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ON THE GLOBAL WELL-POSEDNESS OF THE
CALOGERO-SUTHERLAND DERIVATIVE NONLINEAR
SCHRODINGER EQUATION

RANA BADREDDINE

ABSTRACT. We consider the Calogero—Sutherland derivative nonlinear Schrédinger
equation in the focusing (with sign +) and defocusing case (with sign —)

2
i@u+%ui;@ﬂwﬁm:0, (t,x) eERx T,

where II is the Szegé projector II (3, ., ti(n) e™*) = > ons0U(n) e . Thanks
to a Lax pair formulation, we derive the explicit solution to this equation.
Furthermore, we prove the global well-posedness for this L2—critical equation in
all the Hardy Sobolev spaces H5(T), s > 0, with small L?-initial data in the
focusing case, and for arbitrarily L?~data in the defocusing case. In addition,
we establish the relative compactness of the trajectories in all H$(T), s > 0.
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2 RANA BADREDDINE
1. INTRODUCTION

This paper aims to prove the global well-posedness for the Calogero—Sutherland
derivative nonlinear Schrodinger equations on the torus (z € T :=R/(27Z)) :

{i@tu+8§ui2D+(|ul2)u =0, (s)

u(t=0,z) = ug, xeT,

for small L%initial data ug in the focusing case (with sign +), and for arbitrarily
L?-initial data in the defocusing case (with sign —). The operator D, in the
nonlinear term of (CS) denotes DII, where D = —id,, and II is the Szegd
projector acting on L*(T) as

I (Z u(n) e") = di(n) e, (1.1)

nez n>0

with value onto the Hardy space
L2(T) :={ue L*(T)| 4(n) =0, Vn € Z<_1} = I(L*(T)). (1.2)

We equip L3 (T) with the standard inner product of L*(T), (u|v) = 0% uv 2
Our interest focuses on studying this equation with an unknown function u taken
in the Hardy space of the torus, with a certain regularity. Thus, we denote by

H?(T), the subspace of the Sobolev space H*(T), defined as
H(T) := H*(T) N L3(T), s>0, (1.3)
and equipped with the Sobolev norm
lullas = [{D)*ullrz,  (D)* = (1+[D|*)*.

In Physics, this dynamical (CS)—equation, also called as the Calogero-Moser
equation in the real line, is derived from the classical Calogero—Sutherland—Moser
system (or Toda system) introduced in the end sixties—early seventies [Ca69, Su71].
This physical model corresponds to a N-body problem describing the pairwise
interactions of NV identical particles on a circle, with an inverse sin-square potential
(trigonometric—type potential) in the periodic case. Abanov—Bettelheim—Wiegmann
show in [ABWO09] that taking the thermodynamic limit of such a model, and
applying a change of variables leads to the (CS)—equation. This latter equation
can also be obtained as a limit of the intermediate nonlinear Schrodinger equation
introduced by Pelinovsky [Pc95],

10 = Opu® + (i — T)0,(Jul*) u, (INS)

where 7' is the integral operator
+o0o

Tu(t,x) = 2—15 p.V./ coth (W)u(t,y) dy ,

[e.9]
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by taking § — oco. The complex function u in (INS) represents the envelope of the
fluid, and ¢ denotes its total depth. By passing to the limit 6 — oo, one obtains
[Pe95] the same equation as (INS) but with the Hilbert transform

1 Tt
Hu(t,z) = —p.V./ ut,y) dy,
T

—c0 T Y

instead of 7. And since the Szegd projector Ilg = 1(Id+iH), then the (CS)-
equation can also be interpreted as a model describing the interfacial wave packets
in a deep stratified fluid.

It turns out that the Calogero—Sutherland DNLS equation is completely
integrable. Thus, what does the word “integrability” mean? In line with the
different perspectives developed by various schools, a number of definitions have
been raised. If the word “integrable system” means for some researchers the
existence of action—angle variables, a coordinate system in which the equation is
completely solvable by quadratures, others would say that it refers to the existence
of a Lax operator associated with the equation, and satisfying the isospectral
property’. However, a common facet of all these definitions is the presence of
infinitely independent integrals of motion, or what we can also call conservation
laws. Naturally, this infinite number of conservation laws plays a crucial role in
proving some global well-posedness results.

In our case, Gérard—Lenzmann derived in [G1.22, Lemma 5.1], for u sufficient
regular, a Lax operator so that the focusing Calogero-Sutherland DNLS equation
(CS)* enjoys a Lax pair formulation on the real line R. i.e., for any u € HS (R)
with s sufficiently large, there exist two operators (L,, B,) such that the Lax
equation

dL,
dt

is satisfied with

= [Bu ) Lu] ) [Bu ) Lu] = B,L, — L,B, ) (14)

L,=D—T,Ty, By, =T Tp,q — T, T +i(T,T3)* . (1.5)

The operator T, is the Toeplitz operator of symbol u, and is defined for any
u € L> by

T.f=Ti(uf), Vfel, (1.6)

where II is the Szeg6 projector given in (1.1). In what follows, we check that
this Lax equation holds true on the torus T by retrieving the same Lax operators
(Ly, B,) as on the real line. And, as expected, through this Lax formalism, we

1 See Remark 2.1.
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derive infinite conservation laws ((L, + A)*1|1) , A >> 0, s > 0, in order to
control the growth of the Sobolev norms ||u(t)|

s uniformly for all t € R .

Observe, the Calogero—Sutherland DNLS equation is invariant under the scaling
u(t, r) — \2u(\t, \x) | AeR, (t,x) e I xR. (1.7)

This suggests the L?—criticality of (CS) on R as well as on T. In [GL22, Theo-
rem 2.1], the local well-posedness of the (CS) equation was achieved in H7(R)
for s > £ by following the analysis of [deMP10]. In particular, for s > % , Gérard—
Lenzmann [GL22, Proposition 2.1] used iterative schemes of Kato’s type and
energy estimates to derive the local well-posedness in H% (R) [Sa79]. On T, the
same proof of iterative schemes holds, and we deduce the local well-posedness in
H(T) for s > 2. Therefore, we denote by S*(t) the flow of the focusing Calogero—
Sutherland DNLS equation (CS)™ and by S™(¢) the flow of the defocusing equation
(CS)™ : for all s > % 1€ Lnax

SH(t) : HY(T) — Hi(T)

U — u(t) (18)

where I, denotes the maximal interval of the existence of the solution.

1.1. Main results.

Some notation. In the sequel, we denote for any nonnegative integer a, by N>,
the subset of Z given by {k € Z | k = a}. Moreover, we denote by By (r) the
open ball of L2 (T) centered at the origin, with radius r > 0.

The goal of the paper is to prove the global well-posedness of the L?—critical
equation (CS) in all H(T), s > 0. As a starting point, we state the results for
the more challenging equation, the focusing Calogero-Sutherland DNLS equation

10+ 02u + 2D, (Ju/*)u =0, (CST)
then, we present the results for the defocusing case *

10+ 02u — 2D (Jul*)u = 0. (CS7)
Theorem 1.1. For all s > % , the Calogero—Sutherland DNLS' focusing equation

CS™) is globally well-posed in H% (T) N Bz (1). Moreover, the following a priori
+ T

2 In particular, one can see that the usual conservation laws : the average (1] u), and the
L? norm ||u||z> are conserved for s = 1 and 2, since by definition of L, = D — T, T; we have
L,l=—{1|uu.

3 We refer to the introduction of Weinstein [Wel5] for a mathematical and physical meaning
of the terms focusing and defocusing for any dispersive equation.
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bound holds,
s <C,

sup [[u(t)]
teR
where C' = C(ug, s) > 0 is a positive constant.

Remark 1.1. The restriction of smallness on the L?>-norm of the initial data, namely
lluollzz < 1, appears after applying a sharp inequality (Lemma 2.7) in order to

control the growth of the Sobolev norms ||u(t)|| 75, s > 0 by the conservation laws.
More details for an eventual way to avoid this condition are presented in Section 6,

but so far it is still an open problem.

As a second step, we focus on the main point of this paper : how the flow S*(¢)
defined globally on HZ(T) for uy € B L2 (1), can be extended to less regularity
spaces for instance L7 (T)? Recall, as noted in (1.7), the Calogero-Sutherland
DNLS equation is L?-critical. Based on the previous Theorem, and under the
notation u®(t) = S*(t)uj , € > 0, we state the following result.

Theorem 1.2. Let ug € Bz (1). There exists a unique potential u € C(R, L3 (T))

such that, for any sequence (uf) C HZ(T), |luf — uol|r2 — 0, we have for all
E—

T7>0,

sup ||u®(t) —u(t)||zz =0, e—0.
te[-T,T)

Moreover, the L?>-norm of the limit potential u is conserved in time :
lu(@)llz2 = lluollrz, Vi €R. (1.9)

As a consequence, Theorem 1.2 leads to the global well-posedness of the
(CS™) problem in L2 (T) in the following sense : There exists a unique continuous
extension of the flow defined on H?(T), to L% (T), generating a unique continuous
map

up € Bz (1) —> u € C(R, L2 (T)).

The key ingredient of the proof is to obtain Hz bounds (inequality (3.20)) on the
eigenfunctions of the Lax operator L,- , which also constitute an orthonormal basis
of L2 (T). Therefore, we deduce the strong convergence of these eigenfunctions in
L?. Finally, using Parseval’s identity, we infer (1.9).

We also need to emphasize the important aspect of the uniqueness of the limit
potential u(t), obtained independently of the choice of the sequence (uj) that
approximates ug € Li(’ﬂ‘). For this purpose, we derive in Proposition 2.5, an
explicit formula of the solution of the focusing (CS™) equation. Thus, for any
initial data wug, the solution of the (CS™) focusing equation is given by

u(t,z) = ((Id —ze " e 2w §) "ty [ 1) | zeD:={z| <1}, (1.10)
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where S* denotes the adjoint of the Shift operator S : h + zh in L3 (T), and L,
is the Lax operator at t = 0. We underline two important facts about (1.10) :

. First, this inversion dynamical formula defined inside the open unit disc
consists an explicit solution for the nonlinear PDE (CS™). This is not
the first time that an explicit solution occurs while dealing with nonlinear
integrable PDEs. Indeed, Gérard-Grellier derived in [GG15] an explicit
solution for the Szegd equation, and recently Gérard also prove in [Ger22]
that the Benjamin—Ono equation has an explicit solution on R and on T.
The common point to all these dynamical explicit formulas is that they all
rely closely on the structure of the Lax operators induced by these equations.

I1. Beyond the fact that we have an explicit solution, this formula stresses out
that the dynamics of the (CS™) equation are encoded by the Lax operator
L., , suggesting thus, that the so—called actions—angles variables must be
related to the spectral elements of the Lax operators L, .

In view of Theorem 1.2, we state the third result.

