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Abstract

Consider an i.i.d. sample X,, = {X1,...,Xn} C RP drawn from an unknown distribution
Px associated to a density f and supported in S. We introduce and analyze a density
estimator based on the Local Convex Hull (LoCoH) method, inspired by [20]. We prove
that, if f is Lipschitz continuous and bounded below on a sufficiently regular support S,
the proposed estimator achieves pointwise minimax rates at any point in S, even if S is
unknown. If f is €%, when D < 7, under broad assumptions regarding the support set S,
the proposed estimator can achieve minimax rates in S , with additional guarantees at the
boundary of S. This offers guarantees for level set estimation (even for level sets intersecting
the boundary). Additionally, we offer a generalization for density estimation when S is a
d-dimensional sub-manifold of R” with similar convergence rates (depending on d instead
of D). We also present several numerical illustrations.

1 Introduction

The density estimation problem, got an important impulse after [25] and [28] fundamental pi-
oneering works. It remains an active area of research. Numerous well-known books have been
published on this topic. To name a few, refer to [31], [I4], [I5], and [30]. As evidenced by
[10], density estimation remains a contemporary and actively researched topic. Presently, two
focal points attract notable attention: mitigating bias near the support boundary and extend-
ing density estimation to encompass manifolds. The objective of this paper is to propose an
asymptotically unbiased density estimator applicable across the entire support, while also offer-
ing adaptability for manifold scenarios.

Let us first focus on the bias reduction problem in the full dimensional setting.
Consider an i.i.d. sample X,, = {X1,...,X,} € R? drawn from an unknown distribution Py
supported in S (which is also unknown). Recall the definition of S as the intersection of all

closed sets E for which we have Px (E) = 1. Assuming that S is a regular set, specifically g =S,
and that the density restricted to S, denoted as f|s, is continuous, we recall the Besicovitch
condition through the Lebesgue differentiation theorem:

& s fB(zW) f(t)dt
Let z € 5, rhg%) B0 f(z). (1)
This forms the foundation of basic density estimation techniques. This is due to the fact that
I @ f (t)dt can be readily estimated by the ratio of the number of observations within B(z, )
to the total number of observations. However, this approach introduces a bias for points x € 9.5
where f(z) > 0. Bias reduction techniques in density estimation have been extensively explored
when D = 1, with notable works such as [29], [24], [21], and [23]. In higher dimensions, many



proposed bias correction methods rely on adjusting kernel density estimators with knowledge
of the support. This is exemplified by approaches like those presented in [6], [I1], [19], and
[8]. To the best of our knowledge, the only method allowing for bias reduction without prior

knowledge of the support can be found in [5]. A way to extend on S is to use that, for all

d
z €S, lim,_, % = f(z). By applying a plugin methodology, a straightforward class of

density estimators emerges:

fo) = £Ea 0 B}
n|B(z,7)NS|p

In this method, the crucial aspect lies in the choice of |B(x,r) N S|p, an estimate for the D-
dimensional volume of the intersection between B(x, ), the close ball centered at x and of radius

r, and the support S. A straightforward naive option for |B(x,r) N S|p, utilizing the concept of

: F XnNB(z,
local convex hull (LoCoH), is |[H(B(X;,7)) N X,|p and thus fhaive(z) = n|j({B()2,T();§ﬁg)§i|D' Re-
grettably, this choice provides overestimation of the density and hampers the convergence rate
for points z satisfying d(x,dS) > r, which asymptotically encompasses the most of the obser-
vations. It is important to notice that the situation is even worth when considering the density

estimator implicitly proposed in [20], which is chtz( ) = Maxx, seB(X,r) nlj(%gEQBr*()))(r%%g)))lo

Let us introduce Ny, = #{X, N B(z, 1)}, Cor = H(B(z,7) N Xy), N2, = #{X, NC,,}
and N7, = Ny, — Ngr. Due to [3] we can propose the following LoCoH correction for the naive
estimator:

o
froa(z) = (a—wr)w']ﬁcw,,.bZAwDrD]INgrgn/z- (2)
ac x,r
Remarks:

1. The inclusion of the additional parameter A and the use of indicator functions is only
intended to prevent division by zero.

2. The count of observations within dCy ,, denoted as Nza -, is non-zero. Indeed Cj, is
a convex polytope defined by vertices that are part of the observation sets, which also

encompasses those within 0C .

3. Although the initial presentation might appear intricate, the introduction of N2, and N2
is actually qu1te intuitive, as demonstrated by [3]. This is because N7 ,.|Cy » ~ Blnomlal(n—

a:erC f )

Subject to relatively broad assumptions concerning f and S, the proposed estimator has nice
theoretical properties, namely:

1. If f is Lipschitz continuous and bounded below on a sufficiently regular support S, the
proposed estimator achieves pointwise minimax rates at any point in S even if .S is unknown
(see Theorem [1)).

2. If f is €2, when D < 7, under broad assumptions regarding the support set .S, the proposed
estimator can achieve minimax rates in the interior of S, with additional guarantees at
the boundary of S (see Theorem 2| and Corollary . This offers guarantees for level set
estimation (even for level sets intersecting the boundary), see Theorem

Assuming that S is a d-dimensional manifold with d < D, a common assumption when
working with high-dimensional data-sets, our focus shifts towards estimating a density on



a manifold. Density estimation on a known manifold without a boundary was initially intro-
duced in [26], where the conventional kernel density estimator was extended by substituting the
Euclidean distance with the geodesic distance. In [22], a similar approach was employed, but
kernels were applied to projections onto tangent spaces. The technique presented in [5] adapted
the methodology from [22] to address potential boundary bias. Importantly, the prior knowledge
of the boundary is not necessary in this context: the distance and direction from a point to
the boundary can be estimated through a local barycenter shift. More recently, methods have
been proposed for unknown manifolds without boundaries. The approach developed in [16] only
requires knowledge of the dimension d of the support S, whereas in [4], the support S is en-
tirely unknown. In section 3 we present an extension of the density estimator introduced in ,
designed to accommodate densities supported in a possibly unknown manifold that may have
boundaries. We adopt the classical approach of using local projections onto estimated tangent
spaces. When S represents a sufficiently regular compact manifold with either a regular boundary
or no boundary, and f is Lipschitz continuous, we obtain L! convergence (see Theorem [5)).

The paper is organized as follows. Section 2 is devoted to the presentation of the main results
in the full-dimensional context. Section 3 deals with the extension to the manifold setting. In
Section 4 we present some numerical experiments. Finally, the proofs are given in Section 5.

2 Full dimensional context

2.1 Geometric asumptions and statistical model

Let X,, = {X1,...,X,,} C RP, be an i.i.d. sample drawn from a distribution supported in S,
and characterized by an unknown density f that is uniformly continuous with respect to the
Lebesgue measure. Additionally, we will assume certain regularity conditions on both S and f.

First, we define and discuss the geometric assumptions on .S. We may either consider the ball
standardness (Definition [1} illustrated in the left part of Figure [1)) or the rolling ball condition
(Definition [2} illustrated in the right part of Figure .

Definition 1 (Ball-standardness). A closed set E is (1o, 0)-ball standard if for all x € E and all
r <rg, B(xz,7) N E is path connected and there exists y such that B(y,dér) C EN B(z,r).

Having a ball-standard support and a density bounded bellow by a positive constant imply
the classical standardness of the distribution as introduced in [I2]. This characteristic also ac-
commodates the presence of corners (though not cusps). Opting for ball standardness rather
than the traditional standardness separates the geometric aspects from the distributional ones,
enabling a clearer distinction between the two components. Ball standardness guarantees con-
sistency, but when aiming for convergence rates, more regular support yields significantly better
results. Classically (as in [32]) we will characterize smooth support via the inside and outside
rolling ball condition.

Definition 2 (Inside and outside rolling ball condition). A closed set E satisfies the ro-inside

and outside rolling ball condition sz = E and, for all x € OF, there exist two points O2“* and
O™ such that B(O2",ro) N E = {x} and B(O",ry) C E.

Such a condition has been extensively studied in [33]. It implies that 05 is a C} manifold or,
equivalently, that 0S5 has a positive reach. It is easy to see that, if F satisfies the rg-inside and
outside rolling ball condition, then E and E< are (rg,1/2)-ball standard (see Proposition [4| and
its proof in Appendix .

Our LoCoH density estimator has minimax pointwise convergence rate at any point of S
(even of the boundary) when considering the following model.



E is (rg,d)-ball standard FE satisfiesthe 7o inside and outside rolling ball condition
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Figure 1: (rg,0)—ball standardness (left) and ro-inside an outside rolling ball condition (right).
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Definition 3. A distribution belongs to the family model My if:

1. it is supported in a compact support S that either is convex and ball standard, or has the
ro-inside and outside rolling ball condition for some ro > 0,

2. fls is K-Lipschitz continuous and bounded below by a positive constant flglol)n

Ensuring consistency at boundary points necessitates shape assumptions on S. Indeed it’s
required that, as r goes to 0, |B(z,r) N S| ~ |H(B(x,r) N S)| for any € 9S. This entails
considering a combination of convexity and rolling ball conditions, as illustrated in Figure

SV
; ©-© -

Figure 2: Convexity : H(B(x,r)NS) = B(z,r) NS for r small enough, when z belongs to blue
part of 0S5 (illustrated by the three blue balls). Rolling ball : |H(B(x,r) N S)| ~ |B(z,r) N S|
when x belongs to the grey part of 95 (illustrated with the two grey balls). |B(A4,r) N S| and
H(B(A,r)NS) are not similar when r — 0 (illustrated by the red ball).

The LoCoH estimator also achieves good convergence properties in S under the more classical
hypotheses of €2 regularity of the density and possibly unbounded support. Convergence is
studied for distribution in the model My, see Definition [5 Roughly speaking, the density must
be €2 with upper-bounded first derivatives and the support and ”small level” sets must be
ball-standard.

