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Non asymptotic analysis of Adaptive stochastic gradient

algorithms and applications

Antoine Godichon-Baggioni * Pierre Tarrago *

Abstract

In stochastic optimization, a common tool to deal sequentially with large sample
is to consider the well-known stochastic gradient algorithm. Nevertheless, since the
stepsequence is the same for each direction, this can lead to bad results in practice in
case of ill-conditionned problem. To overcome this, adaptive gradient algorithms such
that Adagrad or Stochastic Newton algorithms should be prefered. This paper is de-
voted to the non asymptotic analyis of these adaptive gradient algorithms for strongly
convex objective. All the theoretical results will be adapted to linear regression and reg-
ularized generalized linear model for both Adagrad and Stochastic Newton algorithms.

Keywords: Non asymptotic analysis; Online estimation; Adaptive gradient algorithm;
Adagrad; Stochastic Newton algorithm.

1 Introduction

A usual problem in stochastic optimization is to estimate the minimizer 6 of a convex func-
tional G : R — R of the form
G(h) = E[g(X, h)]

where ¢ : X x R?Y — R, and X is a random variable lying in X. Indeed, this is the
case for usual regressions such that the linear and logistic ones (Bach, 2014) or the estima-
tion of the geometric median and quantiles (Cardot et al., 2013, 2015; Godichon-Baggioni,
2016) to name a few. Several techniques have been developed to estimate the solution of
the problem, which can be split into two main branches: iterative and recursive methods.
Iterative methods consist in considering the empirical function generated by the sample
and to approximate its minimizer with the help of usual convex optimization methods
(Boyd and Vandenberghe, 2004) or considering some refinements such that mini-batch al-
gorithms (Konec¢ny et al., 2015). Although these methods are known to be very competitive,
they can encounter computational problems to deal with large samples. In addition, they
are not suitable for dealing with data arriving sequentially, and one can so focus on recur-

sive methods.
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One of the most famous and studied recursive method is unquestionably the stochastic
gradient algorithm (Robbins and Monro, 1951) and its averaged version (Ruppert, 1988;
Polyak and Juditsky, 1992). Considering data Xi, ..., X,;, X,+1, ... arriving sequentially, it
is defined recursively for all n > 0 by

= 1

9n+1 = 911 - 'Yn+1vhg (Xn+1/ Gn) ’ 911—1—1 = gn + Tl——|—2 (9n+1 - gn)

where (7,) is a positive step sequence converging to 0. These estimates are studied for a
while: one can refer to (Pelletier, 1998, 2000) for some asymptotic results while one can re-
fer to more recent literature for non asymptotic results such that convergence in quadratic
mean of the estimates (Bach and Moulines, 2013; Gadat and Panloup, 2017; Gower et al.,
2019; Godichon-Baggioni, 2021). The averaged estimates are known to be asymptotically
efficient and achieve the Cramer-Rao bound (up to rest terms) under some regularity as-
sumptions.

Nevertheless, the step sequence (y,) cannot be adapted to each direction of the gradient
which can lead to bad results in practice for ill-conditioned problems. In order to alleviate

this, one can more focus on adaptive stochastic gradient algorithms of the form

Ont1 =0, — 'Yn+1Anvhg (Xn+1/ Qn)

where (A,) is a sequence of (random) matrices which enables to be adapted to each coor-
dinate. One of the most famous adaptive algorithm is Adagrad (Duchi et al., 2011), which
can be seen as a way to standardize the gradient Vg (Xj,11,6). In recent works, Bercu et al.
(2020) and Boyer and Godichon-Baggioni (2020) consider (A ) as a sequence of estimates of
the inverse of the Hessian, leading to a Stochastic Newton algorithm. This last method is of
particular interest in the case where the Hessian of the function we would like to minimize
has eigenvalues at different scales for instance.

Remark that several asymptotic results exist on adaptive method and one can focus on
the recent works of Leluc and Portier (2020) or Gadat and Gavra (2020) among others, while
non asymptotic results are less usual. Nevertheless, in a recent work, De Vilmarest and Wintenberger
(2021) give bounds with high probabilities in the special case of Kalman recursion for logis-
tic regression, while Défossez et al. (2020) focus on the L? rates of convergence for Adagrad
and Adam. Furthermore, Bercu et al. (2021) obtain the rate of convergence in quadratic
mean of Stochastic Gauss-Newton algorithms for optimal transport. Note however that in
all these cases, the gradient of g is supposed to be uniformly bounded.

In this paper, we focus on non asymptotic rates of convergence for strongly convex
functions (and so, with unbounded gradient). More precisely, we propose a first rate of
convergence of Adaptive estimates in the case where the sequence A, possibly diverges, but
with a control on this possible divergence. Supposing in addition that A,, admits an uniform
fourth order moment, we establish that E [G (6,,) — G(6)] converges at the usual rate of
convergence. Finally, we establish a non constraining general framework for obtaining the

rate of convergence of Stochastic Newton and Adagrad algorithms. These results will be



applied for linear regression and ridge generalized linear model.

