U* U
Z "°(F) and to a quotient of Y, “°(H).
Let us first prove the following interesting intermediate corollary.

COROLLARY 5.2. Fiz 1 <p < oo and let X be a separable Banach space.
Then X has Ay, (resp. Np) if and only if there exists a Banach space U with
shrinking FDD such that U has A, (resp. N,) and X is isomorphic to a
subspace and to a quotient of U.

T*
Proof. By Theorem if X has A, we can take U= Z/\q HF)@Y, “%2 (H)
for appropriate Banach spaces Z,Y with FDDs F, H, respectively, and ap-
propriate 61,62 € (0,1). For N,,, we replace T,y with U;’e. u

The remainder of this section is devoted to the proof of Theorem
Before the proof proper, we recall three known technical statements and
the corresponding references. The first lemma, based on a gliding hump
argument, is classical and referred to as the Johnson—Zippin blocking lemma.
Its origin can be traced back to [JZ74].

LEMMA 5.3 (Johnson—Zippin blocking lemma). LetY, Z be Banach spaces
with boundedly complete FDDs G, E, respectively. LetT : Y — Z be a weak*-to-
weak” -continuous operator. Then for any (e,)22, C (0, 1), there exist blockings
H,F of G, E, respectively, such that for any i < j and any y € P H

ne(i,j)
HPU,Z-)TyH <eilyll and ”P[jpo)TyH < &jllyll-

The next proposition can be found in [OSZ07, Lemma 20| in the reflexive
case. It is stated in full generality in [FOSZ09]. We refer to [C14 Proposition
3.12| for a complete proof.
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PROPOSITION 5.4. Suppose Y, Z are Banach spaces with boundedly com-
plete FDDs G, E, respectively. Suppose the projection constant of G in Y
is 1 and the projection constant of E is at most K. Suppose J :' Y — X
is a weak’ -to-weak* -continuous quotient map of Y onto a weak*-closed sub-
space X of Z. Suppose also that (£;)7, C (0,1) is a strictly decreasing null
sequence such that for any i < j and y € ®n€(i,j) G,

1PE Tyl < eillyll /K and ||P5 oyl < eillyll/ K-
Then there exist 0 = sg < s1 < --- such that if for each n € N, we define

Sn

Co= P Gi, Du= EB E;,

1=Sp—1+1 i=8p—1+1

Ln:{ieN:sn_1<igsnl;—S”},
Rn:{iEN:S"_l;S”<i§sn},

=P, cr=a,

i€Ln, 1€ER,
then the following holds.

For anyx € Sx, 0 <m < n ande > 0 such that ||$*P(%7n)l‘” < g, there
exists y € By with y € span{Cp, r U (Ci)m<i<cn U Cpn 1}, where Cy r = {0},
and ||Jy — z|| < 2Ke + 6Kep,. If m = 0, we can replace this last inequality
with |Qy — z|| < Ke 4+ 3Ke;.

We shall also need the following (see [FOSZ09, Proposition 3.1]).

PROPOSITION 5.5. Let X be a Banach space, and Z a Banach space with
shrinking FDD E having projection constant K. Assume that Q : Z — X
is a quotient map and identify X* with the weak*-closed subspace Q*(X™)
of Z*. Let (0;)32, C (0 1) be a strictly decreasing null sequence. Then there
exist 0 = sg < 81 < --- such that for any 1 < kg < k1 < --- and z* € X*,
there exist (z7)32, C X* and ()72, € T1:21(Sky =15 Ski 1) such that, with
to = O;

(i) =% =325, 7,
and for all i € N,

(i) either ”iL‘*H < 0; or ||z} PE*

e il < sl
*H<(5

(i) lof - P,
() [l < K11,
(v) IIPE 2] < 6.
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The proof of Theorem is similar to the proof of [FOSZ09, Theo-
rem 1.1]. However, given that the bases of the spaces T;ﬁ, U;,e are left
dominant and not right dominant, we include the details to make clear the
modifications required.

Proof of Theorem[5.1. Fix 1 < p < oo and let ¢ be its conjugate expo-
nent. Let X be a separable Banach space with A, (resp. N,,). By Theorem
there exists y € (0, 1) such that Player I has a winning strategy in the spatial
(T, 1) game, where T' =T (resp. T' = Uy ,) and 0 € (0, 6y).

(1) We first prove that there exists a Banach space Z with shrinking
FDD F such that, for any for ¥ € (0,60y/8], X is isomorphic to a quotient of
Z3(F), where S = Ty (resp. S = Uy ). We now fix 6 € (0,6p) and denote
v =10/8.

Since X* is separable, by a theorem of Davis, Figiel, Johnson, and Pel-
czyniski [DEJP74, Corollary 8| there exists a Banach space Z with shrink-
ing FDD E (a shrinking basis in fact) and a bounded linear surjection
Q : Z — X. By first renorming Z and then X, we can assume that E is
bimonotone in Z and that ) is a quotient map. Note that Q* : X* — Z*
is an isometric embedding. Throughout the proof, we identify X* with its
image in Z*.

By replacing E with a blocking and then relabeling, by Corollary
we can assume there exist constants C > 1, A > 0, and (6;)52, C (0,1) with
Y28 < A such that for any 1 < rg <7 < --- and any (xf)2, C Sx-
such that ||z} — P(E:_hn)xfﬂ < ¢§; for all i+ € N, ( 2 )21 Sco(x7)2, where
(€)2, is the canonical basis of T (= Tj, ¢ or Uy g). By replacing (6;):2, with
a smaller sequence if necessary, we can assume (6;);2, is strictly decreasing.

