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Abstract

This paper deals with a particular case of Bi-Objective Optimization called Bi-Objective
Discrete Optimization (BODO), where the feasible set is discrete, and the two objectives
take only positive values. Since the feasible set of a BODO problem is discrete and usually
finite, it can theoretically be enumerated to identify the Pareto set, which consists of all
Pareto-optimal solutions representing different trade-offs between two objectives. However,
in general, this problem is challenging due to two main issues: time complexity, as the
number of Pareto-optimal solutions can be exponentially large, and lack of decisiveness.
From a practical point of view, the Central Decision Maker (CDM) may be interested in
a reduced Pareto set reflecting the own preference of the CDM, which a computationally
tractable algorithm can obtain.

In this paper, we propose a new criterion for selecting solutions within the Pareto set
of BODO. For this purpose, we focus on solutions achieving proportional fairness between
two objectives, called generalized Nash Fairness solutions (p-NF solutions). The positive
parameter p provided by the CDM reflects the relative importance of the first objective
compared to the second one.

We first introduce the p-NF solution concept for BODO. We then show that the p-
NF solution set is a subset of the Pareto set, and this inclusion can be strict. We also
propose a recursive Newton-like algorithm for determining the p-NF solution set. Finally,
an illustrative example of BODO is given.

Keywords: Bi-Objective Discrete Optimization, Bi-Criteria Decision Making, Pareto
optimal, Proportional Fairness, Generalized Nash Fairness solution

1. Introduction

Bi-Objective Discrete Optimization (BODO) is a branch of optimization with many
applications in different areas, such as applied mathematics, economics, and computer sci-
ence. In practice, the feasible set of BODO is discrete and its objectives take only positive
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values, including some well-studied examples of BODO in resource allocation, such as the
bi-objective knapsack problem [39], in networks, such as the bi-objective shortest path prob-
lem [40], the bi-objective spanning tree problem [41] and in capital budgeting, such as the
bi-objective assignment problem. The latter problem assembles the objectives of the classic
assignment problem [23]| and the balanced assignment problem mentioned in [24].

In multi-objective optimization, the concept of Pareto-optimal (non-dominated) solution
plays an important role as it distinguishes between efficient and non-efficient solution [5].
Based on this concept, three main approaches proposed in the literature can be applied
to handle BODO: the Pareto set approach, the budget approach, and the aggregation ap-
proach. In the first approach, the BODO will be solved by determining the Pareto set,
which contains all Pareto-optimal solutions. If the objective functions are linear and under
some structural conditions, there exist several polynomial time algorithms to approximate
the Pareto set. For example, Papadimitriou et al. constructed a e-approximate Pareto set
for the web access problem [6]. Notice that this theory can be applied to multi-objective op-
timization with more than two objectives. The budget approach reduces the multi-objective
problem into a standard optimization problem. The focus here is on managing and allo-
cating a fixed resource or ’budget’ efficiently. For example, the e-constraints method [11]
is applied in the context of bi-objective combinatorial optimization with integer objectives
[13]. Similarly, Eusebio et al. found representative non-dominated points for bi-objective
integer network flow problems [12]. Moreover, several approximate algorithms have been
proposed in [7], [8]. The aggregation approach usually forms a single-objective optimiza-
tion problem whose optimal solutions are the Pareto-optimal solutions to the bi-objective
optimization problem. The most simple aggregation approach is the weighted sum method
[4]. By scalarizing two objectives into a single objective, it provides a solution that reflects
preferences incorporated in selecting the weights and possibly multiple solutions when vary-
ing the weights consistently. However, its fundamental drawback is not finding a uniform
spread of Pareto-optimal solutions, even if a uniform spread of weight vectors is used. More
seriously, those in non-convex regions are not detected [34], [35].

Besides these three main approaches, BODO can also be solved by determining solutions
that are near-optimal to all objectives. For example, Stein et al. considered a bi-objective
scheduling problem and derived existence and non-existence theorems on schedules that are
simultaneously near-optimal to both objectives [9]. Similarly, Angel et al. considered a
generalization of the classical MAX-CUT problem and showed that under some conditions,
the approximate solutions can be computed in polynomial time [10].

For a general BODO problem without any structural conditions, since its feasible set
is discrete and usually finite, it can theoretically be enumerated to identify the Pareto set.
However, this problem is generally known to be algorithmically unsolvable (e.g., see [30]).
It is challenging due to two main issues: time complexity, as the number of Pareto-optimal
solutions can be exponentially large, and lack of decisiveness. From a practical point of view,
the Central Decision Maker (CDM) may be interested in a reduced Pareto set reflecting the
own preference of the CDM, which a computationally tractable algorithm can obtain.

In a recent paper [27], a new criterion for selecting solutions within the Pareto set has
been applied for Bi-Objective Minimization Problems, i.e., two objectives are to be simul-
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taneously minimized. The authors utilized the notion of proportional fairness — which is a
well-known rule in communication networks, operation research, and general social choice
introduced in [1], [2], [3] — as a criterion for selecting the preferred solutions. They also
presented the concept of generalized Nash Fairness (p-NF') solution, a Pareto-optimal solu-
tion achieving some proportional fairness between two objectives. The positive parameter
p provided by the CDM reflects the relative importance of the first objective compared to
the second one. They then focused on finding two particular p-NF solutions, called extreme
p-NF solutions, having the smallest values of each objective. In this paper, we extend the
findings presented in [27]| by generalizing the concept of p-NF solution for BODO problems
where each objective can be either maximized or minimized. We then show that the p-NF
solution set is a subset of the Pareto set. We also propose a recursive Newton-like algorithm
for determining the p-NF solution set.

Notice that we introduced a particular case of p-NF solution when p = 1, called NF
solution, and the idea to determine the NF solution set for an example of Min-Min BODO
in our conference paper [26]. Thus, this paper is an extended and generalized work of [26].

Let us introduce the notations used in this paper. Let P(x),Q(z) denote two positive
objective functions, and (P, Q) = (P(x),Q(z)) denote a feasible solution corresponding to a
decision vector x € X where X is a finite feasible set. Notice that the p-NF solutions will be
characterized by the solutions (P, @) and not by the corresponding decision vectors. Thus,
two solutions having the same value of (P, ) will be considered equivalent. Throughout this
paper, we use the notation "=" to denote equivalent solutions. Assume that we know the
algorithms to optimize every single objective and the linear combination of two objectives
P, over X. These hypotheses are verified for most practical examples of BODO.

We will consider BODO in three cases: Max-Max BODO with two objectives to be max-
imized, such as the bi-objective knapsack problem [39], Max-Min BODO with one objective
to be maximized, and another one to be minimized, such as some fractional programming
problems [25] and Min-Min BODO with two objectives to be minimized, such as the bi-
objective assignment problem [26].

The paper is organized as follows. Section 2 discusses the concept and the existence of
p-NF solutions for BODO. Then, we show the Pareto efficiency of p-NF solutions in Section
3. Section 4 provides a recursive Newton-like algorithm for determining the p-NF solution
set. Section 5 presents an example of BODO to illustrate this algorithm. Finally, we give
some conclusions and future works in Section 6.

2. Definition and existence of p-NF solutions for BODO

2.1. Maz-Max BODO

2.1.1. Definition of p-NF solution for Maz-Max BODO
Max-Max BODO can be formulated as

max (P(z), Q()),

reEX]
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where X; denotes the set of all feasible decision vectors . For Max-Max BODO, we
suppose that &) is finite and P(z),Q(x) > 0,Vzx € X.

We first recall the notion of proportional fairness introduced in [1], [2], [3]. Proportional
fairness for the two-player resource allocation problem is defined using the Nash standard of
comparison: a transfer of utilities between the two players is considered fair if the percentage
increase in the utility of one player is larger than the percentage decrease in the utility of
the other player. For the multiple-player problem, the aggregate proportional change is
non-positive when comparing the fair allocation to any other feasible allocation of utilities.

The definition of p is related to the works of Kelly et al. [1]. They introduced the
concept of proportional fairness for a general communication network problem. Then the
choice of parameter p by users corresponds to an implicit weighting by the network of the
relative utilities of two users, with weights related to the users’ various marginal utilities.
In the context of Max-Max BODO, we explain the parameter p as follows. p is a positive
parameter supplied by the CDM to reflect the relative importance of P to ). Notice that p
can be defined beforehand based on the characterization of two objectives. In other words,
p percent change of P will be comparably equivalent to a one percent change of (). Thus,
based on the proportional fairness, the p-NF solution for Max-Max BODO should be such
that, if compared to any other feasible solutions, the sum of the factor p of the proportional
change of P and the proportional change of ) is non-positive.

