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Abstract

Prime numbers constitute mathematical concepts of particular interest as a consequence of the their relative paucity
among integer values, as well as to the relative unpredictability of their appearance and density along the sequence of
integer values. As a consequence of their own definition, prime numbers can be though as being relatively uncommon
values along the integers. However, at the same time, prime numbers constitute the building blocks of all the other,
composite, numbers, which gives rise to the interesting and important concept of prime factor decomposition. While
this concept provides an interesting approach for quantifying interrelationships between composite numbers, it cannot
be applied to pairs of prime numbers, as they do not share any factor distinct from 1. In this work, the sets of shortest
paths between the prime numbers in respective prime factors networks are taken into account as the primary subsidy
for estimating, in quantitative manner, interrelationships between pairs of prime numbers. More specifically, we take
into account not only the length and number of shortest paths between each pair of prime numbers in a respective prime
factor network, but also quantify the independence (which is related to the entanglement) between the shortest paths
in a same given set. This is performed in terms of the concept of effective widths along the hierarchical levels of a set of
shortest paths, corresponding to the exponential entropy of the respective sets of transition probabilities. An alternative
approach, in which the shared links have their transition probabilities added, is also described for defining effective
widths. Several interesting results are reported and discussed, including the identification of intrinsic heterogeneity of
interconnections in prime numbers networks and the marked diversity of independence between the shortest paths in
the sets respective to pairs of prime numbers. These interrelationships between shortest paths arequantified in terms of
statistics of the respective effective width and efficiency index, resulting in relatively intricate distributions among the
considered pairs of prime numbers. In particular, several of these indices reach the largest values along an “L”-shaped

crest.
1 Introduction

Prime numbers have fascinated humans for a long period
of time. Deriving from the Latin term primus, meaning
first, prime numbers occupy a special place along the se-
quence of integer values especially because they constitute
primary factors from which other (composite) subsequent
numbers can be obtained by factor multiplication. More
specifically speaking, prime numbers are integer numbers
(such as 2, 3, 5, 7, 11, 13, 17) which happen to be divisible
only by the number 1 and by themselves. For simplicity’s
sake, only positive integer numbers are considered hence-
forth in this work, and the number 1 will not be considered
as a prime number.

Possibly the main reason accounting for the cotinued
interest that prime numbers have exerted on humans con-
cerns not only their relative paucity, but also their in-

herent unpredictability, in the sense that it is not possi-
ble to accurately predict when the next number will ap-
pear along the integer numbers sequence (even though the
Prime Number Theorem provides in approximate manner
the asymptotic distribution of prime values). In a sense,
prime numbers could be said to be interesting as a conse-
quence of being irregularly distributed and uniquely built.

Though prime numbers are relatively special and rare,
especially as one move upward along the integer sequence,
a prime number may actually constitute one of the fac-
tors composing other numbers. Actually, the decompo-
sition of an integer value in its prime factors, which is
unique, constitutes an especially interesting operation in
number theory, called prime factor decomposition. For ex-
ample, the number 1815 can be decomposed into the the
prime numbers (3,5,11?), where the prime factor 11 ap-
pear with multiplicity 2. When seen from the prime factor



perspective, prime numbers start being noticed not only
for being relatively rare, but also for providing ubiquitous
basic building blocks for all integer numbers.

In addition to providing a unique “recipe” for building
numbers from prime components, prime factor decom-
position (PFD) also paves the way to establishing rela-
tionships between integer numbers that take into account
common prime factors and divisibility. For instance, if
two integer values share some prime factors, both these
numbers are necessarily divisible by the product of those
prime factors. The respective prime factors underlying
the integer values also provide a means to consider the
similarity of content between those numbers, as far as
their prime factor composition is concerned. For instance,
the numbers 1815 and 165 can be said to have similar
contents, as both these integer values share 3,5 and 11 as
common prime factors.

The systematic consideration of the common prime fac-
tors among a given set of integer numbers has motivated
respective network representations (see Section 2). More
specifically, in a prime factors network (e.g. [1]), each
given integer value is represented as a node, while links
are incorporated between pairs of nodes that share at least
one prime factor.

Figure 1 illustrates this type of network respectively
to a small set of integer numbers, more specifically
{4,6,10, 15, 30}.

Figure 1: A simple example of a prime factors network, in which a
given set of integer values, {4, 6,10, 15,30} in this specific example,
are represented as respective nodes incorporating the prime factor
decomposition, and linked in pairwise manner whenever two nodes
share at least one prime factor, which can be indicated as weights
or labels associated to the links in the network, as illustrated in the
above figure.

Pairs of nodes are interconnected through a respective
link whenever they share at least one prime factor. The
number of shared prime factors can then be taken as a
weight associated to that respective link. Therefore, the
interconnectivity of prime factors networks, such as that
illustrated in Figure 1, reflects the sharing of common
prime factors and divisibilities. For instance, a group

of nodes that result to be more interconnected among

themselves than with the remainder of the network can
be understood as a module or cluster of respective num-
bers that mutually share a significant number of common
prime factors and divisibility properties.

