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Parameter estimation for a hidden linear birth

and death process with immigration∗

Ibrahim Bouzalmat† Benôıte de Saporta‡

Solym M. Manou-Abi§

Abstract

In this paper, we use a linear birth and death process with immigration
to model infectious disease propagation when contamination stems from
both person-to-person contact and the environment. Our aim is to esti-
mate the parameters of the process. The main originality and difficulty
comes from the observation framework. Indeed, counts of infected pop-
ulation are hidden. The only data available are periodic cumulated new
infected counts. We first derive an analytic expression of the unknown
parameters as functions of well-chosen discrete time transition probabili-
ties. Second, we extend and adapt the standard Baum-Welch algorithm
in order to estimate the said discrete time transition probabilities in our
hidden data framework. The performance of our estimators is illustrated
both on synthetic data and real data of typhoid fever in Mayotte.

1 Introduction

Water borne infectious diseases [1, 2] can be life-threatening and may carry in-
fection to a large population in a very small duration. Typhoid fever, cholera,
dysentery, poliomyelitis are, among others, the most frequent water borne dis-
eases. Such diseases are a major health issue in most parts of the world and
especially in developing countries. In the French administrated island of May-
otte, typhoid fever is a notifiable endemic disease with an average of 41 cases
per year between 2014 and 2021 under active surveillance of the Department of
Safety and Health Emergencies (DéSUS) of the Regional Health Agency (ARS)
of Mayotte. The disease is predominantly transmitted through contact with or
consumption of microbially polluted water or food, see [3, 4, 5].

Compartment models form a wide class of deterministic and random pro-
cesses especially suitable to model disease propagation. A variety of such models
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are available in the literature for the transmission of typhoid fever with or with-
out vaccination, see e.g. [6, 7, 8, 9, 10]. In this paper, we focus on a simplified
stochastic one-compartment model, where only counts of the infected population
are taken into account. This stochastic model is a linear birth-and-death pro-
cess with immigration (LBDI). Here immigration corresponds to exogeneous
contamination, or contamination from the environment; birth corresponds to
new person-to-person contamination; and death corresponds to recovery. Such
processes belong to the family of Markov jump processes and are used in a
wide variety of quantitative disciplines, such as evolutionary biology, epidemi-
ology and queuing theory, see for instance [11, 12, 13, 14, 15], and references
therein. This LBDI model can be described with only three scalar parameters:
the immigration (exogenous or environment contamination), birth (person to
person contamination) and death (recovery) rates. Its asymptotic behavior is
well-known as well as maximum likelihood estimators based on both discrete
and continuous observations if available observations include the jump times
and post jump locations, see for instance [16, 17, 18, 19].

However, in epidemiological practice continuous time or periodic counts of
infected individuals are rarely available. For notifiable diseases, the most com-
monly collected data are cumulated new infected counts over given periods,
typically daily or weekly intervals. Parameter inference for LBDI process in
this observation framework is very challenging for two main reasons.

First, when observations are discrete, one needs to retrieve the transitions
probabilities of infected counts over a given period. The immigration compo-
nent invalidates the branching property, thus obtaining an analytical form for
the transitions probabilities is not straightforward, and obtaining a numeri-
cal form may be liable to numerical instabilities [20]. Several researchers have
proposed approaches to estimate the parameters of discretely observed general
birth and death processes. In [15, 21], the authors propose to use the theory of
continued fractions to find the explicit expression of the Laplace transform of
transition probabilities in order to consider the inference problem with discrete
observations as a missing data problem by using the expectation-maximization
(EM) algorithm to find maximum likelihood estimates. In [22], the authors use
the same EM algorithm method to propose a multi-type branching process ap-
proximation for birth-death shift processes. In [23], the authors propose to use
two approaches to estimate the birth, death, and growth rates from a discretely
observed linear birth-and-death process through an embedded Galton-Watson
process and by maximizing a saddlepoint approximation to the likelihood.

Second, in all the previously cited papers, observations are discrete but corre-
spond to infected population counts. Retrieving infected counts from cumulated
new cases corresponds to a non standard hidden Markov model (HMM). Indeed,
due to the underlying continuous-time dynamics, the cumulated new cases over
a period of time depend on both the infected counts at the beginning and at
the end of the period. Therefore the emission distribution of the HMM depends
on both the current and past states of the hidden chain. Hence the standard
Baum-Welch algorithm [24] cannot be directly applied and has to be adapted
to this specific case.
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This paper addresses both challenges. First, we establish an analytical for-
mula for the parameters of a LBDI process in terms of some discrete time
transition probabilities. Then we adapt the Baum-Welch algorithm to our spe-
cial form of emission distribution to estimate the transition probabilities of the
hidden chain form the cumulated new cases data. We finally obtain estimates
of the original parameters by plug-in. Our results are illustrated both on syn-
thetic and real data. The real data set concerns daily cumulated new declared
confirmed cases of typhoid fever in Mayotte from 2018 to 2020. It was provided
by the ARS. All codes were implemented in R and are available upon request
to the corresponding author.

The paper is organized as follows. We present the stochastic LBDI model
and our specific observation framework in Section 2. In Section 3, we present
parameter estimation procedure and establish the main properties of the esti-
mators. Section 4, is dedicated to the investigation of the numerical properties
of the estimators, both on synthetic and real data. Finally, Section 5 gathers
some concluding remarks and future work directions. All proofs are postponed
to the technical appendix.

2 Model and observation framework

In this section, we first describe the stochastic model for counts of infected
individuals. Then we define our observation framework and state our parameter
estimation problem. Last, we explain our strategy to obtain estimators.

2.1 Linear birth and death process with immigration

For a water borne disease like typhoid fever, new infections are caused by di-
rect or indirect contact with an infected individual or with the environment
(food, water contamination). We make the following simplified assumptions.
Each individual contaminates a new one with a constant infection (birth) rate
λ, independently from other individuals. Infected individuals recover indepen-
dently from one another at a constant recovery (death) rate µ. Exogenous new
cases arrive at a constant (immigration) rate ν also independently from other
contaminations and recoveries.

Let Xt be the number of infected individuals at time t ≥ 0. Then the count-
ing process X = (Xt)t≥0 is a linear birth and death process with immigration
(LBDI process). It belongs to the class of Markov jump processes and its be-
havior is well understood, see for instance [25]. We recall the main properties
here. The distribution of X is characterized by its infinitesimal generator Q as
follows

P(Xt+h = j|Xt = i) = Q(i, j)h+ o(h) if j 6= i,

P(Xt+h = i|Xt = i) = 1 +Q(i, i)h+ o(h),
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uniformly in t. The matrix Q has non-zero entries given by

Q(i, i+ 1) = λi+ ν for i ≥ 0,

Q(i, i− 1) = µi for i ≥ 1,

Q(i, i) = −(λ+ µ)i− ν for i ≥ 0.