Let S; be the set of all feasible solutions (P, Q) for Max-Max BODO. Since AX; is finite,
S is also finite. If (P*,Q*) € S is a p-NF solution for Max-Max BODO, we have

P—P Q-0 P

P* Q* -
Hence, the p-NF solution for Max-Max BODO can be defined as follows.

p

Definition 1. (P*,Q*) € &1 is a p-NF solution for Maz-Max BODO if and only if

P Q
—+ —< 1, V(P,Q) € Sy, 1
Pt s et (P.Q) € 8 (1)
2.1.2. FExistence of p-NF' solution for Max-Max BODO
In this section, we show that the p-NF does not always exist for Max-Max BODO, and
if it exists, it is the unique solution to the optimization problem

H, = max P°Q,
(P,Q)eS1

Theorem 1. If (P*,Q*) is a p-NF solution for Maz-Max BODO, then it is necessarily the
unique solution of Hy with respect to the values of P and Q).

Proof. Suppose that (P*, Q*) is a p-NF solution for Max-Max BODO. We have

P P 1
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Using Young’s inequality for products (see [28]), we obtain

P 1 P 1 pPr 1
P x 2 2 () X ()P = ()7

PR _ _|_ — X —
p+1 P p+1 Q"
From (2) and (3), we obtain (P*)*Q* > P*Q,V(P,Q) € S, which implies (P*,Q*) is a
solution of H;.
Now suppose that there exists another p-NF solution (P**,@Q**) € &; such that
(P*)PQ™ = (P*)PQ*. We also have

+ <p+l = 12> X + X ,
T ol P il @

p

Using Young’s inequality for products, we have

P 1 *ok P, *ok PrEYe ()
1> Lo Br 9 (Dyat (L - (0O
o1 P T g 2 0 (PyQr

)T =1

Y

Thus, the equality in Young’s inequality above must hold, which implies P**/P* =
Q**/Q*. Moreover, since (P**)?Q** = (P*)PQ*, we obtain

L= o = ()G = ()

P*
Thus, we have P** = P* and Q** = Q*. O

Notice that a solution of H; is not necessarily the p-NF. Let us suppose that p = 1
and the feasible set S; has two solutions (P, Q1) = (13,15), (P2, Q2) = (10,20). We see
that (P, (Q)2) is the solution having the maximal value of P but it is not a p-NF solution
because

P Q 13 15 41
SR 2R T N PP |
Pp, "0, T 10 20 20 pr 5

Consequently, the p-NF solution for Max-Max BODO is not guaranteed to exist. If it
exists, it is the unique solution of H;.

2.2. Maz-Min BODO

2.2.1. Definition of p-NF' solution for Mazx-Min BODO
Since minimizing Q(z) over X; is equivalent to maximizing —Q(x) over Xy, Max-Min
BODO can be formulated as

max (P(z), —Q(z))

rEXo
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where X denotes the set of feasible decision vectors z (i.e., we simultaneously maximize
P(z) and minimize Q(x) over X). Moreover, for Max-Min BODO, we suppose that X; is
finite and P(x),Q(z) > 0,Vz € A,.

In the context of Max-Min BODO, we prefer an alternative assigning a greater value for
P and a smaller value for ). Thus, the p-NF solution should be such that, when compared to
any other feasible solutions, the difference between the factor p of the proportional change
of P and the proportional change of ) is non-positive (i.e., from the definition (1) of p-
NF solution for Max-Max BODO, we change the sign for the proportional change of () as
negative).

Let Sy be the set of all feasible solutions (P, Q) for Max-Min BODO. Since X, is finite,
S, is also finite. If (P*,Q*) € S is a p-NF solution for Max-Min BODO, we have

P-r_Q-@ e
_ < . S

Hence, the p-NF solution for Max-Min BODO can be defined as follows.

p

Definition 2. (P*,Q*) € Sy is a p-NF solution for Max-Min BODO if and only if

P Q
————<p-1,VY(PQ)eS 4
IOP* Q* =p ) ( 7@) 29 ( )
2.2.2. FEuxistence of p-NF solutions for Max-Min BODO with 0 < p <1
This section discusses the existence of p-NF solutions for Max-Min BODO. For that, we
consider the following optimization problem.
pr
Ho = —,
2 (pr,%?é{& Q
We will show that in case 0 < p < 1, a p-NF solution is necessarily a solution of H,, and
in case p > 1, there always exists a p-NF solution which is a solution of Hs.

Theorem 2. If (P*,Q*) is a p-NF solution for Maz-Min BODO with 0 < p < 1, then it is
necessarily a solution of Ha. Moreover, in case 0 < p < 1, the p-NF solution (if it exists) is
the unique solution of H.

Proof. Suppose that (P*, Q") is a p-NF solution for Max-Min BODO with 0 < p < 1. Using
Young’s inequality for products, we have
Q P P pr

_>px_+(1_p)2(_)p: (P*)p7V(P,Q)€SQ,
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Thus, (P*,Q*) is a solution of Hs.
Now suppose that 0 < p < 1 and there exists another p-NF solution (P**, Q**) € Sy such

that (P*)?/Q™ = (P)°/Q".

Using Young’s inequality for products, we also have

> p X 1—p) > P=—
Thus, the equality in Young’s inequality above must hold, which implies P** = P* and
then Q™" = Q*. O]

Notice that a solution of Hs, is not necessarily the p-NF solution. Let us suppose that
p = 1/2 and the feasible set Sy has two solutions (P, Q1) = (17,4), (P, Q2) = (9,3). We
see that (P, Q1) is the solution having the maximal value of P?/@ but it is not a p-NF
solution because

9 3 33
x ——Z=_20s " —p_1,

P, szl
PP, Q, 2717 47 68 2

Consequently, the p-NF solution for Max-Min BODO with 0 < p < 1 is not guaranteed
to exist. If it exists, it is the unique solution of Hs.

2.2.3. FEuxistence of p-NF solutions for Max-Min BODO with p > 1
In this case, we show that the p-NF solution always exists by the following theorem.

Theorem 3. There always exists a p-NF' solution for Max-Min BODO with p > 1.

Proof. Since S, is finite, there always exists (P*,Q*) € Sy as a solution of Hs.
Let us show that (P*,Q*) is a p-NF solution. We have (P*)?/Q* > P*/Q, ¥(P,Q) € Ss.
Using Young’s inequality for products, we obtain

lxg+p__12(Q)%2£7
p QF p Q" P
Thus,
P Q
— = = <p—-1 V(P
IOP* Q*—p ) ( 7@)6527
Consequently, (P*,Q*) is a p-NF solution. O

Let us show that there may be more than one p-NF solution for Max-Min BODO with
p > 1. Suppose that p = 2 and the feasible set Sy has two solutions (P,Q;) = (10,8),
(P, Q2) = (8,5). We see that both (P, Q1) and (P, Q2) are p-NF solutions because

P O 0 8 9
LR A S L P
PP 8 5 10 ="
POy 8 5 39

LR 2 B P A |
PB, "0, “710 8 40 =5
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2.3. Min-Min BODO
In this section, we restate the definition and the existence of p-NF solution for Min-Min
BODO, which has been introduced in [27].

2.3.1. Definition of p-NF solution for Min-Min BODO
Min-Min BODO can be formulated as
min (P(z), Q(z)),

.Z’GX;;

where X3 denotes the set of feasible decision vectors x. Moreover, for Min-Min BODO,
we suppose that Xj is finite and P(z), Q(z) > 0,Vx € Xs.

In the context of Min-Min BODO, we prefer an alternative assigning a smaller value for
both P and (), which is opposite to Max-Max BODO. Thus, the p-NF solution should be
such that, when compared to any other feasible solutions, the sum of the factor p of the
proportional change of P and the proportional change of () should be non-negative.

Let 83 be the set of all feasible solutions (P, Q) for Min-Min BODO. Since Aj is finite,
Ss is also finite. If (P*,Q*) € Ss is a p-NF solution for Min-Min BODO, we have

pP]_D*P* + Q;)*Q* >0 <— ngr% >p+1, V(PQ) € Ss,
Hence, the p-NF solution for Max-Max BODO can be defined as follows.
Definition 3. [27] (P*,Q*) € S5 is a p-NF solution for Min-Min BODO if and only if
Ppe T g
2.3.2. Euxistence of p-NF solution for Min-Min BODO
For the Min-Min BODO, we consider the optimization problem:
o= e, 770
We will show that the p-NF solution always exists for Min-Min BODO by the following
theorem.
Theorem 4. [27] There always exists a p-NF' solution for Min-Min BODO.