Definition 4 ((r9, 0, £9)-standardness for a distribution). A distribution associated to a density f
is (ro, 0, £0)-standard if, for alle € (0,e0) ,the level set L. = {xz, f(x) > €} is (ro, d)-ball standard.

The second model consists in (9, d, £g)-standard distributions with smooth enough densities.

Definition 5. A distribution belongs to the family model My if:



1. The distribution is (ro,d,e0)-standard, S is path connected and for all (z,y) € S? the
geodesic distance (in S) satisfies dg(x,y) < Kmax||z — y||-

2. The associated density f is continuous on S, of class C? on S and:

(a) Forallxz € S, f(x) < fr(r?gx and for allz € S, f(x) > 0.
(b) For all x € S, ||Vy(x)||exp(3||Vin(s)(®)]]) < Lmax, where V stands for the gradient.

Such a condition implies that ||V ¢(z)|| < fr(nla)x for all x in S (see Pmpositionlj in
Appendiz @

(c) Forallz € S, ||Hs(x)||op < fggx, where H(z) stands for the Hessian and ||.||op for
the operator norm.

Model My inherently encompasses distributions supported in compact (7o, d)-ball standard
supports S, characterized by G2 densities that exhibit a positive lower bound on S, and have
a hessian matrix whose norm is bounded above by f,(fgx This model further encompasses a
diverse array of classical densities with non-compact supports, such as Gaussian or exponential
distributions.

2.2 Main theoretical results for model M;

For bounded support, under regularity assumptions, and with a Lipschitz-continuous density
bounded from below by a positive constant, the proposed estimator frm A(z) exhibits L? con-
vergence. This is achieved since x is an element of S, 7, tends to zero, and nr?/Inn tends to
infinity. The general rate can be found in Equation , and by optimally choosing r,, = cn_D%r?,
we achieve minimax L? rates of order n~ DF2 at any point x within S, as indicated in Equation
(4). The advantage is that this correction doesn’t require prior knowledge of the support. When
the support is unknown, the only points that are guaranteed to belong to S are the observations,
and Equation claims that with high probability, the density estimation of every observation
is close to the real density.

Theorem 1. Let the distribution belong to the model My. Let the window size r,, be a sequence

such that v, — 0 and nr? /lnn — +oo. Let A < §P be a positive constant. There exist explicit

constants depending only on the model such that,

forallx € S, E((frmA(x) — f(@)?) < a1(nr?)™! + aor? + azexp(—agnr?) + a5 exp(—n/8). (3)
for all x € S, we have E((fcn—l/(D+2)7A(.’L‘) — f(2))?) < a(c® + C_D)nfDLH. (4)

There exist explicit constants depending only on the model such that, with probability one, for n
large enough,

Froa(X) = f(X3)

Inn
m;ax{ } <bh D + barp. (5)
2.3 Main theoretical results for Model M,
2.3.1 Pointwise L? convergence rates

We characterize the convergence with the use of the following notations. 0,(1) (resp. Oq(uy,))
represents a sequence depending on « and the constants of model Ms, converging towards 0
(resp. depending on « and the constants of model My and being a O(uy,)).



In Theorem |2 I we establish that for points z € S the density estimator proposed in (2]) ex-
hibits a squared convergence rate of the order (nr Y bt 42 (neP) T DT +73 (nrP)~ 5+, This

includes the ”classical” density rate (nr?)~!+7r% along with an additional term r2 (nr?)~ DT
2
r3(nrP)” D+ coming from the estimation of LoCoH volume. Despite this added term, the ad-

vantage is that, under additional hypotheses on S, the bias is rectified at possible points of
discontinuity located on the boundary of S. Moreover, as stated in Corollary [I} this supplemen-
tary term doesn’t hinder the attainment of the minimax rate when D < 7.

Theorem 2. Let the distribution belong to the model My. Let the window size T, be a sequence
such that r, — 0 and m’f/lnn — 400. Let A < 6P be a positive constant.

1. Forallz € 8, B((fr, a(2)—f(2))%) = Oy (nr2)~" + & + 12 (D)~ D51 443 (nrD) " 777).

2. If S is either convex or has the Ry inside and outside rolling ball property, we have that,

forallx € S, E((fr, a(x) — f(@))) = O ((nrP)~1 +12).

More explicit_values of O can be found within proofs (see Equations (13) and (19)).
In Corollary |1} we present, for points in S optimal radius size and assomated convergence
rates depending on the dimension.

Corollary 1. Let the distribution belong to the model M.

1. if D < 7, the choice of r, = cn™ ¥ provide that, for all x € S’, the L? error has the
2
minimax convergence rate of order n~ D+,

2. if D > 7, the choice of r, = cn™ D1 provide that, for all x € S, the L? error has a
4
non-optimal convergence rate of order n~ 3D¥T .

It may be possible to develop a more sophisticated method that allows us to achieve the
minimax rate of order n=2/(P*4) everywhere, even at the boundary, by applying the following
algorithm:

1. Compute S and 5@, which are estimators of S and 0S5 respectively.
2. Ifz € S and d(x, 5?) > h estimate the density with standard kernel estimator.

3. Ifz € S and d(x,ég) < h, if possible, apply to our corrected estimator a high order bias
correction near the boundary, similar to the proposition in section 3.3 in [5].

This approach is likely to yield methods with minimax optimal rates without any restrictions
on the dimension. However, it comes with some computational and practical challenges. For
instance:

1. Parameter tuning: this approach involves tuning more parameters. First, for the support
estimation step, we need to choose an appropriate reference distance to the support’s
boundary to decide which density estimation method to apply. Furthermore, there are two
density estimation parameters to be tuned.

2. Convex hull estimation: the convex hull estimation step may not be realistic when the
dimension D is greater than 7.

Therefore, it might be more convenient to focus on the case where D < 7 and use radius
sequences of the form r, = en~ ¥, This choice is minimax for all points in the interior of S
and remains consistent on all of S. Additionally, there are only two parameters to tune: A and
ryn. BEmpirically, we have observed that the window size tuning method for the classical kernel
works also very well for our modified version.



2.3.2 Uniform convergence rates and application to level set estimation

The previous section provided point-wise convergence rates for density estimation at a point
xz € S. However, when S is unknown, these point-wise convergence rates do not allow us to
achieve uniform convergence rates over the entire space R”. Nevertheless, because we know that
all the observations are located on the set S, we can derive uniform convergence rates over the
set of observations.

Theorem 3. When D < 7 and the distribution belongs to the model My, let r, = en~ 1/ (D+4)
and A < 6P

1. For allt > 0, there exists C; such that, with probability one, for n large enough:

fr,,L,A(Xi) — f(Xz) 7Xi (S Lt and B(XZ,’I"n) C S} < Ctvlnnn_z/(D""l).

max {
2. If fls > flg)l)n > 0, there exists C' such that, with probability one, for n large enough:

Fraa(Xi) = £(X3)

mlax{ ,B(X;,mn) C S} < CVinnn =YD+,

3. If S is either convex or satisfies the inside and outside Ry rolling ball condition, there exists
C such that, with probability one, for n large enough:

Fraa(X3) — F(X3)

max { } < Cp~ M/ (D+4)
3

This result allows us to employ the proposed density estimator for level set estimation using
S’(ijA(t)) (where S(Y) is a set estimator based on a sample Y and ijA(t) = (X, frn A (X3) >
t}). The chosen set estimator is the LoCoH estimator. This choice was made because it seems
consistent to estimate both the density and the level sets with the same tool. It also pays homage
to [20], who initially applied the LoCoH to create home range and core area maps. In theorem
[ we provide convergence rates for

L= U H(BXira)nX 40), (6)
X;ext ()

which differs from the original method proposed in [20]. The distinction between the two methods
is discussed in the numerical study section. It’s worth noting that the bias correction allows us
to achieve convergence for level sets that may intersect the boundary of the support (as indicated
in point 2 of Theorem . More precisely, we consider two kinds of levels. First, we deal with
regular levels (see Definition @ that satisfy the classical assumptions in the field of level set
estimation, as in [27] for instance. In particular, regular levels do not intersect the boundary
and, by application of Theorem 2 in [32], they have the inside and outside rolling ball property.
Second, we consider standard levels (see Definition [7]) that may intersect the boundary and are
only ball standard.

Definition 6 (Regular levels). ¢t > 0 is a regular level if there exits Ay > 0 and m; > 0 such
that

Li_a, C S and min_ [|V#(2)]| =ms > 0.
2€Ls A, \Ltyn,



Definition 7 (Standard levels). ¢ > 0 is a standard level if there exits Ay, B, O¢, y¢ and €y such
that , for all 7 < Ay and all x € Ly, |B(x,7) N Ly| > Siwpr®? and dg(Ly, Ly © 7B) < y4r. Also,
for all t' such that |t' —t| < A¢, we have dg(Ly, Ly) < Be|t — | and |0Li|p—1 < 4s.

Roughly speaking, if ¢ is a regular level, then all the t'-level sets, ¢’ being close enough to t,
have the rolling ball property with the same radius. The level ¢ is considered ”standard” if L; is
standard and partly expandable (as in [I3]). Additionally, in a neighborhood of ¢, level sets are
sufficiently close to L, and their perimeters are uniformly bounded. To illustrate this two kinds
of level, consider for instance the density f(z) = ¢(2 — ||2[|*)I[_1,1)2(2). For such a density, any
levels t €)e, 2¢( are regular and any levels t €)0, ¢] are standard.

