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Abstract

Let X,, = {X1,...,X,} C R? be an iid sample drawn with a unknown distribution
Px associated to a density f and supported by S. We study the problem of estimating
the density f. When the density is continuous with regard to the Lebesgue measure and
under wide hypotheses, the proposed density estimator has a minimax local asymptotic
behaviour when D < 7, but also offers global warranties (whatever the dimension is).
It allows to estimate the level sets of the density consistently, even for level sets that
intersects the boundary. It is also easy to adapt it to the case of a distribution supported
by a d-dimensional, smooth enough, sub-manifold of R” with similar convergence rates
(depending on d instead of D). The paper is dedicated to the study of the asymptotical
behaviour of the proposed estimator based on local behaviour and is concluded by
numerical experiments.

1 Introduction

The density estimation problem, got an important impulse after Parzen| (1962) and |Rosen-
blatt| (1956) fundamental pioneering works and is still an important and active area of
research. There have been many well known books regarding the topic. Just to mention
a few of them, see |Silverman| (1986)), Devroye (1987)), Devroye and Lugosi| (1987), Scott
(1992). However it is still a current topic, see |Chacon and Duong (2018). Nowadays there
are two axis that attract particular attention: the bias reduction near the boundary of
the support and the density estimation on manifolds. The aim of this paper is to propose
an asymptotically unbiased (on the whole support) density estimator which can easily be
adapted to the manifold case.



Let X, = {Xj,...,X,} € RP be an iid sample drawn according to an (unknown)
distribution Px supported by S (possibly unknown). Recall that its support is S =
NE closed, Py (E)=1F. Our density estimator is based on (Getz and Wilmer| (2004) in which
it is proposed to estimate the support and the density respectively by

Sr, = | HB(Xi,mn)) N Xn), (1)
i=1
and < A B(X
max #( n ( i7rn)) ) (2)
X;, z€B(Xirn) n|H(B(X;,m)) N X)) |p
Where B(z,r) is the closed ball centered at x and of radius r, |A|p denotes the D-
dimensional volume of a set A and H(A) the convex hull of the set A.

frn (z) =

It as been proved in |Aaron and Bodart (2016) that the proposed support estimator
has many nice properties (universality, minimax and topological guarantees under some
additional hypothesis).

In this paper we focus on the density estimation and we propose an inspired by
density estimator. Indeed we will see that the density estimator proposed in [Getz and
Wilmer| (2004) provides a wide overestimation of the density. But with help of small
accurate corrections we can obtain an asymptotically unbiased estimator, with minimax
guarantees.

Bias Reduction in the full dimensional setting. Suppose that the support S C RP

is regular, that is S = S. This is equivalent to have a density that is absolutely continuous
with regard to the Lebesgue measure. We will refer to this as the full dimensional setting
since the dimension d of .S equals D. Suppose that the density f is continuous and positive
on S. It is well known that the Lebesgue differentiation theorem entails the so—called
Besicovitch condition: let z € S

oy f(b)dt
limifB(’) ()

r—=0 |B(z,7)|p = f(@), (3)

This is at the heart of the simplest density estimation methods (since [ B(ar) f(t)dt
can easily be estimated by the ratio of number of observation in B(z,7) on the total
number of observations) but fails for points x € 95 such that f(z) > 0. When d = 1 bias
reduction in density estimation has yet been extensively studied (see for instance [Ruppert
ans Cline| (1994), Marron and Ruppert| (1994), Jones et al.| (1995)) or Leblanc (2010)).
When considering higher dimensions, most of the proposed bias correction methods rely
on corrections of kernel density estimators built on the knowledge of the support. This is
the case for Bertin et al (2020), (Charpentier and Gallic| (2016), Funkea and Kawka (2015])



or |Bouezmarnia and Rombouts| (2015)). Up to our knowledge the only method that allows
bias reduction method when the support is not known can be found in Berry and Sauer
(2017).

The way to extend on S and to obtain uniform convergence rates is to use that for

allz e S [ f)d
. B(z,r) t)at .
}1_1}%) m = f(x), (4)

which generalizes Equation at possible discontinuity points localized on the boundary.
Thus, via a plugin method, a very simple class of density estimators should be:

f(:v) _ #{X, N B(z,r)}
n|B(z,r) N S|p

Notice that the use of |B(x,r) N S|p = |H(B(z,r) N X,,)|p induces an overestimation
of the density for all z such that B(x,r) C S, that is most of the points. Thus the density
estimator by |Getz and Wilmer| (2004) which is even bigger than this quantity will
provide a wide overestimation of the density.

In this paper, we propose a slightly modified estimator that takes into account the
number of observations that are located on the boundary of H(B(z,r) N X,) to reduce
the aforementioned bias. The importance of the number of boundary observations in the
probability contents estimation as been initially noticed in Efron (1965)) (see Equation
(3.7)) and more recently in Baldin and Reiss (2016). Our proposal is inspired by Baldin
and Reiss| (2016). Now, let us give some additional notations. First wp denotes the volume
of the D dimensional unit ball. Then, based on the sample X,,, let us introduce N, =
#{X, N B(z, 1)}, Cop = H(B(z,r) NXy), NI, = #{X, N 0C,,} and N2, = N, — N2,..
We propose the following density estimator:

o

fT’,A(‘T) = (n _ N§;3|Cx7"H‘Cx’T‘DZAwDTDI[Ng’TSTL/Q. (5)

If it first looks a bit cryptic, the introduction of N7, and NfZT is in fact quite intuitive
due to [Baldin and Reiss| (2016) since Ng,|Cy . ~ Binom(n — Ngr, Je,  f(2)dz).

Section 2 is dedicated to the study of this new density estimator in the full dimensional
setting. After a presentation of the associated model we give the main theoretical results
of our density estimator. Roughly, our proposal has the same local asymptotic in S when
D < 7 than the classical counting density estimator f(x) = m. But it also offers
global asymptotics in S (whatever is the dimension), and, with additional assumptions
uniform convergence rates. More precisely, let r,, = n~1/(P+4) the classical optimal window
size in kernel density estimation. Theorem [I] and Corollary [I| set that, under quite wide
hypothesis (slightly more restrictive than f of class €2 and regular enough support), we
have for all z € S:



1. If D <6 then f,, a(x) — f(x) ~ 7, @) = f (@),

2. 16 D =17 then fr, a(x) = f(2) = O(f}, (x) = f(2)).

3. 16 D > 7 then fr, a(w) — f(z) 5 0 but f7, (2) — f(x) = 0,(Fra,aw) = f()).

Moreover, we have the existence of a constant C' such that for all z € S we have
E((frmA(x) — f(2)?) <02 + (nrP)~1), i.e. we have a uniform rate of convergence.

In Theorem [2] it is proved that, under the same hypotheses, max; | f,, 4(X;) — f(X;)]
converges toward 0, going more further toward uniformity in convergence rates and allowing
results in level set estimation (see Corollary . When additionally supposing that S is
compact, in theorem [3{ we present convergence rates for sup,cg | fr, 4(z) — f(2)|. Remark
that in the case D > 7 it could be more accurate to estimate the density with f (x) when
x is estimated far enough from the boundary and by frn, A(z) otherwise. This proposition
is not studied in this paper which focuses on the case D < 7.

Equation defines a density estimator that is asymptotically unbiased on S but that
may be biased outside S. Thus it may be pertinent to prefer an,s(:U) = fr.a(x)Ig(z) when
the support is known and fn a5(@) = fr. A(x)Ig(z) when the support is unknown.

Density on Manifolds. Suppose now that S is a d-dimensional manifold with d < D
what is frequently assumed when dealing with high dimensional data sets. Under such an
hypothesis an equation similar to (3| is obtained considering integration on the manifold
at numerator and the d-dimensional volume at the denominator, i.e

. fB(w,T)ﬁS f(t)dt
lim
r—0  |B(z,7)|q

= f(=), (6)

Obviously, when dealing with a manifold with boundary, a bias correction should be
applied as in the ”full dimensional” case. First, Pelletier| (2005) generalized the classical
kernel density estimator when S is a known manifold without boundary replacing the
Euclidean distance by the geodesic one. In Kim and Park| (2013), the same kind of idea is
used but applying kernel to projections on tangent spaces. |Berry and Sauer| (2017) adapt
the method proposed in [Kim and Park (2013)) to take into account the possible boundary
bias. Interestingly, the boundary do not need to be preliminary known. The distance
(and direction) from a point to the boundary may be estimated via a local barycenter
shift. More recently, the method developed in Divol (2021)) only requires the knowledge of
the dimension d of the support S, while in Berenfeld and Hoffmann (2021)), S is ”fully”
unknown (but without boundary).

To extend the results from the full dimensional case to the manifod one we classically
use a local projection on estimated tangent space step. Suppose now that, for all x € S,



we have T}, estimation of T3S the tangent (to S) space at . Denote by T the orthogonal

projection onto Tx, and introduce, for R € R:
1. Xy p = mp (B(z, R) NX,), with as previously Ny g = #{X,, N B(z, R)},
2. Cyrp = H(Xp N B(z,7)),
3. Nuwr = #{XnzNB(z,1)}, N2, p = #{Xp gN0Cyr} and N2, o = Ny g~ NO, .

We propose the following natural extension of the estimator in the manifold context:

—~

f ( ) Nac R N:g rR I I (7)
7R7A r) = : /\, : - 2 INE)
' n (NI7R - Nar R) |Cx,T,R| |CIYT’R|ZAwdrd Nz,'r,RSNZ,R/27

)

Section 3 is dedicated to provide theoretical results on this estimator that can be
summed up as follows. If S is a €2 manifold with positive reach 7g, if 35 is either empty or
is a @2 manifold with positive reach 755 and when the tangent space estimation is suitable
(e.g. via local PCA), then we obtain the same convergence rates as in the full dimensional
case with d instead of D. In this section, proofs are a bit technical but mostly only combine
results of section 2 and technical Lemmas in Aamari et Al (2023). They are so given in
appendix.

In section 4 we present some experimental results on toy examples and a real data set.