Proof. Since S3 is finite, there always exists (P*, Q*) € S3 as a solution of H3.
Let us show that (P*,Q*) is a p-NF solution. We have P*Q) > (P*)*Q*, V(P,Q) € Ss.
Using Young’s inequality for products, we obtain

>p+1, V(P,Q) €S, (5)

p P 1 Q P Q. L PrQ 1
X —— x = > (=) x () = (—— ) > 1, Y(PQ) €8s,
Thus,
P Q
— = > 1, V(P
pP*+Q*_p+ 7\VI( JQ)6837
Consequently, (P*, Q*) is a p-NF solution. O
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Let us show that there may be more than one p-NF solution for Min-Min BODO. Suppose
that p = 1 and the feasible set S3 has two solutions (P;, Q1) = (11,4), (P2, Q2) = (9,5). We
see that both (P, Q1) and (P, Q2) are p-NF solutions because

5

LN 2 T N Y|
+Q1 TR P
O, 11 4 91

R 2 T N J |
+Q2 0o 5T 1 prd

3. Characterization of p-NF solutions

As a particular case of multi-objective optimization, the concept of Pareto efficiency
is applied to describing BODO’s efficient solutions (Pareto-optimal solutions). This section
shows the Pareto efficiency of p-NF solutions. Furthermore, the p-NF solution set is a subset
of the Pareto set, and this inclusion can be strict. Then, we show that the p-NF solutions
can be found by optimizing a linear combination of two objectives.

Theorem 5. The p-NF solution set is a subset of the Pareto set. Moreover, this inclusion
can be strict.

Proof. In fact, the Pareto efficiency of p-NF solutions can be directly implied from their
mathematical definitions. For example, let (P*,Q*) € S; be a p-NF solution for Max-Max
BODO. If it is not a Pareto-optimal solution, there exists (P’, Q') € S; such that (P*, Q) is
strictly dominated by (P, Q") (i.e., P* < P, Q* < Q" and (P*,Q*) #Z (P',Q’)). We obtain
!/
,OF + 8— >p+1,

which leads to a contradiction to Definition 1.

According to the proof of Theorem 1, if p = 1 and the feasible set S; has two solutions
(P, Q1) = (13,15) and (P, Q2) = (10, 20) then (P, ()2) is a Pareto-optimal solution but not
a p-NF solution. Consequently, a Pareto-optimal solution is not necessarily a p-NF solution
for Max-Max BODO.

Similarly, the p-NF solutions for Max-Min BODO and Min-Min BODO are necessarily
the Pareto-optimal solution, but the inverse may not be true. This concludes the proof. [J

Then, we show that the p-NF solutions for Max-Max BODO, Max-Min BODO, and Min-
Min BODO can be obtained by solving the following optimization problems, respectively.

Fi(a) = max fi(a, P,Q) := pP + aQ),

(P,Q)ES
Fale) = max fala P.Q) = pP — Q.
= P, = pP
Fife) = min fi(o, P.Q) = pP + 0@,
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where o > 0 is the coefficient to be determined.
Since f;(«, P, Q) are linear combinations of P and @), we suppose we know how to solve

Fila), Vi=1,2,3.

Theorem 6. Fori = 1,2,3,(P*,Q*) € S; is a p-NF solution if and only if (P*,Q*) is a
solution of F;(a*) with o* = P*/Q*.

Proof. We first proof this lemma for Max-Max BODO.

— Let (P*,Q*) € S; be a p-NF solution and o* = P*/Q*. We will show that (P*, Q")
is a solution of Fi(a*).

Since P*,Q* > 0, a* > 0. As (P*, Q") is a p-NF solution we have

p£+§§p+l, V(P,Q) € S, (6)

Multiplying (6) by P* > 0 and using o* = P*/Q* give
pP +a"Q < pP" 4+ a"Q", V(P,Q) € &1, (7)

Hence, (P*, Q) is a solution of F;(a*).
<= Suppose that (P*, Q*) is a solution of F;(a*) with a* = P*/Q*, we have

PP+ O[*Q < IOP* +Oé*Q*, V(P) Q) S 817
Replacing o* by P*/Q* we obtain

P Q
— =< 1, V(P S
pP*+Q*—p+v (aQ)E 1
Thus, (P*,Q*) is a p-NF solution.
Since the proofs for Max-Min BODO and Min-Min BODO are similar to those for Max-

Max BODO, they are omitted. m

Based on Theorem 6, we state the following lemma for verifying whether a feasible
solution is a p-NF solution or not.

Lemma 1. Fori =1,2,3 and a given solution (FPy, Qo) € S, let oy = Py/Qo and (P, Q1)
be a solution of Fi(ay). Then (Py, Qo) is a p-NF solution if and only if fi(a1, P, Q1) =
fz’(Oﬂ, F, Qo)-

Proof. = 1If (Py, Qo) € S; is a p-NF solution then (Fp, Q) is also a solution of F;(a;) due
to Theorem 6. Thus, f;(cq, P, Q1) = fi(a1, Py, Qo) since (Py, P1) and (P;, Q1) are both the
solutions of F;(ayq).

— If fi(on, P, Q1) = fi(aq, Po, Qo) then (Py, Qo) is also a solution of F;j(ay). Since
a1 = Py/Qo, (Po, Qo) is a p-NF solution due to Theorem 6. O

In the next section, we discuss how to construct an algorithm for determining the p-NF
solution set based on Theorem 6 and Lemma 1.
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4. Determining the p-NF solution set for BODO

As shown in Section 2.1.2, the p-NF solutions for Max-Max BODO and Max-Min BODO
with p < 1 are not guaranteed to exist. Thus, finding them is challenging since it is not
equivalent to any known optimization problem. In this section, we focus on constructing
an algorithm for determining the p-NF solution set for Max-Min BODO with p > 1 and
Min-Min BODO.

4.1. Mazx-Min BODO with p =1

As a result of Theorem 2, all the p-NF solutions for Max-Min BODO with p = 1 are the

solutions to the following optimization problem
Ro = max E,
(PQ)ES: ()

Notice that R, is fractional programming, which is well-studied in the literature. There
are many algorithms have been designed and analyzed for fractional programming (see, for
example, surveys [15], [16], [17], [18]). Consequently, in this section, we just restate the
method for solving Rs.

Subsequently, we restate the algorithm for solving R,. This algorithm is inspired by the
application of Newton’s method to linear fractional programming that was first discussed
by Isbell and Marlow [29] and then generalized to nonlinear fractional programming by
Dinkelbach [19]. We first consider the following Dinkelbach’s transform [19]:

Dyla) = P—
2 () Amax @,

where o« > 0 is a suitable efficient to be terminated.

Algorithm 1
Input: An instance of Max-Min BODO with p = 1.
Output: A p-NF solution.

1: ag <0

2: Solving Ds(ayp) to obtain a solution (P, Qo)

3: 1+ 0

4: repeat

o: it — P/Q;

6: Solving Dy(cv;11) to obtain a solution (Piy1, Qit1)
T: T; <+ P, — 0;,Q;

8: 1+—1+1

9: until 7; = 0
10: Return (P, Q;)

Notice that Algorithm 1 returns only one solution of R9, which corresponds to one p-NF
solution instead of all possible p-NF solutions. For determining the p-NF solution set, we
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aim to determine the solution set of Ry. If P, () are linear, there have been some discussions
about its solution set in the literature. Most of them give a unique condition for the solution.
If this condition is not satisfied, computational procedures are presented to determine the
solution set [36], [37]. For example, a method for determining the solution set based on
an adaptation of the convex simplex method credited to Gilmore and Gomory has been
introduced in [38].

When P, () are nonlinear, determining the solution set of R, may be difficult since it is
hard to describe the general structure of the solutions. Furthermore, all the solutions of R,
are solutions of D, with a unique value of . In the context of this paper, we will refrain
from delving further into dealing with the nonlinear case.

4.2. Max-Max BODO and Max-Min BODO with p < 1

We recall that the p-NF solutions for Max-Max BODO and Max-Min BODO with p < 1
are not guaranteed to exist. Notice that in the simplest case when p = 1, the p-NF solution
for Max-Max BODO (if it exists) is equivalent to the Nash bargaining solution — a well-
known notion from cooperative game theory — since it maximizes the products of two
objectives [20]. A natural idea for determining p-NF solution in such a case is that we
first solve H;, then we verify whether the obtained solution is the p-NF solution by using
Lemma 1. However, solving H;, even when p = 1, is computationally expensive since the
objective remains nonlinear and the feasible set is non-convex. Consequently, to address
such a case, a few approaches involve considering certain non-convex sets, which are convex
after a logarithmic transformation [21]. An alternative approach is to introduce the concept
of local proportional fairness, which is always achievable, and then analyze its properties
[22].

Similarly, solving Hs with p < 1 is challenging, although it is also fractional programming.
The fact is that solving the corresponding Dinkelbach’s transform

Dy(a) = max PP — aQ with p < 1,
5 () (P.Q)S) Q@ P
requires a highly non-linear optimization, even though when P, () are linear.
In the next section, we will show the main distribution of this paper: we propose a recur-

sive Newton-like algorithm using the weighted sum scalarization approach for determining
the p-NF solution set for Max-Min BODO with p > 1 and Min-Min BODO.

4.3. Maz-Min BODO with p > 1 and Min-Min BODO

4.83.1. General idea of algorithm for determining the p-NF solution set

Since many p-NF solutions may exist for both Min-Min BODO with p > 1 and Min-Min
BODO, this section states the general idea and algorithm for obtaining their p-NF solution
set in a unique framework.

