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Abstract

Supergravity theories with non-minimal Kéahler potentials are characterized by a non-trivial
field space manifold with corresponding non-trivial kinetic terms. The scattering amplitudes in
these theories can be calculated at fixed background field values by making a field redefinition to
Riemann normal coordinates. Because of the Kéhler structure of supergravity, a more compact
method for calculating amplitudes is obtained by a redefinition to Kéhler normal coordinates.
We compare both methods and calculate the explicit transformations and amplitudes for several
examples in the context of no-scale supergravity with one and two chiral superfields. We show
that in all cases the equivalence of the scattering amplitudes using either Riemann normal or

Kaéhler normal coordinates is possible only at extremal points of the scalar potential.
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1 Introduction

A reasonable selection criterion in the search for viable theories encompassing physics be-
yond the Standard Model, is a UV completion which is derivable from a quantum theory
of gravity, e.g., string theory. The calculation of scattering amplitudes has attracted con-
siderable attention because of the many conjectures which demand scattering amplitudes
larger than gravitational amplitudes which is postulated to be the weakest interaction. For
example, the Weak Gravity Conjecture [1] places constraints on the gauge coupling of a
U(1) gauge symmetry to ensure the stability of extremal black holes. A violation of the
conjecture could be interpreted as the incompatibility of the gauge theory with a proper
UV completion stemming from string theory. As such, the theory would be designated as

part of the swampland [2].

A more ambitious conjecture known as the Scalar Weak Gravity Conjecture (SWGC)
[3] further speculates that for all scalar fields mediating interactions, there must exist a
state for which the scalar exchange is stronger than gravity. A stronger version known as
the Strong Scalar Weak Gravity Conjecture [4] states that the latter must be true for all
values of the scalar fields and can be encapsulated by the limit [4, 5]

* (1 1
P i 1.1
maqﬁ2 (mQ)_M}%’ (1.1)
where m? = 92V /0¢? is the effective mass of the scalar field, ¢, and Mp ~ 2.4 x 10'® GeV

is the reduced Planck mass. There have since been many applications of these conjectures
on various scalar field theories, including inflation [4-10].

Many of the examples considered are theories with a single scalar field, ¢, and a
canonical kinetic term. In this case, testing the conjecture amounts to a calculation of
the four-point scattering amplitude ¢¢ — ¢¢, which may receive contributions from a
contact (quartic) term in the potential, as well as s, ¢, and u channels of ¢-exchange arising
from cubic interactions. The resulting amplitude can then be directly compared with the

gravitational scattering amplitude.

In theories with multiple scalar fields, complex geometries may arise where the scalar
fields act as coordinates on a background field-space manifold. Focusing on specific direc-
tions in field space may not capture the full set of scalar field interactions, even when the
fields are canonically redefined. In general, canonical field redefinitions are only possible
for a given fixed background. As in general relativity, coordinate transformations to flat
Minkowski space-time amount to transformations to Riemann normal coordinates valid at
a specific space-time point. Analogously, the calculation of scattering amplitudes in non-
flat field space geometries are most directly performed in terms of Riemann normal field
definitions at a specific background field value.



Similarly, theories of supergravity are characterized by a non-trivial metric for com-
plex manifolds that arises from the scalar fields of chiral multiplets. Typically, such theories
have the usual quadratic kinetic terms in the action, and are described by a complex Kahler
manifold. In general, one can perform a holomorphic transformation to Kéhler normal co-
ordinates [11,12] that ensures that the Kahler metric is flat at a specific space-time point.!
In these coordinates the kinetic terms of the Lagrangian are canonical and there are no
cubic order terms. The absence of cubic terms make these coordinates particularly useful
when calculating the scattering amplitudes.

A common framework for non-trivial field space geometries is NV = 1 supergravity

theories [14], where the metric for the complex field space manifold is given by
PK

where Z is a complex scalar field, K (Z¢, Z E) is the Kéhler potential, and the inverse of the
Kihler metric is given by K. We follow the convention where the unbarred (holomorphic)
indices are on the left and barred (anti-holomorphic) indices are on the right. Therefore,
K K,;= ¢ . We also note that the metric (1.2) and all of the A" = 1 supergravity action
is invariant under the Kéhler transformation

K(Z', 2D — K(Z, 20 + f(Z) + f(ZY) , W — e TPwW | (1.3)

where f(Z') is an arbitrary holomorphic function and W (Z") is the superpotential and is
also holomorphic.

The natural framework for a low-energy field theory derived from string theory [15]
is no-scale supergravity [16]. The simplest A/ = 1 no-scale supergravity models were first
considered in [16,17], and are characterized by the following Kéhler potential [18]:

K = =3aln(T+7T), (1.4)

where T is a complex chiral field that can be identified as the volume modulus fiel,> T is

the conjugate field, and « is a real parameter associated with the curvature of the Kahler
SU(1,1)
, U(1)

coset manifold. This can be generalized by including matter fields ¢’ that parametrize,

manifold. The minimal no-scale Kéhler potential (1.4) describes a non-compact

together with the volume modulus 7', an % coset space, defined by the Kéhler
potential [19]
i|2
K = —3a1n<T+T— |¢3’ ) : (1.5)

'We note that Kihler normal coordinates are also known as canonical coordinates.
2We work in units of the reduced Planck mass, Mp = 1/1/87G . In some cases, to avoid any potential
confusion, explicit factors of Mp will be included.



There are other generalizations based on other non-compact coset spaces, which also appear
in some string models and involve multiple moduli fields. For example, testing the SWGC
for inflationary models derived from no-scale supergravity [20] would require inclusion of
all scalar interactions between the inflaton and moduli fields.

In this paper, we apply the formalism for calculating scattering amplitudes in no-scale
supergravity models. However, we note that the formalism presented here is completely
general and can be applied to general scalar or supergravity theories. We begin in Section
2 by outlining the procedure for the necessary field redefinitions to Riemann normal scalar
fields in a given background. In this basis, we provide general expressions for the three- and
four-point scattering amplitudes. We also introduce the field redefinitions to Kéhler normal
coordinates in supersymmetric theories. Scattering amplitudes in terms of Kahler normal
coordinates are also provided. These are applied to supergravity theories in Section 3.

SU(1,1)
U(1)
ifold. In the absence of a superpotential for T', we quickly see that two of the four-point

coset man-

In Section 4, we consider the simplest no-scale models based on the

amplitudes vanish (directly contradicting the SWGC). We then consider a toy extension,
where an “effective mass” term of the form m?TT is included. Despite the apparent form
of the potential, this theory has no stable vacua, and as a consequence, the amplitudes in
Riemann and Kahler normal coordinates do not agree at any point in field space. This
is next followed with two more interesting examples. One is derived from a simple super-
potential, W = m(T — 1)? which gives two extrema (a minimum and a maximum). We
compute again the scattering amplitudes in both field bases, and show explicitly the invari-
ance of the amplitude under these field redefinitions solely at the two extrema. The second
example is based on the KKLT model [21] for moduli stabilization (with and without an
uplift). Without an uplift, the potential has only one extremum, a minimum, and with the
uplift, there are two extrema. Once again we show that the field redefinition invariance of
the amplitudes is achieved only at these extrema. The invariance holds also for any value of
fields along a flat direction, since there is no a linear term (tadpole) along the flat direction.
Then in Section 4.4, we provide the formalism for a two-field model based on Eq. (1.5).
Here too, we consider examples with and without a superpotential. We summarize our

work in Section 5.

2 Scattering Amplitudes with General Two-Derivative

Interactions and Potential

We begin our discussion by briefly summarizing the geometric structure and properties of

scalar field theories. In particular, we show how to use the geometry of the field space



to calculate the three- and four-point scattering amplitudes. We extend the well-known
expressions for the three- and four-point scattering amplitudes in terms of geometric invari-
ants [22-27] and include the relevant mass terms. We first discuss theories of N massive
scalars with two-derivative interactions using the Riemann normal coordinates and then in-
troduce the analog of Kéhler normal coordinates in supersymmetric theories. Importantly,
we show that the scattering amplitudes are independent on the choice of coordinates pro-
vided that they are computed at an extremum of the potential, i.e. with an absence of
tadpoles.

2.1 Coordinate Transformations

2.1.1 Real scalar fields

Consider a theory of N massive real scalars ® with general two-derivative interactions and
an arbitrary potential V' (®). The Lagrangian is given by

L = %gu(@)au@faﬂqﬂ —V(®), (2.1)

where g7;(®) is an arbitrary symmetric metric. We use the uppercase Latin indices
I,J,K,...,to denote the flavor eigenbasis.?

In general, the coordinate transformation (field redefinition) ®/ — @1 implies the
following scalar, vector, and tensor transformation laws:

V(®) — V(P), (2.2)
11
9,0" — gzjauéJ, (2.3)
OPK 9L
915(®) — WWQKL((D/)' (2.4)

Note that the on-shell scattering amplitudes arising from the Lagrangian (2.1) must be
invariant under the coordinate transformation ®/ — &/ in a well defined theory. Therefore,
one can always find a set of unique coordinate transformations that make an arbitrary
metric g;;(P) flat at a particular point in field space.

To calculate the physical scattering amplitudes, we will, for now, consider only back-
ground field values corresponding to stable vacua. We introduce the following field expan-
sion

d' = ol ¢!, (2.5)

3We refer to the flavor eigenbasis even in the absence of the scalar potential. However, since the choice
of the metric gy s is completely arbitrary, we also refer to the states that are not canonically normalized as
flavor eigenstates.



where v! is the vacuum expectation value (VEV) of the scalar field and ¢! is the fluctuation
of the scalar field about the stable vacuum. Therefore, all physical interactions are governed
by the Lagrangian couplings and the corresponding derivative couplings of the dynamical
field fluctuations ¢! evaluated at the VEV. As we shall see, on-shell scattering amplitudes
are invariant under coordinate transformations when the chosen vacuum is stable, which
implies that the tadpole 0;V (v) vanishes. We show in Section 4 that the on-shell scattering
amplitudes are in fact no longer invariant when evaluated at a non-extremal point in field

space.