The transition semi-group defined by
(
P (t) = (pi,j(t), i, j ∈ N)

)
t≥0

, where

pi,j(t) = P(Xt = j|X0 = i), i, j ∈ N, t ≥ 0,

satisfies the (forward) Kolmogorov equation

dP (t)

dt
= P (t)Q, (1)

for t > 0 which can be rewritten for i, j ∈ N with j ≥ 1 as

dpi,0(t)

dt
= µpi,1(t)− νpi,0(t),

dpi,j(t)

dt
= (λ(j − 1) + ν) pi,j−1(t) + µ(j + 1)pi,j+1(t)− ((λ+ µ)j + ν) pi,j(t),

and with initial condition pi,i(0) = 1 and pi,j = 0 for j 6= i.
Finally, recall that a LBDI process (with ν > 0) has three possible regimes

of long-time behavior: exponential growth (transience) if λ > µ, all states are
visited infinitely often with an infinite average return time (null recurrence) if
λ = µ and all states are visited infinitely often with a finite average return time
(positive recurrence) if λ < µ. In the latter case, there exists a unique invariant
distribution π = (πi, i ∈ N) given by

πi =

(
r + i− 1

i

)(
λ

µ

)i(
1− λ

µ

)r
, (2)

with r = ν/λ.
In all the sequel, we assume that the LBDI process is in positive recurrent

regime, i.e. ν > 0 and λ < µ. Our aim is to estimate the triple (λ, µ, ν).

2.2 Cumulated new cases

The main difficulty of this paper comes from the observation framework. We
consider that Xt is not observed. Only cumulated new cases over given time
lapses are available. Although this formulation is mathematically original and
challenging, it is very common in public health data, especially for notifiable
diseases.

Let Y(a,b] denote the cumulated new infected corresponding to process X on
the time interval (a, b]. Thus, Y(a,b] corresponds to the number of jumps with
amplitude +1 of X on the time interval (a, b]: Y(a,b] is the cardinal of the set
{t ∈ (a, b];Xt −Xt− = 1}, where Xt− = lims<t,s→tXs.
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The joint process (Xt, Y(0,t]) is still a Markov jump process and its distribu-
tion is characterized by the transition probabilities

pi,(j,y)(t) := P
(
Xt = j, Y(0,t] = y | X0 = i

)
,

for i, j, y ∈ N. They also satisfy a (backward) Kolmogorov equation, see A for
the proof.

Lemma 1. For t > 0 and i, j, y ∈ N, one has

dpi,(j,y)(t)

dt
= −((λ+ µ)i+ ν)pi,(j,y)(t) + (λi+ ν)pi+1,(j,y−1)(t) + (µi)pi−1,(j,y)(t), (3)

for j ≤ i+ y, with pi,(j,y)(t) = 0 whenever j > i+ y and with initial conditions
pi,(j,y)(0) = δi=jδy=0.

Let ∆t be a fixed time lapse, typically one day or one week. Our aim is to esti-
mate the triple (λ, µ, ν) with observations given by the sequence (Y(n∆t,(n+1)∆t])n∈N.

2.3 Estimation strategy

Our estimation problem falls into the class of hidden information problems, as
one given sequence of observations (Y(n∆t,(n+1)∆t])n∈N may correspond to sev-
eral different possible trajectories of X. However, our aim is not to reconstruct
the most likely trajectory, but simply to estimate the triple (λ, µ, ν).

Unfortunately, were not able to obtain an analytical form of the transitions
probabilities pi,(j,y)(t) from Equation (3). Therefore we cannot access the like-
lihood of the observations, and there is no hope for a direct maximization with
respect the unknown parameters. Instead, we proceed in two steps.

The first step is to study the discrete time Markov chain (Xn∆t)n∈N. We
obtain an analytical closed form for its transition probability matrix in terms
of the unknown parameters (λ, µ, ν). This formula can be inverted to obtain an
expression of the parameters (λ, µ, ν) in terms of some well chosen transition
probabilities. We then obtain estimators by plug-in from any estimator of the
said transition probabilities, and we establish that consistence and asymptotic
normality of the transition probability estimators transfer to the estimators of
(λ, µ, ν).

The second step takes into account the missing information framework by in-
terpreting the discrete time Markov chain (Xn∆t, Y(n∆t,(n+1)∆t])n∈N as a hidden
Markov model (HMM), where (Xn∆t) is the hidden chain and (Y(n∆t,(n+1)∆t])
the observations. However, in this framework the emission process is original as
the cumulated number of new infected Y(n∆t,(n+1)∆t] depends on the whole con-
tinuous time trajectory of X on the interval (n∆t, (n+1)∆t] and not only on its
final value X(n+1)∆t. Using the Markov property, one can obtain the emission
probabilities of Y(n∆t,(n+1)∆t] conditionally to Xn∆t and X(n+1)∆t only. Our
first idea was to run the standard HMM procedure from the R package HMM on

5



the two-dimensional chain Zn = (Xn−1, Xn) to estimate the transition probabil-
ities of the hidden chain Z. Unfortunately, the method was numerically unstable
and marred by errors due to the many zero entries in the transition matrix of
Z. Instead, we completely rewrote the forward and backward probabilities in
our special context and adapted the Baum Welsh algorithm accordingly. This
second steps enables us to obtain estimations of the hidden transition probabil-
ities of the Markov chain (Xn∆t)n∈N based on the observations (Y(n∆t,(n+1)∆t])
only. We then use the explicit formulas from step one to obtain estimators of
the triple (λ, µ, ν).

3 Parameters estimation

In this section, we detail the construction of our estimators in a discrete time
framework. First, we establish an analytical formula for the parameters of a
LBDI process in terms of some discrete time transition probabilities. Then we
adapt the Baum-Welch algorithm to our special form of emission distribution to
estimate the transition probabilities of the hidden chain form the cumulated new
cases data. We finally obtain estimates of the original parameters by plug-in.

3.1 Analytical expression of the parameters

The first step of our estimation procedure is to establish an analytical formula
for parameters (λ, µ, ν) as functions of the discrete time transition probabilities
of the Markov chain (Xn∆t)n∈N.

We first establish an analytical solution to the Kolmogorov equation (1).

Theorem 1. For t ≥ 0, the transition probabilities of the continuous-time
Markov chain Xt are given for i, j ∈ N by

pi,j(t) (4)

= q(t)r
min(i,j)∑
l=0

(
i

l

)(
r + i+ j − l − 1

j − l

)(µ
λ

)i−l
(1− q(t))i+j−2l

(
1− (

µ

λ
+ 1)(1− q(t))

)l
,

where r = ν
λ and q(t) = µ−λ

µ−λe(λ−µ)t .