According to Theorem 6, the p-NF solutions are optimal solutions of weighted sum prob-
lems. Thus, they are supported efficient solutions (i.e., the solutions that can be obtained
by optimizing weighted sum problems), which are on the boundary of the convex hull of all
Pareto points [32]. When dealing with bi-objective mixed integer problems, the supported
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efficient solutions can be identified by the weight space decomposition method [31], [32].
Furthermore, if the objectives are linear, the indifference regions in the weight space are also
computed (see, e.g., [33]). However, as the p-NF solution set can be a strict subset of the
Pareto set, we aim to propose a novel method focusing on determining the p-NF solution set
without computing all the supported efficient solutions. For this purpose, we construct a re-
cursive Newton-like algorithm based on the weighted sum scalarization approach to identify
all p-NF solutions.

Let F(«a) represent Fo(a) and F3(«) in our algorithm (i.e., if we solve F(«), that means
we solve Fa(a) or minimize F3(«), depending on the considered problem is Max-Min BODO
with p > 1 or Min-Min BODO). Let C be the set containing all elements a* such that there
exists a p-NF solution (P*, Q*) as a solution of F(a*) with o* = P*/Q*. We can prove that
each element of C corresponds to a unique p-NF solution and vice versa. Thus, determining
the p-NF solution set is equivalent to finding all elements of C.

Let us explain the general idea for finding all elements of C'. From the given BODO
problem, we first determine o®'? as the upper bound for the elements of C. Then, our
algorithm uses Procedure EXPLORE() to recursively explore all elements of C in the interval
[0, a**?]. For each subinterval [a;, ;] C [0, a**?], Procedure EXPLORE() determines a value
a € |y, a;] based on the solutions of F(«a;) and F(a;). Then, Procedure VERIFY () verifies
whether o € C or not. If not, we use Procedure FIND() to find an element o* € C such that
there does not exist any other element of C in the closed interval defined by a and a* (i.e.,
[, "] if @ < o* or [@*, o] if @ < «). Then, we remove such closed interval to obtain at most
two remaining subintervals from [a;, o;], which we will continue to explore. Although we
may need two recursive calls in an iteration, the total number of recursive calls in the worst
case is bounded by the number of Pareto-optimal solutions. Furthermore, our determining
method of « provides some criteria for quickly asserting that no more p-NF solution exists
in [ay, o]

In the following, we discuss how to propose Procedure VERIFY(«y) for verifying ag € C
from the given ag. Notice that it may be difficult to verify if ay € C by only solving
F () and then checking if the obtained solution (P, Qo) satisfies Py — apQo = 0 (based on
Theorem 6). The fact is that the problem F(ag) may have multiple solutions, and we only
obtain one solution, which is possibly not the p-NF solution in case g € C (i.e., there exists
another solution (P, Q1) of F(ap) which is a p-NF solution. However, (Fy, Qo), instead of
(P1,Q1), is returned. Thus, ag € C although Py — apQo # 0).

Hence, for Procedure VERIFY (), we define two additional optimization problems

— . P,Q) :=pP —aQ — |P —aQ|,
Go(a) Amax g2(a, P,Q) := pP — a@Q — |P — aQ)|

— mi P.Q) := pP P —
Gs(a) Aoing g3(a, P,Q) := pP + aQ + |P — aQ)],

where |.| denotes the absolute function.
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Notice that gs(a, P, Q) and g3(«a, P, Q) can be transformed as a linear combination of P
and ). Thus, suppose that we know how to solve Gy(«) and G3(«).

Let G(a) represent Go(a) and G3(«) in our algorithm. If we solve G(«a), that means we
solve Go(a) or G3(«), depending on the considered problem is Max-Min BODO with p > 1
or Min-Min BODO . We first state Procedure VERIFY () as follows.

Procedure 2 Verifying if ag € C

Input: oy € [0, a""P].

Output: True if oy € C or False otherwise.
1: procedure VERIFY (ay)

2 Solving F(ap) and G(ap) to obtain the solutions (P, Qo) and (P, Q1)
3 if g(ao, P, Q1) = f(aw, Py, Qo) then

4 Return True

5: else
6

7
8:

Return False
end if
end procedure

For a given o € [0, ®?], if we assert that ag ¢ C by Procedure VERIFY(«ay), then we
can use Procedure FIND(qy) for finding an element of C from «y. This procedure is also
based on the application of Newton’s method for linear programming. It can be stated as
follows.

Procedure 3 Finding an element of C from «ag & C

Input: oy € [0, "] and «ap & C.

Output: A unique element of C in the closed interval defined by itself and ay.
1: procedure FIND (o)
2 Solving F(ap) to obtain a solution (P, Qo)
3 140
4 repeat

9 aip1 — BP/Q;

6

7

8

9

Solving F(c;41) to obtain a solution (Pjy1, Q1)
T; + f(ig1, Pip1, Qiv1) — flaugr, Bi, Qi)
14—1+1
until 7; = 0
10: Return a;, 4
11: end procedure

Then, for each subinterval [, ;] C [0, a®*P], we present Procedure EXPLORE([ay;, oj])
for finding all elements of C in such subinterval.
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Procedure 4 Finding the elements of C in the interval [ay, o]

Input: o; < a; and o;, a5 € [0,a°7], (P;,Q;) # (P}, Q) are the solutions of F(a;) and
F(ay), respectively.

Output: All elements of C in the interval [, a;].

1: procedure EXPLORE(|a;, o))

2: C= {}

3: if VERIFY(«;) == True then C =CU q;

4: end if

5: if VERIFY(a;) == True then C =CU q;

6: end if

s =l

8 while o; < a; and oy, < a; do

9 if VERIFY(ay) == True then

10: C+CUaq > «y, is an element of C
11: EXPLORE([ov;, o)), EXPLORE([vy;, ij])

12: else

13: Solving F(ay) to obtain a solution (P, Q)

14: if (Pkka:) ;7é (PZ, Qz) and (Pk7Qk:) ;7é (P], Q]) then ¢, < F]ND(ozk)
15: if a; == ¢, then EXPLORE([avy, o))

16: else if a; == ¢, then EXPLORE([cv;, o))
17: else if o; < ¢, and ¢, < oy, then C < CU ¢,
18: EXPLORE([a;, cx]), EXPLORE([ou,, o))
19: else if o; > ¢; and ¢, > o, then C <~ C U ¢
20: EXPLORE([ov;, o)), EXPLORE([cy, o))
21: end if
22: end if
23: end if

24: end while
25: Return C
26: end procedure

Finally, we state the main algorithm for determining the p-NF solution set by finding all
elements of C.

Algorithm 5 Finding the p-NF solution set
Input: A BODO instance (either Max-Min BODO with p > 1 or Min-Min BODO).
Output: Set C whose elements correspond to all p-NF solutions.

1: Compute o®*? from the given BODO instance.
2: EXPLORE([0, a*"P))

In the next two sections, we show that Algorithm 5 returns all elements of C, which
correspond to all p-NF solutions for Max-Min BODO with p > 1 and Min-Min BODO.
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Notice that the two cases’ statements of lemmas and theorems are almost similar. However,
their proofs are different due to their different characterization of the p-NF solution.

4.3.2. Proofs for Max-Min BODO with p > 1

For Max-Min BODO with p > 1, the set C is defined as follows: C contains all elements
a* > 0 such that F»(a*) has a solution (P*,Q*) and o = P*/Q*.

We first assert that each element of C corresponds to a unique p-NF solution and vice

versa. Consequently, determining the p-NF solution set is equivalent to finding all elements
of C.

Lemma 2. For Max-Min BODO with p > 1, there is a bijection between the set C and the
p-NF solution set.

Proof. According to Theorem 6, each p-NF solution corresponds to a unique element of C.
We show that each element of C corresponds to a unique p-NF solution with respect to
the values of P and Q).
Suppose that (P*, Q*), (P*™,Q**) € Sy are two p-NF solutions corresponding to o* € C.
Since both (P*,Q*) and (P**,Q**) are the solutions of F5(a*), we have

Furthermore, since a* € C, we get

From (8) and (9), we have (p — 1)P* = (p — 1) P**. Since p — 1 > 0, we obtain P* = P**
and consequently Q* = Q**. Thus, (P*, Q*) = (P**, Q™). O

According to Lemma 2, although both Max-Min BODO with p = 1 and Max-Min BODO
with p > 1 have possibly multiple p-NF solutions, they have a main difference. That is,
unlike for Max-Min BODO with p > 1, all p-NF solutions for Max-Min BODO with p =1
correspond to a unique value, which is the maximal value of the ratio P/Q, V(P,Q) € S..

We then determine o**? as the upper bound for the elements of C. Let P4z, Qmin be
the optimal values of the problems maximizing P and minimizing () over X,, respectively.
Let a®P = P40/ Qmin. We have

* P* < Pmaz sup
o = < = o
Thus, o®*? is an upper bound of a*.