Following Ref. [25], we introduce the symmetrized covariant derivatives of the poten-

tial:
Vi.n,(v) = V@, . ViyV(®)|,, with 9;V(®), = 0, (2.6)
where the symmetrized covariant derivative includes the sum of all permutations multiplied
by a symmetry factor of 1/n!. We note that the derivatives are taken with respect to the

unshifted fields and evaluated at their VEVs, v, and not the dynamical field fluctuations
¢'. The covariant derivative of a general tensor is defined as

11121, _ I11g---1 I Nlig---1 I IWN---1
v]\j]“1 2 kL1L2Ln —aMTl 2 kLlLQLn+FMNT 2 kLleLn+FMNT1 kL1L2Ln+

— D, T e Ny = D, T e gy =
(2.7)
where the Christoffel symbols are given by
1
Ui = 59" (9xL,0 + 9Ls.x — 9sk. L) - (2.8)

2

From these definitions, the mass matrix evaluated at an extremal vacuum point is
given by Vis(v) = 0;0,V(®)|,. Therefore, from the Lagrangian (2.1) we find that the
linearized equation of motion in the flavor eigenbasis is given by

(915 (V)0 + Vis(v)) ¢’ (2) = 0, (2.9)

where [0 = 040, is the d’Alembertian. Our next goal is to canonically normalize and
diagonalize the linearized equation of motion and transform from the flavor eigenbasis to
the mass eigenbasis. This can be readily done by flattening an arbitrary metric g;; using

the coordinate transformations (2.2):

oe! | 0’
g”(v)_atb’i LoD, 0ij - (2.10)
Equivalently, we can introduce the vielbein field that flattens the metric:*
grr(w)ei (v)e;’ (v) = 6, (2.11)

4In the physics literature, vielbein is also referred to as a vierbein or tetrad. However, since we consider
an N-dimensional field space, we use the term vielbein.
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which implies that

0! 0d7
e; (v) 557 |, e;” (v) 557 |, (2.12)
We note that the lowercase Latin indices i, j, k, . .., correspond to the mass eigenbasis, and

the indices are raised and lowered with the Kronecker delta % and &;;, respectively. The

R
inverse vielbein e’;(v) is related to the vielbein ;! (v) via the relation e'; = §e;” ;.
However, the vielbein only flattens the metric and canonically normalizes the lin-
earized equation of motion. To ensure the full transformation from the flavor to the mass
eigenbasis, one also needs to diagonalize the mass matrix. This can always be achieved by
combining the vielbein field with an orthogonal rotation matrix. Therefore, in the mass

eigenbasis the mass matrix becomes

Vis(v)ed (v)e;” (v) = Vi(v) = misy; . (2.13)

2.1.2 Complex scalar fields

Following the same steps as before, we consider a theory of N massive complex scalar fields
ZT with general two-derivative interactions and an arbitrary potential V(Z, Z), given by
the Lagrangian

L = g,5(2,2)8,2'0" 27 =V (2,7), (2.14)

where Z! is a complex scalar field and g, 7 is an arbitrary Hermitian metric tensor. As men-
tioned in the Introduction, we use the convention where the unbarred (holomorphic) indices
are on the left, barred (anti-holomorphic) indices are on the right, so that K™/ K,,; = 61 .
Here we focus on complex Kahler manifolds that arise naturally in theories of supersym-
metry and supergravity. Note that, a Kahler manifold admits a Kahler metric which can
be understood as a Riemannian metric on a complex manifold that is Hermitian, and the
symmetries of Kihler metrics are characterized by holomorphic Killing vectors.®

The coordinate transformation formulas for the map (27, Z7) — (27, Z'T) are given

by:

V(Z,Z2) — V(2,7 (2.15)
WA aZ/Ia A 2.16
M — 977 one (2.16)

7 0z
02" — ﬁaHZJ, (2.17)

K L
K,(2.2) — 9292 1 (2 7. (2.18)

EYAL aZ/j KL

®For an interested reader, see Ref. [28] for an extensive treatment of Kéhler manifolds, and Ref. [29] for

the discussion of complex manifolds in the context of supersymmetry and supergravity.
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Since an N-dimensional Kahler manifold can be interpreted as a 2/N-dimensional real man-
ifold that is parametrized in terms of N complex coordinates, this implies that the physical
on-shell scattering amplitudes of the 2N real scalar fields remain invariant under the com-

plex coordinate transformations.

One can introduce the complex field expansion
2l = w' +2, 72T = ol + 2, (2.19)

where w! is the VEV of the complex scalar field and z! is the dynamical field fluctua-

tion. Following our discussion for the real scalar fields, we introduce a complex coordinate
transformation that canonically normalizes the Kéhler metric,

oz 077

K;+ U —

IJ(w’ w) aZla waz,ﬁ

and similarly, we can express this transformation in terms of complex vielbeins as

= 6.5, (2.20)

w

Kpj(w, @)e, (w,w)ez” (w, @) = 6,5. (2.21)

When using the complex notation, the Greek indices «, 3, ... correspond to the mass
eigenbasis, and the indices are raised and lowered with the Kronecker delta 6*% and Oafs
respectively. The inverse complex vielbein e®*;(w,w) is related to the complex vielbein via
the relation e*; = §*ez’ K, 7.

In practice, we want to compute the scattering amplitudes of the real scalar fields
in the mass eigenbasis, i.e., when the linearized equation of motion is canonically normal-
ized and diagonal. The complex scalar fields can be expressed in terms of their real and

imaginary components:

I_L Iyl
zh = \/§(X+Y), (2.22)

and the real and imaginary fields can be further expanded as
Xi@) = o 4 x(z),  YI(2) = ol +€(a), (2.23)

where v! and u! are the VEVs of the dynamical field fluctuations x! and ¢f. By comparing
this expansion to Eq. (2.19), we find that the complex field VEV and fluctuation can be
related to the real and imaginary components via

1 1
w' = — ("UI +iu1) , A= — (XI —1—2'51) . (2.24)

V2 V2
If we use the complex field expansion (2.22), the Lagrangian (2.14) becomes [30]:

R T wyJ
L= %(@XI,E)HYI) ( Kiy B ) ( "X ) ~V(X,Y)
1

—Ki; Ki5 )\ oY (2.25)

§Gabaﬂ@aaﬂq>b —V(®),



where a,b = 1,2,...,2N, and K}zj and KIIJ: denote the real and imaginary parts of the
Kahler metric, respectively.

We next introduce the covariant derivatives acting on the scalar potential V(Z, Z):
‘/Il...lk(wau_)) = VIL..VI]QV(Z? Z)|’LU,’LT1 9 81V<Z7 Z)"LU,’LTJ = 07 (226)

where the covariant derivatives do not need to be symmetrized due to additional symmetries
arising in Kahler manifolds, and the derivatives can be taken with respect to the fields Z!
or their complex conjugate fields Z7. Here the covariant derivative of a tensor is given by
Eq. (2.7). The Ké&hler metric and Hermitian conditions imply that the Christoffel symbols
of the form F{m = F;K vanish, and the only non-vanishing Christoffel symbols are [31]

FgK = gILgKE,Ja F{n‘{ = QLIQLKJ' (2-27)

The scalar mass matrix is given by the following form

Vir Vig) '

For supersymmetry-preserving vacua, to transform from the flavor eigenbasis to the
mass eigenbasis, we need to rotate the mass matrix with a unitary matrix. Therefore, we
can always combine the complex vielbeins with a unitary rotation matrix that will ensure
that the above mass matrix is diagonal and transform the Lagrangian (2.14) to the mass
eigenbasis. In this work, we do not discuss theories involving supersymmetry breaking.

2.2 Riemann Normal Coordinates

In this section, we compute the three- and four-point scattering amplitudes by expanding
the general two-derivative interaction Lagrangian (2.1) with N massive real scalars ®! and

an arbitrary potential V' (¢) in terms of the Riemann normal coordinates.

The general transformation of the original field ®' = v’ 4 ¢! in the Lagrangian with
metric gr;(¢) to the Riemann normal coordinates ¢° can be obtained from the results in
Ref. [12,13]. They are given by

i o= 1 . ,
o — &' = 5 Diain |, @"0" 0™ (2.29)
N=2"""

where the capital letters I, J, ... denote the original basis and the lowercase letters i, j, ...

denote the Riemann normal coordinate basis. Here the generalized Christoffel symbols

r iio.iy are evaluated at the background field value v' and are defined by

Fijljg...jN = le vj2 ce vijQFiij1 IN (230)

9



with I'?; ;. the Christoffel symbol defined by Eq. (2.8) obtained from the metric g;;(®) after

applying the vielbeins so that I, . = ¢ Iej;h ejflﬂ .5, and similarly for the generalized

Ji72
Christoffel symbols. In (2.30), the covariant derivatives are only applied on the lower indices
following the convention used in Ref. [12]. Thus, we find

U igois = Ugiggs = 20500 = Vil (2.31)
Fzj1j2j3j4 sz1j2,j3j4 B Fljlj2»Pij3j4 - 4FZj1P:J'2ij3j4 B 2ij1j27j3rlpj4
AT T 0+ 205 5 T T o
= VMV]-‘%FZJ»U-Q . (2.32)

If we use the above transformations (2.29) which diagonalize the metric and then
canonically normalize the fields with the additional transformation ¢* — g(;.;/fqbi, which en-
sures that g;;(v) = 6;;(v), we find that the general two-derivative interaction Lagrangian (2.1)
can be expressed as

1 1 k il 1 kil m EAYTPY]
L = 5 0ij — §R¢kjl¢ ¢ - gkailjm(b PO+ ... ) 0,9'0 P =V (), (2.33)
where the definition of the Riemann curvature tensor is given by
Ry = Okl — 0l gy + Ty T, = T T (2.34)

One can also easily obtain the Lagrangian (2.33) by expanding about the VEV of an arbi-
trary symmetric metric gr;(®) in Riemann normal coordinates using the vielbeins (2.12).
In this case, the scalar fields are given by ¢ = e;'¢!, the arbitrary metric becomes flat,
dij = eilej" grs, and the Riemann curvature tensor in Riemann normal coordinates is
Rijr = e;! ej‘] e e" Ry . We note that in Riemann normal coordinates there is no cubic

derivative interaction which greatly simplifies the calculation of scattering amplitudes.