Though the network in Figure 1 considers the multi-
plicity of the prime factors, in the remainder of this work
we will focus only on unique prime factors. For instance,
we will consider the number 4 as being composed by the
prime factor 2 irrespectively of its multiplicity. If needed,
all subsequently presented concepts and methods can be
adapted to take into account the prime factors multiplic-
ity.

In addition, while prime factors networks can be used to
study relationships between generic sets of integer values,
here we focus only on sets Sy of prime numbers containing
the first N, primes smaller or equal than an integer value
N and which participate as a prime factor in at least one
of the numbers from 2 to N. For instance, the prime
numbers considered for N = 20 are Sag = {2,3,5,7}, so
that N, = 4. Though being smaller than N = 20, the
next prime number, namely 11, is not incorporated into
Soo because it does not participate as a prime factor of
any of the integer numbers from 2 to N = 20.

Each of the N, primes in the set Sy will be henceforth
understood to be sorted in increasing order and repre-
sented as p;, ¢ = 1,2,..., Np. Thus, in the case of Sy, we
have that p; =2, po =3, p3 =5, and py = 7.

In this work, we are interested in obtaining networks in
which each node corresponds to a prime number in a given
set Sy, while a pair of such nodes is linked provided there
is a shortest path between these nodes in the complete
prime factors network containing all the N nodes. Thus,
each prime numbers network is henceforth understood to
be associated to a respective complete prime factors net-
work containing IV — 1 nodes corresponding to the integer
values 2,3,..., N, also including the respective set Sy of
prime numbers.

Figure 2 depicts one of the shortest path, more specif-
ically (3,18,14,7), between the prime numbers 3 and 7
in the set Syg. These shortest paths are characterized by
chains of adjacent links (i.e. paths) in the original prime
factors network which have the smallest possible length.
Observe that the same set of shortest paths (though in re-
versed order) will be obtained while considering moving
from one of the extremities to the other, or vice-versa.
However, the specific flow at each involved link may vary
when the set of shortest paths is reversed, so that indices
such as the effective width and efficiency will not be nec-
essarily commutative.

The total number of shortest paths between two prime
numbers will be henceforth referred to as R.

Observe that every shortest path between two given
prime numbers in a set Sy, having started at one ex-
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Figure 2: One of the possible shortest paths between the prime
numbers 3 and 7 considering Sop. A path from a prime to another
prime number consists of a chaining of successively shared prime
factors defined in pairwise manner between any of the nodes in the
complete prime factors network, such as the factor 3 being com-
mon to both the integer values 3 and 18, followed by the factor 2
shared between the integers 18 and 14, and so on. Observe that, as
adopted henceforth, only 2 and 3 are identified as the unique prime
factors of the number 18, which actually has the prime factor 3 with
multiplicity 2, i.e. 18 = (2)(3)2. As implied by their name, a set
of shortest paths between a pair of prime numbers will correspond
to those paths that are the shortest among all possibilities. In case
more than one such shortest paths can be found, they will necessar-
ily all have the same length L, corresponding to the involved number
of links. For instance, the shortest path in the above example has
length L = 3.

tremity A, will necessarily proceed to a larger integer
non-prime value, because in the considered set of integer
numbers there will be (by the own definition of primes)
no prime number smaller than the initial prime number
p1 that mutually share a prime factor. The last link along
the shortest path will also proceed, for the same reason,
from a larger non-prime number to the prime number B
at the other extremity of the shortest path. We also have
that no prime numbers can be found in the middle of a
shortest path between two prime numbers.

For the above reasons, no shortest paths of length 1
will ever be found between two distinct prime numbers.
In addition, it has been experimentally observed that all
identified shortest paths have lengths 2 or 3.

The type of network obtained by considering the short-
est paths between a set S of prime numbers is henceforth
referred to simply as a prime numbers network. Each link
can be associated to the respective set of shortest paths
in the complete network, as illustrated in Figure 3 respec-
tively to the prime numbers network obtained for Sog.

Prime numbers networks such as that illustrated in Fig-
ure 3 provide an effective means for representing the inter-
relationships between a set of prime numbers as discussed
above, indicating the chained common factors necessary
to proceed from one of the prime values to the other.

