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Abstract

Supergravity theories with non-minimal Kähler potentials are characterized by a non-trivial

field space manifold with corresponding non-trivial kinetic terms. The scattering amplitudes in

these theories can be calculated at fixed background field values by making a field redefinition to

Riemann normal coordinates. Because of the Kähler structure of supergravity, a more compact

method for calculating amplitudes is obtained by a redefinition to Kähler normal coordinates.

We compare both methods and calculate the explicit transformations and amplitudes for several

examples in the context of no-scale supergravity with one and two chiral superfields. We show

that in all cases the equivalence of the scattering amplitudes using either Riemann normal or

Kähler normal coordinates is possible only at extremal points of the scalar potential.
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1 Introduction

A reasonable selection criterion in the search for viable theories encompassing physics be-

yond the Standard Model, is a UV completion which is derivable from a quantum theory

of gravity, e.g., string theory. The calculation of scattering amplitudes has attracted con-

siderable attention because of the many conjectures which demand scattering amplitudes

larger than gravitational amplitudes which is postulated to be the weakest interaction. For

example, the Weak Gravity Conjecture [1] places constraints on the gauge coupling of a

U(1) gauge symmetry to ensure the stability of extremal black holes. A violation of the

conjecture could be interpreted as the incompatibility of the gauge theory with a proper

UV completion stemming from string theory. As such, the theory would be designated as

part of the swampland [2].

A more ambitious conjecture known as the Scalar Weak Gravity Conjecture (SWGC)

[3] further speculates that for all scalar fields mediating interactions, there must exist a

state for which the scalar exchange is stronger than gravity. A stronger version known as

the Strong Scalar Weak Gravity Conjecture [4] states that the latter must be true for all

values of the scalar fields and can be encapsulated by the limit [4, 5]

m2 ∂
2

∂φ2

(
1

m2

)
≥ 1

M2
P

, (1.1)

where m2 = ∂2V/∂φ2 is the effective mass of the scalar field, φ, and MP ' 2.4× 1018 GeV

is the reduced Planck mass. There have since been many applications of these conjectures

on various scalar field theories, including inflation [4–10].

Many of the examples considered are theories with a single scalar field, φ, and a

canonical kinetic term. In this case, testing the conjecture amounts to a calculation of

the four-point scattering amplitude φφ → φφ, which may receive contributions from a

contact (quartic) term in the potential, as well as s, t, and u channels of φ-exchange arising

from cubic interactions. The resulting amplitude can then be directly compared with the

gravitational scattering amplitude.

In theories with multiple scalar fields, complex geometries may arise where the scalar

fields act as coordinates on a background field-space manifold. Focusing on specific direc-

tions in field space may not capture the full set of scalar field interactions, even when the

fields are canonically redefined. In general, canonical field redefinitions are only possible

for a given fixed background. As in general relativity, coordinate transformations to flat

Minkowski space-time amount to transformations to Riemann normal coordinates valid at

a specific space-time point. Analogously, the calculation of scattering amplitudes in non-

flat field space geometries are most directly performed in terms of Riemann normal field

definitions at a specific background field value.
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Similarly, theories of supergravity are characterized by a non-trivial metric for com-

plex manifolds that arises from the scalar fields of chiral multiplets. Typically, such theories

have the usual quadratic kinetic terms in the action, and are described by a complex Kähler

manifold. In general, one can perform a holomorphic transformation to Kähler normal co-

ordinates [11,12] that ensures that the Kähler metric is flat at a specific space-time point.1

In these coordinates the kinetic terms of the Lagrangian are canonical and there are no

cubic order terms. The absence of cubic terms make these coordinates particularly useful

when calculating the scattering amplitudes.

A common framework for non-trivial field space geometries is N = 1 supergravity

theories [14], where the metric for the complex field space manifold is given by

gij̄ = Kij̄ ≡
∂2K

∂Zi∂Z̄ j̄
≡ ∂i∂ j̄K , (1.2)

where Z is a complex scalar field, K(Zi, Z̄ ī) is the Kähler potential, and the inverse of the

Kähler metric is given by Kij̄. We follow the convention where the unbarred (holomorphic)

indices are on the left and barred (anti-holomorphic) indices are on the right. Therefore,

Kij̄Kmj̄ = δim. We also note that the metric (1.2) and all of the N = 1 supergravity action

is invariant under the Kähler transformation

K(Zi, Z̄ ī) −→ K(Zi, Z̄ ī) + f(Zi) + f̄(Z̄ ī) , W −→ e−f(Zi)W , (1.3)

where f(Zi) is an arbitrary holomorphic function and W (Zi) is the superpotential and is

also holomorphic.

The natural framework for a low-energy field theory derived from string theory [15]

is no-scale supergravity [16]. The simplest N = 1 no-scale supergravity models were first

considered in [16,17], and are characterized by the following Kähler potential [18]:

K = − 3α ln
(
T + T̄

)
, (1.4)

where T is a complex chiral field that can be identified as the volume modulus fiel,2 T̄ is

the conjugate field, and α is a real parameter associated with the curvature of the Kähler

manifold. The minimal no-scale Kähler potential (1.4) describes a non-compact SU(1,1)
U(1)

coset manifold. This can be generalized by including matter fields φi that parametrize,

together with the volume modulus T , an SU(N,1)
SU(N)×U(1)

coset space, defined by the Kähler

potential [19]

K = −3α ln

(
T + T̄ − |φ

i|2

3

)
. (1.5)

1We note that Kähler normal coordinates are also known as canonical coordinates.
2We work in units of the reduced Planck mass, MP = 1/

√
8πGN . In some cases, to avoid any potential

confusion, explicit factors of MP will be included.
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There are other generalizations based on other non-compact coset spaces, which also appear

in some string models and involve multiple moduli fields. For example, testing the SWGC

for inflationary models derived from no-scale supergravity [20] would require inclusion of

all scalar interactions between the inflaton and moduli fields.

In this paper, we apply the formalism for calculating scattering amplitudes in no-scale

supergravity models. However, we note that the formalism presented here is completely

general and can be applied to general scalar or supergravity theories. We begin in Section

2 by outlining the procedure for the necessary field redefinitions to Riemann normal scalar

fields in a given background. In this basis, we provide general expressions for the three- and

four-point scattering amplitudes. We also introduce the field redefinitions to Kähler normal

coordinates in supersymmetric theories. Scattering amplitudes in terms of Kähler normal

coordinates are also provided. These are applied to supergravity theories in Section 3.

In Section 4, we consider the simplest no-scale models based on the SU(1,1)
U(1)

coset man-

ifold. In the absence of a superpotential for T , we quickly see that two of the four-point

amplitudes vanish (directly contradicting the SWGC). We then consider a toy extension,

where an “effective mass” term of the form m2T T̄ is included. Despite the apparent form

of the potential, this theory has no stable vacua, and as a consequence, the amplitudes in

Riemann and Kähler normal coordinates do not agree at any point in field space. This

is next followed with two more interesting examples. One is derived from a simple super-

potential, W = m(T − 1)2 which gives two extrema (a minimum and a maximum). We

compute again the scattering amplitudes in both field bases, and show explicitly the invari-

ance of the amplitude under these field redefinitions solely at the two extrema. The second

example is based on the KKLT model [21] for moduli stabilization (with and without an

uplift). Without an uplift, the potential has only one extremum, a minimum, and with the

uplift, there are two extrema. Once again we show that the field redefinition invariance of

the amplitudes is achieved only at these extrema. The invariance holds also for any value of

fields along a flat direction, since there is no a linear term (tadpole) along the flat direction.

Then in Section 4.4, we provide the formalism for a two-field model based on Eq. (1.5).

Here too, we consider examples with and without a superpotential. We summarize our

work in Section 5.

2 Scattering Amplitudes with General Two-Derivative

Interactions and Potential

We begin our discussion by briefly summarizing the geometric structure and properties of

scalar field theories. In particular, we show how to use the geometry of the field space
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to calculate the three- and four-point scattering amplitudes. We extend the well-known

expressions for the three- and four-point scattering amplitudes in terms of geometric invari-

ants [22–27] and include the relevant mass terms. We first discuss theories of N massive

scalars with two-derivative interactions using the Riemann normal coordinates and then in-

troduce the analog of Kähler normal coordinates in supersymmetric theories. Importantly,

we show that the scattering amplitudes are independent on the choice of coordinates pro-

vided that they are computed at an extremum of the potential, i.e. with an absence of

tadpoles.

2.1 Coordinate Transformations

2.1.1 Real scalar fields

Consider a theory of N massive real scalars ΦI with general two-derivative interactions and

an arbitrary potential V (Φ). The Lagrangian is given by

L =
1

2
gIJ(Φ)∂µΦI∂µΦJ − V (Φ) , (2.1)

where gIJ(Φ) is an arbitrary symmetric metric. We use the uppercase Latin indices

I, J,K, . . . , to denote the flavor eigenbasis.3

In general, the coordinate transformation (field redefinition) ΦI → Φ′I implies the

following scalar, vector, and tensor transformation laws:

V (Φ) → V (Φ′) , (2.2)

∂µΦI → ∂Φ′I

∂ΦJ
∂µΦJ , (2.3)

gIJ(Φ) → ∂ΦK

∂Φ′I
∂ΦL

∂Φ′J
gKL(Φ′) . (2.4)

Note that the on-shell scattering amplitudes arising from the Lagrangian (2.1) must be

invariant under the coordinate transformation ΦI → Φ′I in a well defined theory. Therefore,

one can always find a set of unique coordinate transformations that make an arbitrary

metric gIJ(Φ) flat at a particular point in field space.

To calculate the physical scattering amplitudes, we will, for now, consider only back-

ground field values corresponding to stable vacua. We introduce the following field expan-

sion

ΦI = vI + φI , (2.5)

3We refer to the flavor eigenbasis even in the absence of the scalar potential. However, since the choice

of the metric gIJ is completely arbitrary, we also refer to the states that are not canonically normalized as

flavor eigenstates.
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where vI is the vacuum expectation value (VEV) of the scalar field and φI is the fluctuation

of the scalar field about the stable vacuum. Therefore, all physical interactions are governed

by the Lagrangian couplings and the corresponding derivative couplings of the dynamical

field fluctuations φI evaluated at the VEV. As we shall see, on-shell scattering amplitudes

are invariant under coordinate transformations when the chosen vacuum is stable, which

implies that the tadpole ∂IV (v) vanishes. We show in Section 4 that the on-shell scattering

amplitudes are in fact no longer invariant when evaluated at a non-extremal point in field

space.

Following Ref. [25], we introduce the symmetrized covariant derivatives of the poten-

tial:

VI1...Ik(v) = ∇(I1...∇Ik)V (Φ)|v , with ∂IV (Φ)|v = 0 , (2.6)

where the symmetrized covariant derivative includes the sum of all permutations multiplied

by a symmetry factor of 1/n!. We note that the derivatives are taken with respect to the

unshifted fields and evaluated at their VEVs, vI , and not the dynamical field fluctuations

φI . The covariant derivative of a general tensor is defined as

∇MT
I1I2···Ik

L1L2···Ln = ∂MT
I1I2···Ik

L1L2···Ln + ΓI1MNT
NI2···Ik

L1L2···Ln + ΓI2MNT
I1N ···Ik

L1L2···Ln + · · ·
− ΓNML1

T I1I2···IkNL2···Ln − ΓNML2
T I1I2···IkL1N ···Ln − · · · ,

(2.7)

where the Christoffel symbols are given by

ΓIJK =
1

2
gIL (gKL, J + gLJ,K − gJK,L) . (2.8)

From these definitions, the mass matrix evaluated at an extremal vacuum point is

given by VIJ(v) = ∂I∂JV (Φ)|v. Therefore, from the Lagrangian (2.1) we find that the

linearized equation of motion in the flavor eigenbasis is given by

(gIJ(v)� + VIJ(v))φI(x) = 0 , (2.9)

where � ≡ ∂µ∂µ is the d’Alembertian. Our next goal is to canonically normalize and

diagonalize the linearized equation of motion and transform from the flavor eigenbasis to

the mass eigenbasis. This can be readily done by flattening an arbitrary metric gIJ using

the coordinate transformations (2.2):

gIJ(v)
∂ΦI

∂Φ′i

∣∣∣
v

∂ΦJ

∂Φ′j

∣∣∣
v

= δij . (2.10)

Equivalently, we can introduce the vielbein field that flattens the metric:4

gIJ(v)ei
I(v)ej

J(v) = δij , (2.11)

4In the physics literature, vielbein is also referred to as a vierbein or tetrad. However, since we consider

an N -dimensional field space, we use the term vielbein.
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which implies that

ei
I(v) =

∂ΦI

∂Φ′i

∣∣∣
v
, ej

J(v) =
∂ΦJ

∂Φ′j

∣∣∣
v
. (2.12)

We note that the lowercase Latin indices i, j, k, . . . , correspond to the mass eigenbasis, and

the indices are raised and lowered with the Kronecker delta δij and δij, respectively. The

inverse vielbein eiI(v) is related to the vielbein ei
I(v) via the relation eiI = δijej

JgJI .