Compact expressions for ¢' scattering amplitudes can then be written in terms of
invariant geometric quantities. Note that the amplitudes should satisfy crossing symmetry
for consistency. For example, four-point amplitudes must satisfy

AP (519, 813, 514) = AL (813, 812, 514) = AL (514, 813, 512) (2.35)

where s1o = (p1 +p2)?, 513 = (p1 — p3)? and sy4 = (p1 — p4)? are the Mandelstam invariants.
In particular, the expressions for three- and four-point scattering amplitudes are given by

A31 23— |/ , (236)
A21Z213l4 — R11132224812 + R11221314813 _ §<R11221324 + R111312l4>(512 + S13 + 814)

Viligjvﬁ3i4 Vigigjvilu Vi1i3jvi2i4
I+ 4 ! >, (2.37)

_Vi1i2i3i4 -
_ 2 _ 2 _ 2
; S12 mj S14 mj S13 m:

J

10



where Vi, 1, =V, V)V, and V;,_;, = en ... e;, "V 1. The expression (2.37), which
can be readily checked to satisfy crossing symmetry, generalizes the kinetic energy part
given in Ref. [25] for massless particles to the case of massive particles states. Note that
we can also use the transformation of the fields to Riemann normal coordinates to evaluate
the potential. In this case, the derivatives in Eqs. (2.36) and (2.37) are simply partial
derivatives. Furthermore, the Riemann tensor (as well as other tensors) with upper small
case Latin indices are equal to the Riemann tensor with lower indices since in this basis,
indices are raised and lowered with 0;;.

2.3 Kahler Normal Coordinates

We now generalize the normal coordinate expansion to Kéhler manifolds and follow the
treatment presented in Refs. [11,12]. When defining the transformations to normal coor-
dinates, one must ensure that the complex structure is always preserved at all orders.

We first define the Kihler potential K(Z, Z), and the Kéhler metric is K;7(Z, Z) =
917(Z, Z). To find the Kihler normal coordinates, we start with the Taylor series expansion
of the Kahler potential around an arbitrary background field value Z! = w! + 2! up to
quartic order:

_ > 1 - e
K(Z,Z) = Z WKhm]leij}th LN Eh o gM
NM=0"" """

_ . 1 | P
= K(w,w) + f(2) + f(2) + gr5,,2"2" + §gzj,f<|wzlzJZK + 59Jf,K|szZJzK
_ _ 1 _

TR+ —gsrpn| BTN

6
(2.38)

1 c e 1
| I J=K-L o I=
+ égIJ,KL‘wZ T2z +_gIJ,KL‘wZ Z

W

where the holomorphic and anti-holomorphic terms have been eliminated using the Kahler
transformation terms f(z) and f(Z). Asshown in Ref. [12], one can introduce a holomorphic

coordinate transformation of the field fluctuations z!

oo
1
2 2 — E ﬁFaﬂlﬁz...ﬁN wzﬁlzﬂ? 2P (2.39)
N=2"""

where
% 0oy = VarVe - Vay ,I% sy (2.40)

are the covariant derivatives that act only on the lower indices. The capital Latin letters
I, J,...denote the original basis and the Greek letters «, 3, . . . denote the Kahler normal co-
ordinate basis. Importantly, this transformation eliminates terms of the form zoazP | ZPN
and 2% ... 2ANEP for N > 2 in the Taylor series.

11



The inverse transformation to Eq. (2.39) is given by

o 1 B
22—y 19 Ky, 2 (2.41)
N=2 ’
o0 1 B
= 2"+ ) 50" 0n e, 2 (2.42)
N=2 ’

As shown in [11,12], K&hler normal coordinates must satisfy the expression

Kog...aNB(Z? 2)|w = galﬁ,ag...aN(Z72)‘w = 07 (243)

or equivalently,
Op, - Oy, T%, 5y(2,2)] = 0. (2.44)

Using Kéhler normal coordinates, the expansion (2.38) up to quartic order becomes

5 1
K(Z,2) = K(w,w)+ f(w) + f(0) + gop(w,w)2"2" + Z—lRalgvg(w,@)ZQEﬁzwié, (2.45)
where the definition of the Kéhler curvature tensor is given by [31]

Rijkr = QMEFMIKJ = OKﬁing—gNMﬁKgIM@ZgNj. (2-46)

The Kahler curvature tensor has the following symmetry properties:

RJJKE = —RIJZK = —RJIKE = RKZIja (2-47)

and
RIJKL = RKJIL = RILKJ- (248)

Therefore, one can use the Kéhler normal coordinate transformations, that diagonal-
ize the Kéhler metric, and then canonically normalize the complex fields with the addi-
tional transformation 2% — K ;112/(3 z®, which ensures that K,z(w,w) = d,5(w,w). Thus,
in Kahler normal coordinates, the general two-derivative interaction Lagrangian with N

massive complex scalar fields (2.14) becomes
L = (%5 + Rop 52 + .. ) 0,2°0"57 — V(z,7). (2.49)

This Lagrangian can also be found by expanding about the VEV of a symmetric Kahler
metric K7 in Kahler normal coordinates and using the complex vielbeins. Then, the com-
plex scalar fields can be expressed as 2% = ;%2 and 2% = & jazj , the Kahler metric becomes
flat, 6,5 = €a’ égj K;7, and the Kéhler curvature tensor in Kéahler normal coordinates is

iven by Rz = e, ez’ e . Kes"R;77. As in Riemann normal coordinates, there are no
Y Llapys a €37 €y €KL )

12



cubic derivative interactions in Kéahler normal coordinates and the scattering amplitude

computation is significantly simplified.

To compute the scalar field interactions from the Lagrangian (2.49), it is convenient
to split the Lagrangian into kinetic and potential interaction terms. The kinetic terms in
Kahler normal coordinates up to quartic order are given by

Kine = 8,2°0"Z, + Ro3,5272°8,2002° + ... | (2.50)

where in terms of the Kahler potential, the Kéahler curvature tensor R,z.5; = K,5.5 —
K"K, 35K, involves just ordinary partial derivatives. In this case, the use of complex
field notation is the most compact form of writing scattering amplitudes. Indeed, from
(2.50) we see that only a four-point amplitude involving two complex and two complex
conjugate fields is nonzero. One finds the simple expression

Zaq ZagZagZa a1a30od
Appin -7 = RSNy (2.51)
whereas the four-point amplitudes with permuted indices are easily obtained by crossing
symmetry
ZayZagFagZay a1 Qo34 Zay ZagRagZay a1doqads
4,kin = R $13 A i = R S14 - (2.52)

One can also obtain the four-point amplitudes for real fields. If we use the field expansion
2% = \/Li (x* +1i€*) and z® = \% (x> —ig*) =z* = % (x* — 1£*), the kinetic terms of the
Lagrangian become

1 1
’CKNC = 5 uXa8”Xa + Qaugaaﬂga
7 Rains [(%X“a"xﬂ + 9,20 EPY (X + €€ — (X — X))
(0 x €% — 920" (€ — 1 + (N’ + 7€) . (2.53)

Using the above kinetic terms of the Lagrangian, we find that the four-point scattering
amplitudes are given by

—_

Xay XagXagXay 511150(260435044 _ a1 32 diq a1 o3 0ig 100403

A47 Ein = A47 Lin = 4_1 (R S19 + R S13 + R 814) +c.c. ,
Xa1Xa25a3§a4 o §a1§a2Xa3Xa4 o 1 a1 32 ig 12304 1204003

A i = Al%in =1 (—R s12 + R s13+ R s14) + c.c.
Xalgagxa3£a4 o 5&1X0425043X044 _ 1 a1 32Qig o1 B3y (3R DYe PN}

A4,kin = A4,kin = Z (R s12— R s13+ R 514) +c.c. ,
Xa1§a2§a3Xa4 _ §a1Xa2Xa3€a4 _ 1 (Ra1&3a26448 + RO&15¢20¢35¢48 _ Ra1@2a46¢3$ ) + c.c
4, kin - 4, kin 4 12 13 14 <L
Xaq XagXagé ap€agagX i A3l Ao 3 Aos@

A4:xk1ina2 agzsoay — _A4f7¥]i”?2 agXag __ Z (Ra1a3a2a4512 + Ra1a2asa4813 _ Ra1a2a4a3814) _|_ C.C. ’

(2.54)
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which are, of course, equivalent to the more compact formula (2.51). Since these amplitudes
are expressed in terms of the Mandelstam invariants, they are also valid for the massive
case. Note that these expressions are consistent with the complex amplitudes given in
Egs. (2.51) and (2.52) as well as crossing symmetry.