For a given aq € [0, o**?], we show that verifying if oy € C can be done by solving Fa ()

and Go(«).

Lemma 3. For a given ag € [0,a5?], let (Py, Qo), (P1, Q1) € Sy be the solutions of Fa(c)
and Go(a), respectively. Then ag € C if and only if go(ap, P, Q1) = fo(an, Py, Qo).
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Proof. = Suppose that oy € C. According to Theorem 6, there exists (P*, Q*) € Sy such
that (P*, Q") is a solution of Fa(ap) and P* = apQ*. Since both (Fy, Qy) and (P*, Q*) are
the solutions of Fy(ay) and P* — oyQ* = 0, we have

PPy — Qo = pP* — apQ* — \P* - OCUQ*\7

The optimality of (P, Qo) gives

pPy — apQo = pP1 — @y,
Since |P; — ap@Q1] > 0, we deduce pPy — agQo > pP1 — ap@Q1 — | Py — ap@1]. Thus,
pP* — Q" — [P* — ap@Q| = pPr — Q1 — [P1 — apQu], (10)
Since (P, Q1) is a solution of Ga(ayp), we have
pPr — apQ1 — | Py — apQ1] > pP* — apQ" — |P* — apQ"|, (11)

From (10) and (11), we get

PP1—060Q1—|P1—040Q1| ZPP*_QOQ*_‘P*_QOQ*| = pPy — apQo,

Wthh 1mphes QQ(OZ(], Pl, Ql) = fQ(Oé(), P(), Qo)

< Suppose that go(g, Pr, Q1) = fa(ag, Py, Qo). We obtain pPy — agQ1 — | Py — Q1] =
pPo — apQo. Since pP; — Q1 — |P1 — Q1| < pP1 — ap@Q1 < pPy — apQy, we must have
|P, — ap@Q1] = 0 and pP, — apQ1 = pPy — apQo. Consequently, (P, Q1) is a solution of
Faolap) and Py = ap@q. Thus, (P, Q) is a p-NF solution and «y € C due to Theorem 6. [

Let T; = fo(aitt, Piy1, Qiv1) — folourt, P, Q;) where (P;, Q;) is the solution of Fa(ay;)
and {a;}i>o (including «ag) is the sequence constructed by Procedure FIND(agp). We then
prove that if ag ¢ C, Procedure FIND(«yp) returns an element of C such that it is a unique
element of C in the closed interval defined by «q and itself.

Lemma 4. For ag € [0,a°"?], during the ezxecution of Procedure FIND(ap), a1 > 0,
(Pit1,Qiy1) is a Pareto-optimal solution and T; > 0 Vi > 0. Furthermore, Procedure
FIND(c) terminates after a finite number of iterations.

Proof. Since P;,Q); > 0, we have ;11 = P;/Q; > 0,¥i > 0. Thus, (Pi11,Q;41) is a Pareto-
optimal solution due to Theorem 5, Vi > 0.
For all i > 0, the optimality of (P41, Q;y1) gives

PP — i1Qip1 > pPi — 1@, (12)

Thus, T; = fo(ait1, Pis1, Qig1) — fa(is, Piy, Qi) = pPiy1 —iy1 Qi1 — (pPi— i 1Q;) > 0.
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Moreover, replacing a;1 by P;/Q;, (12) yields
P;
Qi

Using Young’s inequality for products, we have

Py > 1. Qit1 +,0—1 > (Qi—i-l)% N Pl > P_ip’
P = p Qs P Qi Qi1 — Qi
In other words, the value of P’/Q; is increasing after each iteration of Procedure

P o
FIND (o). Since S, is finite, the set of values P?/Q) is also finite. Thus, we get Pen _ B
after a finite number of iterations. Now, the equality of Young’s inequality above must

Qry1  Qr
hold. We have then PHI = % =1 = Py1 = P, and Q1 = Q. Consequently,

Ty, = fo(ows1, Por1, Qur1) = folQur, Be, Qr) = pPrr1 — a1 Qpar — (0P — w1 Qi) = 0.
That is to say, Procedure FIND(ag) terminates after a finite number of iterations. [

Piy >1XQ1'+1+P—1’

P —p Qi P

pPiy1 > Qi1+ (p—1)P =

Suppose that Procedure FIND(cyp) returns a coefficient «,y; satisfying 7, =

folanst, Poy1, Quit) — folanit, P, @Qn) = 0 where n > 0. Thus, (P,,Q,) is a p-NF
solution and «,, 1 € C due to Lemma 1. In addition, if n > 1 then 7; > 0, VO <i <n — 1.

In the next lemma, we show the monotonic relationship between a € [0, "] and the
solution of Fy(a) with respect to the values of P and Q).

Lemma 5. Let o/, a" € [0,a"?], o < " and (P',Q"), (P",Q") € Sy be the solutions of
Fo(a!) and Fo(a), respectively. Then P' > P” and Q' > Q".

Proof. The optimality of (P’,Q’) and (P”, Q") gives

pP' — ' Q' > pP" — '@, and (13a)
pP// _ a//Q// Z pP’ _ a// / (13b)

Adding (13a) and (13b) gives (o/ — a”)(Q' — Q") < 0. Since o/ < o, we have Q' > Q".
On the other hand, the inequality (13a) implies p(P’ — P") > o/(Q' — Q") > 0. Since
p>1, weget PP > P". [

Theorem 7. For ay € [0, ] and o & C, Procedure FIND(c) returns a1 as the unique
element of C in the closed interval defined by oy and o,y 1.

Proof. Since (Fy, Qo) is a solution of Fy(cy) and ag & C, we have Py — agQ # 0. Thus, we
consider two cases: Py — agQp > 0 and Py — apQo < 0.
We first suppose that Py — ag@Qy > 0. We will prove «o; < a1, Ve > 0 by induction on 1.
Since Py — apQo > 0, we have ag < Py/Qy = . Thus, our hypothesis is true with i = 0.
Suppose our hypothesis is true until : = £ > 0. We have o; < a;;1, V0 < i < k. The
optimality of (Pyy1, Qry1) gives

PPii1 — ap1Qry1 > pPr — a1 Qs
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which is equivalent to

(p — 1)Pk+1 —+ Pk+1 — Oék+1Qk+1 Z (,0 - 1)Pk + Pk - ak+1Qk7 (14)

Since o < agi1, Pr > Pryq and Qp > Qryq due to Lemma 5.

If P = Pryp and Qrp = Qpyy then Ty, = pPryy — apy1Qry1 — (pPr — e 1Qr) = 0.
Consequently, Procedure FIND(ap) returns the value oy and the sequence {«;}o<i<ri1 18
strictly increasing.

If Pk = Pk+1 and Qk > Qk+1 then A1 = % g’;ill = 042,

If P > Py then (14) yields Pryy — ary1Qrin > By — g1 Q. = By — $Qp = 0. Thus,

Ppy1
Qg1 < Orer - Mkt2

Since we obtain oy, < azye in both two cases above, our hypothesis is also true with
i =k + 1. Hence, {o;} is strictly increasing, Vi > 0.

In the following, we will show that a,; is the unique element of C in the interval
[Oémanﬂ]-

Suppose that we have a* = (g, a,11) N C corresponding to a p-NF solution (P*, Q*).
Since the sequence {a;}o<i<ni1 is strictly increasing, there exists 0 < k < n such that
a* € (ag, ]

Since a* > ag, we have P* < P, and QQ* < @) due to Lemma 5. Furthermore, as
(P*, Q%) is a p-NF solution, we get

P, Qy Py Qy By

P B Q*Sp—l:F—Q*S(p—l)(l—ﬁ)éo» (15)

If 75 = & then (15) yields £ = @ = 1. It follows that P, = P*, Qs = Q" and ajy =

% = S = «a*. Since a1 = a* < a1, we have k <n—1and n > 1. As both (P*,Q*) and
(Pyy1, Q1) are the solutions of Fy (1), we obtain pPyy1 — a1 Qi1 — (pP*—ap1Q*) = 0.
Consequently, Ty, = pPry1 — agr1Qr+1 — (pPr — au1Qx) = 0 which leads to a contradiction
duetoT), >0, VO<k<n-—1.

Thus, we have

*  *

%<g'j = a*:%>%:ak+1,
which leads to a contradiction due to the fact that a* < ay..
Hence, ;1 is the unique element of C in the interval [, a,11].
Similarly, in case Py — ap@Qo < 0, we obtain that the sequence {«;} is strictly decreasing
and o, 41 is the unique element of C in the interval [a,,41, ap]. That concludes the proof. [

According to Theorem 7, from «p € [0, a**?] and o & C, we can use Procedure FIND(ay)
to find an element «,; of C such that there does not have any other element of C in the
interval[ag, ap 1] (if ap < 1) or [y, agl (if ap > apyr).