2 Full dimensional context

2.1 Main Results

As mentioned above, we will consider an iid sample X,, = {X3,...,X,,} C RP drawn
according to a distribution, supported by S (that may be unknown), and following an
unknown density f uniformly continuous with regard to the Lebesgue measure.

We will also require some assumptions on f and some smoothness condition on S.

Considering regularity assumptions on S, we will consider two types of assumptions:
the first one (Definition 1| and left part of the figure [I|) is much more general and allows
the presence of corners, while the second one (Definition [2{and right part in the figure [1)) is
in terms of positive reach of the boundary and is close to a G2 regularity of the boundary.

Definition 1. Ball-standardness. A closed set E is (ro,0)-ball standard if for every x € E
and every r < ro, B(x,r) is path connected and there exists y such B(y,or) C ENB(x,r).

Definition 2. Inside and outside rolling ball condition. A closed set E satisfies the ro-

inside and outside rolling ball condition if, E=E and, for every x € @ there exists two
points O2% and O such that B(O2* r¢) N E = {z} and B(O™, o) N B¢ = {z}



E is (rg, d)-ball standard E satisfiesthe ry inside and outside rolling ball condition

&

Figure 1: (rp,d)—ball standardness (left) and ro-inside an outside rolling ball condition
(right)
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It is easy to see that, if E satisfies the rg-inside and outside rolling ball condition, then
E and E° are (2rg, 1/2)-ball standard.

Our model requires distributions that have ball standard level sets for small levels, more
precisely we will suppose that we have (rg, d, €g)-standard distribution.

Definition 3. (rg,d,co)-standardness for a distribution. A distribution associated to a
density f is (ro,0,€0)-standard if, for all € € (0,e0) the level set L. = {x, f(x) > €} is
(ro,0)-ball standard.

Our model will consist in (rg, , £9)-standard distributions with smooth enough densi-
ties.

Definition 4. A distribution belongs to the family model M := M(ro, 9, €0, Kmax, I(r?gx, féllgx, fr(fgx, Liax)
if:

1. The distribution is (ro, 0, €0)-standard, S is path connected and for all (z,y) € S? the
geodesic distance (in S) satisfies ds(x,y) < Kmax||z — |-

2. The associated density f is continuous on S, of class G on S and:

(a) Forallz €S, f(x) < fé?gx and for all z € S, f(z) > 0.
(b) For all x € S, [|Vy(2)|exp(3||Vin(s)(@)[]) < Lmax, where V stands for the

gradient. Such a condition implies that ||V y(z)|| < f,gllgx for all x in S (see
Proposition @



(c) Forallz € S, ||H¢(z)|[op < f,fgx, where H¢(x) stands for the Hessian and ||.||op
for the operator norm.

Model M clearly includes distributions supported by compact (rg, §)-ball standard sup-
port S that have a @? density bounded below by a positive constant on S and a hessian
matrix bounded above (in norm) by fggx It also includes a wide range of classical densities
with non compact support such as Gaussian or exponential.

Let recall here some notations and the proposed density estimator definition. let N, =
#{X,NB(z, 1)}, Cor = H(B(z,r)NXy), N2, = #{X,N0Cs,} and N2, = Ny, —N2,. As
in this part there is no ambiguity on the volume that always is the D dimensional volume
we will omit the D index in the volume notation.

Recall that we study the following density estimator:

o

)= G o o

We characterize the convergence with the use of the following notations: 04(1) (resp.
Oq(uy)) is a sequence that depend on « and the constant of the model M which converges
toward O (resp. a sequence which is a O(u,) and depend on « and the constant of the
model M.

In a first theorem we explicit pointwise L? convergence rates. The first point is that our
estimator has the same pointwise L? convergence rate than the classical density estimator,

2 2
up to an additional term of order r2(nrL)” D+ min <rn, (nrP )_D7+1>. When D < 7 and

1 4
rn = O(n~ D+1) this additional term is at most O(n™ D+1) (see Corollary . Thus, for
small enough dimensions and suitable radius sequence the proposed estimator is point-
wise minimax.

Theorem 1. Let the distribution belongs to the model M. Let the window size 1, be a
sequence such that r, — 0 and nr,?/lnn — 400. Let A < 6P be a positive constant.
There exists C' an explicit constant such that :

1. For all x such that f(z) > 0,

E(frn (@) — 1)) < (L 4 @l
+or2 (“’Df(;)"r’?)_ﬂ + O (wa(g)nr’?)_H (1+0,(1)).

2. For allt >0 and x € L; such that B(x,r) C {z, f(z) > 0}, we have



(0)
E((fra,a(x) = f(2))?) < <2fmc + (S5

Awpnrb
4 2
0) D\ D+1 0) D\ D+1
Cr? (“’Df m;"m’" ) +ord <“Df m;’(”r” ) (14 04(1)).

3. Finally, if S is either convex or has the Ry inside and outside property we have that,
for all x with f(x) >t >0,

R 2flg'?a)x
E((fra(@) — @) < (W (') ) (4 0(1).
(0)
with C' = fé}gx when S is convexr and C' = ng + fnaxwp—1 when S has the inside

ARowp
and outside rolling ball condition (see Definition @

As previously announced, Corollary (1| gives the L? convergence rates for r,, = cn*D#+4
which is the optimal window size in the classical kernel setting. When considering the
local convergence rates, when D < 7 the proposed estimator is equivalent to the classical
constant kernel one, for the special case D = 7 it is still minimax, and when D > 7 it is
still convergent but no more minimax. In all the cases we also have uniform convergence
rates for all level sets, that turns to uniform convergence rates on S when the density is
lower bounded by a positive constant.

Corollary 1. Let the distribution belongs to the model M. Let f; be the usual count-
ing density estimator (constant kernel) and consider window size r, = en~ /(P4 As
previously x is such that f(x) > 0.

1. Local rates :
(a) if D < 6 thenB((fy, a(x)~F(@))) < B(f;, (@)~ £(2)*) (1+02(1) = O (n~ 753
(b) if D =T then B((fr, a(2) ~ f(2))2) = O, (n 7).

2(D+9)

() if D> T then B((fr, 4(x) — f(x))?) = Oa (ﬂm)

2. Moreover if S is either conver or has the inside and outside rolling ball property
A~ 2

for all x with f(x) > 0, E((f, a(z) — f(x))?) = Of(x) (n70+4>. In particular,

when f is lower bounded by a positive constant f(o) on S, then, for all x € S,

E((fy,.a(z) — f(x))?) =0 <n_DL+4>' min



We are now focusing only on the case D < 7, where the proposed estimator is point-
wise minimax. When D > 7, in the case of compact unknown support (with the Ry inside
and outside rolling ball condition) and lower bounded density, a way to obtain minimax
rates should be to plug the p-convex hull support estimator S, and consider a density
estimator that should be f (x) (the classical constant kernel density estimator) when
B(z,r,) C S, fAM if x € S, with d(zx, &é’n) < 7, and 0 otherwise. Nevertheless, the
curse of dimensionality makes this approach practically unrealistic neither for the support
estimation nor for the density estimation.

When D < 7 we also have uniform convergence of f Ar, When evaluating it on the X;’s
that, in turn, allows to provide convergences rates for level set estimation.

Theorem 2. When D < 7 and the distribution belongs to the model M. Let r, =
en~VDP+H) gnd A < 5P

1. For allt > 0, there exists Cy such that, with probability one, for n large enough:

Fraa(Xi) — F(X3)

mfdx{ ,X; € Ly and B(X;,r,) C S} < CyvV/Innn=2/(D+9)

2. If f is bounded bellow by a positive constant flg?i)n;

probability one, for n large enough:

there exists C' such that, with

Froa(Xi) = £(X0)

max{ ,B(Xi, ) C S} < CVInnn~ ¥/ (P+),

3. If S is either convex or satisfies the inside and outside Ry rolling ball condition, there
exists C' such that, with probability one, for n large enough:

Froa(Xi) — f(X5)

max { } < On~ YD+,
¢ <
Such a result allows to plug the proposed density estimator for level set estimation
using S(Xjn 4(t)), where S(Y) is a set estimator based on a sample Y and an 4t =

{Xi, frn.a(X;) > t}. We propose to give results when the chosen set estimator is the
local convex hull one. This choice has been done because it seems consistent to esti-
mate the density and the level sets with the same tool (the local convex hull). It is
also a tribute to Getz and Wilmer| (2004) who first applied local convex hull to draw
home range and core area maps. In the following corollary we give convergence rates for
Li = UXiermA(t) H (B(Xi,rn) ﬂX:fmA(t)). Notice that it is not the original one pro-

posed in |Getz and Wilmer| (2004) that was L; = Ux,ex+ X H (B(X;,m,) NX,,) which

”overestimates” the support.

t)



Corollary 2. Suppose that D < 7 and the distribution belongs to the model M with S
is either convex or have the inside and outside rolling ball property. Let 1, = cn~Y/(P+4)
and A < 6P. Assume that S = {z, f(z) > 0}. Introduce Xt (t) = {Xl,f,nm (Xi) > t} and
define:

L= |J H(BXim)nXi#).
ivfrn,A(Xi)Zt

1. IfLy € S and min{||V¢(x)||, f(xz) = t} = my > 0 with probability one, for n large
enough dH(Lt,f,t) = O(Innn~2/(P+9),

2. If Ly is regular (i.e. there exists Ag and 8 such that such that, for allt', [t' —t| < Ag
we have dpg (Ly, Ly) < Blt —t'|) and Ly is ball standard then, with probability one, for
n large enough d(Li, L) = O(Innn~'/(P+4),

Notice that the bias correction allows to have convergence for level sets that may
intersect the boundary of the support. Most of the time, estimated level sets are supposed
to be in S as in Rodriguez-Casal and Saavedra-Nieves| (2022). Nevertheless a distribution
may have no level set included in S. Consider for instance the 2-dimensional case of a
restricted Gaussian with a density f(x,y) = Cexp (=2(z* + y)) (5, 4)e[0,1)2, as used in one
of the simulated examples in Section All its level sets intersects the boundary of the
support [0,1]%2. Also Remark that if the G2 regularity of the density make the level lines
{(t) = {z, f(z) =t} also €2 (as manifold), the level sets are only ball standard in this case.
For such an example the convergence rate is given by the point 2 of Corollary [2l In fact,
to be "global” this convergence rate is rough and it is expected to be ”locally” slightly
better with the rough bound localized around the singularities of the support and around
the intersections between the level lines and the boundary of the support. A more precise
study of the precise behaviour of the level set estimation being let for future.