Next, we compute the interactions arising from the following complex Taylor series
of the scalar potential up to quartic order [32]:

_ -1
V(Z,Z) = V(w,w)+Vaza+Va2"+§Va52 2P 4 Vapz®2P + Vagz z’ 6Va572’ 2

1 -1 =5 1 - 3
+ §Vagﬁzazﬂ,§7 + EVC—YBA/Z“ P+ BVagﬁzafﬁ 24\/&5752 PP+ 6V 387 P70

1 1 _ -1 I
+ Z (Va'_yﬁd + V- FadB 5 (Vaﬁ'_yg + V- 5(16)) B2’725 + EV B"/(SZ ZﬁZ’YEé + ﬂvagﬁgiaéﬂ?i& s

(2.55)

where Vi, 1. = V. V.V and Vo, 0, = €a’t - €0, Vi, 1,0 In the flat limit, (2.55)
reduces to the ordinary Taylor expansion. Note that in this case, the indices are not sym-
metrized. Using this expansion, one can find the following four-point amplitudes involving
complex fields

AzQIZ:QZQBZQAL = _ /arozasoy
7po
B Va1a2P5‘/:05043044 N VOA2043PB{/pBa1a4 VCHCYSPB‘/pBCQCM 5 56)
S12 — M2~ S14 — m2 - + 513 — M2~ ’ (2
3 12 33 14 35 13 35
A2a12a22a32&4 _ Va1&3a2074 + V&3a1@4a2 o 1(‘/0{10{25&35[4 + VO730740(1012)
4,pot - 2
Valagpgv Q304 Vag&gpﬁv 10y Valézgpﬁv Qg
- Z + LT - : (2.57)
S12 — mBB S14 — Mya S13 — Mg
where here the indices are complex pg = S, (. Note that the written expressions for
the contractions over pg are shorthand for example, V*12P5)/, @594 = VereeByjpasas 4

Vere2Byzesas Recall also that in this basis, the mass matrix is diagonal and Vog = V5 =0
and that indices in this basis can be raised and lowered with a Kronecker delta. We do not
list all possible channels that could be readily found from Eq. (2.55).

One can also find the expressions for the three- and four-point scattering amplitudes
for the real fields, similar to Eq. (2.37). The scalar potential gives rise to the following
three-point contributions:

VorPozPes  — Clvauazas) + CZVa(1a2>073 + C3V0‘(1043>072 + C4VO‘(2°‘3)5‘1 tec,  (2.58)

6We remind the reader that here we consider theories with supersymmetry-preserving vacua.
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where the real fields are denoted ¢ = {x,{}, ¢1 = 2\f(l,z,—l,—i), cy = ﬁi(l’ —i,1,14),
c3 = \[(1 i,1,4), and ¢4 = \[(1 i,—1,7), when there are (0,1,2,3) ¢ fields among the
Cans Pony Pas- Symmetrized indices in Eq. (2.58) are enclosed by parentheses. The four-

point contributions are:

V¥erPerPasPas — CSVa(1a2a3a4> + CGVa(1a2a3>6¢4 + C7Vo¢(1a2a4)6¢3 + CSVOc(locgoc4)&2 + CQVa(2a3a4)6q
+ ClOVa(1a2>6¢(3&4) + Cllva(1a3>d(2d4) + 012va<1a4)6¢(2643) + 013‘/@(2@3)&(1&4)
+ 614V04(2044>54(1073) + 015Va(3a4)6¢(16¢2) + 016va<1d2)a(3644) + 017‘/04(1073)04(2544)

+ ClSVOé(1544>Oé(2643) + Clgva(2@3>a(1d4) + CQOVQ’<25¢4)O¢(16¢3) + 021‘/04(3074)04(1542)

+ CQQVOé(lﬁé‘(3(X4)|@2> + 623Va<3d|(1o¢2)‘6¢4) +c.c. ) (259)
where ¢5 = (1,4, —1,—4,1), ¢ = (1, —i, =1, =i, —1), ¢z = 3(1,4,—1,i,—1),
cs =5(1,0,1,4, 1), co = 3(1,4,1,2, 1), ¢10 = £(—1, 1, 1, -1), cn = g( 1,i,—1,—i,—1),
Cig = %<_17_ia_1ai7_1)7 Ci3 = %(_17i7_17_i7_1)7 Clg = %(_1 ]- 1)
Ci5 = %(_17 —'é, 17?:7 _1)7 Ci6 = i(la _Z.7 172.a 1)7 Ci7 = 211(17 _ia _17 t, 1)7 Cigs = Z(la (2 _17 _ia 1)a
Ci9 = %(17 —1,—1,1, 1)7 Co0 = %(17% -1, —1, 1)7 Co1 = %1(1727 L, =1, 1)a Cog = Co3 = (07 0,2,0, 0)7

when there are (0,1,2,3,4) £ fields among the four ¢,,. Again, the symmetrization is over
indices within parentheses. The vertical bars delineate separate symmetrizations. Note
that these coefficients are not unique and a rearrangement of indices leading to different
coefficients is possible. The potential contributions to the three- and four-point amplitudes
are then given by

Pay PagPagz Pag Pag P

AL —  _Y¥erpesbay (2.60)
Afalﬂt@agﬂoag,(poq — _V(PalSoon(Pag‘POq

po

-2

B

V‘pal @ag‘fjﬁv PagzPay V(Pag @a3§0ﬁv PaqPay V(Poq @ag@ﬁv PagPay
B B B
S19 — m2 * S14 — m? * S13 — m? '
12 o5 14 ©p 13 ©s
(2.61)

The total three-point scattering amplitude only receives a contribution from the potential
(2.60), while the total four-point scattering amplitude is A} 7*2¥*37 — AZ?;QQ%S@‘” +
AZ‘;}Of”%?’%“ obtained from (2.54) and (2.61). As in the case of RNC we can also use the
transformation of the fields to Kahler normal coordinates to evaluate the potential. In this
case, the derivatives in Eqgs. (2.61) are simply partial derivatives. Crossing symmetry is

guaranteed by the symmetrization in Eqgs. (2.58) and (2.59).

3 Supergravity Framework

We recall that a generic theory of minimal A/ = 1 supergravity can be characterized by a
Kihler potential K(Z,Z), where Z and Z are complex scalar fields and their Hermitian
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conjugates, respectively. To include the field interactions arising from the scalar potential,
one can introduce a holomorphic function of the complex fields, Z, called the superpotential,
W (Z). One may combine the Kihler potential K(Z, Z) and the superpotential W (Z) into
the following Kahler extended function

G=K+h|W2. (3.1)

Therefore, the bosonic part of the N = 1 supergravity Lagrangian can be written in the
form

L = K;;(Z,2)8,2'0"27 —V(Z,2), (3.2)

where the scalar potential can be expressed as
V(Z,7) = ¢ [GIGJKIJ —3] — K FTF7 366 (3.3)
Here K7 is the inverse Kahler metric, and the F-term is given by
FI = —eCPGYa;, (3.4)

where G/ = K'7. Note that the general N" = 1 supergravity Lagrangian (3.2) coincides
with the Lagrangian (2.14), with ¢g;7 = K;;. Here we are only considering the F-term
contribution in the supergravity Lagrangian but in general, one can expect D-term con-
tributions for gauge non-singlet fields. The F-term contribution characterizes the order
of supersymmetry breaking in theories of supergravity once local supersymmetry is bro-
ken and the F-term obtains a VEV. For minimal supergravity, with g;7 = d;7 we have
(FTy = ("P(WT + KTW)) = —my»(GT7G ;) # 0, where the gravitino mass is given by

mg)/2 = 9, (3.5)

Clearly in minimal supergravity, the above discussion of Riemann and Kéhler normal
coordinates is irrelevant and trivial. As the curvature vanishes, the calculations of ampli-
tudes is straightforward using only ordinary partial derivatives of the potential. In no-scale
supergravity, on the other hand, the curvature is non-trivial. As we have already seen, the
Kéhler curvature tensor is given in Eq. (2.46). This can be contracted to obtain the Ricci
tensor [33]

Ry = QKERIJKE = 5KMFM1K,J = F?K,j - (ln(—g))’],j ’ (3.6)
where g = det gx 7.

In no-scale supergravity models, with the Ké&hler potential of the form (1.5), the
logarithm of the determinant of the metric is given by

N+1
o

K

In(—g) =In3+ Nlna + ) (3.7)
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where N is the total number of superfields, i.e., T 4+ N — 1 matter fields ®/. Then the
Ricci tensor (3.6) is

N +1
Ry = 7 3.8
1] 30 917 » (3.8)
and the Ricci scalar is given by
7 N(N +1
R = QURIJ = %, (3.9)

showing clearly the maximally symmetric property of no-scale models.

4 Single Complex Scalar Field Interactions

In this section, we examine general non-linear sigma models. We consider two-derivative
interaction theories consisting of a single complex scalar field or two real scalar fields. First,
we study two-derivative interactions with no potential, arising from a single complex field
no-scale supergravity framework, and then compute the scattering amplitudes for different

potentials.

We briefly summarize our notation. When using general vectors and tensors, we
use the capital Latin indices I, J, ..., to denote the original flavor eigenbasis. The mass
eigenbasis in Riemann normal coordinates (RNC) is denoted by the lowercase Latin indices
i,7,..., and the mass eigenbasis in Kahler normal coordinates (KNC) is denoted by the
Greek indices «, 3,...,. When we specify the fields, the tilded coordinates correspond to
the RNC and the hatted coordinates correspond to KNC.

