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UNIVERSAL DIAGONAL ESTIMATES FOR MINIMIZERS OF
THE LEVY-LIEB FUNCTIONAL

S. DI MARINO, A. GEROLIN, L. NENNA

ABSTRACT. Given a wave-function minimizing the Levy-Lieb functional, the
intent of this short note is to give an estimate of the probability of the particles

being in positions (z1,...,zx) in the d-close regime Ds = Uz, {|z; — ;| < d}.
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1. INTRODUCTION

Density Functional Theory attempts to describe all the relevant information
about a many-body quantum system at ground state in terms of the one electron
density p. Following the Levy and Lieb’s approach [28,31] the ground state energy
can be rephrased as the following variational principle involving only the electron
density

Eolv] = inf {?LL,E[p] —|—/ v(x)dp } ,
VPEH (R?) R3

p(R?)=N
fR3 ”U(l') dp<+00

where v is an external potential and the Levy-Lieb functional F, . is defined as

Frrelp] == min {/ eIV (2) + vee () |0 () dx} : (1)
peHN R3N
hp
where HY = /\fil H'(R3; C) is the fermionic space, vee (21, ..., TN) = > i< ﬁ
is the Coulomb interaction potential between the N electrons and i) — p means

that the one-body density of ¢ is p, that is p = N [panv_1) [¢*.
1
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The Levy-Lieb functional is indeed the lowest possible (kinetic plus interaction)
energy of a quantum system having the prescribed density p. This universal
functional is the central object of Density Functional Theory, since knowing it
would allow one to compute the ground state energy of a system with any external
potential v. For a complete review on it we refer the reader to [30].

Although the electrons are fermions, in this article we will treat only the case
of bosonic wave-functions, i.e. consider in the constraint search in (1) wave-
functions ¢ that are symmetric rather than anti-symmetric. Notice that the
ground-state energy of bosonic systems are generally higher than fermionic ones.
In our analysis, however, the bosonic case is not very restrictive since we are
looking at the regime ¢ small.

Our approach interprets the Levy-Lieb functional as a (Fisher-information reg-
ularized) multi-marginal optimal transport problem.

Connection with Optimal Transportation Theory: It has been recently shown that
the limit functional as ¢ — 0 corresponds to a multi-marginal optimal transport
problem [2,12,13,29] (see also the seminal works in the physics and chemistry
literature [5,36-39]): rather than wave-functions, one has now enlarged the con-
strained search in (1) to minimize among probability measures on R3Y having p
as marginal, that is

Folp] := inf {/ Vee(T1, .-, ZN) dP(ml,...,xN)} : (2)
Pelln(p) R3N

where IIy(p) denotes the set of probability measures on R3N having p/N as

marginals.

The multi-marginal optimal transport with Coulomb cost (2) has garnered
attention in the mathematics, physics and chemistry communities and the lit-
erature on the subject is growing considerably. Recent developments include
results on the existence and non-existence of Monge-type solutions minimizing
(2) (e.g., [3,5,7,8,11,12,18,20]), structural properties of Kantorovich poten-
tials (e.g., [4,9,17,24]), grand-canonical optimal transport [19], efficient computa-
tional algorithms (e.g., [1,14,22,25,33|) and the design of new density functionals
(e.g., [6,23,27,34]). The first order expansion around the limit ¢ — 0 of the
Levy-Lieb functional was obtained in [10].

We refer to the surveys (and references therein) [17,21] for a self-contained
presentation on multi-marginal optimal transport approach in Density Functional
Theory as well as the review article [40] for a the recent developments from a
chemistry standpoint.

Main result of this paper: In [4,9,16] it is shown that the support supp(P*)
of a solution P* of the limiting problem (2) is uniformly bounded away of the
diagonal, i.e. one has always |z; — x;| > ¢ > 0 for any z;,z; € supp(P*). In other
words, the electrons are always at a certain distance away from each other, which
is the expected behaviour since we are in a classical framework.
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In the sequel we will denote with Dy the enlarged diagonal
Ds={(z1,...,zn) €R*™N : Fi#jst. |z, — x| <5}

In particular the result in [4,9] can be rephrased saying that the solution to the
multi-marginal optimal transport problem is concentrated on the complement of
Dy for some §. An important feature of the results is that ¢ depends only on
concentration properties of p. In fact defining
k(p,r) := sup p(B(z,r))/N,
z€R3

the authors in [9] prove that if x(p, 5) < m

main result is to extend this property also for € > 0 small. In particular we do
not expect to have 1). = 0 on Dy but we show that the probability of having the
electrons in position x € Dy is very small (3).