However, the vielbein only flattens the metric and canonically normalizes the lin-

earized equation of motion. To ensure the full transformation from the flavor to the mass

eigenbasis, one also needs to diagonalize the mass matrix. This can always be achieved by

combining the vielbein field with an orthogonal rotation matrix. Therefore, in the mass

eigenbasis the mass matrix becomes

VIJ(v)ei
I(v)ej

J(v) = Vij(v) = m2
i δij . (2.13)

2.1.2 Complex scalar fields

Following the same steps as before, we consider a theory of N massive complex scalar fields

ZI with general two-derivative interactions and an arbitrary potential V (Z, Z̄), given by

the Lagrangian

L = gIJ̄(Z, Z̄)∂µZ
I∂µZ̄ J̄ − V (Z, Z̄) , (2.14)

where ZI is a complex scalar field and gIJ̄ is an arbitrary Hermitian metric tensor. As men-

tioned in the Introduction, we use the convention where the unbarred (holomorphic) indices

are on the left, barred (anti-holomorphic) indices are on the right, so that KIJ̄KMJ̄ = δIM .

Here we focus on complex Kähler manifolds that arise naturally in theories of supersym-

metry and supergravity. Note that, a Kähler manifold admits a Kähler metric which can

be understood as a Riemannian metric on a complex manifold that is Hermitian, and the

symmetries of Kähler metrics are characterized by holomorphic Killing vectors.5

The coordinate transformation formulas for the map (ZI , Z̄ Ī) → (Z ′I , Z̄ ′Ī) are given

by:

V (Z, Z̄) → V (Z ′, Z̄ ′) , (2.15)

∂µZ
I → ∂Z ′I

∂ZJ
∂µZ

J , (2.16)

∂µZ̄
Ī → ∂Z̄ ′Ī

∂Z̄ J̄
∂µZ̄

J̄ , (2.17)

KIJ̄(Z, Z̄) → ∂ZK

∂Z ′I
∂ZL̄

∂Z ′J̄
KKL̄(Z ′, Z̄ ′) . (2.18)

5For an interested reader, see Ref. [28] for an extensive treatment of Kähler manifolds, and Ref. [29] for

the discussion of complex manifolds in the context of supersymmetry and supergravity.
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Since an N -dimensional Kähler manifold can be interpreted as a 2N -dimensional real man-

ifold that is parametrized in terms of N complex coordinates, this implies that the physical

on-shell scattering amplitudes of the 2N real scalar fields remain invariant under the com-

plex coordinate transformations.

One can introduce the complex field expansion

ZI = wI + zI , Z̄ Ī = w̄Ī + z̄Ī , (2.19)

where wI is the VEV of the complex scalar field and zI is the dynamical field fluctua-

tion. Following our discussion for the real scalar fields, we introduce a complex coordinate

transformation that canonically normalizes the Kähler metric,

KIJ̄(w, w̄)
∂ZI

∂Z ′α

∣∣∣
w

∂Z̄ J̄

∂Z̄ ′β̄

∣∣∣
w̄

= δαβ̄ , (2.20)

and similarly, we can express this transformation in terms of complex vielbeins as

KIJ̄(w, w̄)eα
I(w, w̄)eβ̄

J̄(w, w̄) = δαβ̄ . (2.21)

When using the complex notation, the Greek indices α, β, . . . correspond to the mass

eigenbasis, and the indices are raised and lowered with the Kronecker delta δαβ̄, and δαβ̄,

respectively. The inverse complex vielbein eαI(w, w̄) is related to the complex vielbein via

the relation eαI = δαβ̄eβ̄
J̄KIJ̄ .

In practice, we want to compute the scattering amplitudes of the real scalar fields

in the mass eigenbasis, i.e., when the linearized equation of motion is canonically normal-

ized and diagonal. The complex scalar fields can be expressed in terms of their real and

imaginary components:

ZI =
1√
2

(
XI + iY I

)
, (2.22)

and the real and imaginary fields can be further expanded as

XI(x) = vI + χI(x), Y I(x) = uI + ξI(x) , (2.23)

where vI and uI are the VEVs of the dynamical field fluctuations χI and ξI . By comparing

this expansion to Eq. (2.19), we find that the complex field VEV and fluctuation can be

related to the real and imaginary components via

wI =
1√
2

(
vI + iuI

)
, zI =

1√
2

(
χI + iξI

)
. (2.24)

If we use the complex field expansion (2.22), the Lagrangian (2.14) becomes [30]:

L =
1

2

(
∂µX

I , ∂µY
I
)( KR

IJ̄
KI
IJ̄

−KI
IJ̄

KR
IJ̄

)(
∂µXJ

∂µY J

)
− V (X, Y )

≡ 1

2
Gab∂µΦa∂µΦb − V (Φ) ,

(2.25)
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where a, b = 1, 2, . . . , 2N , and KR
IJ̄

and KI
IJ̄

denote the real and imaginary parts of the

Kähler metric, respectively.

We next introduce the covariant derivatives acting on the scalar potential V (Z, Z̄):

VI1...Ik(w, w̄) = ∇I1...∇IkV (Z, Z̄)|w,w̄ , ∂IV (Z, Z̄)|w,w̄ = 0 , (2.26)

where the covariant derivatives do not need to be symmetrized due to additional symmetries

arising in Kähler manifolds, and the derivatives can be taken with respect to the fields ZI

or their complex conjugate fields Z̄ Ī . Here the covariant derivative of a tensor is given by

Eq. (2.7). The Kähler metric and Hermitian conditions imply that the Christoffel symbols

of the form ΓI
JK̄

= ΓĪ
J̄K

vanish, and the only non-vanishing Christoffel symbols are [31]

ΓIJK = gIL̄gKL̄,J , ΓĪJ̄K̄ = gLĪgLK̄,J̄ . (2.27)

The scalar mass matrix is given by the following form

M2 =

(
VIJ̄ VIJ
VĪJ̄ VĪJ

)
. (2.28)

For supersymmetry-preserving vacua, to transform from the flavor eigenbasis to the

mass eigenbasis, we need to rotate the mass matrix with a unitary matrix. Therefore, we

can always combine the complex vielbeins with a unitary rotation matrix that will ensure

that the above mass matrix is diagonal and transform the Lagrangian (2.14) to the mass

eigenbasis. In this work, we do not discuss theories involving supersymmetry breaking.

2.2 Riemann Normal Coordinates

In this section, we compute the three- and four-point scattering amplitudes by expanding

the general two-derivative interaction Lagrangian (2.1) with N massive real scalars ΦI and

an arbitrary potential V (φ) in terms of the Riemann normal coordinates.

The general transformation of the original field ΦI = vI + φI in the Lagrangian with

metric gIJ(φ) to the Riemann normal coordinates φi can be obtained from the results in

Ref. [12, 13]. They are given by

φI −→ φi −
∞∑
N=2

1

N !
Γi j1j2...jN

∣∣∣
vi
φj1φj2 . . . φjN , (2.29)

where the capital letters I, J, . . . denote the original basis and the lowercase letters i, j, . . .

denote the Riemann normal coordinate basis. Here the generalized Christoffel symbols

Γi j1j2...jN are evaluated at the background field value vi and are defined by

Γi j1j2...jN = ∇j1∇j2 . . .∇jN−2
ΓijN−1 jN , (2.30)
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with Γi j1j2 the Christoffel symbol defined by Eq. (2.8) obtained from the metric gIJ(Φ) after

applying the vielbeins so that Γi j1j2 = ei Ie
J1
j1
e J2
j2

ΓIJ1J2
and similarly for the generalized

Christoffel symbols. In (2.30), the covariant derivatives are only applied on the lower indices

following the convention used in Ref. [12]. Thus, we find

Γi j1j2j3 = Γi j1j2, j3 − 2Γi j1ρΓ
ρ
j2j3

= ∇j3Γi j1j2 , (2.31)

Γi j1j2j3j4 = Γi j1j2, j3j4 − Γi j1j2, ρΓ
ρ
j3j4
− 4Γi j1ρ, j2Γρj3j4 − 2Γρj1j2, j3Γiρ j4

+ 4Γi j1σΓσj2ρΓ
ρ
j3j4

+ 2Γρj1j2Γσj3j4Γiρσ

= ∇j4∇j3Γi j1j2 . (2.32)

If we use the above transformations (2.29) which diagonalize the metric and then

canonically normalize the fields with the additional transformation φi → g
−1/2

φiφi
φi, which en-

sures that gij(v) = δij(v), we find that the general two-derivative interaction Lagrangian (2.1)

can be expressed as

L =
1

2

(
δij −

1

3
Rikjlφ

kφl − 1

6
∇kRiljmφ

kφlφm + . . .

)
∂µφ

i∂µφj − V (φ) , (2.33)

where the definition of the Riemann curvature tensor is given by

RI
JKL = ∂KΓILJ − ∂LΓIKJ + ΓIKMΓMLJ − ΓILMΓMKJ . (2.34)

One can also easily obtain the Lagrangian (2.33) by expanding about the VEV of an arbi-

trary symmetric metric gIJ(Φ) in Riemann normal coordinates using the vielbeins (2.12).

In this case, the scalar fields are given by φi = eI
iφI , the arbitrary metric becomes flat,

δij = ei
Iej

JgIJ , and the Riemann curvature tensor in Riemann normal coordinates is

Rijkl = ei
Iej

Jek
Kel

LRIJKL. We note that in Riemann normal coordinates there is no cubic

derivative interaction which greatly simplifies the calculation of scattering amplitudes.

Compact expressions for φi scattering amplitudes can then be written in terms of

invariant geometric quantities. Note that the amplitudes should satisfy crossing symmetry

for consistency. For example, four-point amplitudes must satisfy

Ai1i2i3i44 (s12, s13, s14) = Ai1i3i2i44 (s13, s12, s14) = Ai1i4i3i24 (s14, s13, s12) , (2.35)

where s12 = (p1 +p2)2, s13 = (p1−p3)2 and s14 = (p1−p4)2 are the Mandelstam invariants.

In particular, the expressions for three- and four-point scattering amplitudes are given by

Ai1i2i33 = −V i1i2i3 , (2.36)

Ai1i2i3i44 = Ri1i3i2i4s12 +Ri1i2i3i4s13 −
1

3
(Ri1i2i3i4 +Ri1i3i2i4)(s12 + s13 + s14)

−V i1i2i3i4 −
∑
j

(
V i1i2jV i3i4

j

s12 −m2
j

+
V i2i3jV i1i4

j

s14 −m2
j

+
V i1i3jV i2i4

j

s13 −m2
j

)
, (2.37)
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where VI1...Ik = ∇(I1...∇Ik)V , and Vi1...ik = ei1
I1 . . . eik

IkVI1...Ik . The expression (2.37), which

can be readily checked to satisfy crossing symmetry, generalizes the kinetic energy part

given in Ref. [25] for massless particles to the case of massive particles states. Note that

we can also use the transformation of the fields to Riemann normal coordinates to evaluate

the potential. In this case, the derivatives in Eqs. (2.36) and (2.37) are simply partial

derivatives. Furthermore, the Riemann tensor (as well as other tensors) with upper small

case Latin indices are equal to the Riemann tensor with lower indices since in this basis,

indices are raised and lowered with δij.