4.1 Two-Derivative Interactions with No Potential

Using the general supergravity Lagrangian (3.2) together with the K&hler potential (1.4),
we obtain the following Lagrangian

3a = 3o
r— maﬂTauT = 00 ((E)MX)2 + (3uY)2) ; (4.1)

assuming the complex field decomposition T" = \% (X +1Y). We first focus on the right-

hand side of the Lagrangian and discuss the field transformation to RNC and KNC.

Using Eq. (2.23), one can expand the real scalar fields X and Y in terms of their
corresponding VEVs and field fluctuations. Therefore, one can readily transform the right-
hand side of the Lagrangian (4.1) to Riemann normal coordinates by using the following

g1(X) = % <(1) (1)) , (4.2)
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which implies that the vielbein is

, 2 (10
e (v,u) = 33" (O 1) : (4.3)

ensuring that the vielbein constraint (2.11) is satisfied and the metric evaluated at the VEV
is flat. Note that the vielbein only depends on the VEV v. Using the definition (2.34) and
computing the Riemann curvature tensor at X = v , we find that the non-zero components
are given by

Ryexe = Reyey = _23_; J Ryeex = Ree = 23_; : (4.4)
If we use the vielbein (4.3) together with the identity Riju = ei’e;”’ex™e"Rijkr, the
Riemann curvature tensor in the mass eigenbasis becomes

2 2
Ryewe = Faex = —350  Bus = Baw = 350 (4.5)
where the tilde denotes the RNC basis. Note that in the mass eigenbasis there is no

dependence on the VEV.

Using the general two-derivative interaction Lagrangian expansion in the mass eigen-
basis (2.33), we find that the kinetic terms (4.1) up to quartic interactions are

1

Kiove = 5000 + 5087 + - (10,6~ €0,%) (4.6)

Similarly, instead of using the vielbeins, we can transform the fields (y, £) to Riemann
normal coordinates (¥, &) via the relations (2.29). These transforrnations ensure that the

1/2

metric is diagonal. If we then rescale the fields x — g¢;""x and § — g E , up to quartic

order we find
2 U, \/§ v 3 ) 272 F4
— /= 2 — LS 1 4,
X 3 Xt 5o (=€) 14/ 55 (X7 —5XE) + o~ 2(X 8Y°E* +56Y), (4.7)

£ = \/zvar—xf \[9 TR E) + oo (-~ 248 (48)

These transformations ensure that the metric is diagonal and canonical. If we use these

transformations in the right-hand side of the Lagrangian (4.1), we recover Eq. (4.6).

Next, we show that one can also transform the left-hand side of the Lagrangian (4.1)
to Kahler normal coordinates. In this case, the Kahler metric is

3a

Kij = Krr = T+ T2 (4.9)
which leads to the following complex vielbeins
0 2
e(w,w) = e(w,w) = wrw _ —. (4.10)



We note that the complex vielbein also only depends on the VEV v. This choice satisfies
the constraint (2.21) and ensures that the Kéhler metric evaluated at the background is
flat.

Assuming the complex field decomposition T'(z) = w + t(x), where w is a complex
VEV and ¢(z) is a complex field fluctuation, we can compute the Kéhler curvature tensor

using Eq. (2.46). We find

(§1e7 3o
Roi — - 4.11
et (w+ w)* 204 (4.11)

The complex vielbein (4.10) together with the expression R,z.5 = eo'e5”e, N es" Ryjyr, can
be used to obtain the Kahler curvature tensor

Ry = — (4.12)

where the hatted coordinates denote the Kahler normal coordinate basis.

Using the general two-derivative interaction Lagrangian for complex scalar fields ex-
panded in the mass eigenbasis (2.49), we find that the kinetic terms of the left-hand side
of the Lagrangian (4.1) in the Kéhler normal coordinates becomes

~ A~ 2 S ~ ~
Kixe = Ouf "1 + o~ 0, 0", (4.13)
(0%

where the Lagrangian is expanded up to quartic order.

Analogously, instead of obtaining the Lagrangian in Ké&hler normal coordinates with
the help of complex vielbeins, we can use a holomorphic transformation (2.39) together
with a field rescaling t — gg/ 25, to obtain the field transformation up to quartic order

2 . V2, \/5 (VR V20 — t\"
t = —uvt + —t — t t .. = 2 o . 4.14
vt + 1\ g3t T gt t Vauy© = (4.14)

This field transformation makes the Kahler metric diagonal and canonical, and if one applies

n=1

this transformation on the left-hand side of the Lagrangian (4.1), one recovers Eq. (4.13).
The amplitude for the complex field has only one independent nonvanishing component,
up to crossing/permutation symmetry. It contains two fields and two complex conjugates
and is given on-shell by

tttt 2

- g, 4.15
4,kin 3@312 ( )

To compute the four-point scattering amplitudes for the real components, we expand the
complex field fluctuation # = \/Li ()Z + zé), and the kinetic terms (4.13) in KNC become

Kixe = 5007+ 5067 + o (¥ +€) (007 +@7) . (416)
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We find that the four-point scattering amplitudes in Riemann normal coordinates,
given by the kinetic terms (4.6), and in K&hler normal coordinates, given by the kinetic
terms (4.13), are identical:

AR = AR = s,
9 = AR = e
A = AT = o,
A = AfE = 0. (4.17)

Recall that we are working in Planck units, so the expressions for these amplitudes must be
divided by M3 so that the amplitudes are dimensionless. Note that we do not include the
hats or tildes since the scattering amplitudes coincide in the different bases. Of course, this
happens because the potential vanishes, all fields are massless and we have a degenerate
vacuum and, as expected, the amplitudes are independent of the VEVs. Indeed, in the
next subsection, we show that the amplitudes only coincide when they are evaluated at an
extremum with no tadpoles.

One can also readily find the transformations between the Riemann and Kéahler nor-
mal coordinates. The transformations between (x, &) <> (X, &) up to cubic terms are

~ N 1 ~ 29 ~3 = 2 1 ) F3
_ — — 4.18
X = X+ (XEHX), &= & (80 +8), (4.18)
and the inverse transformations
. - 1 o 4 - - 1 2y =
X =X 18a(><£ +X°), & =¢ 18a(§x +&7) (4.19)

4.2 General Two-Derivative Interactions
4.2.1 Quadratic Potential

In this subsection, we show how to compute the full four-point interactions when the
Lagrangian has both the kinetic and potential terms, £ = IC — V. First, we consider a
simple quadratic potential of the form V = m?T'T. Note that this potential does not arise
from a superpotential in no-scale supergravity. Instead, the quadratic potential is a simple
toy example used to just illustrate the amplitude calculation. In the next subsection we

will consider a quadratic superpotential, which leads to a more complicated potential.

We expand the scalar potential in terms of real scalar fields using the complex field
expansion T = \/Li (X +1iY),

V(X,Y) = %mZ (X*+Y?) . (4.20)
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Next, decomposing the fields as X (z) = v + x(z) and Y (z) = u + £(z), and using the
field transformation to Riemann normal coordinates from Eqs. (4.7) and (4.8), we obtain
to quartic order

. 1 2 2 2 2 N 4 .
Ve A R N Ao A2 \/j 993 _ v£2 oA _ 95262
ryve(X,§) = mv <2+\/3ax+3ax T 39082 (X —XE) + 55 (K =208 |

(4.21)

where, for simplicity, we have set the Y field VEV u = 0. However, these computations are

completely general and the same steps can be followed for an arbitrary value of u. In this
case, the masses are m? = 4m*v*/3a and mg = (. Note that when v # 0, the potential
has a tadpole contribution as seen by the linear term in Y.

One can also expand the complex scalar potential V = m?TT in terms of its field
fluctuation and the VEV, T'(z) = w+t(z), and using a holomorphic transformation (4.14),
we can express the scalar potential in terms of Kahler normal coordinates:

212 213 254 - o . 22 N 23 . ot
3o 3\/_a3/2 vV 3o 3a 3\/§a3/2 92 ’
(4.22)

A

Viene(t, 1) =

Alternatively, the scalar potential can be expressed in terms of real scalar field fluctuations
and using ¢ = \%(X + &), we obtain

Vieve (X, §) = m*? (3 * \/;%x g (11 (0= 28 + 5os (- fc?é?)) ,
(4.23)
where the potential is expanded up to quartic terms. The same expression can be found
from Eq. (2.55) by taking covariant derivatives of the potential and applying the vielbeins.

Also note that the masses are m? = 4m?v*/3a and m? = 0 which is the same as in the
RNC case.

We can now calculate the four-point interactions in Riemann normal coordinates,
using the Lagrangian Lrne = Krne — Vene, and in Kéahler normal coordinates, using
the Lagrangian Lxne = Kkne — Vikne. This computation can be performed in two ways.
We can use the perturbative approach using the expressions given in this section. Or
analogously, one can use the compact expressions and the vielbein computation to obtain
the result. When v = 0, the results are trivial and all amplitudes vanish. When v # 0, we
are in fact attempting to compute the scattering amplitudes when there is no minimum, as
it is not possible to eliminate the linear term in Eq. (4.21). We see that the two approaches
(RNC vs KNC) lead to different results, indicating a lack of invariance with respect to field
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| RNC | kxnNc |

K V || Total || IC | V | Total
64 64 16 13 71
XX—=xx| 0 | % | % | 9% 1
gt o |2 8 Jofi] ¢
80 128 112 8 7 3
xx =8 -5 5l —s | 5l sl —5
16 32 80 8 5 7
X§E=>x8 | 5 |5l s s |8l &

Table 1: Four-point scattering amplitudes in the nonrelativistic limit in units of m?v? /Mj‘son for
the case of a simple mass term. For v # 0, the amplitudes do not match between RNC and KNC
as there are no extremal points in the (canonical) potential.

redefinitions. This will be the case whenever the amplitudes are computed away from a
minimum. We summarize the resulting scattering amplitudes in Table 1. We only include
four types of distinct amplitudes, since A = ASX and A = A = 430x — A€,
Unlike the case with no potential, the values in Table 1 correspond to the low energy limit
of the amplitudes. While we may not expect the individual contributions from kinetic and
potential terms to agree in different coordinate systems, the total amplitude should agree
in a well defined theory.