then one can choose § = % Our

Theorem 1.1 (Exponential off-diagonal localization for Coulomb). Let 1. be a
manimizer for (1) where vee(z1,...,2n5) = ) L Let us consider 3 such

=7k
that k(p,B) < ﬁ then, let o < 2= and suppose eN?> < o/16. Then, for
P.(z) = |¢.|*(z) we have

( 32N’

/ P.(z)dx < e Ve, (3)

In the proof we actually work with a general repulsive pairwise potential v,
which satisfy the hypothesis (5), stated in the next section. The result in general
is the following one:

Theorem 1.2 (Exponential off-diagonal localization for general interaction cost).
Let ¢ be a minimizer for (1) where ve. satisfies (5). Let us consider B such that
k(p,B) < m then, let a such that m(2a) < 8(N — 1)M(3/2), and suppose

eN? < a?m(2a). Then, for P.(x) = |¢.|*(x) we have

/ P.(z) do < e bV 5 (4)

@

Notice that in [9] the diagonal estimate is proven also in the weaker (and
sharper) hypotesis k(p, 5) < %: while we believe that also in that case a sim-
ilar generalization in the case € > 0 holds true, the proof will be more technical

and not so trasparent. For the same reason the inequality x(p, 3) < —~— is used

A(N-1)
instead of k(p, B) < in order to have more transparent estimates in the end.

1
2(N—1)

Remark 1.1 (Natural assumption on ¢). We want here to justify the hypotesis
eN? < «/16. Notice that we expect |[1b.] = 0 on the diagonal since v.. = 400
there; if [t-(x)| ~ 1 on a point in D, then we then expect |Vib.| ~ a~! and so the
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kinetic energy locally is = while the potential energy is é Since the localization
phenomenon outside the enlarged diagonal is a classical one, we expect that it holds
in the regime where the kinetic energy is negligible with respect to the potential
enerqy, and that is precisely when ¢ < «. Then there is a factor N which is
constant, and we believe it is actually technical.

Organization of the paper: In Section 2 we introduce the notations we are going
to use throughout all the paper. In Section 3 we give some estimates concerning
kinetic energy term in the Levy-Lieb functional. Section 4 is then devoted to the
construction of a competitor for the Levy-Lieb functional; finally in Section 5 we
derive the diagonal estimates for the wave-function and, thus, prove Theorem 1.1
and Theorem 1.2 via the iteration of a decay estimate.

2. NOTATION

Consider a subset I C {1,..., N}, with cardinality k& = |I|, defined as I =
{i1,...,ix}, with 1 < iy < iy < -+ <. Then, the I-projection

mr RN 5 R3*, Tr((x1, .. 2N)) = (Tigs Tigy - -+ Tiy)-

Sometimes we will denote z; = 7/(z) and if [ = J¢, then x = (z7,z;). With a
slight abuse of notation, for a function P € LY(R3Y), I C {1,...,N} and J = I°
we denote

(m1)e(P) (1) = / P(as,x7) dy,

which on density of measures act precisely as the push-forward through the pro-
jection function 7y.
As we have already mentioned above, we denote by IIx(p) the set of probability
measures on R3*" having the N one body marginals equal to p.
In the following we will consider an electron-electron pair interaction repulsion
potential, that v.. with the following form:
U€€($17"'ax]\7> :ZC(QZ'Z',ZL’]’), where m(|x—y|) Sc(x,y) S M('l’-y') vxvyeR?)
i<j
for some m, M : (0,00) — [0, 00) decreasing such that lim m(t) = +oo
t—0

()

Moreover, with a slight abuse of notation, we will denote by
P e PRN) o v, (P) i / V(@1 ox) APz, ., ) (6)
R3N

Notice that we will often identify a measure P with its density.
Finally, given an open set 2 C R3V then for every r > 0 we denote

Q_,:={reR* : B(x,r) C Q. (7)
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3. ESTIMATE FOR THE KINETIC ENERGY

In this section we give some preliminary estimates for the kinetic energy term
of the Levy-Lieb functional.
Denoting L} the cone of positive L' functions, we define &y, : LY (R*") — R the
Kinetic energy associated to some absolutely continuos /N-probability measure h

SN Vih(zy,.on)[? . 1/Tp3N
R

T1yeeey Z‘N) (8)
~+00 otherwise

When it will be clear from the context we will also abbreviate €y, (h) = f % dzx.