2.3 Kähler Normal Coordinates

We now generalize the normal coordinate expansion to Kähler manifolds and follow the

treatment presented in Refs. [11, 12]. When defining the transformations to normal coor-

dinates, one must ensure that the complex structure is always preserved at all orders.

We first define the Kähler potential K(Z, Z̄), and the Kähler metric is KIJ̄(Z, Z̄) =

gIJ̄(Z, Z̄). To find the Kähler normal coordinates, we start with the Taylor series expansion

of the Kähler potential around an arbitrary background field value ZI = wI + zI up to

quartic order:

K(Z, Z̄) =
∞∑

N,M=0

1

N !M !
KI1...IN J̄1...J̄M

∣∣
w
zI1 . . . zIN z̄J̄1 . . . z̄J̄M

= K(w, w̄) + f(z) + f̄(z̄) + gIJ̄
∣∣
w
zI z̄J̄ +

1

2
gIJ̄,K̄

∣∣
w
zI z̄J̄ z̄K̄ +

1

2
gJĪ,K

∣∣
w
z̄ĪzJzK

+
1

6
gIJ̄,K̄L̄

∣∣
w
zI z̄J̄ z̄K̄ z̄L̄ +

1

4
gIJ̄,KL̄

∣∣
w
zI z̄J̄zK z̄L̄ +

1

6
gJĪ,KL

∣∣
w
z̄ĪzJzKzL + . . . ,

(2.38)

where the holomorphic and anti-holomorphic terms have been eliminated using the Kähler

transformation terms f(z) and f̄(z̄). As shown in Ref. [12], one can introduce a holomorphic

coordinate transformation of the field fluctuations zI

zI −→ zα −
∞∑
N=2

1

N !
Γαβ1β2...βN

∣∣∣
w
zβ1zβ2 . . . zβN , (2.39)

where

Γαβ1β2...βN
= ∇β1∇β2 . . .∇βN−2

ΓαβN−1βN
(2.40)

are the covariant derivatives that act only on the lower indices. The capital Latin letters

I, J, . . . denote the original basis and the Greek letters α, β, . . . denote the Kähler normal co-

ordinate basis. Importantly, this transformation eliminates terms of the form zα1 z̄β̄1 . . . z̄β̄N

and zα1 . . . zβN z̄β̄1 for N ≥ 2 in the Taylor series.
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The inverse transformation to Eq. (2.39) is given by

zα −→ zI +
∞∑
N=2

1

N !
gIJ̄KI1...IN J̄

∣∣
w
zI1 . . . zIN (2.41)

= zI +
∞∑
N=2

1

N !
gIJ̄gI1J̄ ,I2...IN

∣∣
w
zI1 . . . zIN . (2.42)

As shown in [11,12], Kähler normal coordinates must satisfy the expression

Kα1...αN β̄(z, z̄)
∣∣
w

= gα1β̄,α2...αN (z, z̄)
∣∣
w

= 0 , (2.43)

or equivalently,

∂β1 . . . ∂βN−2
ΓαβN−1βN

(z, z̄)
∣∣
w

= 0 . (2.44)

Using Kähler normal coordinates, the expansion (2.38) up to quartic order becomes

K(Z, Z̄) = K(w, w̄) + f(w) + f̄(w̄) + gαβ̄(w, w̄)zαz̄β̄ +
1

4
Rαβ̄γδ̄(w, w̄)zαz̄β̄zγ z̄δ̄ , (2.45)

where the definition of the Kähler curvature tensor is given by [31]

RIJ̄KL̄ = gML̄ΓMIK,J̄ = ∂K∂L̄gIJ̄ − gNM̄∂KgIM̄∂L̄gNJ̄ . (2.46)

The Kähler curvature tensor has the following symmetry properties:

RIJ̄KL̄ = −RIJ̄L̄K = −RJ̄IKL̄ = RKL̄IJ̄ , (2.47)

and

RIJ̄KL̄ = RKJ̄IL̄ = RIL̄KJ̄ . (2.48)

Therefore, one can use the Kähler normal coordinate transformations, that diagonal-

ize the Kähler metric, and then canonically normalize the complex fields with the addi-

tional transformation zα → K
−1/2
zαzα z

α, which ensures that Kαβ̄(w, w̄) = δαβ̄(w, w̄). Thus,

in Kähler normal coordinates, the general two-derivative interaction Lagrangian with N

massive complex scalar fields (2.14) becomes

L =
(
δαβ̄ +Rαβ̄γδ̄z

γ z̄δ̄ + . . .
)
∂µz

α∂µz̄β̄ − V (z, z̄) . (2.49)

This Lagrangian can also be found by expanding about the VEV of a symmetric Kähler

metric KIJ̄ in Kähler normal coordinates and using the complex vielbeins. Then, the com-

plex scalar fields can be expressed as zα = eI
αzI and z̄ᾱ = ēĪ

ᾱz̄Ī , the Kähler metric becomes

flat, δαβ̄ = eα
I ēβ̄

J̄KIJ̄ , and the Kähler curvature tensor in Kähler normal coordinates is

given by Rαβ̄γδ̄ = eα
I ēβ̄

J̄eγ
K ēδ̄

L̄RIJ̄KL̄. As in Riemann normal coordinates, there are no

12



cubic derivative interactions in Kähler normal coordinates and the scattering amplitude

computation is significantly simplified.

To compute the scalar field interactions from the Lagrangian (2.49), it is convenient

to split the Lagrangian into kinetic and potential interaction terms. The kinetic terms in

Kähler normal coordinates up to quartic order are given by

KKNC = ∂µz
α∂µz̄α +Rαβ̄γδ̄z

γ z̄δ̄∂µz
α∂µz̄β̄ + . . . , (2.50)

where in terms of the Kähler potential, the Kähler curvature tensor Rαβ̄γδ̄ = Kαβ̄,γδ̄ −
Kµν̄Kµβ̄,δ̄Kαν̄,γ involves just ordinary partial derivatives. In this case, the use of complex

field notation is the most compact form of writing scattering amplitudes. Indeed, from

(2.50) we see that only a four-point amplitude involving two complex and two complex

conjugate fields is nonzero. One finds the simple expression

A
zα1zα2 z̄ᾱ3 z̄ᾱ4
4,kin = Rα1ᾱ3α2ᾱ4s12 , (2.51)

whereas the four-point amplitudes with permuted indices are easily obtained by crossing

symmetry

A
zα1 z̄ᾱ2zα3 z̄ᾱ4
4,kin = Rα1ᾱ2α3ᾱ4s13 , A

zα1 z̄ᾱ2 z̄ᾱ3zα4
4,kin = Rα1ᾱ2α4ᾱ3s14 . (2.52)

One can also obtain the four-point amplitudes for real fields. If we use the field expansion

zα = 1√
2

(χα + iξα) and z̄ᾱ = 1√
2

(χᾱ − iξᾱ) = z̄α = 1√
2

(χα − iξα), the kinetic terms of the

Lagrangian become

KKNC =
1

2
∂µχ

α∂µχα +
1

2
∂µξ

α∂µξα

+
1

4
Rαβ̄γδ̄

[
(∂µχ

α∂µχβ̄ + ∂µξ
α∂µξβ̄)(χγχδ̄ + ξγξ δ̄ − i(χγξ δ̄ − ξγχδ̄))

−(∂µχ
α∂µξβ̄ − ∂µξα∂µχβ̄)(χγξ δ̄ − ξγχδ̄ + i(χγχδ̄ + ξγξ δ̄))

]
. (2.53)

Using the above kinetic terms of the Lagrangian, we find that the four-point scattering

amplitudes are given by

A
χα1χα2χα3χα4
4, kin = A

ξα1ξα2ξα3ξα4
4, kin =

1

4
(Rα1ᾱ3α2ᾱ4s12 +Rα1ᾱ2α3ᾱ4s13 +Rα1ᾱ2α4ᾱ3s14) + c.c. ,

A
χα1χα2ξα3ξα4
4, kin = A

ξα1ξα2χα3χα4
4, kin =

1

4
(−Rα1ᾱ3α2ᾱ4s12 +Rα1ᾱ2α3ᾱ4s13 +Rα1ᾱ2α4ᾱ3s14) + c.c. ,

A
χα1ξα2χα3ξα4
4, kin = A

ξα1χα2ξα3χα4
4, kin =

1

4
(Rα1ᾱ3α2ᾱ4s12 −Rα1ᾱ2α3ᾱ4s13 +Rα1ᾱ2α4ᾱ3s14) + c.c. ,

A
χα1ξα2ξα3χα4
4, kin = A

ξα1χα2χα3ξα4
4, kin =

1

4
(Rα1ᾱ3α2ᾱ4s12 +Rα1ᾱ2α3ᾱ4s13 −Rα1ᾱ2α4ᾱ3s14) + c.c. ,

A
χα1χα2χα3ξα4
4, kin = −Aξα1ξα2ξα3χα4

4, kin =
i

4
(Rα1ᾱ3α2ᾱ4s12 +Rα1ᾱ2α3ᾱ4s13 −Rα1ᾱ2α4ᾱ3s14) + c.c. ,

(2.54)
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which are, of course, equivalent to the more compact formula (2.51). Since these amplitudes

are expressed in terms of the Mandelstam invariants, they are also valid for the massive

case. Note that these expressions are consistent with the complex amplitudes given in

Eqs. (2.51) and (2.52) as well as crossing symmetry.

Next, we compute the interactions arising from the following complex Taylor series

of the scalar potential up to quartic order [32]:

V (Z, Z̄) = V (w, w̄) + Vαz
α + Vᾱz̄

ᾱ +
1

2
Vαβz

αzβ + Vᾱβ z̄
ᾱzβ +

1

2
Vᾱβ̄ z̄

ᾱz̄β̄ +
1

6
Vαβγz

αzβzγ

+
1

2
Vαβγ̄z

αzβ z̄γ̄ +
1

2
Vᾱβ̄γ z̄

ᾱz̄β̄zγ +
1

6
Vᾱβ̄γ̄ z̄

ᾱz̄β̄ z̄γ̄ +
1

24
Vαβγδz

αzβzγzδ +
1

6
Vαβγδ̄z

αzβzγ z̄δ̄

+
1

4

(
Vαγ̄βδ̄ + Vγ̄αδ̄β −

1

2
(Vαβγ̄δ̄ + Vγ̄δ̄αβ)

)
zαzβ z̄γ̄ z̄δ̄ +

1

6
Vαβ̄γ̄δ̄z

αz̄β̄ z̄γ̄ z̄δ̄ +
1

24
Vᾱβ̄γ̄δ̄z̄

ᾱz̄β̄ z̄γ̄ z̄δ̄ ,

(2.55)

where VI1...Ik = ∇I1...∇IkV and Vα1...αk = eα1
I1 . . . eαk

IkVI1...Ik .
6 In the flat limit, (2.55)

reduces to the ordinary Taylor expansion. Note that in this case, the indices are not sym-

metrized. Using this expansion, one can find the following four-point amplitudes involving

complex fields

A
zα1zα2zα3zα4
4, pot = − V α1α2α3α4

−
∑
β

(
V α1α2ρβVρβ

α3α4

s12 −m2
ββ̄

+
V α2α3ρβVρβ

α1α4

s14 −m2
ββ̄

+
V α1α3ρβVρβ

α2α4

s13 −m2
ββ̄

)
, (2.56)

A
zα1zα2 z̄ᾱ3 z̄ᾱ4
4,pot = −

(
V α1ᾱ3α2ᾱ4 + V ᾱ3α1ᾱ4α2 − 1

2
(V α1α2ᾱ3ᾱ4 + V ᾱ3ᾱ4α1α2)

)
−
∑
β

(
V α1α2ρβVρβ

ᾱ3ᾱ4

s12 −m2
ββ̄

+
V α2ᾱ3ρβVρβ

α1ᾱ4

s14 −m2
ββ̄

+
V α1ᾱ3ρβVρβ

α2ᾱ4

s13 −m2
ββ̄

)
, (2.57)

where here the indices are complex ρβ = β, β̄. Note that the written expressions for

the contractions over ρβ are shorthand for example, V α1α2ρβVρβ
α3α4 = V α1α2β̄Vβ

α3α4 +

V α1α2βVβ̄
α3α4 . Recall also that in this basis, the mass matrix is diagonal and Vαβ = Vᾱβ̄ = 0

and that indices in this basis can be raised and lowered with a Kronecker delta. We do not

list all possible channels that could be readily found from Eq. (2.55).