4.2.2 Quadratic Superpotential

We next study a model that can arise naturally in a no-scale supergravity framework with
the following quadratic superpotential

W(T) =m(T —1)2. (4.24)

Assuming the same no-scale Kéhler potential and metric (1.4), the superpotential (4.24)
leads to the following scalar potential:

wnT):’#@_”al4)K4 2)@+TV+MT+@+Ma—U@—D@—U]

(T +T)3 3a
2 (T -1)(T-1) - _
= 3" T Ty (T+T-6), (a=1). (4.25)

In terms of real fields T' = \%(X +4€), this potential becomes
m2
6

Vix,£) = —;5<6(2—+§2)—-vﬁx(14ﬁ-§%-+10X2—-V§X3>. (4.26)

This potential is plotted in Figure 1 for « = 1 and & = 0. There are two extrema, one at
{x) = v = v/2 (local minimum) and (x) = v = 2v/2 (local maximum).
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Figure 1: The potential (4.25) showing the extrema (v, V/m?) at (v/2,0) and (2v/2, 35).

Using the transformations (4.7), (4.8) and assuming o = 1, one obtains the potential
in Riemann normal coordinates

Vano(%:€) = (12—v( (Vav—10) +14v2)) - fw

18“2 (( (v? + 14) —48) - <24—v <v (ﬁv— 12) + 14@)) 52)
(v* - 140+ 48v2) ¢ (& + )

<v3 — 4o+ 12\/§> 5

27\/_1)
32%2 (( (v? + 14) 192) 2 & ( ( (x/§v - 48) + 14\/5) . 96)) (52 +>22)
— 28%(922 + &) (18 — 9V6Y + 105 + 1052) , (4.27)

where in the last line we have taken v = v/2, corresponding to the potential minimum.

The potential in Kéhler normal coordinates can also be obtained. Using the KNC

23



transformation (4.14) together with the potential (4.26), we find

VKNC( €)= < 2—v < <\/§U - 10) - 14\@)) - 3:;%1}2

18U2 (( (v +14) —48) §* — (24— v (v (V20 - 12) +14v2) ) &)
o (v —14v+36\/_> ( 922)

<v3 4o+ 12@) %

= (X +8)(6 - 3V6x + 407 + 487) (4.28)

where, as before, in the last line we have set v = /2.

Comparing the expressions (4.28) and (4.27) at the local minimum (v = v/2), we see
that the KNC potential differs from the RNC potential only in the quartic interactions. In

8m?

both cases, the masses at the local minimum are degenerate and given by m?( = mfz ==

and mZ = mg = %. Similarly, at the local maximum the masses are again degenerate
: 2 __ 2 4m?
with m3 =m3 = _T and mé—mg— 5

The potentials (4.27) and (4.28), together with the kinetic terms in RNC and KNC
given by (4.6) and (4.16), respectively, can now be used to compute the four-point scattering
amplitudes. The amplitudes are calculated by ignoring the linear term in the fluctuation
which are of course absent at the extrema. For each channel, the amplitudes only agree at
v = v/2 and 2v/2, corresponding to the extrema of the potential”, or equivalently, where
the coefficient of the linear term vanishes. This behaviour is depicted in Figure 2 and the
values of the amplitudes for v = v/2 (top row) and 2v/2 (bottom row) are given in Table 2.
To obtain numerical values of the scattering amplitudes, we choose s = (m; + mg)2
and s13 = S14, where s19 + S13 + S14 = Zle m? is always satisfied. However, since for
some values of v the amplitudes become complex, only the real part of the amplitude
is plotted. Importantly, Fig. 2 illustrates that the scattering amplitudes evaluated using

different coordinates (i.e. RNC and KNC) only coincide at the potential extrema ®.

For other (non-extremal) values of v, the linear term will be nonzero and needs to
be included in the four-point scattering. We know of no way to include all of the tadpole
contributions generally. It was however shown in [34] for simple examples that physical
quantities computed away from extrema, obtained by combining the naive result with a

"There is an extremum at v = —3+/2 for which the amplitudes also match but we only consider field
values v > 0 that are consistent with the Kahler potential (1.4).

8We further caution that our calculations of the amplitudes at the maximum still assume a Minkowski
background. Though this is clearly not correct and a full computation in a de Sitter background is far
beyond the scope of this paper, we expect the agreement between KNC and RNC to be sustained.
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K % Total K Vv Total
380 380 32 116 380
XX — XX 0 27 27 27 9 27
0 | s | so || “20| _20 || so
27 27 27 9 27
100 100 32 44 100
§§ — &€ 0 27 27 27 9 27
0 3712 || 372 || 16 | 1424 | _ 3712
945 945 27 315 945
_ 128 _ 52 _ 20 _ 32 _ 28 _ 20
XX — &8 81 81 9 27 27 9
16 | 364 | s | s | _us || s
81 405 15 27 135 15
_ 128 _ 52 _ 20 _32 _ 28 _ 20
£§ = XX 81 81 9 27 27 9
100 | _ 5588 || 544 | _34 | 1802 | _ 544
81 7371 273 27 2457 273
64 236 100 32 68 100
xX§ = x¢€ 81 81 27 27 27 27
1| _msi2 || 1207 || 1| 3730 || 1207
81 13041 1449 27 4347 1449

Table 2: Four-point scattering amplitudes evaluated using RNC and KNC in the limit s;o =
(m1 4+ m2)? and s13 = s14 in units of mQ/MI% with @ = 1 for the case of a potential arising
from the superpotential (4.24). For each channel, upper (lower) entries are for v = /2 (2v/2)
corresponding to the local minimum (maximum) of the potential. Note that for the y& channel
at the maximum (v = 2v/2), the amplitude matches as an imaginary number, but only the real
value is quoted in the Table.

full resummation of tree-level tadpole diagrams, gives the same results as if computed
at an extremum field value. In agreement with this, in certain cases where the tadpole
contribution can be computed perturbatively, their sum leads to the same result for the
scattering amplitudes as computed at the minimum [35]. The RNC values in Table 2
can be obtained either by using the Feynman rules following from the Lagrangian Lrnc =
Krne—Vrne or directly using the expression (2.37). Analogously, the KNC values in Table 2
can be found either by using the Feynman rules following from the Lagrangian Lxnc =
Kxne — Vkne or directly using the expressions (2.54) and (2.61). From the table entries, we
see that the total amplitudes are invariant with respect to the choice of coordinates (RNC

or KNC), although the particular kinetic or potential contribution is not.

4.3 KKLT

Perhaps a more realistic potential for T' comes from stabilizing the modulus with the KKLT
superpotential [21]

W =Wy + Be ", (4.29)

where Wy and b > 0 are constants. In this model, there is a supersymmetry preserving
anti-de Sitter (AdS) minimum which can be found by setting the covariant derivative Drp
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v

Figure 2: The difference between the real values of RNC and KNC four-point amplitudes for
the quadratic superpotential (4.24) as a function of v for each channel (blue: xx — xx, purple:
€€ — &, orange: xx — &, red: €€ — xx, green: x§ — x§). We assume o = 1 and units of
m?/M32. The amplitudes only agree at v = v/2, 2/2 and —3+/2 (not shown), corresponding to
extrema of the potential.

to zero, namely
Wr+WKp=0. (4.30)

For a given constant, W, this implicitly determines the expectation value of T =T = v/v/2
at the minimum via the equation

w 3
Wy = —Be v <1+§bv) . (4.31)

Using the scalar potential expression (3.3) with the KKLT superpotential (4.29), the full
scalar potential is given by

VKkkLr = bB e T+ D <3( T 1 YWy + B(6 + b(T + T))) (4.32)
KKLT = 3(T+T)2 € € 0 . .
At the minimum [36],
1
Vaas = ——=b" B2V, (4.33)

3\/511
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1.5

1.0

0.5

0.0

10* X Vkkrr

-1.0

-1.5

Figure 3: The KKLT potential with no uplift (dashed red) and the uplifted potential (solid blue)
corresponding to the parameters B = 1,b = 1,Wy = —107'2, and a = 1. The KKLT potential
has an AdS minimum at v = 43.4127, while the uplifted potential has a minimum at v = 43.4573

and a maximum at v = 48.5168.

This AdS minimum must be uplifted to an approximately zero value, which induces super-

symmetry breaking. This can be achieved by adding the potential term

/2pAds ) 2

T+T

where v4% is the VEV corresponding to the AdS minimum of Vikrr. The uplifted poten-
tial, Vkxrr + AV still has a minimum (now with V' & 0) but now also has a maximum.
The position of the minimum shifts slightly after uplifting with Av/v = 2/(bv)? for bv > 1.
These potentials are depicted in Figure 3 for the choices b = B = 1 and W, = —107'2 [36].