More specifically, the properties of the respective links,
namely the number of shortest paths and their lengths,
indicate how closely related each pair of prime numbers
can be understood to be. For instance, in the case of the
small network in Figure 3, we have that the pairs of prime
numbers {2,5} and {2, 7} are each interrelated by a sin-
gle shortest path of length 2, as can be observed in the
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Figure 3: A small prime numbers network, formed by the prime
numbers in the set Sg that are smaller or equal to N and that
participate as a prime factor in at least one of the numbers from 2
to N = 20, i.e. S20 = {2,3,5,7}. The links between pairs of prime
numbers indicate the presence of one or more shortest paths (of the
same size), in the respectively associated complete prime factors
networks, with N = 19 nodes (i.e. 2,3, ...,20). These shortest paths
are here presented in green next to the respective links. The number
of shortest paths associated to a given link can be understood as
its respective weight, which is here reflected in the links width. The
sizes of the nodes are shown as being proportional to their strength,
i.e. the respective total sum of weights.

labels associated to the respective links in the figure. On
the other hand, the primes in the pair {3,7} are related
by three shortest paths of length 3, indicating a relatively
stronger relationship than in the previous two cases. In
this sense, the closest related pair of primes in this exam-
ple is {2, 3}, which involves three shortest paths of length
2.

As a summary of the type of study of interrelation-
ships between prime numbers as discussed above, a pair
of prime numbers will be considered as being more closely
interrelated when there are many distinct shortest paths
with a relatively small length between the two respective
prime numbers in that pair. Given a shortest path, each of
its links in the respective original prime factors network
corresponds to a shared prime divisor, which is under-
stood as underlying the relationships between primes as
revealed by the suggested prime numbers networks.

Therefore, the longest the shortest paths, the more
changes (products/divisions) will be needed along the
shortest path in order to get from the prime number in one
of the extremities to that in the other extremity, which
can be understood as these two prime numbers being less
closely related. At the same time, the larger the num-
ber of shortest paths, the more related that pair can be
deemed to be. The interrelationship between two given



prime numbers is therefore henceforth understood consid-
ering both the number of shortest paths and their respec-
tive length.

Though the above discussed rational and approach
present good potential for expressing and visualizing in-
terrelationships between prime numbers, there is an in-
trinsic caveat in the sense that the number of distinct
shortest paths may not correspond so directly to the ef-
fective number of interrelations between the two prime
values. That is because the paths in a given set of shortest
paths can present diverse levels of entanglement implying
variations of the respective mutual independence between
the paths (e.g. [2]).

Figure 4 illustrates the concept of entanglement be-
tween sets of shortest paths respectively to the pair of
primes 19 and 43 in the set Sy59. Also shown in this fig-
ure are the subsequence hierarchical levels h respectively
to the nodes and links.

A constant flow of probability equal to 1 is assumed
to emanate from the source node, i.e. the prime number
at the left-hand side of the set of shortest paths (19 in
this specific example), flowing along all hierarchical levels
until reaching the destination node (43 in this example).
Therefore, the total flow along all the links at each hierar-
chical level will also add to 1, ensuring normalization for
the entropy calculation which is necessary for estimating
the respective effective width at each level h.

19, 57, 129, 43
19, 114, 129, 43
19, 38, 86, 43
19, 76, 86, 43
19, 114, 86, 43

Figure 4: The set of five distinct shortest paths between the prime
numbers 19 and 43 in the set S150, all of which having length 3. The
hierarchical levels h of the nodes and links in these shortest paths
are also identified in the figure. Though there are five shortest paths,
several nodes and links are shared amongst themselves (especially
along the second hierarchy), resulting in a respective entanglement
leading to an effective number of independent paths smaller than
5. In the present work, we consider the concept of effective width,
described in [2], as a mean to take into account the entanglement
between the shortest paths characterizing prime numbers networks.

It can be readily observed that the five distinct short-
est paths identified for this specific pair of prime numbers

in the set Sy59, which are indicated in green in Figure 4
and in distinct colors in the respective network defined by
these shortest paths, though being formally distinct one
another, share several nodes and links along the hierar-
chical levels h = 1,2 and 3.

These several intersections observed between the dis-
tinct shortest paths constitute what we will refer to as
entanglements of those paths. For instance, only two
nodes, instead of the maximum R = 5, can be found
at the hierarchical level h = 2. The larger the number
of these node and link intersections, the less independent
and more entangled the set of paths can be said to be.

The present work adopts a recently described ap-
proach [2] to quantifying the entanglement/independence
between the sets of shortest paths defined by each pair
of prime numbers in sets Sy. That methodology, jointly
with a respective modification, are considered here as pos-
sible means for quantifying the sets of shortest paths in-
terconnecting the nodes in a prime numbers network.

The approach suggested in [2] assumes that a flow of
probability, constant and equal to 1, is established from
the source to the destination nodes, which are taken as
the prime numbers at the left- and right-hand sides of
Figure 5. As the flow is assume to be conserved along
the R shortest paths, the sum of flow probabilities at
each hierarchical level results as being normalized to add
1, therefore allowing a stable probabilistic representation
from which the respective entropy, and its exponential,
can then be obtained. The equilibrium flow at the links
is obtained from the respective transition probabilities as
described in [2]. Then, the entropy of the equilibrium
flow probabilities at each hierarchical level is calculated,
and its exponential is understood to correspond to the
effective width Ej, of the paths at link level h.