One can also find the expressions for the three- and four-point scattering amplitudes

for the real fields, similar to Eq. (2.37). The scalar potential gives rise to the following

three-point contributions:

V ϕα1ϕα2ϕα3 = c1Vα(1α2α3)
+ c2Vα(1α2)ᾱ3 + c3Vα(1α3)ᾱ2 + c4Vα(2α3)ᾱ1 + c.c. , (2.58)

6We remind the reader that here we consider theories with supersymmetry-preserving vacua.
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where the real fields are denoted ϕ = {χ, ξ}, c1 = 1
2
√

2
(1, i,−1,−i), c2 = 1

2
√

2
(1,−i, 1, i),

c3 = 1
2
√

2
(1, i, 1, i), and c4 = 1

2
√

2
(1, i,−1, i), when there are (0, 1, 2, 3) ξ fields among the

ϕα1 , ϕα2 , ϕα3 . Symmetrized indices in Eq. (2.58) are enclosed by parentheses. The four-

point contributions are:

V ϕα1ϕα2ϕα3ϕα4 = c5Vα(1α2α3α4)
+ c6Vα(1α2α3)ᾱ4 + c7Vα(1α2α4)ᾱ3 + c8Vα(1α3α4)ᾱ2 + c9Vα(2α3α4)ᾱ1

+ c10Vα(1α2)ᾱ(3ᾱ4)
+ c11Vα(1α3)ᾱ(2ᾱ4)

+ c12Vα(1α4)ᾱ(2ᾱ3)
+ c13Vα(2α3)ᾱ(1ᾱ4)

+ c14Vα(2α4)ᾱ(1ᾱ3)
+ c15Vα(3α4)ᾱ(1ᾱ2)

+ c16Vα(1ᾱ2)α(3ᾱ4)
+ c17Vα(1ᾱ3)α(2ᾱ4)

+ c18Vα(1ᾱ4)α(2ᾱ3)
+ c19Vα(2ᾱ3)α(1ᾱ4)

+ c20Vα(2ᾱ4)α(1ᾱ3)
+ c21Vα(3ᾱ4)α(1ᾱ2)

+ c22Vα(1ᾱ|(3α4)|ᾱ2)
+ c23Vα(3ᾱ|(1α2)|ᾱ4)

+ c.c. , (2.59)

where c5 = 1
4
(1, i,−1,−i, 1), c6 = 1

4
(1,−i,−1,−i,−1), c7 = 1

4
(1, i,−1, i,−1),

c8 = 1
4
(1, i, 1, i,−1), c9 = 1

4
(1, i, 1, i,−1), c10 = 1

8
(−1, i, 1,−i,−1), c11 = 1

8
(−1, i,−1,−i,−1),

c12 = 1
8
(−1,−i,−1, i,−1), c13 = 1

8
(−1, i,−1,−i,−1), c14 = 1

8
(−1,−i,−1, i,−1),

c15 = 1
8
(−1,−i, 1, i,−1), c16 = 1

4
(1,−i, 1, i, 1), c17 = 1

4
(1,−i,−1, i, 1), c18 = 1

4
(1, i,−1,−i, 1),

c19 = 1
4
(1,−i,−1, i, 1), c20 = 1

4
(1, i,−1,−i, 1), c21 = 1

4
(1, i, 1,−i, 1), c22 = c23 = (0, 0, 2, 0, 0),

when there are (0, 1, 2, 3, 4) ξ fields among the four ϕαi . Again, the symmetrization is over

indices within parentheses. The vertical bars delineate separate symmetrizations. Note

that these coefficients are not unique and a rearrangement of indices leading to different

coefficients is possible. The potential contributions to the three- and four-point amplitudes

are then given by

A
ϕα1ϕα2ϕα3
3, pot = −V ϕα1ϕα2ϕα3 , (2.60)

A
ϕα1ϕα2ϕα3ϕα4
4, pot = −V ϕα1ϕα2ϕα3ϕα4

−
∑
β

(
V ϕα1ϕα2ϕβVϕβ

ϕα3ϕα4

s12 −m2
ϕβ

+
V ϕα2ϕα3ϕβVϕβ

ϕα1ϕα4

s14 −m2
ϕβ

+
V ϕα1ϕα3ϕβVϕβ

ϕα2ϕα4

s13 −m2
ϕβ

)
.

(2.61)

The total three-point scattering amplitude only receives a contribution from the potential

(2.60), while the total four-point scattering amplitude is A
ϕα1ϕα2ϕα3ϕα4
4 = A

ϕα1ϕα2ϕα3ϕα4
4, kin +

A
ϕα1ϕα2ϕα3ϕα4
4, pot obtained from (2.54) and (2.61). As in the case of RNC we can also use the

transformation of the fields to Kähler normal coordinates to evaluate the potential. In this

case, the derivatives in Eqs. (2.61) are simply partial derivatives. Crossing symmetry is

guaranteed by the symmetrization in Eqs. (2.58) and (2.59).

3 Supergravity Framework

We recall that a generic theory of minimal N = 1 supergravity can be characterized by a

Kähler potential K(Z, Z̄), where Z and Z̄ are complex scalar fields and their Hermitian
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conjugates, respectively. To include the field interactions arising from the scalar potential,

one can introduce a holomorphic function of the complex fields, Z, called the superpotential,

W (Z). One may combine the Kähler potential K(Z, Z̄) and the superpotential W (Z) into

the following Kähler extended function

G ≡ K + ln |W |2 . (3.1)

Therefore, the bosonic part of the N = 1 supergravity Lagrangian can be written in the

form

L = KIJ̄(Z, Z̄)∂µZ
I∂µZ̄ J̄ − V (Z, Z̄) , (3.2)

where the scalar potential can be expressed as

V (Z, Z̄) = eG
[
GIGJ̄K

IJ̄ − 3
]

= KIJ̄F
IF J̄ − 3eG . (3.3)

Here KIJ̄ is the inverse Kähler metric, and the F -term is given by

F I = −eG/2GIJ̄GJ̄ , (3.4)

where GIJ̄ = KIJ̄ . Note that the general N = 1 supergravity Lagrangian (3.2) coincides

with the Lagrangian (2.14), with gIJ̄ = KIJ̄ . Here we are only considering the F -term

contribution in the supergravity Lagrangian but in general, one can expect D-term con-

tributions for gauge non-singlet fields. The F -term contribution characterizes the order

of supersymmetry breaking in theories of supergravity once local supersymmetry is bro-

ken and the F -term obtains a VEV. For minimal supergravity, with gIJ̄ = δIJ̄ we have

〈F I〉 = 〈eK/2(W I +KIW )〉 = −m3/2〈GIJ̄GJ〉 6= 0, where the gravitino mass is given by

m2
3/2 = e〈G〉 . (3.5)

Clearly in minimal supergravity, the above discussion of Riemann and Kähler normal

coordinates is irrelevant and trivial. As the curvature vanishes, the calculations of ampli-

tudes is straightforward using only ordinary partial derivatives of the potential. In no-scale

supergravity, on the other hand, the curvature is non-trivial. As we have already seen, the

Kähler curvature tensor is given in Eq. (2.46). This can be contracted to obtain the Ricci

tensor [33]

RIJ̄ = gKL̄RIJ̄KL̄ = δKMΓMIK,J̄ = ΓKIK,J̄ = (ln(−g)),I,J̄ , (3.6)

where g ≡ det gKL̄.

In no-scale supergravity models, with the Kähler potential of the form (1.5), the

logarithm of the determinant of the metric is given by

ln(−g) = ln 3 +N lnα +
N + 1

3α
K , (3.7)
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where N is the total number of superfields, i.e., T + N − 1 matter fields ΦI . Then the

Ricci tensor (3.6) is

RIJ̄ =
N + 1

3α
gIJ̄ , (3.8)

and the Ricci scalar is given by

R = gIJ̄RIJ̄ =
N(N + 1)

3α
, (3.9)

showing clearly the maximally symmetric property of no-scale models.

4 Single Complex Scalar Field Interactions

In this section, we examine general non-linear sigma models. We consider two-derivative

interaction theories consisting of a single complex scalar field or two real scalar fields. First,

we study two-derivative interactions with no potential, arising from a single complex field

no-scale supergravity framework, and then compute the scattering amplitudes for different

potentials.

We briefly summarize our notation. When using general vectors and tensors, we

use the capital Latin indices I, J, . . . , to denote the original flavor eigenbasis. The mass

eigenbasis in Riemann normal coordinates (RNC) is denoted by the lowercase Latin indices

i, j, . . . , and the mass eigenbasis in Kähler normal coordinates (KNC) is denoted by the

Greek indices α, β, . . . , . When we specify the fields, the tilded coordinates correspond to

the RNC and the hatted coordinates correspond to KNC.

4.1 Two-Derivative Interactions with No Potential

Using the general supergravity Lagrangian (3.2) together with the Kähler potential (1.4),

we obtain the following Lagrangian

L =
3α

(T + T̄ )2
∂µT∂

µT̄ =
3α

4X2

(
(∂µX)2 + (∂µY )2

)
, (4.1)

assuming the complex field decomposition T = 1√
2

(X + iY ). We first focus on the right-

hand side of the Lagrangian and discuss the field transformation to RNC and KNC.

Using Eq. (2.23), one can expand the real scalar fields X and Y in terms of their

corresponding VEVs and field fluctuations. Therefore, one can readily transform the right-

hand side of the Lagrangian (4.1) to Riemann normal coordinates by using the following

metric

gIJ(X) =
3α

2X2

(
1 0

0 1

)
, (4.2)
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which implies that the vielbein is

ei
I(v, u) =

√
2

3α
v

(
1 0

0 1

)
, (4.3)

ensuring that the vielbein constraint (2.11) is satisfied and the metric evaluated at the VEV

is flat. Note that the vielbein only depends on the VEV v. Using the definition (2.34) and

computing the Riemann curvature tensor at X = v , we find that the non-zero components

are given by

Rχξχξ = Rξχξχ = − 3α

2v4
, Rχξξχ = Rξχχξ =

3α

2v4
. (4.4)

If we use the vielbein (4.3) together with the identity Rijkl = ei
Iej

Jek
Kel

LRIJKL, the

Riemann curvature tensor in the mass eigenbasis becomes

Rχ̃ξ̃χ̃ξ̃ = Rξ̃χ̃ξ̃χ̃ = − 2

3α
, Rχ̃ξ̃ξ̃χ̃ = Rξ̃χ̃χ̃ξ̃ =

2

3α
, (4.5)

where the tilde denotes the RNC basis. Note that in the mass eigenbasis there is no

dependence on the VEV.