Notice that the kinetic energy functional is also know as the Fisher information.

Moreover if ¢ € H'(R3;R), then

/ VoI dr = Exn([]2) = Exn(Py),

where Py, = |#]? is the joint probability associated to the wave-function . The
string of equalities above is thus true when v is a minimizer for the bosonic case.
The following Lemma summarises some results concerning the homogeneity, sub-
additivity (which is a consequence of theorem 7.8 in [32]) and the decomposability
under projection of the kinetic energy (a similar result also appears in 26, 35]).

Lemma 3.1. Let &y, defined as in (8). Then

(i) Exin is 1-homogeneous, that is Exin(AP) = AExin(P) for every X > 0;
(ii) given Py,... P, € LY(R3Y), we have

Exkin(P1 4+ ... + Pr) < Ein(Py) + Exin(P2) + - . . + Exin (P );

(iii) Let P € L (R¥). Given I,J C {1,...,N} two nonempty disjoint sets
such that I = J°¢, we denote by P; = (n;)yP and Py = (7,)4P. Then we
have (here Ny =4I and N; =4J)

ENL(P) > ENL(PY) + 7 (Py),

where the equality holds if and only if P(x) = Pr(z)Ps(x;)/A, where X =
[ P. In particular if P is the density of a probability measure, we have that
the equality happens if and only if x; and x; are independent under the
probability P.

Proof. (i) The 1-homogeneity is obvious.
(ii) For the subadditivity it is sufficient to prove it for k& = 2; then for every z, by
Cauchy-Schwarz inequality we have

VP (2)]?  |VPy(2)]?
P (r) | Pax)

(By(2) + Pa(a)) ( ) > (IVBL(2)] + [VBs(2)])%,
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which, after using the triangular inequality and dividing by P, + Py can be rewrit-
ten as

|V (P; + Py)? < |VPy|? n |VIPy|?
P+P, - Py P, ’
which integrated gives us the conclusion.

(iii) As for the last point we fix x; and we use the Cauchy-Schwarz inequality
with respect to the measure dz;:

( / P(x[,xj)dx1> : ( |V£I<D;fj£‘)])|2dxl) > ( / \VJP(xI,xJ)\de)Q
> ‘VJ(/P(xI,xJ)de) 2

where in the last passage we used the triangular inequality and we took the de-
rivative out of the integral. Now we recognize P;(x;) = [P(z;, z,)dz; and so we
can write this as

Y

/ !VJIP’(SUI,xJ)lzde > |VJPJ(1‘J)|2.
P(zy, ;) Py(zy)

Integrating this with respect to dx; and doing a similar computation for z;, we
obtain the conclusion, that is

/ |VIP’ xz,l’J deyde, > VP, ()]
P(zy,xy) - P;(z ;)

VP (2r)]?
P] (ZE[)

From the equality cases in C-S and triangular inequality combined we get
ViP(zr,xy) = v(xy)P(xr,z;) for some vector field v; by a simple integration
we actually get v = V(P;)/Py; this can be seen as Vlog(P) = V;logPy; sim-
ilarly we can get Vylog(P) = V;logP;. Summing up this two equalities we get

V(P(z)/Pr(zr)Py(2,)) = 0.

dxy+ dxy.

O

The following lemma is a straightforward adaptation of Theorem 3.2 in [15]
giving the IMS localization formula; we have added a short proof for sake of
completeness.

Lemma 3.2. Letny,m9,m3 : R3 —[0,1] be C! functions such that n,+n.+n3 = 1.
Then, for every function P € L1 (R*) we have

v 2 V 2 v 2
Excin (P1) + Exin(P12) + Exin (P3) = gkin(P)+/ <| il —|—| 2| +| 5| )Pdaj.

T 2 3

Proof. For every i = 1,2, 3 pointwisely we have:
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‘V(PTH)P _ ‘Th‘VP + PVMZ - 771'2|VP|2 +2n;,PVP - Vi + PQ‘VTMQ
Pn;, N Pn; N Pn;

VP|? V|2

VPE L ovp. vy, + P2
P ;i

Adding them up and using that Y 7, = 1 and ) Vn; = 0, we get

@ (VE s (9l
>y PP

7
which integrated, gives us the desired 1dent1ty.