The paper is organized as follows: Section 2, the general framework is introduced. The
algorithms and theoretical results of convergence are given in Section 3 while applications
consisting in the linear regression and the generalized linear model are respectively given

in Sections 4 and 5. The proofs are postponed in Section 6 and in Appendix.

2 Framework

In what follows, we consider a random variable X taking values in a measurable space

X and fix d > 2. We focus on the estimation of the minimizer 6 of the convex function
G :RY — R defined for all h € R by

G(h) == E[g (X, h)]

with ¢ : X x RY — R. Let us suppose from now that the following assumptions are
fulfilled:

(A1) For almost every x € X, the functional g(x,.) is differentiable on R? and there exists

p > 2 and non-negative constants Cip ), Cfgp ) such that for all 1 € R?,

E |[IVig (X, 0)II7] < ¢+ ¢ I — 0.

(A2) The functional G is twice continuously differentiable.

(A3) The Hessian of G is uniformly bounded on IRY, i.e there is a positive constant Lyg
such that for all h € R?,

HVZG(h)H < Lyg

op —

where ||.||,p is the usual spectral norm for matrices.

(A4) The functional G is u quasi-strongly convex: for all h € IRY,

(VG (k) h—8) > pullh—6||".

Remark that in a particular case, Assumption (A3) ensures that the gradient of G is Ly-
Lipschitz. Note that these assumptions are usual for obtaining the L? rates of convergence
of the stochastic gradient algorithms and their averaged versions (Bach and Moulines, 2013;
Gower et al., 2019).

3 Adaptive stochastic gradient algorithms



3.1 The algorithms

Let Xy,..., Xu, Xyt1, ... beiid copies of X. Then, an adaptive stochastic gradient algorithm
is defined recursively for all n > 0 by

0n+1 = 0n — Yu+1An Vg (Xn11,64),

where 0 is arbitrarily chosen, v, = ¢,n~7 with¢, > 0,y € (0,1) and A, is a sequence of
symmetric and positive matrices such that there is a filtration (F) - satisfying:

e Foralln > 0, A, is J,,-measurable.
* X,41is independent of F,.

Typically, one can consider A, only depending on Xj,...,X,,0o,...,8, and consider the

filtration generated by the sample, i.e F,, = o (Xj, ..., X,). Considering A, diagonal with

-1/2
(An)ix = <nL+1 (ak +Y, Vg (X, 91-_1)?‘,1-)> leads to Adagrad algorithm (Duchi et al.,
2011). Furthermore, the case where A, is a recursive estimate of the inverse of the Hessian
corresponds to the Stochastic Newton algorithm (Bercu et al., 2020; Boyer and Godichon-Baggioni,

2020) while the case where A,, = n+r1 <A0 +3 Vg (Xi,0i-1) Vg (Xi, Gi,l)T) corresponds

to the stochastic Gauss-newton algorithm (Cénac et al., 2020; Bercu et al., 2021).

3.2 Convergence results
3.2.1 A first convergence result

In order to obtain a first rate of convergence of the estimates, let us now introduce some

assumptions on the sequence of random matrices (An)@o:
(H1) One can control the smallest and largest eigenvalues of A,:

(H1a) There exists (v;)n>0,A0 > 0and 6,9 > 0 such that
P [Amin (An) < Aot] < 0gati(n+1)72,

for 0 < t < 1, with (v,41(n +1)7?),>0 decreasing.

If v < 1/2, one also assumes the stronger hypothesis of the existence of A}, =
Ay(n + 1)*/\/ with Aj > 0, A’ < 7 such that forall n > 0,

/\min<An) 2 A;

(H1b) There exists B, = cgnf withcg > 0and 0 < < Jify <1/20r0 < p <y—1/2
if v > 1/2 such that for all n > 0,

HAnHop < ﬁn—H'



Remark that the case 6 = 0 is allowed in (H1a) and that one can always choose B in the
allowed range of (H1b). In most cases and especially for Adagrad and Stochastic Newton
algorithm, (H1a) is easily verified. The presence of the decreasing term v, in (H1a) takes
into account a general phenomenon (usually implied by Rosenthal inequality) that error
contributions from higher moments of X, albeit dominant for small 1, fade as n goes to
infinity. Concerning (H1b), some counter-examples showing that the estimates possibly
diverge in the case where this last assumption is not fulfilled are given in Appendix F,
meaning that this assumption is unfortunately crucial. Anyway, an easy way to corroborate

it is to replace the random matrices A, by

~ min {|| Ay Bre }
" HAn”op "

and one can directly check that HAH Hop < Bn+1. Similar adjustment can be used to ensure
(H1a) in the case v < 1/2.