Finally, we can derive uniform convergence rates on the support under a more restrictive
set of assumption.

Theorem 3. Consider D < 6 and the distribution belongs to the model M. Also assume
that S satisfies the inside and outside Ry mllmg ball condition, and f is bounded bellow by

a positive constant f( ). Choose rn =cCn D+4 and A < 1/2. Then, with probability one,
when n large enough:

sup | far, (z) = f(@)] <O (nP¥).

€S

When D =7, under the same conditions, we have :

sup| fap, (@) = () < O (n 7079 ).

€S

10



To conclude the discussion on the proposed estimator in the special case D < 7 let us
notice that, when S is known, the proposed method allows to correct the bias without any
computation of 9S and any Monte-Carlo integration step. It also allows to obtain a bias
correction in case of unknown support, which is a more realistic purpose. Remark that,
even if we suppose that the support is known, in fact we may only know a set containing the
support because there might be 0 density regions in our expected support. To illustrate:
suppose we aim at estimating the population density. We have knowledge of the submerged
land which is our expected support but it includes desert regions and the ”true support”
is only a subset of the expected one. In case of unknown support we may plug a support
estimator S and compute frm AS T frm allg. Obviously the uniform convergence is then

lost on RP but is limited to R \ (SAS,,).

2.2 Proofs
2.2.1 Notations

Due to the amount of notations and to have a self contained section we list here main
notations and definition used in this proof section. First, for ease of reading, we will write
r instead of r, in this proof section.

The probability content is I'; ,, = fB(z,r) f(2)dz and its approximation with the help of

local convex hull is Ty, = fB(m’r) f(z)dz.

Due to the indicator function in the density estimation definition we will have to con-
dition by the event E,, ”|Cy,| > AwprP, fx,r > f(x)Awpr? and NQ‘ZT < n/2”. And,
conditionally to E, ., the error decomposition in the density estimation is :

fT,A(fﬁ) — f(@)| By = e1(z) + e2(2),

where:

r
) ]I d — x,T _ H )
|Corl(n — N2,.) B, and e2(x) (|Ow| f(x)) B

Roughly ¢ is the variance term of the error and e9 the bias one. Indeed E(e1) converges
toward 0 while €2 can be deterministically bounded.

Ng,r - f‘xﬂ“(n - Nza’/‘)
e1(x) =

We will also make use of the following notations. For a set A and a real number r, the
7 offset of A, denoted by A @® 7B, is defined as A @ rB = {x € R d(x, A) < r}.

For a compact set A, we denote by 74 the projection onto A which is defined as
follows: m4(x) is the point in A such that ||ma(x) — z|| = d(z, A). With regard to the
possible definition of m4(z), there are well known results : when A is convex, 74 is defined
everywhere ; when A has the rg inside and outside rolling ball property, 74 is defined on
AP roB and w4 on 0A ® roB.

11



2.2.2 Error decomposition and first bounds

We have that

E((fra(z) = f(2))*) <E((fra(z) = f(2))*|Ber) + [ (2)P(ES,), (8)
P(|fra(z) — f(@)] > 1) < P(|fralz) — f(2)] > t|Eny) + P(ES,). (9)

We then have
P(|fra(e) = f(z)] = t1 +t2) < P(ler(@)] > t1|Ery) + P(lea(@)] > ta| Brp) + P(ES,), (10)

and also

~

E((fra(z) = f(2))?) < E(e3(2)|Eayr) + E(e3(2)|Exy) + 2E(e1(2)e2(2)| Bar) + f(w)P(E%,r)j
11

2.2.3 General bounds on P(EY ), £1(7) and e3(x).

Bounds on P(E )

Lemma 1. Suppose that distribution belongs to the model M.

For all A < 6P and r < min(ry, (4wD)fIg2X)*1/D, there ewists 31 and Bo positive con-
stants such that, for all x with f(x) > 0, we have

P(ES,) < Biexp (—nr® min(f(z),20)82) + exp(—n/8).

Proof. First, tackle the condition on NZ,. Remark that P(N?, > n/2) < P(Ny, > n/2).

Since Ny, ~ Binom(n,I';,), with I'y, < 1/4 by condition on r < (4war(r?§X)_1/D, we
have that

1
P(Ngyr >n/2) =P <Nm7r —nlyr >n <§ — I‘mm)) <P (Ngy —nly, >n/d).

Then, by use of Hoeffding

P(N?, > n/2) < P(Ny, > n/2) < exp(—n/8). (12)

To finish the proof, let us first establish an intermediate result. Let L; (with ¢ > 0) be
a level set that has the (d,r1)—inside rolling ball property and set

& = min (‘5; G (5 - Al/D)>D> .

We aim at proving that, for all z € L;, we have that

12



C N
P (| "E’T’ < Awp orI'y, < wDrDAt> <
r

AI/D

-D
(Cp +1)Cp4aP (1 - > exp (—wDomrDt) , (13)

where Cp is the ”covering constant” of a D-Dimensional Ball.

Notice that |Cy.| > |Cysr|, where Cy s denotes the convex hull of the observations in
B(y,or) the ball of the ”ball-standardness” assumption. For a given a € (0,1), suppose
that B(y, adr) is not included in Cy s5.. Thus, there exists y; in B(y, dar) which is not in
Cy,sr- Because gy is not in Uy ., there exists u; a unit vector such that, for all observation
X; in B(y,dr), we have (X; — y1,u1) < 0. Introduce now z = y + Wul. We
have that z belongs to B(y,dr) with B(z, (1 — a)dr/2) contains no observation. We have
then proved that, if B(y,adr) is not included in Cys,, there exists z € B(y,dr) with

B(z,(1 —a)dr/2) N X, =0 (see Figure[2).

Figure 2: Construction of z

Now, deterministicaly cover B(y, dr) with v < Cp4P (1—a)~P balls of radius (1—a)ér /4
centered at some z,. It clearly comes that, if B(y, «dr) is not included in Cy s, there exists
z, € B(y, or) with B(2}, (1 — a)dér/4) N X, = 0. Thus:

P(B(y, adr) & Cysr) <> P(B(z, (1 - a)r/4) NX, = 0),
=1

13



P(B(y, adr) ¢ Cysr) < CpaP(1— a)™P (1 - wpt((1 — a)dr/4)P)",

P(B(y, adr) € Cysr) < CpaP (1 — o)L exp(—nwpt((1 — a)dr/4)P).
Thus,

er r- —
P (‘ D | <wp (ba)” or Ty, < wD(5oz)Dt) < Cp4P (1-a) P exp(—nwpt((1-a)ér/4)?).

And so, if A < 6P,

P (|C:BT| < Awp or fgw < wDrDAt> <
r
AYPN P AUDY o7\ "
C’D4D (1 - ) exp [ —nwpt 1-— 5 vy ,
that is (13)).

Let now z be such that f(z) > 0.
If f(z) < &0, by application of , we have the existence of positive constants $; and
B2 such that

P (@fg” < Awp or Ty, < wDT'DAf(x)') < Brexp (_me(m)/B2>

If f(z) > o, also by application of ([L3)), it comes that.

C ~
P (’57“‘ < Awp or Iy, < wDTD60A> < Biexp <7mnD5052> :
.

That concludes the proof. O

Bounds on ¢1(z)

Lemma 2. Suppose that distribution belongs to the model M.
We have that
E (e1(x)ea(x)|Eyyr) = 0. (14)

We also roughly have a uniform bound given by:

2 maXZECz,r(f(Z)) < 2rnaXzEB(ac,r) (f(Z))
AwprPn - AwprPn '

E (s%(a:)|Exr) <

14



A better, but local, Lo bound for points far from the boundary is the following :

such that f(x) > 0 and n large enough to have % < 2, then

E((0)|Eyy) < — 100

= W (14 0x(1)).

An explicit expression for o, is given within the proof.
In probability we also have

32lnnfr([?£x _4
P —— | F, <2 1 1)).
1@)] > || e |y | < 2071+ 0(1)

Proof. Recall that ~
o Ng,r - FS&J‘(” - Nza,r)
ei(w) = |C$,T](n - Nza,r)

]IEx,7'

if T is

(16)

(17)

When C,, is known, obviously |C, ,| and fwn are also known. Due to the convex
polyhedron shape of C, , its knowledge also implies the location of its vertices one, that,
in turn fix, with probability one, N;Z »- As a conclusion, when conditioning by C,, the
only part of e1(z) that remains random is N7 .. See Baldin and Reiss (2016]) for the
possibility to define N7, |C; . With probability one only n—N:‘Z ,» points remain "randomly

distributed” and may fall in é’m,r with probability fm,r. It then become clear that, almost

surely Ng ,|Cy» ~ Binom(n — N2, Tur).

xT,m
First of all notice that, because e is fully determined by C, ., we have that

1
 [Copl(n = NZ,)

E (e1(x)e2()|Cor) Ly

’C$,T

Thus
E (e1(2)e2(@)|Exyr) = 0,

which proves (14)).

fz,r(l—fz,r) fz,r(l—fm,r)

( - f(ac)) E (N2, = Tor(n—N2,)|Cor) =0.

We also have E(e3(z)|Cy,) = <

max.cc,, (f(2)), it comes that

Then, due to

\me|2(n—N3,.) ’ |Cz.r|

) MaxX, ¢ p(z,r) f(z) 1
< :
E(e1(2)|Cayr) < — = N2, [Cyy

Thus we clearly roughly obtain

2 max,ecpB(z,r) f(Z)

2
<
E(ef(x)|Ex,r) AnwoprD

15
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which proves .