The proof is given in B and relies on turning the Kolmogorov equation
into a standard first-order linear partial differential equation for the probability
generating function ofXt. To the authors’ best knowledge, the result of Theorem
1 is new. Note that a similar methodology was used and discussed in [26]
yielding also closed form expressions for transition probabilities and originally
comes from [27].

It is well known that the probability transition matrix of chain (Xn∆t)n∈N is
P (∆t), hence we have an analytic form for the discrete time transition probabil-
ities. We now want to inverse Equation (4) in order to obtain an expression of
the parameters of interest (λ, µ, ν) as a function of the transition probabilities.
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As there are only 3 unknown parameters, it should be sufficient to select 3 spe-
cific transition probabilities. In accordance with the real data set described in
Section 4.2, we choose to use p0,0(∆t), p0,1(∆t) and p1,0(∆t) as they correspond
to the most frequently observed transitions and have the simplest analytical
expressions. To simplify notations, in the sequel we will denote p0,0, p0,1 and
p1,0 instead of p0,0(∆t), p0,1(∆t) and p1,0(∆t), and mode generally pi,j instead
of pi,j(∆t).

Theorem 2. The parameters λ, µ and ν are given by the following relations
(λ, µ, ν) = g(p0,0, p0,1, p1,0) with

λ = g1(p0,0, p0,1, p1,0) =
ln
(
u
q

)
(q − 1)

∆t (q − u)

µ = g2(p0,0, p0,1, p1,0) =
ln
(
u
q

)
(u− 1)

∆t (q − u)

ν = g3(p0,0, p0,1, p1,0) =
ln(p0,0)

ln(q)

ln
(
u
q

)
(q − 1)

∆t (q − u)
,

where

q =
p0,1

p0,0 ln(p0,0)
W

p
(
p0,0
p0,1

+1
)

0,0 ln(p0,0)

p0,1

 ,

u = 1− p1,0

p0,0
,

and W is the Lambert function, see e.g. [28, 29].

The proof is given in C and relies on inversion of the formulas in Theorem
1. In particular, if one plugs estimators of p0,0, p0,1 and p1,0 in the formulas of
Theorem 2, one obtains estimators of the unknown parameters (λ, µ, ν).

Corollary 3. Let p̂n0,0, p̂n0,1 and p̂n1,0 be consistent and asymptotically normal
estimators of p0,0, p0,1 and p1,0 with asymptotic variance-covariance matrix Σ′.

Then the estimators (λ̂n, µ̂n, ν̂n) = g(p̂n0,0, p̂
n
0,1, p̂

n
1,0) obtained by plug-in from

the formulas of Theorem 2 are also consistent and asymptotically normal with
asymptotic variance-covariance matrix given by Σ = DgΣ′DgT , where Dg is
the Jacobian matrix of application g and DgT is its transpose.

The proof is straightforward as g is continuous and differentiable. The com-
putation of the Jacobian matrix of Dg is detailed in D.

For instance, let p̂ni,j be the maximum likelihood estimators of pi,j for obser-
vations (Xk∆t, 0 ≤ k ≤ n) and for (i, j) ∈ {(0, 0), (0, 1), (1, 0)}. These estimators
correspond to the ratio of the number of observed transitions from i to j over the
total number of observed transitions from i in the sequence (Xk∆t, 0 ≤ k ≤ n),
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see Section 4.1.1. Under the positive recurrence assumption (λ < µ and ν > 0),
they are consistent and asymptotically normal with limiting variance covariance
matrix given by

Σ′ =


p0,0 (1− p0,0)

π0
−p0,0p0,1

π0
0

−p0,0p0,1

π0

p0,1 (1− p0,1)

π0
0

0 0
p1,0 (1− p1,0)

π1

 , (5)

where π is the invariant distribution given in Equation (2). More specifically,
one has, as n→∞,

√
n

p̂n0,0 − p0,0

p̂n0,1 − p0,1

p̂n1,0 − p1,0

 L−→ N3(0,Σ′),

see e.g. [30, Theorem 2.1]. Hence they satisfy the assumptions of Corollary
3. However, they cannot be used in our context as the (Xk∆t, 0 ≤ k ≤ n) are
hidden. Therefore we turn to another estimation procedure for p0,0, p0,1 and
p1,0 and use the framework of hidden Markov models.

3.2 Hidden information framework

We now turn to the estimation of the transition probabilities p0,0, p0,1 and p1,0 of
the hidden chain (Xn∆t)n∈N from the available observations (Y(n∆t,(n+1)∆t])n∈N.
To simplify notations, in this section we note Xn instead of Xn∆t and Yn instead
of Y(n−1)∆t,n∆t].

Our aim in this section is to adapt the standard HMM algorithms to obtain
estimations of the transition probabilities of the hidden chain (Xn) from the
observations (Yn). However, as explained in the previous section, Yn depends
on both Xn−1 and Xn, therefore the emission framework is non standard. Note
that the past (Yk)k≤n−1 and current observations Yn are independent condi-
tional on Xn−1. To circumvent the difficulty arising from the non standard
emission framework, we use the two-dimensional Markov chain corresponding
to consecutive pairs of hidden states.

Denote by (Zn)n∈N∗ = (Xn−1, Xn)n∈N∗ the two-dimensional unobserved
Markov chain with values in the hidden state space N2. Then it is straight-
forward to prove that (Zn, Yn) is a standard HMM with the following charac-
teristics.

Lemma 2. The process (Zn, Yn)n∈N∗ is a hidden Markov model with charac-
teristics given by the triple M = (Q,ψ, ρ), where
• the transition probability matrix Q of the hidden chain (Zn) is

Q(i,j),(i′,j′) = P(Zn+1 = (i′, j′)|Zn = (i, j)) = pi′,j′δi′=j ,
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for (i, j), (i′, j′) ∈ N2;
• the emission probability ψ of process Y given process Z is

ψ(i,j)(y) = P(Yn = y|Zn = (i, j)) =
pi,(j,y)

pi,j
,

for i, j, y ∈ N, where pi,(j,y) = pi,(j,y)(∆t) is characterized by Equation (3);
• the initial distribution ρ of the state process Z is

ρi,j = P(Z1 = (i, j)) = pi,jπi,

for i, j ∈ N, where π is the stationary distribution of X given in Equation (2).

The standard algorithm to estimate the most likely parametersM = (Q,ψ, ρ)
of the HMM given the observations is the forward-backward or Baum-Welch al-
gorithm a special case of the Expectation-Maximization (EM) algorithm, [24].
It is an iterative algorithm. At step n, given the current parameters Mn =
(Qn, ψn, ρn), the likelihood of the observations P(Y1 = y1, . . . , YT = yT |Mn) is
maximized and the model Mn is updated to Mn+1 accordingly. The main asset
of the Baum-Welch algorithm is that the likelihood can be maximized explicitly.