Let us consider the case of Newton’s method, and especially the case where the esti-
mates of the Hessian are of the form H,, = %H (Ho +30 akq)kq)Z) and which can be so
recursively invert with the help of Riccati/Shermann-Morrisson’s formula (see Bercu et al.
(2020); Boyer and Godichon-Baggioni (2020); Godichon-Baggioni et al. (2022)). In order to
verify (H1b), one can consider the following version of the estimate of the Hessian

H,=H, + o i E—ﬁe el
n — Ilpn n+1k:1k‘3kk
where ¢ is the k-th (modulo d) canonical vector (see Bercu et al. (2021); Godichon-Baggioni et al.
(2022)). We can now obtain a first rate of convergence of the estimates. For the sake of sim-
plicity, let us now denote the risk error by V,, := G (6,) — G(0). Note that since G is u

quasi-strongly convex, one has ||6, — 9”2 < %Vn,

Theorem 3.1. Suppose Assumptions (A1) to (A3) and (H1) hold. Then, for all n > 1 and for any
A <min{y—2B,1—-7},

E [V,] <exp (—cyy)»onl‘“”)(l - s(n))) <K§l) + kP 1<r]?2(+1k7—25—5/2—(q/2+1)A\/v—k>

+K£1)n—(7—2[3—A) +K§1)\/Wn_(5+‘“)/z,

with e(n) = o(1) given in (20) and Kgl), KS), Kél), Kél) respectively given in (21) and (22).

In the particular case where 6/2 > 7 — 2 (which happens as soon as § > 1), one can
simply set A = 0 in the above formula : we will see that it is the case for the generalized
linear model with the stochastic Newton algorithm. However, for Adagrad algorithms, one
can not avoid using first A > 0, since A, depends on V¢(X, -) rather than V2¢(X, -) (while
the expectation of latter is bounded on IR?, the one of the former is generally unbounded).

To get rid of this weaker statement, we need the following equivalent of Theorem 3.1 for



higher moments.

Proposition 3.1. Suppose Assumptions (A1) with p > 2, (A2), (A3) and (H1) hold. Then for any
p' < pandany A < min{y —2B,1—},

D] < v (o =) (g o 1), ) 125 AT (5rqn),
E {Vn} < exp< cyHAon (1—e¢ (n)) (Kl + Ky, 1§r1£1§a;<+1k P v

pl

4 Kél ), —p' (y—2B—A) + Ké )UWZJ (n+ 1)—%((5+q)\)l
with €' (n), Kgl/), Kg,l/), Kél/) and Kéll) respectively given in (57), (58) and (60).

3.2.2 Convergence when A, has bounded moments

In order to get a better rate of convergence, let us now introduce some new assumptions on

the sequence of random matrices (A;):

(H2a) The random matrices A, admit uniformly bounded second order moments: there is
Cs such that for all n > 0:
2
E |[44)7] < &

(H2b) The random matrices A, admit uniformly bounded fourth order moments: there is
Cs such that for all n > 0:
4
E |[4.*] <ct

For a simpler statement, we assume here and in the next paragraph that 4 > 0 in (H1a),

although similar bound would hold in full generality.

Theorem 3.2. Suppose Assumptions (A1) to (A3) for some p > 2, (H1) and (H2a) hold with 6 > 0.
Then, for alln > 0,

p-1 -1
(Vi) < exp (~eppon'™” (1) - (K2 + K man 07 10727

=1 (=15

K0 K,
_ S ?) 2 2 2 : o

where e(n) = o(1) is given in (25) and K;™, Ky, K5~ , K3™ are respectively given in (26), (27) and

(28).

Finally, in order to get the rate of convergence in quadratic mean of Stochastic Newton
estimates, we now give the L? rate of convergence of G (0,,) when v > 1/2.

Proposition 3.2. Suppose Assumptions (A1) to (A3) for some p > 2, (H1) and (H2b) hold with
vy>1/2,6 >0and B < yv—1/2. Then

3 _ 2/ 2/ 7;;_
E [V2] <exp (-ECMOW 7> <1<§ )+ K )1<Ii‘<a£‘+1” 7l )

+K§2/) *27+K( (L J)/p ~8(p-2)/p —. M,



with K%Zl), K%}zl), Kézl), Kézl) respectively given in (63), (64) and (65).

d(p—2)

Remark that one has M, = O <n_mm{2% }> Hence, for ¢ large enough (namely

o> %'y), the main contribution comes from the second term of the latter bound. Then,
for any 0 < 9/ < min {27, @ }, only depending on v, and -y, we have
Weo7') := sup Myn? < +oo. 1)

n>1

S(p—2)
p

note that we (') < ng ) SUp;-4 {H' exp (—%Aoytl‘"Y)} + Kéz) + Kéz ), 50 that a function

The function we, : [0, min {27, H — R can be computed numerically, but in any case

analysis yields, for 7/ € {O, min {27, @ }] ,

'Y/

/ 2/ Iy / /

We will see in most applications that under suitable assumptions, 9 can be equal to 27y
(namely when § > %’y).