Using the general two-derivative interaction Lagrangian expansion in the mass eigen-

basis (2.33), we find that the kinetic terms (4.1) up to quartic interactions are

KRNC =
1

2
(∂µχ̃)2 +

1

2
(∂µξ̃)

2 +
1

9α

(
χ̃∂µξ̃ − ξ̃∂µχ̃

)2

. (4.6)

Similarly, instead of using the vielbeins, we can transform the fields (χ, ξ) to Riemann

normal coordinates (χ̃, ξ̃) via the relations (2.29). These transformations ensure that the

metric is diagonal. If we then rescale the fields χ̃→ g̃
−1/2
χ̃χ̃ χ̃ and ξ̃ → g̃

−1/2

ξ̃ξ̃
ξ̃, up to quartic

order we find

χ =

√
2

3α
vχ̃+

v

3α
(χ̃2 − ξ̃2) +

√
2

3

v

9α3/2
(χ̃3 − 5χ̃ξ̃2) +

v

54α2
(χ̃4 − 18χ̃2ξ̃2 + 5ξ̃4) , (4.7)

ξ =

√
2

3α
vξ̃ +

2v

3α
χ̃ξ̃ +

√
2

3

2v

9α3/2
(2χ̃2ξ̃ − ξ̃3) +

4v

27α2
(χ̃3ξ̃ − 2χ̃ξ̃3) . (4.8)

These transformations ensure that the metric is diagonal and canonical. If we use these

transformations in the right-hand side of the Lagrangian (4.1), we recover Eq. (4.6).

Next, we show that one can also transform the left-hand side of the Lagrangian (4.1)

to Kähler normal coordinates. In this case, the Kähler metric is

KIJ̄ = KT T̄ =
3α

(T + T̄ )2
, (4.9)

which leads to the following complex vielbeins

e(w, w̄) = ē(w, w̄) =
w + w̄√

3α
=

√
2

3α
v . (4.10)
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We note that the complex vielbein also only depends on the VEV v. This choice satisfies

the constraint (2.21) and ensures that the Kähler metric evaluated at the background is

flat.

Assuming the complex field decomposition T (x) = w + t(x), where w is a complex

VEV and t(x) is a complex field fluctuation, we can compute the Kähler curvature tensor

using Eq. (2.46). We find

Rtt̄tt̄ =
6α

(w + w̄)4
=

3α

2v4
. (4.11)

The complex vielbein (4.10) together with the expression Rαβ̄γδ̄ = eα
I ēβ̄

J̄eγ
K ēδ̄

L̄RIJ̄KL̄, can

be used to obtain the Kähler curvature tensor

R
t̂ˆ̄tt̂ˆ̄t

=
2

3α
, (4.12)

where the hatted coordinates denote the Kähler normal coordinate basis.

Using the general two-derivative interaction Lagrangian for complex scalar fields ex-

panded in the mass eigenbasis (2.49), we find that the kinetic terms of the left-hand side

of the Lagrangian (4.1) in the Kähler normal coordinates becomes

KKNC = ∂µt̂ ∂
µˆ̄t +

2

3α
t̂ˆ̄t ∂µt̂ ∂

µˆ̄t , (4.13)

where the Lagrangian is expanded up to quartic order.

Analogously, instead of obtaining the Lagrangian in Kähler normal coordinates with

the help of complex vielbeins, we can use a holomorphic transformation (2.39) together

with a field rescaling t̂→ ĝ
−1/2

t̂ˆ̄t
t̂, to obtain the field transformation up to quartic order

t =

√
2

3α
vt̂+

√
2v

3α
t̂2 +

√
2

3

v

3α3/2
t̂3 +

√
2v

9α2
t̂4 + . . . =

√
2v

∞∑
n=1

(
t̂√
3α

)n
. (4.14)

This field transformation makes the Kähler metric diagonal and canonical, and if one applies

this transformation on the left-hand side of the Lagrangian (4.1), one recovers Eq. (4.13).

The amplitude for the complex field has only one independent nonvanishing component,

up to crossing/permutation symmetry. It contains two fields and two complex conjugates

and is given on-shell by

At t t̄ t̄4,kin =
2

3α
s12 . (4.15)

To compute the four-point scattering amplitudes for the real components, we expand the

complex field fluctuation t̂ = 1√
2

(
χ̂+ iξ̂

)
, and the kinetic terms (4.13) in KNC become

KKNC =
1

2
(∂µχ̂)2 +

1

2
(∂µξ̂)

2 +
1

6α

(
χ̂2 + ξ̂2

)(
(∂µχ̂)2 + (∂µξ̂)

2
)
. (4.16)
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We find that the four-point scattering amplitudes in Riemann normal coordinates,

given by the kinetic terms (4.6), and in Kähler normal coordinates, given by the kinetic

terms (4.13), are identical:

Aχχξξ4,kin = Aξξχχ4,kin = − 2

3α
s12 ,

Aχξχξ4,kin = Aξχξχ4,kin = − 2

3α
s13 ,

Aχξξχ4,kin = Aξχχξ4,kin = − 2

3α
s14 ,

Aχχχχ4,kin = Aξξξξ4,kin = 0 . (4.17)

Recall that we are working in Planck units, so the expressions for these amplitudes must be

divided by M2
P so that the amplitudes are dimensionless. Note that we do not include the

hats or tildes since the scattering amplitudes coincide in the different bases. Of course, this

happens because the potential vanishes, all fields are massless and we have a degenerate

vacuum and, as expected, the amplitudes are independent of the VEVs. Indeed, in the

next subsection, we show that the amplitudes only coincide when they are evaluated at an

extremum with no tadpoles.

One can also readily find the transformations between the Riemann and Kähler nor-

mal coordinates. The transformations between (χ̃, ξ̃)↔ (χ̂, ξ̂) up to cubic terms are

χ̃ = χ̂+
1

18α
(χ̂ξ̂2 + χ̂3), ξ̃ = ξ̂ +

1

18α
(ξ̂χ̂2 + ξ̂3) , (4.18)

and the inverse transformations

χ̂ = χ̃− 1

18α
(χ̃ξ̃2 + χ̃3), ξ̂ = ξ̃ − 1

18α
(ξ̃χ̃2 + ξ̃3) . (4.19)

4.2 General Two-Derivative Interactions

4.2.1 Quadratic Potential

In this subsection, we show how to compute the full four-point interactions when the

Lagrangian has both the kinetic and potential terms, L = K − V . First, we consider a

simple quadratic potential of the form V = m2T̄ T . Note that this potential does not arise

from a superpotential in no-scale supergravity. Instead, the quadratic potential is a simple

toy example used to just illustrate the amplitude calculation. In the next subsection we

will consider a quadratic superpotential, which leads to a more complicated potential.

We expand the scalar potential in terms of real scalar fields using the complex field

expansion T = 1√
2

(X + iY ),

V (X, Y ) =
1

2
m2
(
X2 + Y 2

)
. (4.20)

20



Next, decomposing the fields as X(x) = v + χ(x) and Y (x) = u + ξ(x), and using the

field transformation to Riemann normal coordinates from Eqs. (4.7) and (4.8), we obtain

to quartic order

VRNC(χ̃, ξ̃) = m2v2

(
1

2
+

√
2

3α
χ̃+

2

3α
χ̃2 +

√
2

3

2

9α3/2
(2χ̃3 − χ̃ξ̃2) +

4

27α2
(χ̃4 − 2χ̃2ξ̃2)

)
,

(4.21)

where, for simplicity, we have set the Y field VEV u = 0. However, these computations are

completely general and the same steps can be followed for an arbitrary value of u. In this

case, the masses are m2
χ̃ = 4m2v2/3α and m2

ξ̃
= 0. Note that when v 6= 0, the potential

has a tadpole contribution as seen by the linear term in χ̃.

One can also expand the complex scalar potential V = m2T̄ T in terms of its field

fluctuation and the VEV, T (x) = w+ t(x), and using a holomorphic transformation (4.14),

we can express the scalar potential in terms of Kähler normal coordinates:

VKNC(t̂, ˆ̄t) =

m2v2

2

(
1 +

2t̂√
3α

+
2t̂2

3α
+

2t̂3

3
√

3α3/2
+

2t̂4

9α2

)(
1 +

2ˆ̄t√
3α

+
2ˆ̄t2

3α
+

2ˆ̄t3

3
√

3α3/2
+

2ˆ̄t4

9α2

)
.

(4.22)

Alternatively, the scalar potential can be expressed in terms of real scalar field fluctuations

and using t̂ = 1√
2
(χ̂+ iξ̂), we obtain

VKNC(χ̂, ξ̂) = m2v2

(
1

2
+

√
2

3α
χ̂+

2

3α
χ̂2 +

1√
6α3/2

(χ̂3 − χ̂ξ̂2) +
2

9α2
(χ̂4 − χ̂2ξ̂2)

)
,

(4.23)

where the potential is expanded up to quartic terms. The same expression can be found

from Eq. (2.55) by taking covariant derivatives of the potential and applying the vielbeins.

Also note that the masses are m2
χ̂ = 4m2v2/3α and m2

ξ̂
= 0 which is the same as in the

RNC case.

We can now calculate the four-point interactions in Riemann normal coordinates,

using the Lagrangian LRNC = KRNC − VRNC, and in Kähler normal coordinates, using

the Lagrangian LKNC = KKNC − VKNC. This computation can be performed in two ways.

We can use the perturbative approach using the expressions given in this section. Or

analogously, one can use the compact expressions and the vielbein computation to obtain

the result. When v = 0, the results are trivial and all amplitudes vanish. When v 6= 0, we

are in fact attempting to compute the scattering amplitudes when there is no minimum, as

it is not possible to eliminate the linear term in Eq. (4.21). We see that the two approaches

(RNC vs KNC) lead to different results, indicating a lack of invariance with respect to field
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RNC KNC

K V Total K V Total

χχ→ χχ 0 64
27

64
27

16
9

13
6

71
18

ξξ → ξξ 0 8
27

8
27

0 1
6

1
6

χχ→ ξξ −80
27

128
81

−112
81

−8
3

7
6

−3
2

χξ → χξ 16
27

32
81

80
81

8
9

5
18

7
6

Table 1: Four-point scattering amplitudes in the nonrelativistic limit in units of m2v2/M4
Pα

2 for

the case of a simple mass term. For v 6= 0, the amplitudes do not match between RNC and KNC

as there are no extremal points in the (canonical) potential.

redefinitions. This will be the case whenever the amplitudes are computed away from a

minimum. We summarize the resulting scattering amplitudes in Table 1. We only include

four types of distinct amplitudes, since Aχχξξ4 = Aξξχχ4 and Aχξχξ4 = Aξχξχ4 = Aχξξχ4 = Aξχχξ4 .

Unlike the case with no potential, the values in Table 1 correspond to the low energy limit

of the amplitudes. While we may not expect the individual contributions from kinetic and

potential terms to agree in different coordinate systems, the total amplitude should agree

in a well defined theory.

4.2.2 Quadratic Superpotential

We next study a model that can arise naturally in a no-scale supergravity framework with

the following quadratic superpotential

W (T ) = m(T − 1)2 . (4.24)

Assuming the same no-scale Kähler potential and metric (1.4), the superpotential (4.24)

leads to the following scalar potential:

V (T, T̄ ) =
m2(T − 1)(T̄ − 1)

(T + T̄ )3α

[(
4

3α
− 2

)
(T + T̄ )2 + 4(T + T̄ ) + 3(α− 1)(T − 1)(T̄ − 1)

]
= −2

3
m2 (T − 1)(T̄ − 1)

(T + T̄ )2
(T + T̄ − 6) , (α = 1) . (4.25)

In terms of real fields T = 1√
2
(χ+ iξ), this potential becomes

V (χ, ξ) =
m2

6χ2

(
6
(
2 + ξ2

)
−
√

2χ
(
14 + ξ2

)
+ 10χ2 −

√
2χ3
)
. (4.26)

This potential is plotted in Figure 1 for α = 1 and ξ = 0. There are two extrema, one at

〈χ〉 = v =
√

2 (local minimum) and 〈χ〉 = v = 2
√

2 (local maximum).
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Figure 1: The potential (4.25) showing the extrema (v, V/m2) at (
√

2, 0) and (2
√

2, 1
12).