Next, suppose that D is a blocking of E, say D,, = Z”]n 1 Ei. Suppose
also that 1 <79 <r; <--- and ([;)2, are intervals and (x})2, C Sx« are

such that 7,1 +1 = min/; < r; and ||z} — PIi zf|| < §; for all i € N. By
bimonotonicity, this implies that

E*
|7 — P(jrifl,jri)xfll < di,

from which it follows that (e;)fﬁl Sc (xF)$2,. By 1-right dominance of
the basis of T, it follows thatl( D21 Sco (x7)2,. In other words, the
property of E which we have just deduced from the asymptotic T property
is stable under passing to blockings.

By passing to a blocking and relabeling, we can assume that for any sub-
sequent blocking D of E, there exists (f)72; C Sx+ such that for all i € N,
| f7—PP" f#|| < 6i/2.Let 0 = sg < 51 < --- be the sequence given by Propo-

sition applied to X, Z, E, and (6;)2,. Let F,, = ?isnfﬁl E; for all

n € N. We claim that Q* is an isomorphic embedding of X* into (Z*)(VS*) (F*),
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and that Q* is still weak*-to-weak*-continuous. Here, (Z*)S/S*)(F*) has the
weak* topology it inherits as the dual space of Z% (F). From this it will follow
that Q* is the adjoint of a bounded linear surjection from Z%(F) onto X,
which will finish (1). For the remainder of the proof, choose (f)22; C Sx+
such that ||f — PF" f7|| < 6;/2 for all i € N.

Fix 1< ng < mp < e and z* € Sx-. Let {; = s,,—1 and note that
P('Z ] = P[mi iy forall i € N. By our choice of (5i)72y, we can find
()2 € X* and (£;)72, C N with 0 =ty < t; < --- satisfying the conclu-
sions of Proposition [5.5

For i € N, if |[z7, ||| > 0iy1, let a; = ||z}, | and let y} = a; mH_l If
|27 1|l < div1, let a; = 0 and let y = fi,- Since t; < l; = sp,—1 < titq, it
follows that for all ¢ € N,

lyi — (tl,t,ﬂ)yz il < 6.
Therefore (e7.)2; Sc (y7)2,. Thus
oo
L=t =D aiyi|| - llzill - A
i=1

—2-2A.

1=
1 || 1|
* * *
> CH;_l ajey, e 2—-A> CH;_l i1 ller, T

From this it follows that

HZ lazller, |, < 3 +24).
Moreover,
1P egell < NP ol S IPE_, syl + 1P 2" | +11PE ]
< llzfll + ) + 36:.
Therefore, for S = Tq*ﬂ9 ifT = T;e and S = U*19 ifTr=0r .00 e have
HZHP iy ) Hem 1| g
Han*uem o+ HZuxMHem . +34
< | letales, w I3 ettt . Il + 34
i=1 =1
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i~ o0
< 33HZ 2741 llet, - + SHZ llziy 1 ller, - +24+3A
=1 i=1

<[3+3]C(3+24)+2+3A=M.

The first inequality follows from Proposition [5.5] the second from the 1-right
dominance of the canonical basis of S*, and the third from Lemma
and the remark after it with m = 0 and m = 1, using the fact that ¢; €
(Sn;_1—1,8n;_,) forall i € N, so t] < sp, < ta < $p, < ---. This shows that
for all z* € X*, Hx*”(z*)(f*)(F*) < M|z*||. Of course ||:C*H(Z*)S/S*)(F*) > [z
and this finishes the proof of the fact that Q* is an embedding from X* into
#\(8*) /%
(Z7)y" (F")

Since the proof of the weak*-to-weak*-continuity of @* in [FOSZ09| did
not use right dominance or block stability, it goes through unchanged.

(2) We now prove that there exists a Banach space Z with shrinking
FDD H such that, for any for ¢ € (0,6y/4], X is isomorphic to a subspace of
Z3(H), where S = Ty (resp. S =Uy,). We now fix 6 € (0,6) and denote
v =10/4.

Since X* is separable, we use again the result of Davis, Figiel, Johnson,
and Pelczynski [DEJPT74] ensuring the existence of a Banach space Z with
shrinking FDD E and a quotient map @ : Z — X. By |OS02, Lemma 3.1],
there exist a Banach space Y with shrinking FDD G and an isomorphic
embedding ¢ : X — Y such that cpo(G) N X is dense in X (identified with
its image ¢(X)). By first renorming Y, then X, then Z, we can assume that
G is bimonotone in Y, that ¢ is an isometric embedding, and that @ is still
a quotient map. We consider X* as a subspace of Z* and we consider +* as
mapping Y* to either X* or Z*, as is convenient. Let K be the projection
constant of E in Z.

Since Player I has a winning strategy in the (7', 1) game on X, by Corol-
lary there exist a blocking, which we can assume after relabeling is E,
C >1, A >0, and a strictly decreasing sequence (6;)72; C (0, 1) such that
Zfol(S < A, and if (2})%°, C Sy« is such that |z} — PE zf|| < 2K0;

(Ti—lyTi)

for all i € N, then (e}, )2, Sc (27)72,. By taking (0;)$2, smaller if necessary,
we can assume that for any (1), and (x7)52, as above, and if (2])2, C Z*
satisfies ||z} — 2| < 0; for all ¢ € N, then (2F)22, is basic with projection
constant not more than 2K. We can also assume that » 7, J; < 1/7.