Unfortunately, running the standard HMM procedure from the R package
HMM on (Zn, Yn) yields numerical instability and errors due to the many zero
entries in the transition matrix Q of Z. Thus, we rewrote the main functions
adapting the recursive formulas to the special shape of Q to obtain explicit
estimators of the pi,j .

Theorem 4. Given the parameters Mn = (Qn, ψn, ρn), the maximum likelihood
estimates of Mn+1 = (Qn+1, ψn+1, ρn+1) given the observations (y1, . . . , yT ) is
given, for i, j, y in N, by

Qn+1
(i,j),(i′,j′) =

∑T
t=1 ξ

n
(i,j),(i′,j′)(t)∑T

t=1 γ
n
(i,j)(t)

δi′=j ,

ψn+1
(i,j)(y) =

∑T
t=1 1yt=yγ

n
(i,j)(t)∑T

t=1 γ
n
(i,j)(t)

,

ρn+1
i,j = γn(i,j)(1),

pn+1
i,j =

∑
i′∈NQ

n+1
(i′,i),(i,j)∑

i′∈N 1Qn+1

(i′,i),(i,j) 6=0

,
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where

γn(i,j)(t) =
αn(i,j)(t)β

n
(i,j)(t)∑

i,j∈N α
n
(i,j)(t)β

n
(i,j)(t)

,

ξn(i,j),(i′,j′)(t+ 1) =
αn(i,j)(t)p

n
(i′,j′)ψ

n
(i′,j′)(yt+1)βn(i′,j′)(t+ 1)∑

i,j∈N α
n
(i,j)(t)β

n
(i,j)(t)

δi′=j ,

pni,j =

∑
i′∈NQ

n
(i′,i),(i,j)∑

i′∈N 1Qn(i′,i),(i,j) 6=0
,

and the forward and backward sequences αn and βn are defined recursively for
i, j in N and 2 ≤ t ≤ T by{

αn(i,j)(1) = ρni ψ
n
(i,j) (y1) ,

αn(i,j)(t) = ψn(i,j) (yt) p
n
i,j

∑
i′∈N α

n
(i′,i)(t− 1),{

βn(i,j)(T ) = 1,

βn(i,j)(t− 1) =
∑
j′∈N p

n
j,j′ψ

n
(j,j′) (yt)β

n
(j,j′)(t).

Elements of proof are given in Appendix E. After m iterations, we achieve
the optimal parameters of the model and the estimates λ̂, µ̂ and ν̂ are given by

(λ̂, µ̂, ν̂) = g(pm0,0, p
m
0,1, p

m
1,0).

As usual for EM algorithm, the outcome is highly dependent on the initial
condition, and one must also tune the number of iterations and an appropriate
way to truncate the infinite sums. All these points are discussed in the next
section.

4 Numerical study

We now investigate the numerical performance of our estimation procedure both
on synthetic and real data. All codes were developed in R on a laptop with a
1.10GHz processor. To implement the Lambert-W function, we use the lam-
bertW R package [31]. For Baum-Welch algorithm we adapted functions from
the package HMM [32].

4.1 Synthetic data

We first explore the performance of the estimators λ̂n, µ̂n and ν̂n on simulated
data, and investigate the sensitivity of the estimation to changes in the main
hyper-parameters of the procedure. In order to quantify the loss of information
due to the hidden information, we start with the setting where (Xn) is observed,
then turn to the HMM framework.
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4.1.1 Observations of infected counts

When the discrete time Markov chain (Xn) is observed, one can use the maxi-
mum likelihood estimates for the transition probabilities pi,j , see e.g. [33]

p̂ni,j =

∑n−1
k=0 1{Xk=i,Xk+1=j}∑n−1

k=0 1{Xk=i}
.

We simulated a LBDI process starting from X0 = 0 with λ = 0.03, µ = 0.1
and ν = 0.01, until a (continuous) time horizon H for several values of ∆t.
To estimate the transition probabilities between discrete states by the max-
imum likelihood method (MLE), we use the markovchainFit function of the
markovchain package for discrete-time Markov chain models [34].

Table (1) presents the estimated values of the parameters with the asymp-
totic standard error (asymptotic standard deviation divided by

√
n) calculated

from Corollary 3 with matrix Σ′ from equation 5. For convenience, the numer-
ical values of the asymptotic standard deviations are also provided in Table 2.

Table 1: Estimated values and standard error when the infected counts are
observed with period ∆t and time horizon H.

H = 1000
time lapse ∆t 1 7 30

number of observations n 1001 143 34

λ̂n 0.027 (0.100) 0.081 (0.053) 0.049 (0.065)
µ̂n 0.084 (0.035) 0.105 (0.046) 0.070 (0.128)
ν̂n 0.012 (0.484) 0.007 (0.106) 0.007 (0.076)

H = 5000
time lapse ∆t 1 7 30

number of observations n 5001 715 167

λ̂n 0.041 (0.045) 0.052 (0.024) 0.064 (0.029)
µ̂n 0.088 (0.016) 0.132 (0.020) 0.117 (0.058)
ν̂n 0.009 (0.216) 0.012 (0.047) 0.009 (0.034)

H = 50000
time lapse ∆t 1 7 30

number of observations n 50001 7143 1667

λ̂n 0.030 (0.014) 0.023 (0.007) 0.020 (0.009)
µ̂n 0.098 (0.004) 0.097 (0.006) 0.102 (0.018)
ν̂n 0.010 (0.068) 0.010 (0.014) 0.010 (0.011)

Table (1) shows that the convergence property is satisfied, although a high
number of observations is required to capture the right order of magnitude.
This confirms that even in a complete observation framework, retrieving the
parameters form discrete observations of the process is demanding.
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Table 2 shows that the asymptotic variance of the estimators strongly de-
pends on ∆t, and increases as ∆t decreases, with a different magnitude for the
three coefficients, the impact being stronger on the immigration coefficient µ.
This suggest a possible optimal choice to be made between high frequency obser-
vations with high variance but a high number of observations and low frequency
ones with smaller variance and smaller sample size.

Table 2: Asymptotic standard deviation of the normalized estimators

time lapse ∆t 1 7 30

Σ
1/2
11 (λ) 3.190 0.632 0.377

Σ
1/2
22 (µ) 1.112 0.552 0.749

Σ
1/2
33 (ν) 15.309 1.264 0.443

4.1.2 Observations of cumulated new infected counts

We now turn to the more realistic case when only the cumulated new infected
counts (Yn) are observed. We simulated a single trajectory of a LBDI process
starting from X0 ∼ π with λ = 0.03, µ = 0.1 and ν = 0.01, until a time horizon
H, see Fig. 1a). Then we extracted the cumulated new infected counts for a
fixed value of ∆t = 1, see Fig. 1b.