Theorem 4. Suppose that D < 7 and that the distribution belongs to the model My, with S
is either convex or have the inside and outside rolling ball property. Let 1, = en~ /(P gnd
A < 6P, Assume that S = {z, f(z) > 0} and define L, as in Equation ()

1. Ift is a regular level, then, with probability 1 for n large enough, dg(Ly, Ly) = O(Innn=2/(P+4),

2. If t is a standard level and ¢ > 45,C (C being the constant of Theorem@ point 3.), with
probability one, for n large enough, dg(Ly, Ly) = O(n=/(P+9),

3 Density on manifolds

In this section, our aim is to generalize the results for the model M; to the density estimation of a
distribution supported in a compact manifold. The associated model, see Definition [9] naturally
focuses on lower-bounded and Lipschitz-continuous density (similar to model M;). However, it
requires additional regularity assumptions on the manifold S and its boundary 95, which are
typically characterized by their reach.

Definition 8. Let S be a compact set. Its medial axis Med(S) and its reach Ts are defined by

Med(S) ={z e RP Iz £y e S, |jz—z|| =y -zl =d(z8)} and 75 = Ineigld(I,Med(S)).

Roughly speaking, manifolds with positive reach are regular enough to have ”nice” tangent
spaces (for detailed results on reach, see [I7] and [I8]). The rolling ball condition in the full
dimensional context is generalized by manifolds whose boundary has a positive reach (see [I]).
If 0S = (), which is possible in the manifold case, we use the convention 75 = +oo.

Definition 9. A distribution belongs to the family model M/, if

1. S is a compact d-dimensional manifold with positive reach Ts > Tmin > 0. If exists, its
boundary 0S is a (d — 1)-manifold without boundary and with reach Tos > T min > 0.

2. Its density [ satisfies that 0 < fO < f(z) < fi9 for all z € S. Also, f|g is K-Lipshitz
continuous.

Now, let’s extend the density estimator by using local projections onto estimated tangent
spaces. Suppose that, for all x € S, we have T,, an estimation of T,S. Let T, denote the

orthogonal projection onto T,,. Introduce the following notations for R € R:

L. Xp r =7z (B(z, R) NX,), with as previously N, rp = #{X,, N B(z, R)},

—~~

2. CI,T’R = H(Xn’R M B({E,’I‘)),



3. Nuyn = #{Xn g N B(z,r)}, N, = #{X0 N 0C, 1} and N2, = Npyog — N2, p.

The proposed LoCoH estimator is now:
Nac,R Na(:),r,R

= — I
n (Nw,R - N;?,T,R”Cw,T,R'

Jgr,R,A(x) =

L&, . nl>Awgra N2 p<Nar/2 (7)

The following theorem provides the convergence rates of the density estimator. In the man-
ifold case, an additional error term is introduced, which depends on the quality of the tangent
space approximation, denoted by ©,,. This quality is typically characterized by /T, vy 12S, which
represents the angle between the tangent space and its approximation. It can also be defined as
the operator norm of 7r, g — T -

Theorem 5. Let the distribution belong to the model M. Let the window size r,, be a sequence
such that 7, — 0 and nré /Inn — +oo. Let A < 4=% be a positive constant. Additionally suppose
that there exits ©, — 0 such that £/T,.S,T, < ©,,. Then there exists Ry such that, for all R < Ry
there exits C' such that E ( frmR’A(x) — f(z) ) <C (\/7117 +r,+ @n) .

When S C 8, where § is a known d-manifold, we obtain a natural extension of Theorem
with ©,, = 0. This is the case, for instance, in the seismic example in the next section. When
the support S is fully unknown, we can apply Theorem [f| at points z C X,,. Additionally, we
need to estimate the tangent spaces with local PCA. This can be done with ©,, of the order
(Inn/n)'/¢ (as described in [I]) therefore, the part of the convergence rates depending on O,

can be considered negligible. Consequently, we obtain the minimax rate of order n= T,

The additional parameter R is a macro parameter, distinct from the parameters used in local
PCA tangent space estimation. Conceptually, R represents a radius such that, for all z € S, the
projection 77, |snB(z,r) is injective and possesses a boundary that is ”sufficiently regular”. As
in [1I], any radius R sufficiently small with regard to the reach of S and that of 9S is suitable.
In practice, it can be tuned as in [I] and approached in a similar manner (see Section 6.2.2 of [1]
for details).

Extension to L? convergence is still feasible but more technical. Also extending the results
of model My to the manifold setting is possible assuming C? manifolds and €2 densities. The
proofs, while a much more technical than those of Theorem|[5] follow a similar structure. However,
extending level set estimation to the manifold setting is considerably more challenging. This is
because level sets on manifolds have boundaries, and only the method proposed in [I] could be
directly applied to density estimation with little additional work. It is believed that the LoCoH
still provides a viable estimator in this case, but rigorous proofs are required to establish its
performance.

4 Numerical Experiments

4.1 Computation and complexity

In languages such as MATLAB, where the convex hull is already programmed, computation is
particularly easy. In MATLAB, Let Y be the set of points at distance at most r from z, the func-
tion [F,Vol]=convhulln(Y’) returns |C, .| =Vol, N2, =size(Unique(F),1) and N¢, =size(Y,1)-
Nf’r. The complexity is upper-bounded by the computational complexity of the Delaunay trian-
gulation of Y from which we can obtain the volume as the sum of the volumes of simplices (with



straightforward formulas) and the set of boundary observations. The computational time of
fr..a(z) is then typically of the order 2P (N, . log(N, ) Nﬂ?). When computing the density
for the entire observation set, the computational time is of order 2P (n?rP log(n) + n(nr?)P/?)
(notice that N, ,. = O(nr?)). For radius sequences r = en™Y/(P+2) and r,, = en™V/ (P4 respec-
tively, the complexity is less than 2Pn? and less than 2Pn3, respectively.

4.2 Experiments on simulated data

First, we propose to test the LoCoH density estimator on a sample drawn from a Gaussian
distribution restricted to the square [0,1]2. Specifically, in this first example, the density is
f(x,y) = cexp(—2(z? + y?)). In Figure [3| we present a comparison of the LoCoH density
estimator f and fi(x) = Nay,/ (nwprP), the classical kernel estimator, on a sample of size
n = 5000. In panels (a) and (b) on the left, we present the results associated with the LoCoH
density estimator (r = 0.18 and A = 0.1). The top figure (a) presents the sample cloud with
colors corresponding to the rank of the estimated density value (isopleth presentation). The
bottom figure (b) presents the associated level sets estimated with the LoCoH method (also
with r = 0.18) for levels in {0,0.5,1,1.5,2,2.5}. In the same figure, panels (c) and (d) illustrate
the results with thekernel density estimator f* (using the same window size). In Figure [3| we
can observe that, as expected, the LoCoH correction improves the density estimation near the
boundary of the support.

To investigate this improvement further, we also tested the proposed method on data drawn
from a uniform distribution within the unit disk. The results are presented in Figure We
experimented with different sample sizes, specifically n € {1000, 2000, 3000, 5000, 7000, 10000}.
The tested parameters were set to r, = 0.5n~ /6 and A = 1/8. For each sample size, we
conducted 100 replications. For each replication k, we computed @, (k), the a-quantile (on 7) of
| fr A(Xi) — f(X;)]. We then plotted the results as follows: the median (on k) of Q4 (k) is shown
in solid blue lines, the 25th and 75th percentiles (on k) of Q. (k) are presented as blue dashed
lines, and blue points represent the maximum and minimum (on k) of Q. (k). The red curves
display the same quantities calculated for f; , which is the classical uniform kernel method with
the same radius. Since the LoCoH correction primarily affects data points near the boundary, we
can observe differences between the blue and red curves for high values of a (e.g., 100%, 99%, and
95% quantiles). Moreover, as the sample size n increases, the corrected estimator outperforms
the classical kernel estimator. For ”small” quantiles (e.g., 75% and 50%), we can observe the
similarity between the two estimators, reflecting their similarity at points far from the boundary.

4.3 Examples on real data

4.4 Comparison with standard KDE : Camping and seasonal rental

An example based on camping and seasonal rentals in France (see Figures [5| and @ illustrates
how LoCoH density estimation can correct density estimations at highly touristic boundary
locations. The two density maps (LoCoH vs classical KDE) are presented in Figure [5, with
the LoCoH method on the left showing much higher contrast. To be more precise on difference
between the two density estimations, in Figure |6| we present the relative difference between f and
f*. As expected, we observe more differences in the density estimation, along the boundary of
France, especially at its corners, and in specific cities with significant tourist or economic interest,
where seasonal lodging of the whole surrounding is concentrated (such as Toulouse, Bordeaux,
or Rennes, for instance).
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Figure 3: Comparison of Density Estimation Methods for a Gaussian Restricted to a Square.
Panels (a) and (b) show the LoCoH estimator, while panels (¢) and (d) depict the results with the
classical kernel method. In the top graphs, the sample cloud is colored based on the estimated
density rank value. In the bottom graphs, we present the level sets estimated using the LoCoH
method for levels {0,0.5,1,1.5,2,2.5}.

max 9 5 'S
055 0.35 s Q9 022 — a8 012 = ar 0.07 < 50

o5 ° 02 o011

.| . .03 .
o 5000 10000 o 5000 10000 o 5000 10000 o 5000 10000 o 5000 10000

Figure 4: Comparison of density estimation methods for samples uniformly drawn on a disk.
Computation of different quantiles of |f,, 4(X;) — f(X;)| with the LoCoH estimator we propose
in blue and the usual kernel one in red.

4.4.1 Comparison with standard LoCoH : Panther Jitter

In this section, we aim to compare the original LoCoH method proposed by [20] with our proposed
LoCoH correction. As a tribute to Getz and Wilmer, we test both approaches for core-area esti-
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Figure 5: Density Estimation for Camping and Seasonal Rental. On the left, the LoCoH density
estimator; on the right, the classical KDE. The two densities are presented with the same scale
of grey or brown (for Paris and its surrounding).