4. NEW TRIAL STATE: SWAPPING PARTICLES AND ESTIMATE FOR THE
POTENTIAL

The scope of this subsection is to create a competitor for the minimization of
the functional

(9)

~+00 otherwise,,

%, (P) = {gekma@) +ue(P) i P e Tly(p)

where €y, is defined in (8) and v, satisfies (5). The idea is to try to mimic what
it is done in [4,9,16], in the semiclassical case ¢ = 0: in that case we take two
points ¥, z € R*N and substitute them with ¢, Z where we have interchanged their
first compenent, that is § = (z1,%2,...,y,) and Z = (y1, 22, - - -, Zn)-

In order to do so for the n-particle distribution P, we will consider two small
bumps centered around y and z

m@) = n(—2)  and (@) = den(=2), (10)

™ L)

for some Ay, Ao, 71,72 to be chosen later and some n € C!(B(0,1)), n > 0. First
of all we assume that supp(n;) Nsupp(n2) = 0, which can be granted as long as

rl—l—r2<|y—2|, (11)

and then we assume [mP = [P = m which can be accomplished again by
choosing the appropriate \;, r;. Let us then define

pi(x1) = (mqy)s(niP), P (22, w3, .. ay) = (ma3e)s(0ilP), (12)
1 2 1 1 1 2
Pi=—pipi,  P2=—pipj, (13)

where pi and p% are the marginals of ;P and P; and P, are densities concentrated
around § = (21,2, ...,Y,) and Z = (y1, 22, .. ., 2,) respectively. We then finally
consider

PZZP—PT]l —PT}2+P1+P2, (14)
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which will be the competitor for a minimizer [P of the functional ..

Remark 4.1. In order to have that P is a competitor, we still have to check that
P > 0 and that it has the correct marginals. For the positivity, notice that if A
and Ay are small enough we have also ny+ns < 1 and in particular P—n Py —noPs,
which will guarantee that P>0.

For the marginal constraint, notice that by (12) and (13) we have that mP+n,P
and Py + Py have the same marginals, in particular also P and P share the same
marginals.

Lemma 4.1. Let P be such T .(P) < +oo. Giveny,z € RN, let ny, ny, Py, Py, P
defined by (10),(11), (12), (13) and (14). Then

= V|2 Vi |? \Y% Vs |?
E1in(P) < Ein(P) +/]P’(:c) (| M| 4 V| 4 Vi + V| ) de:
m 12 L—m—mne

Vee(P) = vee(P) — /P(Th +12) ZC(%, x;)dx + /(Pl + Py) ZC(Ib x;)dz.

i>1 i>1

Proof. Let us consider 13 = 1 — 1, — 15. Then we have P = nsP + P, + P,. Using
Lemma 3.1, in particular the subadditivity and the exact energy split in case of
independent variables for yy,, we get (by (13))

Ekin(P) < Ekin(M3P) + Exin(P1) + Exin(P2)

2 1 1 2 (15)
= Exin(N3P) + Ewin(p7) + gkin(pj) + Exin(pr) + ‘Skin(pi);

we then recall (12) and the inequality for the split energy (Lemma 3.1 (iii)) to get
Ein(P1) + Exan(p}) < Exin(niP) (16)

and so we conclude using (15), (16) and then Lemma 3.2.
For the estimate with the potential, it is clear that

Vee(P) = vee(P) — /P(m + 02)Vee(z)dx + /(IP)I + Po)vee () dux;

Since vee(z) = 3, c(zi, ¥;) we just need to show that the contribution due to
c(z;, z;) whenever 1 < i < j cancels out in the last two integrals. In fact in both
integrals we can integrate out the first variable: denoting I = {1} and J = I¢ for
example we have
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/Pnlc(xi,xj) dridx; = /c(xi,xj) (/Pm dx[) dz s

= /c(xi, z;)pi(zy) dzy

— / o5, )0 (2.) ( / %daq) dzs
— / c(wi, )Py da.

In a similar way we can show that [ Proc(x;, x;) de = [ Pac(wy, z;) du. O
In the sequel we will denote C (z) = SN, ez, 2;)

5. DIAGONAL ESTIMATES FOR THE WAVE-FUNCTION

We devote this last section to derive the diagonal estimates for the bosonic wave-

function which minimizes the Levy-Lieb functional proving in particular Theorem
1.1 and Theorem 1.2.