3.2.3 Convergence results for stochastic Newton algorithms

Let us now focus on the rate of convergence of Stochastic Newton algorithm. In this aim,
let us denote H := V2G(0) and let us suppose from now that the following assumptions

are fulfilled too:

(A1) Thereis Lyg such that forallh € RY,

E [[Vig (X, 1) = Vig (X,0)[°] < Lyg [ — o] ()

(A5) There is a non negative constant L; such that forall 1 € RY,

|VG(h) — V2G(0) (0 —h)|| < Ls ||k —6])?

(H3) The estimate A, converges to H!: there is a decreasing positive sequence (v4 ,,) such
that foraln > 0,

2
E [HAH _ H—lH } < Opn

Observe that assumption (A1’) is often called expected smoothness in the literature (Bach and Moulines,
2013) and is satisfied in most of examples such that linear and logistic regression (Bach and Moulines,
2013; Bach, 2014) or the estimation of geometric quantiles and medians (Cardot et al., 2013)

among others. Concerning (A5), under (A3), it is satisfied as soon as the Hessian is Lip-

schitz on a neighborhood of 6. For instance, in the case of the linear regression, L; = 0.

Finally, Assumption (H3) is satisfied if having a first rate of convergence of the estimates of

7



6 (thanks to Theorem 3.2 or Proposition 3.2 for instance) leads to have a first rate of conver-
gence of A,, which is often verified in practice (see Boyer and Godichon-Baggioni (2020)

for instance).
Theorem 3.3. Suppose Assumptions (A1) to (A5), and (H1) to (H3) hold with v > 1/2,6 > 0
and B < v —1/2. Then,
2 —le nl= (3) (3)
E [l —61] < et (k7 K max (k-+ 1776 )

3
+n7 7 [ 25T, Tr <H‘1ZH‘1) + Q + k¥ +d
0% Y " YAn/2 [n/2]-

where K(3), i=1,1,2,2" are defined in (29), (30) and (31), and dy only depending on My and v 4 x

i

is given in (30).

Remark from (30) that dy < C(vax + M) for some constant C > 0. The latter results

can be further simplified if we also assume a sufficiently large exponent ¢ in (H1a).

Corollary 3.1. Suppose Assumptions (A1) to (A4), and (H1) to (H3) hold with -y > 1/2,6 > %
and B < v —1/2. Then,

3 , /
E [Hen — 9\\2] <n~7 <23+7c7Tr (H—le—1> + 2+ K00, + K;?,LWM)
+ KM emzem',

with KZ.(3/), i =1...2" given in (32) and (33).

Then, if v4 , converges to 0, we obtain the usual rate of convergence %

3.24 Convergence results for adaptive gradient (Adagrad)

Recall that the Adagrad algorithm amounts to specify d initial parameters a4, ...,a; € R
choose A, diagonal with

1

(An)iw = O :
i (ac+ £ (Vg (X, 000°)

(4)

The original Adagrad algorithm would then amount to take v = 1/2. To guarantee non-

degeneracy of the matrices (A,),>0, we assume some minimal fluctuation of the gradient

at the minimizer 6.

(A6) Thereisa > Osuchthatforalll <i <d,

E [(vhg(x,e))ﬂ > a. )



(A6’) Thereisa > Osuchthatforallh e R?and1<i<d,

E |[(Vig(X,h))}] >« 6)

Remark that (A6’) is much stronger as (A6). However, the former is often satisfied, as it
is the case for the linear regression with noise. Anyway, one can consider the following

transformation of A,,:

( ) min{cﬁnﬁ,(A_n)kk/}, 1f’)’> 1/2
An)pe = __ ;
max {min < cgn, (A v, Ahn= ify<1/2
{ { ‘B 7 ( Vl)kk }/ 0 7 r)’ >~

where B, = cgnf with B < min{y/2,1/4} (), A} and cg > 0 are chosen arbitrarily).

Theorem 3.4. Suppose Assumptions (A1) to (A4) and (A6) hold with p < min { %’J, 1/ 4}.
Then,

Ple ) mm{ 2(1—7>27_(;r—2ﬁ)p,1}

E [||6, — 0]*] < KYL) exp (—c7y10n1_7 (1— é(n))) + Kgl) log(n+1) v n 7

+ Ké‘l)n*“’,
with &(n) given in (35), v, = volog(n + 1), with vy, C& and Ag given in (73), (74) and (72) with

p = 2(21_—77) p. In addition, K§4), K§4) and K§4) given in (36). If (A6’) is satisfied, same conclusion
holds for B < 1/4 with Cs given in (75) taking p' = 2= p.

In the special case where v = 1/2, which corresponds to the usual Adagrad algorithm,
we get
E [[|6, — 0]*] < K\Y exp (—cqpurov/ (1 —e(n)))

+— (KM log(n + 12 L k(Y)),

Sl-

and we so achieve the usual rate of convergence ﬁ assoonas1/2 — (A=4p)(p—1) 0,i.eas

6
soonas p > 4%.