Observe that if D is any further blocking of E, say D, =" L i 41 i
and if (x})5°, C Sy~ and 1<rg<r;<--- are such that ||z} —P(EZ . m x| <4y,
then with m; =j,,, it follows that ||z} PE T <2K65 and (e, )21 51

—1Jrg

(e;r )2, Sc(27)72, . Here we have used 1 right dominance of the basm of T™*.

We will use this fact as we pass to further blockings in the proof.
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Fix a strictly decreasing sequence (¢;)22; C (0,1) such that for each
n €N,

oo
10K (K +1)) & <62
=n
After blocking E if necessary, we may assume that for each further block-
ing D of E, there exists (f;)22, C Sx+ such that for each i € N, || ¥ — PP" f#||
< S After blocking G, we can assume that for each i € N, /*(G}) # {0}.
Usmg Lemma [5.3] after blockmg and relabeling E and G we can assume

that for each 7 < j and each y* € @ G:,

nE zg
IS5yl < eillyll/K - and  [[PS o)yl < eilly™ll/ K,

and that this property is preserved if we pass to any further blocking of one
FDD and the corresponding blocking of the other.

Let C,D be the blockings of G, E, respectively, determined by Proposi-
tion applied with the sequence (¢;)$°,. More precisely, Proposition
is applicable to G* and E* rather than G and E, but we actually apply it to
the dual FDDs and let C,D be the corresponding blockings of the original
FDDs. Apply Propositionn 5.5/ to the FDD D with the sequence (g;)72; to ob-
tain 0 = sg < 81 < ---. Define H,, = @5” 1 Ciand F, = ®fz5n—l+1 D;
for all n € N. For n € N, define H;; = H,”;/ker(b*|H;L), endowed with the

quotient norm

ly*ll~ = lle*y* |-
Note that H* # {0}, since for each n € N, ¢ (G) # {0} Given y* =
Sy € coo(HY), we set g = 3%, ¥ € coo(H*). We set

(Z )

Clearly H* is a bimonotone FDD for the completion W of coo(ﬁ;) under

H HN.

Note that y — y extends to a norm 1 operator from Y™ into W. By the
definition of || - [|~, [[¢*y*]] < ||ly*||~ for all y € coo(H*). Thus y* — *y*
extends to a norm 1 operator ¢* : W — X*. Moreover, /*y* = *y* for all
yteW.

The proof of the following claim is unchanged from [FOSZ09|; we omit it.

ly*ll~ =

| = max o Pl

CrLAaIM 1.

(i) ¢* is a quotient map. More precisely, if * € Sx~ and y* € Sy~ are such
that *y* = x*, then y* € Sy and *y* = z*.
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(ii) If (y£)>2, is a subnormalized block sequence in W with respect to H
such that (L*yn)n 1 s basic with projection constant not more than K
and a = inf, ||y || > 0, then for all (a,)2, € coo,

HZanLN*@% < HZG"Z//Z < —ZHZanE‘E/\;‘: .
n=1 n=1 ~ a n=1 n=1

. . . . * 1 . . =
Since the inclusion of W in W?" (H*) is of norm 1, we can consider /* as

an operator from W\/T* (ﬁ*) into X*. We will prove the following.

CLAIM 2. There exists a constant A > 0 such that for any z* € Sx-,
there exists y* € W3 (H*) with ||y*||v < A such that || y* — z*|| < 1/2.

This will show that ¢* : WS" (H ) — X* is a surjection. Then, W (H )
is naturally the dual space of (W )3 A(H**), and as such naturally has a
weak*-topology determined by this predual. We then conclude the proof by
arguing that o* is weak*-to-weak*- continuous, and is therefore the adjoint of
an embedding of X into (W3 (H**) As in part (1), the argument that
1* is weak*-to-weak*-continuous goes through unchanged from [FOSZ09], so
we omit it.

We now proceed with the proof of Claim 2| Fix * € Sx+ and (ff)72; C Sx+
such that for each i € N, || f—PP" f#|| < S Fix (27)22, € X*and 0 =t <
tp < - accordlng to Proposmlonsuch that for each i € N, t; € (s;-1, 8i),

P 22001 , and either ||z7]| <¢; or ||z} — P('?: ) xf|| < eillzf]|-
If [lz7 4|l > eig, let wy = |loy " Ly xiy and a; = ||zf | If (27 ]| <
git1, let wi = f7 and let a; = 0. Note that [jw] P(? tia1) w;k|| < gi41 for all

i €N, so (ef)2y S (e,,)i2s S (w2 By Proposmon there exists a
sequence (yZ )2, C By« with

yz € span {Ct R U (C )tz<]<tz+1 uc, 7,+17L}
such that

|*y; —wi|| <2Keip1 +6Ke; <4K(K + 1) Zaj < 0j.
j=t
If ||z7]| < €1, let y§ = 0. Otherwise, we use Proposition again to find
ys € Y* with [|y5|| < K + 1 such that
Yo € span {(C7)i<t, UC, }
and
|y — 27| < 4Kep||z]|| < 4K (K + 1)e;.