Figure 6: ( f — f*)/f* presented in five color level : less than 20% blue, between 20% and 50%
green, between 50% and 100% mustard, between 100% and 200% orange and more than 200%

brown
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Figure 7: Isoplet for Panter Jitter, left original method from [20] and right the proposed corrected
method,

mation on the Panther Jitter dataset (downloaded from the Penn State Department of Ecosystem
Science and Management). In Figure |7} we present the % isopleths, where x is chosen from
{0, 10, 20, 30, 40, 50, 60, 70, 80,90}. On the left, we apply the original LoCoH method and, on the
right, we apply our proposed LoCoH correction.

Let recall that the level sets in [20] are estimated via

LGtz — U H(B(X;,7)NX,).
is THCB R ity 21t
Note that with the estimator we propose, the estimated levels are more focused on the data
points, whereas the original estimator extends the different levels quite away form the data
points (see e.g. mid-grey levels).

4.4.2 A manifold example

In Figure [8] we illustrate the manifold method. In this case, the data consists of earthquake
localizations on Earth, specified by latitude and longitude (a known 2-dimensional manifold).
We only kept earthquakes with a magnitude greater than 3. We conducted computations using
the LoCoH method proposed in Section [3] assuming a known manifold and real tangent space.

The two graphs depict a projection on a planisphere of the data sample, with colors indicating
the rank of the density. The top graph illustrates the LoCoH method, while the second one
employs the constant kernel for manifolds. Although the two densities appear quite similar,
some differences still exist. For instance, our correction allows for more mass to be placed on the
Mid-Atlantic Ridge, where the density is underestimated in the classical kernel method due to its
proximity to a lower-dimensional structure. Many other estimation differences can be observed
all along the different ridges. This highlights the accuracy of our new LoCoH estimator in the
manifold case.

Additionally, in the circled area, we can observe a density maximum located in a corner of
the support. This would typically be impossible without bias correction.

13
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Figure 8: Earthquake density with two methods : the LoCoH for known manifold (top) and
classical kernel for known manifold (down).
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5 Proofs

In the proofs, we make use of the following notations. For a set A and a real number p, the p
offset of A, denoted by A@® pB, is defined as A® pB = {x € RP d(z, A) < p}. For a compact set
A, when well defined, we denote by 74 the projection onto A which is defined as follows: 74 ()
is the point in A such that ||7a(z) — z|| = d(x, A). When A is convex, 74 is defined everywhere
; when A has the r( inside and outside rolling ball property, 74 is defined on A & roB and w94
on 0A @ roB.

5.1 Notations and definitions

First, for the sake of clarity, we will use r instead of r, in this section. The probability content

isTy, = fB(m)r) f(2)dz and its approximation with the help of LoCoH is fI,T = fo i f(2)dz
Due to the indicator function in the definition of the density estimation we introduce the

event B, , ="|Cy .| > Awpr?, fmyr > f(x)Awpr? and Nfzr < n/2”. Conditionally to E, ,, the

error decomposition in the density estimation is fryA(:v) — f()| By r = €1(z) + e2(x), where:

FZET

|Car|

N2y = Tor(n—N7,)

x,r

|Co (0 — Nxa,r)

e1(z) = Ig,, and ex(2) = ( - flz )) Ig, ., (8)

Roughly speaking, €1 is the variance term of the error and 5 the bias one. We will make use
of the following error decompositions:

E((fr.a(2) = f(2))?) < E(e3(2)| Bor) + E(e5(2)| Exr) + 2E(e1 (2)e2(2) | Eayr) + f(2)°P(ES,), (9)
P(|fra(z) = f(@)] 2 t1 + t2) S Ple1(2)] 2 01]Eay) +P(lea(@)] 2 to] Buyr) + B(ES,). (10)

5.2 Bound on P(E;,) and rough bounds on ¢; and ¢,

Lemma 1 (Bound on P(Eg,)). Suppose that the distribution is (ro,d,€0)-standard and the

density f is upper-bounded by fé?gx. For all A < 6P and r < min(ro,(4wp)fr(r?£x)_1/D, there
exist 81 and Bo positive constants such that, for all x with f(x) > 0, we have

P(E;,) < Byexp (—nr” min(f(z), €0)B2) + exp(—n/8).
Proof. First, tackle the condition on NZ,.. Remark that IP’(Ng,, >n/2) < P(N,, >n/2). Since
N, ~ Binom(n,T'; ) with T'y, . < 1/4, by condition r < (4wa§?2X)—1/D, we have that

1
P(Ng, >n/2) =P (war —nl'z,r>n (5 — I‘mﬁr>) <P (Nyy—nly, >n/d).

Then, by use of Hoeffding, we obtain P(NZ, > n/2) <P(N,, > n/2) < exp(—n/8).
Let now L; (with ¢ > 0) be a level set that has the (6, r1)—inside rolling ball property. We
aim at proving that, for all € L;, we have that

e (ot (1~ 272) 5)")

(-2

(|Cr | < Awp or ', < wDrDAt) < Cp4aP , (11)
7D

where Cp is the ”covering constant” of a D-Dimensional Ball.
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Notice that Cy 5. C Cy r, where Cy 5, denotes the convex hull of the observations in B(y, ér)
the ball of the "ball-standardness” assumption (B(y, ér) C B(x,r)NL:). Set a €)0,1(. Suppose
that B(y, adr) is not included in C) 5. Thus, there exists y; in B(y, dar) which is not in Cy s,
Because y; is not in Cy s, there exists u; a unit vector such that, for all observation X; in
B(y,or), we have (X; —y1,u1) < 0. Introduce z = y+ Wul. We have that z belongs to
B(y, ér) and B(z, (1 — a))dr/2) contains no observation. We have then proved that, if B(y, adr)
is not included in Cy s,, there exists z € B(y, dr) with B(z, (1 — a)dér/2) N X,, = 0 (see Figure

[9).

Figure 9: Construction of z

Now, deterministicaly cover B(y,dr) with v < Cp4P(1 — a)~P balls of radius (1 — a)dr/4
centered at points 21,...,z2,. It clearly comes that, if B(y,adr) is not included in Cy s,, there

exists z; € B(y,dr) with B(z}, (1 — a)dr/4) N X,, = 0. Thus, we have:

P(B(y,adr) € Cysr) < ZP(B(Z:" (1—a)or/4)nX, =0),

i=1

1 —wpt((1 = a)dr/4)P)" exp(—nw 1—a)ér/4)P
( D((ia); /H)P) < CpdP p( [()f((a)D) /D7)

Because B(y, adr) C Cysr C Cy» implying both that |Cy .| > wp(adr)? and f‘m« > wp(adr)it,
we get

H:D(B(ya a5T) g_ Cy,§r) < CD4D

C:L'T o —
P <| TD’ | < wp (6a)” or Iy, < wD(éa)Dt> < Cp4P (1 — )P exp(—nwpt((1 — a)dr/4)P).

And so, if A < 6P, with a = AP /5, we obtain (L))
Let now x be such that f(z) > 0. If f(z) < €9, by application of with ¢t = f(z), we have
the existence of positive constants 31 and 35 such that P (lcji,f’"l < Awp or f‘LT < wDrDAf(ac)> <

(51 exp (7TIT'Df(£L')ﬂ2). If f(x) > ep, also by application of with t = g, to have

P <@ < Awp or f‘z,r < wDrDsoA) < B exp (—m“Dsoﬂg)
r
That concludes the proof under model Ms. O
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Lemma 2 (Bounds on €1). Suppose that the density is upper-bounded by féﬂ}x. Then we have
that

E (e1(x)e2(z)|Ey ) = 0, (12)
2 max.ecc, r(f(z)) 2fr(r?)x
E (E%(CL’”EL?«) = AwDrbn = AouD:Dn7 (13)
32Innf{0% _

Proof. Recall that ~
Nwo,r - Fﬂlﬂ‘(n - Ng,r)]l
A= - Ng,) e
See [3] for the possibility to define N7 [C, .. Given C,,, the quantities |C .|, fa:,r and

go(z) are known. As a first conclusion E (e1(x)ea(2)|Cyr) = e2(z)E(e1(2)|Cy ). Also, with
probability one, Nf,r is the number of vertices of the convex polygon Cj , and thus is also

known. So, almost surely, N2 .|Cy, ~ Binom(n—NZ,,T5 ). We thus also have E(e1(2)|E,,,) =
E(N? |Bsr)~Tar(n=N7,)

Coim—~o = 0. We then have E (e1(z)ea(x)|Cpr) = e2(x)E(e1(x)|Cy,r) = 0, which
proves (12). We also have E(e%(z)|Cy,) = |CV(1‘\§’(’;‘7EK,’§))2 = |Cf”‘§};fjvg) 5. Then, due to
Fnl(éx—l“‘w) < \E‘ZTI < maxc, , (f(2)), it comes that E(e3(x)|Cy,p) < maxffﬁg: 1) \Ci,rl' Thus

we clearly roughly obtain

QmaxzeB(wﬂ') f(Z) < er(noa?x
AnwprP — AnwprP’

E(si(x)‘Er” <

which proves . By Bennett’s inequality, it comes that:

P (INg, = Tup(n = N2,)| > \/16Inn(n — N2,)T0 s Cre ) <

- 161nn
2exp | —(n = N2 )b | | ———— | |,
Y i

with A(u) = (14 u) In(1 + u) — u. Because h(u) > u?/4 when u < 4, we get

321n nf,g?a%x 8Inn

P
[e1(2) > A2wpnrD

E, , and fmm > < 2n4. (15)

To conclude the proof we aim at bounding the probability of large ; given E, , and fx,r <
8Inn (that could happen for points z with f(z) < 8lnn/(Awpnr?)). Recall that, given C, .,
Ny, has a binomial law. Then, by use of first Bernstein inequality, we have:

~ t2
P(INZ, = Tar(n— N2,)| > t|Cpr) < 2exp | —— _ .
wr ’ wr ’ 2y, (1—Typ)(n—N2,)+2t/3

Introduce n? = n — Nf’r and choose t = Va’n? InnrP to obtain

_ /0,0 Dl
P (|N§T —nT,.| > Va/ndrP 1nn|Cmc> <2exp| ———= anr mn .
’ 2n9T, (1 = Typ) +2Van%rP1Inn/3
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Thus (division by n?|Cy. .| in the left term and trivial bound in the right one) we have

1rD ] 1,0 D]
P \51(37)|>1/%|Cw,r <2exp| ———= anr_2n .
n9|Cy | 2n9T, » + 2V a'nrP1nn/3

Now, choose a’ = 16wp fé?gx and notice that, given E, ., n? > n/2. It comes

(0) /N »)
32 fmax | ~ 81 1
Pl ler(z)] > % Eyrand Ty, < nn < 2exp| — anr nn .
A2wpnr n 16Inn + %v2a’7‘Dnlnn

And, because nr” /Inn — +oo, we obtain

(0)
32 fmax Inn
P _
[e1(z)l > \ A2wpnrP

Y Z’»Qﬂ(noa)X Inn
Apply again T — 400 to have that P’ | [e1(2)] > 4/ Zg2es
That, together with , concludes the proof of . O

~ 1
Eyrand T, , < 8lnn < 2exp (fng lnnm’D) (14 0(1)).
n

n

E,, and f‘mm < 81”") =o(n™%).