For instance, in the case of the shortest paths illustrated
in Figure 5, the effective width at level h = 3 can be
readily calculated as follows:

Es5 =exp{—5/8log(5/8) — 3/8log(3/8)} = 1.9378...

This value, here taken as an indication of the effec-
tive number of paths at the respective hierarchical level,
is much smaller then the total number of shortest paths
R = 5. Because there are effectively two links at level
h = 3, the respectively obtained effective width can be
understood to be sub-optimal, reflecting the presence of
shared links at this specific level.

It is also possible to consider the relative efficiency in-
dex as follows:

E
Iy = ?3 = 0.38756...

with 0 < I, <1.
The overall effective width of the given set of shortest



paths can be quantified in terms of the following average:
W, = (Ep) =4
or in terms of the minimum effective width, i.e.:
W, = min Ep =1.94
m hrilir,lL h

Observe that sets of shortest paths with length L = 2
will necessarily have optimal effective width, as it is not
possible to share nodes or links in this particular situation,
implying all shortest paths to be mutually independent.

1=3]

I: 0.8 0.95 0.38

<I>=10.8

Figure 5: Illustration of the concepts of equilibrium link flow and
effective width, respective to the simple prime numbers network in
Fig. 4. The equilibrium flow of probabilities is shown as weights
(dark green) associated to each link along the L = 3 hierarchies
of this network. Observe that the total of probability flow at each
hierarchical level h is intrinsically normalized to 1, corresponding to
the maximum flow emanating from node 19. The effective widths E
of each level corresponds to the exponential entropy of the respective
equilibrium probability flows, being shown along the first row at the
bottom of the figure. The relative effective width, henceforth called
the efficiency index I at each level can be obtained by dividing
the effective width at that level by the total R = 5 of distinct
shortest paths in this set. The average values of the effective widths
and efficiency index are also shown in the figure as (F) and (I),
respectively.

All in all, we are left with a number of possible mea-
surements reflecting the independence (or entanglement)
between a set of shortest paths, including the effective
width per hierarchical level Ej, the efficiency index per
level I, as well as the respective averages and minimum
values. The choice among these indices will depend on
the specific interests and questions implied by distinct
respective applications. In particular, the consideration

of the whole set of indices will provide a more complete
characterization of the relationship between the consid-
ered prime numbers. At the same time, in case bottle-
necks are of particular relevance for a given application,
it would also be possible to take into account the mini-
mum effective width as a sole quantification of the prime
number relationships.

The above illustrated approach to characterizing the in-
terrelationship between the shortest paths in a given set
does not take into account the specific paths in the re-
spective calculations, relying instead on the topology of
the interconnections as in the respective prime factors net-
work and considering a randomly uniform random path
along the links.

It is also possible to take an alternative, non-
probabilistic approach, in which all the identified shortest
paths are taken into account as illustrated in Figure 6. In
this case, the flows at each link are determined simply
by adding the transition probability 1/R of each link, so
that the effective widths are calculated by taking into ac-
count these probabilities instead of the probability link
flow as in the previous approach described above. Fig-
ure 6 presents the estimation of the effective widths for
Sog considering this alternative methodology.

At least for the set Sag, similar indices quantifying the
independence / entanglement between the respective sets
of shortest paths have been obtained by using any of the
two described methodologies. This second approach to es-
timating effective widths, however, has the property that
the same values will be obtained (though in reversed or-
der) when applied to a set of shortest paths from A to B
as well as from B to A.

It should be observed that the two approaches for ob-
taining effective widths of the sets of shortest paths de-
scribed above are not alternatives leading to the same
estimation, but actually two different (but related) ap-
proaches to defining the own concept of effective width.

It follows from the above assumptions and discussions
(see also [2]) that an optimal set of R shortest paths would
be characterized by R completely independent shortest
paths, all with the same length L, which do not share any
node or link. As a consequence, a total of (L — 1)R + 2
nodes and LR links will be required for the an optimal
set of R shortest paths of length L. In the present work,
the independence between the shortest paths averages in
prime numbers networks will be characterized in terms of
the average and minimum values of effective widths and
efficiency index.

The present work therefore describes an approach to
interrelate prime numbers in a set Sy in terms of respec-
tive prime numbers networks derived from respective sets
of shortest paths existing in the related prime factors net-
work. Once this network has been obtained, it can be not
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Figure 6: An alternative approach to the estimation of the effective
width of a set of shortest paths along its subsequent hierarchical
levels. Instead of considering the probability flow as in Fig. 5, each
individual link along each of the R = 5 identified shortest paths
between the prime numbers 19 and 43 is associated to a respec-
tive constant transition probability p = 1/R, which corresponds to
p = 0.2 in the specific case shown in the figure. This basic proba-
bility is added among shared links, yielding the shown distribution
of probability flows, from which the effective widths at each hier-
archical level are determined in terms of the respective exponential
entropy in a manner analogous to that adopted in the previous de-
scribed approach.

only visualized, but characterized in terms of several mea-
surements including statistics of the number and length
of shortest paths between each considered prime number,
as well as by statistics of the respective effective widths
and efficiency indices.