Using the transformations (4.7), (4.8) and assuming α = 1, one obtains the potential

in Riemann normal coordinates

VRNC(χ̃, ξ̃) =
m2

6v2

(
12− v

(
v
(√

2v − 10
)

+ 14
√

2
))
− m2

3
√

3v2

(
v3 − 14v + 12

√
2
)
χ̃

− m2

18v2

((√
2v
(
v2 + 14

)
− 48

)
χ̃2 −

(
24− v

(
v
(√

2v − 12
)

+ 14
√

2
))

ξ̃2
)

− m2

27
√

3v2

(
v3 − 14v + 48

√
2
)
χ̃
(
ξ̃2 + χ̃2

)
− m2

324v2

((√
2v
(
v2 + 14

)
− 192

)
χ̃2 + ξ̃2

(
v
(
v
(√

2v − 48
)

+ 14
√

2
)
− 96

))(
ξ̃2 + χ̃2

)
=

2m2

81
(χ̃2 + ξ̃2)

(
18− 9

√
6χ̃+ 10χ̃2 + 10ξ̃2

)
, (4.27)

where in the last line we have taken v =
√

2, corresponding to the potential minimum.

The potential in Kähler normal coordinates can also be obtained. Using the KNC
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transformation (4.14) together with the potential (4.26), we find

VKNC(χ̂, ξ̂) =
m2

6v2

(
12− v

(
v
(√

2v − 10
)

+ 14
√

2
))
− m2

3
√

3v2

(
v3 − 14v + 12

√
2
)
χ̂

− m2

18v2

((√
2v
(
v2 + 14

)
− 48

)
χ̂2 −

(
24− v

(
v
(√

2v − 12
)

+ 14
√

2
))

ξ̂2
)

− m2

18
√

3v2

(
v3 − 14v + 36

√
2
)
χ̂
(
ξ̂2 + χ̂2

)
− m2

108v2

((√
2v
(
v2 + 14

)
− 96

)
χ̂2 + ξ̂2

(
v
(
v
(√

2v − 24
)

+ 14
√

2
)
− 48

))(
ξ̂2 + χ̂2

)
=

2m2

27
(χ̂2 + ξ̂2)(6− 3

√
6χ̂+ 4χ̂2 + 4ξ̂2) , (4.28)

where, as before, in the last line we have set v =
√

2.

Comparing the expressions (4.28) and (4.27) at the local minimum (v =
√

2), we see

that the KNC potential differs from the RNC potential only in the quartic interactions. In

both cases, the masses at the local minimum are degenerate and given by m2
χ̃ = m2

χ̂ = 8m2

9

and m2
ξ̃

= m2
ξ̂

= 8m2

9
. Similarly, at the local maximum the masses are again degenerate

with m2
χ̃ = m2

χ̂ = −5m2

9
and m2

ξ̃
= m2

ξ̂
= 4m2

9
.

The potentials (4.27) and (4.28), together with the kinetic terms in RNC and KNC

given by (4.6) and (4.16), respectively, can now be used to compute the four-point scattering

amplitudes. The amplitudes are calculated by ignoring the linear term in the fluctuation

which are of course absent at the extrema. For each channel, the amplitudes only agree at

v =
√

2 and 2
√

2, corresponding to the extrema of the potential7, or equivalently, where

the coefficient of the linear term vanishes. This behaviour is depicted in Figure 2 and the

values of the amplitudes for v =
√

2 (top row) and 2
√

2 (bottom row) are given in Table 2.

To obtain numerical values of the scattering amplitudes, we choose s12 = (m1 + m2)2

and s13 = s14, where s12 + s13 + s14 =
∑4

i=1 m
2
i is always satisfied. However, since for

some values of v the amplitudes become complex, only the real part of the amplitude

is plotted. Importantly, Fig. 2 illustrates that the scattering amplitudes evaluated using

different coordinates (i.e. RNC and KNC) only coincide at the potential extrema 8.

For other (non-extremal) values of v, the linear term will be nonzero and needs to

be included in the four-point scattering. We know of no way to include all of the tadpole

contributions generally. It was however shown in [34] for simple examples that physical

quantities computed away from extrema, obtained by combining the naive result with a

7There is an extremum at v = −3
√

2 for which the amplitudes also match but we only consider field

values v > 0 that are consistent with the Kähler potential (1.4).
8We further caution that our calculations of the amplitudes at the maximum still assume a Minkowski

background. Though this is clearly not correct and a full computation in a de Sitter background is far

beyond the scope of this paper, we expect the agreement between KNC and RNC to be sustained.
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RNC KNC

K V Total K V Total

χχ→ χχ 0 380
27

380
27

32
27

116
9

380
27

0 −80
27

−80
27

−20
27

−20
9

−80
27

ξξ → ξξ 0 −100
27

−100
27

32
27

−44
9

−100
27

0 −3712
945

−3712
945

16
27

−1424
315

−3712
945

χχ→ ξξ −128
81

−52
81

−20
9

−32
27

−28
27

−20
9

116
81

−364
405

8
15

38
27

−118
135

8
15

ξξ → χχ −128
81

−52
81

−20
9

−32
27

−28
27

−20
9

−100
81

−5588
7371

−544
273

−34
27
−1802

2457
−544

273

χξ → χξ 64
81

236
81

100
27

32
27

68
27

100
27

− 1
81
−11512

13041
−1297

1449
− 1

27
−3730

4347
−1297

1449

Table 2: Four-point scattering amplitudes evaluated using RNC and KNC in the limit s12 =

(m1 + m2)2 and s13 = s14 in units of m2/M2
P with α = 1 for the case of a potential arising

from the superpotential (4.24). For each channel, upper (lower) entries are for v =
√

2 (2
√

2)

corresponding to the local minimum (maximum) of the potential. Note that for the χξ channel

at the maximum (v = 2
√

2), the amplitude matches as an imaginary number, but only the real

value is quoted in the Table.

full resummation of tree-level tadpole diagrams, gives the same results as if computed

at an extremum field value. In agreement with this, in certain cases where the tadpole

contribution can be computed perturbatively, their sum leads to the same result for the

scattering amplitudes as computed at the minimum [35]. The RNC values in Table 2

can be obtained either by using the Feynman rules following from the Lagrangian LRNC =

KRNC−VRNC or directly using the expression (2.37). Analogously, the KNC values in Table 2

can be found either by using the Feynman rules following from the Lagrangian LKNC =

KKNC−VKNC or directly using the expressions (2.54) and (2.61). From the table entries, we

see that the total amplitudes are invariant with respect to the choice of coordinates (RNC

or KNC), although the particular kinetic or potential contribution is not.

4.3 KKLT

Perhaps a more realistic potential for T comes from stabilizing the modulus with the KKLT

superpotential [21]

W = W0 +Be−bT , (4.29)

where W0 and b > 0 are constants. In this model, there is a supersymmetry preserving

anti-de Sitter (AdS) minimum which can be found by setting the covariant derivative DT
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Figure 2: The difference between the real values of RNC and KNC four-point amplitudes for

the quadratic superpotential (4.24) as a function of v for each channel (blue: χχ → χχ, purple:

ξξ → ξξ, orange: χχ → ξξ, red: ξξ → χχ, green: χξ → χξ). We assume α = 1 and units of

m2/M2
P . The amplitudes only agree at v =

√
2, 2
√

2 and −3
√

2 (not shown), corresponding to

extrema of the potential.

to zero, namely

WT +WKT = 0 . (4.30)

For a given constant, W0, this implicitly determines the expectation value of T = T̄ = v/
√

2

at the minimum via the equation

W0 = −Be−
bv√

2

(
1 +

√
2

3
bv

)
. (4.31)

Using the scalar potential expression (3.3) with the KKLT superpotential (4.29), the full

scalar potential is given by

VKKLT =
bB e−b(T+T̄ )

3(T + T̄ )2

(
3(ebT + ebT̄ )W0 +B(6 + b(T + T̄ ))

)
. (4.32)

At the minimum [36],

VAdS = − 1

3
√

2v
b2B2e−

√
2bv . (4.33)
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Figure 3: The KKLT potential with no uplift (dashed red) and the uplifted potential (solid blue)

corresponding to the parameters B = 1, b = 1,W0 = −10−12, and α = 1. The KKLT potential

has an AdS minimum at v = 43.4127, while the uplifted potential has a minimum at v = 43.4573

and a maximum at v = 48.5168.

This AdS minimum must be uplifted to an approximately zero value, which induces super-

symmetry breaking. This can be achieved by adding the potential term

∆V ≈ |VAdS|

(√
2vAdS

T + T̄

)2

, (4.34)

where vAdS is the VEV corresponding to the AdS minimum of VKKLT. The uplifted poten-

tial, VKKLT + ∆V still has a minimum (now with V ≈ 0) but now also has a maximum.

The position of the minimum shifts slightly after uplifting with ∆v/v = 2/(bv)2 for bv � 1.

These potentials are depicted in Figure 3 for the choices b = B = 1 and W0 = −10−12 [36].

The potentials can be converted to RNC and KNC, and we study the four-point

scattering amplitudes as a function of v. The results are shown in Figure 4 for both

VKKLT and the uplifted potential. Note that just as in the previous section, the scattering

amplitudes are calculated at the particular values, s12 = (m1+m2)2 and s13 = s14 (assuming

s12 + s13 + s14 =
∑4

i=1m
2
i ), and only the real part of the amplitude is shown in the figure.

For VKKLT (which just has a minimum) the amplitudes for the four channels only agree at

the AdS minimum of the KKLT potential where the linear term in the potential vanishes.

Away from the minimum the amplitudes do not agree since the linear term has been

ignored. Instead for the uplifted potential (which has both a minimum and maximum) the

27



amplitudes not only agree at the minimum but also at maximum of the uplifted potential.

42 44 46 48 50

-5

0

5

42 44 46 48 50

-5

0

5

Figure 4: The difference between the RNC and KNC four-point amplitudes for the KKLT

potential (top) and the potential with uplift (bottom) as a function of v for each channel (blue:

χχ → χχ, purple: ξξ → ξξ, orange: χχ → ξξ, red: ξξ → χχ, green: χξ → χξ). Assuming

B = 1, b = 1,W0 = −10−12 and α = 1, the amplitudes in the top figure only agree at the AdS

minimum vAdS = 43.4127, while in the bottom figure the amplitudes agree at both the minimum

v0 = 43.4573 and maximum v = 48.5168 of the potential.
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4.4 No-Scale models including Matter Fields

We next turn to the somewhat more realistic case where matter fields φ are included along

with the modulus, T . The Kähler potential in this case is given by Eq. (1.5). As we will

see, adding a single matter field greatly increases the complexity of the calculation whether

we are considering 2 complex fields or 4 real fields. The metric is no longer diagonal and

the transformations to RNC and KNC are significantly more complicated. Nevertheless,

analytic expressions are still manageable as we show below. As in the previous case of a

single complex field, we first treat the Lagrangian with the absence of a potential before

adding a simple cubic interaction for the matter field in the superpotential.