Set w* = af + > 7, a;w;. Note that this series converges and

o0
2% —w <> e < 1/4
=2
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By our choice of (;)72,, and since HE"y} —wf|| < 9; for all i € N, (ﬁg;j‘)fil
is basic with projection constant at most 2K and equivalent to (w])52;.

Furthermore,
inf [|ovy7 || = nf(|lwill — &) > 6/7.

By Claim [T}

gy
cit*y;

[e.e]
|- ey
i=1

for any (¢;)?2; € cpo. Thus (g;j‘);’il is basic, equivalent to (w})$2;, and

Zfil a;y; converges.
We recall that we have fixed 0 € (0,60y] and denoted ¥ = /4, T = T;,a
(vesp. T = Ugy) and § =Ty, (xesp. § = Uy ).

Let y* = Yo+ Doy aiyi. We have

(0.9}
ety — w*|| < llefys — 25l + ) lail [l6%y; — wyl
i=1

o
<10K(K +1)) e <1/4.
=1

Thus [|o*y* — z*|| < 1/2.
_ We next prove the norm estimate. Fix 1 < ng < n3 < ---. Note that
y; € H ® Hz+1 and y; € H1 It follows that

HZH ¥ e,

gl + HZ% en s

S o e

=1 j=n;_

S*

I
S*

where we put ag = 0 if ng = 1. Thii is because y~§ may have non-zero image
only under the first projection P[gzm), which accounts for the first term
on the right. If j € [n;_1,n;), ¥y may have non-zero image only under the
projection P['j:
either P

or PH” .
[ni—1,m5) [ninit1)
second term on the right.

)’ For ¢ > 1, Wy, ,—1 may have non-zero image under
— 1 T

The images PH”

[ n.+1)yﬁi71_1 account for the
2910

We first compute, applying Lemma [£.7] for the second line,

o0 o0 [o¢] (o)

H E An;_1—1€n;_4 S H E aiei-i-]H S H E aietiH S |CL]_’ + H E A€,
: S* : S* ‘ S* : S
=1 =1 =1 =2
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o0 o0
<K-+1+ 9”2 aer_,|| | <K +1+ QCHZ a;w}
=2 =2

<(OC+1)(K +1)+ 90Hi aw’
=1

= (9C + 1)(K + 1) + 9C|jw* — 27|
< (9C+ 1)(K +1) + 9C||z™|| + (T[] + l|l=* — w*[]
< (9C 4+ 1)(K +1) + 9C(K + 3).

For each ¢ € N, let

TLi—l ni—l
hi = g ajy; and gi = g ajw;.
J=ni-1 J=ni-1

First note that ||hf]|~ < 7K ||c*h}]|. Next,

r;—1
loi = P2 gl < S lagl2Klw] — P2, |
J=ni—1

<2K(K+1) Y g <5

J=ri-1

If ||lgf|| > 6;, let w) = ng’-*H_lg;-“ and b; = ||g;||. Otherwise let u} = yn, ,
and b; = 0. Then (u})$°; C Sx~ is such that

D*
lui = P, o yuill < i

This means (u]):°, is a basic sequence with projection constant not more

than 2K . Then

o0
> 10 e,
=1

T*

e} o0
o S Mntleenc |, < 7E[| 1R e,y
i=1 i=1

o

< TK|[> " llgfllen, o TTEA
=1
o0

<STK|Y bien,_, || +14KA
=1 T
o0

<TE(D biey,, L. HAEA
i=1
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+ 14K A

< 7CKH§: bt
i=1

< 7CKH i awt|| + 14K AC + 1)

i=ng

< 14CK2H§: aiwt|| + 14K A(C + 1)
i=1

< M4CK*(K +3) + 14KA(C + 1) =: A.
This finishes the proof that ||g]r < A. =

6. Small universal families. The final step, as in [FOSZ09], is to use
the complementably universal space for Banach spaces with an FDD built by
Schechtman [S75], who proved the existence of a Banach space W with bi-
monotone FDD J (where J is a sequence of finite-dimensional normed spaces
which is dense in the space of all finite-dimensional normed spaces for the
Banach-Mazur distance) such that if Z is any Banach space with bimono-
tone FDD H, then there exist a sequence of integers mq < mg < --- and a
bounded, linear operator A : Z — W such that A(H,) = Jp,, for alln € N
and

VzeZ glelz < ||A2lw < 2]zl
and such that A(Z) = span {J,,, : n € N} is 1-complemented in W via the
map P:w— > 2%, Pl w.

For M = (m,)52; € [N]*, 1 < ¢ < o0, and 0 < 6 < 1, we refer to
Subsection @ for the definition of the spaces Ty 49 and Upsqe. Then we
have the following.

PROPOSITION 6.1. Let Z be a Banach space with FDDH. Let A: Z — W
and m1 < mg < --- be the operator and the sequence given by Schechtman’s
theorem exactly as in the introductory paragraph. Fiz 1 < p < oo and let ¢
be its conjugate exponent. If (T,U) is either of the pairs

() (T30, Ti1.00)
(i) Uy Uit ga):

then A : coo(H) — coo(J) extends to an isomorphic embedding A : ZT (H) —
WY (J), the range of which is still 1-complemented in WY (J) by P.

Proof. Let (T,U) be one of the indicated pairs. Let (e)22; denote the
canonical basis of cgp. Note that (e,)22; C T is isometrically equivalent to
(émy)nz1 CU.