For the HMM procedure, we chose the initial parameters in the following
ranges λ(0) ∈ [0.028, 0.034], µ(0) ∈ [0.08, 0.15] and ν(0) ∈ [0.008, 0.015], the
maximum number of iterations is set to 500 and the stopping criterion (norm of
the difference between the current estimate and the previous one) to 10−9. We
executed the HMM algorithm for each value of the input triple λ(0), µ(0) and ν(0),
and obtained output triples together with the likelihood of the corresponding
model. Recall that the likelihood of the model is an output of the algorithm as
it is given by ∑

i,j

αni,j(T ).

We then selected the best output triple as the one corresponding to the model
with the highest likelihood.

Numerically, one cannot deal with infinite state spaces. Therefore, we trun-
cated the transition matrices on the finite state space {0, 1, . . . , N} as follows:
we calculated the coefficients (pi,j , 0 ≤ i ≤ N, 0 ≤ j ≤ N − 1) of the transition
matrix by formula (4), and the last column is defined by :

pi,N = 1−
N−1∑
j=0

pi,j for i = 0, . . . , N.

As we are only interested in the transition probabilities from 0 to 0, 0 to 1 and 1
to 0, one can expect that this truncation procedure should not have a big impact

12
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(b) The cumulated new infected Yn corresponding to process X.

Figure 1: Path of the LBDI process in continuous time and the corresponding
cumulated new infected counts for a time lapse ∆t = 1 until a time horizon
H = 5000

13



Table 3: Impact of the choice of the truncation parameter N on the estimation.

number of hidden states N 3 4 5

λ̂n 0.031 0.029 0.030
µ̂n 0.110 0.098 0.105
ν̂n 0.011 0.009 0.0105

τ execution time (in hours) 1.03 1.832 3.785

Table 4: The impact of the time horizon H on the estimation.

N = 5
time horizon H 1000 2000 3000 5000

number of observations n 1001 2001 3001 5001

λ̂n 0.028 0.028 0.031 0.030
µ̂n 0.085 0.085 0.120 0.105
ν̂n 0.008 0.008 0.012 0.011

on the estimation. The sensitivity of the output to this truncation parameter is
investigated in Table (3).

In terms of complexity, increasing the size of the truncation parameter N ,
significantly increases the execution time of the EM algorithm, as expected
as the number of parameters to estimate is proportional to N2. In terms of
accuracy, for N = 5, we get relatively good estimates compared to N equals 3
or 4. In general, the truncation of the space does not have a big impact on the
accuracy of the estimation.

Finally, we set N = 5 and we illustrate the impact of the time horizon H on
our estimation scheme in Table (4). As expected, the quality of the estimation
improves slowly with the number of observations.

4.2 Typhoid data in Mayotte

We now investigate a real data set from the ARS of Mayotte which contains
the daily number of new confirmed cases of typhoid fever on the island between
2018 and 2020. We thus have 1086 observations, with values between 0 and 3,
see Table 5 and Fig. 2. This is the data set that motivated our study.

A stochastic model for the propagation of typhoid fever in Mayotte is well
adapted to the low prevalence figures. Moreover, there are long lapses without
new cases followed by spontaneous surges of new cases, indicating the existence
of exogenous new cases. The simplest model corresponding to this case is thus
the LBDI model under positive recurrent regime. As Typhoid fever is a notifiable
disease in Mayotte, we consider that all new cases are observed.

Based on literature [7, 8, 35, 36], the expert advice of typhoid specialists in
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Table 5: Number of daily cumulated new declared confirmed cases of typhoid
fever on Mayotte between 2018 and 2020.

observation value 0 1 2 3
number of observations 975 94 13 4
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2018 2019 2020 2021
Sampling week

N
um
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r 

of
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as
es

Figure 2: Number of weekly cumulated new declared confirmed cases of typhoid
fever on Mayotte between 2018 and 2020.
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Table 6: Estimates λ̂n, µ̂n and ν̂n and log likelihood of the corresponding models
for the different initial parameter values tested.

(λ(0), µ(0), ν(0)) (λ̂n, µ̂n, ν̂n) log-likelihood
(0.0500, 0.1100, 0.0150) (0.0500, 0.1100, 0.0150) −394.1107
(0.0516, 0.1174, 0.0157) (0.0515, 0.1173, 0.0158) −394.4322
(0.0532, 0.1247, 0.0166) (0.0530, 0.1240, 0.0165) −394.0771
(0.0546, 0.1321, 0.0174) (0.0547, 0.1320, 0.0170) −393.7732
(0.0563, 0.1395, 0.0182) (0.0560, 0.1400, 0.0180) −394.1762
(0.0579, 0.1468, 0.0189) (0.0578, 0.1470, 0.0189) −394.5896
(0.0595, 0.1542, 0.0197) (0.0590, 0.1541, 0.0200) −394.9808
(0.0611, 0.1616, 0.0205) (0.0610, 0.1616, 0.0204) −395.3653
(0.0626, 0.1689, 0.0213) (0.0630, 0.1690, 0.0213) −395.7492
(0.0642, 0.1763, 0.0221) (0.0642, 0.1760, 0.0220) −396.1328
(0.0658, 0.1837, 0.0229) (0.0660, 0.1840, 0.0228) −396.5154
(0.0674, 0.1911, 0.0237) (0.0673, 0.1910, 0.0235) −397.0610
(0.0689, 0.1984, 0.0245) (0.0690, 0.1980, 0.0240) −397.4057
(0.0705, 0.2058, 0.0253) (0.0705, 0.2057, 0.0252) −396.1538
(0.0721, 0.2132, 0.0261) (0.0720, 0.2130, 0.0260) −395.9935
(0.0737, 0.2205, 0.0268) (0.0740, 0.2205, 0.0270) −396.1987
(0.0753, 0.2279, 0.0276) (0.0750, 0.2280, 0.0276) −396.4099
(0.0768, 0.2353, 0.0284) (0.0769, 0.2350, 0.0280) −396.6318
(0.0784, 0.2426, 0.0292) (0.0783, 0.2420, 0.0290) −396.8629
(0.0800, 0.2500, 0.0300) (0.0800, 0.2500, 0.0300) −397.1020

Mayotte, and our synthetic data exploration, we chose initial parameters in the
following ranges λ(0) ∈ [0.05, 0.08], µ(0) ∈ [0.11, 0.25] and ν(0) ∈ [0.015, 0.03],
see Table 6. This allows to initialize P 0, Q0, ψ0 and ρ0. The stopping criterion
is still set to 10−9, and the maximum number of iterations to 500. The output
estimations and the likelihood of their corresponding model are given in Table
6. We selected the triple with the highest likelihood, namely

λ̂ = 0.054, µ̂ = 0.132 and ν̂ = 0.017.