Corollary 1.3. For all 0 < s < %, the Calogero—Sutherland DNLS focusing
equation (CS™) is globally well-posed in H{(T) N Bz (1). Moreover, the following

a—priori bound holds,

sup |lu(t)||gs < C,
teR
where C' = C(ug, s) > 0 is a positive constant.

Remark 1.2. There is a subtlety hidden in the worlds of “globally well-posed” in
the last statement. In fact, it is important to distinguish here the two different
aspects of global well-posedness. First, we have the classical definition of GWP
used in Theorem 1.1: for any ug € H? there exists a unique solution u defined on
R with value in Hf , such that u depends continuously on the initial data ug as
amap uy € H; — u € C(R, H3). The second definition is the one described in
Theorem 1.2 in the sense : we suppose that the equation is defined at least in the
distribution sense, then we extend the flow defined on high regularity spaces to
low regularity spaces through continuous extension.

L2 H?

GWP in the sense of GWP in the classical sense
continuous extension

In this corollary, the global well-posedness is in the sense used in Theorem 1.2.
This will become clearer once the proof is established (see Section 4). We also
expect that, following arguments in [deMP10], one can go down for the global
well-posedness in the classical sense to H5 (T) with s > 1.
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Beyond the global well-posedness results on the Cauchy Problem of (CS™), we
are interested in some qualitative properties about the flow ST (¢) of this equation.

Theorem 1.4. Given an initial data ug € Bz (1) N H{(T), s > 0, the orbit of
the solution {S*(t)ug; t € R} is relatively compact in H5(T).

XKk

The defocusing equation (CS™). Moving now to the defocusing case of the
Calogero—Sutherland DNLS equation, this latter equation enjoys also a Lax pair
structure : for any u(t) € H7 , with s large enough, there exist two operators

L.=D+T,T:, B,= -T.Toq+Ty.Tn+i(T,Tx)°,
satisfying the Lax equation
dL,
dt
Therefore, using the same methods as on the focusing case, we prove that the

- [Bua zu] .

conservation laws (Eil | 1), s > 0, controls uniformly the growth of the Sobolev
norms without requiring any additional condition on the initial data. As a
consequence, we obtain similar results in the defocusing case as in the focusing
case, regardless of how large the initial data is in L? . To summarize, we have the
following.

Theorem 1.5. The Calogero—Sutherland DNLS defocusing equation (CS™) is
globally well-posed in H3(T) for any s > 0 in the sense of Remark 1.2. In
addition, for all ug € H3(T),

u(t,z) = <(Id —ze i e 2itlu S g | 1> :
is the solution to the (CS™)—defocusing equation. Furthermore, the trajectories
{S§ (t)uo; t e R}
are relatively compact in H3 (T).

KKk

Other related equations. As explained in [GL.22], the Calogero—Sutherland
DNLS equation (CS) can be seen as mass critical version of the Benjamin-Ono
equation. We refer to [GK21, GKT20] for a deep study of this latter equation
on the torus. Of course, the Calogero-Sutherland DNLS equation (CS) is also
considered as part of the nonlinear Schrodinger’s family. Several authors have
been interested in different types of NLS—equations over the years. Some of these
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equations are classified and presented in [Bo99]. Maybe the most closely related
to the (CS)—equation are :

(i) Cubic NLS equation.
10+ 02u =+ [u*u =0, (NLS-cubic)

which is considered as one of the simplest PDE enjoying complete integrable
properties. Zakharov-Shabat have studied this equation in [ZS572] using in-
verse scattering method. Moreover, global well-posedness results in L?(T) are
presented in Bourgain [Bo93] after he introduced the X**—spaces. His proof
relies on establishing L*(T)-Strichartz estimates and using L*-conservation
norm. Actually, this result of L?>well-posedness is known to be sharp, and it
is illustrated by various types of ill-posedness results below the regularity
L*(T). Indeed, Burq-Gérard-Tzvetkov proved in [BGT02] that the flow
map of (NLS-cubic) fails to be uniformly continuous for Sobolev regularity
below L?. Christ-Colliander-Tao [CCTO03] and Molinet [Mo09] showed the
discontinuity of the map solution in H*(T) for s < 0.

For a deep study of (NLS-cubic) using integrable tools, Birkhoff normal
form, and some applications, we refer to Kappeler-Lohrmann—Topalov—Zung
[KL+17], Grébert-Kappeler [GK14] and Kappeler-Schaad-Topalov [[KST17].
For a study on the line R, we cite [HKV20]. More references are also provided
in [OS12].

(i) DNLS equation.

iOpu + 02u + £id, (Jul*u) =0, (DNLS)

which is also an integrable equation enjoying infinite conservation laws [KN78].
Using the I-method, Win proved in [Wil0] the global well-posed of (DNLS)-
equation in H*(T), s > 3 for small data in L*(T). More recently, Klaus-

Schippa [KS22] presented law regularity a priori estimates of |u||gs for
0 < s < 1 upon small L?>-norm, where u € C*(R,S(T)) and S(T) denotes
the Schwartz space. Actually, they proved the a priori estimates

sup [lu(t)|[s;, < [lu(0)];,
teR

in any Besov space B, , with 7 € [1,00] and 0 < s < 5. For a study on the
line R, we cite [JL+20, BP22, BLP21, KNV21, HKV21, HKNV22] .

1.2. Outline of the paper. The paper is organized as follows.

In Section 2, we discuss some properties about the Lax operators of the
Calogero—Sutherland DNLS focusing equation (CS™). We derive the explicit
formula of the solution of (CS™) in the first subsection 2.1. Then, we prove in the
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second subsection 2.2, the global well-posedness of the (CS*) problem in H? (T)
for any s > % .

In Section 3, we extend the flow S*(¢) of (CS') continuously from HZ(T) to
L%(T) = H(T). To this end, we use an approximation method, and we character-
ize in the first subsection 3.1.1 the limit potential u(t) for all ¢ € R. Then, in the
second subsection 3.2, we make sure that the lack of compactness in L2 (T) do not
occur while passing to the limit from H?(T) to L (T). In the same subsection,
we derive an orthonormal basis of L2 (T) where the coordinates of the solution
u(t) have nice evolution in this basis. This evolution suggests that the so—called
“Birkhoff coordinates” are the coordinates of u(t) in this basis.

After that, we deal in Section 4 with the problem of global well-posedness of
(CST) in Hi(T) for 0 < s < 2. Moreover, we address the property of relative
compactness of the orbits of (CS™) in H3(T), s > 0.

Moving to Section 5, we present the Lax pair for the defocusing Calogero—
Sutherland DNLS equation (CS™) and we state the analogous results of (CS™) in
the case of (CS7).

Finally, in Section 6, we discuss some remarks and open problems related to this
equation.

Acknowledges. The author would like to thank warmly her Ph.D. advisor
Patrick Gérard for his rich discussions and comments on this paper.

2. THE LAX PAIR STRUCTURE

As noted in the introduction, we first check that the Lax pair defined in (1.5)
holds the same in the context of the torus T as on the real line R, even though on
the real line R, a complex function f is decomposed as

f=Tf+1f,  Tf(€)=1e0f(€), EE€R,
while on the torus T,
f=Tf+0f=(f|1), T (Z f(n) e) =Y fln)e™,
nez TZENZO
Proposition 2.1 (The Lax pair). For any s > 2, let u € C([-T,T], H{(T)) be a
solution of the focusing equation (CS™). Then, there exist two operators
Lu =D — TuTﬂa Bu - TuTBmﬂ - T8muTﬂ + Z(TuTE)Q

satisfying the Lax equation
dL,

dt
where T, is the Toeplitz operator defined in (1.6) .

= [Bua Lu] 5
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Proof. Let uw € C([-T,T],H3(T)), s > 3, be a solution of (CS") equation. On
the one hand, we have by definition of L,, and for all h € H}(T),

dLy(h)
dt

—_ — TatquL(h) - T'LLTatﬂ(h)

= — Tozurzuon(u)Tah — TuT 24 4 ou0, i7ar)

Therefore, since u belongs to the Hardy space,

drL,
dt

= i[TuToss — T T — 2[0T(uN(@-) + NP )] (21)

On the other hand, expanding the commutator [B,, L,](h) = B,L,h — L, B,h , we
obtain

T. Ty, aDh — T, Ty T/ Tuh — Ty, Ty Dh + Ty, T3 T, Thh + i(TuTa)ZDh
— DT, Ty, zh + T, 1517, Ts,ah + DTy, Tuh — T, 1515, Tah —iD (TuTQ—L)2 h,
where by the Leibniz rule, DT,,h = —iTy_,h + T, Dh, so that
DT Ty,s = TuTo,aD — iTp,uTo,a — 1T Tozq
DTy, Ta = Ty, TaD — iTh2, Ty — iT5,. 15, ,
D(T,Ty)* = =i(ToTaTuTa + TuTo,aTuTa + T, TaTo,uTa + TTaT.To.a) + (T.T3)° D
As a consequence,
[Bu, L] =T, Tozq — iTo2, Ty — 2 (T, T3To,uTa + TuTo,aTuTa)
= [T To2q — TopuTu| — 2ull (9, ]ul’T(T -)) . (2.2)

Comparing (2.1) and (2.2), it appears that all that remains to be proved is
[8xH(|u|2)H(ah) n H(axWah)] = 11 (0, [ul?TI(uh)) , heHY(T). (2.3)
In fact, any complex function f € L*(T) can be decomposed as
f=1f 10 = (f]1) .
In particular, for f = @h, we have I1(0,I1(|u|?)uh) equal to
(01 (Jul*)IT(@h)) + TL(OuII(Jul?) I(uh)) — (ah | 1) L0, 11(Jul?)) ,

where the last two terms vanishes, since II is an orthogonal projector into the
Hardy space. Therefore, the left-hand side of (2.3) coincides with

1 (01l 11(ah) ) + 11 (0TI (ah) )

which is equal to I (9, |ul*TI(ah)) since (9, (Jul?)|[1) = 0. O
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2.1. The explicit formula of the solution. Using this Lax pair structure, we
derive in this subsection the explicit formula, solution of the focusing Calogero—
Sutherland DNLS equation (CS™). To this end, we also need the shift operator
introduced in the following paragraph.