4 Application to linear model

Let us now consider the linear model Y = X6 + e where X € R and € is a centered random
real variable independent from X. Let us suppose from now that IE [XX T] is positive. Then,
0 is the unique minimizer of the functional G : RY — R defined for all h € R¥ by

G(h) = %IE {(Y - XTh)z] .

If X admits a second order moment, the function G is twice continuously differentiable with
VG(h) = —E [(Y — X"h) X] and V2G(h) = E [XXT].

9



4.1 Stochastic Newton algorithm

The Stochastic Newton algorithm is defined recursively for all # > 0 by (Boyer and Godichon-Baggioni,
2020)
9n+1 - 911 + ’)’n+1sn <Yn+l - Xn+19n) Xn+l

with S, = T’ZLH (So +Y XiXZ-T), with Sy positive, and

1 min (Hgf‘lﬂop'ﬁ”“) -
=

with B, = Cﬁn_/5 . Remark that 51;11 can be easily updated with only O (dz) operations

op

using Sherman Morrison (or Ricatti’s) formula. More precisely, considering S, = (1 +1)S,,
one has »
S;;Jil =S, — (1 + XZHS;;an) S;;anHXL-lS;;l'

Then, one can easily update S, and S,,. We can now rewrite Theorem 3.3 as follows:

Theorem 4.1. Suppose that there is p > 4 such that X, e admits a moment of orders 2p and p.
Suppose also that there is a positive constant Lk such that for any h € S, \/E [hXXTh] <
LyxE HXThH Then, for -y > 1/2, we have

in 1 lin0§k<

E [Hen—euz] < ezem!” <K§?,> + K, max dk(k+1)7>

KS)
_ — g 3
+n7 (23+7C71E [62] Tr (H 1) + T?;’an + Kéllgian,n/Z) + d[n/zj-

where Kzllin,Kg’jm,Kﬁ?n,Kﬁgm,dH are given by (40) while vy ,, is defined in (39).

Observe that d,, = O <W> and vy, = O (n7!), and since p > 4, these terms
nmax e

are both negligible.

4.2 Adagrad algorithm

For linear model, Adagrad algorithm is defined for all n > 0 by

Ons1 =0y + Y1 D,! <Yn+1 - X;H@”) Xn+1,

with D, diagonal with, for v <1/2,

_ ) Tli‘B 1 n—1 2 n)\/
(Du)gx = min {max {%/J P <ak + ;) ((Yi—i—l - X,-T+19i) (Xi+1)k) ’ /\_/0 .

10



where 0 < f < (v —A')/2 for some gy > 0 and if y > 1/2,

_ n—B
(D) gk = max {C‘B J " _T_ 1 <ak + Z Yit1 — X1+19 ) <Xi+l)k)2> } ,

for some 0 < B < 7 —1/2. The usual Adagrad algorithm is done with v = 1/2, which
yields for us

(Yn+1 - XL_len) (Xn+1)k

(9n+l)k = (Gn)k + g1/ 2 v )
min {max{”T \/ +Zl -0 (( i+1 X1+19) (Xi+1)k) }'n Al }

and almost surely there exists 19 > n such that for n > n,,

(Yn+1 - XL_len) (Xn+1)k
Va4 2 (Vier — XT400) (X))

(6nr1)k = (On )i +

7

which is the usual Adagrad algorithm. We can then rewrite Theorem 3.4 as follows (we
simply give it for v = 1/2, the reader can easily adapt it to the case v > 1/2).

Theorem 4.2. Suppose that there is p > 2 such that X, € admits a moment of orders 2p. Then, for
v < 1/2, we have

E []16, — 0]1%] < K%, exp (—¢, AminAfle,n1 7 (1 idﬁn))

-1 _(p=1) . 2(17 2(1=9)v(v=2B)p
LK log(n + 1) 7 nr mn TR gada oy

where &% = o(1) is given in (41) and Kﬁfn, Kg”;fn Kg% are given by (42), (43) and (44).

n,lin

Remark that similar statements hold for v > 1/2. Observe that in the case where ¢y =

1/2, the \/— rate of convergence is achieved as soonas (p —1)(1 —48)/3 > 1/2, i.e as soone

54
asp> 2(1-4p)"

5 Application to generalized linear models

The framework of the linear regression can be easily generalized to the more general setting
of finite dimensional linear models. Let ¢ : J x Y — R a cost function for some domain

Y C R. The general learning problem is to solve the minimization problem

argmin . E [((Y, f(X))],

with (X,Y) ~ P and F is a given class of measurable function from X' to ), where X
is a measurable space. In the case of finite dimensional linear models, )V = R and F =
{hT<I>(-), h e IR’“}, with @ : X — R™ a known design function (remark that the setting can
be easily generalized to the case ) = R’ and ® : X — R" and h € M, ,(R)). Then,