But it also can be obtained a better (but asymptotic) constant, noticing that

B @)(C,,) < Db [E)_ 1 (y B\ Gl

n\B(m, 7’)’ 1— % |Cz,'r’
N2,
2 max,eB(x,r) f(Z) :LJ < ‘B(l‘7 T) \ Cxﬂ“| )
< —_— _— .
E(e1(x)|Cyr) < nIBo.7) 1+ N 1+ O

%) —1
Because, conditionally to E, ,, we have <1 — fo) < 2 and BE@N\Car| o [Bl@rN\Cor|

‘ x, r‘ - ‘B(x T)‘
A~ we obtain:

maxeB(z,r) f(Z)

|B(z,7) \ C vl E

2
E(e3(2)|Ex) < (14 202, B, )1 + A7) + 2B

n|B(z,r)| | B(, )]
1. By continuity max,cp(;,) f(2) = f(x)(1 + 0.(1)).
2. We have IE(N;?’T]ELT) < ]ﬂEj’gif::))' Thus, because me < N, and due to Lemma
we obtain E(N?,|E, ) < wpnr? fiu), — o, (1).

= 1-PB1 exp(—BawpnrP f(z))—exp(—n/8)

3. To obtain better bounds on |B(x,r)\C; | and N;ZT we apply results in Brunel (2017)
recalled in a suitable form to our purpose in Proposition I see Appendix A). They

are applied to a sample drawn with a density g, (y) = r? % B(0,1)(y) which
B(z,r)

is the density of a local re-scaling of the part of the original sample which is in B(x,r).
Also introduce M, = maxycp(o,1) gz,r(Y)-

Because n is large enough to have % < 2, that implies that M,

application of (| in Proposition (3] ' it comes that:

|B(x,7) \ Cgpl > < > 2
E(—’|N,ﬂ,r:k <24 (1+ = )k H1.
|B(x,7)|

by

T’_w7

Thus, by application of Propositionin Appendix A, with Iy, = fB(m " f(2)dz (and

because, if N, , = 0 we clearly have % = 1), we have

2
]B(x,r)\CxT|> 2 ( nfxr) <anr>_D+1
g (228D A e} o, )24, (14— s : ,
(o) < 0rersamus 2y (oo (2500) + (%

16
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2

() -oegey

124,14 2) <eXp (~orPptor) 4 (P f(m))pil) |

Thus, adding a conditional step, we also have E (% ]E;”) = 0,(1).

We then have proved Equation

Now, to obtain (17)), notice that, by Bennett’s inequality, it comes that:

P (INg, = Dup(n = N2,)| > /16 lnn(n — N2,)Fp s lCra) <

~ 161nn
2exp | —(n = N\ b | |——2" ),
p < ( x;'f’) Z,r ( (n o Ng,r)l—\m’r>>
with A(u) = (14 u) In(1 + u) — u. Because h(u) > u?/4 when u < 4, we have that
321In nfrg?gx
P ([ 2/ max
[e1(2)] > A2wpnrP

Now, we aim at deriving a probabilistic bound conditionally to f‘gm < 81%. By use of
first Bernstein inequality, we have:

8lnn

E,,and T, > <2n~4 (18)

n

P (|N§,T —Tuu(n = N2,)| > /' lnn(n - NQT)TD\CW> <

a'lnn(n— NQT)TD

2exp | ——
2Fm,r(n—Ngr)+2\/a’lnn(n—N3r)rD/3
Thus
a’' lnnrP
P > C <
("“(x)’ \/ (o= N ICer ) :
a'lnn(n — N2,)rP
2exp | —— 2

2l (n — N2,) + 2\/a’ Inn(n - N2,)rP/3

17



Now, choose a’ = 16wp fr(r?gx. It comes

(0) / 5
32 fmax 1 - ]] |
P |ei(x)] > M Ey, and Ty, < nn < 2exp (- a ;nnr '
A%wpnr n 16107 + 2 50 oD

And because nr” /Inn — +oo,

32f1§?32x Inn

P >
[e1()] A2wpnrD

~ 81 3
E;rand Iy, < ) < 2exp (—4\/a’ lnnnrD) (1+0(1)).

n

Apply again nr” 5 400 to have that

Inn

[ 25 £(0)

32 fmax Inn ~ 8Inn _

P |51(3§')’ > 14!2)2;1;7”L7“D Ex,r and Fx’»,- < n = O(TL 4).

That, together with (18)), concludes the proof of ((17]). O

Bounds on e3(z)

Lemma 3. Suppose that distribution belongs to the model M.
If S is convex, we have

P (|e2()] > rf | Ear ) = 0. (19)

And, if S has the Rg-inside and outside rolling ball property, we have

(0)
(1) fmaxWD—l _
P <|82(£C)| >r (fmax + AROWD ) |ECC,T> 0. (20)

Proof. Recall that

ea(x) = <|CF72:! - f(x)> Ig,

' Vo 0w) = 5@d| _ Jou,ns®) = @] [fo, s 0) — F)dy
B [Car) = o] i o] |

lea(z

Thus,
Cer \ S|

@) <o (s V@) + 1@

z€B(z,r)

18



Figure 3: The volume of H(B(z,7)NS)\ S is smaller than wp_1¢P~te. Trivially £ < ry,.
By R% = (Rg — a)> 4+ ¢? and r2 = (> + ||z — mas(z)|| — a)?, it comes that a < %.
Symmetrically we have R3 = (Rp — b)%2 + 2 and 72 = (? + (||z — 7as()|| + b)? and so
b < %. Finally e = a + 0.

Roughly bounding the second term given F, ,, we then obtain

|H(B(x,r) N S)\ S|
AwprP '

@)l <7 (_max V,1) + )

z€B(z,r)NS

Obviously, if S is convex, we obtain

2@l < (_max [19,)]1).

z€B(z,r)NS

Now we are going to bound due to the outside rolling ball condition (see Figure [3| and
its legend for some details):

Wp-1
< .
oo < (__max VS @) + o)
O

Lemma 4. Suppose that distribution belongs to the model M. For x € S and r small
enough to have B(z,r) C {z, f(2) > 0}, introduce Hy, = maxX,ep(z ) ||Hs(z)|lop, there
exists an explicit constant C' such that

E(e2(2)?|Byy) < (lﬁﬂi,ﬁ"4 +Cr? ((nl;x’r)_fﬁl +r (nf;r)_ il)) (I+o0(1)). (21)

And there exists explicit constants C, C' and Cy such that

19



2
Crlnn ( c’ )D+1 2 +(2) 4 D
> <
]P’<|52]_ trlomrgy) kB | < CanTtexp (n(o7)P(2)/10) ,

(22)
where y(x) = min(f(x),e0), €0 being the constant in the (rg,d,eg)-standardness of the

distribution.

Proof. As Cy, C B(z,r) C S, by the use of a second order Taylor expansion we have:

f:p,r - f(l')|0x,r

- / (v — 2)V (x)dy
Corr

< / lly — 2l max [1%(2)]lopdy.
C 2€Cz

x,r

Because fB(ac ") (y — 2)V¢(z)' dy = 0, we have that:

o~ f@)(Corll < PIIV (@)l dy +Cor| max 11964(2) lopr?,

z,7)\Caz,r

from which we derive

‘f‘m,r - f(x)|0x,r|‘
Cor|

|B(z,7) \ Cx,r’
|Car|

< 7|V + i [1967(2) lopr?.

Thus, given |Cy | > AwgrP,

||Vf($)||r‘B($,T)\Cx7T| + max Hg{f<2)|’opr2- (23)

<
e2@)l = 74 1B(z, )| el

To control the convergence rate of |B(z, )\ Cy | we will make use of Results in Brunel
(2017) recalled in appendix A (see Proposition. To apply the aforementioned proposition

let us introduce M, = max,ep(o,1) % (defined because fB(w ") f(z)dz > 0).
B(z,r) ’

Let us first consider the L? convergence. Because

and by application of it comes that, for & > 0,

ming g f(Y) |B(z,r)\Ca,r| < JB@r\Cpr £ (2)d2
maxp,r) f(y)  [B@r)l = [, f(2)dz

‘B<$,7’)\Cx7r’ 1 o maXB(w,’/‘)f(y) ! _DL_“ZI
E(( 1B(z, )| > ‘N”_k>§Aq(M”“>q<nmlmm“@) "

Notice that E ((lmﬁ%)q |Ng,r = O) = 1. Then:

20



|B($,’I")\Cz7r| e maXB(sz) f<y) ' n —% k n—k
E(( B(w,r)] )) <A, + 1y (minB(x,r) Fw) ) 2 \)t e L)

+(1-=T5,)"

X X q q
A rough bound gives M, , < - w. Introduce B ;.4 = Ay (iw + 1) <w)

= @ minB(m,T) f(y) WD minB(z,r) f(y) minB(.’z,T‘) f(y)

By application of Proposition [I, we have that

1) <<W>q> < Burg <(nl;wT>ljzil + exp (—fé”’)) + (1 =Ty, (24)

And thus, because E(ea(z)?|E,,) < E(e2(2)?) (e2(z)? is a positive random variable),
by use of , we obtain

4
2 IVs(@)]]* 5 nly,\ ™D+ nly, n
E(ea(z)*|Exyr) < Tr Bz 2 5 +exp | — 10 +(1-T4,)

2
v T H nF ~ D+1 TLF
+2WT3 (Bm,l (( 2”) +exp (— 13”)) +(1- Fm)">

2 4
—f—Hr’Tr .

By application of Proposition and because (1—-T';,)" < exp(—nTy,) and nr?/Inn —
400, we obtain the existence of an explicit constant C' such that

E(e2(2)?|Bay) < <H24 O ((”2)” +r (”2))) (14 o(1)).

Let us second consider the probability convergence rate.

xT,T f x,T f .
Introduce B;,V,, = (éw + 1) %. By use of Equation , we

obtain

IP) |j€ (‘B(x77a) \ CI,T’| _ B;Tk‘_z/(D—i_l)) > tma‘XB(I,T) f(Z) |N;ET —_ k'

- < Che b,
|B(z,r)| ming(, . f(2) ?