Some Preliminaries. We recall one of the most important operator on Hardy’s
space, the shift operator, defined on L2 (T) as the isometric map

S:he L2(T) — e“h e L3(T).
Its adjoint in L2 (T) is given by
S*:he L2(T) — S*h =T,-ih =1l(e"*h) € L2(T) .
In particular, we have
S*S =1d, SS*=1d—(-| 1)1, (2.4)

leading to the fact that the shift map S is injective but not surjective. Pointing
out that the Hardy space can be defined with different approaches, for instance,

2w
019 dO
Hy(D) := {u € Hol(D); sup / lu(re?))? — < oo} ,
0<r<1Jo 2m
which is equivalent via the isometric isomorphism
u(z) =Y (k)" — u'(z) = > (k)™
k>0 k>0

to the Hardy space L2 (T) defined in (1.2), then one could read the shift opera-
tor acting as multiplication by z. In what follows, we use indifferently v and the
boundary function u* , by making a slight abuse of notation and denoting both by w .

kK
Coming back to the problem, we need some commutator identities to obtain the
explicit formula. This is the purpose of the next Lemma.
Lemma 2.2. Letu € Hi(T), s > 2, then
[S*, L] = S — (| u) S*u, (2.5)
5%, B,] = i(s*Li — (Lu+ Id)25*> .
Proof. The first identity is a direct consequence of proving
L,S=SL,+S—(-|Su)u, (2.6)

and taking the adjoint of all these operators in L2 (T). Recall L, = D—T,T;. On
the one hand, we have by the Leibniz rule D(Sh) = S(Id+D)h, for all h € H}(T).
On the other hand, observe for all f € L*(T),

IL(Sf) = ST(f)+(Sf 1)
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In particular, for f = hu, we infer

Tau(Sh) = STyh + (Sh | u). (2.7)
Hence, taking into consideration that the operators S and 7, commute, we deduce
identity (2.6) .

Now, to prove the second point of (2.5) we use the first point. Recall that

B, = Ty To,a — To,u Ty + i(T,,T3)?, and by (2.7) we have [Ty, S] = (-] S*u), in
other words, [S*,T,] = (-| 1) S*u. Thus, after noting that S* and T commute, we
deduce

1S*, T Ty,a) = (-] Ozu) S™u.

157, To,uTs] = (- [u) S*Owu,

[S* (T Ty)?] = (| T, Tau) S*u + T, Ty({ - | u) S*u).

As a result,

[S*, By = (| Opu) S™u— (- |u) S*Opu + i (- | T, Tyu) S™u +iT, Ty ((- | u) S™u).
Using the adjoint Leibniz rule S*D = (D + 1d)S* and since L, = D — T,,T; , we
infer

[S*, B, = —i (| Lyu) S*u — iL,({-|u) S™u) —i (-|u) S™u
= —i({(-|u)S*u)L, — i(L, +1d)({-|u) S™u).
We conclude by the first identity of (2.5) that — (- |u) S*u = S*L, — L,S* — S*
and hence
5%, B,] = i(S*Li — (La+ Id)28*> .
U
Proposition 2.3. Let u(t) € H{(T), s > 2. The Lax operator (Ly, Hi(T)) is

a self-adjoint operator with a discrete spectrum bounded from below. Moreover,
By is a skew-symmetric bounded operator on L7 (T).

Proof. The proof is a direct consequence of Kato—Rellich’s theorem. Indeed, the
differential operator (D, H}(T)) is a positive self-adjoint operator on the Hardy
space Li(T). In addition, T, T3 is relatively bounded with respect to D, since for
all h € H{(T),

2 2
IT.Tahl e <l 0l < DR gory + lul2a [l oy . 0 <2 <1

Furthermore, the spectrum of L, is discrete since the resolvent of L, is compact by
the Rellich-Kondrachov theorem. And it is bounded from below as the operator
L, is a semi—bounded operator. Besides, one can easily observe by definition of
By = T, To,u — To, Ta+ (T, T)? , that this operator is a skew—symmetric operator.

0
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In view of the previous proposition, we denote by (A, (u)),>0 the eigenvalues
of L, ordered by increasing modulus, and taking into account their multiplicity

Mo(u) < A(u) < Xg(u) <0< A(u) <.

Remark 2.1. As discovered in the modern theory of integrable systems [GG+67]
and reformulated by [Lax68], the eigenvalues of a Lax operator correspond to the
integrals of motion of the associated equation. In fact, any Lax operator satisfies
the isospectral property, namely, there exists a one parameter family of unitary
operators U(t) such that U(t) Ly U(t) is independent of ¢. That is,

U(t) " LywyU(t) = Ly, - (2.8)
In addition, this family of unitary operators U(t) is solution of the Cauchy problem

{%U(t) = By U(1)

U0)=1d. (29)

Therefore, by (2.8) the eigenvalues (\,(u)) of L, are all conserved along the flow
of (CST). That means, A\, (u(t)) = \,(up) for all t € R.

The following lemma provides a rewrite of the Calogero—Sutherland DNLS
equation focusing on (CS™) in terms of the Lax operators L, and B, . This will
certainly be useful during the proof of the dynamical explicit formula.

Lemma 2.4. Given u € C([-T,T],H:(T)), s > 2

2, a solution of (CS™) equation,
then

ou = Byu — iLiu.
Proof. By definition of B, := T, To,u — To, T + (T, Tx)?,
O — Byu = i0*u + 2iD (|u|H)u — T, Ty, qu + Ty, Tou — i(T, Ty)*u
= — i [D*u — 2u.DII(|ul?) + w.I(Du.u) — DuIl(|ul?) + (T, T%)%u] .
Applying Leibniz’s rule on D (u.II(|u|?)), we infer
Ou — Byu = — i [D*u — D [I(Ju)?).u] + w.II(Du.w) — w.DI(|ul?) + (T, T%) %] .
Again, using Leibniz’s rule on the term DII(Ju|?),
O — Byu = —i [D*u — DT, Tyu — wIl(w.Du) + (T, 1%)*u| = —iL2u .
U

Following [Ger22] and [GG15], we derive the explicit formula for the solution
of the Calogero—Sutherland DNLS focusing equation.

Proposition 2.5 (The explicit formula). Given ug € H5(T), s > 3, the solution
of the focusing Calogero—Sutherland DNLS equation (CS™) is given by

u(t,z) = (Id —ze e w0 §%) Ty [ 1) VzeD.
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Proof. Since u(t,-) € H5(T), s > 3, for all t € [-T,T], then for all z € D

ult,2) = Y a(t, k)2 —Z<u | §1) 2k —Z<(S*)ku(t)|1>zk

where by the Neumann series of

(25%)F = (Id — 25%) "
k=0
we infer
u(t,z) = ((Id=25")"u(t)|1), VzeD. (2.10)

Recall by Remark 2.1, there exists a unitary operator U(t) solution of the Cauchy
problem (2.9). Hence,

u(t,z) = (U(t)" (Id —z8")~" t)"1) (2.11)
= ((Id—=2U(t)"S*U(t )) U( ) u(t) | U(t) 1) .
Since Q,U(t) = BynU(t) by (2.9), and as the operator B, is a skew—adjoint
operator (Proposition 2.3), we find

U°1] = ~U(t) Bugl = —iU(t) L1

'E

o LIU(t) u(t)] = —U(t)*Byyu(t)+U ()" Opu(t) = —iU(t)*Li(t)u(t) by Lemma 2.4.

dt

° %[U(t)*S*U(t)] = —U(t)*BupyS*U(t)+U(t)*S* BuyU(t) = U(t)*[S*, Bup]U(1).
where the third point is equal to

d
dt
by Lemma 2.2. Therefore, using the identity U(t)* Lyu) = Ly U(t)* of (2.8), we
deduce
o L[U(t)*1] = —iL2 [U(t)*1].

U@y SU®] = iU @) (S Ly — (La + 1)) U ()

o L[Ut) u(t)] = —iL2 [U(t)*u(t)].

o U@ SV = i([U@)SUMDILL, — (Ly, + 142U SUW))

dt
As a consequence,

Ut)'1=e "o 1, U(t) u(t) = e o u(t) (2.12)

and
U(t)*S*U(t) = e M Eutd? g gitli, (2.13)
Combining (2.11), (2.12) and (2.13), the claimed formula follows. d
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2.2. Global well-posedness of (CST) in H{(T), s > 3. To prove the global
well-posedness of (CS™), we need to derive some conservation laws and energy
estimates.

Lemma 2.6 (Conservation laws). Let v € C([-T,T],H}(T)), r > 2. For all
A >> 0, the family {Hs(u) = (L, + A)*u|u) ; 0 < s <2r} is conserved by the
flow of (CS).

Remark 2.2. Using complex interpolation method [Ta81, Chapter I. 4.], one can
observe as demonstrate in Proposition 2.8, that the H(u) < C’||u||§{% .

Proof. Givenu € C([-T,T], H}(T)) ,r > £, we consider the unitary operator U(t)
defined in Remark 2.1. Then, by (2.12), we know that U(t)*u(t) = el u(t) .
And, since L, is a self-adjoint operator by Proposition 2.3, we infer by (2.8),

Ut) (Lu@ + AN)°U(t) = (Lue + A)° .

Therefore, for all 0 < s < 2r,

= (U( +A)*u(t) |U(t) u(t))
<(Lu0 + A) ( ) u(?) | (t) u(t))
((Lug +A) €0 u(t) | e u(t))

As a consequence, Hy(u(t)) = Hy(uo) as (Ly, + A)* and e o commute.
U

Remark 2.3. Using the identity U(t)*1 = e i 1 of (2.12) and repeating the
same proof of Lemma 2.6, one can also deduce for A >> 0, that the quantities
((Ly + N1 |u) and ((L, + A)P1]|1) are conserved by the flow. Another way to
show this, is to observe by definition of L, = D — T,,T; we have L,1 = — (1| u)u
and the average (u|1) is conserved along the evolution, since

O (u| 1) =i (92u| 1) + 20 (DI(Jul?) |u) = 0.

To prove the energy estimates and for future requests, we need the following
lemma.

1
Lemma 2.7. Let h € HZ(T), v € L%(T),
ITahlacey < ((DRIR) + 1Ry ) Nulacry (2.14)
Proof. By Parseval’s identity,
2 =52
HTahHLz(T) = Z ‘Tﬁh("ﬂ )
n>0

where

Tah(n) = T(hu)(n) = > hin + p)a(p). (2.15)

p=>0
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Applying Cauchy—Schwarz’s inequality, we infer
I TahlZamy < Nullzeny DY lh(n+p)f.
p>0 n>0
Set k =n + p, then
S > I +p)lP =) (k+DIAk)* = (Dh|h) + |7l 72 -
p>0 n>0 k>0

g

Remark 2.4. (1) Recall that the embedding Hz(T) < L*°(T) fails to be true.
However, taking the potential u as an element of the Hardy space L% (T),
improved the estimate from ||T;h||z2 < ||h]|pe]||w]/z2 to (2.14) .

1
(2) From (2.15), one could see that, for all h € H?(T), the Hilbert—Schmidt
norm of the antilinear operator u € L2 (T) ~ T;h is given by

IR s = D D h(ntp)[* = Y (kD[R = (D | 1) +]Al| 72 -

p>0 n>0 k>0
In particular, we have u — Tyh is a compact antilinear operator in L7 (T).

