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Supervised learning with two classes: the truth table and its
consequences
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The algorithm ADABOOST
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Application for three classifiers



Truth table
®00

Presentation of the problem

Consider the simple classification problem affecting a label

y €Y ={—1,1} for points x € X = R%. One wants to determine
the label 1 for each x € X, using a supervised learning method,
that is based on a training set (i.i.d sample)! S of dimension n,
S:{(xi,yi) eX xY,1 S’LETL}

A classifier is a function h : X — ). A weak classifier satisfies
#{i, h(z:) = yi} > 3.

Each classifier is characterized by the list of signs sign(y;h(x;)).
Likelihood (risk of false decision) of h: Lp(h) = Eply(x)<o-
Empirical estimate:

Ly (B) =Ep Lynixy<o =n"" Y Lyaa)<o-

=1

Law of z; is not known. Method should hold for all-law P.
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Construction of a new classifier from weak classifiers
Example of the traditional work with a mixing of points of R?,

(green and red). Use straight lines as classifiers. Example of a
combination:

5.0

"~5.0 -2.5 0.0 2.5 5.0
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Brute force technique

With M weak classifiers G1, ..., G, space of study

H = VGCt(Gl, ceey GM)

Optimal result, for 8 € RM: minimum of
Riveo(B,S) = Ly, (sign(87 G)).

One has

Lemma

The minimum of R1,_,(8,S), which is piecewise constant, is
obtained on a convex set

Drawback: does not construct a value of the set 31, ...0u.
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Adaboost (historical)

e Algorithmic technique: Boosting (Freund and Shapire 1990,
1995).

Idea: add a ponderation on the correctly classified examples. At
the beginning, all examples are equal Dy(z;) = 1. The
ponderation of the correctly classified examples is of the form
cm_ - where €, = Zy#hm(xi) Dy, (z;), only if €, < %

1—em
New values Z,,+1Dpy1(x;) = Dy () 1i’gm if i = hp(x;) and

Call to weaklearn at each step.
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Adaboost (historical)

e Algorithmic technique: Boosting (Freund and Shapire 1990,
1995).

Idea: add a ponderation on the correctly classified examples. At
the beginning, all examples are equal Dy(z;) = 1. The
ponderation of the correctly classified examples is of the form
cm_ - where €, = Zy#hm(xi) Dy, (z;), only if €, < %

1—em
New values Z,,+1Dpy1(x;) = Dm(ﬂfi)liﬁm if y; = hun(2;) and
Call to weaklearn at each step.

e Interpretation (1997-) as the minimization of a convexified cost.
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Adaboost (newer: greedy algorithm: 1998)

Assume at each step that one considers the classifier with the least
(ponderated) errors.

Ensure: w; = 1/n — Algorithme ADABOOST —
form=1---k do
Gjm < arg minGj Z?:l wgm_l)lyicj(wi)<0
€m (Z?:l wz(m_l)lyicjm(fi)<0> / (Z?:l wz(m_l))
am —log (1 —€n) /em)
fori=1---ndo
W; 4 W; exp (Oémlinjm (2:)<0)
end for
end for



Truth table Application for three classifiers

Adaboost (newer: greedy algorithm: 1998)

Assume at each step that one considers the classifier with the least
(ponderated) errors.

Ensure: w; = 1/n — Algorithme ADABOOST —
form=1---k do
(m—l)l

. n
Gjm < argming; Zi:l w; y:Gj(x4)<0

n m—1 n m—1
€m (Z¢:1 wz( )1inm(ri)<0> / (Zi:l wz( ))
am —log (1 —€n) /em)
fori=1---ndo

w; = w; exp (Qmly,G;,, (21)<0)
end for
end for

Many studies on convergence of this algorithm since then.
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A very old algorithm: relaxation (Jacobi in the case of
matrices)

Assume at each main step that one goes through all the classifiers.

Ensure: w; = 1/n — RELAXATION —
form=1---k,j=1---M do
€m.j < (Z;'l:l w?’]illyiaj(xixo) / (Z;;lw;”’ﬂ*l)
m,0 m—1,M
(™" = w; )

Q4= log (1 — €m,5) /€m,5)
fori=1---ndo
w; 4 w; exp (—Fam jsign(y;G;(z:))))
end for
end for
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A very old algorithm: relaxation (Jacobi in the case of
matrices)

Assume at each main step that one goes through all the classifiers.

Ensure: w; = 1/n — RELAXATION —
form=1---k,j=1---M do

=1 =1
€m,j < (Z?:l w:n] 1inj(901:)<0) / (Z;;l wzmj )
m,0 .  m—1M
(w; w; )

Q4= log (1 — €m,5) /€m,5)
fori=1---ndo
w; 4 w; exp (—Fam jsign(y;G;(z:))))
end for
end for

Convergence ensured under mild conditions.
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A new structuration of §, G, ..., Gy the truth table

e For a given set of classifiers, it is a structuration of the training
set S (through a binary tree). It segments S in 2M classes:

#{4, sign(y;G1(x;)) = sign(y;Ga(z;))... = sign(y;:Gnr(x;)) = 1}: all classifiers
correctly label these points,

#{i, sign(yiG1(zi)) = sign(y;Ga(x;))... = sign(y;Gp(zi)) = —1}: all classifiers
uncorrectly label these points,

#{i, sign(yiGa(w:)) = sign(yiGs(ws))... = sign(y; G (2:)) = —1, sign(y: G1(xi) =
1}: all classifiers but G uncorrectly label these points,

#{i, sign(yi Ga(w:)) = sign(y:Gs(ws))... = sign(ys G (2:)) = 1, sign(y: G1(zq) =

—1}: all classifiers correctly label these points except G,

#{4, sign(yiGs(w:)) = sign(y;Ga(z;))... = sign(y:Gum (z:)) = 1, sign(y:G1(z:) =
sign(y;Ga(x;)) = —1}: all classifiers correctly label these points except G1 and Ga,
The elements of one class are not distinguable for Gy, ..., G-

e Classes are arranged by pairs (label 1), corresponding to all
opposite signs.
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The minimum of the empirical cost

Each pair is associated to X, —X;: [ label of the class,

X1 = Vi;B;, Vi = £1.