Lemma 3 (Rough bound on €3). Suppose that the support S of the distribution is either convex
or has the Rg-inside and outside rolling ball condition. Also suppose that the density f is K-
Lipschitz continuous on S and upper-bounded by fr(,?zzx. Then, if S is convex, we have

P(lea(z)| > rK |E;, ) = 0. (16)

And, if S has the Ry-inside and outside rolling ball property, we have

P ( |ea(z)| > 7 K+% |E,, | =0 (17)
=2 3AROWD wr -

Proof. Recall that

) = (@zj - f(x)) I, ..

e U@ = 1@y |Jo,ns0@) — 1@Das|fo, s W) ~ F@)dy]
= . : [ y o |

Eairif" Then, roughly bounding the second term given E, .,

le2(z

Thus, we have |ea(x)| < 7K+ f(x)

we get |ea(x)] < rK + f(x)%. Obviously, if S is convex, we obtain |eo(z)| < rféllgx.
When S has the rolling ball condition, by application of proposition [5| (see Appendix|B]) it comes
that |ea(x)| < r(flide + f(2) go2=l). O

5.3 Proof of Theorem for model M;
Proof of Theorem [l By Equation @[), we have

E((fra(z) = f(2))?) S E(e}(2)| o) + 2E(e162|Ear) + E(e3(2)|Eayr) + f(2)°P(ES ).
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Compactness of S and Lipschitz continuity of ilmp that the density is upper bounded by

0 < O +Kdlam(s) so we can apply Lemmas and We then have E(e%(z)|E, ) < Ai{;:;f”

min

BAR()UJD
convex support). We also can apply Lemma (the density is upper bounded and the distribution

2
E (e1(x)ea(x)|Err) = 0 and E(ea(z)?|Eyy) < 12 (K + m) (take Ry = 400 in case of

is (r, 0, fr(mn) standard) to achieve the proof of the first equation, for n large enough:
2
AwpnrD 3ARywp

+ (1902 (Brexp(—nrP [ B2) + exp(—n/8)) .

(0) (0)
B((fale) ~ F@)) S ol g 2 (K ; 4fme>

To prove the second equation we can proceed the same way, by use of equation , and
obtain

P(|fra(2) = f(@)] 2 t1 + t2) S P(le1(2)] 2 t1]Eayr) + Plle2(2)| 2 ta| Bor) + P(E; ).
Ch _ /82 Inn _ Affwn 1 —
oose then 1 =/ 205 and to = v ( K + =557~ ). By Lemma 3} P(|e2(2)| = t2|Eq ) =

0; and by Lemmas and [1| > nP(|e1(x)| > t1|E,,r) < +o00 and Y nlP(ES ) < +o0o. Thus we
can conclude by use of Borrel-Cantelli Lemma. O

5.4 Proofs for model M,

Lemma 4 (Bounds on ez for model My). Suppose that the distribution belongs to the model
My. For xz € S and r small enough to have B(x,r) C {z, f(z) > 0}, introduce Hy, =
maxep(z,r) ||Hy(2)|[op. There exists an explicit constant C such that

E(e2(2)?| Ex,p) < (Hi,rr‘* +Or? <(”F;)” +r (”2"”)”)) (1+0(1). (18)

And there exist explicit constants C, C' and Cy such that

Crlnon < c’ ) DT 4 D
P > Ea: T < - 1 ’
<|€2 - nrD’Y(CE) T nrDW(w) o max | > Con =+ eXp( n(57“) ’y(x)/ 0)
(19)

where v(x) = min(f(x),ep), €0 being the constant in the (ro,0,e0)-standardness of the distribu-
tion.

Proof. As Cy, C B(z,r) C S, by the use of a second order Taylor expansion (see Proposition I
in Appendix E we get:

< [ty sl e 196l

x,r

Pyy — f(@)|Car| — /C (y— @)V () dy

Because fB(I 7,)(y — x)V(z)'dy = 0, we have that:

For — f@ICerl < [ P19 @)y + 10| ma 11967 (2)] opr?

B(z,m)\Cz,r
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from which we derive W < THVf(x)HW + max.ec, , ||H7(2)]|opr?. Thus,

given |C, | > AwprP, we obtain

9@, 1B )\ o
== T B )

To control the convergence rate of |B(x,r)\ Cy | we will make use of results from [J] recalled

in Appendix |C| (see Proposition @ To apply the aforementioned proposition let us introduce

M, » = maXyep(o,1) % (defined because [5, ., f(z)dz > 0).

+ max [|37(2)llopr*. (20)

ming (e f(¥) |B@\Corl o IB@mcor /()92
maxg,r f(y) Bl = [y f(2)dz
and by application of equation (Appendix , it comes that, for k > 0,

|B(xvr)\Cx,r| ? o maxpg(g,r) f(y) ! 7D211
B ((Fpa) e =#) < At 5 17 (mng()f(y)> R

Let us first consider the L? convergence. Because

Notice that E ((M) |Ng.r = 0) = 1. Then, we have:

|B(z,T)
‘B(:E,’/’)\Ox r|)q) maxB(I r) f(y) an n _ X ;
‘B($77")| ( ot ) minB(ryr) f(y) ; k * 1,7( z, )
+(1-Ty)"
1 maxp.r f(y)
A rough bound gives M, , < = e TR

q q
Introduce By, = A, (wD % + 1) (%) . By application of Proposi-

tion (1] I Appendix E, we have that

E ((W)q) < Byrg <(n1“2m«)_02£1 + exp (—%)) + (1 -Ter)" (21

And thus, because E(e2(z)?|E,») < E(e2(z)?) (e2(x)? is a positive random variable), by use of

, we obtain

2 va( )||2 <n]-—‘z,r)_D4+l (_nrz,r) . n
E(Eg((b) |Er,r) A2 r? Bx,r,2 B) + exp 10 + (1 Fm,r)

e (i ((5) ™ e (1550) )+ 0 mr) izt

Because (1 —I'; )" < exp(—nI;,) and nr”/Inn — 400, and by application of Proposition
(Appendix [C]) we obtain the existence of an explicit constant C' such that

E(eo(w)?|Ey ) < <H§,Tr4 + Cr? ((”Fz’“>_]ﬁl +r (7”‘112”“>_Di1>> (14 o(1)).

Let us second consider the convergence in probability.
/ maxg(.,r) f(y) maxg(e,r) f(y) . :
Introduce B, , = C; (wD min e o F() + 1) i o T By use of Equation (29)) (Appendix
, we obtain

P {k (M _ k—2/<D+1)> S BxBen S
|B(z,7)| minpg, ) f(z)

S Cge_t
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From this, it comes, by Proposition [7| (Appendix 7 that there exist C' and C’ such that
|B(x,r)\ Cy r| t _ 2 > } B
P{(V A S O+ C'k D Ny =k ) | By, | < Cheh
|| f(x)H \B(x,r)| = k+ + l x, | x, = Gge
Thus, for all K, we obtain

B(x, Cy.r t __2 _
P (19N BN el > o b s oo B, ) < ot 4 POV, < ),

which, with , gives

t
P (\52| > C?T +OrK o 40252 |B, ) < Coe '+ P(N,, < K).

Finally, to deal with P(V, , < K), recall that v(z) = min(f(z), eo) and choose K = w
Also recall that we have T'y, > wp(dr)P~(z) by the ball standardness asumption. Thus by

application of Bennets inequality (h(0.5) > 0.1) with the choice of ¢ = 41lnn, it comes the
existence of (new) constants C' and C’ such that:

2
Clnn c’ DT _4 D
P <|€2 > Tm“D'y(x) +7r (nrD'y(x)) 2 \E,. T) < Cyn™" + exp (—n(0r)”y(x)/10) .
This achieves the proof of (19)). O

Proof of Theorem [ By Equation @, we have
E((fr.a(z) = £(2))?) < E(e5(2) | Er,p) + 2E(e120] Erp) + E(e5(2)| Ex,r) + f2(2)P(ES ).

. (0) .
By Equation (13), E(e3(z)|E,,r) < A?uf%. By Equation (12), E (¢1(2)e2(z)|Es,r) = 0. By
Equation , for n large enough to have B(x,r) C S,

E(ea()2|Bu.y) < <H§,r4 + O ((”?)D* +r (’%)’”)) (1+o(1)).

This gives

E(e2()?| Es,r) < (Hiw‘* +Or? ((W)nﬁl +r (Wyﬁl)) (14 0,(1)).

Finally, by Lemma [T} we have
F@)P(E; ) < Bif? (@) exp (—nr® min(f(z),0)82) + (fi)? exp(—n/8).