(3) The inequality (2.14) of Lemma 2.7 is a sharp inequality, since its proof relies
on a simple application of the Cauchy—Schwarz inequality. In particular, if
h = w, inequality (2.14) is an equality, if and only if
mﬁzlfw, g <1, ceC
Indeed,” Cauchy—Schwarz’s inequality applied to (2.15) is an equality, if
and only if for all n,p > 0, there exists ¢, € C such that

u(n+p) = c,u(p). (2.16)
Hence, if u(1) # 0 and u(0) # 0,

__in+1) i)
o) u(0) ’

or in other words,
-~ 1 n
u(n) = (%) u(0), Vn € N.

Therefore, the sequence (u(n)) is a geometric progression with common

ratio ¢ := %, where 0 < |¢| < 1 since > > |u(n)|* < +oo. Hence,

Ny _(0)
u(z) = ;u(n)z T
Now, if u(1) = 0 or u(0) = 0 then by (2.16) we infer for p = 0 or 1,

u = a(0).

4 Following arguments used in [GG08, Lemma 1.]
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We recall that B2 (r) denotes the open ball of L% (T) centered at the origin,
¥
with radius r > 0.

Proposition 2.8. Let ug € B2 (1) N HL(T), r > 3. Then, for alls >0, X >> 0,
there exists C' = C(ug, s) > 0 independent of t, such that for every f € H%(T),

1
= 1If

me < | (Luwy + A)° fllz < C||f]

e (2.17)

Remark 2.5. The condition r > % can be omitted once we prove in Section 4 that
the flow ug € Bz (1) N HI(T) — u(t) € H}(T) exists for all r > 0.

Proof. The proof is done by induction on every interval of length 1/2.
Step 1: s € [0,1]. Let s = 5, we have by definition of L, = D — T, Ty,

I(Luy + N)2 fll22 = (Lu+ N f]f) (2.18)
> [II2,y = I Taf 32 + AN FI2 -

Hence, applying the sharp inequality of Lemma 2.7,
1Ly + 22 172 = (1= Il 22125 + O = Tl )l 1 (2.19)
Thus, we infer since ||u||r2 = ||uol|z2 < 1,
(L + N2 fll72 = CIFIP,y

where C' > 0 a positive constant independent of ¢. On the other hand, using the
definition of L, , it is easy to see that

|(Zuey + N3 e < CUfl -

Therefore, by complex interpolation [Ta81, Chapter 1. 4], we deduce that inequal-
ity (2.17) holds true for all s € [0, 1].

Step 2 : Uniform bounds on ||u(t)||rr, p € [2,00). By step 1, and using the con-

servation laws of Lemma 2.6, we infer for f = u,

1
= llutt)

we < || (Lugy + A)*u(t) |22 = [[(Lug + A)*uol| 22 < Clluol

Hs

for all s € [0, %] . Therefore, sup,eg [[u(t)|| 3 < oo, and thus by Sobolev embedding

H

sup Hu(t)HLP < o0, Vp € [25 OO) :
teR
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Step 3: s€[5,1]. Let s=1, by Step 1,

| (L + )‘)inz(T) =1 Luy flI72 + A ((Luy + N F1F) +A(F | Luy f)
> | Lo I3 + A (1= ) L2y + (A= ullZ) 1132 )
A= ez, y = lelZa01 13 )
= |DfI3s + [uTaf |3 — 2Re (Df | uTyf)
+20(1 = [l LI,y + A = 2llul) 113

Using Young’s inequality, we deduce

2
| Lty + N F ey > (A= IDSZ: + (1 = Co)[uTuf |2
201 = [l I,y + (= 2ull2) 1712

Now, applying Cauchy—Schwarz’s inequality on ||uT;f||2 and since ||ul|zs and
||u|| 4 are uniformly bounded by Step 2., we infer

Ly + X1 2y = Cll Sl

On the other hand, we have by definition of L, ,

Ly + Dl gy < ClLF N

We conclude by complex interpolation as in Step 1. that inequality (2.17) holds
true for all s € [%, 1]. Then, by induction on all the intervals s € [3, § + %] ,neN,
we have that inequality (2.17) is true for all s > 0. O

Theorem. 7.1. For all s > g, the Calogero—Sutherland DNLS focusing equation
(CS™) is globally well-posed in H{(T) N Bz (1). Moreover, the following a—priori
bound holds,

sup ||u(t)||gs < C,
teR
where C' = C(ug, s) > 0 is a positive constant.

Proof. Let ug € H3(T). Recall by (1.8), there exists a unique solution u €
C([_Ta T],Hj_(T))7 s > 2

2
proposition we infer for |lugz2 < 1 and for all s > 2,

satisfying u(0,-) = wg. In addition, by the previous

1
C(ug, )

[u()]lzs < [(Lugey + A ul®)l[ 22 = [|(Lug + A)*uoll 2 < Cluo, s) -

This allows us to conclude. O
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3. EXTENSION OF THE FLOW OF (CS*) To L% (T)

In this section, we establish our main result, which states that, for ||ugl/z2 < 1,
the flow of (CS™)
S*t(t) :HX(T) — HI(T) (3.1)
U — u(t) '
defined globally on H?(T) via Theorem 1.1, can be extended continuously to the
critical regularity L2 (T) . Our strategy is the following. Starting from ug € L2 (T),
lluollr2 < 1, we approximate uy by a sequence (uj) C H2(T). After that, we
consider the time evolution of (uf), i.e. the potentials (u°(¢)) defined as u®(t) :=
ST(t)uf for all t € R. Our goal is to prove that (u°) has a unique limit u in

C(R, L% (T)) independent of the approximate sequence (u) .

?

L(T) o -~~~ =~ > u(t)
l T
H(T) - Uq us(t)

Note that, due to the presence of the nonlinear term DII, (|u*)u in the
equation, it may seem intriguing to say that there exists a solution with L%~
regularity. Nevertheless, the equation is still well-defined in the distribution sense.
As a matter of fact, one can find multiple examples of nonlinear PDE with this
scenario. Take, for instance, the family of PDEs

i0u = A+ |u|fu, AeER,qg>1.

For an initial value uy € L?, the Cauchy problem associated with these equations
—defined in the distribution sense— has a unique solution in L?

u(t) = ug e wol™+Vt ¢ 12,
even though, at first sight, the nonlinear term |u|% is not well-defined in L?. .

In our approach, we use the approximation method described above, and
the limit potential u(¢) obtained by this approximation method shall be called
“solution” to the Cauchy problem (CS*). This solution will be uniquely well-
characterized, continuous in time, inducing a global continuous flow on L% (T).
In addition, it satisfies the L? invariant mass (i.e. ||u(t)||z2 = ||uo||z2 for allt € R).

3.1. Uniqueness of the limit and weak convergence in L3 (T).

By passing to the limit as ¢ — 0, it is necessary to prove first that the limit
potential u(t) is uniquely well—characterized for all t € R, and is independent of the
choice of the sequence (u§) C H?(T) that approximate ug € L2 (T) . The key point
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is to use the explicit formula of the solution of the focusing Calogero—Sutherland
DNLS equation. Thus, for all (u°(t)) € H3(T), we have by Proposition 2.5,

u(t, z) = <(Id —ze e MM g 5yl | 1> ) VzeD. (3.2)

Our goal in this subsection is to pass to the limit in this formula. Therefore, we
need at a first stage to give a meaning to the operator L,, with uy € L2 (T).
To handle this, we recall in a few lines the work of Gérard-Lenzmann [GL22,
Appendix A] who defined the operator L, with u € L3 (R) via the standard theory
of quadratic form. This new operator will coincide with the former Lax operator
L,=D—T,T; if u € H}(R). The same proof presented in [GL22, Appendix A],
works out on the torus T. We recall the main points of the proof :

(i) For uw € L3(T) and f, g € H(T), we consider the quadratic form

Qu(f,g9) = <D1/2f | D1/29> — (Taf | Tag) -
(ii) Using the following inequality : for all n > 0, 3N, € N5,
Tt 2agsy < 202 ({DRIR) + WhllEage) ) + N2l ey . (33)
—which can be obtained by decomposing v in high and low frequency

un(z) == Zivzo u(n)e™*

Ry (u, @) i= 305 np Uln) €

Y

u(z) = un(z) + Ry(u, x), {

and using Lemma 2.7— we infer

Quf, ) = (1 =20°) | f %2 = 2N llull 72 + 0®) L F I 2y - (3.4)

(iii) Therefore, choosing 7 small enough, we introduce the positive definite qua-
dratic form

0u(f,9) = Qulfrg) + K (flg), K:=K(u) >0, fgeHI(T),

1
which define a new inner product on H}(T).
(iv) Using the theory of quadratic forms (see [RS72]), we define for u € L3 (T),

Dom(L,) = {h € HI(T); 3C >0, |Qu(h,9)| < C llgla(x) . ¥ € HI(T)},
(3.5)
and for any f € Dom(L,)

1
(Lu(f)19) = Qu(f,9), Vg€ HI(T), (3.6)
and one shows that this new operator L, is a self-adjoint operator with a

dense domain in H?(T).

koksk
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3.1.1. Spectral properties of Ly, for ug € L% (T). Now that the operator L,, has
been introduced for ug € L3 (T), one can examine some of its spectral properties.
As noted above, the operator L, is a self-adjoint operator with compact resolvent
then it has discrete spectrum. In addition, the quadratic form Q,, of L,, is
bounded from below. Hence,

0(Lyy) == {o(ug) < ... < Au(ug) < ...}, Ao > —00. (3.7)
To characterize this spectrum, we use the following proposition.

Proposition 3.1. For every n € Nxq, the map u € L3 (T) — A\, (u) is Lipschitz
continuous on every bounded subsets of L% (T).

Proof. Let u € L2 (T). By the min—max principle,

1
Aa(u) = max min{Qu(h, h): he FXOHA(T), |k = 1} .
F§L+
dim F' <n

1
For any subspace F of L%(T) of dimension n, let h € HZ(T) N F*+ and let
ve LA(T),

(LGBl B) = (Lob ()] = I Tohl2age) — Tl 2o |
< HT(H—U)hHLQ(T) <||th||L2(1r) + ||Tﬂh||L2(1r)>
Applying the inequality of Lemma 2.7, we infer
(Loh | h) < (Luh | h) + Cllu = vll paggy ( lull agry + [0l 2y IR, 5 - (3.8)

From Dom(L,) N F* | we select

h e @ker(Lu — Mo(u)1d) N span{e”*; k=0,...,n}, IAll oy = 1-
k=0
Note that the intersection of all these sets is not empty (by checking dimen-
sions). Therefore, h = >~ crge(w), m > n, where the (gy(u))j, denotes any
orthonormal basis of @), _, ker(L, — Ax(u)1d), thus

(Luh | ) <) lenlAu(w) < An(u). (3.9)
k=0
Moreover, since h € span {e”*; k =0,...,n} then
||h||2% ={((1+D)h|h) <1+n. (3.10)

Combining (3.8), (3.9) and (3.10) , we infer

A(©) < M) + OO+ )2 = 0l agey (el ooy + [y ) -
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Corollary 3.2 (Characterization of the spectrum of L., ). Let (uj) € H2(T) such
that u§ — ug in L3 (T). Then the spectrum of Ly, , is given by

0(Lug) = { 1 Au(u5) | An(uf) € o(Lug), n € Nao } -
e—
Proof. In light of the previous proposition, the result follows directly. O

Proposition 3.3. Let ug € L% (T) and (uf) € H3(T) such that u§ — uo in L% (T).
Then Lyg — Ly, n the strong resolvent sense as e — 0.