From which it comes that, by Proposition [2, there exists C' and C” such that

B x,T
1B\ Coyl | ot

Ok~ Nm:k> Em} < Cyet.
Blw.r)] P Moy =k ) o | < Cae

?| (1)

21



Thus, for all K

B ) er t __2 _
P (I 2 el s 0L s ok |, ) < Coot 4 POV, < B)

which, with , gives

max

t __2
P <]£2\ > C% +C'rK D + 72 f2) \Eg”) < Che™t +P(N,, < K).

Finally, to deal with P(N,, < K), recall that v(z) = min(f(z),e9) and choose K =

M. Recall that we have I';., > wp(dr)P~(z) by the ball standardness asumption.

Thus, by application of Bennets inequality (h(0.5) > 0.1) with the choice of t = 41nn, it
comes that the existence of (new) constants C' and C” such that:

2
Clnn Cl m 2 (2) 4 D
P <|€2| > TW “+r (’I?,T'D"y(.’ﬂ)) +r fmax |E:p,r < CQ’I% +exp (’I’L((S’l") ’Y(ZL‘)/lO) .

This achieves the proof of . O

2.2.4 Proof of main Theorems and Corollaries

Proof of Theorem [1]

Proof. By Equation (|11
E((fra(x) — f(2))?) < E(e}(2)|Ea ) + 2E(e162| o p) + E(e3(2) | o) + f(2)P(EE,).
By Equation (I6) E(e}(@)|E,.,) < by (14 0.(1)) -

By Equation E (e1(x)ea(x)|Egy) = 0.
By Equation

E(es(2)?| Euy) < <H§,r7«4 +or? ((”2)“ +r <”F2>”>> (1+o(1)).

Finally, by Equation , if x € Ly,

AyDN\ P
P(E;,) <(Cp+ 1)Cp4P (1 -5 ) exp (—wDanrDt) .
Because z € Ly(,), we have that
1/D\ —P
F@)P(ES,) < fO(Cp +1)Cp4P (1 4 5 ) exp (—wpanr® f(z)).
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Because f(x) > 0 and nr” — +oo, it comes that f(@)P(ES,) = 0z((nrP)~1). Also, due
to nr? > Inn, it comes that for all 5 > 0, f(@)P(ES,) = ox(n” #). As we also have
r> (Inn/n)"P, we clearly get f(@)P(ES,) = 0z(n*), and thus:
F@)P(B; ) = og(max((nr?) 71, ).
That achieves the proof of the first point.

Second point of Theorem [1|is proved the same by use of Equation instead of .
Final point of Theorem [1| comes from the use of instead of and or

instead of . O

Proof of Corrolary
Proof. By Theorem

B(fale) — £@)?) < (L4 jaes @

nwpr?
2

+Cr? (W)DH +Cr? (W)DH (14 04(1)).

Recall that classical computation on the uniform kernel gives E(f!(z) — f(z))? =
(miir + 136 @) 3 (1 + 02(1)).

The choice of r = en~V/(P+4 gives that E(f'(z) — f(z))? > C(z)n P+ with
C(x) > 0, since f(z) > 0. Also for r = en™/ (P4 we have:

__4
2 (sutigne?) P _ o (o rtr i ) < o (ot )
__2 _
13 (£29m2) P _ o (et i ) - o (nwibiEe )
That concludes the proof of the first part of Corollary

Now by use of Equations , (114), and Lemma 3| with 7 = en V@49 it comes
that there exists C' such that E((f.a(z) — f(z))?) = Cn=2/(P+1) 4 f(z)P(Eg,). Now

because f(z)P(E;,) < Bf(z) exp(—ﬂ’n%ﬂf(x)) (due to Equation (13)), we have that
f(@)P(ES ) = 04y (n_%ﬂ). And if f is lower bounded on S, we have that f(z)P(ES,) =

o(n_ﬁ). That concludes the proof of the second part of Corollary
O
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Proof of Theorem 2]

Proof. Firstly focus on the first case. Let us fix t > 0. For all x € L; such that B(x,r) C S,
due to Lemma [T}, we have:

P(EZ,) < Biexp (—52717“17 min(t, 80)) + exp(—n/8) = or(n™?).

Also due to Equation , we have

/32lnnfl(gx 4

Finally, Equation for r = cn_D#+4 and D < 7 gives

P (lea] > O1(r*)|Exy) < Con™" + exp (nr” min(t,)/10) .

Thus, due to P(]an(:z:) — f(@)] > t1 +t2) < P(ler(x)]| > t1|Ezyr) + P(lea] > to|Err) +

P(EZ,),
; 321n 1 fo ) »
P [fra(z)— f(2)] > W—FQKT ) | <Cn (1 4+ o0i(1)).

Introduce X(t,r) = {X; € X, f(X;) > t,B(X;,r) C S}. Recall that r = cn~ DR, All
the above equations provide the existence of a constant C; such that, for n large enough,

P (axi € X(t,r) 8.t | fra(Xi) — £(X3)] > ct\/lnnnwﬁ) < On~3(1 + o(1)).

That, with Borrel Cantelli Lemma, concludes the proof of the first point of Theorem [2}
The second point of Theorem [2| is the same using the lower bound of the density to
obtain uniform rates and is let to the reader.

We now prove the third point of Theorem 2| First suppose that f(z) > (Inn/(nrP))Y/2.

Then, by Lemma |1| and because ’fr’;z — 400,

[ D
P(E; ) < Brexp <—ﬂ2 Inn Tgﬂ) + exp(—n/8) = o(n™*)

Also due to Equation ,

321nn o, »
P (o ) < o1+ o(1).
1@ >\ T [Bar | < 20771+ 0(1)
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And, under the rolling ball condition or the convexity condition, due to Lemma [3] there
exists C' such that

P (|leg| > Cr|E,,) = 0.
Thus, due to P(|fra(x) — f(z)] > t1 + ta) < P(le1(z)] > t1|Epr) + P(le2| > to|Ery) +

]I(E;,r>v
‘AA()— (z)] = 721 o C < ( o(1))
P |fralz f(x 1 nurD +Cr 2n"%(1 + o(1)).

Second, suppose that 0 < f(z) < (Inn/(nrP))/2. Because, conditionally to E¢

fra(z) =0, we have P(|f, a(z) — f(z)| > Inn/(nr?))V/2|ES ) = 0. It comes that, when
t > 2(lnn/(nrP))1/2,

P(|fra(x) = f(2)] = t) S P(|fra(2) = f(2)] = t|Exy).

Thus, applying the same calculus as in the first case,

B foa(e) - fa)] > 20 82 5\ | oy | <901 4 o(1))
r,A\L x)| = nrDmaX AQwD’ r | <2Zn o .

Thus, for all z in S,

B 1) — f(a) >/ 22 82 5\ | o ) < 2041+ o1)
r,A\L x)| = nrDmaX AZwD’ r | <2Zn o .

S
Thus, when r = cn™ D+4,

P (3X; 5.t | fra(X) = f(X)] > Cr(1+0(1))) < 207 %(1 + o(1)).

That, with Borrel Cantelli Lemma, concludes the proof of last point of the Theorem. [

Proof of Corollary

Proof. Recall the local convex hull definition: for a set F,

H.(E):= |J H(B(z,r)NE).
zeFE
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Suppose first that L, C S. The regularity of the level set L; and the regularity of
the density imply that L; has the -5t--inside and outside rolling ball condition (see The-

orem 2 in Walther| (1997))). By easym%faylor majoration it also comes that for all A; with
A < W’ Ly A, has the f(z) -inside and outside rolling ball condition.

Notice now that there exists oy > 0 such that, for all 0 < ¢ < a4, Ly C S. Indeed,
if there exists a sequence &, — 0 with ¢, < t/2, Li_., N 0S # 0, since L;_., NS is a
decreasing (for the inclusion) sequence of non empty compacts, we have Ly N 9S # (). And
that contradicts L; C S.

We now prove that, for all 0 < & < min (ab mtd(LtQ—atvaS)’ 2;}5) )7 we have that
2 2e
Lt 5 - Lt D 7B and d(Lt 5,65) > ap — — (25)
mt

Indeed, consider z € Li—. and y = x + 2= vaEx;H We have that z € L;_,, and

ly — z|| < d(Li—_q,,dS), thus y € S. That allows to write that
1) = 1)+ 22wl - 3 (25) 72
Yy) =z my f 2 my max"

We have f(y) >t —¢e+ 2 — 2Efm"”‘ Thus, since € < mt/(2fmax) we also have f(y) >t

and thus y € L;. That, together w1th |ly —z|| = ==, concludes the proof of the first part of
. It also implies that, when % < th , We have d(L, L) < 25 . Condition ¢ < ay,

d(L¢,0S) > oy and triangular inequality concludes the proof of .

By last point of Theorem [2} with probability one for n large enough, for all X; such
£ 1
that f(X;) >t we have f(X;) >t — Cn™ D+1,

As X; € Lt—Cn’ S by distance inequality in we have that, with probability one

for n large enough, for all X; such that f(XZ) >t, B(X;,r)CS.

Also, for n large enough to have Cn~ D5 < t/2, from T heorem (first poin:c), with
probability one for n large enough, for all X; such that f(X;) > t, we have | f(X;)— f(X;)| <
Ci/2 lnnn_DLH. Thus X; € Ly, with e, = Cyy lnnn_DLH. We then have, with
probability one for n large enough:

Li C Hy (X, N L) C Hy(Li—c,).

Recall that L; ., satisfies the —H--inside and outside rolling ball condition of then

tnax

using a purely geometric calculus as in Figure [3| we obtain that (with probability one for
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n large enough)

. 472 i 4r% [l + 220
Bec L., @ fmip o g g (A mect2e0 ) g (26)
my my

2
Now we consider reverse inclusion. Introduce £/, = CyvInnn™ D+, same kind of argu-
ments successively give that, with probability one for n large enough, X, N Ly, C X;f 4 ().
Thus for any ¢, with probability one for n large enough:

 (Xo N Lgye) € Hy (XN Lyyer ) C Ly

o(lnn) D1

n

Because L; ., has the —"¢5--inside and outside rolling ball condition, and because t > 0,

by application of |Aaron and Bodart (2016) (Theorem 2 with o = 0) it comes that, there
exists a constant C} such that, with probability one for n large enough:

2
N 1 D+1
Lite CLieCl (T) B:

Thus again by application of we have

2
) nn\5T 2
Licli® (Cé (—T) Ty 6") B

my

which, together with Equation achieves the proof of the first point of corollary

The more general case where L; N9S # ().