Fix z € coo(H). Fix intervals I; < Iy < --- such that N = (J2 | I,,. Let
Jn = [Mumin 1, Mmin 1,1 )- Let Jo = [1,mq), which is empty if m; = 1. Note
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that JyAz = 0. Since Al,,z = J, Az for all n € N, we have

[e.e] o0 [ee]
|3 Mnzlizeming, |, = |32 ezl zemms, ||, = |3 12l z6mins,
n=1 n=1 n=1

U

11w 1
> 2“7; Azl emina, || > 514211

Taking the infimum over such (I,)32; yields [z]x > £[A2]x. Now,

||Z||/\ = inf {Z [Zi]/\ n e N, Z; € Coo(H), z = ZZZ}

=1 =1

> ;inf{;[Azi]A :n €N, z € cpo(H), z = ;zz}
I (v _ A . L
zglnf{Z[wi}/\.nEN, w; € coo(J), Z:Zwi}ZQH 2|

i=1 i
So A extends to a bounded operator A : ZI (H) — WY (J) of norm at most 2.
Let P : coo(J) — coo(J) be given by Pw = >°° | P) w. Fix w € co(J)
and intervals I} < Iy < --- such that N=J>2; I,,. Then

o (o0} oo
|32 It Pwlwenins, |, =|| 3 IPEwlwenns, |, <[> ITawlwemns, |
n=1 n=1 n=1
Taking the infimum over such ()72, shows that [Pw]y < [w]x for all
w € coo(J). From this, the equality PA = A and the injectivity of A, it
follows that for z € coo(H),
n n

|Az||x = inf {Z [wilx s €N, w; € coo(d), Az = Zwi}

i=1 i=1

> inf {i [Pwi]/\ :n €N, w; € cpo(d), Az = iwz}

i=1 =1
= inf {z”: [Wi]n :n €N, w; € coo(J) N P(W), Az = Zn:w;}
i=1 =1

n

> inf{z [Azi]pn i €N, 2 € cgo(H), z = Zzz}

i=1 i=1
The other inequality being obvious, we get

n

|Az||x = inf {Z [Az]r:n €N, z € coo(H), 2 = Zzi}.

i=1 i=1
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With z € ¢go(H) still fixed, choose intervals J; < Jy < --- such that
Uo2, Jn = N. Let

n=1
N={nm<ng<---}={neN:J,NM #0}.

For n € N, let J), = [min J,, min(J, N M)) and let J! = [min(J, N M),
min Jy,4+1). Note that J/, = (} if min J,, = min(J,, " M). For n € N\ N, let
J), =0 and let J! = J,. For all n € N, let K,, = J/] U J),_; and note that
Uzoznl K, = [ml, 00). Note also that min K,, > min J,, and K, Az = J, Az
for all n € N. For each n € N, define I,, = {i € N: m; € K,,} and note that
L <Ih<---,N=U;2, I, and mmpin 1, = min K, for all n € N. Moreover,

Al,z = K, Az for all n € N. Therefore
oo o

A < Hzl Vo2l zemin 1, TzHZI 12| Z€rmmin,
n= n=

S 00
<2H KA - - QH JnA -
=~ ngl || n ZHWemann U ngl || n ZHWemmKn U

oo
A Islizemn |
n=1

Taking the infimum over such (J,,)5 ; yields [z]5 <2[Az]A for any z € coo(H).
Therefore,

|2]|x = int {Z[Zi]/\ ‘n €N, z € cop(H), 2 = Zzi}
i=1 =1

< 2inf {Z[Azi]/\ ‘neN, z; € cpo(H), z = Z} = 2[|Az||A.

i=1 i=1
This shows that A is an isomorphic embedding of Z7 (H) into WY (J).

Finally, note that we can essentially repeat the argument for ||Az|[s to
show that

| Pw]|| o = inf {i[Pwi]/\ :n €N, w; € copo(d), w= iwz}

i=1 =1
We then use the inequality [Pw]s < [w]a to deduce that P is still a norm 1
projection onto the closure of coo(K) in ZY{ (J), where K, = J,,, . =

We can now conclude the construction of our small universal families.

THEOREM 6.2. Fiz 1 < p < 0o and let q be its conjugate exponent. Let
X be a separable Banach space.

(i) X has A, if and only if there exist 6 € (0,1) and M € [N]¥ such that

X is isomorphic to a subspace of WAM”( ) if and only if there exist

0 € (0,1) and M € [N]* such that X is isomorphic to a quotient of
T*

W, ().
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(ii) X has N, if and only if there exist 6 = (0,1) and M € [N]¥ such that
X is isomorphic to a subspace of W/\ng( ) if and only if there exist
0 € (0,1) and M € [N]* such that X is isomorphic to a quotient of
W ().
Proof. We only detail the proof for A,, as the argument for N, is similar.

So assume that X is a separable Banach space with A,. By Theorem [5.1] .
there exist 6 € (0,1) and Banach spaces Z,Y Wlth FDDs F,H, respectively,

such that X is isomorphic to a subspace of Z, Too (F), and to a quotient of
Y/\TQQ(H). But Proposition asserts that there exist M, N € [N]* such
that Z /\;’B(F) is isomorphic to a complemented subspace of Wf]t[’q’g (J) and
YAT ;’Q(H) is isomorphic to a complemented subspace of W,:\%q e(J) So X is
isomorphic to a subspace of W/\Mq ’(J) and to a quotient of W/\Nq ‘().