Proof. For A < 0, let ¢5 := (Lug — )\)_1 h, h € L3(T). Since (Ly — A)¢5 = h,
then taking the inner product with ¢5,

Qus (¢, ¢3) — AllSillZ = (R [ 5) - (3.11)
Notice that since u§ — ug in L% (T) then the integer N, in (3.3) is uniform for all
e >0, and thus by (3.4) we deduce for n = % ,

£ > > 1 £ 1> 1 (>
Quy (@3, 95) = MIdalze = S 16515 5 — 2(N Il + 5 + M) 16312z »
which leads, for A < 0, to
(> g (> 1 (>
Qus (65 65) — A3 > S IG5,
That is, by (3.11),

(1 1 (=1
(h]95) = §||¢A||2%- (3.12)
Besides, in view of Corollary 3.2 and by (3.7), we have for all € > 0,
1
N < — ||k < C(N)||h . 3.13
163112 < sup 15— bl < COVkl (3.13)

Therefore, applying Cauchy—Schwarz’s inequality to (3.12), we deduce by (3.13),
le31% , < CNIIAIZ: , Ve >0.
Thus, up to a subsequence, there exists ¢, € Li such that
@5 — oy in H2(T) and @5 — ¢y in L2(T).
It remains to show that ¢y = (L,, — A)~'h. Indeed, for any g € H%(']I‘) , we have
by definition of ¢5 , <(Lu§:J —A) ¢5 | g) = (h] g). Namely,
(h]g) = Qug(d}, 9) = A (A1 9)
= (D2¢5 | D2g) — (Tug 5 | Tugg) — A (951 9) - (3.14)
Since
T'l_b(a)g — Tﬁog
Tag 9\ — Tag®x
D325 — D2 ¢,



GLOBAL WELL-POSEDNESS OF CS-DNLS EQUATION 23
1
in L2 (T) as € — 0, then passing to the limit in (3.14), we infer for all g € H2(T),

(| g) = (D2 | D3g) — (Tuzyd | Taz) — Adn | g) =: Q(dr,9) — A{da|g).

That is, ¢» € Dom(Ly,) and ¢y = (Ly, — A)"'h. Therefore, Ly — Ly, in the
strong resolvent sense as ¢ — 0. U

3.1.2. Characterization of the limit u(t).

Proposition 3.4 (Uniqueness of the limit potential u(t)). Let ug € L3 (T). There
exists a unique potential u(t) € L% (T),

u(t,z) = (Id—ze e 20 §%) Ty [ 1) VzeD, (3.15)
such that, for any sequence (uf) C H2(T) with |lu§ — uo| 2 v 0, we have
u(t) = wu(t) in L2(T), vVt eR.
Proof. By the conservation of the L?*norm (Lemma 2.6), we have for all t € R,
[ @2 = llugllze < lluollz2 Ve <1,
Then, Vt € R, u; € L2 (T) such that
)= in I2(T),  and gl S Juolie. (316)

In order to guarantee that the limit u} is indeed u(t), for a well-defined potential
u, we use the explicit formula. Indeed, recall by Proposition 2.5,

u(t, z) = <(Id —ze e Mg )Ty | 1> , VzeD. (3.17)

In addition, by the last Proposition, we have L, — Ly, as € — 0 in the strong
resolvent sense, since u§ — ug in L7 (T). Thus, f(Lys) — f(Ly,) strongly for all
bounded continuous functions f [deO09, Proposition 10.1.9]. In particular for all
t € R, we have for f(z) = e %=t

in the strong operator topology as € — 0. Therefore, passing to the limit in (3.17),
we deduce

u(t,z) = ((Id—ze e "o 5% 7Ty | 1) VzeD.

By uniqueness of the limit, we conclude that u;(z) = u(t, z) , with u(t) € L3 (T)
thanks to the inequality [|u(t)| 2 < ||uol|z2 of (3.16) . O
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3.2. Strong convergence in L? (T) and conservation of the L*-mass. In the
light of the previous subsection, it remains to prove that

[u(®)]lz2 = lluollz2 ,
in order to infer the strong convergence of u®(¢) — u(t) in L3 (T), and induce a
proof to Theorem 1.2. Indeed, as ¢ — 0,
[u(®)ll2 = llugllz — lluollz> -

The main idea is to use Parseval’s identity on wu(t), where u(t) is written in a
suitable evolving L2 -basis (f,!) and satisfying

[(u®) | f)l = Kuo [ £2)], Vn € Nao. (3.18)

Definition 3.5 (An orthonormal basis of L3 (T)). For all ¢ > 0, let u® €
C(R, H(T)). We denote by (f,>') the evolving orthonormal basis of L2 (T) along
the curve t — u(t) and satisfying the Cauchy problem

{@fa’t = Bust fa’t
€,0

n =0 f

for all n, where (f,2°) is the orthonormal basis of L3 (T) constituted from the

eigenfunctions of the self-adjoint Lax operator L,z , and By is the skew—adjoint
operator defined in (1.5).

Remark 3.1.

(1) Since for all € > 0, Bye) is a skew-adjoint bounded operator (cf. Proposi-
tion 2.3) then the orthogonality of the (f5) is conserved in time. Indeed,
forallt e R,

O (F 1 F2h) = (Buf S £ + (| Buf') =0,

(2) By [Ku06, Lemma 4.1], such orthonormal basis is formed by the eigenfunc-
tions of the Lax operator Ls(; . Typically, we have for all € > 0, for all
teR,

Lus f' = An(ug) £,
With this choice of L2 (T)-basis, we have a nice description of the evolution of the

coordinates of u®(¢). This is the aim of the next Lemma.

Lemma 3.6. For alle > 0, let u* € C(R, HE(T)). Under the same notation of
Definition 5.5, we have for any n € N>g,

()| 1) = (ug | £70) 70t (3.19)
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Proof. By Lemma 2.4, and since L,y and B, are respectively self-adjoint and
skew—adjoint operators

O (W ()| fi") = (Busyu® (t) — i Lieyus () | £ 4 (u(8) | Bus fi7)
= —iAp(ug) (W ()] f)

which leads to the statement. O

CONSEQUENCE. From the previous lemma, we infer for all € > 0, n € N5,

[Cu () | £ = [(ug | £0)]-

At this stage, we want to take ¢ — 0 in this identity in order to deduce (3.18).
However, one first might ask two questions :

I. Does the orthonormal basis (f9) constituted from the eigenfunctions of the
self-adjoint Lax operator L,g remains an orthonormal basis of L2 (T) under
the limit ¢ - 07

IT. Suppose that the answer to the former question is affirmative, and denote
by (f9) this orthonormal basis limit. Based on Definition 3.5, could we
construct a time-evolving orthonormal basis, coinciding at ¢ = 0 with (f),
and inducing a nice evolution as in Lemma 3.6 of the coordinates of u in
this basis 7 A priori, the operator B, defined in (1.5) is not well-defined for
u € C[L%(T)], . Therefore, we should find another way to circumvent this
problem.

The following first proposition aims to answer question I. and to characterize
the eigenfunctions of L,, for uy € L3 (T), by finding a uniform bound on the
growth of the Sobolev norm || anOHH 3~ For the second question IL., we avoid the
problem of defining (f,!) via Definition 3.5 by using the same strategy done in the
previous subsection, that is, we characterize the limit f, for all ¢ € R. Therefore,
we should derive an explicit formula of £, for all € > 0 in order to pass to
the limit. Unfortunately, we won’t directly obtain that the limit (f}) forms an
orthonormal basis of L% (T) . However, it shall be an orthonormal family in L3 (T),
which will be sufficient to conclude.

Proposition 3.7. Given ug € L:(T). There ezists a sequence (f,)) C Dom(Ly,),
such that for any sequence (u§) C H3(T), u§ — uo in L3(T), we have up to a
subsequence

11m||f;’0—f,,?||L2:0, VTLENZ().
e—0

In addition, for all n,

Luofno - )‘n(UO)an :
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Proof. By definition of L, = D — T,e Ty , and since Lys f7° = Ap(uf) f,70, it
follows
Mn(ug) + | Tas 0N 72 = ||f7f’0||2% ,  Vn>0.

+
Note that as u§ — ug in L2(T), and by applying inequality (3.3), we infer that
3N > 0 independent of €, such that

M)+ 5 10+ (2Nl 3 ) 1520 > 12012,
Hence, by Proposition 3.1 and since u§ — ug in L2 (T),

||f£0||H1/2 ~S (UO) (3.20)

Therefore, up to a subsequence, 3 (f°) such that, as e — 0,
20— f%in H2(T) and 20— f2in L2(T). (3.21)

At present, for the second part of the proof we show that the (") are eigenfunc-
tions of L,, . Note that by Lemma 2.7 , one can directly check that (f°) C Dom(L,,)
where Dom(L,,) was defined in (3.5). Besides, by definition of L, , we have for

all g € H2(T),

(D70 Drg) = (Tap £7° | Tigg) = () (£7°1 ) - (3.22)
where by Lemma 2.7 Tye g — Tg,g in L3 (T) , by Proposition 3.1 A (u§) — An(uo)
and by (3.21) Tg f7" — Ty, f,) . Hence, passing to the limit in (3.22), we infer

(Luuf P19y = Mluo) (£219) Vg € HI(T),

leading to Ly, f.2 = A\, (ug) f, for all n > 0, where (\,(ug)) denotes all the spectrum
of L,, by Corollary 3.2.
O

In the sequel, thanks to Corollary 3.2 and Proposition 3.7, we denote by (f,°)
the orthonormal basis of L3 (T) made up of the eigenfunctions of L,, obtained in
the previous proposition. The following lemma aims to give an explicit formula of
the (f5') defined in Definition 3.5 in order to characterize their limits.