Let us here only sketch the proof, since the arguments are really similar to those
of the first part. Put &, = Cn_ﬁ, such that f(X;) >t —¢e, = an(Xi) > t and
fr,A(XZ-) >t = f(X;) >t+e,. We have that L C H.(Li—.,) C Li_¢, ®rB and regularity
of the level set gives L: c Lo ((S+1)r)B. Reversely, X,,NL;ye, C Ly and, since Ly, C Ly
has the d-ball standardness, for all dy (X, N Liye, , Lite,) < Oi((Inn/n)'/P). Then using
again the regularity of the level set ¢ we can conclude the proof. O

Proof of Theorem [3

Proof. First, under the assumptions of Theorem 3| (i.e. the distribution belongs to the
model, the support has the inside and outside rolling ball property and the density is
bounded bellow by a positive constant), then with probability one for n large enough, for
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all x € S, E;, is realised and as a consequence f‘x,r > A fr(noi)nwDrD . The proof is very
similar to the one of Lemma [Il
For z € 05, let denote by 1, the normal outward unit vector to S. For all z € S, define

{a: if d(z,08) >,
y =

WﬁS(x) - MUW@S(@ if d($, 65) <,

and
rif d(z,05) >,
Pn = {ﬂ'as(x) — kd@08) it gz, 08) < r

The regularity condition on S warranties that B(y, p,) C S N B(z,r). As in Lemma
(illustrated in Figure , if there exists an x such that B(y, p, — c(Inn/n)"P) ¢ Oy,
then there exists z with B(z,c(Inn/n)"/P) C S and B(z,c(Inn/n)Y/P)NX, = 0 has a
probability null for n large enough when c is a large enough constant. Since p,, > r/2 and
r >> (Inn/n)"/P, for all A < 1/2 with probability one, for n large enough and for all
x € S, we have that C, , > Aw prP and the condition on the density also guarantees that
fx,r > Afr(ngi)nwDTD-

Now, let cover S with w;,...,z, balls of radius r with v < Cr~". Suppose that there
exists z € S such that Ngr > n/2. Then N, >n/2 > 2D+1nf§?a)warD and there exists

x; with Ny, o, > 2D+1nf§?gwarD. Thus,

P(3z € S, N:?,r >n/2) < Z]P’(N%gr > 2P0 pnrD),
i
P(3x € S, Ngr >n/2) < ZIP (N%Qr —nly, 20 > ”(2D+1f1§§2xWD7“D _ Fmi,gT)) ,
i

P(3x € S, NQT >n/2) < Z]P’ (in’?r —nly, 2 > nf0 wprP 2P+ — 2D)) .
i
By use of Bennett’s inequality

D £(0) D
P(Hm €5, Na(?,r > n/2) < Zexp <—nlﬂxi72rh (MIM)) .

i Fmi,ZT
And, finally, because h is increasing;:
P(3z € S, N;Zr >n/2) < Cr~Pexp (—nfr(l?i)nwDQDrDh(l))

Thus, for r = cn_ﬁ, by Borrel Cantelli, we have that, with probability one, for n
large enough and for all x € S, E, , is realized. The bound on P(3x € S, N;ZT > n/2) may

28



seem rough. But it will be re-employed since, in fact, we have shown that, with probability
one, for n large enough and for all x € §, N, < 2D+1f$£XanrD. That, in turns, allow
to bound the number of different values of f, a(x) for € S. Indeed there is as many

different values as there are non empty sets

Sr= (ﬂ B(Xi,r)> N (ﬂ B(Xi,r)c> s

i€l icle
where I C {1,...,n} and I¢ = {1,...,n} \ I, because if x € Sy then X,, N B(z,r) =
{Xi,i € I'}. Now, with probability one, for n large enough and for all x € S, there exists
i such that z € B(X;,r) (because r > (Inn/n)'/P) and B(X;,r) may intersect at most

92" fdeont? g (Xj,r) (following the previous calculus). Thus with probability one, for

n large enough,

4S; < n222D“fr(;?2wam”D.

Define Y7, ..., Yk arbitrary points in each non empty S;,. We have that:

glgglfr,A(m)—f(x)\ = max |fa(Yi)~f(2)| < m?XIfr,A(Yz‘)—f(E)H.maX |f (@) = f(X3)].

iresy, iresy,
Because St as a diameter bounded by 2r, due to f regularity,
max|fra(e) = J(@)] = max 1fa(V) = J(@)] < max |fra¥i) = O+ 20 S (27)
Now, by Hoeffding inequality,
P (INg, = Top(n = N2,)| > VORTO|C,, ) < 2exp (~C'n D5 )
which, adapted to our case (r = cn_ﬁ), gives:

2\/@ D-8 _4
P (remx)\ > D |E) < 2exp (~C'nH ).

Finally, as we can apply Lemma |3| it comes that:

2/ C"

AcPwp

X b
P <|fr,A(Yz‘) —f(Y)| = nZD+0 4+ Con” Dt ]EYN“) < 2exp (_C’nﬁ) _

Which, with Equation and the given r sequence, gives:
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_D-8_ 1
RO 4 (C + 2fé}ax>cnw) <

max

2n exp (—nDi+4 (C” — 2P+ £O) cIn 2)) +P(3z € S, E; ).

O

3 Density on manifold

Suppose now that, if the observations are in R”, the distribution is in fact supported by
S a d-dimensional manifold with d < D. Suppose that, for all x € S, we know T, an
estimation of TS the tangent space at x. Recall the notations given in introduction: T
is the orthogonal projection onto T, X, g = Tz (B(z, R)NXy), Nor = #{Xn, N B(z, R)},
Corr = HXur N B(z,7)), Napr = #{Xn.r N B(z,1)}, N2, p = #{X,,r N 9C,,r} and
NJ(?),T,R = Nx’TvR - Na?,?",R'

We propose the natural extensions of the density estimator in this manifold context
which is given by:

~ N. ]/\]'\0
f A(ﬂf) _ z,R z,r,R I~ ]IAa .
" N (Nop = N2, I Co ] 1l Aeart N a2

As in the full dimensional case we need to make assumptions on the support and the
density. Regarding support we will, classically, characterize its smoothness by its reach.

Definition 5. Let S be a compact set. Its medial azis is defined by
Med(S) = {z e R”, 3z #y € S, ||z — z[| = ||y — 2| = d(z, 5)}.

Its reach g is
Ts = mind(x, Med(S)).
z€S

Manifolds with positive reach are C} and, due to [Federer (1959) and [Federer (1959),
positive reach allow to make calculus on manifolds with few need of differential geometry.
Our model in the manifold setting will only focus on supports that are manifolds with
positive reach. We may deal with manifolds with or without boundary. Nevertheless, we
will restrict the study to boundary with positive reach.

Assumptions on the density will be a bit more restrictive than in the full dimensional
case. Beyond the G2 regularity on the interior which is expressed in , we will restrict
the study to lower bounded densities.
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Definition 6. A distribution belongs to the family model M/, = M/,(Tmin, 79, min, fr(l’loi)n’ fr(r?a)x, Ss.5, Hs f),
where Tmin, To,min flg?i)n; r(noa)x, Gs,5 and Hg ; are positive constants, if:
1. S is a @ compact d-dimensional manifold with positive reach Ts > Tmin. If exists,
its boundary 0S is a (d — 1)-manifold without boundary and with reach Tag > T min-
2. Its density f satisfies that f(o) < f(x) < fr(I?a)x for all x € S. Also, there exist

min —
constants Gg 5 and Hg y, and there exist vectors G, € T,,S such that, for all (x,y) €
SQ

1f(y) = f() = Ga-ly = @)|| < Hsglly — 2l , and SlelglleH <9sy (28

The following Theorem gives the convergence rates of the density estimator. Notice
first that the O does not depend on x (as in point 2. and 3. in the lower bounded density
case given in Theorem [1)). The manifold case just add an error term that depends on the
tangent space approximation quality ©,, classically characterized by LT =, 125, the angle
between the tangent space and its approximation, which is also defined as the operator
norm of 7y, g — mj, .

Theorem 4. If the distribution belongs to the model M/;. Let the window size ry, be a
sequence such that r, — 0 and nrd/lnn — 4oco. Let A < 4=% be a positive constant.
Suppose that for all x, we have ZT,5,T, < O, with ©,, — 0.

1. For all z such that d(x,0S) > bry, /4, we have

E((frra(z) — f(2))2) =
O ((nrg)_1 + ((rn +0,)%+ (rp + @i)(nrflLY%)Z + max(n 1, @4)) .

2. Forallxz € S,

E((frra(@) = f(@))%) = O ((nr)™ + (ry + ©2)% + max(n ™, 0%)).

A nice corollary of previous theorem is that, for optimal windows size r,, = en~1/(d+4)
and the usual error rates in tangent space estimation with local PCA which are of order
(Inn/n)'/?® (see Aamari et Al (2023)), the ©,, dependant part of the convergence rates can
be neglected.