For the remaining implications we recall (Proposition that 1%, .0
has A, and that A, passes to isomorphic quotients and subspaces. "

7. Non-existence of a universal space. We conclude this article by
showing that our result on small universal families is essentially optimal.

THEOREM 7.1. Fiz 1 <p < oo. If U is any Banach space with Ny, then
there exists a Banach space X with A, such that X is not isomorphic to any
subspace of any quotient of U. More precisely, if q is the conjugate exponent
of p, then there exists § € (0,1) such that T;e 1s not isomorphic to any
subspace of any quotient of U.

We first recall the Schreier families, S;, for £ =0,1,.... We let
So={0u{(n):neN},

n
S]H_l:{(Z)}U{UEi:nEN,nSEl << By, EZ#(D, EleSk}
i=1
We note the following associative property: For all [,m € N,

SHm—{(Z)}U{UE E; 40, E €8, (minE;)", € Sm }

=1

We let MAX(Sy) denote the members of Sj which are maximal with respect
to inclusion.

For each k = 0,1,... and each F' € MAX(S;), we define Sl} :N — [0, 1]
by induction on k. We first set

, 1, i=j
S0 =7 ’
(z)(]) {0’ Z#]
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Next, suppose that S% has been defined for each £ € MAX(Sy). Fix F €
MAX(Spy1). Ut F =, FiforneNandn < F|; < --- < F,, F; € S, then
it must be the case that n = min F} and F; € MAX(Sy) for each 1 <i < n.
We then define
S’;“+1(]) _ {7118]1%(])3 ] € F,
0, JjEN\F

It is easily checked that for F' € MAX(Sk), >_jen Sk(4) = > jeF Sk(j) = 1.

For a Banach space X, 1 < p < oo, €N, and C € [0, 00|, we define yet
another two-player game. The confusingly named Player II chooses m; € N.
Player I chooses a weak neighborhood U; of 0 in X, and Player II chooses
x1 € Uy N Bx. This is the first round of the game. If (m;) is maximal
in &, the game terminates. Otherwise Player II chooses mo € N such that
m1 < mg and (my, ms) € S;. Player I then chooses a weak neighborhood U,
of 0 in X, and Player II chooses xo € Us N Bx. Play continues in this way
until m; < --- < m,, are chosen such that F := (m;)! ; € MAX(S;) and
r1i,...,Tn € Bx are chosen. Player I wins if

|52 Shmi e
=1

and Player II wins otherwise. We call this the &(l,p,C) game on X. We
let ¢;(X,p) be the infimum of C € [0, 00| such that Player I has a winning
strategy in the @(I,p, C) game on X. These values need not be finite. Note
also that ¢;(X,p) > 1.

PROPOSITION 7.2. Fiz 1 < p < o0.

(i) For any Banach space X, ¢1(X,p) < oo if and only if X has Np,.

(ii) For any Banach space X, ¢p11(X,p) < ¢p(X,p)dy(X, p) for all k,l € N.

(iii) For Banach spaces X,Y andl €N, ¢;(X,p) < dpm(X,Y)¢i1(Y,p).

(iv) For a Banach space X and a subspace Y of X, ¢(Y,p) < ¢i(X,p) for
all l € N.

(v) For a Banach space X and a subspace Y of X, ¢1(X/Y,p) < 3¢1(X,p)
for alll € N.

Proof. (i) Observe that for the ®&(1,p,C) game, a set (mq,...,my,) is
maximal in §; if and only if n = m;. Therefore in the @(1,p,C) game,
only the initial choice of my affects the game, since it determines how many
rounds the game will have. The later values of ma,...,my,, do not matter
in the [ = 1 case. Moreover, if F' = (m;)?_; € MAX(S;), then n = m; and
SkL(mi)'/P = mfl/p for all 1 < ¢ < my. Therefore the winning condition
for Player I at the end of the @(1,p, C') game with initial choice m; is that
|2 il < Cmy”.

We will argue that n,(X) = ¢1(X,p), which yields (i).

<C
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If ny(X) < o0, then for any C' > n,(X) and any n € N, Player I has a
winning strategy x, in the N(n,p,C) game. We will show that Player I has
a winning strategy in the @(1,p, C) game. If Player II begins the &(1,p, C)
game with the choice m1, then Player I plays the rest of the game according
t0 Xm,, ignoring all choices of ma, ..., my,,. It follows from our initial ob-
servation that this is a winning strategy for Player I in the @(1,p, C) game.
Therefore ¢1(X,p) < ny(X).

Conversely, if ¢1(X,p) < oo, then for any C > ¢1(X,p), Player I has
a winning strategy x in the @(1,p,C) game. We will show that for any
n € N, Player I has a winning strategy in the N(n,p,C) game. Note that
the &(1,p,C) game includes integers m;, while the N(n,p,C) game does
not, so we rather than Player II will decide the values of the m;’s. We choose
m1 =n and m;+1 = n+1i for 1 <i < n. This results in a game with m; =n
rounds, as noted in the preceding paragraph. It follows from the fact that y
is a winning strategy for the &(1,p,C) game that this strategy is a winning
strategy in the N(n,p, C') game. Therefore n,(X) < ¢1(X, p).