11



assuming that / is convex and adding a regularization term on 6, the minimization problem

turns into the framework of this paper with
G(h) =E[g(Zh)],

with Z = (Y, ®(X)) := (Y,X) and for all h € My, ,(R), g(Z,h) = £(Y,h"X). In what
follows, let us suppose from now that the cost function [ is twice differentiable for the

second variable and that there is a positive constant Ly, such that for all h
‘Vﬁﬁ (v, n"%)| < Ly, ®)

where V%K(., .) is the second order derivative with respect to the second variable. Remark
that such a bound is generally assumed if we require that for all i, | V2G(h)|lop < Lyg <
oo This is for example satisfied when ((y,y') = f(y —y') with sup, [f"(y)| < +oo. For
example, in the simplest case of the logistic regression, we consider a couple of random
variables (X,Y) lying in RY x {—1,1}, ® = I; and {(y,y') = log(1 + exp(—yy')), and we
indeed have forallhand Y € {—1,1}

1 1

2 Ty — ‘ <
Vit X) 1+exp(hTX) 14exp(—hTX) — L

There are then two main cases to deal with the convexity of the minimization problem :
either assume strong convexity or use a regularization. The first consists in assuming that
the functional i — E [¢ (Y, hTX)] is strongly convex, which is in particular verified when
there exists @ > 0 such that

Jnf Vit ') > «. 9)

and E [XXT] is positive. This case is called the elliptic case in the sequel and the results
are very analogous to the ones for the linear regression and are thus not repeated. We will
then focus on the regularized case. Without uniform lower bound on V2/(y, '), one needs

a regularization term, yielding the following regularized minimization problem
in, o E [£0Y, (6,07X))] + Z|j6]12 (10)
argming , {0, ) > 16|

for some o > 0. In what follows, we suppose that the minimizer exists and we denote it by
0.

5.1 Stochastic Newton algorithm

The Stochastic Newton algorithm is defined recursively for all n > 0 by

01 = 00 =715, (Yl (Yos1, 03 Xos1) X1 + 06, ),

12



where, using the tricked introduced in Bercu et al. (2021) and developed in Godichon-Baggioni et al.
(2022), S,, is the natural recursive estimate of the Hessian given by

_ 1 n—1 od n
Sn = Y Vil(Yigr, (05, Xia) Xisa X{ g + ] Zei[d]ﬂef[d}ﬂr (11)
i=0 i=1

n—+1

with i[d] denoting i modulo 4. Remark that one can easily update the inverse using the
Riccati’s formula used twice, i.e considering S, = (1 +1)S,, and

-1
S = S;Il - V%E(YnJrl/ <9n/ Xn+1>) (1 + V%E(YnJrl/ <9n/ Xn+1>)X3;+1S;;1Xn+l) S;1Xn+lx;];+1s;;l

-1
n-l—%
-1
-1 T -1 -1 T -1
Snt1 =5, 1 —od (1+ ‘Tdewn[d}+15n+;€<n+1)[d1+1> S 11 COn+ D)1 (1) d)415,, 1
one has g;il =(n+2)S ;}rl. In what follows, let us suppose that the following assumptions
hold:

(GLM1) Thereis Ly2; > 0such that the functionh — E [V2¢ (Y, hTX) XXT] is Ly2; -Lispchitz
with respect to the spectral norm.

(GLM2) There is p > 2 such that X admits a moment of order 2p and such that there is a
positive constant L, satisfying forall 0 <a < 2p

E [HW (v, X"0,) X + 08,

u] <1

Remark that Assumption (GLM1) is verified when for all y, V2{(y,.) is Lipschitz and X
admits a third order moment, which can be easily verified for the logistic regression for in-
stance. Assumption (GLM2) is verified when the random variable V¢ (Y, XTGU) X admits

a moment of order 2p.

Theorem 5.1. Suppose Assumptions (GLM1) and (GLM2) hold. Then,

0<k<n

E [HG” B QUHZ] <oz <K§C)§LM + KS)GLM max (k + 1)Ay”lk,GLM>

(3)
_ _ _ K3 Gim 3
+n7 (23+%A,Tr <HU Iy H; 1) +—== Ké/’)GLMUl,n/Z +d|n/2),c1m

where Hy = B [V3¢ (Y, X"0,) XXT] +0la, g = B | (Vi (Y, XT60) X +00,) (Vil (Y, X700) X +08,)" |,

KS();LM, Kﬁ)GLM, KS&LM, KS)GLM, dy,cLm are defined in equations (50), (51) and (52), and v; ,, is de-
fined in Proposition 6.5.