Corollary 3. If the distribution belongs to the model M;. Let the window size 1, =
en Y@+ Let A < 4= be a positive constant. Suppose that ©, < (Inn/n)"/¢ and d < 7,
then:
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1. For all x such that d(x,05) > 5ry, /4, we have E((fT7R,A(x) — f(x))?) = O(n~#/(d+4)),

2. For all z € S, we have E((frra(x) — f(x))?) = O(n~2/(@+4),
We also have a uniform (on the observation) convergence result :

Theorem 5. If the distribution belongs to the model M;. Let the window size 1, =
en V@) Let A < 474 be a positive constant. Suppose that ©, < (Inn/n)"/% and d < 7.
Then, there exists C' such that, with probability one, for n large enough,

max {
K3

fR A(Xd) — F(X),d(X;,08) > 5rn/4} < CVInnn=2/(d+4)

max {
%

4 Numerical Experimentation’s

and

Jgr,R,A(Xi) — f(Xy) } < On Y@+,

4.1 On simulated data

First, we propose to test the local convex hull density estimator on a sample drawn accord-
ing to a Gaussian restricted to the square [0,1]2. Namely, in our first example the density
is f(x,y) = cexp(—=2(z% + 4?)). In Figure 4} we present a comparison of the local convex
hull density estimator f and f* the classical kernel one on a sample of size n = 5000. On
the left (a) and (b) panels, the results associated to the local convex hull density estimator
(r =0.18 and A = 0.1) are presented. The top figure (a) present the sample cloud with
a color that is related to the rank of the estimated density value (isopleth presentation).
The bottom figure (b) present the associated level sets estimated with the local convex hull
method (also r = 0.18) for levels in {0,0.5,1,1.5,2,2.5}. On the same figure, (c) and (d)
illustrates the results with the density estimator f* (and the same window size).

On figure[d, we can observe that, as expected, the local convex hull correction improves
the density estimation near the boundary of the support.

To investigate a bit further this improvement we also tested the proposed method on
a uniform drawn on the unit disk. Results are presented in Figure [5| We tried different
sample sizes n € {1000, 2000, 3000, 5000, 10000}. Tested parameters are r, = 0.5~ Y6 and
A = 1/8. For each sample sizes we ran each time 100 replications and, for each replication
k compute Qq(k), the a-quantile (on i) of |f,, 4(X;) — f(X;)|. We then present in blue
plain line the median (on k) of Q4 (k), in blue dashed line we present the 25 and 75 percent
quantiles (on k) of Q (k) and blue points are the max and min (on k) of Q. (k). The red
curves present the same quantities computed on f; (classical uniform kernel method with
the same radius). Because the local convex hull corrections acts close to the boundary i.e.
on few data points) we can observe difference between blue and red curves for high values
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Figure 4: Comparison of density estimation methods for a gaussian restricted to a square.
(a) and (b) our estimator compared to the usual one in (c¢) and (d). Top graphs : sample
cloud colored with the estimated density rank value ; bottom graphs : level sets estimated
with the local convex hull method for levels in 0, 0.5, 1, 1.5, 2, 2.5.

of a (100%, 99% and 95%) and, quickly (in n) the corrected estimator is better than the
classical kernel one. For ”"small” quantiles (75% and 50%) we can observe the similarity
between the two estimators that reflects the similarity between the two estimators in S.

4.2 Example on real data

4.2.1 Comparison with the Original Paper

In this part we aim at making a comparison between the original (Getz and Wilmer| (2004))
method and our proposed correction. As a tribute to Getz and Wilmer, we test the
two approaches on core-area estimation of Panther Jitter (data base downloaded from
PennState Department of Ecosystem Science and Management). We present in Figure [6]
the % isoplet (x € {0, 10,20, 30, 40, 50, 60, 70,80,90}) on the left with application of the
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Figure 5: Comparison of density estimation methods for samples uniformly drawn on a
disk. Computation of different quantiles of |f,, 4(X;) — f(X;)| with the estimator we
propose in blue and the usual one un red.

% ] %

Figure 6: Isoplet for Panter Jitter, left original method from |Getz and Wilmer| (2004) and
right the proposed corrected method

original method and on the right with our proposed correction. If the two plots look quite
similar, they are a bit more ”smooth” (less local maxima) with the proposed correction.

4.2.2 A manifold example

We finally illustrate in Figure [7] the manifold method. Here data are localizations on
the earth via latitude and longitude (a 2 dimensional known manifold) of earthquakes
(magnitude greater than 3). Computations have been done using the method proposed
in section 3 with known manifold and real tangent space. The two graphs present a
projection on a planisphere of the data sample with color depending on the rank of the
density. The top one illustrates the local convex hull method, while the second one is just
the constant kernel for manifold. The two densities look quite similar but there still exists
some differences. For instance our correction allow to put more mass on the Mid-Atlantic
Ridge, where the density is underestimated in the classical kernel method due to proximity
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with a lower dimensional structure. Also in the circled area we can observe a maximum
of the density localized in a corner of the support that should be impossible with no bias
correction.
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A Technical Lemmas in the full dimensional setting

Proposition 1. Let p €)0,1( and (n,q, D) € (N*)3
n

3 (1) oo <o ()< ()

k=1
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Proof.

n

[np/2] n
S (3)r Fraenrr s 3 () Faraear e 3 W(g)k—fﬁlpkupw—k.

k=1 k=1 k=[np/2

Due to Bennet’s Inequality that implies that P(K < np/2) < exp(—np/10), we have
that

n

S (3 )ik o (22) + ()

k=1
That concludes the proof of the proposition. O

Proposition 2. Let f be a C? density supported by S such that, for all x € S,
9(x) = ||V ()] exp(3[|Vin¢p) (@)[]) < Lmax-

Additionally assume that, for all x, we have that B(x,r) NS is path connected and that,
for all (z,y) € S? which are path connected, ds(x,y) < Kmax||T — y]].

First we have that fr(nlgx = supg ||V ¢(x)|| is well define.

Second, for all r < ﬁ, for all x € S such that B(x,r)NS C {z, f(z) > 0}, we have:

ca@»;:va@ﬂfm“%B@*msf“><31“wxﬁBwfmsf“>+1)fgnmx(zﬁjmhﬂ“).

minzeB(x,r)ﬂS f(z) Wd minzeB(a:,r)ﬁS f(z) e

Proof. Preliminary introduce S_ = {x € S, f(z) < 1} and Sy = {z € S, f(z) > 1}.
Because S, is a compact, regularity condition on f implies that maxg, ||V y(x)|| exists.
Suppose now that x € S_. We have that :

IV (@)|lexp@[[V s (@)[]) < [[V ()] exp[V(2)/ f(2)]]) < Luna-

Because ¢ : RT +— R* defined by p(x) = ze3® is an increasing one to one function

we have ||[V;(2)|] < ¢ '(Lmax) and thus supyeg ||Vf(2)|| is well define. Therefore,
£ = sup,cq ||V (2)|| is well define.

Suppose that 7 < (2Kpax) ! is fixed and consider z such that B(z,r) C S .
First, notice that:

If maxX,eB(x,r) f(Z)

< wy then G,(z) < 2[|V¢(2)]]. 2
i oy S then Gu() < 2192 (29)
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Second, suppose that z is such that

maX,eB(x,r) f(Z)

mianB(:{;,r) f(Z

> Wd,

maxy x,T fZ 2
then Gy (z) < 2|V (o) (mpesten s

min; e B(z,r) f(z)
Denote by z (resp z_ ) the point in B(x,r)NS where maxpg(, ns f(2) (resp. minpg(, yns f(2))
is realized. Because z; and z_ are path connected, by application of the mean value the-
orem,

In(f(24)) — In(f(=_))
S max Vi 0]

Because 7 < 5 Kl and the geodesic condition, we have
X

max,ep(z,r) f(2) _ < >
i S ex max ||V, . 30
M, eB(z,r) f(Z) P B(z,r) H In(f) (y)” ( )

Thus, G,(z) < wd“vf( )| exp (2maxp(z ) |[Vin(s) ()]]), from which we have G, (z) <
2 f(2) TN exp (2maxpa ) |[Via(r) (v)]]) and finally:

)

2
Grle) < 2 10Ty @l exp (2 o [V 0]

In the sequel z is a point of B(x,r) where ||V, (2)|] = maxyep(er ||V (v)l]- We
clearly have G, (z) < 2 o (@ Vin(p) (2)]] exp (2[|Vin(s)(2)]]). Thus:

2 f(z)
wa f(z)

;r}lld by new application of we have G,(z) < w%HVf(z)H exp (3[|Vin(p) (2)1) -
us,

Gr(z) < IV ()l exp (2 Vi) (1)

. MaXyeB(x,r) f(Z) max
if — > wg, then Gr(x) < 2[|V¢(2)|| exp (3]|Vin(s ) 31
Mg f(2) — (z) < 2/[V ()]l exp (3] Vin(p) (2)I]) < o (31)

This and Equation conclude the proof of the second part of the proposition.

O

Introduce, for x a point where f(z) > 0, g,,(y) = T‘DMHB(O 1y(y) which
) B(x,r) f(z)dz )
is the density of a local re-scaling of the sample. When exists, also introduce M, , =
maxyeB(0,1) 9z,r (y)
From the results in Theorem 1, Corollary 1 and Theorem 3 in [Brunel (2017)), we have:
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Proposition 3.

o f(z)dz
P |f€ (IB( 7 N\Caz,r - Cl (Mx,'r' + 1) k?/(D+1)) > t|N:E,r —k < 0267157 (32)

fB(x,T) f(z)dz

(IB(:D,T)\CZ,T f(Z)dZ)q -k
fB(ac,r) f<z)dz o

E[(N2,)! [Nor = k| < By (Mg, + 1)?KP-D/OD - (34)

E < Ay (Mg, +1)7k~2/(P+D) - (33)

where C1 and Cy only depend on the dimension D, A, and B, depend on the dimension D
and q € N*.
B Proofs in the manifold setting

B.1 preliminary formulas on manifolds with positive reach

We recall here some properties of manifolds with positive reach that we will use in the
following of the proof. First, by Lemma 3 in |Boissonnat et al (2019), we have that

llz —y|| <ds(x,y) < 275 arcsin (W) . (35)

From which, we trivially obtain that, when ||z — y|| < 279, we have
T
e~ oll < ds(, ) < 2 e — . (36)

Also, by prop 5.2 (arxiv version) in |Aamari et Al (2023),

d
/T,S,T,S < =2 (Tx Y, (37)
S

And by prop 5.4 (arxiv version ) in |Aamari et Al (2023),

~ T—y

s, (o= Il > 1y = all (1 - 273, Tos - L2221) (39)
e Iz — ]
~ T—y

Iy = )l < Ily = o] (222, Tos + 15 -2L) (39)

In particular, when [|7z (y — z)|| < m, by it comes that either

2|mg, (y — 2)| )< 2||mg, (y — 2)ll

y—z|| <71g(1— 2Ty, TpS) | 1— /1 — . < i ,
i I ( e, T2S) 15(1 — /Ty, T, S)? (1—/T,,T,S)
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or

2||my, (y — )]
75(1 — LTy, T,.S)?

lly — z|| > 7s(1 — ZTQC,T$S) <1 + \/1 — ) >75(1 — ZT;C,T$S). (41)

This last equation implies, again by (38), that we also have ||z, (y— )] > w

and thus only is true.