Thus, we obtain

4B1e”
(BanrD)

And because nr? — 400, we have

FH@)P(E; ) = O((nrP)~2).
This achieves the proof of the first point of Theorem

PB(ES,) < max (1 (5007 exp(-nrP 8%0) ) + (£ exp(-n5).

Second point of Theorem is proved the same by use of Lemmainstead of equation.
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As is common and classical, the proof of Corollary [I}is left for the reader.

Proof of Theorem[3 Firstly focus on the first case. Let us fix ¢ > 0. For all € L; such that
B(z,r) C S, due to Lemma we have:

IP’(E;,,,) < By exp (—ﬁgnrD min(t, 50)) +exp(—n/8) = ot(n_4).
Also due to Equation (14), we have P (|€1(:17)| > %#% |Ezr) < 2n7%(1 + o(1)). Finally,

Equation for r = cn” P and D < 7 gives
P (Jeg| > Ot(r2)|E:c,r) < Con™* + exp (fm"D min(t,0)/10) .

Thus, due to B(|f.a(2) — f(2)] =ty +t2) < B(lea(@)] 2 1] Ea) + Blleal = to| Byp) + B(EE,),

321nn f%

W +Ot(’/‘2) < Cn74(1+0t(1)).

P |fralz) = fx) =

Introduce X(¢,7) = {X; € X,,, f(X;) > t,B(X;,r) C S}. Recall that r = en~ D, All the
above equations provide the existence of a constant C; such that, for n large enough,

P (3X; € X(t,7) s.t | froa(Xs) = F(X)| = CovInnn™ P57 ) < On (1 + o(1)).

That, with Borrel Cantelli Lemma, concludes the proof of the first point of Theorem [3}
The second point of Theorem [3]is the same using the lower bound of the density to obtain
uniform rates and is let to the reader.

We now prove the third point of Theorem First suppose that f(x) > (Inn/(nr?))!/2. Then,
by Lemmaand because ”TZ — 400, we have P(ES ) < B exp (—ﬂ2 lnny/ 22 ) +exp(—n/8) =

In Inn

A2wpnrD

)
o(n™*). Due to Equation (I4), we also have PP <|51(x)| >/ 32lnnfu |Em«) < 2n7 414 o(1)).

And, under the rolling ball condition or the convexity condition, due to Lemma |3} there exists
C such that P (|ea| > Cr|E;,) = 0. Thus, due to P(|fr.a(z) — f(z)| > t1 + t2) < P(ler(x)] >
t1|Ey ) + P(le2| > t2| By ) + P(EY ), we obtain

321nn £

m‘i’CT < 2TL74(1+0(1)).
D

P| |frale) = f(2)| =

Second, suppose that 0 < f(z) < (Inn/(nr?))'/2. Because, conditionally to E; ., froa(z) =
0, we have P(| f, a(x)—f(z)] > (In n/(nrP))V2|ES ) = 0. It comes that, when ¢ > 2(Inn/(nr?))!/2,

P(|frale) = f(@)] 2 t) S B(frale) = f(2)] = tEa).

Then, applying the same calculus as in the first case, we obtain
A 1 2 I(r?a?x
2 1nalo) — )] =/ g max (/20222 ) s+ or | < 2000+ 0(1),
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Thus, for all z in S, we have

X 1 32 fiti
P Ifrale) = (@) > \/ - max A‘IiwDJ +Cr | <2074 (14 0(1)).

Thus, when r = cn™ 251, P (3X; st [ f,4(X:) — £(X3)| > Cr(1+0(1))) < 2n~%(1+0(1)) . That,
with Borrel Cantelli Lemma, concludes the proof of last point of Theorem O

Proof of Theorem[j) Recall the LoCoH definition: for a set E,

UH (x,r)NE).
zeE

Suppose first that t is a regular level. The C? condition on f implies that for all

(z,y) € S xS ||[Vi(z) = Vi(y)] < fm?ax||a: —y||. Thus, by application of Theorem 2 in [32], for
all t/ € [t — Ay, t + Ay, Ly has the ’(’;3 -inside and outside rolling ball condition.

m ax

d(Li—n,,05) m?
2 T 215

L, & 2s B Indeed, consider x € L;_. and y = = + 2mt ||VfEIg|| .We have that x € L;_a, and

Iy — 93|| < d(L¢—p,,08), thus y € S. That allows to write, according to Proposition [2| that

We now prove that, for all 0 < ¢ < min (At, e ), we have that L;_. C

s 2 1)+ 2219wl - 5 () 16

We have f(y) >t — ¢ + 26 — &2 f‘(““" Thub since £ < m; /(2fr(fgx) we also have f(y) > t and

thus y € L;. That, together with ||y — z|| = =&, concludes the proof of the inclusion:
2
Li.C L& —B. (22)
my

By last point of Theorem [3] with probablhty one for n large enough, for all X; SU.Ch that
f(X:) >t, we have f(X;)>t—Cn~ D%, Thus, when n is large enough to have Cn~ oF < Ay,
we have X; € L;_a, and thus d(X;,05) > d(Lt_At,aS) > 0. When r < d(Li—na,,0S) (that is
when n is large enough), from Theorem [3| (first point), with probability one for n large enough,
for all X; such that f(X;) > t, we have |f(X;) — f(Xi)| < Ci_na, Innn~ D7, Thus, we get
that X; € Ly_. with ¢, = C;_a,VIn nn~ DT, We then have, with probability one for n large
enough:

Li CH (X, NLi_.,)C Ho(Li_.,).

When n is large enough to have all previous conditions and Cy_a,vInn nn~ D < Ay, Ly,
satisfies the T—ln&de and outside rolling ball condition. Then, by Proposition [5| equation

(Appendix , we obtain that (with probability one for n large enough):

(2) (2)
T max max 2677,
LicLi. @ r fuax CL:® <+) B. (23)
my my
Now, we consider reverse inclusion. Introduce €/, = CyvInnn ~ D, By last point of Theorem

l with probability one for n large enough, we have Xp N Lgyer C XT 4(t). Introduce now
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D
P, = twp (f%t)) and n' = nP;/2. Recall that r = en~DF . Thus with probability one for n

max

large enough, we get:

1 (Xn n Lt+€§l) C H, (Xn n Lt+€/n> C L.

!
c( Inn ) DI
n

Recall that L., has the fT—;;—inside and outside rolling ball condition (when n is large

max

my

D
enough). Thus we have |L;;./ | > wp (f(2> ) and P(L;;., ) > P;. In consequence, by Hoeffding,

with probability one for n large enough, there is more than n’ observations in X,, N Ly ., . We
can apply [2] (Theorem 2 with o = 0). More precisely, there exists a constant C} such that, with
probability one for n large enough, we have:

2
Inn\ D+I
Lt-‘r&;l C Hc 1 (Xn ﬂ Lt.}rail) @ C£ (T) B

(lnn’ ) DF1

!

R 2
Previous chain of inclusion allows then to conclude that Ly, C L; © C} (1“7”) P+t B. Thus

A 2 /
again, by application of , we have L; C L; & (Ct’ (lnTn) DT 2”%) B, which, together with
Equation achieves the proof of the first point of Theorem

Supposenow that ¢ is a standard level. Choose ¢, = CTFD#H7 such that for all X; we
have f(X;) > t+e, = fra(Xi) >t = f(X;) >t —e,. It implies that H,.(Lyy., NX,) C L, C
Hy(Li—., NX,).

Take now n large enough to have £,, < A;. We first have the trivial inclusions j)t C Hy(Li—e,N
Xn) C Hr(Li—e,) C H (Lt ®enftB) C Lt ® (r +e,06:)B (due to H.(S) C S@rB for any set .S).

Focus now on the reverse inclusion. First, there exists a constant ¢; such that, with proba-
bility one for n large enough, Ly, C (L, NX,) @ c;(Inn/n)/P B. The proof being classical,
we refer the reader to Proposition [3] in Appendix [B] for further details. Thus, by standard-
ness, we get Ly C (Liye, NX,) @ (ct(ln n/n)t/P 4 Bten) B. And finally, using arguments as in
Theorem 1 and Corollary 1 in [2], we have that dp (H4(c,,(1nn/n)1/D+ﬁtan)(Lt+€n ﬂXn),Lt> <

Ve (ce(In n/n)t/P 4 Bien). Hence, we obtain
L, C (H4(ct(lnn/n)1/D+ﬂtan)(LH’En N Xn)> D Ve (Ct(lnn/n)l/D + Btgn) B.
Thus, since 7, = en” DF with ¢ > 45,C, we have that, with probability one for n large enough,

n

Lt C (HT (Lt—i-en n Xn)) D Yt (ct(lnn/n)l/D + Bté‘") B7

L, CLi® Yt (ct(lnn/n)l/D + 5t5n> B.
That concludes the proof of the second point of the theorem. O

5.5 Proofs for the manifold case

Proof of Theorem 5/in a nutshell: ~Let introduce g, g(2) the density of 73 (X)|X € B(z, R).
By applying following Lemma [6] for R and ©,, small enough, we are in situation similar to the
one model M; so that, there exist constants 31, 85, C1 and Cs such that:

e (

2 frna(®) = 92.n(0)

B Ch / /1.d
‘ N, r= k) < i + Cor + B exp(—Bokr®) + exp(—k/8).
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Thus, we have

B (@) — 70 Mo = K) < S 1 K (G g expt- ) + xp(-/)
48 (| £0.0(0) ~ Px(BOX, Rl n(0)| N = k)

+E (|Px (B(X, R))gz,r(0) — f(2)|| No.r = k) .