For each interval [a;, ;] C [0, 0P| and (P, Q;) # (P}, Q;) are the solutions of F(ay;)
and Fy(ay) where 0 < o < a; < P, we present some criteria to quickly verify if there
does not exist any p-NF solution in the interval (o, a;) which is different to (P, ;) and
(P] ) QJ)
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Lemma 6. Given an interval [0y, ;] defined by 0 < o; < aj < &P and let (P, Q ) ( Q)
be the solutions of Fo(cw) and Fo(a;) such that (P, Q;) # (P}, Q). Let oy, = ]p | and
(Py, Qr) be a solution of Fa(ay). If one of the following conditions is satisfied, then there
does not exist any p-NF solution which is different to (P;, Q;) and (P}, Q);) in the interval

(a4, aj).
L. ay € {o, a;};

2. ap € C and (P, Qi) = (P, Q;) or (P, Q) = (P}, Q;);

Proof. We first show that «y, is well defined. Since oy < «j, we have P; > P;, Q); > @); due
to Lemma 5. Assume that ; = @);. The optimality of (P}, Q);) gives

pP; — a;Q; = pP; — a;Q;,

Since @); = @), we obtain P; > P,. Thus, P, = P; and then (P, Q;) = (P}, Q;) which
leads to a contradiction.

Hence, @); > ); and consequently, oy, is well defined.

Since P; > P; and Q; > @Q);, we have a;, = Si—q;)
The optimality of (P;, Q;) and (P}, Q);) gives

PP — 0;Q; > pP; — 0; Q5
pP; — a;Q; > pP; — a;Q;,

Now we show that ay € [ay, o]

Thus, we obtain «; < p(P—QI;) < «; which leads to a; < oy < 5.
J

If oy, = a; then pP; — 0,Q; = pP; — o Q;. Thus, (P, Q;) and (P}, (Q);) are both solutions
of F5(a;). Hence, for all € (v, a;), (P}, Q;) is the solution of ]-"2(04) as a result of Lemma
d.

Similarly, if oy = «;, (P, Q;) is the solution of Fy(«) for all a € (o, o).

Consequently, in case a; € {a;,a;}, there does not exist any p-NF solution which is
different to (P, @;) and (P}, Q;) in the interval (o, o).

Now let (P, Q) be a solution of Fy(ay). Without loss of generality, we suppose that
oy, & C and (P, Q) = (P, Qi)

Since (Py, Qr) = (P;, Q:), (P, Q;) is the solution of Fy(ay). Since ay, = %, we have
pPi — apQ; = pP; — oy, Q). Thus, (P}, Q);) is also a solution of Fy(ay).

Consequently, if o € (o, o) then (P, Q;) is the solution of F3(a) and if o € (ay, «;)
then (P}, @;) is the solution of F5(«). That means there does not exist any p-NF solution
in the interval (a;, ;) which is different to (P, @Q);) and (P}, Q;). O

Theorem 8. Algorithm 5 returns all the elements of C corresponding to all p-NF solutions
for Max-Min BODO with p > 1.

Proof. Let K, denote the finite number of Pareto-optimal solutions. Consequently, [0, a*?]
can be separated by at most K, consecutive subintervals [c;,¢;] where 0 < ¢ < ¢; <
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a®P and ¢;, ¢; correspond to two different Pareto-optimal solutions. By using Procedure
EXPLORE([c;, ¢j]), each recursive call gives us a p-NF solution where the corresponding
coefficient in the subinterval [¢;, ¢;] or show that such subinterval is well explored without any
new p-NF solution. As we use Procedure FIND() and Procedure VERIFY () in each recursive
call, Procedure EXPLORE([0, a*"]) also terminates after a finite number of iterations. Since
Algorithm 5 terminated when the interval [0, a*“?] is totally explored, it found all elements
of C corresponding to all p-NF solutions. O

4.8.3. Proofs for Min-Min BODO

For Min-Min BODO, the set C is defined as follows: C contains all elements a* > 0 such
that F3(a*) has a solution (P*, Q*) with o = P*/Q*.

We also assert that each element of C' corresponds to a unique p-NF solution and vice
versa.

Lemma 7. For Min-Min BODO, there is a bijection between the set C and the p-NF solution
set.

Proof. According to Theorem 6, each p-NF solution corresponds to a unique element of C.
We also show that each element of C corresponds to a unique p-NF solution with respect
to the values of P and Q.
Suppose that (P*, Q*), (P**,Q**) are two p-NF solutions corresponding to a* € C. Since
both (P*,Q*) and (P**,Q**) are the solutions of F3(a*), we have

Furthermore, since a* € C, we get

Adding (16) and (17) gives (p + 1)P* = (p + 1)P**. Since p > 1, we obtain P* = P**
and consequently Q* = Q**. Thus, (P*,Q*) = (P*™, Q).
O]

We then determine the upper bound a**? for the elements of C. Let (P,,Q,) € S3 be a
solution for minimizing @ and o = P,/Q),. We state the following lemma.

Lemma 8. Let o* € C. We have o < o®“P.

Proof. Let (P*,Q*) € S3 be a p-NF solution for Min-Min BODO corresponding to a* € C.
The optimality of (P*, Q") gives

pP* + 0" Q" < pPy+a*Qy, (18)

Moreover, since (F,, Q,) € Ss is a solution for minimizing @), we have Q* > @, which
implies P* < P, due to (18). Thus,

[
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For a given aq € [0, a**?], we show that verifying if oy € C can be done by solving F3(«)

and Gz(a).

Lemma 9. For a given ag € [0,a5?], let (Py, Qo), (P1, Q1) € Ss be the solutions of Fz(c)
and Gs(ap), respectively. Then ag € C if and only if gs(ap, P, Q1) = f3(ao, Py, Qo).

Proof. — Suppose that oy € C. According to Theorem 6, there exists (P*, Q*) € Sz such
that (P*,Q*) is a solution of F3(ap) and P* = ap@*. Since both (Fy, Qo) and (P*, Q*) are
the solutions of F3(ap) and P* — apQ* = 0, we have

pPo + aoQo = pP* + apQ™ + |P* — apQ",
The optimality of (P, Qo) gives
pPy + apQo < pP1 + apQ1,
Since |P; — ap@1] > 0, we deduce pPy + apQo < pP1 + aoQ1 + |P1 — apQ1|. Thus,
pP* + Q" + |P* — Q| < pP1 + Q1 + |Pr — apQ1], (19)
Since (P, Q1) is a solution of G3(ayp), we have
PP+ 0Qu+ [P — a0 < pP7 4 aoQ" + [P7 = aoQ, (20)

From (19) and (20), we get

pPr 4+ Q1 + | P — Q1| = pP* + Q" + | P — ap Q| = pPo + apQo,

which implies gs(ao, P1, Q1) = f3(ao, Fo, Qo).

—- Suppose that 93(040, Pl, Ql) = fg(Oéo, Po, Qo) We obtain ppl +060Q1 + |P1 — Oé()Q1| =
pPo + apQo. Since pP1 + apQy + |P1 — apQ1] > pP1 + aoQ1 > pFPy + apQo, we must have
|Py — ap@1] = 0 and pP; + ap@1 = pPy + ap@o. Consequently, (P;, Q1) is a solution of
Fs(ap) and P, = ap@. Thus, (P, Q) is a p-NF solution and «y € C due to Theorem 6. [

Let T; = fs(ai1, Pir1, Qiv1) — f3(irt, Py, Qi) where (P, Q;) is the solution of F3(c;)
and {«;};>o (including ap) is the sequence constructed by Procedure FIND(cg). We then
prove that if ag & C, Procedure FIND(cy) returns an element of C such that it is a unique
element of C in the closed interval defined by «q and itself.

Lemma 10. For ag € [0,a°?], during the execution of Procedure FIND (o), c;y1 > 0,
(Pit1,Qit1) is a Pareto-optimal solution and T; < 0 Vi > 0. Furthermore, Procedure
FIND(cy) terminates after a finite number of iterations.
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Proof. Since P;,Q); > 0, we have a1 = P;/Q; > 0,¥i > 0. Thus, (P11, Q1) is a Pareto-
optimal solution due to Theorem 5, Vi > 0.
For all 4 > 0, the optimality of (P,1,Q;y1) gives

pPit1 + it1Qiv1 < pPi + 0 1Qi, (21)

Thusa T = f3<04i+17 Pi+1> Qi—i—l) _f3(ai+17 Pi> Qz) = PPi+1 +CYZ'+1Q¢+1 - (pPi—l—OéH_lQi) <0.
Moreover, replacing a; 1 by P;/Q;, (21) yields

[ Pz‘+1Jr 1 " Qi+17
p+1 B p+1l @

P;
PP + aQHl <(p+1)P = 1>

Using Young’s inequality for products, we have

1> P XPi+1_|_ 1 Qerl
—pt+l R p+1 Q;

Qerl
Qi

In other words, the value of P’Q); is decreasing after each iteration of Procedure
FIND(ayp). Since Ss is finite, the set of values PPQ) is also finite. Thus, we get P/, Qp1 =
P?Qy after a finite number of iterations. Now the equality of Young’s inequality above must
hold. We have then it — Q(S“ =1 = Py = P, and Qi1 = Qr. Consequently,

z(gl) (

)"“ = PlQi> P/ ,Qit,

Py
Ty, = fa(okt1, Pier1, Qurr) — fa(ansr, Py Qr) = pPet + a1 Qrar — (pPk + 1 Qi) = 0.
That is to say, Procedure FIND(ay) terminates after a finite number of iterations. O

Suppose that Procedure FIND(cyp) returns a coefficient «,y; satisfying 7, =

fa(ans1, Poy1, Quit) — fs(any1, P, @Qn) = 0 where n > 0. Thus, (P,,Q,) is a p-NF
solution and o, 1 € C due to Lemma 1. In addition, if n > 1 then 7; < 0, VO <i <n —1.