Proposition 4. If for allz € S, £/T,5,T, <0 < 1/12 then for all x € S, T, s injective
on B(z,Ts/3)

Proof. For y and ¢ in B(z,7g/3), first LTS, T, < ZT,S, TS + 6 thus by and
ZT,S, T, < %ﬁ’y) +6< %;y” + 6 < % 4 6. From that Equation

g, =l 2 I il (1~ 22,15 - 220
T o Y 2Tg

With that, equation gives :

4 —

7T—2m
& =12 1y = oll (57— 0) 2 I/ ol

12

from which we obtain the injectivity. O

B.2 Sketch of proof of Theorem [ and

Take R < min (%5, m) and n large enough to have ©,, < min (1—12, m — 2%).
Due to Proposition we have that 77 : SNB(x, R) — Sy r = 73 (SNB(z, R)) is one to
one. Let (ug.1,...,uyq) be an orthonormalized basis of T,, completed by (uz.d+1,---,Usz,D)

to have an orthonormalized basis of R, so that

wal : Se R — SN B(x,R)
= Z?:l Ziugi > T+ z+ Zidﬂ Sox,i—d(z)ux,i

Define ¢2(2) = (¢z,1(2),- .., Yz,p—a+1(2)) and denote by J, r(z) the Jacobian matrix of

0 1s]
g;l’l () ... gjd’l (2)
Jz(2) = : :
0¢u.n_ 0.
7“082? (z) ... 7@85 (2)

On the one hand, when ¢ > 1, then wu,4y; is in Tj On the other hand for all

Jj € {1,...,d} we have that v, ; = uy; + Zsz_ld 8W§’Z’;(Z)ux7k+d € Tyizrg(x)S. Thus
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(U dris Vo )| < (On + LT0S, Tyt oy p,(2)5) |V 4], from which it comes that, since ||z +
6x(2)]] < R < 73/3, we have that |(tgqss, va )| < (On + 7522 ||y, | Thus:

2Tg

(o)’ o 2320 (1 B ).

Now, summing on ¢ gives that, if z € Sy g,

- 7|2+ ¢z (2)I |2
szl@w( ))2 (0 + TE52BI (D — g)
—_— 2 .
o 9% 1— (0, + H=p2=E) (D — a)

That directly implies, by Cauchy Schwartz, that

mllz+¢2 (D2 1y
12(2) T2 (2)] oo < (00 + Z55) (D-d) .
T - (en+ Tr||z+¢z<z>u)2(D_d)
n 2Tg

Then, because J.,.J, is a d-dimensional symmetric positive matrix that has a rank upper
bounded by min(d, D — d) and eigen values upper bounded by d||J.(z)Jz(2)||c, it comes
that

(6, + aml=te=CU (p g min(dD=d)
1< det(I+J,(2)J.(2) <[ 1+ 1 +S¢ =1 (42)
1— (O +T) (D — d)
Introduce g, g the density of 7y (X) given || X —z|[ < R:
2+ ¢y
0o 1(2) = \JAet (I 1 Tp (o) Tp(2) L ET 2T 002y oy

Px (B(x? R))

Consider now Y, p, = mp (XN B(z, R)) = {Y1,...,YnN, »}, where Y is an iid sam-
ple that has the same law than a sample drawn as follows : draw N, according to
Binom(n, P(B(z, R))) then draw N, g points in R? with a density g, g.

As previously E! . denotes the event ” @7T7R| > Awgr? and JV;?T,R < Nz Rr/2".

Now introduce : 7

~ R NgrR_facr(Nx _N;?TR)
z,r,R = | ga:,R(Z)dz 5 61(.’1)) - =5
Cz,'r,R ( x, R — N$ )
~ r R N,
Br) = =" — g, 1(0) and EF(z)(z) = ”“Rgx,mo) — f(x),
’erR| n

so that, given E , p, f,«,RA(ZE) — f(z) = NZ’R (E1(z) + E2(x)) + &3(x) ().



1. We have, for all z € Sy g, f(o) < gar(2) < fI(I?a)X(l + @)min(d:D=d) ~ Also, by Corol-

min _—

lary B.6 in |Aamari et Al (2023), we have that there exists 2/ € B(x,3r,/4) with
B(a',7,/4)N0S = 0. Thus, by Lemma B.11 in Aamari et Al (2023), 73, (B(2',7,/4)) C

Sz,r and, by reach condition, B (7rT ("), o ( — O + = )) C Sz r. Thus, exactly

2Tg
as in proof of Lemma [I] and by “use of the lower bound of f, we easily obtain that,

for all A < 4~%, there exists 8; and f2 such that
P((E 1) Nasi = ) < 1 exp(—nrf{5),82) + exp(—/9).
. Concerning &1 (x), we easily obtain, exactly as in the proof if Lemma [2| that
E (€1(z)e2(z)|Epr) = 0. (43)
We roughly have a uniform bound given by:

Qfé?gx(l + d)min(d,Dfd)

E (51(x)2|Ez,r and Ny g = k) < Awgrik ’

(44)
and

R 3210 k £{0 (1 + d)min(d.Dd)
P
Eu@)] > \/ A2wgkrd

|E.r and Ny gp =k | <2k7*(1+o(1)).
(45)

. Concerning £3(z), when n large enough to have r, < 7'52 ( ) so that . is im-
possible for all z €Ty SmB( Ry N B(0,ry,), we have ||z + d>x( )< 2T“ . Thus, by
Equations (28]) and , it comes the existence of constants Cg ¢ such that, for all

z € WTI(SQB(JU,R)) N B(O,rn),

|92,8(2) — 92,r(0)] < Cs,f(rn + ©F) (46)

Gz
m’ < Csf(T‘n + 06 ) (47)

(a) A rough bound &(z) < Cg, ¢(ry, + ©2) is obtained, as in Lemma |3 by:

’ga:,R(Z) - g:r,R(O) -

H(B (0 Tn)ﬂSxR)\SxR
Awgrd

E2(2)| < Cs,p(rn + O2) + O (1 +0(0, +714)?)

H(B(0,rn)NSz,r)\Sz, R
Awgrd

To obtain a bound on
mari et Al (2023). Namely:

, we use Lemmas A.6 and A.7 in |Aa-
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i. By lemma A.6: if d(z,0S) > 5ry/4, then By, (0,7,) C Sy g and thus

H(B(0,7,) N Se.r) \ Sar
Awgrd B

0.

11 If d(ZL‘,aS) < 5Tn/4, introduce :L‘* — 7'(‘65(1;) We have 41”27*‘5'7 Tz S @n +
45122 and then dg(z,7*) < 27garcsin (1520) < 7l < 3r, - Since
©, + 3r, < 1/8, we can apply Lemma A.7 and there exists a unit vector 7*
such that

Bj (mg, (27) —ron*,m0) C Sor C B;T (77, (%) + roff*, r0)-

This is a local version of the rolling ball property used in the proof of Lemma
B, which is sufficient to conclude that, for n large enough,

. Cs
Ex(2)] < QTJ(?% +02). (48)
(b) Suppose now that x is far from the boundary, i.e. d(x,0S) > 5r,/4. That
guaranties, due to Lemma 5.6. in |Aamari et Al (2023) (arxiv version), that
B(O,rp) C Sz r. Better bounds on £3(z), are obtained as in Equation
Precisely, it comes that

_ fB(%T")(gx,R<2) — 92,r(0)) fB(x,rn)\az,T,R(g%R(z) — 92,r(0))

|Cor.RI 1Ce R

2169

By use of Equation , we have that, conditionally to Eo/c,r, R

i) (e < 2L (r, + 0,)2.
|Cx,r,R A
Also, when n large enough,
‘]‘B(%Tn)\az,r,R(gz’R(Z) o gm’R(O)) 2CYS,f 2 ‘B(x; Tn) \ a‘\ac,r,R|
— < (rn +©57) .
’Cx,r,R| A |B($, Tn)|

Then, because the density g, r is lower and upper bounded by positive constants,
we can apply results in |Brunel (2017) and formulaes to obtain the existence
of a constant C such that

~ (32 _ 2 2 dy—=2-)2
E(&(2)?|Eyy and Ny g = k) < C ((rn +0,)2 + (rn + O2) (krd) d+1) . (49)
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Also, by use of , there exists C' and C’ such that:

d+1

2
) ! +72f2 |E,, and N, g = k:) <

N Crp,lnk c’
P <|82(./E)| Z ]@'7"% T'n (k‘r%

Cok™ + exp (—krP £8) /10) . (50)

min
4. By definition of €3(x), we have

_ r ¢ z ! x X 2
V(&3(z)) = (1 —P(B( ,R)))(:z&;(zzfégg)(o) Jo.r(0) f(z) |

from which V(53(z)) < %(1 +0(02)).

min

Now, by use of the decomposition

B(z) = f(x) (7% _ 1)+f(x)7% (1= \/det(T + 7. (0 2. 5(0))))

it comes that [E(3(x))| < f(2)CO2%(1 + o(1)) and so E(g3(z)?) < O(max(n~1,0%)).

Also, we clearly have

NI,R
nP(B(z, R))

21
P | |65(z)] > %H?(@i) <on4,
nwdefmax

Theorems [4] and [f] are consequences of previous formulas, getting rid of the condition
on N, g by use of Hoeffding inequality which gives the uniform bound:

f(x) (1= Ve + J%R(oijﬁ(om)‘ < M0, 5(0,)7

min min

n n
P(Nyr < 5 fnwaR") < exp(= fpwaR?).
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