Given the comparatively low number of data, these results must be handled with
care. Note that the positive recurrence condition λ < µ is valid. The average
recovery duration 1/µ̂ = 7.5 days is also consistent with the average treatment
duration in Mayotte.

5 Conclusion

We have proposed a methodology to estimate the unknown parameters of a
LBDI process in the mathematically unusual but epidemiologically common
case where only cumulated new infected counts over given periods are available.
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Our approach relies on both analytical formulas and numerical iterations. We
investigated the properties of the estimators on synthetic data and applied our
procedure to a real data set of typhoid fever in Mayotte that motivated this
work.

Due to the number of observed cases and hospitalizations, typhoid fever re-
mains an endemic risk disease in the territory of Mayotte, as evidenced by the
epidemic observed in 2022 in the north of the island. It is constantly monitored
by the DéSUS of ARS Mayotte. The strengthening of the internal crisis man-
agement strategy and the provision of innovative tools to monitor epidemics
remains a priority for ARS Mayotte. This approach is a first step toward the
quantitative understanding of typhoid propagation in Mayotte. We proposed
a simplified model with few interpretable parameters. It would be interesting
to split the data set given locally meaningful covariates such as easy access to
potable water to investigate wether the coefficients guiding the propagation of
the disease differ with the sanitary conditions of the population, to include a
spatial propagation component, or to investigate forecasting aspects to try to
characterize the risk of outbreak of an epidemic, to name just a few possible
new directions with possibly high public health impact. Another promising ex-
tension would be to take into account the rainfalls. Indeed, outbreaks of the
disease seem highly correlated with the rainy season. This will be the object of
further work.

A Proof of Lemma 1

We use the infinitesimal characterization of the distribution of the process. For
h > 0 and j ≤ i+ y, one has

pi,(j,y)(t+ h)

= P
(
Xt+h = j, Y(0,t+h] = y | X0 = i

)
= P

(
Xh = i, Y(0,h] = 0, Xt+h = j, Y(h,t+h] = y | X0 = i

)
+ P

(
Xh = i+ 1, Y(0,h] = 1, Xt+h = j, Y(h,t+h] = y − 1 | X0 = i

)
+ P

(
Xh = i− 1, Y(0,h] = 0, Xt+h = j, Y(h,t+h] = y | X0 = i

)
+ o(h)

= P
(
Xh = i, Y(0,h] = 0 | X0 = i

)
P
(
Xt+h = j, Y(h,t+h] = y | Xh = i

)
+ P

(
Xh = i+ 1, Y(0,h] =| X0 = i

)
P
(
Xt+h = j, Y(h,t+h] = y − 1 | Xh = i+ 1

)
+ P

(
Xh = i− 1, Y(0,h] = 0 | X0 = i

)
P
(
Xt+h = j, Y(h,t+h] = y | Xh = i− 1

)
+ o(h)

Since (Xt) is a homogeneous Markov process, we get :

pi,(j,y)(t+ h) = (1− ((λ+ µ)i+ ν)h)pi,(j,y)(t)

+ (λi+ ν)hpi+1,(j,y−1)(t) + (µi)hpi−1,(j,y)(t) + o(h).

Hence the result.
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B Proof of Theorem 1

To prove Theorem 1, we update the method of characteristics, see [37], to ob-
tain a standard first-order linear partial differential equation for the probability
generating function of Xt. Then, we derive an expression for the transition prob-
abilities by using well-known results on series expansion. Although we made the
assumption that λ < µ, we give general formulas including the case λ ≥ µ as
they are interesting per se.

First, we need some technical results.

Lemma 3. Let i ∈ N and G(s, t) be a differentiable function on [0,+∞)2. The
solution of the following linear partial differential equation{

∂G(s, t)

∂t
= (µ− λs) (1− s) ∂G(s, t)

∂s
+ ν(s− 1)G(s, t),

G(s, 0) = si,
(6)

is given by

G(s, t) =


(µ− λ)

ν
λ

(
s(µe(λ−µ)t − λ)− µ

(
e(λ−µ)t − 1

) )i
(
µ− λe(λ−µ)t + λs

(
e(λ−µ)t − 1

) ) νλ+i
λ 6= µ,

(
λt+ s (1− λt)
1 + λt− λts

)i
(1 + λt− λts)−

ν
λ λ = µ.

Proof. To solve Equation (6) we make use of above mentioned method of char-
acteristics.
Step 1. Determining the Characteristics. Consider the characteristic equation

dt

ds
= − 1

(µ− λs)(1− s)
=


1

λ− µ

(
1

1− s
− λ

µ− λs

)
if λ 6= µ

− 1

λ(1− s)2
if λ = µ.

By integrating with respect to s, we have

t = k −


1

λ− µ
ln

(
1− s
µ− λs

)
if λ 6= µ

1

λ (1− s)
if λ = µ.

(7)

Equation (7) defines a family of characteristics parameterized by the integration
constant k.
Step 2. Along the characteristics in (7), G satisfies

dG

ds
=

νG

µ− λs
.
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Integrating with respect to s yields

G = C(k) (µ− λs)−
ν
λ ,

where C(k) is another integration constant, function of the parameter k. Using
Equation (7), we obtain

G(s, t) =


C

(
t+

1

λ− µ
ln

(
1− s
µ− λs

))
(µ− λs)−

ν
λ if λ 6= µ

C

(
t+

1

λ (1− s)

)
(λ (1− s))−

ν
λ if λ = µ.

(8)

Now, we use the initial condition G(s, 0) = si to compute C(k). Setting t = 0
in equation (8), we get

si =


C

(
1

λ− µ
ln

(
1− s
µ− λs

))
(µ− λs)−

ν
λ if λ 6= µ

C

(
1

λ (1− s)

)
(λ (1− s))−

ν
λ if λ = µ.

so that

C(w) =


(
e(λ−µ)wµ− 1

e(λ−µ)wλ− 1

)i(
µ− λe

(λ−µ)wµ− 1

e(λ−µ)wλ− 1

) ν
λ

if λ 6= µ(
1− 1

λw

)i
w−

ν
λ if λ = µ

where

w =


1

λ− µ
ln

(
1− s
µ− λs

)
if λ 6= µ

1

λ (1− s)
if λ = µ,

Finally, we obtain the required expression for λ 6= µ,

Gi(s, t) =
(µ− λ)

ν
λ

(
s(µe(λ−µ)t − λ)− µ

(
e(λ−µ)t − 1

) )i
(
µ− λe(λ−µ)t + λs

(
e(λ−µ)t − 1

) ) νλ+i
,

and for λ = µ

Gi(s, t) =

(
λt+ s (1− λt)
1 + λt− λts

)i
(1 + λt− λts)−

ν
λ ,

hence the result.