For 3 such that all X; # 0 (not being on a boundary),
nRi,_,(B,S) is an integer in a list of 2 elements.

The minimum value of this list defines a convex set in RM.
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Convexification of the cost function

Replace 1o« by ©(e), satisfying p(z) > 1,-¢ for all x).
Convexified empirical risk:

Re(B,8) =n"" D o (yiBT G (1)) (1)

=1
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Existence and uniqueness of the minimum of the cost
function

Theorem

o If2M > n, at least 2M — n slots are empty,

e If at least M pairs are full (the two elements are non zero), the
convexified cost function has a unique point of minimum.

e In this case, the relaxation algorithm converges to its unique
minimum.

For the second item, M pairs are independent, the function
Opo(x) + (1 — 0)p(—z) is a—convex (0 € (0,1))

The third item is a consequence of the second item.

The relaxation algorithm has the same cost as ADABOOST.
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Hypotheses on ¢ and properties
Hypothese

©(0) =1, ¢/(0) < 0, p of class C*, ¢ strictly positive, strictly
convex, decreasing, and there exists oy > 0 such that the even
part of ¢ is a—convexe.

In particular, ¢ is 'classification calibrated’ (Bartlett). Remark:
convexified cost function n=' 37 ;(nj +m;)Cy, (X;) where

nj = ny”ﬁﬂj with notation Cy(z) = ne(x) + (1 — n)e(—x):

Lemma

For all n € (0,1) Cy, is 2min(n,1 — n) a—convex and has a unique
point of minimum, denoted by z(n), where z(n) > 0 <1 > 1.

Under these conditions, the relaxation algorithm defined above
converges to the unique point of minimum of R, (3,S), one has
explicit equations, and a calculation of x,.
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Margins

Definition
For a given S, G1, ..., G (with existence and uniqueness of a point
of minimum through M pairs), one calls margin x,(S,G1, ..., Gu)

the smallest coefficient « such that, for any set &', G, ..., G,
with max{sp}|ﬁ{iysign(yifsp(xi))zsp} . ﬁ{%szgn(yiﬂiz;(xi))zsp}| < K, the

sign of the resulting classifier is identical.

Theorem
The real k,(S,G1,...,Gn) is well defined and is strictly positive.

The theorem is a consequence of the C'' behavior of the point of
minimum of Z{SP} as,p(Xs,) for Z{SP} as, = 1 positive
coefficients with M pairs non zero with respect to the parameters

(cs,)-
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The truth table for three classifiers

np My N1 M1 N2 Mz N3 M3

G, -1 +41 41 -1 -1 41 -1 +1

Gy -1 +1 -1 41 +1 -1 -1 +1

Gg -1 +1 -1 41 -1 +1 +1 -1

BTG-Xy Xo -X1 X1 —Xo Xo —X3 X
Xo=p1+ B2+ B3, X1 =—p1+ B2+ B3, Xo=01— P2+ B3, X =1+ B2— Bs.
Br=3(X1+ X2), B2 = (X1 + X3),83 = 3(X1 + X2) .

Three classifiers nR,(8,S) =
noe(—Xo) +mop(Xo) +n1o(—=X1) +mip(X1)+
nap(—Xa) + map(Xa) + n3p(—X3) + map(X3).
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New adaboost is a decision tree.

Assume G < G2 < G5 (it is an ordering of the classifiers)

ﬂGl < IjGQ ﬁGl = ﬁGQ < ﬁG3 ﬁGl = ﬂGQ = ﬂG3

n=1 n=1 =1
Update the coefficients and consider 3} = —2 ln nti_CﬁhGl Update by

considering n]l,m]1 multiplied by etPl. One obtams
Gl =12 njl + m{) = "71 The next step reads as

1 1 1
#G} < % <#G} $G} =7 <G} % <iG}<iGh % <iG}=1iG} G} < <iG}
Jj2 =2 stop stop stop Jj2 =3
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Decision tree

jo € {2,3} min(#GSV, 4Gy > n
{43,42,73} = {1,2,3}
STOP
e
jo € {2,3} mm(ij 2 JiGg?) T2
{42, 42,73} = {1,2,3}
STOP

The value of the cost function decreases,
but 3" does not converge to its unique point of minimum.
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Conclusion

A novel method for combining weak classifiers in supervised
learning is described, which fully characterizes the set of weak
classifiers by a truth table.

Convexification of the risk function with any calibrated C?
classification function ¢, yields a minimization problem in
RM | whose unique solution is easily studied using a classical
minimization algorithm that amounts to iteratively solving
equations in R with a Newton method.

The complexity of this method depends only linearly on the
number M of weak classifiers (no dependency on n and d).

In the case of two well-known ¢'s, the Boosting function (for
all M) or the Logistic function.

This framework is then used to study the quality of the
training set, thus setting criteria for the stability of the results
under such operations.
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