Lemma 3.8 (The explicit formula of f5!). Under the same notation of Defini-
tion 3.5, we have for alle >0,t € R,

. ) wr2, \ -1 L2,
fo(z) = <<Id _ e ttlugHld) S*etL’Q‘O) £ e g 1> , VzeD. (3.23)

Proof. Like the proof of Proposition 2.5, we have
fotz) = ((d=z8")"" f2H1),  VzeD.
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Using the unitary operator U(t) introduced in Remark 2.1, we deduce
) = (U@ Id—28")"" f24 | Ut)*1) (3.24)
= (=0 S U@) ™ U £ | U)1)
= ((Id—=U()*s*U®)" [0 U(t)1) .
By the same computation of (2.12) and (2.13), the explicit formula of f,** follows.
O

Proposition 3.9. Let up € B2 (1). Under the same notation of Definition 5.5,
there exists an orthonormal famzly (1) of L3(T), such that for any sequence
(u§) € HY(T), u§ — ug in L7 (T), we have up to a subsequence,

It = falle — 0.
e—0
Proof. This proof is similar to the one done in Proposition 3.7. However, it
presents two main differences. We will discuss these later in the upcoming remark.
Now, coming back to the proof, recall by Proposition 3.4, there exists a unique
u(t) € L2(T) such that for any u§ — uo in L2(T) we have u®(f) — u(f) in
L% (T) as € — 0. Therefore, by definition of Lyezy = D — Tye(tyTae(r) , and since
Ly f,2F = Ao (uf) f,2 by the second point of Remark 3.1,
Ma(g) + 1 Tae £ 72 = 127115y . V>0,
Thus, applying Lemma 2.7,
A=l @lle2) 1y < M@z + Aa(ug),  ¥n>0.

Taking e small enough to guarantee ||u®(t)||zz = ||u§|lzz < 1, we deduce by
Proposition 3.1,
1 e S Anlug), V>0, (3.25)

Hence, up to a subsequence,
fot) = fr,in HA(T),  fi(t) — fi,in L2(T).

It remains to show that f; , is well characterized for all {. Using the explicit
formula of Lemma 3.8,

itL? —1 —itL2,
fa'(z) = <(1d ze M 10T g g ) T pe0 tL“01>a VzeD,

and applying the same arguments presented in the proof of Proposition 3.4 to
characterize u(t) , one can conclude that there exists

n

. L2\ L T2
falz) = <<Id —z e ML HId)? g eZtLu()) £0] e o 1> 7 VzeD, (3.26)

where (f2) denotes the eigenfunctions of L,, obtained in Proposition 3.7 . Therefore,
the limit f;;, = f,/ for all £. Finally, observe that since the (f,>*) is an orthonormal
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basis of L2 (T) and since f,>* — f! in L2(T), then (f!) forms an orthonormal
family in L7 (T). d

Remark 3.2. There are two main differences between the proof of Proposition 3.7
and Proposition 3.9:

(i) First, note that in the last proof, we cannot control the growth of the Sobolev
norm || f,ft||H 1 uniformly for all ¢ by using the inequality (3.3), since the
integer NN, in (3.3) is not uniform for all ¢ € R. As an alternative, we rely on
Lemma 2.7. Consequently, the condition of ||u®(t)||zz < 1 for £ small enough,
is crucial here in order to conclude.

(ii) Second in the previous proof, we had to give a meaning to the limit f;, by
characterizing this limit for all t € R.

A common feature about these two proofs is to obtain a uniform bounds on the

1
growth of the Sobolev norm H?(T) of the eigenfunctions f,° and f,> to be able
to conclude.

In view of Proposition 3.1, Lemma 3.6, Proposition 3.7 and Proposition 3.9,
we infer the following lemma.

Lemma 3.10. Let ug € Byz (1) . There exists an orthonormal family (ft) of L2(T)
such that for alln >0,

(@) | 1) = (ug | £2) e ™n(m0) - vt e R, (3.27)

We are, at this stage, in a position to prove Theorem 1.2.

Theorem. 1.2. Let ug € Brz (1). There exists a unique potential u € C(R, L% (T))

such that, for any sequence (u§) C HI(T), |luf — uol|r2 — 0, we have for all
e—

T>0,

sup ||u®(t) —u(t)||zz — 0, e—0.
te[—T,T)

In addition,
u(t,z) = ((Id—ze e "o %) Ty | 1) VzeD. (3.28)
Moreover, the L?>-norm of the limit potential u is conserved in time :
[l = lluollr2, VYt €R,
Proof. Let (t°) C R such that ¢t — ¢ as ¢ — 0. Since ||u§ — ug|[zz — 0, then
Ju= (%) > = Nlugllze S lluollr> -

Hence, for any ¢* — t, there exists uj € L2 (T) such that up to a subsequence,
uf(t°) — uj in L3 (T) and

o > < T inf [l (69)] 2 = o ugllze = Juollze - (3:29)
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Our goal is to show that u®(t%) converges strongly in L3 (T). As a first step, we
stress out that the weak limit potential u; is well characterized for all ¢, and is
equal to a unique limit u(¢). For that, we repeat the same proof of Proposition 3.4
by exchanging ¢ into ¢ with t* — ¢, and obtain u(t) defined in equation (3.15).
Therefore, u(¢°) — u(t) in L2(T), with

[u()]|2 < fluoll 2, (3.30)

by (3.29). As a second step, we prove that this weak convergence in L2 (T) is
actually a strong convergence. This can be achieved by checking

[u= @) oy = w2y > € = 0.
In fact, it is actually sufficient to prove that [[u(t)| o) = [|uoll 2(r) since
lu®(t) |2 = ||ugllze — |lwollzz, ase—0. (3.31)

Thanks to (3.30), we already have ||u(t)||zz < ||uo||z2 - Now, to prove ||u(t)||zz >
||uol|z2 , we use Lemma 3.10 to infer the existence of an orthonormal family (f)
of L2 (T) such that

D W@ LEDE = uo | £2)1P = lluoll7a -
n=0 n=0
Hence, by Bessel’s inequality

lu(@)l[z2 = [luoll 2 -
As a conclusion, we have proved for any t* — t, u®(t*) — w(t) in L3 (T). This
means, u € C(R, L2 (T)) and for all T > 0,

sup |lu®(t) —u(t)||z =0, €—0.
te[-T,T]

U

In view of the last Theorem, we denote through on, u(t) the solution of (CS™)
in L3 (T) starting from an initial datum g that lies inside the open ball B 12 (1) of
L3(T).

Corollary 3.11. The spectrum o(Ly)) is invariant under the flow of (CS™).

Proof. Let (u§) € H3(T) such that |ju§ — uol/z2 — 0 as e — 0. Since, for all
n e NZO,

An(ug) = M (us(t)), VteR,
then by passing to the limit, we infer by Proposition 3.1 and Theorem 1.2 that

the spectrum of L, is conserved in time.
O
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Corollary 3.12. Let ug € Byz (1). There exists an orthonormal basts (fL) of
L3 (T) constituted from the eigenfunction of Ly, such that for all n € N,

(u) | £1) = (ug | £2) e7™n0) - vt € R. (3.32)

Proof. Taking into account Lemma 3.10, we only need to prove that the orthonor-
mal family (f,) found in Proposition 3.9 as

fot=fiin HE(T),  and  fo'— flin L3(T), (3.33)

is actually an orthonormal basis of L2 (T). On the one hand, using (3.33) and
since u®(t) — w(t) in L (T), one can directly prove that Lye f,2" — Lyw f,! in
Li(T) . On the other hand, using Proposition 3.1, we infer that taking ¢ — 0 in

(Luey 01 9) = M) (S g) . Vg e H%(’JI‘) :
leads to 1
(Luwy £119) = M(u®) (fL1g),  Vge HI(T).

As a result, the (f,f) describes all the eigenfunctions of the self-adjoint operator
Ly, thanks to Corollary 3.11 and Corollary 3.2. Hence, they form an orthonormal
basis of L% (T). O

Remark 3.3. The nice evolution in (3.32) of such coordinates suggests that the
so—called “Birkhoff coordinates” of (CS™) are the ({(u(t)| f})).

4. PROOF OF COROLLARY 1.3 AND THEOREM 1.4

To summarize, we have proved the global Wellfposedness of (CS™)—equation in
Hi(T), s > 2, and for s = 0 which correspond to H{(T) = L2 (T). The following
corollary aims to prove the global well-posedness for 0 < s < %

3
Li H;
E
Theorem 1.2 1.3 Theorem 1.1

Corollary. 7.5. For all 0 < s < %, the Calogero—Sutherland DNLS focusing
equation (CS™) is globally well-posed in HZ(T) N Bz (1) . Moreover, the following

a—priori bound holds,

sup ||u(t)||gs < C,
teR
where C' = C(ug, s) > 0 is a positive constant.

Proof. For s = 0, we infer by Theorem 1.2 the global well-posedness of the problem
in L2 (T) in the sense of continuous extension of the flow from H3(T) to L2 (T) .
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For 0 < s <3 let up € Hi(T) N B2 (1). We consider (uj) € H?(T) such that
ug — ug in H5(T). Then by Proposition 2.8,

1 &€ 1> S, & g S, ,E >
Sl < Ly + A0 ()2 = (L + 2w 22 < Cl e
thanks to Lemma 2.6. Therefore, for all € > 0,
[[u= ()] (4.1)

Hence, as t* — ¢, we have u®(t°) — u(t) in H3(T), where u is a well characterized
function for all ¢ obtained as in Proposition 3.4. In particular, we infer u®(¢%) — u(t)
in L2 (T) with

[ e < llwoll e (4.2)
by (4.1). As of now, to deduce the strong convergence in H? (T) we use Proposi-
tion 2.8. Thus, for all € > 0,

[ () = u®l7re S M(Laeey + 2)*(w () — ult))]|72 (4.3)
= (Lusee) + X)) u= ()72 + [1(Lueqee) + A u(®)]I72
— 2Re {(Lus (1) + A (1) | (Lusy + A)°u(t))

Recall that u®(¢°) — u(t) in L2 (T) which leads by Proposition 3.3 t0 Lye(sy — Ly
in the strong resolvent sense. Thus, by functional calculus, (see the following
lemma— Lemma 4.1) we infer

(Lue(ts) + )\)s Ue(t€> — (Lu(t) + )\)s U(t) in L%'_(T) ;
as € — 0. In addition, for € > 0, recall by Lemma 2.6,
I(Zusqeey + A)° w () 122 = [[(Lug + A) w57 (4.4)

Therefore, passing to the limit in (4.3), and since u§ — o in H3(T) combined
with Lemma 4.1 and Proposition 2.8, we deduce

1 () = u)llzze S N(Lug + A vollZ2 = | (Luey + X u(t)lIZ: -

At this stage, it remains to show that the right—hand side of the previous inequality

is vanishing. Indeed, by Corollary 3.11,

(Lugy + N u(t) [u(t)) =Y " (Aa(ult) + X[ ut) | £

n>0

—Z n(ug) + ) |<u \fo>|2 ((Lyy + N)*ug | uo)

n>0

where (f,) are the orthonormal basis obtained in Corollary 3.12 since u® (%) — u(t)
in L3 (T) . As a resul, [[(Ly, + A)°ugl% = [(Lug) + Au(®)[s  and as £ = 0,

[[u () — u(t)[[F: — 0.
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Hence, v € C(R, H(T)) such that (4.2) is satisfied, and for all 7" > 0,

sup ||u”(t) — u(t)|
te[-T,T)

g — 0.