4.4.1 Two Field Two-Derivative Interactions with No Potential

Our starting point is the general supergravity Lagrangian (3.2), that we combine with

the Kähler potential (1.5) for two complex fields. We expand the kinetic terms of the

Lagrangian,

L = KIJ̄(Z, Z̄)∂µZ∂
µZ̄

=
α(

T + T̄ − |φ|2
3

)2

(
3∂µT∂

µT̄ − φ∂µT∂µφ̄− φ̄∂µT̄ ∂µφ+ (T + T̄ )∂µφ∂
µφ̄
)
, (4.35)

where Z = {T, φ}, and the SU(2, 1) Kähler metric is given by

KIJ̄ =
α(

T + T̄ − |φ|2
3

)2

(
3 −φ
−φ̄ T + T̄

)
. (4.36)

Next, we expand the complex scalar fields T = 1√
2
(X + iY ), φ = 1√

2
(P + iS), and the

kinetic terms of the Lagrangian become

L =
36α(

6
√

2X − P 2 − S2
)2

(
3

2

(
(∂µX)2 + (∂µY )2

)
− P√

2
(∂µY ∂

µS + ∂µP∂
µX)

+
S√
2

(∂µY ∂
µP − ∂µS∂µX) +

X√
2

(
(∂µP )2 + (∂µS)2

))
. (4.37)

Equivalently, one can use the compact expression L = 1
2
GAB∂µΦA∂µΦB, given by Eq (2.25),

with Φ = {X,P, Y, S}, where the real metric is given by

GAB =
36α(

6
√

2X − P 2 − S2
)2


3 − P√

2
0 − S√

2

− P√
2

√
2X S√

2
0

0 S√
2

3 − P√
2

− S√
2

0 − P√
2

√
2X

 . (4.38)
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To simplify the analysis, we expand the real fields in terms of their field fluctuations and

VEVs, X(x) = v + χ(x), Y (x) = u + ξ(x), P = p + ρ(x), and S = s + σ(x), and set the

VEVs u = p = s = 0. In this case, the metric (4.38) evaluated at the background VEV

takes the simple form

GAB(v) =


3α
2v2 0 0 0

0 α√
2v

0 0

0 0 3α
2v2 0

0 0 0 α√
2v

 , (4.39)

and the vielbein, that satisfies the constraint δab = ea
Aeb

BGAB, is

eAa (v) =



√
2

3α
v 0 0 0

0
√√

2v
α

0 0

0 0
√

2
3α
v 0

0 0 0
√√

2v
α

 . (4.40)

Using the expression (2.34), we find that the non-zero curvature components in the mass

eigenbasis evaluated at the flat background are given by

−Rχ̃ρ̃χ̃ρ̃ = Rχ̃ρ̃ρ̃χ̃ = −Rχ̃ρ̃ξ̃σ̃ = Rχ̃ρ̃σ̃ξ̃ = −Rχ̃σ̃χ̃σ̃ = −Rχ̃σ̃ρ̃ξ̃ = Rχ̃σ̃ξ̃ρ̃ = Rχ̃σ̃σ̃χ̃

= Rρ̃χ̃χ̃ρ̃ = −Rρ̃χ̃ρ̃χ̃ = Rρ̃χ̃ξ̃σ̃ = −Rρ̃χ̃σ̃ξ̃ = −Rρ̃ξ̃χ̃σ̃ = −Rρ̃ξ̃ρ̃ξ̃ = Rρ̃ξ̃ξ̃ρ̃ = Rρ̃ξ̃σ̃χ̃

= Rξ̃ρ̃χ̃σ̃ = Rξ̃ρ̃ρ̃ξ̃ = −Rξ̃ρ̃ξ̃ρ̃ = −Rξ̃ρ̃σ̃χ̃ = −Rξ̃σ̃χ̃ρ̃ = Rξ̃σ̃ρ̃χ̃ = −Rξ̃σ̃ξ̃σ̃ = Rξ̃σ̃σ̃ξ̃

= Rσ̃χ̃χ̃σ̃ = Rσ̃χ̃ρ̃ξ̃ = −Rσ̃χ̃ξ̃ρ̃ = −Rσ̃χ̃σ̃χ̃ = Rσ̃ξ̃χ̃ρ̃ = −Rσ̃ξ̃ρ̃χ̃ = Rσ̃ξ̃ξ̃σ̃ = −Rσ̃ξ̃σ̃ξ̃ =
1

6α
,(4.41)

−Rχ̃ξ̃χ̃ξ̃ = Rχ̃ξ̃ξ̃χ̃ = −Rρ̃σ̃ρ̃σ̃ = Rρ̃σ̃σ̃ρ̃ = Rξ̃χ̃χ̃ξ̃ = −Rξ̃χ̃ξ̃χ̃ = Rσ̃ρ̃ρ̃σ̃ = −Rσ̃ρ̃σ̃ρ̃ =
2

3α
,(4.42)

−Rχ̃ξ̃ρ̃σ̃ = Rχ̃ξ̃σ̃ρ̃ = −Rρ̃σ̃χ̃ξ̃ = Rρ̃σ̃ξ̃χ̃ = Rξ̃χ̃ρ̃σ̃ = −Rξ̃χ̃σ̃ρ̃ = Rσ̃ρ̃χ̃ξ̃ = −Rσ̃ρ̃ξ̃χ̃ =
1

3α
,(4.43)

where, as before, tilde denotes the Riemann normal coordinate basis.

Using the general two-derivative interaction Lagrangian expansion in the mass eigen-

basis (2.33), the kinetic terms of the Lagrangian (4.35) in Riemann normal coordinates

are

KRNC =
1

2
(∂µχ̃)2 +

1

2
(∂µρ̃)2 +

1

2
(∂µξ̃)

2 +
1

2
(∂µσ̃)2 − 1

6α
(ρ̃ ∂µσ̃ − σ̃ ∂µρ̃) (ξ̃ ∂µχ̃− χ̃ ∂µξ̃)

− 1

18α
(ρ̃ ∂µρ̃+ σ̃ ∂µσ̃)(ξ̃ ∂µξ̃ + χ̃ ∂µχ̃) +

1

9α

(
(ρ̃ ∂µσ̃ − σ̃ ∂µρ̃)2 + (ξ̃ ∂µχ̃− χ̃ ∂µξ̃)2

)
+

1

36α

(
((∂µξ̃)

2 + (∂µχ̃)2)(ρ̃2 + σ̃2) + ((∂µρ̃)2 + (∂µσ̃)2)(χ̃2 + ξ̃2)
)
. (4.44)

As discussed in the previous section, instead of using the vielbeins, the fields (χ, ρ, ξ, σ)

can be transformed to Riemann normal coordinates (χ̃, ρ̃, ξ̃, σ̃) via the relations (2.29) that
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make the metric diagonal. Performing additional transformations that rescale the fields

χ̃ → G̃
−1/2
χ̃χ̃ χ̃, ρ̃ → G̃

−1/2
ρ̃ρ̃ ρ̃, ξ̃ → G̃

−1/2

ξ̃ξ̃
ξ̃, and σ̃ → G̃

−1/2
σ̃σ̃ σ̃, we then obtain up to quartic

order

χ =

√
2
3
v

√
α
χ̃+

v

3α
(χ̃2 − ξ̃2) +

v

9
√

6α3/2
(2χ̃3 − χ̃(ρ̃2 + σ̃2)− 10ξ̃2χ̃)

+
v

54α2

(
χ̃4 + 5ξ̃4 − 18ξ̃2χ̃2 + 2(ξ̃2 − χ̃2)(ρ̃2 + σ̃2)

)
, (4.45)

ρ =
4
√

2
√
v√

α
ρ̃+

√
v

4
√

2
√

3α
(ρ̃χ̃− ξ̃σ̃)−

4
√

2
√
v

18α3/2
(ρ̃3 − 2ρ̃χ̃2 + ρ̃σ̃2 + 4ρ̃ξ̃2 + 6ξ̃σ̃χ̃)

+

√
v

18 4
√

2
√

3α2

(
ρ̃χ̃3 − 2ρ̃3χ̃− 2ρ̃σ̃2χ̃+ 2ξ̃σ̃3 + 5ξ̃3σ̃ − 7ξ̃σ̃χ̃2 − 11ξ̃2ρ̃χ̃+ 2ξ̃ρ̃2σ̃

)
,(4.46)

ξ =

√
2
3
v

√
α
ξ̃ +

2v

3α
ξ̃χ̃− v

9
√

6α3/2
(ξ̃(ρ̃2 + σ̃2) + 4ξ̃3 − 8ξ̃χ̃2)

+
2v

27α2
(2ξ̃χ̃3 − 4ξ̃3χ̃− ξ̃χ̃(ρ̃2 + σ̃2)) , (4.47)

σ =
4
√

2
√
v√

α
σ̃ +

√
v

4
√

2
√

3α
(ξ̃ρ̃+ σ̃χ̃)−

4
√

2
√
v

18α3/2
(σ̃3 − 2σ̃χ̃2 + σ̃ρ̃2 + 4σ̃ξ̃2 − 6ξ̃ρ̃χ̃)

+

√
v

18 4
√

2
√

3α2

(
σ̃χ̃3 − 2σ̃3χ̃− 2σ̃ρ̃2χ̃− 2ξ̃ρ̃3 − 5ξ̃3ρ̃+ 7ξ̃ρ̃χ̃2 − 11ξ̃2σ̃χ̃− 2ξ̃ρ̃σ̃2

)
.

(4.48)

These field transformations make the metric diagonal and canonical. Using the Lagrangian

(4.35), we then recover the kinetic terms (4.44).

We also show how to transform the Lagrangian (4.35) to Kähler normal coordinates.

Assuming the complex field decomposition, T (x) = w + t(x) and φ = r + f(x), where

t(x), f(x) are the field fluctuations and w, r are the field VEVs, the Kähler metric (4.36)

becomes

KIJ̄(w) =

(
3α

(w+w̄)2 0

0 α
w+w̄

)
, (4.49)

where the field VEV r = 0. The complex vielbein is given by

e(w, w̄) = ē(w, w̄) =

(
w+w̄√

3α
0

0
√
w+w̄√
α

)
, (4.50)

which ensures that the Kähler metric is flat and satisfies the constraint KIJ̄eα
I ēβ̄

J̄ = δαβ̄.

Using expression (2.46), the non-zero components of the Kähler curvature tensor are

Rtt̄tt̄ =
6α

(w + w̄)4
, Rff̄f f̄ =

2α

3(w + w̄)2
,

Rtt̄f f̄ = Rtf̄f t̄ = Rf t̄tf̄ = Rff̄tt̄ =
α

(w + w̄)3
. (4.51)

31



In KNC, the Riemann tensor is obtained from the expression Rαβ̄γδ̄ = eα
I ēβ̄

J̄eγ
K̄ ēδ̄

L̄RIJ̄KL̄,

using the complex vielbein (4.50) to give

R
t̂ˆ̄tt̂ˆ̄t

= R
f̂ ˆ̄ff̂ ˆ̄f

=
2

3α
, (4.52)

R
t̂ˆ̄tf̂ ˆ̄f

= R
t̂ ˆ̄ff̂ ˆ̄t

= R
f̂ ˆ̄tt̂ ˆ̄f

= R
f̂ ˆ̄f t̂ˆ̄t

=
1

3α
, (4.53)

where the hatted coordinates refer to the Kähler normal coordinate basis. Note that there

is no longer any dependence on the field VEV.

Using the complex vielbeins together with a holomorphic transformation (2.39), and

the field rescalings t̂ → Ĝ
−1/2

t̂ˆ̄t
t̂, f̂ → Ĝ

−1/2

f̂ ˆ̄f
f̂ , the field transformations, assuming w̄ = w,

are given by

t =
2w√
3α
t̂+

2w

3α
t̂2 +

2w

3
√

3α3/2
t̂3 +

2w

9α2
t̂4 + . . . = 2w

∞∑
n=1

(
t̂√
3α

)n
, (4.54)

f =

√
2w√
α
f̂ +

√
2w√
3α
f̂ t̂+

√
2w

3α3/2
f̂ t̂2 +

√
2w

3
√

3α2
f̂ t̂3 + . . . =

√
2wf̂

∞∑
n=1

1√
α
n

(
t̂√
3

)n−1

.