We can now turn to the proof of Theorem 1.
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Proof. of Theorem 1
Let us define the probability generating function ofXt: for any (s, t) ∈ ×[0,+∞)2,
and i ∈ N set

Gi(s, t) =

+∞∑
j=0

sjpi,j(t).

The forward Kolmogorov equation (1) yields

∂Gi(s, t)

∂t
=
(
λs2 − (λ+ µ) s+ µ

) ∞∑
j=1

jsj−1pi,j(t) + ν(s− 1)

∞∑
j=0

sjpi,j(t),

so that the probability generating function satisfies the following first-order
linear partial differential equation :

∂Gi(s, t)

∂t
= (µ− λs) (1− s) ∂Gi(s, t)

∂s
+ ν(s− 1)Gi(s, t),

with initial condition Gi(s, 0) = si. Now, using Lemma 3, we have for λ 6= µ,

Gi(s, t) =
(µ− λ)

ν
λ

(
s(µe(λ−µ)t − λ)− µ

(
e(λ−µ)t − 1

) )i
(
µ− λe(λ−µ)t + λs

(
e(λ−µ)t − 1

) ) νλ+i

and for λ = µ

Gi(s, t) =

(
λt+ s (1− λt)
1 + λt− λts

)i
(1 + λt− λts)−

ν
λ .

The case i = 0 gives the following generating function of the probabilities tran-
sition p0,j(t), t ≥ 0:

G0(s, t) =


(

µ−λ
µ−λe(λ−µ)t

) ν
λ
(

1− λ(1−e(λ−µ)t)
µ−λe(λ−µ)t s

)− νλ
λ 6= µ,( 1

1 + λt

) ν
λ
(

1− λt
1+λts

)− νλ
λ = µ.

It is the generating function of the generalized negative binomial distribution
with parameters

r =
ν

λ
and q(t) =


µ− λ

µ− λe(λ−µ)t
λ 6= µ,

1

1 + λt
λ = µ.

Therefore, for j ∈ N and t ≥ 0, one has

p0,j(t) =

(
j + r − 1

r − 1

)
q(t)r(1− q(t))j . (9)
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The general form of Gi for i 6= 0 can be written as follows:

Gi(s, t) = G0(s, t)Ni(s, t), (10)

where

Ni(s, t) =


(µ− λs− µ(1− s)e(λ−µ)t

µ− λs− λ(1− s)e(λ−µ)t

)i
λ 6= µ,(

1 + (λt− 1) (1− s)
1 + λt (1− s)

)i
λ = µ,

is the probability generating function of a linear birth–death process without
immigration. In essence, Equation (10) reflects the independence between the
process of contamination from the environment (G0) and the self-contamination
of the population (N). The linear birth and death process without immigration
has the branching property that translates into the simple power form of its
probability generating function, see for instance [38] or [39]. One can readily

retrieve its transition probabilities p
(N)
i,j (t), t ≥ 0 from the series expansion of

Ni(s, t):

p
(N)
i,j (t) =

min(i,j)∑
l=0

(
i

l

)(
i+ j − l − 1

i− 1

)
α(t)i−lβ(t)j−l(1− α(t)− β(t))l, (11)

where α(t) =
µ

λ
(1− p(t)) and β(t) = 1− q(t).

Thus, the probabilities pi,j(t) are given by the following convolution from
Equation (10):

pi,j(t) =

j∑
k=0

p0,k(t)p
(N)
i,j−k(t),

and Equations (9), (11), finally yield

pi,j(t) = q(t)r
min(i,j)∑
l=0

(
i

l

)(µ
λ

)i−l
(1− q(t))i+j−l

(
1− (µλ + 1)(1− q(t))

1− q(t)

)l

×
j−l∑
k=0

(
r − 1 + k

r − 1

)(
i− 1 + j − l − k

i− 1

)
,

hence the result.

One can also retrieve the well known expression for the mean of the process
m(t) = E[Xt]:

m(t) = E [Xt | X0 = i] =

{
ν

λ−µ
(
e(λ−µ)t − 1

)
+ ie(λ−µ)t λ 6= µ,

νt+ i λ = µ,

by derivating the probability generating function with respect to s and taking
s = 1. The above result on the expectation is consistent with that obtained in
[27] using another method which consists in deriving an equation for m(t+ h),
conditioning on Xt, and then solving a differential equation on m(t) directly.
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C Proof of Theorem 2

We make use of Equation (4) for (i, j) ∈ {(0, 0), (0, 1), (1, 0)} and t = ∆t to
obtain

p0,0 = qr

p0,1 = qrr (1− q)

p1,0 = qr
(µ
λ

)
(1− q) ,

with r = ν
λ and q = q(∆t) = µ−λ

µ−λe(λ−µ)∆t . The first 2 equations above are

equivalent to the system  ln(p0,0) = r ln(q)
p0,1

p0,0
= r (1− q) ,

(12)

which yields

p0,0

p0,1
ln(p0,0)qe

p0,0
p0,1

ln(p0,0)q
=
p

(
p0,0
p0,1

+1
)

0,0 ln(p0,0)

p0,1
,

so that one has

q =
p0,1

p0,0(t) ln(p0,0)
W

p
(
p0,0
p0,1

+1
)

0,0 ln(p0,0)

p0,1

 , (13)

where W is the Lambert function. Now, from Equations (12) and (13), we can
easily find that

r =
ln(p0,0)

ln(q)
.

Now set

u = qe(λ−µ)∆t = 1− p1,0

p0,0
.

Equation (4) for (i, j) ∈ {(0, 0), (0, 1), (1, 0)} can now be rewritten as
r = ν

λ

q = µ−λ
µ−λe(λ−µ)∆t

u = (µ−λ)e(λ−µ)∆t

µ−λe(λ−µ)∆t .

(14)

Finally, solving System (14) give rise to the expressions of λ, µ and ν in function
of the transition probabilities p0,0, p0,1 and p1,0 given in Theorem 2. Note that
these expressions are unique so that the parameters are identifiable.
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D Jacobian matrix of Dg

We compute the Jacobian matrix of Dg. Firstly, note that the partial derivatives
of the functions q, r and u from the proof of Theorem 2 given in C are

∂q

∂p0,0
= −p0,1 (ln(p0,0) + 1)

(p0,0 ln(p0,0))
2 W

p
(
p0,0
p0,1

+1
)

0,0 ln(p0,0)

p0,1



+
p0,1

p0,0 ln(p0,0)
(ln(p0,0) + 1)

(
1

p0,1
+

1

p0,0 ln(p0,0)

) W

p

(
p0,0
p0,1

+1

)
0,0 ln(p0,0)

p0,1


W

p

(
p0,0
p0,1

+1

)
0,0 ln(p0,0)

p0,1

+ 1

.