Remark 4.1. (1) The inequality (4.2) in the proof implies that the flow
up € H{(T) N Bz (1) = u e C(R, HL(T)),

defined in the previous corollary, is continuous.

(2) As observed in the proof, one has for any v € C(R, H% (T)) , » > 0 such that
|lul|z2 < 1, the family {Hs(u) := (L, + A)*u|u) ; 0<s<2r}, A >>0,
is conserved along the flow. This means, that the conservation laws of
Lemma 2.6 are extended to less regular u. Consequently, as noted in
Remark 2.5, Proposition 2.8 holds for any uo € Byz (1) N HY(T), for all
r>0.

To conclude the proof of Corollary 4, we need to prove the following functional
analysis result.

Lemma 4.1. Let (A.) be a sequence of positive self-adjoint operators in L?.
Suppose that A. — A in the strong resolvent sense as ¢ — 0, and for all s >0,

Dom(A;) = Dom(A®) = H®, e>0.

Moreover, assume that for all u € H®, the (A%u) are uniformly bounded with
respect to € > 0 in the following sense ||Asu| < Cllu||gs. Then, for all s >0,

Alu — A’u in I, e—0. (4.5)

Proof. For all R > 0, let xg € C*°(R,) such that xg = 1 on [0, R] and supp(xr) C
[0,2R] . Note that, for all s > 0, the subset {xr(A)u; v € H*, R > 0} is dense in
H? . Then, since the (A%u) are uniformly bounded with respect to €, it is sufficient
to prove for all R > 0,

Al xr(A)u — A’xr(A)u, e—=0,
to obtain (4.5) . Toward this end, let R > 0, and write for any s > 0, foralle > 0,
AZxr(A)u = A X p(A)xr(A)u + AZ (L — xz(A))xr(A)u, (4.6)

where x5 € C®(Ry) such that xz = 1 on [0, R] and supp(xz) C [0,2R], R > 2R.
Notice that,

142 (1 = xa(A))xr(A)ull = [|AZ (1 = x(A)) AZxr(A)u|
<< Nl
(2R)

HS.
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Therefore, for all n > 0, there exists R >> 0, such that for all e > 0,
142 (1 = xz(A<))xr(A)u] <n,
and so, by (4.6),
|AZ xr(A)u — AZ x5(A)xr(A)u|| < n, Ve > 0. (4.7)

Besides, recall that A, — A in the strong resolvent sense as ¢ — 0. Hence, by
[deO09, Proposition 10.1.9], f(A.) = f(A) as e — 0, in the operator norm for all
continuous bounded f. In particular, for f(z) = 2® xz(x), we have

Al xp(As) xr(A)u — A% xp(A)u, e—0. (4.8)

Thus, combining (4.7) and (4.8), we infer for all 77 > 0, there exists ¢ > 0 such
that Ve > ¢,

A2 Xr(A)u — A xr(A)ul < 7.
O

Beyond the global well-posedness results of the (CS™) Cauchy’s Problem, we
are interested in some qualitative properties about the flow ST (¢) of this equation.
Therefore, we prove that all weak limit points of the orbit are actually strong limit
points.

Theorem. 1./ . Given an initial data uo € Brz (1) N HL(T), s = 0, the orbit of
the solution {S*(t)ug; t € R} is relatively compact in H(T).

Proof. Let (t,) € R such that ¢, — oco.
Step 1: s=0. By Theorem 1.2,

lultn)ll 2 = lluollz2 - (4.9)

Then, 3@ € L% (T) such that, up to a subsequence,

u(t,) — @ in L2 (T) and @l 2 < |luol| L2 -
In order to obtain the strong convergence u(t,) — @ in L2 (T), all it remains is to
show that ||u(t,)||zz — ||@||zz, or by (4.9),
[uol| 2 = [lall 2 -

Observe that we already have ||ugl|zz > ||@||z2 . Now, to prove ||ugl||zz < ||@||z2,
recall by Corollary 3.12,

(ultn) | i) = (ug | f5) et dmlm) (4.10)

where (f,l7) is the orthonormal basis of L3 (T) constituted of the eigenfunctions
of Lyny. The idea is to pass to the limit as ¢, — oo in the above identity and
conclude by using Bessel’s identity. First, we have u(t,) — @ in L2 (T). Second,
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notice that the (f,'») converges strongly in L% (T) as t, — oo to an orthonormal
family denoted by (gy,). Indeed, by definition of Ly, ,

A (t0) + 1Ty Fir 32 = 1 £i0 12

leading to || f,lr ;3 < Am(uo) for all m, thanks to Lemma 2.7. Hence, by Rellich-
Kondrachov’s Theorem, f,,(t,) — gn in L% (T) as ¢, — co. Third, using Cantor
diagonalization procedure, one can extract a subsequence t,, — 0, mod(f—z’r) , as

the circle is compact. Hence, by passing to the limit in (4.10), we obtain

(@] gm) = (ug | ) €= Nn0)0m,

As a result, using Bessel’s inequality, we conclude

0o 00
lall72 = Kalga)l> = I(uo | fo) P = lluoll32 ,
n=0 n=0

Consequently, [u(t,)||z2 — |||l z2 and thus u(t,) — @ in L3 (T).
Step 2: s> 0. By inequality (4.2) of the proof of Corollary 1.3, we have
[u(tn)llms < lluol

u(t,) = @ in H3(T) and |l

s leading to

Hs S HUO‘ Hs -

In particular, u(t,) — @ in L2 (T). Then, in view of Remark 2.5,
e S (Lugeny + ATd) (u(tn) — @)l|72 (4.11)
= (Lue,) + ATd) ulta) |72 + | (Luge,) + ATd)* @72,
— 2Re ((Lu(,) +A)* ultn) | (Lu,) +A)° @)

[u(tn) — al

where by Remark 2,
|(Eueny + AT ult) 22 = [(Luy + A woll22.

Besides, as u(t,) — @ in L2 (T), then Ly4,) — Lg in the strong resolvent sense
thanks to Proposition 3.3. Hence, by functional calculus (see Lemma 4.1), we infer

(Luy A0 = (Lg+A)°a in Li(T) ,
(Lugty) + A ultn) = (Lg + N)*a in L3(T),
as n — 0o . Therefore, by passing to the limit in (4.11), we deduce
lu(tn) = all3e < 1(Luo + A)*uollze — [[(La + X)*all7e

where the right—hand side vanishes. Indeed, by Corollary 3.11 and Proposition 3.1,
An () = A\p(up) . Hence,

((La+ N0l i) = (Aa(uo) + N)*[(@ ] ga)|* =D (Auluo) + X[ (uo | £7)

n>0 n>0

= <(Lu0 + )\)28160 | UO> y
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where (g,,) is the orthonormal family of L2 (T) found in Step 1. Nevertheless, since
u(t,) — @ in L2 (T), one could show as in Corollary 3.12 that this orthonormal
family is indeed an orthonormal basis of L2 (T) by proving that the (g, ) constitutes
all the eigenfunction of the self-adjoint operator L;. As a consequence,

I(Zuo +A)* woll72 = (La + A)* @l 72,

and thus [|u(t,) — @]

2e—0,asn— o00. O

5. THE CALOGERO—SUTHERLAND DNLS DEFOCUSING EQUATION (CS™)
In this section, we consider the defocusing equation of (CS)
10 + 02u — 2D (|ul*)u = 0. (CS7)

Note that by adapting the argument of [GL22, Proposition 2.1] to the defocusing
equation, one can infer the local well-posedness of the (CS™) problem in H%(T)
for s > 2. And we expect that one can go down to s > 1 by following [deMP10] .

Below are a series of lemmas, propositions, and theorems that can be proved
similarly to their analogs in the focusing case. Again, the integrable methods are
the main ingredients to conclude. The first proposition is to announce that the
defocusing equation of (CS™) enjoys also a Lax pair formalism.

Proposition 5.1 (Lax pair for (CS™)). Let u € C([-T,T],H{(T)), s > 2, be a
solution of (CS™). There exist two operators

Ly=D+TT;,  By= ~T.Tpq+TpTa+i(TT5)

satisfying the Lax equation

dL, -
(B, L),
Lemma 5.2. Given u € C([-T,T), H.(T)), r > 2, a solution of (CS™) equation,
then
dyu = Byu — iﬂiu.
As a consequence, the quantities Hy(u) = (L3u | u) are conserved by the flow

S~ (t) of (CS7) for all0 < s <2r.
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Remark 5.1. Expanding the conservation laws Hy(u) for all k € Nog, we have

Ho(u) = (u(t) | u(t)) = [lu(t)[Z2 = [luollz2
Hi(u) = (Luu(t) | u(®)) = u@®lFe + 1 Tawu®lze > [lu(®)]7,
Ha(u) = | Lugyu(®)72 = | Du)l|7: — | Tuw Tawu®)[72 = [u(®)]F: — Clull,y)

Unlike the focusing case, here we deduce the uniform control of the growth of
Sobolev norms of the solution u by the conservation laws, without requiring any
additional condition of smallness on the initial data ug. Therefore, Proposition 2.8
holds in the defocusing case for all uo € H'.(T), r > 2.

As a result, we state the following theorem which is the analog of Theorem 1.1
but for equation (CS™).

Theorem 5.3. For all s > 3, let ug € H(T). There exists a unique global
solution u € C(R, H(T)) of the defocusing equation (CS™), satisfying at t =0,

u(0,-) = ug. Furthermore, for all s > 2

sup [[u(t)|[ms < C',

teR

where C' = C(ug, s) > 0 is a positive constant.

As for the focusing case, the defocusing Calogero—Sutherland DNLS has an
explicit solution.

Lemma 5.4. Let ug € C(R,H{(T)), s > 2 then the solution of the defocusing
Calogero—Sutherland DNLS equation (CS™) is given by

u(t, z) = <(Id —z it g2ty S g | 1> :
In particular, using this explicit formula, we extend the flow S~ (¢) continuously
from H%(T) to H:(T), for 0 < s < 2. Therefore, we have :

Theorem. 1.5 . The Calogero—Sutherland DNLS defocusing equation (CS™) is
globally well-posed in HL(T) for any s > 0, in the sense of Remark 1.2. In
addition, for all ug € HS(T),

u(t,z) = <(Id —ze e 2t S*) g | 1> :
is solution of the (CS™)—defocusing equation. Furthermore, the trajectories
{Sf(t)uo, t e R}

are relatively compact in H3 (T).
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6. FINAL REMARKS AND OPEN PROBLEMS

Let us briefly discuss here some remarks related to the previous sections.

