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1 Introduction

We consider the particular case of a fold caustic
in two dimensions generated by the index of re-
fraction n(x, y)2 = 1−x. To be precise, we con-
sider the out-going solution for the Helmholtz
equation with a compactly supported source that
concentrates on x = 0,

∆u+ k2(1− x)u = ikδ(x)f(y),

where we take

f(y) =
1

ξ0
A0(y)eiη0y, ξ0 =

√
1− η20.

This represents an incoming plane wave in the
direction θ with amplitude envelopeA0(y), where
η0 = cos θ.

picture of solution
background on Gaussian beams and er-

ror estimates

2 Exact solution

We let û(x, η) be the k-scaled Fourier transform
in y of the exact solution, i.e.

û(x, η) =

√
k

2π

∫
e−iηkyu(x, y)dy.

For x > 0 we can derive an exact expression
written in terms of x, η and k using Airy func-
tions,

û(x, η) = ᾱ
Ai(k

2
3 (x+ η2 − 1))

Ai(αk
2
3 (1− η2))

û+(0, η). (1)

In this expression, one notices that the denom-
inator never vanish because all the roots of the
Airy function are on th e negative real axis.

what is α and û+?

3 Gaussian beam approximation

The approximation is made up of a superposi-
tion of Gaussian beams,

uGB(x, y) =

√
k

2π

∫
v(x, y; z)dz.

where v is the Gaussian beam starting at y = z,

v(x; z) =

A(s; z) exp
(
ik
[
S(s; z) + (x− γ(s; z)) · p(s; z)

+
1

2
(x− γ(s; z))TM(s; z)(x− γ(s; z))

])
,

where x = (x, y). The beam parameters are the
central ray position γ, the beam direction p the
shape M , the initial phase S and the amplitude
A. They all satisfy known ODEs in s with initial
data determined by z. In this particular case the
ODEs can be solved exactly,

γ(s; z) = (x(s; z), y(s; z) = (2sξ0 − s2, z + 2sη0)

p(s; z) = (ξ(s; z), η(s; z))) = (ξ0 − s, η0),

S(s; z) = η0z + 2s− 2s2ξ0 +
2

3
s3,

M(s; z) = (I + 2sM0)
−1M0,

A(s; z) =
Ã0(z)√

1 + 2si− s2β
.

what is M0, β and Ã0(z)?
For the evaluation of the beam we connect s

to a particular y-coordinate by

s(y; z) =
y − z
2η0

.

Then we can derive the following expression for
the k-scaled Fourier transform of uGB,

ûGB(x, η) = 2η0
ˆ̃A0(η − η0)

√
k

2π
eik(−2η0ξ0(η−η0)+2ξ30/3)

(2)

×
∫

eikφ(x,θ,η−η0)√
1 + 2(ξ0 + θ)i− (ξ0 + θ)2β

dθ,
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where

φ(x, θ, η) = −1

3
θ3+θ(ξ20−x−2η0η)+

1

2
m11(ξ0+θ)(x−ξ20+θ2)2.

and m11?

4 Error estimate

We want to compute the max error at a fixed x
and use the error in the k-scaled Fourier trans-
form to estimate this,

sup
y
|uGB(x, y)−u(x, y)| ≤

√
k

2π

∫
|ûGB(x, η)−û(x, η)|dη.

Away from the caustic where 0 ≤ x < ξ20 we
obtain the expected O(k−1) error by using stan-
dard stationary phase estimates of the integral
in the expression for ûGB in (2) and asymptotic
estimates for large arguments of Airy functions
in the expression for û. in (1).

The more interesting case is at the caus-
tic where x = ξ20 . Then the asymptotic es-
timates above fail and a more precise analy-
sis is needed. We use the Malgrange prepara-
tion theorem to change variables in (2). The
critical values of the phase φ for η small are
needed. Observing that ∂3θ3(ξ20 , 0, 0) < 0, let
θ(x) solve (locally) ∂2θ2(x, θ(x), η) = 0. One
has θ(x) = (x − ξ20)k(x), the (complex) crit-
ical points are θ±(x, η) = θ(x) ± δ±

√
∂θφ for

<∂θφ > 0, hence, for η small, two critical values
arise:
φ±(x, η) = φ0(x)± 2

3(ρ̃(x, η))
3
2 , with

ρ̃(x, η) = ∂θφ(x, θ(x), η)r(x, η)
= (ξ20 − x+ 2ηη0 +O((x− ξ20)2)r.

Deduce then

ûGB(x, η) = 2η0
ˆ̃A0(η − η0)

√
2πk

1
6× (3)

[σ0Ai+ ik−
1
3σ1Ai

′](−k
2
3 ρ̃(x, η)) (4)

× eik(−2η0ξ0(η−η0)+2ξ30/3+φ0(x,η)),

Comparing (3) and (1), using the principal term
of ρ̃, φ0, σ0, σ1, the max error is of the order
O(k−5/6), which is demonstrated in numerical
computations. Since the size of the solution it-
self grows as O(k1/6) at the caustic, the relative
error is then still O(k−1).
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