5.2 Adagrad algorithm

For generalized linear model, Adagrad algorithm is defined for all n > 0 by
01 = 0w — Yu1 Dy Vil (Yo, 07 Xo41) X1,

13



where D,, is diagonal and for y > 1/2,

n—1

(Dp)x = max { nﬁ,d . i 7 (ﬂk + Z_; (Vil (Yiz1, 0] Xiv1) (X1 )k + U(Gi)k)2> } ,
i—0

cp i

for some 0 < B <y —1/2,and fory <1/2,

_ i n_,B 1 n—1 T ) nA/
(Dp)ge = min ¢ max { —, ac+ Y (Vi (Yis1, 07 Xit1) (Xis1 )k 4+ 0(0:)x) R
n+1 i=0 Ao

cp

where 0 < B < (v —A’)/2and a; > 0. The usual Adagrad algorithm is done with v = 1/2,
which yields for us

Vhl (Yn—H/ QEXnH) <Xn+1>k + U<0n)k

(9n+1)k = (Gn)k +

. —B+1/ _ 2 /
min {max {”C—;lz \/ak + Y00 (Vil (Yign, 0T Xi1) (Xiga)e +0(0:)x) } , ”A;(/)l/z

Like the linear regression, the general linear model needs minimal randomness to en-
sure the expected rate of convergence of Adagrad. Indeed, in the extreme case of a deter-
ministic sequence (X,, Yy, )n>0, Adagrad algorithm may diverge in the unfortunate situa-
tion where V4 (Yi+1, GiT Xi+1) (Xit1)x vanishes or remains very small. Such behavior can
be averted by requiring at the minimizer 6, a minimal variance for V¢ (Y, 6L X) (X)y for
alll <k <d.

(GLMB3) There is a positive constant a, > 0 such that forall1 <k <d
Var [vhl (Y, XT90> (X)k] > .
Remark that
Var [vhz <Y, xTeg) (X)k} —E “vhz <Y, xTeg) (X)e + a(eg)kﬂ , (12)

so that (GLMB3) can be seen as a mirror assumption to (GLM2). We should stress that the
existence of such «, is almost automatic when a minimal randomness between X and Y is
assumed. Indeed, having VI (Y, 07 X) Xy deterministic would imply an analytic relation
between Y and X. The main computational issue is to estimate a concrete value of a,. An
example dealing with the logistic regression is given in Section E.

When (GLMB3) is assumed, one can show using Theorem 5.2 that there exists almost
surely ng > n such that for n > ny,

Vil (Yns1, 05 Xns1) (Xng1 )k + (00 )i

(Bn1)k = (On)k +
\/ﬂk + Y0 (Val (Yigr, 07 Xigr) (X)) + 0(6:)k)

7

2
so that we recover the usual Adagrad algorithm for large n. We can then rewrite Theorem

14



3.4 for v < 1/2 as follows (remark that similar statements hold for ¢ > 1/2).

Theorem 5.2. Suppose Assumptions (GLM1), (GLM2) and (GLM3) hold. Then, for v = 1/2, we
have

~ r
E | [0, — 00 ]°] < Ki%pexp (—c,ohocumn7 (1~ e(n) )

p=1 (D) e 20 (=28)p 4
K log(n +1) 7 7 U

+ K37,
where e(n) = o(1), K%, ., K& . and K3, - have explicit formulas depending on the parameters

of the model.

We do not specify the exact value of the constants here, since they can easily be obtained

along the lines of previous results.

6 Proofs

Throughout our proofs, to alleviate notations, we will denote by the same way |.|| the eu-
clidean norm of R and the spectral norm for square matrices. In addition, we will regularly

use the following technical result from (Godichon-Baggioni et al., 2021, Proposition A.5).

Proposition 6.1. Let (y;)i>1, (1¢)e>1, and (v¢)e>1 be some positive and decreasing sequences and

let (61)¢>0, satisfying the following:
* The sequence d; follows the recursive relation:
Or < (1= 2wyt + mvt) O —1 + viye, (13)

with 6y > 0and w > 0.
o Let vt and 1y converge to 0.
o Letty=inf{t > 1 : y < w}, and let us suppose that for all t > ty + 1, one has wy; < 1.
Then, for all t € IN, we have the upper bound:
o < exp <—w Zt: 'yj> exp <2Zt:17i'yi> ((SO + 2 max &> + l max v;.
j=t/2 i—1 1<i<t 17; W t/2<i<t
with the convention that Y)/* = 0if t/2 < t.

Moreover, we denote by Cy, C;, C3, C} constants such that for all € R4,

E[IVig X mIF] <CitClh=6?,  E[|[Vig(XnIH] <Ci+calh-el*. 4

15



6.1 Proof of Theorem 3.1
Remark that thanks to a Taylor’s expansion of the gradient, denoting V,, = G (6,,) — G(6)
and g1/’1+l = th (Xn-l—l/en)/
. Ly
Vn+1 S Vn - ’)/n+lVG (en) Angn+l + 2 ’)/n+l HA H Hgn+lH

L
< Vi = 71 VG (6) Aughia + 307, (15)

where we used Hypothesis (H1b) on the last line. Then, taking the conditional expectation,
thanks to assumption (A1), and since ||6, — 0||* < %Vn,

G Lyg

CqL
E[Vpl] < (1+ ﬁimiﬂ) Ve~ 10 VG (67 AVG (6,) + 252 2

Furthermore, since G is u strongly convex, it comes

VG (62)" AxVG (64) = Amin (An) [ VG (8,)]
Z 2Annuvnl)\min(An)2/\n
= 2AnptVi = Ly (An) <2n 2201 Vi, (16)

with A, = Ag(n + 1)} with 0 < A < 1 — 7. Applying Cauchy-Schwarz yields

E (VG (6:) AV G (6)] 2244 [Vi] = 20100/ E[VI\/PP [Amin (A1) < Au]