Like Lemma 5, we also show the monotonic relationship between a € [0, «**?] and the
solution of F3(«r) with respect to the values of P and Q.

Lemma 11. Let o/,a" € [0,a°], o/ < " and (P',Q"), (P",Q") € S3 be the solutions of
Fs() and F3(a), respectively. Then P' < P" and Q' > Q".

Proof. The optimality of (P’, Q") and (P”, Q") gives

pP' + Q' < pP" 4+ d'Q", and (22a)

pP//+a//Q// S pPl+Oé//Q/ (22b)

Adding (22a) and (22b) gives (o —a”)(Q' — Q") < 0. Since o < ", we have Q' > Q".
On the other hand, the inequality (22a) implies p(P” — P') > o/(Q' — Q") > 0. Since
p>1, weget PP< P O

Theorem 9. For ag € [0, a®?] and oy & C, Procedure FIND(ay) returns au,+1 as the unique
element of C in the closed interval defined by oy and av,41.
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Proof. For Min-Min BODO, we also consider two cases: Py — apQ)o > 0 and Py — apQ)y < 0.
We first suppose that Py — agQy > 0. We will prove «o; < a1, Ve > 0 by induction on 1.
Since Py — apQo > 0, g < Py/Qo = . Thus, our hypothesis is true with i = 0.
Suppose our hypothesis is true until ¢ = £ > 0. We have «o; < «;41,V0 < i < k. Since

ap < gy, we have Poy; > Py > 0 and Qp > Qry1 > 0 due to Lemma 11. It leads to

QrPrii1 > PiQpi1 and QpPry1 = PiQry1 = (Pr, Qr) = (Piv1, Qi)

If T}, = 0 then Procedure FIND(cy) returns the value ayyq. Hence, the sequence {o;}
fort=0,1,...,k + 1 is strictly increasing.
If T;. < 0 then we have (Pk, Qk) ?é (Pk+1, Qk+1>- It 1mphes Qkpk+1 > PkaJrl. We get

Py Py
Qpy1 = — < = Q42
Qr  Qryr

Thus, in this case, our hypothesis is also true with i = k 4+ 1. Consequently, {a;} is
strictly increasing, Vi > 0.

In the following, we will show that «,; is the unique element of C in the interval
[040704n+1]-

Suppose that we have a* = (g, a,11) N C corresponding to a p-NF solution (P*, Q*).
Since the sequence {a;}o<i<ni1 is strictly increasing, there exists 0 < k < n such that
a* € (o, apy].

Since a* > ap, we have P* > P, and Q* < ), due to Lemma 11. Furthermore, as
(P*,Q*) is a p-NF solution, we get

Py Qx Qr B

— > 1 =

(0+ 1)1~ 1) 20, (23)

O

If 3+ = £& then (23) yields g'; = £k = 1. It follows that P, = P*, Q = Q" and ay4y =

% = g = a*. Since a1 = a* < au41, we have k <n—1and n > 1. As both (P*, Q*) and
(Prs1, Q1) are the solutions of Fy (1), we obtain pPyi1+ 41 Q1 — (pP +arp1Q*) = 0.
Consequently, Ty = pPyy1 + p1Qri1 — (pPr + ag1Qr) = 0 which leads to a contradiction
dueto T, <0, VO<k<n-—1.

Thus, we have

«
g'j>% == a*—%>%—ak+1,

which leads to a contradiction due to the fact that a* < ag.q.

Hence, a1 is the unique element of C in the interval [av, av,11].

Similarly, in case Py — apQo < 0, we obtain that the sequence {«;} is strictly decreasing

and ;1 is the unique element of C in the interval [ov, .1, ap]. That concludes the proof. [

According to Theorem 9, from o € [0, **?] and o & C, we can use Procedure FIND(oy)
to find an element «,, 1 of C such that there does not exist any other element of C in the
interval [ag, ani1] (if g < apy1) O [n1, o) (if g > ).

For each interval oy, o] and (P;, Q;) # (P;, Q) are the solutions of F3(c;) and Fs(c;),
respectively, where 0 < «a; < o; < o®*P, we also present some criteria to quickly verify if
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there does not exist any p-NF solution in the interval (o, ;) which is different to (P, Q;)
and (P}, ();). Then, we show that Algorithm 5 returns all the elements of C corresponding
to all p-NF solutions for Min-Min BODO. Notice that the proofs of the following lemma and
theorem can be omitted since they are similar to those for Max-Min BODO with p > 1.

Lemma 12. Given an interval oy, o] defined by 0 < a; < o < o and let (P, Q;),
(P}, Q;) be the solutions of Fs3(cu) and Fs(a;), respectively, such that (P, Q;) # (P}, Q;).
Let oy, = \p (P P \ and (P, Qr) be a solution of Fs(ay). If one of the following conditions

1s satisfied, then there does not exist any p-NF solution which is different to (P;,Q;) and
(P}, Qj) in the interval (o, o).

L. ap € {a,a;};

2. o € C and (P, Qr) = (P, Qs) or (P, Qx) = (P}, Q5);

Theorem 10. Algorithm 5 returns all the elements of C corresponding to all p-NF' solutions
for Min-Min BODO.

According to Theorem 8 and 10, Algorithm 5 returns all the elements of C, which cor-
respond to all p-NF solutions, in a finite number of iterations. In general, estimating its
complexity may be difficult. This difficulty comes from the fact that we do not know the
BODO problem’s context and the expressions for the objective functions. In some particular
problems, we can show that Algorithm 5 terminates in polynomial time (for example, the
Bi-Objective Assignment Problem described in Section 5).

5. Illustrative example

In this section, the recursive Newton-like algorithm for determining the p-NF solution set
is tested on an instance of Min-Min BODO as a variant of the assignment problem called bi-
objective assignment problem (BOAP). The BOAP can be formally defined as follows. Given
a set of n workers, a set of n jobs, and a n x n cost matrix M whose positive elements m;;
represent the cost assignments of worker i to job j, the BOAP finds a one-to-one worker-job
assignment (i.e., a perfect bipartite matching) that minimizes simultaneously the total cost
and the maz-min distance, which is the difference between the maximum cost assignment
and the minimum one in the assignment solution. Notice that the problem minimizing
only the max-min distance, called balanced assignment problem, has been introduced for
finding the solution where the equitable distribution of assignments is important, which is
considered in some real-life instances of the assignment problems [24].

As shown in Section 4, for finding the p-NF solution set, we aim to solve F3(a) and G3(a)
where a € [0, @*P|. In the following, we present linear programming (LP) for solving F3(«).
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min pP + a@) (24a)

st. P= Z M jT; (24b)
i€[n],j€(n]
Q=u-—1 (24c)
dow= my=1 Vi € [n] (24d)
Jj€n] j€(n]
u > My jT; Vi € [n] (24e)
J€ln]
[ < Z mi ;T Vi € [n] (24f)
€]
z;; >0 Vi, j € [n] (24g)
where [n] = {1,...,n} and w;; represents the assignment between worker i and job j

corresponding to the cost m, ;. In this formulation, the value of P represents the total cost.
To calculate the max-min distance (), we determine the maximum and the minimum cost
assignments u and [ in the assignment solution. Constraints (24e) allow bounding u from
below by the maximum cost assignment in the assignment solution. Similarly, constraints
(24f) allow bounding ! from above by the minimum cost assignment in the assignment
solution. As () = u — [ is minimized, v and [ will take the maximum and minimum cost
assignments, respectively.

We also present the following LP for solving G3(«). This LP contains all the constraints
from (24b) to (24g). However, to avoid duplication, they are omitted.

min pP + a@Q +t (25a)
st.t>P—aQ (25b)
t>—-P+aQ (25¢)

Notice that using two additional constraints (25b) and (25c¢), the parameter ¢ represents
the absolute value of P — a@Q in g3(«, P, Q).