In consequence (extensively using k/n < 1), we obtain

B (| frnate) = 1)) < PEVZE 4 Cor b B8 expl(-8,Near®) + exp(—No.n/8)

Nu.r
+gx,R(O)E (

(BOXR)|) + [P (BOS R 0(0) - (0]

By Jensen inequality for concave functions (applied to the first term), E(exp(—aN) = (1 —p+
pe~ )" < exp(—np(l —e*)) when N ~ Binom(n,p) (end of the first line), and Cauchy Schwartz
and the law of N, , (the second line), it comes existence of positive 85 and f3 such that

I/ a@) = £(0)]) < 2+ Car -+ B exp(—Bmr ) + exp(~fin)

gm,R(O)
4y/n

By the following Lemma second point, we have that |Px (B(X, R))gs,r(0) — f(x)| < C30,,.
This achieves the proof of the existence of C such that, for n large enough,

+

+ [Px (B(X, R))ge,r(0) — f(2)]-

E (e nale) — f@)]) <C ( ot @n> .

1
d
\/nrd
Main Lemmas

Lemma 5. Introduce Sy r = w3 (SN B(x, R)). For all R < mln( S 3Dy TD= d)> there

exit K', ro, C', Guin and Guax positive constants such that, for n large enough to have 9, <

(1 1 R .
min (ﬁ, SD—d) 25), we have:

1. for all z € Sy R, Gmin < 92,8(2) < Gmax;
2. [Px(B(z, R))gx,r(0) — f(z)| < C"O%(1+ 0(1)),
3. for all z € B(0,70) N Sy, 192.8(2) — g2,r(0)] < K'(||2]] + ©2% + ©2]]2]|?).

Proof. Due to Proposition we have that 7z : SN B(z, R) = Sy r =77 (SN B(z, R)) is one
to one. Let (ug.,1,...,Usq) be an orthonormalized basis of T, completed by (Ug,d41,- - Usz,D)
to have an orthonormalized basis of R”, so that

o Se.r - SN B(z,R)

Ty
d D
= Zi:1 Zilg; + T+ 2+ Zi:d—i—l @x,i—d(z)ux,i
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Define ¢, (2) = (pz,1(2), ..., Ys,0—da+1(2)) and denote by J,(z) the Jacobian matrix of ¢, (z) i.e.

0, oz,
Yemr(z) ... Dy
Ja(z) = : :
0P 0. D
O I =)

On the one hand, when ¢ > 1, then uy 44, is in TZJ- On the other hand, for all j € {1,...,d},
Oz
we have that vy j 1= uy ; + ZD d ¢8Z’;(Z)um,k+d € Tyiyrtp,(»)S. Thus, we get [(Uy i, V)| <

(On + LTS, Ty 24 6,()S)||Ve,j||. From this, since ||z + ¢.(2)|] < R < 75/3, it comes that
e, dtir Vz,5)| < (@n + ”Hz%g(z)”) ||vg,j||. Thus, we obtain:
)
0z; '

Opa,i )2 ( mllz + ¢« (2] )
i < v reN st
( 0z; () <\6nt 279 L+
(On+ M2 ) (D—d)

Now, summing on 7 gives that, if z € S, g kD__ld (%(z))2 < - .
g ’ i = 2 1-(0,+E522GI)? (pq)
(@n_,'_w\lz;f;(Z)H)?(D_d)
1_(@n+ ﬂ\\ztf;(z)\\ )Q(D—d) .
Then, because *J 2 J, is a d-dimensional symmetric positive matrix that has a rank upper bounded
by min(d, D — d) and eigen values upper bounded by d|| ‘7, (2).J.(2)]||so, it comes that

D—d

k=1

That directly implies, by Cauchy Schwartz, that || ‘7, (2)J.(2)]lec <

. (@ _|_d7r||2-i2-i>w(z)||> (D—d) min(d,D-d)
1<det(I+ J.(2)Jo(2) < | 1 + T +S¢ o , (24)
1- (0, + ”T) (D — d)
flz+ 2+ ¢.(2))
. det (1 .
9e.0(2) = Jdetl] + () (2) 5= T s ()
Conditions on ©, and R imply that 1 < \/det(I + J,(2)Ja(z)) < 2™ and thus

min(d,D—d)
(0) oin(dL=d)
G min fr(r?l)n and Guax = %T;)) are suitable constants for point 1 of Lemma

min(d,D—d)

Also % < ¢g,r(0) < (Jl;(( )R)) (1 + (G)n)z(QD—i))) 2 allows to prove the

- (On)*(D—d
2
second point with C’ = @.
Finally, when z € S, ., introduce A; = |\/det(I + T, (2)J,(2)) — \/det(I + "J,(0)J.(0))].
£ /et (T+7,(0),.(0)) .
We have |g..r(2) — gz.r(0)] < AJPX(é"(aI"R)) T (B R))) © K|| —l—(bx( )||. Then, using that

A; S O2+|[z]12, /det(I + "J4(0)J,(0)) S (14602) and Equation (37) to have ||z+¢.(2)|| < ||zl
we can conclude the proof of point 3 of Lemma O

Lemma 6. There exist constants By, By, C1 and Cy such that, for n large enough,

n -
(3

7fr,R,A(x) - gz,R(

(—Bhkr?) + exp(—k/8).

0) ‘NI,R:k> <

Cy
Vi
Proof. Introduce fx77-7R = f@mR 9s.r(2)dz, and the event E, ,. g :”|6’\x,7.73| > AwprP Ty, r >
gm,R(O)AwDrD and ﬁ;?mR < N, r/2” and define

~

~ ]‘_‘I T
HEm R and 52(1‘) = /\77’1% — gm,R(O) HEw . R(25)
" Car,Rl "

NZEO’I‘R _FxrR(n_ NE,T,R)

gi(x) = —
1) Cororl(n— N9, )
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We are in the full dimensional case and we have
5

By Cauchy Schwartz and Lemma [2[ Equation , we obtain:

Fhea) - 9220 | Vo= k) <

E(|§1($)||EI’T, Ny r=k)+ E(|g2($)||E$’T7NI’R =k)+ Gmax]P(EA‘;,ANx’R =k). (26)

R — 2Gmaz
E(|€1($)‘|Ez,raNz,R = k) < \/E(El(x)2|Em7r,Nm,R = k) < Awdrd ’

Exactly as in Lemma [3] we have that (deterministically)

|H(B(0,7) N Sz,r) \ Sa,rl
< _ B s .
E2(2)| < Sz,;%%}zm,r) |gac,R(z) 9 (0)] + gx,R(O) Awgrd

Thus by application of Lemma [5, we obtain

Gmax
Awgrd

When B(0,r) C Sy g, we have |[H(B(0,7) N Sy.r) \ Sz,r| = 0. To bound |H(B(0,7) NSz r) \
Sz,r| when B(0,7) NS5 p # 0 and 7 is small enough, we can apply Lemma A.7 in [I] from which
there exits R’ > 0 (depending on R and the reaches 73y and 7sp) and 7 a unit vector such
that B(0* — R'n, R") N Ty C Sp.r C B(0* + R'n, R') N T}, where 0* is the projection of 0 on
w3 (05N B(x, R)). This local version of the rolling ball condition allows, as in Proposition {4} to
obtain that, for r < R’, there exists y € T}, such that B(y,r/2) NT, C B(0,7)N S, z. This local
ball standardness and lower bound on g, r allows to bound on P(Eg [N, r = k) as in Lemma

@ O

|Ea(2)| < K'(r + 02 +7202) + |H(B(0,7) N Sy.r) \ Su.r|
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A Basic Tools

Proposition 1. Let p €)0,1( and (n,q, D) € (N*)3. We have

n

3 (Z) KT (1= p) T < exp (50 ) + (‘%)7% ‘

k=1
Proof.
" o n_k<an/2J L PREVR - " W\ L= 245 k(g pyn—k
;(,ﬂ) HATIEDY (k> (1) +k_%m<k> (1)

Due to Bennet’s Inequality that implies that P(K < np/2) < exp(—np/10), we have that

n 2q
n\,_ 2 ek ( np) (np)—o+1
S 1— < o L :
<k>k T et s ew(m3g) £ (5

k=1
That concludes the proof of the proposition. O
Proposition 2. Let g: S C RP s R be a C2 function such that supg ||Hg(2)||op < +00. For all

z € 8 and all y such that (z,y) C S, we have: |g(y) —g(x)—(y—z) 'Vy(z)| < supg ||Hg(2)|[oplly—
x||2.
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Proof. Let z € S, let u be an unit vector and A € (0, Ao( with Ao = sup{z, (z,z) C S}. Taylor

Lagrange applied to Gy, : R — R G, (X)) = g(x + Au) provides the existence of 1 € (0, \) such

that G u(N) = Geu(0) = AGL ,(0)+2°GY ,(1). Thus, we have |Gy (A) — G0 (0) = Au 'V, ()] <
2 2

A | udy (@ + pu)ul < % supg || (2)llop- a

Proposition 3. Ift is a standard level, there exits c; such that, with probability one for n large
enough, for all e >0, Lii. C (Liy-NX,) @ (52—)YP(Inn/n)'/PB.

tdrwp

Proof. Deterministicaly cover L. with v < Cy—p%— balls of radius a(Inn/n)"/P centered at

some z1,...,x, in L;. If there exists « € Ly such that d(z,X,,) > b(Inn/n)*/P, then there exits
ax; with B(z;, (b—a)(Inn/n)/P)NX,, = 0. By standardness of the level and classical calculation,
we obtain P(d(x,X,,) > b(Inn/n)"/P) < v(1 —tswp(b—a)? Inn/n)"* = O(nl_t‘st‘*’D(b_a)D). The

choice of b = (755=)"/" and a = % allow to have " P(d(x,X,,) > b(Inn/n)"/P) < 4oo0.
That concludes the proof by application of Borrel-Cantelli Lemma. O

B Technical results on sets with rolling ball property

Proposition 4. If E C RP satisfies the ro-inside and outside rolling ball condition, then E and
Ec are (2ro,1/2)-ball standard.