(ii) Assume, as we may, that ¢r(X,p), ¢1(X,p) < oo. Fix C > ¢r(X,p)
and C’ > ¢;(X, p) and winning strategies xx, x; for Player I in the @(k, p, C),
&(l, p,C") games, respectively. Let ng = 0 and recursively choose

1 1
my, Ul N ?thlvay U2 N ?Vlam27m37 vy Ty,
1
Mnpi+1, Un1+1 N ﬁvéa Tni+1, Mp42, -+ -3 Ty,
1
mnr_l-i-la Unr_l—i-l N 271‘/7“7 :’Unr_l-i-la mnr_1+2) cee 7=an-

Here, m; and z; are the choices of Player II in the ®(k + [, p, CC") game,
for which we still have to describe the strategy of Player I for choosing the
weak-open sets Uy, 4+ N Q%Vl For a given 1 < i < r, the choices

1
Mn; 141, Uni71+1 N ﬁvw Trng_14+1, Mn; 1425 - -+ Ty

are made by Player I as follows. Each set U,,, ,+s is chosen according to the
strategy X and we proceed until F; := (mj)?;mfﬁl is maximal in Sj,. This
implies that

1 & ,
vi= & Z Slf;i(]—nl—u-—ni,l)l/pxjEBX.
j=ni—1+1

Each set V; is chosen to be a weak neighborhood of 0 which is a convex
symmetric subset of W;, where the set W; is chosen according to the strategy
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X; in the @(I, p, C") game where the choices proceed as
my, W17 Y1, Mpqi+1, W27 Y2,y W’r‘7 Y-

Note that our construction implies that y; € W;, which allows the strategy
x: to apply.

This game terminates when G := (my,_,+1)i—; € MAX(S;). Then F :=
Ui_ Fi = (my)r, € MAX(Sk41). Moreover,

Hi S (i) Vo
=1

_CHZSl 1/P Z SFJ—nl —ni,l)l/z’xjugcc’.

]nzl

Player I playing in this way defines a winning strategy in the ®(k+1, p, CC")
game. Since C' > ¢(X,p) and C' > ¢;(X, p) were arbitrary, this yields (ii).
Items (iii) and (iv) are clear.
(v) Let Y be a closed subspace of a Banach space X. Let Q : X — X/Y
be the quotient map. We shall use the following lemma, which can be found
for instance in [C18al Proposition 5.6].

LEMMA 7.3. For any weak-open neighborhood V' of 0 in X, there exists a
weak-open neighborhood U of 0 in X/Y such that UN %BX/Y C Q(BxNYV).

Let | € N and assume that C' > 3¢(X,p) and let x; be a winning strat-
egy for Player I in the @(I,p,C/3) game in X. We now describe a winning
strategy for Player I in the &(l,p,C) game in X/Y. The players choose
recursively

m1, Uy, z1,m2, Uz, 29, ..., Uy, 2.

The choices of Player II are m; € N and 2; € U; N Bx/y, while the choices
of Player I are weak-open neighborhoods U; of 0 in X/Y that are convex
and symmetric. In the course of the game we insert choices of z; € Bx and
weak-open neighborhoods V; of 0 in X in the following order:

may, ‘/17 U17 21,1, 12, V27 U27 22y L2y v vy ‘/;’7 U’r‘) Zry Lp.

We now describe the choices. Denote V; = x;(m1); then Player I picks Uj,
given by Lemma so that U; N %Bx/y C Q(Bx NVy). Next Player II
picks 21 € U; N Bx/y. The choice of U; implies the existence of z; €
Bx NV such that Q(z1) = %zl. After Player II chooses ms, we pick Vo =
Xi(m1, V1,21, ms) and Player I chooses Us so that UQQ%BX/Y C Q(BxnNVa).
The strategy of Player I should now be clear. Since x; is a winning strategy
for Player I in the @(I,p,C/3) game on X, when the game finishes after r
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rounds, we have F:= (m;);_; € MAX(S;) and

HiSlp(mi)l/pzi <C.
i=1

< ! N\L/p,..
XYy = 3”;&?(7&) Yl x

This finishes the proof of (v). =
In the next proposition, we give a lower estimate for ¢;(7 ; 9> D)-

PROPOSITION 7.4. Fiz 6 € (0,1), 1 < p < 0o and let q be the conjugate
exponent of p.

(i) Fize,a > 0. Suppose that I} < --- < I, are intervals and x1 < -+ < Ty,
with x; € aBr, and 2n/m < e. Then

m
IiZIj T

=1 j=1 o

o < (0 +¢)a.

(ii) Fize € (0,1—0) andl € N. Assume that M = (m;);2, and R = (1;)52,
€ [N]¥ are such that Omy > %, my > %(1 —0—%), and —Wizl < § for
allt € N. If F = (m;)i_; € MAX(Sy-1), then

Hgsfé%mnen _<0+9),

4

where (e;)32, is the canonical basis of Ty.
(i) ¢or—1(T;g,p) > 6711,

Proof. (i) For 1 <i <mn, we let

A; ={j < m:supp(z;) C [min[;, max [;]},
B; = {i <m :supp(z;) N I; # 0}.