We will show that the solutions of LP formulations (24) and (25) are integral, which
correspond to the assignment solutions (i.e., perfect bipartite matching). Moreover, for
BOAP, determining the p-NF solution set can be done in polynomial time.

Lemma 13. The solutions of LP formulations (24) and (25) are integral.

Proof. The objective function of (24) assures that u and [ will be equal, respectively, to the
maximum and the minimum cost assignments in the optimal solution. Consequently, the
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solution of LP formulation (24) is always integral since the constraints matrix of (24d) is
totally unimodular (e.g., see [14]), and the constraints (24e) and (24f) are bound constraints.

Similarly, the solution of LP formulation (25) is also integral since the constraints (25b)
and (25¢) are bound constraints. O

Theorem 11. For BOAP, determining the p-NF solution set can be done in polynomial
time.

Proof. Consider an instance of BOAP with a n X n cost matrix and suppose that there
are K distinct Pareto-optimal solutions (P;,@;) where 1 < ¢ < K. We first show that
K<C2 ="t

Let m*** and m;™" be the maximum and the minimum cost assignment in the as-
signment solution corresponding to (P;,Q;) then Q; = m7® — m™".  For two dis-
tinct Pareto- optlmal solutlons (P, Q:),(P;,Qj), we have (); # Q; which is equivalent to
my — mt £ met — m". We have then (mj*®,mj*") # (mJ**,m/*"). Thus, the
assignment Solutlons corresponding to (F;, Q;), (P, Q;) have distinct pairs of assignments
representing the maximum and the minimum cost assignment. Since we have at most n?
distinct assignments, the number of distinct pairs of assignments is at most C2,. Thus,
K < (C2,.

According to Lemma 4, the iterations of Procedure FIND() return distinct Pareto-
optimal solutions. Thus, it terminates in a polynomial number of iterations. Consequently,
it terminates in polynomial time since LP formulation (24) for F3(«) can be solved in poly-
nomial time. Notice that Procedure VERIF'Y () also terminates in polynomial time.

We know that [0, @*"P] can be separated by at most K consecutive subintervals [¢;, ¢;] such
that ¢; < ¢; and ¢;, ¢; correspond to two distinct Pareto-optimal solutions. For Procedure
EXPLORE([0,a®P]), we use Procedure FIND() and Procedure VERIF'Y () in each recursive
call, and we have at most K recursive calls. Hence, Procedure EXPLORE([0, a*"?]) also
terminates in polynomial time. O

We now consider an instance of BOAP with 17 workers, 17 jobs, and a cost matrix where
its elements are randomly uniformly generated in the range [1,30] (see Appendix C). Let
P, Q) represent the total cost and the max-min distance in a feasible assignment solution.
Furthermore, we first consider p = 1 (i.e., P and @ are equally important from the CDM’s
point of view). The experiments are conducted on a PC Intel Core 15-9500 3.00GHz with
6 cores and 6 threads. We present the computational procedures for determining the p-NF
solution set based on Algorithm 5.

Step 1 We compute a solution (P, Qo) of F3(0). We obtain (P, Q) = (68,9). Then
we compute a solution (P, (),) for minimizing ). We obtain (P,,Q,) = (262,3). Thus,

o™ = P, /Q, = 2. We also assert that o™ & C by using Procedure VERIFY(o?). We
aim to explore the interval [0, 232].

Step 2 Since (131,4) is a solution of F3(aP), we take oy = |B=L3| = & and (80,7)
as a solution of F3(ay). By using Procedure VERIFY(ay), we obtaln that a; ¢ C. Thus, we
use Procedure FIND(ay) to find an element of C. We obtain ¢; = 7 € C corresponding to
the p-NF solution (80, 7). We have two subintervals [0, 2] and [2, 2] to be explored.

77 3
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Step 3 For the subinterval [22, 222], we take ap = |*5=2L) = 17 and (110, 5) as a solution
of F3(az). By using Procedure VERIFY(O@), we obtain as ¢ C. Thus, we use Procedure
FIND(ay) to find another element of C. We obtain ¢y = 131 € C corresponding to the p-NF
solution (131,4). According to Lemma 12, there is no p—NF solution in the interval [17, 252]
except (131,4). We have two subintervals [0, ] and [£,17] to be explored.

Step 4 For the subinterval [, 17], we take a3 = [35=2°| = 15 and (80, 7) as a solution
of F3(asz). We have a3 ¢ C. According to Lemma 12, there is no p-NF solution in this
subinterval except (80, 7).

Step 5 For the subinterval [0, 2], we take ay = [8=22| = 6 and (71,8) as a solution
of F3(ay). By using Procedure VERIFY(qy), we obtain 044 ¢ C. Thus, we use Procedure
FIND(a) to find another element of C. We obtain c; = 2 € C corresponding to the p-NF

solution (71,8). We have two subintervals [0,6] and [%, 63] to be explored.

Step 6 For the subinterval [Z, 2], we take a5 = |7O_80| = 10 and (80,7) as a solution
of F3(as). We have a5 ¢ C. According to Lemma 12, there is no p-NF solution in this
subinterval except (71,8) and (80, 7).

Step 7 Finally, for the subinterval [0, 6], we take o = |%=2| = 3 and (68,9) as a
solution of F3(ag). We have ag ¢ C. According to Lemma 12, there is no p-NF solution in
this subinterval except (71, 8).

Hence, the interval |0, 2%2] is totally explored and we obtain three p-NF solutions:

(71,8),(80,7) and (131, 4).

4 5
|

|

Figure 1: Pareto frontier with p-NF solutions in red, p =1
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We can also compute all the Pareto-optimal solutions for this instance as (68,9),(71,8),
(80,7),(110,5),(131,4), and (262,3). Figure 1 shows the Pareto frontier with three p-NF
solutions in red. Now we suppose that the CDM prefers the objective P to (), then we can
choose a bigger value of p, for example, p = 2 (i.e., P is relatively two times more important
than @ from the CDM’s point of view). Then the Pareto frontier does not change but there
is only one p-NF solution as shown in Figure 2. In these instances, the p-NF solution set
is a strict subset of the Pareto set. Moreover, (131,4) (resp. (71,8)) is the p-NF solution
that minimizes P?() when p = 1 (resp. p = 2) among all the feasible solutions. In general,
for Min-Min BODO (resp. Max-Min BODO with p > 1), we can determine the optimal

solution of the problem Hs = min P?Q (resp. Hs = max P’ with p > 1) through
p 3= Mmin Q (resp. Hy X /Q p>1) g

determining the p-NF solution set, which represents all its local optimums.

o — ©
\
o - e
\
M~ = o
g ©

/

Figure 2: Pareto frontier with p-NF solution in red, p = 2

6. Conclusion

In this paper, we have generalized the concept of the p-NF solution for Bi-Objective
Discrete Optimization (BODO), where the feasible set is discrete, and the two objectives
take only positive values. We first discussed the definition and the existence of the p-NF
solutions for BODO. Then, we showed that the p-NF solution set is a subset of the Pareto
set, and this inclusion can be strict. We also designed a recursive Newton-like algorithm to
determine the p-NF solution set. Finally, an illustrative example of BODO is given.
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Future work should provide efficient algorithms for Max-Max BODO and Max-Min
BODO with p < 1. Furthermore, we aim to clarify the quantitative link between the p-NF
solution set and the Pareto set in more specific BODO cases (for example, in combinatorial

optimization with linear objectives). The algorithm’s complexity in such cases should also
be studied.
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Appendix A. Cost matrix for the instance of BOAP used in Section 5

129 14 22 12 27 1 11 9 10 4 1 3 28 5 9 5
23 23 12 24 20 17 21 9 19 17 16 16 12 19 20 19 10
21 10 29 3 28 14 6 15 26 17 4 12 2 29 20 25 1
25 7 21 17 20 28 20 17 19 11 24 17 20 2 15 7 26
19 3 14 10 18 20 7 9 17 11 16 19 8 20 13 22 23
17 1 7 3 12 14 16 11 24 27 15 23 8 29 12 10 22
10 1 8 15 28 26 6 15 12 10 27 21 9 22 9 9 17
19 15 10 17 9 24 21 6 17 21 13 28 15 8 27 21 29
M=1|(12 3 20 4 24 13 13 18 23 23 18 23 9 10 15 28 28
1521 22 5 20 2 4 29 5 18 8 29 2 1 17 29 10
16 9 16 26 6 20 15 15 11 25 13 8 26 15 18 2 3
1 8 14 5 1 18 6 4 6 15 15 15 12 15 22 17 12
79 2 25 14 1 25 13 288 6 16 3 4 5 28 28 1
21 12 6 8 25 6 26 & 17 17 13 28 16 24 27 5 18
2 27 10 256 6 24 4 29 26 28 25 4 24 16 1 17 22
222129 8 24 17 19 3 22 9 13 4 14 14 3 29 9
27 27 6 18 23 11 4 16 19 15 5 15 3 8 22 3 28
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