Lemma 5.1. Let p be a marginal distribution and let B > 0 be such that k(p, B) <

m. Then, for every P € Ilx(p) and y € R33N, for every ri,ry such that

r +2ry < B and 6 > 0, there exists z € R3N such that, defining ni,n2,P1,Pa,m
as in (10), (12) and (13)

(1) f Cl(Pl —+ Pg)dl‘ S 2(N - 1)M(ﬁ — T — 27“2)’[’)1,’

(i) z s a (14 §,1/2)-doubling point at scale ro for P, that is

/ ng2a+ww/ P dz.
B(z,r2) B(z,r2/(144))

Proof. For v > 0, let us consider the set
)
Q _ / c R3N . r ; > .
{y ly1 — yil > 55
We know that if z € Q2 we will have of course

Cl(yia Zéa <o 72§V)+Cl(zi7y;7 s 7y§\7) < 2(N—1)M(’y—r1—27"2> vy/ S B(ya Tl), Z/ S B(Za 7“2),

which in particular implies [ Cy(Py 4+ Py)dx < 2(N — 1)M(y — r1 — 2r2)m. Now
we want to see that there exists a 1/2 doubling point in €2; in order to do that, it
is easy to see that

Qe C{y €RN i fy; —yil >y and |y —yj] 27 Vi=2,...,N}

ro and |y, —yi| > — Tg,VizQ,...,N}.

)
1446

And now a similar computation to what is done in [4,9] will give us

/Q P(x)dx > 1—2(N —1)k(p,7),

=

1+6
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where k(p,r) = sup,cgs p(B(x,r)). Now if we consider v = 5 we have x(p, 8) <
m, and so we can apply Lemma 5.2 with r = 2% get the existence of a

(1+4,1/2)-doubling point at scale ry in €.
0J

Lemma 5.2 (Existence of doubling points). Let P € L (R3") be the density of a
probability measure and let § > 0. Let us consider an open set Q C R3Y ; then for
every r > 0 we denote C, = fQ,,.P(x) dx, where Q_,. is defined as in (7). Then,
whenever Cs,. > 0, there exists y € €2, such that

1 63N
/ P(z)dr < 1T | P
B(y,(1+6)r) Cor  JBwm

that is, the measure P(z)dx is doubling at the point y at scale r, with doubling
constant “Eﬂ.
or
Proof. Suppose on the contrary that for every y € €2 the reversed inequality holds
1 K 3N
/ P(x)dx > ﬁ/ P(z) dx.
B(y,(146)r) Césr B(y.r)

Then we can integrate this inequality on the whole €2

1 3N
// vydedy > S +5 // ) de dy.
1+5 yr

Now we can use Fubini and get

way - (14 6)r 3N / / d$dy>// x)dz dy
R3N J(14+8)r) J(14+8)r
Csyway - 73N :/ P(2)|B(z,r)|dz = // P(x) dx dy
Q_s, Q J B(y,r)NQ_s

// x) dz dy,
y'l“

and so we get a contradiction. 0

Proposition 5.1 (One step decay). Let us consider p and 3 such that k(p, 5) <
m. Then there exists ag = a3, €) such that if P minimizes (9), we have that
for every y € D,, such that o < o, and every ri < a/2, we have

1
/ P(z) dr < . / P(z) da, (17)
B(y,r/(1+06)) 023520 1 By

M 30+9)%
whenever § > 0 is such that m(2a) > 256eC(6)/5?, where

Clo) i AHDC (512+5) -1 18)

An implicit choice for ag is for example m(2ag) > 8 max{(N—1)M((3/2),850eN?/5%}.
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Proof. Let y € D, and without loss of generality we can assume that |y, —ys| < a;
let 2 given by Lemma 5.1. We then consider ry, 72,71, 72, P, P, P defined by
(10),(11), (12), (13) and (14); being P € II(p), we get, by the minimality of P,

Frre(P) > T (P),

Egkin(ﬂ_m) + 'Uee(P) Z g‘gkin(P) + Uee<P>;
now we can use the estimates in Lemma 4.1 in order to conclude that

Vi [Vipl? [V + Vil
s/IP’(' ml”  Vmel® | [V + Vil ) dxz/]P’(m+n2)Cldx—/(IP’1+IP’2)C’1dx.
m 72 I—m—n

2
Now we make the choice n(z) = min {w, 1} . In particular 0 <n <1
+

and n = 1if |z] < 35, and moreover [V/fj| = 2 if 5 < |2| < 1 and 0

otherwise. We thus have

vil2  (1+06)? 1+ 6)2
/IP" mf”_ (1+9) / PA dr = 110 (/ ]P’)\ld:v—/ 1%)
m 01T J By \By. /(146)) 0%ry Bly.r) B(y.r1/(149))