Since

W

p
(
p0,0
p0,1

+1
)

0,0 ln(p0,0)

p0,1

 = q
p0,0 ln(p0,0)

p0,1
, (15)

one has

∂q

∂p0,0
=

q (ln(p0,0) + 1)

qp0,0 ln(p0,0) + p0,1

(
1 +

p0,1

p0,0 ln(p0,0)
− qp0,0 ln(p0,0) + p0,1

p0,0 ln(p0,0)

)
=

q (ln(p0,0) + 1)

qp0,0 ln(p0,0) + p0,1
(1− q) .

Next, on has

∂q

∂p0,1
=

1

p0,0 ln(p0,0)
W

p
(
p0,0
p0,1

+1
)

0,0 ln(p0,0)

p0,1



− p0,1

p0,0 ln(p0,0)

(
p0,0 ln(p0,0)

(p0,1)2
+

1

p0,1

) W

p

(
p0,0
p0,1

+1

)
0,0 ln(p0,0)

p0,1


W

p

(
p0,0
p0,1

+1

)
0,0 ln(p0,0)

p0,1

+ 1

,

and using Equation (15) we obtain

∂q

∂p0,1
=

q

p0,1
− q

qp0,0 ln(p0,0) + p0,1

(
p0,0 ln(p0,0)

p0,1
+ 1

)
=

q

p0,1

(
q +

p0,1

p0,0 ln(p0,0)

) (q − 1) ,
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and finally one has

∂q

∂p1,0
= 0.

The expressions of partial differentials of r are given as follows:

∂r

∂p0,0
=

1

p0,0 ln(q)
− ln(p0,0)

(ln(q))2q

∂q

∂p0,0

=
r

p0,0 ln(p0,0)
− r (ln(p0,0) + 1) (1− q)

ln(q) (qp0,0 ln(p0,0) + p0,1)

∂r

∂p0,1
=

ln(p0,0)

(ln(q))2q

∂q

∂p0,1

= r
(q − 1)

p0,1 ln(q)
(
q +

p0,1

p0,0 ln(p0,0)

)
∂r

∂p1,0
= 0.

This yields the following expressions of partial differentials of u:

∂u

∂p0,0
=
p1,0

p0,0
=

1− u
p0,0

∂u

∂p0,1
= 0

∂u)

∂p1,0
= − 1

p0,0
.

Defining the following functions

α =
p (ln(p0,0) + 1) (p− 1)

∆t (q p0,0 ln(p0,0) + p0,1) (q − u)

β =
1− p

∆tp0,1

(
q +

p0,1

p0,0 ln(p0,0)

)
(p− u)

η =
1− u

∆tp0,0u (q − u)
,
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one can rewrite compactly the partial differentials of λ, µ and ν (e.g. of g) as
follows:

∂λ

∂p0,0
= λ (1− u)

(
α∆t

1− q
+

1

p0,0 (q − u)

)
− (1− q)

(
α

q
+ η

)
∂λ

∂p0,1
= λ

β∆tq (1− u)

1− q
− β (1− q)

∂λ

∂p1,0
= − λ

p0,0 (q − u)
+ η

1− q
1− u

∂µ

∂p0,0
= µ

(
α∆t+

1− q
p0,0 (q − u)

)
− (1− u)

(
α

q
+ η

)
∂µ

∂p1,0
= µβ∆tq − β (1− u)

∂µ

∂p0,1
= µ

1− q
p0,0 (u− 1) (q − u)

+ η

∂ν

∂p0,0
= ν

(
1

p0,0 ln (p0,0)
+
α∆t (q − u)

q ln (q)
+ (1− u)

(
α∆t

1− q
+

1

p0,0 (q − u)

))
− r (1− q)

(
α

q
+ η

)
∂ν

∂p0,1
= νβ∆t

(
q (1− u)

1− q
− q − u

ln (q)

)
− rβ (1− q)

∂ν

∂p1,0
= − ν

p0,0 (q − u)
+ rη

1− q
1− u

.

E Proof of Theorem 4

The forward probability α(i,j)(t) is defined as the joint probability of observing
the first t vectors and being in state (i, j) at time t. This probability can be
calculated by the following recursion:{

α(i,j)(0) = pi,jπiψ(i,j) (y0) i, j ∈ X ,
α(i,j)(t) = ψ(i,j) (yt) pi,j

∑N
i′=0 α(i′,i)(t− 1) 0 < t ≤ T, i, j ∈ X .

Similarly, the backward probability β(i,j)(t) is defined as the conditional prob-
ability of observing the vectors after time t, given that the state at time t is
(i, j). The backward probability can be evaluated by the recursive formula :{

β(i,j)(T ) = 1 i, j ∈ X ,
β(i,j)(t) =

∑N
j′=0 pj,j′ψ(j,j′) (yt+1)β(j,j′)(t+ 1) 0 ≤ t < T, i, j ∈ X .

Under such consideration, the likelihood of observations rewrites as follows by
summing all the forward and backward products :

P(Y0:t = y0:t|M) =

N∑
i=0

N∑
j=0

α(i,j)(t)β(i,j)(t).
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Now, let’s consider the conditional probability of a transition from state (i, j)
at time t to state (i′, j′) at time t+ 1, given the observations Y0:T = y0:T :

ξ(i,j),(i′,j′)(t) = P(Zt = (i, j), Zt+1 = (i′, j′)|Y0:T = y0:T , (Q,ψ, ρ))

=
α(i,j)(t)p(i′,j′)ψ(i′,j′)(yt+1)β(i′,j′)(t+ 1)

P(Y0:T = y0:T |(Q,ψ, ρ))
δi′=j .

Denote by γ(i,j)(t) =
∑N
j′=0 ξ(i,j),(j,j′)(t) the conditional probability of being in

state (i, j) at time t, given the observations Y0:T = y0:T :

γ(i,j)(t) =
α(i,j)(t)β(i,j)(t)

P(Y0:T = y0:T |(Q,ψ, ρ)
.

Thus, starting from an initial characteristic (Q(0), ψ(0), ρ(0)), we have the
following estimations by the Baum-Welch algorithm :

Q
(n)
(i,j),(i′,j′) =

∑T−1
t=0 ξ(i,j),(i′,j′)(t)∑T−1

t=0 γ(i,j)(t)
δi′=j ,

ψ
(n)
(i,j)(y) =

∑T
t=0 1yt=yγ(i,j)(t)∑T

t=0 γ(i,j)(t)
,

ρ
(n)
i,j = γ(i,j)(t),

p
(n)
i,j =

1

N

N∑
i′=0

Q
(n)
(i′,i),(i,j).
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