The potentials can be converted to RNC and KNC, and we study the four-point
scattering amplitudes as a function of v. The results are shown in Figure 4 for both
Vkkrr and the uplifted potential. Note that just as in the previous section, the scattering
amplitudes are calculated at the particular values, s12 = (m4 —|—m2)2 and s13 = $14 (assuming
S12 + S13+ S14 = Z?Zl m?), and only the real part of the amplitude is shown in the figure.
For Vkkrr (which just has a minimum) the amplitudes for the four channels only agree at
the AdS minimum of the KKLT potential where the linear term in the potential vanishes.
Away from the minimum the amplitudes do not agree since the linear term has been
ignored. Instead for the uplifted potential (which has both a minimum and maximum) the
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amplitudes not only agree at the minimum but also at maximum of the uplifted potential.

- AN

RNC
4
o

10" x Re(A

- AN

RNC
4
o

10" x Re(A

44 46 48 50
v

Figure 4: The difference between the RNC and KNC four-point amplitudes for the KKLT
potential (top) and the potential with uplift (bottom) as a function of v for each channel (blue:

XX — XX, purple: & — &€, orange: xx — &&, red: £§ — xx, green: x& — x§). Assuming
B=10b=1W,=—-10"'2 and o = 1, the amplitudes in the top figure only agree at the AdS
minimum vA9% = 43.4127, while in the bottom figure the amplitudes agree at both the minimum
vo = 43.4573 and maximum v = 48.5168 of the potential.
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4.4 No-Scale models including Matter Fields

We next turn to the somewhat more realistic case where matter fields ¢ are included along
with the modulus, 7. The Kéhler potential in this case is given by Eq. (1.5). As we will
see, adding a single matter field greatly increases the complexity of the calculation whether
we are considering 2 complex fields or 4 real fields. The metric is no longer diagonal and
the transformations to RNC and KNC are significantly more complicated. Nevertheless,
analytic expressions are still manageable as we show below. As in the previous case of a
single complex field, we first treat the Lagrangian with the absence of a potential before
adding a simple cubic interaction for the matter field in the superpotential.

4.4.1 Two Field Two-Derivative Interactions with No Potential

Our starting point is the general supergravity Lagrangian (3.2), that we combine with
the Kéhler potential (1.5) for two complex fields. We expand the kinetic terms of the
Lagrangian,

L =K ;(2,2)0,20"Z

- a 5 (30,TO"T — $0,T0"é — $0,T"¢ + (T + T)9,00"$) ,  (4.35)
(T +T - W)
3
where Z = {T, ¢}, and the SU(2,1) Kéhler metric is given by

Ko a 3. = . 4.36
o= e ot (4.36)

Next, we expand the complex scalar fields T = %(X +1iY), ¢ = \%(P +45), and the

kinetic terms of the Lagrangian become

36 3 P
L = (632X — P2 — S2)2 (5 ((0,X)* + (8,Y)?) — %(@Yaﬂs + 9, PO"X)
> X

+ 7 (0,YO"P — 0,80"X) + NG ((0.P)* + (8MS)2)) . (4.37)

Equivalently, one can use the compact expression £ = %G 480, 40"®B | given by Eq (2.25),
with ® = {X, P, Y, S}, where the real metric is given by

3 _£ 0 _5
» \/_\/5 5 V2
36 — == 2X = 0
Gup = a S Ve oy (4.38)
(6v2X — P2 — 5?) 0 5 3 -5
S P
-5 0 -5 VX

29



To simplify the analysis, we expand the real fields in terms of their field fluctuations and
VEVs, X(z) = v+ x(z), Y(z) =u+&(x), P=p+ p(x), and S = s+ o(z), and set the
VEVs v = p = s = 0. In this case, the metric (4.38) evaluated at the background VEV
takes the simple form

0 0 0
0o = 0 0
G = Vv , 4.39
T CIE P (1.39)
0 0 0 \/‘é@
and the vielbein, that satisfies the constraint 6., = e, e,?Gap, is
%U 0 0 0
0 VEL) 0
edv) = “ : (4.40)
0 0 =v 0
0 0 0 Y2

«

Using the expression (2.34), we find that the non-zero curvature components in the mass
eigenbasis evaluated at the flat background are given by

—Rypsp = RBypos = —Rypes = Rypoe = —Lyoxe = —Lgope = Rgsgs = Rysox

= Ry = —Loxix = Wpgeo = —goe = ~ge = —Lgpe = Mgey = Rjeag

= Rgsee = Regpe = —Repgy = —Rggoy = —Resyy = Respg = —Reses = Nsse
= Roxxo = Roype = ~Royip = ~Roxox = Rogyy = —Rogpy = Rotis = —Rogse = %4441)
—Ryeve = Rygey = —Rpope = Rpsop = Rigge = —Regey = Roppe = —Ropsp = 3%,(4.42)
—Rygos = Bgiop = —Rpoge = Rpsey = Regps = ~Regop = Ropge = —opey = 3% (4.43)

where, as before, tilde denotes the Riemann normal coordinate basis.

Using the general two-derivative interaction Lagrangian expansion in the mass eigen-

basis (2.33), the kinetic terms of the Lagrangian (4.35) in Riemann normal coordinates
are

Kne = 50007+ 50 + 5067 + 50,60 — o (90,5 — 50,) (€01~ X0,)
o (905 50,5)E0E + 300 + o (50,5 — 50,0 + €0 — 10,6)°)
ta (O + @R +5) + (0 + () +8) (1.44)

As discussed in the previous section, instead of using the vielbeins, the fields (x, p, &, o)
can be transformed to Riemann normal coordinates (X, 3, £, &) via the relations (2.29) that

30



make the metric diagonal. Performing additional transformations that rescale the fields

v — G- 1/2)(, p — G /Qp, £ G 5, and 6 — G 1/20 we then obtain up to quartic
order
= %U _|_i( _g ) v (2~3_ ~(~2_'_5_2) - 10£2~)
X N oG X~ X(p X
b (V56 - 188 4 28 - P)(F +6Y) (1.45)
\/_\/_~ VO V2V _ L e
= a7 f\vfa( PX —€0) = 1o 3/2(p3—2px + po° + 4pE° 4 6£5X)
\/_ <3 B F3~  ofa2  11782sc 52~
+ 18V/2+/302 (PX 25°% — 206°X + 266° + 5E%5 — TE5%° — 187X + 26p a) (4.46)
_ \/gv~ 2v & (52 1 52) 4 483 )
= et —fx—gfam(ﬁ(p +67) + 4" — 86X°)
2
+ S EE 48T - (P +5Y), (4.47)
\/_\/_~ VO o V2V o
T = s \/—\/—a(f p+6%) — {gap (0 — 20X +6p° + 4687 — 6£pY)
—18\47—\2/\_/5052 ( ox* — 267 — 26p°% — 26p° — BEp + TEpXE — 115252—2555—2)

(4.48)

These field transformations make the metric diagonal and canonical. Using the Lagrangian
(4.35), we then recover the kinetic terms (4.44).

We also show how to transform the Lagrangian (4.35) to Kéhler normal coordinates.
Assuming the complex field decomposition, T'(z) = w + t(z) and ¢ = r + f(x), where
t(z), f(z) are the field fluctuations and w,r are the field VEVs, the Kéhler metric (4.36)
becomes

—Sa_
Kpj(w) = (“"*“”2 ) , (4.49)
0 =%
where the field VEV r = 0. The complex vielbein is given by
s o
,w) = e(w,w) = 3a - |, 4.50
e(w, w) é(w, w) 0 \/? ( )

which ensures that the Kéihler metric is flat and satisfies the constraint K je,! égj = 003

Using expression (2.46), the non-zero components of the Kéhler curvature tensor are

(§%0" 2a0
R = ——— Reser = ——
tttt (w+w)47 ffrf 3(’11]—’_12))2’
«
Ry = Rijpe = Rpng = Ry = m (4.51)
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In KNC, the Riemann tensor is obtained from the expression R,z.5 = ealégjevkéngIjK,j,
using the complex vielbein (4.50) to give

2

Rz = Ripp = 3 (4.52)
1

Rijp = Ryjpi = Bpig = Ry = 55 (4.53)

where the hatted coordinates refer to the Kahler normal coordinate basis. Note that there
is no longer any dependence on the field VEV.

Using the complex vielbeins together with a holomorphic transformation (2.39), and
the field rescalings ¢ — Gf_til/ 25, f— G’;}/ 2 f, the field transformations, assuming w = w,
are given by

2w .~ 2w 2w 2w . > t "
t = —t+—*+ £3 +3 t4 +... = 2w (—) , 4.54
V3o 3 3v/3a3/2 Z V3o ( )

_\/_AV_AA\/_?\/_g_wAwl "
f o= e \/_th st + \/_azft Vawf> n( ) .