More specifically, the main motivation for the concepts,
methods and results described in the current work can be
summarized as:

e Suggest an approach for interrelating prime num-
bers in terms of shortest paths between composite
numbers in which they participate within respective
prime factors networks;

e Obtain complex networks where each prime number
is a node, while links between pairs of nodes indi-
cate the presence of respective shortest paths be-
tween those values;

e Characterize these interrelations in terms of the num-
ber of and length of involved shortest paths, as well as
statistics their effective width and efficiency indices;

e Use prime numbers networks as a benchmark for il-
lustrating and evaluating concepts and methods re-
lated to the characterization of entanglement be-
tween shortest paths in complex networks.

The present work is organized as follows. First, a brief
review of some of the main related works is presented, fol-
lowed by a summary of the adopted concepts and meth-
ods. Several methods and results are then presented, in-
cluding the determination of prime numbers networks and
respective characterization in terms of the properties of
the respective sets of shortest paths.

2 Related Works

The systematic study of prime numbers constitute one of
the subjects of the area known as Number Theory (e.g. 3,
], see also [5, 6, 7]).

Several interesting works have addressed the proper-
ties and interrelationship between prime numbers, in-
cluding respective representation as graphs and/or net-
works. Among these works, Pomerance [8] described a
prime number graph, consisting of the set of lattice points
(n,pn), n=1,2,..., where p, is the n—th prime number,
indicating that there are k collinear points in this type
of graph. Graphs have also been defined [9] by including
edges between each pair of prime numbers whose absolute
difference is a non-negative power of 2.

In another approach [10] (see also [11, 12]), integers
are interconnected whenever one divides the other, so
that an unweighted network is obtained, which are found
to be scale free, but with non-stationary degree distri-
bution. Congruence relationships between natural num-
bers in terms of multiplex networks have been addressed
in [13].

Networks of prime numbers have also been ap-
proached [14] from the perspective of the Goldbach’s con-
jecture, stating that an even number can be decomposed
as the sum of two prime numbers, and the obtained net-
works have been found to be small world.

A bipartite approach to composite and prime numbers
has been described in [15] in the context of stochastic pro-
cesses theory, and a method is also described for gener-
ating random numbers and their relationships with com-
posite numbers.

Networks based on shared prime factor decomposition
of integer numbers have been described in [1], networks of
integer numbers have been described in which each num-
ber is associated to a node, and pairs of these nodes are
interconnected whenever the two respective integer values
share a prime factor. Weights corresponding to the total
number of shared factors, or the coincidence similarity be-
tween the respective vector of prime factors, can then be



associated to each link.

3 Basic Concepts and Methods

In this section we provide a brief presentation of the main
concepts and methods adopted in the present work, start-
ing with prime numbers (e.g. [1(]) and following with com-
plex networks e.g. [17, 18, 19]).

An integer value m is said to be divisible by another
value p iff m/p is an integer number. In this work, we
assume all integer values to be positive. A prime number
is an integer number that is divisible only by 1 and by
itself. Numbers that are not primes, are said to be com-
posite. Any given integer number m can be decomposed
into respective integer components, or factors, which are
found to be divisors of m. In particular, the prime factor
decomposition of an integer number corresponds to all its
factors that are prime numbers. Prime factors may repeat
themselves with a respective multiplicity.

A complex network is a graph with noticeable inter-
connection complexity, in the sense of being substantially
greater than the complexity of a deterministic regular net-
work or a stochastic uniformly random network. Each
network is henceforth understood to have n nodes and e
edges or links. The number of links attached to a given
node corresponds to the node degree. A path along a net-
work consists of a sequence of adjacent links. The num-
ber of links in a given path corresponds to its respective
length. Two nodes are said to be connected iff there is a
path between then. The shortest path between two given
nodes corresponds to the path of minimum length among
the possible paths interconnecting those two nodes. More
than one shortest path can be obtained for the same pair
of nodes, but all them will necessarily have the same
length.

Given a set of R probabilities P;, i = 1,2,..., R, nor-
malized so that:

Zazl (1)

the entropy of this set is calculated as:

R
c= =3 Pilog(P) (2)
i=1
The exponential entropy of this set of probabilities can
then be expressed as:
X =¢€° (3)

This quantity can be understood as corresponding to
the effective number of choices in the original set of prob-
abilities. The largest number of choices, corresponding

to R, is obtained when all probabilities are identical to
P, = 1/R. Otherwise, values smaller than R will be ob-
tained, especially when the probability values are partic-
ularly unbalanced.