1. One interesting feature about the focusing Calogero-Sutherland DNLS
equation is that it admits a rich dynamic in comparison to the defocusing equation.
For instance, as we shall see [Ba], the focusing equation has a wider collection of
traveling wave solutions.

2. The problem of global well-posedness of the focusing Calogero—Sutherland
DNLS equation (CS™) without restriction on the initial data is wide open. Never-
theless, we expect that the explicit solution (equation (3.28))

u(t,z) = (Id —ze " e " 5*) "y | 1) | (6.1)

is a key ingredient to answer this question. Indeed, writing for all t € R, 3, the
ZitLug @it we have by (6.1)

u(t,z) = Y (ug| Tp1) 2" (6.2)

n>0

operator Se

Observe that, if uy belongs to the space J generated by the orthonormal family
{71, n > 0}, then using Parseval’s identity on (6.2), we infer

[u() [ 2ery = lluollz2 teR, (6.3)

leading to say that the set {u(t) ,¢ € R} is relatively compact in L2 (T) . Hence, the
integer N, set out in inequality (3.3) is now independent of ¢, and thus applying
inequality (3.3) to (2.18), we obtain for all n > 0,

1
I(Zuy + N2 flIZe > (1 =20 FI% + (A= 20" — 2N luol ) [ fIIZ2 .
instead of having inequality (2.19) :
1
I(Zuy + N2 72 = (1= Nl Z) I 3 + O = el z) 1117 -

Therefore, using (3.3), we control the growth of all the Sobolev norm ||u(t)]

i
for all s > 0, and we infer the global well-posedness of the focusing (CS™) in all
H3(T), s > % for arbitrary initial data. In addition, by the same manner, we
deduce also Hz—bounds on the eigenfunctions (f2") —inequality (3.25)— implying
that the flow ST (¢) can be extended to L% (T), for arbitrary initial data. Besides,
if up does not belong to J , then we expect blow—up results in finite time 7'.

REFERENCES

[ABW09] AG. Abanov, and E. Bettelheim, and P. Wiegmann. Integrable hydrodynamics of
Calogero—Sutherland model: bidirectional Benjamin—Ono equation J. Phys. A 42 (2009),
no.13, 135201, 24 pp.



38 RANA BADREDDINE

[Ba] R. Badreddine. In preparation.

[BLP21] H. Bahouri, M.L. Trevor and G. Perelman. H*® Bounds for the Derivative Nonlin-
ear Schrodinger Equation. arXiv preprint arXiv:2107.12297 (2021).

[BP22] H. Bahouri and G. Perelman. Global well-posedness for the derivative nonlinear
Schrodinger equation. Invent. Math. 229 (2022), no. 2, 639-688.

[Bo93] J. Bourgain. Fourier transform restriction phenomena for certain lattice subsets and
applications to nonlinear evolution equations, I: Schrodinger equations. Geom. Funct.
Anal. 3 (1993), 107-156.

[Bo99] J. Bourgain. Global solutions of nonlinear Schrédinger equations. American Mathe-
matical Society, Providence, RI, 1999. viii+182 pp.

[BGTO02] N. Burq, P. Gérard, and N. Tzvetkov. An instability property of the nonlinear
Schrédinger equation on S®. Math. Res. Lett. 9 (2002), no. 2-3, 323-335.

[CaB9] F. Calogero. Jour. of Math. Phys. 10, 2191 and 2197 (1969); 12, 419 (1971); Lett.
Nuovo Cim. 13, 411 (1975).

[CCTO3] M. Christ, J. Colliander, and Terence Tao. Instability of the periodic nonlinear
Schrodinger equation. arXiv preprint math/0311227 (2003).

[deMP10] R.P. de Moura and D. Pilod. Local well-posedness for the nonlocal nonlinear
Schrodinger equation below the energy space. Adv. Differential Equations, 15 (2010),
925-952.

[deO09] C.R. de 0liveira. Intermediate spectral theory and quantum dynamics. Progress in
Mathematical Physics, 54. Birkhduser Verlag, Basel, (2009). xvi+410 pp.

[GG+67] C. Gardner, J. Greene, M. Kruskal and R. Miura Method for solving the
Korteweg-de Vries equation. Phys. Rev. Lett. 19, (1967), 1095-1097.

[Ger22] P. Gérard. An explicit formula for the Benjamin—Ono equation. Preprint
arXiv:2212.03139, (2022).

[GGO8] P. Gérard and S. Grellier. L’équation de Szegd cubique. Séminaire X-EDP, 20
octobre 2008, Ecole Polytechnique, Palaiseau.

[GG15]) P. Gérard and S. Grellier. An explicit formula for the cubic Szeg6 equation. Trans.
Amer. Math. Soc. 367 (2015), no. 4, 2979-2995.

[GK21] P. Gérard and T. Kappeler. On the integrability of the Benjamin-Ono equation on
the torus. Comm. Pure Appl. Math. 74 (2021), no. 8, 1685-1747.

[GKT20] P. Gérard, T. Kappeler and P. Topalov. Sharp well-posedness results of the
Benjamin-Ono equation in H*(T,R) and qualitative properties of its solution. arXiv
preprint arXiv:2004.04857 (2020).

[GL22] P. Gérard and E. Lenzmann. The Calogero-Moser Derivative nonlinear Schrodinger
equation. Preprint arXiv:2208.04105, (2022).

[GK14] B. Grébert and T. Kappeler. The Defocusing NLS Equation and Its Normal Form.
EMS Series of Lectures in Mathematics, EMS, (2014), x+166p.

[HKV20] B. Harrop-Griffiths, R. Killip, and M. Visan. Sharp well-posedness for the
cubic NLS and mKdV in H*(R). arXiv preprint arXiv:2003.05011.

[HKV21] B. Harrop-Griffiths, R. Killip, and M. Visan. Large-data equicontinuity for
the derivative NLS. arXiv preprint arXiv:2106.13333.

[HKNV22] B. Harrop-Griffiths, R. Killip, M. Ntekoume and M. Visan. Global well-
posedness for the derivative nonlinear Schrédinger equation in L2(R). arXiv preprint
arXiv:2204.12548.



GLOBAL WELL-POSEDNESS OF CS-DNLS EQUATION 39

[JL4+20] R. Jenkins, J. Liu, P. Perry, and C. Sulem. The  derivative  nonlinear
Schrodinger equation: global well-posedness and soliton resolution. Quart. Appl.
Math., 78(1):33-73, 2020.

[KL+17] T. Kappeler, P. Lohrmann, P. Topalov and N.T. Zung. Birkhoff coordinates for
the focusing NLS equation. Comm. Math. Phys. 285 (2009), no. 3, 1087-1107.
[KST17] T. Kappeler, B. Schaad and P. Topalov. Scattering-like phenomena of the peri-

odic defocusing NLS equation. Math. Res. Lett. 24 (2017), no. 3, 803-826.

[KNV21] R. Killip, M. Ntekoume and M. Visan. On the well-posedness problem for the
derivative nonlinear Schrodinger equation. arXiv preprint arXiv:2101.12274.

[KS22] F. Klaus and R. Schippa. A priori estimates for the derivative nonlinear Schrédinger
equation. Funkcialaj Ekvacioj 65.3 (2022): 329-346.

[KN78] D.J. Kaup and A.C. Newell. An exact solution for a derivative nonlinear Schrédinger.
J. Mathematical Phys. 19 (1978), no. 4, 798-801.

[Ku06] S.B. Kuksin. Hamiltonian PDEs. Handbook of dynamical systems. Vol. 1B, 10871133,
Elsevier B. V., Amsterdam, (2006).

[Lax68] P.D. Lax. Integrals of nonlinear equations of evolution and solitary waves. Comm. Pure
Appl. Math. 21 (1968), 467-490.

[Mo09] L. Molinet. On ill-posedness for the one-dimensional periodic cubic Schrédinger equa-
tion. Math. Res. Lett. 16 (2009), no. 1, 111-120.

[OS12] T. Oh and C. Sulem. On the one-dimensional cubic nonlinear Schrédinger equation
below L2. Kyoto Journal of Mathematics, 52(2012) no.1, 99-115.

[Pe95] D.E. Pelinovsky Intermediate nonlinear Schrédinger equation for internal waves in a
fluid of finite depth. Phys. Lett. A, 197 no.5-6, (1995) 401-406.

[RST2] M. Reed and B. Simon. Methods of modern mathematical physics. I. Functional analy-
sis. Academic Press, New York-London, (1972). xvii+325 pp.

[Sa79] J.{C. Saut. Sur quelques généralisations de I’équation de Korteweg—de Vries. J. Math.
Pures Appl. (9) 58 (1979), no. 1, 21-61.

[Su7l] B. Sutherland. Phys. Rev. A4, 2019 (1971); Phys. Rev. A5, 1372 (1972); Phys. Rev.
Lett. 84, 1083 (1975).

[Ta81] M.E. Taylor. Pseudodifferential operators. Princeton Mathematical Series, No. 34.
Princeton, N.J., (1981). xi+452 pp.

[Wel5] M.I. Weinstein. Localized states and dynamics in the nonlinear Schrodinger/Gross—
Pitaevskii equation. Dynamics of partial differential equations (2015): 41-79.

[Wil0] Y.Y.S. Win. Global well-posedness of the derivative nonlinear Schrodinger equations
on T. Funkcialaj Ekvacioj, 53 (2010) 51-88.

[ZS72] V. Zakharov and A. Shabat. Exact theory of two-dimensional self-focusing and one-
dimensional self-modulation of waves in nonlinear media. Sov. Phys. JETP 34 (1972),
no.1, 62—69.

UNIVERSITE PARIS-SACLAY, LABORATOIRE DE MATHEMATIQUES D’ORSAY, UMR 8628
pu CNRS, BATIMENT 307, 91405 OrRSAY CEDEX, FRANCE
Email address: rana.badreddine@universite-paris-saclay.fr


mailto: rana.badreddine@universite-paris-saclay.fr

	1. Introduction
	1.1. Main results
	1.2. Outline of the paper

	2. The Lax pair structure
	2.1. The explicit formula of the solution
	2.2. Global well–posedness of (CS+) in Hs+(T), s>3/2

	3. Extension of the flow of (CS+) to L2+(T) 
	3.1. Uniqueness of the limit and weak convergence in L2+(T)
	3.2.  Strong convergence in L2+ and conservation of the L2-mass

	4. Proof of Corollary 1.3 and Theorem 1.4 
	5. The Calogero–Sutherland DNLS defocusing equation (CS-)
	6. Final remarks and open problems
	References