Of course, Y " ; |4;] <m and |A; \ B;| <2. Then

'y
i=1

Therefore

m

n n
LY, <0303 laylln +3° D el < fam + 2an.

j=1 o i=1 jEA; i=1 jeB;\A;

5 §<9+2">a§(0+5)a.
m Ty m

i=1

m
Iz' E Zj
j=1
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(ii) We work by induction on . We note that

Hi Sk(mier,
i=1
0 sup {Zk:HI] Zn: Sk(ms)er,
j=1  i=1

< max { Hi Sk(my)er,
i=1

)
co

- max{”i Sg(m.)er,
i=1

T << (min[j)?zl S 81}}

} < max{l,ﬁ} =40.
01 mq

Next, suppose the result holds for some [ € N. Suppose also that M, R
are as in the statement and F' = (m;)?_ ; € MAX(Sg41). Then we can write
F=U_F,F < - <F,F € MAX(Sy_1). For each 1 < i < ¢, let
Gi={rj:m; € F;}, M; = M\U;;ll Fj, and R; = R\U;gL Gj. We observe
the convention that the empty union is the empty set, so M7 = M and
R; = R. Note that for each 1 < ¢ < t, F; is the maximal initial segment
of M; which is also a member of Sg;_1, and the pair (M;, R;) also satisfies the
hypotheses of statement (ii). So by the inductive hypothesis, for all 1 < < ¢,
|2ill7, < (6 +¢)!, where z; = P SQFlifl(mj)erj.

Next, note that since F = Uﬁzl F;, F € MAX(Sy41), Fi < -+ < Fy,
and F; € MAX(Sy_1), it follows that H := (min F;)!_; € MAX(S,). This
means we can write H = (J;_, H;, where H; < --- < H,, H; € MAX(S),
and E := (min H;)_; € MAX(S;). Since E € MAX(S;), we deduce that

oS skome,
i=1

mi; =min M = min F = min H = min £ = |E| = s.

Moreover,

n mi

1 1
20+1
x = g SE T (my)er, = — E —_— E zj.
— tomy —~ |H|
=1 =1 J:min F;€H;
; o 1 ) — 1\t .

For 1 <i<myq, let y; = Al Zj:minFjeHi zj, so that x = - > i1 ¥i- Note

also that ||y;||z, < (0 +¢)'. Fix I} < -+ < Iy such that (min[;)f_, € 8. By
omitting any I; such that I;y; = 0 for all 1 <4 < my, we can assume that
I1y; # 0 for some i. Let ig be the minimum such ¢. Note that & < min [} <
max supp(y;,) = er,, for some i1. Note also that for each ig < i < my, since
H; € MAX(S1), |H;| = min H; = m;, for some iy > 4;. Therefore

k Tiq 3

<=,
|Hi| = m, 4

By (i) applied with a = (0 4 ¢)! and with £/2 in place of ¢ it follows that
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for ig < i < mq,

i 0
0> | willz, = I
=1

il

k
Sle 32 s
=1

j:min F;eH;

Therefore

k mi
0
SN 19 MRS 9) ol A
=1 i=1 i=ig =1
<L (|ym||n+ > (0+5)0+r)
i=ig+1
o 1 my — 1 £ I+1
<@O+e)|— -1+ O+ )] <O@+e)T.
mq ma 2

Here we have used the fact that since m; > 2(1 — 0 — ¢/2) /e, we have

1 1
— 4+ X <0+;> <O+e.

mi mq
We also note that

(0 +e) ! 1+1
= — < .
\ml Zyz e falley < CEL <0040 < (0+2)
Therefore
1 &
o>
M=
1 mi 9 k my
:max{‘Zyi ,sup{z Ilz:yZ mmIl) 1681}}
M= e muI =
< (0+€)l+1

(iii) Fix € € (0,1 — ). For C < (0 4 €)~"/4, we construct a winning
strategy for Player II in the &2l — 1,p,C) game on 174 Recall that the
canonical basis (e7)52; of T is normalized and weakly null. First Player II
chooses my so large that 9m1 > 1 and my > 2(1 — 6 — ¢/2). Player I
chooses some weak neighborhood Uj of 0 in T;e. Player IT then chooses
some 71 so large that e; € Uy. Assuming my,Us,r1,...,m;,Uj,r; have
been chosen and (m;)!_; € Sy—1 \ MAX(Sy-1), Player II chooses some
m;j41 so large that rj/mji1 < €/4 and mjy1 > m;. Player I then chooses
Ujy1. Player II chooses 741 > r; such that e i1 € Ujrr When the game
terminates at some F = (m;)l, € MAX(SQ[ 1), we arbitrarily choose
Mpt1, Tntls Mnt2, T2, - .. such that r, < rppp < -0 my < Mpgy < -0 -,
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and r;/m;y1 < ¢/4 for all i € N. By (ii),

g2l-1 m 1/q€r~
H;F<> I,

Therefore
T*

n
20—1 1
S8 omy e,
i=1 q,0

Zmﬂw@§y<u%xz@1 )ee, )

1/q

4§guW%T

< (0+e).

0

n
= (0+2e)11> " SP (my) = (0 +e)7/1.
i=1
This shows that the strategy outlined above is a winning strategy for Player 11
in the (21 —1,p,C) game Since we can do this for any C' < (6 +¢)~"/9 and
0<e<1—0,pu1(T;gp p) >0 u

Proof of Theorem[7.1]. Assume U is an infinite-dimensional Banach space
which has N,. Then by items (i) and (ii) of Proposition a=¢(U) €
[1,00) and ¢;(U) < at for all I € N. Fix now 6 € (0,1) such that #=1/7 > 2
and let X =T, (remember that X has A,). If X were isomorphic to a
subspace of a quotient of U, then by Proposition [7.2(iii)~(v), there would
exist a constant C such that for all [ € N,

07V < ¢y 1(X,p) < Copoy_1(U,p) < C(a?)".

But this is impossible, since 71/7 > 2. =
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