4 Examples of Prime Factors and
Prime Numbers Networks

All experimental results presented in this work refer to
the sets of primes Ssgg or S1goo-

Figure 11 illustrates the prime factors metwork ob-
tained for the integer values 2,3,...,300. Each node in
this network corresponds to an integer value varying from
2 to 300, while the edges have weights corresponding to
the number of prime factors shared by the integer values
associated to the respective pair of nodes.

A noticeably modular interconnectivity structure can
be observed, presenting modules (or communities, clus-
ters) interconnected one another through varying densi-
ties of edges. The isolated satellite nodes correspond to
the prime numbers in the range 2,3, ...,300 that do not
participate as a prime factor in any of the composite num-
bers in that same range.

The prime numbers network obtained for the sets Ssgq
and Sy are depicted in Figures 8 (a) and (b), respec-
tively. As with the respectively prime factors networks
from which these networks derive, a marked heterogeneity
of interconnections can be observed, including two main
modules including a smaller star-like cluster around the
number 3, and another module involving the other prime
numbers.

In addition to the strong heterogeneity of interconnec-
tions, the prime numbers networks also indicate a par-
ticularly low number of connections involving the prime
number 2, which a substantially larger number of con-
nections involve the number 3. The largest degrees can
be observed for intermediate prime numbers, particularly
those resulting at the center of the obtained networks.
Another particularly interesting result concerns the fact
that the largest prime numbers in the prime number net-
works tend to be connected to the number 3.

5 Length and Number of Shortest
Paths

Given a prime numbers network, the distributions of num-
ber of shortest paths between pairs of nodes and respec-
tive lengths, as discussed in Section 1, constitute a partic-
ularly interesting characterization of the interrelationship
between the prime numbers in those networks.

Figures 9 (a) and (b) present the number of shortest
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Figure 7: The prime factors network obtained for the integer values 2, 3, ..., 300, each of which being represented as a node in this network.
The link between each pair of numbers corresponds to the existence of shared prime factors. The number of shared prime factors is understood
as the weight of the respective link. The size of the nodes have been shown so as to indicate the respective strength, i.e. the sum of the
weights of links attached to that node. A noticeably modular organization can be observed, involving modules that are attached to the
remainder of the network through varying densities of edges. The prime numbers which do not participate as factors in other numbers
result as surrounding isolated nodes. The other prime numbers in the range from 2 to 300 are connected to other composite numbers as a
consequence of participating as a prime factor in those numbers.



Figure 8: The prime numbers networks obtained for the sets S300 (a) and S1000 (b), respectively, present similar organizations of intercon-
nections. Heterogeneous interconnectivity can be observed in both cases, including two modules. The width of the links indicate the number
of shortest paths among each respective pair of nodes, and the size of the nodes reflects the respective strength, corresponding to the sum

of the weights associated to respectively attached edges.

paths and respective lengths between each pair of nodes
in the prime numbers network obtained for Siggo.

A markedly heterogeneous distribution of numbers of
shortest paths between pairs of prime numbers can be
observed from Figure 9 (a), with the highest numbers
defining an “L”-like crest. Interestingly, each of the sides
of this crest have distinct properties, with the upper por-
tion presenting a graded distribution of number of short-
est paths, which tends to decrease with the distance from
the crest. At the same time, the lower region adjacent
to the crest is characterized by an abrupt transition to
particularly low values of numbers of shortest paths. A
three-dimensional visualization of the number of short-
est paths between pairs of primes in Syggp can be seen in
Figure 10.

The lengths of shortest paths in Sy has been identified
to be either L = 2 or 3, defining two respective connected
regions, as illustrated in Figure 9 (b). The region with
L = 2 involves pairs of prime numbers so that at least
one of these two numbers is relatively small. The second
region, characterized by L = 3 involves relatively larger
prime numbers. This indicates that the shortest paths
between prime numbers relatively larger require 3, instead
of 2 links before a path can be obtained between those two
numbers.

The border between the two regions above can be found
to correspond to the crest identified for the number of

shortest paths in Figure 9 (a). Interestingly, a large ma-
jority of pairs of primes are characterized by respective
sets of shortest paths having length equal to 3 links.

6 Effective Width in Prime Num-
bers Networks

Having discussed prime numbers networks in terms of the
respective number of shortest paths between its pairs of
nodes, as well as from the perspective of the length of
these paths, in this section we focus on a more systematic
characterization of the independence (related to entan-
glement) between the shortest paths in these sets. More
specifically, we will estimate the average effective width
and efficient indices of the sets of shortest paths between
every pair of prime in the respective networks, as well
as their minimum effective width. The effective width
will be calculated by using the first, stochastic approach
described in Section 1, characterized by the equilibrium
link flow, from source to destination nodes, in each set of
shortest paths.