Proof. First let prove that, for all r < 2rg, there exists y such B(y,r/2) C EN B(z,r). If
d(x,08) > r/2, one can trivially choose y = z. If now d(z,05) < r/2 < rg, introduce z* =
mos(z). We have that x = * — d(x,0S)n,» and O, = z* — ron,«. By rolling ball condition, we
have that B(O,,r9) N B(x,r) C ENB(x,r). The choice of y = * — (r/2)n,~ is convenient since,
if z € B(y,r/2), we have

Loz =2l <llz =yl +lly = 2l = [lz = yll + (r/2 = d(2,05)) <, thus z € B(,7);

2. z = y + ang + Bv with v a unit vector of n and o2 + 42 < (r/2)%. Thus we have
10y — 2||* = (ro — (1/2) + @)? + 8% < r¢ — (2ro — r)(a — r/2) < rZ. And so we obtain
z € B(Og,10).

Suppose that E has more than one connected component and consider two connected com-
ponents of E: E; and E,. Suppose that infycp, yer, ||z — y|| = ¢ < 2r¢. Compacity of E;
and Fs allows to turn the inf into a min which is realized for some x* and y* respectively
located at the boundary of Fy and FEs, and consider now O = # By inside rolling ball
condition we must have O — z* = (¢/2)n,- and O — y* = (¢{/2)n,~ (otherwise we can contra-
dict the minimum distance) which, in turn contradicts the outside rolling ball condition because
y* € B(z* 4+ rong+,70). Thus, if E has many path connected component E1,...,Ey, € E;
and r < 2rg, then B(z,7) N E = B(x,r) N E;. E; has the r( rolling ball property thus positive
reach 9. So, by application of Corollary 1 in [7], B(x,r) is geodesically convex and then path
connected since r < ryg. O

Proposition 5. Let S C DP be a set that has the Ry inside and outside ball property. For all
r < Ro/2 and all x € S, we have:

d(H(B(x,7) N S),S) < r?/Ro, (27)
H(B(z,r) 1 8)\ §] < 201, D41, (28)
3Ry
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Proof. If d(x,dS) > r, we have H(B(z,r)NS)\ S =0, thus it has a null volume. Consider now
x such that d(z,05) = h < r. As possible due to rolling ball condition, for r < Ry, introduce
¥ = T95(x), O = o* — Rone- and Ogyy = 7 + Rone+. Let v be a unit vector of 75 and
z =z + ang + Bv € B(z,7) N S. By rolling ball property, ||z — Oou||? > R2, and we have

=a< =h+ .
||z = Oout||* = (e — (h + Ro))* + > > R} 2(h + Ro) 2(Ro + h)

{|Z—x||2—a2+ﬂ2<r2 (h+ Ro)*> — RZ + 12 r? — h?

Introduce Hy = {z, (z—xz,m) <h+ } We so have B(z,r) NS < B(z,r) N Hy and

2(R0+l)
H(B(z,r)NS) C B(z,r)N Hy.
Similarly {z, ||z — z||> <72, ||z — Ow||? < R} C B(z,r)N S and B(z,r)N H_ C B(x,r)NS
with H_ = {z,{z = 2,7.)} < h — g7z="5 1. Thus we have
H(B(z,r)NS\S C (B(z,r)NH)\S = (B(z,r)NHL)\(B(z,r)NS) C (B(z,r)NHL)\(B(z,7)NHS).

This finally implies that H(B(z,7)NS)\ S C B(z,r) N (H+ \ H-). Thus H(B(z,7) N S)\ S is
included in the cylinder € defined as follows:

N 7“2 _ h2 T2 _ h2
e — { = % s = 1, *y —— < < h 7}
2=+ ang- + B ||UH vE N, Q(Ro—h)_a_ +2(R0+h)
We then can conclude the proof arguing that |€| = wp_rP ™1 (T;EZBQRO < 40;% LpDFL ]
0
3 B CZL‘ s
C Technical results to bound ||V (z )H%

D__ f(z+ry)
JBe,m F(2)dz

of a local re-scaling of the sample. When exists, also introduce M, , = max,cp(0,1) ge,r(y). From
the results in Theorem 1, Corollary 1 and Theorem 3 in [J], we have:

Introduce, for « a point where f(z) > 0, g, »(y) =7 IB(0,1)(y), which is the density

Proposition 6.

< Chet, (29)

P [e(Peney = C1 (M + ) KPS 4N, =k
fB(w}r) f(Z)dZ ’ )
x,r f(Z)dz a
E <IB}7 )\Crfr( )d > |N;E,r =k Aq (Mw,r 4 1)‘1 k_—Qq/(D_;_l)7 (30)
B(z,r) z)az

E[(N2,)" [Nor = k] < By (Mg + 1) R9P-D/@F0 0 (31)

where C1 and Co only depend on the dimension D, A, and By depend on the dimension D and
q € N*.

Proposition 7. Let f be a @ density supported in S such that, for all x € S,
9(x) = [V ¢ ()] expB|[Vin(s) (2)]]) < Limax-

Additionally, assume that, for all x, we have that B(x,r) NS is path connected and that, for all
(z,y) € S? which are path connected, ds(z,y) < Kmax||z — y|-
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First, we have that fiay = supg ||V (x)|| is well defined.

Second, for allr < 57—, for all z € S such that B(z,r) NS C {2, f(z) > 0}, we have:

z x,r 1 z x,r 2 max
G e) = |9 o) e (L epons P 1) (B g ).

mianB(w,T)ﬂS f(Z) Wd mianB(w,T)ﬁS f(Z) e

Proof. Preliminary introduce S_ = {z € S, f(z) < 1} and Sy = {z € S, f(x) > 1}. Because S
is a compact, regularity condition on f implies that maxg, ||V y(z)|| exists. Suppose now that
z € S_. We have that: [[V7(2)||exp@][Vs(@)]) < [IV7(@)ll exp(3V; @)/ @) < Lo
Because ¢ : RT — R defined by ¢(z) = ze®® is an increasing one to one function, we
have [|[V(z)|| < ¢ (Lmax) and thus sup,cg ||V¢(z)|| is well defined. Therefore, fr(nlgx =
sup,eg ||V ()| is well defined.

Suppose that r < (2Kpay) ! is fixed and consider x such that B(z,r) C S. First, notice
that:
maXzeB(w,r) f(Z)

If —
MmNz e B(x,r) f(Z)

< wg, then G,(z) < 2||V¢(x)]|. (32)

. max;eg(z,r) f(2) 2 max.ep(e,r) f£(2) 2
Second, suppose that z is such that m > wq, then Gy (z) < ||V ()] (m .

Denote by z; (resp z_) the point in B(z,r) NS where maxp, ng f(2) (resp. ming(gyns f(2))
is realized. Because z; and z_ are path connected, by application of the mean value theorem,

e (f(24)) —In(f(2-))
In(f(zy)) — In(f
d+s(z+,z_) = ,g(le)HVln(f)( Il

Kl and the geodesic condition, we have

Because r < 3

max,ec B(x,r) f( )
mianB(r,r) f(Z)

< exp (max [V ()] (33)

Thus, we obtain G,(x) < 2|V (x)|| exp (2maxp (s ) ||V1n(f)(y)||), from which we have

6o(o) < 2 oy IV @

exp | 2 max ||V, >7
wd f(z) p( B(zﬂ»)H l(f)(y)H

and finally, we get
2
r < — n 2 n .
Gr(z) < wdf(I)HVl (f)(fv)\lexp< fnax IV <f>(y)\|>

In the sequel z, is a point of B(z, ) where HVIn(f)( 2)|| = maxye iz, [[Vinp) ()|]. We clearly
have G, (z) < wd F@)[Vinp) (2)|lexp (2[|Vincp) (2)]]). Thus, we get:

2 f(z)
Gr(a:)gw 5

and, by new application of ([33), we have G,(z) < W%HVf(z)Hexp (3||Vin(s)(2)]]). Thus, we
obtain

IV G)lexp (2 Vincr (2)1])

max.ecp(x,r) f(Z)

if — > wy, then G, () <2||V¢(2)||exp (3||Vin ﬂ. 34
S (@ <2V @llexp BITun () < =22 (34)
This and Equation conclude the proof of the second part of the proposition. O
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D Manifolds with positive reach

We recall here some properties of manifolds with positive reach that we will use in the following.
First, by Lemma 3 in [7], by prop 5.2 and prop 5.4 in [I], we have that, when ||z — y|| < 275,

™ S —

o = yll < ds(e,y) < Zllo =yl mg, (- 2)ll = lly = all (1= 25, T8 - lg=2l); - (35)
dS(‘r7y) 7 r—

/T,5.T,S < - g =2l < Hly - ol| (200, Tos + U222y 0 (36)

Ts

In particular, when [|7z (y — 2)|| < w, by it comes that either

N 2| —x 2| —x
el < (- s (1o Ji- Ao\ A=l
T7s(1 — LT, T, S)? (1-4T,,T,S)

or

2||mg, (y — )|
7s(1 — LTy, T,,S)?

lly — z|| > 7¢(1 — LT, T S) (1 + \/1 - ) > 75(1 — 2T, T,S). (38)

This last equation implies, again by (35), that we also have ||mp (y —2)[| > w
and thus, by contradiction, only is true.

Proposition 8. If for all x € S, ZT,S, T, <6< 1/12, then for all x € S, Ty S injective on
B(x,75/3).

Proof. For y and y' in B(z,7g/3), first LTS, T, < £LTyS, T, S + 0. Thus by and , we
have £T,,S, T, < %ﬁ’y) +6< %?H +6 < § + 6. From that and Equation , we obtain

e R e )
Ta - Y 2Tg

With that, equation gives :

4

—-m 7T—2m
ST -0) 21l

12 7

a6 — )l > I/~

from which we obtain the injectivity. O
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