(4.55)

These field transformations make the Kähler metric diagonal and canonical. Substituting

Eqs. (4.54) and (4.55) into the Lagrangian (4.35), one obtains the kinetic terms in Kähler

normal coordinates

KKNC = ∂µt̂∂
µˆ̄t+∂µf̂∂

µ ˆ̄f+
2

3α

(
t̂ˆ̄t∂µt̂∂

µˆ̄t+ f̂ ˆ̄f∂µf̂∂
µ ˆ̄f
)

+
1

3α

(
t̂∂µf̂ + f̂∂µt̂

)(
ˆ̄t∂µ

ˆ̄f + ˆ̄f∂µˆ̄t
)
,

(4.56)

or in terms of the real fields,

KKNC =
1

2
(∂µχ̂)2 +

1

2
(∂µρ̂)2 +

1

2
(∂µξ̂)

2 +
1

2
(∂µσ̂)2

+
1

6α

(
((∂µχ̂)2 + (∂µξ̂)

2)(χ̂2 + ξ̂2) + ((∂µρ̂)2 + (∂µσ̂)2)(ρ̂2 + σ̂2)

+(∂µρ̂∂
µχ̂+ ∂µσ̂∂

µξ̂)(ρ̂χ̂+ σ̂ξ̂) + (∂µρ̂∂
µξ̂ − ∂µσ̂∂µχ̂)(ρ̂ξ̂ − σ̂χ̂)

)
+

1

12α

(
((∂µχ̂)2 + (∂µξ̂)

2)(ρ̂2 + σ̂2) + ((∂µρ̂)2 + (∂µσ̂)2)(χ̂2 + ξ̂2)
)
, (4.57)

where the complex fields are decomposed as t̂ = 1√
2

(
χ̂+ iξ̂

)
and f̂ = 1√

2
(ρ̂+ iσ̂). From

Eq. (4.56), we see that there are four combinations of the complex fields with non-vanishing

amplitudes, given by

At t t̄ t̄4,kin = Afff̄ f̄4,kin =
2

3α
s12 ,

Af t f̄ t̄4,kin = At f t̄ f̄4,kin =
1

3α
s12 . (4.58)
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Similarly, from Eqs. (4.44) and (4.57), we can write the four-point scattering ampli-

tudes arising from the kinetic terms in terms of real fields:

Aχχξξ4,kin = Aξξχχ4,kin = Aρρσσ4,kin = Aσσρρ4,kin = − 2

3α
s12 ,

Aχξχξ4,kin = Aξχξχ4,kin = Aρσρσ4,kin = Aσρσρ4,kin = − 2

3α
s13 ,

Aχξξχ4,kin = Aξχχξ4,kin = Aρσσρ4,kin = Aσρρσ4,kin = − 2

3α
s14 ,

Aχχρρ4,kin = Aρρχχ4,kin = Aχχσσ4,kin = Aσσχχ4,kin = − 1

6α
s12 ,

Aχρχρ4,kin = Aρχρχ4,kin = Aχσχσ4,kin = Aσχσχ4,kin = − 1

6α
s13 ,

Aχρρχ4,kin = Aρχχρ4,kin = Aχσσχ4,kin = Aσχχσ4,kin = − 1

6α
s14 . (4.59)

As before, we omit the hats or tildes in these expressions because the scattering amplitudes

coincide in Riemann and Kähler normal coordinates.

4.4.2 General Two-Derivative Interactions

Finally, in this section, we consider a two-field superpotential obtained from adding a cubic

term φ3 to the quadratic superpotential (4.24)

W (T, φ) = m(T − 1)2 + λφ3 . (4.60)

Using Eq. (3.3) with the no-scale Kähler potential (1.4), the scalar potential is then given

by

V =
1

(T + T̄ − |φ|2
3

)

(
2

3
m2|T − 1|2(6− T − T̄ ) + 9λ2|φ|4

)
, (4.61)

where α = 1. Expanding the complex fields as T = X+iY√
2

and φ = P+iS√
2

, we obtain the

scalar potential in terms of the real fields

V =
81λ2 (P 2 + S2)

2 − 12m2
(
X
(
X
(√

2X − 10
)

+
√

2 (Y 2 + 14)
)
− 6 (Y 2 + 2)

)(
P 2 + S2 − 6

√
2X
)2 .

(4.62)

One can easily find that the global minimum of the potential is located at (X, Y, P, S) =

(
√

2, 0, 0, 0). We plot the scalar potential (4.61) along the real directions T̄ = T and φ̄ = φ

with m = λ. We illustrate it in Fig. 5 and show that the global minimum is located at

T = T̄ = 1 and φ = φ̄ = 0, which corresponds to (X, Y, P, S) = (
√

2, 0, 0, 0). Along the

φ = 0 direction, the one-dimensional potential is the same as that in Fig. 1 which exhibits

a minimum and maximum (here the latter is a saddle point).

33



Figure 5: The scalar potential (4.61) as a function of T and φ, where T̄ = T , φ̄ = φ, and λ = m.

The global minimum is located at T = T̄ = 1 and φ = φ̄ = 0, which in terms of real scalar fields

corresponds to (X,Y, P, S) = (
√

2, 0, 0, 0).

If we decompose the fields X(x) = v + χ(x), Y (x) = u + ξ(x), P (x) = p + ρ(x), and

S(x) = s+ σ(x), and use the field transformations to Riemann normal coordinates (4.45)-

(4.48), the potential to quartic order is given by

VRNC =
4

9
m2(χ̃2 + ξ̃2) +

9

4
λ2(ρ̃2 + σ̃2)2 − 2

3

√
2

3
m2(ξ̃2χ̃+ χ̃3)

+
20

81
m2(χ̃2 + ξ̃2)2 +

8

81
m2(χ̃2 + ξ̃2)(ρ̃2 + σ̃2) , (4.63)

where the VEV values (v, u, p, s) = (
√

2, 0, 0, 0). Similarly, using the field transformations

to Kähler normal coordinates (4.54)(4.55), we obtain

VKNC =
4

9
m2(χ̃2 + ξ̃2) +

9

4
λ2(ρ̃2 + σ̃2)2 − 2

3

√
2

3
m2(ξ̃2χ̃+ χ̃3)

+
8

27
m2(χ̃2 + ξ̃2)2 +

4

27
m2(χ̃2 + ξ̃2)(ρ̃2 + σ̃2) . (4.64)

The two potentials (4.63) and (4.64) only differ in the quartic interactions. In both cases,

the mass matrix is diagonal and the masses are given by

m2
χ =

8m2

9
, m2

ρ = 0 m2
ξ =

8m2

9
, m2

σ = 0 , (4.65)
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RNC KNC

K V Total K V Total

χχ→ χχ 0 380m2

27
380m2

27
32m2

27
116m2

9
380m2

27

ρρ→ ρρ 0 −54λ2 −54λ2 0 −54λ2 −54λ2

ξξ → ξξ 0 −100m2

27
−100m2

27
32m2

27
−44m2

9
−100m2

27

χχ→ ρρ −40m2

81
−32m2

81
−8m2

9
−8m2

27
−16m2

27
−8m2

9

χχ→ ξξ −128m2

81
−52m2

81
−20m2

9
−32m2

27
−28m2

27
−20m2

9

χρ→ χρ 8m2

81
−32m2

81
−8m2

27
8m2

27
−16m2

27
−8m2

27

χξ → χξ 64m2

81
236m2

81
100m2

27
32m2

27
68m2

27
100m2

27

ρρ→ σσ 0 −18λ2 −18λ2 0 −18λ2 −18λ2

χρ→ ξσ −16m2

27
0 −16m2

27
−16m2

27
0 −16m2

27

χσ → ξρ 16m2

27
0 16m2

27
16m2

27
0 16m2

27

Table 3: Four-point scattering amplitudes in the nonrelativistic limit (where we assume the en-

ergy, Eρ,σ = mχ,ξ, if one of the incoming particles is massless). As expected, the amplitudes match

between the RNC and KNC when evaluated at the minimum (i.e. (T, φ) = (1, 0)). Note that

only distinct scattering amplitudes are listed in the table, which are related to other amplitudes

not shown e.g., A4(σσ → σσ) = A4(ρρ→ ρρ).

where we again note that the scalar masses coincide in RNC and KNC.

As before, we evaluate selected four-point amplitudes in RNC and KNC in the non-

relativistic limit choosing the Mandelstam variables in a similar fashion as described in the

earlier examples. The amplitudes for a selection of scattering channels are summarized in

Table 3 where the amplitudes are evaluated at the minimum, T = T̄ = 1 and φ = φ̄ = 0.

Once again, we see that for each channel, the total amplitudes are invariant with respect to

the choice of coordinates even though the contributions from kinetic and potential terms

differ.

The difference in the scattering amplitudes between RNC and KNC for the two com-

plex field case is shown for six different scattering channels as a function of the VEV of T

in Fig. 6. We see clearly that the difference vanishes at both extrema, v =
√

2 (minimum)

and v = 2
√

2 (saddle point).

5 Discussion and Conclusions

In this work, we have presented detailed calculations for scattering amplitudes in N = 1

supergravity theories. Beyond minimal supergravity with Kij̄ = δij̄, due to the complexity

of non-minimal kinetic terms, we have argued that the calculation of scattering amplitudes
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Figure 6: The difference between the real values of RNC and KNC four-point amplitudes for

the potential (4.61) as a function of v for different channels (blue: χχ → χχ, purple: ξξ → ξξ,

orange: χχ→ ξξ, red: ξξ → χχ, green: ρρ→ ρρ, yellow: ρρ→ σσ). We assume that α = 1 and

m = λ = 1. The amplitudes only agree at v =
√

2 (global minimum) and v = 2
√

2 (saddle point).

is best done after field redefinitions to either Riemann normal coordinates (with 2N real

fields associated with N chiral multiplets) or Kähler normal coordinates (with N complex

fields). We have provided explicit expressions for the contributions to the amplitudes arising

from kinetic and potential terms that depend on geometric quantities. This is consistent

with the known invariance property of the S-matrix under field redefinitions [37–39].

We have also demonstrated that the amplitudes are invariant under the field redef-

initions only at the extrema of the potential. Away from these points, invariance may

be maintained only if all contributions from tadpole (linear) terms are included in the

calculation. In general, we know of no method to include these contributions which can

proliferate into an infinite series of diagrams, except for simple examples, see e.g. [34]. We

return to this question in future work [35]. It should also be noted that we have neglected

the possibly dominant vacuum energy when calculating the scattering amplitudes at the

maxima. A more complete calculation of the scattering amplitudes should be done in a de

Sitter background, but we expect that our qualitative results will remain unchanged.

As specific examples, we have concentrated on no-scale supergravity models [16] with

Kähler potentials given by Eqs. (1.4) and (1.5). We considered models with a single chiral

superfield, T , as well as models with two chiral superfields that include matter, both with

and without potential contributions to the Lagrangian. The calculation of the four-point
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scattering amplitudes is made much simpler by transforming to either RNC or KNC where

cubic derivative terms are eliminated. Expressions for amplitudes beyond four-point can

also be derived using our methods, by generalizing the results of Ref. [25].

While the calculations in this paper were performed at tree level, it would be interest-

ing to extend the calculation to the loop level where we expect the scattering amplitudes to

again depend on geometric quantities [27] and remain invariant only at potential extrema.

Furthermore, generalizing the calculation to include fermions would lead to manifestly

supersymmetric results in terms of superfields and remains another direction to explore.

As we said at the outset, one of the motivations for this work is the SWGC. Testing

specific models with respect to this conjecture requires us to fully calculate the amplitudes

in the no-scale context, as this is the framework expected to arise from string theory [15].

As we have seen, testing the SWGC in this context is highly non-trivial, as the scalars

generally have considerable mixing through their kinetic terms as determined from the

Kähler potential. In subsequent work, we will compare the amplitudes computed here

with the gravitational amplitudes. We have already seen that for the example of a single

complex field with no superpotential, the amplitudes for χχ → χχ and ξξ → ξξ vanish,

violating the conjecture. We will also test models of inflation constructed from no-scale

supergravity [20]. However, we caution that the results found in this work indicate that

the strong version of the SWGC may not be well founded as the calculation of amplitudes

(without the inclusion of tadpoles) is not invariant under field redefinitions.
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