(4.55)
These field transformations make the Kahler metric diagonal and canonical. Substituting

Egs. (4.54) and (4.55) into the Lagrangian (4.35), one obtains the kinetic terms in Kéhler
normal coordinates

~ kS ~ - 2 AL A~ 2 A ~ S 1 ~ ~ A~ ~ ~ 2 A
_ " " . "
Kione = 40" 140, /0" f+— (it0,i0 i+ f fo,.fo f>+3a (i0f + f0,8) (i0u] + ((9 X )

or in terms of the real fields,

Kive = 3007 + 5000 + 50,8 + 50,07
1
+ (00 + QDR + ) + (0u) + (9,0)%) (5* + %)
F(Oup0" % + 60" E) (9K + 6€) + (9,p0"E — ,50"X) (€ — %) )

o (007 + .07 + 6% + (0 + (0 +8)) . (457)

where the complex fields are decomposed as ¢ = \% <)Z + Zf) and f = \% (p+1i0). From
Eq. (4.56), we see that there are four combinations of the complex fields with non-vanishing
amplitudes, given by

tttt FIf _
A4,kin A4 kin 3_aSlQ’
1
ftft tftf _
A4kzn A4k2n - 3_a$12~ (458>
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Similarly, from Eqs. (4.44) and (4.57), we can write the four-point scattering ampli-
tudes arising from the kinetic terms in terms of real fields:

XxE€ . A&Exx __ pppoo  _ jpo0pp  __ 2
A4,km = A4,km = A4,k;m = A4,km = T3 %12,
3a
XEXE . AEXEX . ApOpo  __ p0pop 2
A4,km = A4,km = A4,km = A4,km = —5.513;
3
X§Ex . A&xx§ __ ppoop __ poppo 2
A4,kin - A4,kin - A4,kin - A4,kin - 7. 514,
3a
1
XXPP . APPXX __  AXXOO _  ACOXX __
A4,km = A4,km = A4,km = A4,km = —=_S12,
§%0"
1
XPXP . APXPX _  AXOXO _  AOXOX _
A4,km = A4,km = A4,km = A4,km = 513 5
6
1
XPPX . APXXP _  AXTOX _  AOXXO _
A4,kin = A4,km = A4,kin = A4,km = _60/914' (4.59)

As before, we omit the hats or tildes in these expressions because the scattering amplitudes
coincide in Riemann and Kahler normal coordinates.

4.4.2 General Two-Derivative Interactions

Finally, in this section, we consider a two-field superpotential obtained from adding a cubic
term ¢? to the quadratic superpotential (4.24)

W(T,¢) = m(T —1)% + \¢>. (4.60)

Using Eq. (3.3) with the no-scale Kéhler potential (1.4), the scalar potential is then given

by
1 2 _
V=—w—""|(ZmT-1P6-T-T) +9)° 4>, 4.61
(T+T_%)(3| 2 )+ 9o (4.61)

where o = 1. Expanding the complex fields as T = XL\/%Y and ¢ = £ j%s , we obtain the

scalar potential in terms of the real fields

81A2 (P2 + §%)* — 12m? (X (X (V2X — 10) + V2 (Y2 +14)) — 6 (Y? +2))
(P?+ 52 — 6v2X)” '

(4.62)
One can easily find that the global minimum of the potential is located at (X,Y, P,S) =
(v/2,0,0,0). We plot the scalar potential (4.61) along the real directions T =T and ¢ = ¢
with m = A. We illustrate it in Fig. 5 and show that the global minimum is located at
T =T =1and ¢ = ¢ = 0, which corresponds to (X,Y,P,S) = (1/2,0,0,0). Along the
¢ = 0 direction, the one-dimensional potential is the same as that in Fig. 1 which exhibits

a minimum and maximum (here the latter is a saddle point).

33



Figure 5: The scalar potential (4.61) as a function of 7' and ¢, where T =T, ¢ = ¢, and A = m.
The global minimum is located at 7 =T = 1 and ¢ = ¢ = 0, which in terms of real scalar fields
corresponds to (X,Y, P,S) = (+/2,0,0,0).

If we decompose the fields X (z) = v + x(x), Y(z) = u+ &(x), P(x) = p+ p(z), and
S(z) = s+ o(z), and use the field transformations to Riemann normal coordinates (4.45)-
(4.48), the potential to quartic order is given by

4 . ~ 9. 9,0 2 /2 9.
Vine = §m2(X2+§2)+Z>\2(P2+02)2—g\/;m2(€2X+X3)

20 . ~
m2(X2+£2)2+

o S+ @)+ 57). (463

81

where the VEV values (v, u,p, s) = (v/2,0,0,0). Similarly, using the field transformations
to Kéhler normal coordinates (4.54)(4.55), we obtain

4 . ~ 9., . . 2 /2 o
VKNC :§m2(X2+§2)+1)\2(,02+02)2—g\/;m2(§2X+X3)

8 oo e, b 90 sy <2
—|—2—7m (X" +¢&9) +§m (X" +&)(p~+77). (4.64)

The two potentials (4.63) and (4.64) only differ in the quartic interactions. In both cases,
the mass matrix is diagonal and the masses are given by

8m? 8m?
m? = 2 w2 =0 ml= T ml=o0, (4.65)
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RNC | KNC [

K % Total K Vv Total
380m?2 380m?2 32m?2 116m? 380m?2
XX = XX 0 27 27 27 9 27
pp — pp 0 —54)0% | —54)\? 0 —54)\% || —54\?
100m? 100m? 32m? 44m? 100m?
£€ — & 0 . — 27 — 27 27 ) 5 — 27
40m 32m 8m 8m 16m 8m
XX — pp TR BT B | s 2 iy 2 A
128m 52m 20m 32m 28m 20m
Xx = &€ | — 51 BV T | 2 M 2| I
8m 32m 8m 8m 16m 8m
XpP — XP sL — 81 o7 or |~ o7 o1
64m 236m 100m 32m 68m 100m
x§ = x§ 81 81 27 27 27 27
pp — 00 0 —18)\2 —18)\2 0 —18)\2 || —18)\2
16m>2 16m? 16m>2 16m>2
ACARA M Mt S L ;e 2 L
16m 16m 16m 16m
xo —&p 27 0 27 27 0 27

Table 3: Four-point scattering amplitudes in the nonrelativistic limit (where we assume the en-
ergy, E, 5 = my¢, if one of the incoming particles is massless). As expected, the amplitudes match
between the RNC and KNC when evaluated at the minimum (i.e. (7,¢) = (1,0)). Note that
only distinct scattering amplitudes are listed in the table, which are related to other amplitudes

not shown e.g., Ay(co — oo) = As(pp — pp).

where we again note that the scalar masses coincide in RNC and KNC.

As before, we evaluate selected four-point amplitudes in RNC and KNC in the non-
relativistic limit choosing the Mandelstam variables in a similar fashion as described in the
earlier examples. The amplitudes for a selection of scattering channels are summarized in
Table 3 where the amplitudes are evaluated at the minimum, 7 =7 =1 and ¢ = ¢ = 0.
Once again, we see that for each channel, the total amplitudes are invariant with respect to
the choice of coordinates even though the contributions from kinetic and potential terms
differ.

The difference in the scattering amplitudes between RNC and KNC for the two com-
plex field case is shown for six different scattering channels as a function of the VEV of T
in Fig. 6. We see clearly that the difference vanishes at both extrema, v = v/2 (minimum)
and v = 2¢/2 (saddle point).

5 Discussion and Conclusions
In this work, we have presented detailed calculations for scattering amplitudes in N' = 1
supergravity theories. Beyond minimal supergravity with K,; = 6,5, due to the complexity

of non-minimal kinetic terms, we have argued that the calculation of scattering amplitudes
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Figure 6: The difference between the real values of RNC and KNC four-point amplitudes for
the potential (4.61) as a function of v for different channels (blue: xx — xx, purple: & — &€,
orange: yx — &, red: £ — xx, green: pp — pp, yellow: pp — oo). We assume that o = 1 and
m = A = 1. The amplitudes only agree at v = v/2 (global minimum) and v = 2v/2 (saddle point).

is best done after field redefinitions to either Riemann normal coordinates (with 2V real
fields associated with N chiral multiplets) or Kéhler normal coordinates (with N complex
fields). We have provided explicit expressions for the contributions to the amplitudes arising
from kinetic and potential terms that depend on geometric quantities. This is consistent
with the known invariance property of the S-matrix under field redefinitions [37-39].

We have also demonstrated that the amplitudes are invariant under the field redef-
initions only at the extrema of the potential. Away from these points, invariance may
be maintained only if all contributions from tadpole (linear) terms are included in the
calculation. In general, we know of no method to include these contributions which can
proliferate into an infinite series of diagrams, except for simple examples, see e.g. [34]. We
return to this question in future work [35]. It should also be noted that we have neglected
the possibly dominant vacuum energy when calculating the scattering amplitudes at the
maxima. A more complete calculation of the scattering amplitudes should be done in a de

Sitter background, but we expect that our qualitative results will remain unchanged.

As specific examples, we have concentrated on no-scale supergravity models [16] with
Kéahler potentials given by Eqs. (1.4) and (1.5). We considered models with a single chiral
superfield, T', as well as models with two chiral superfields that include matter, both with
and without potential contributions to the Lagrangian. The calculation of the four-point
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scattering amplitudes is made much simpler by transforming to either RNC or KNC where
cubic derivative terms are eliminated. Expressions for amplitudes beyond four-point can
also be derived using our methods, by generalizing the results of Ref. [25].

While the calculations in this paper were performed at tree level, it would be interest-
ing to extend the calculation to the loop level where we expect the scattering amplitudes to
again depend on geometric quantities [27] and remain invariant only at potential extrema.
Furthermore, generalizing the calculation to include fermions would lead to manifestly

supersymmetric results in terms of superfields and remains another direction to explore.

As we said at the outset, one of the motivations for this work is the SWGC. Testing
specific models with respect to this conjecture requires us to fully calculate the amplitudes
in the no-scale context, as this is the framework expected to arise from string theory [15].
As we have seen, testing the SWGC in this context is highly non-trivial, as the scalars
generally have considerable mixing through their kinetic terms as determined from the
Kahler potential. In subsequent work, we will compare the amplitudes computed here
with the gravitational amplitudes. We have already seen that for the example of a single
complex field with no superpotential, the amplitudes for xyx — xx and £ — &€ vanish,
violating the conjecture. We will also test models of inflation constructed from no-scale
supergravity [20]. However, we caution that the results found in this work indicate that
the strong version of the SWGC may not be well founded as the calculation of amplitudes
(without the inclusion of tadpoles) is not invariant under field redefinitions.
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