1+ 6)2
<! jj (/ ]P’)\ldx—m>
d Ty B(y,r1)

In a similar way we have

/IP|V772|2 < (14 9)? (/B(”Q) PA, dz — m) < (140)2 - (2(1 + )N — 1).m _ 0(5)'m'

ne T 0%r3 6213 3

where in the last steps we used Lemma 5.1 (ii) and the definition of C'(6) (18).
Now we use that f C1Pnydx > m(a + 2r;) - m and the estimates we have for
fC’l(IP’l + PQ) dz to get

/IP’(m +772)Cld:c—/(]P’1 +Po)Chdx > [m(a+2r)) —2(N —1)M (B —r1—2r3)]-m.

Putting everything together we have
e(1+6)*
62r?

/ MP(o)de 2 {mw £ 2m) 2N = )M(B =1y —2m) — 0O ELE T
B(y,r1)

2,.2
rs 0%r;

m.

We can now use use m > fB( MP(z)dz and, dividing A;, we can write

the inequality as

y,r1/(149))

1

/ L p— / P(z) da, (19)
B(y,r1/(1+9)) W + 1 JB(y,m)

where

F(ri,e,a) = max{m(oz +2r) —2(N = 1)M(B —ry — 2ry) — %gé) D rg > 0} .
2
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Now we can choose r; < /2 < /4 and ry = /8, and then choose a < «aq such
that

m(2a)
2

B M) OO, n)

—2(N =1)M(B/2) >

In this way we have F'(ry, e, a) > m(2a)/2: plugging this estimate in (19) we get
precisely
1

P(x) dr < / P(x) dx.
/B(y,r1/(1+5)) 52r? m(2a) +1 B(y,r1)

12(1+96)2e

In order to understand for which a and § this inequality holds, we have to ensure
that the two conditions (20) are satisfied, that is

m(2a) > max {8(N . 1)M(6> 256 (;(25) } : (21)

notice that «y can be characterized as maximal « for which there exists some
0 for which (21) is satisfied that is when C(0) as small as possible, which is
approximately achieved for 6 = 3. With this choice we have C(2/(3N)) < 262
and thus

m(2a0) > 8 max {(N - 1)M(ﬁ> 85056—]\22} . (22)

O

We will now iterate the estimate in Proposition 5.1

Theorem 5.1. Let us consider p and 8 such that k(p, 5) < 4(N1 Nk Then let us

consider a < g (as in Proposition 5.1) and suppose A := = m(2a) > N2. Then if
P minimizes (9) we have that

[ o=
Da/2

D2a

Proof. Let us consider § such that 624 = e%. By the hypothesis on A we have
§ < 1/N; in particular, by (18) we can estimate C(d) < &, and then it is easy
to see that m(2a) > 256eC(d)/5% and thus we can apply Proposition 5.1 with

o= =5(1+ §)~* to obtain for every y € D,

1 1 5 2k+2
/ P(x)dr < 3a) / P(z)dr < %/ P(x) dx.
B(y,o+1) 52a2m +1 B(z,a) € B(y,o)

(23)
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We can now iterate the estimate for k = 0,... kg where (1 + §)2Ft2 < 2 <
(1+ )2+ At that point we have

(1 4 5) (ko+1)(ko+2)

P(z)dx < / P(x)dx < / P(x) dx
/B(y,a/2e) B(y,arq+1) (62)k0+1 B(y,a0)

< e ko / P(x) du.
B(y,a/2)

Integrating this inequality for y € D, we get

3N
o (5)" [ s [ [ pwdedy
2e Do s o J B(y.a/2e)

< e ho / / P(z) dz dy
g B(y’a/Q)

< huny 20 [ P()ay

D2a
Now we notice that ky + 2 > 2112&?5) > 4%5 — \g_g and so e *0 < 10e-%2. Tn
particular
/ P(y) dy < 10¢™ % HN () / P(y) dy;
Da/2 Dag,
notice that since A > N? we have \g—g — 3N In(4e) > \/TZ. O

Proof. (Theorem 1.1 and Theorem 1.2) First we notice that if . is a minimizer
for (1) then P, = |¢.|? is a minimizer for (9). Then we notice that if m(2a) <
8(N —1)M(B/2) and eN? < a®*m(2a), we have also o < ap and so we can apply
Theorem 5.1. From that we finish using that P, is a probability density and so
/, Do P.(y)dy < 1. The conclusions for Theorem 1.1 are then implied by using
m(t) = M(t) = 1/t. O
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