However, before proceeding to the presentation of the
above mentioned indices, it is interesting to visualize
some of the sets of shortest paths between considered
(source, destination) pairs of nodes in the set Ssog, as
illustrated in Figure 11.

A substantial variation of network size and topology
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Figure 9: Number of shortest paths between nodes (a) and respective lengths (b) in the prime numbers network obtained for S1000. The
adopted heatmap proceeds from yellow to brown. An interesting distribution of values can be observed, with the largest values tending to

follow a “L”-like curve. Also interesting is the fact that larger numbers of shortest paths tend to be observed above the aforementioned
curve than below. The number of shortest paths in this set of primes have been identified to be either 2 (shown in orange) or 3 (shown in
brown). A well-defined border can be observed between the two regions respectively defined by these two values of shortest path length,

which coincides with the crest of the “L”-like curve.

Figure 10: Visualization of the number of shortest paths between
the prime numbers in Sigoo visualized three-dimensionally, from
which the markedly distinct distributions of values at each side of
the “L”-crest, with abrupt and smooth respective transitions, can
be readily observed.

can be observed for the examples of sets of shortest paths,
indicating that markedly diverse interactions exist be-
tween prime numbers. While all sets of shortest paths
with L = 2 will have optimal independence, leading to
maximum effective widths, the observed diversity of in-
terconnectivity between prime numbers presented in Fig-
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ure 11 indicates that great variations of effective width
and efficiency indices can be expected.

In this work, we will approach the quantification of the
independence between the shortest paths in each set de-
fined by respective pairs of primes in terms of the follow-
ing four measurements: (i) the average effective width for
each pair of nodes in the prime factors networks; (ii) the
respective standard deviation; (iii) the minimum effective
width; and (iv) the average efficiency index, namely the
division of the average effective widths by the total num-
ber of shortest paths in each set.

Figure 12 illustrates the values of the above measure-
ments for each pair of the N, = 95 prime nodes in the set
S1000-

A strong correlation can be observed between the aver-
age effective width W, of the paths in the prime numbers
networks for Sygoo (Fig. 12(a)) and the respective number
of paths in Figure 9(a).

As can be noticed from Figure 12(b), the standard de-
viation of the effective width resulted correlated with the
respective average, indicating that the larger sets of short-
est paths also tend to be have greater dispersion of effec-
tive width and, therefore, greater heterogeneity of mutual
independence. Recall that each set of shortest paths is
considered between every pair of prime numbers in the
set Sy.

A particularly interesting distribution of the minimum
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Figure 11: Examples of sets of shortest paths, with lengths L = 2 or 3, between pairs of prime numbers considering S399. The respective
identification of the (source, destination) pairs of nodes is provided respectively to each presented case. A marked diversity of interconnec-
tivity can be observed even among these few examples. All destination nodes are marked with a self-loop.

effective width along the hierarchical levels can be ver-
ified in Figure 12(c), with a blocked structure observed
for pairs of primes above the “L”-shaped crest. The sets
of shortest paths at this crest tend to have the largest
minimum effective width, though these values decrease
progressively as one moves away from the middle of the
crest. Particularly large minimum effective widths can
also be found near the origin of the axis in the plot.

The distribution of efficiency index values is presented
in Figure 12(d). Of particular interest is the fact that the
smallest efficiencies can be found along the “L”-shaped
crest, increasing progressively with the distance from that
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crest. Recall that the efficiency index is not necessarily
commutative, given the stochastic methodology adopted
for the estimation of the effective widths. Interestingly,
the region with the smallest efficiency index values corre-
sponds to the center of the “L”-shaped crest, which is at
the same time characterized by large average and mini-
mum effective widths.

Figure 13 illustrates the prime numbers network for
S1000 counsidering the average efficiency index (I) for
the weights of respective links between the involved
prime numbers. It can be observed from this network
that the highest efficiency index values have been ob-
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Figure 12: The characterization of the independence between the shortest paths in the respective sets defined by each pairwise combinations
of the primes in S1000: (a) the average effective width; (b) the standard deviation of the effective width; (c) the minimum effective width;
and (d) the average of the efficiency index. Observe that, for the sake of enhanced visualization, the minimum effective with is shown as
log (Wsq + 1). The heatmap progresses from yellow (smallest value) to brown (largest value).

tained between the intermediate valued prime numbers
(e.g. 5,7,13,17,...,31) and other prime numbers. The
two previously identified modules can also be discerned
in the resulting network.

All in all, the consideration of the several measurements
in this section allowed the complementation of the respec-
tive analysis and interpretation, leading to a better un-
derstanding of the interrelationships, in terms of sets of
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shortest paths, between pairs of prime numbers in sets
Sn.

7 Concluding Remarks

Prime numbers have been the subject of intense human in-
terest from the earliest days of mathematic development,



Figure 13: The prime numbers network for S1ggo taking the average
efficiency index (I) as weights for the respective edges, reflected in
the widths of the links in the figure. The sizes of the nodes indicate
the number of shortest paths between each pair of primes in the
network.

which is possibly a consequence of being unpredictably
and irregularly distributed along the other integer num-
bers. As a consequence of this continuing interest, a large
number of concepts and methods, especially in the area of
Number Theory, have been developed and systematically
applied.

With advances in graph theory and network science, re-
spective concepts and methods have been developed and
applied to the visualization and characterization of rela-
tionship between integer values, including their respective
prime factor decompositions. The present work devel-
oped along this perspective. More specifically, concepts
and methods related to graph theory including shortest
paths, as well as the exponential entropy, have been sug-
gested in order to obtain prime numbers networks, with
links defined from the shortest paths between prime num-
bers, and to characterize these networks in terms of sev-
eral measurements and indices capable of expressing the
length, number, and effective width of the sets of shortest
paths associated to respective pairs of prime numbers.

Several interesting results have been obtained and dis-
cussed, including those listed as follows:

e Relationships between prime numbers can be defined
in the sense of factors shared with other composite
numbers along respective shortest paths in the asso-
ciated prime factor network, yielding prime numbers
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networks;

The concept of sets of prime numbers Sy up to a
maximum integer number N, have been suggested
S0 as to restrict the possible interactions between the
prime numbers, which would otherwise imply infinite
sets of numbers;

The sets of shortest paths obtained for the consid-
ered sets of prime numbers revealed only paths with
lengths L = 2 or 3, with the latter typically being
found between two relatively larger prime numbers
in the respective sets;

The obtained prime numbers networks presented a
strongly heterogeneous pattern of interconnectivity,
with at least two well-defined modules;

The smallest between these two modules has star-like
connectivity centered at the value 3, which tends to
establish shortest paths with the largest prime num-
bers in the given set Sy;

The largest module has at its most central region the
intermediate valued prime numbers, which present a
relatively larger number of shortest paths with other
prime numbers in the respective set;

The pairwise distribution of numbers of shortest
paths in set defined by a respective pair of prime
numbers revealed a well-defined “L”-shaped crest of
peak value;

Completely distinct distributions of lengths and
numbers of shortest paths were observed at each of
the two sides around the obtained crest, with the
upper portion containing particularly large numbers
of sets of shortest paths that decrease progressively
with the distance from the crest, while the portion at
the other side was characterized by smaller numbers
of shortest paths;

The two identified regions around the “L”-shaped
crest were composed, respectively, of sets of short-
est paths with lengths L = 2 and 3;

The sets of shortest paths of length L = 3 between
the pairs of prime numbers presented a marked topo-
logical diversity, implying in varying levels of entan-
glement / independence between the involved short-
est paths;

The concept of effective width suggested recently [2]
was adopted in this work together with a respective
modification in which the weights of the links are
obtained directly from the respective paths in a set,
instead of from the equilibrium. link flow established



between a source and destination node. The latter
approach has the characteristic of leading to the same
set of effective widths along the respective hierarchi-
cal levels, though in reversed order, when the source
node is exchanged with the destination node;

e The relationship between the obtained sets of short-
est paths were characterized in terms of several in-
dices related to the concept of effective width of a
set of shortest paths, especially the average, stan-
dard deviation and minimum values of the number
of shortest paths in a set, as well as in terms of the
efficiency index;

e The average and standard deviation of the effective
widths resulted strongly correlated with the respec-
tive number of shortest paths in the obtained sets,
indicating that the former two properties tend to fol-
low the total number of shortest paths in the ob-
tained sets;

e The minimum value of effective widths along the
shortest paths hierarchical levels was found to present
a particularly intricate distribution which, though
tending to take the largest values at or near the iden-
tified crest, also established a blocked structure at
one of the sides of the crest;

e The distribution of efficiency indices resulted partic-
ularly intricate, with the smallest efficiency being ob-
served mostly at the same cases in which the aver-
age number of effective paths is high, then increasing
progressively with the distance from the crest in the
upper respectively defined region.

All in all, the proposed approach unveiled a particularly
intricate interrelationship, in terms of shortest paths, be-
tween the prime number in bound sets Sy of integer val-
ues.

Possible future related works include extending the re-
ported analysis to larger prime numbers networks, con-
sidering the second approach for defining effective width
suggested in the present work and comparing it with
the currently reported results, confirming (or not) that
the shortest paths in the described networks necessar-
ily have lengths equal to either 2 or 3, and applying
the suggested concepts and methods to the characteriza-
tion of systems involving interrelationship between prime
numbers (e.g. as in some signal and pattern analysis ap-
proaches). In addition, the described concepts and meth-
ods can also be applied to the characterization of sets of
shortest paths in networks other than those defined by
prime number relationships.
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