> 20 [Vi] = 220tV /P [Armin (An) < Aul,

with V2 > sup, . E[V]] calculated later. Then, Assumption (H1a) gives P [Amin (A1) < Ay <
Opp1(n+1)7079 := 5, so that

_ C,L
E [Vyq1] < (1 —2uAo(n+1) My + ZMVG,B%H’Y%H) E[V,]

B _ L
+200(n+1) M uVyu1 Vo, + 1ZVG’Y%+1 ;21+1

In order to apply Proposition 6.1, let us denote

(17)

” ,(uAo) 7 ey

CzLVGC%ny n-2p 2R 2p=A
Cy = max{ ——F— ,

the last upper bound being added so that the terms of (18) below satisfy the third condition
of Proposition 6.1. Set ¥, = cvn_(/““w, and remark that

16



E[Via] < (1= 2uA0Tu1 + Coa(n + 1 79,10) E[Va] + 2400V V0r

CiLvg -
+ 17(” + 1)A’Yn+1ﬁ;21+1’7n+1~

(18)

Then, since 2y — 2B — 1 # 1, with the help of Proposition 6.1 and an integral test for con-
vergence to get Y{_, k?F27 < 1+ 7\121+2/52ﬁ271| and YL, o 77 > 15 2771111 T > nl=7 for
1< (0,1),

(1+2p-27)*
< _ 1—(A+7) n _ .
E[V,] <exp < CypAon ) exp <2CMC7 <1 + 27 =251

AopV CILVGCWC ~—— , Cilvc g2
<1E Vol Cym 1<k<n - Cm T2V 02t om0 212y A n/2Tn/2

(19)

where we recall that 7, = v, 1(n + 1) 7279 > P [Ain (As) < Ay]- Remark that
kY —2p— A\/_ M(k + 1)7 28— /\(k + 1) (6+qA)/2 :\/m(k + 1)7—2[3—5/2—(11/2—&-1)/\,

so that maxg<<, (k + 1)7726-A f5, = maxj<k<p+1 kv=2p=0/2=(a/24DA /50 Hence, we get

(1+2,B 29)*
E [V,] < exp (—c uron'= A1) exp | 2Cpic —_—

2
/\O‘MV 2B/ ClLVGC’yC‘B
A EIV kY B—0/2—(q/2+1)A /7=
( [ O] CM 1§I11;1§8113(+1 vk+ CM
2
+21+(5+qA)/2V\/mn—(5+qA)/2+27—2;3—A—1C1LVGCWC/5 2BHA—

1A

where V is defined in Lemma 6.1. Hence, as long as v + A + (1 4+ 28 —27)" < 1 ,which is
satisfied since A < min{y — 28,1 — v}, we have

_ I-(A+7) (1 _ ¢ (1) (1) y—2B—5/2—(q/24+1)A
E[V,] < exp( coHAgn (1—¢ (n)) <K1 + Ky 155?;3(“]{ @)

_}_Kél)nf(fnyﬁf)\) _|_K§1)\/mn7(5+q)\)/2,

with y .
“1+A 4y 142B-27
¢(n) = —ZCMn —_— (20)
Ao |2 —2p—1]
CiLygcqc> ,
KV = (B + -2 ) k) = gtV (21)
CM CM

17



where C) is given in (17) and V in Lemma 6.1 and

C]LVGC«YC%

Kél) — 97-2p-A-1 .

, Kél) — 21+(5+Q/\)/2V‘ (22)

Lemma 6.1. Suppose Assumption (A1) for p > 2 and (H1b) hold. Then, foralln > 0, if v > 1/2
then

E[Vi] < AT max {1, E [V§]} := W/
and if v < 1/2 then

1—y=M 1-2y+2p

cycéup 72BN CW%“P 72N
P < A 1+<”’M6> 22 1+<”"A6
E [Vi] <exp | —puAgey, | 1+ T—q— N +ecpap | 1+ 1-2y+28

with ap given in (67) and a, is given by (66) for p > 2.

The proof of this Lemma is given in Section B.
6.2 Proof of Theorem 3.2

Remark that thanks to Assumption (H1b), one has

CoLyc

2 2 2 GlLyg 2 2
E [”AHH Hg;H—lH ’]:n] <G HAnH + T HAnH Vi <G ||AnH "’ﬁ%ﬂ V.

Moreover, with the help of Assumption (H2a),

CoLlye

E (|4l |ghall’] < C1C3+ BE =25V,

leading as in the proof of Theorem 3.1 to

GL
E [Viq1] < (1 —2uAoYns1 + zyVG ﬁ;za+1’7%+1> E [Va] +2A0Yns1HE |:1/\min(An)</\nVn

f%ﬂ-

Using Holder inequality with p yields then

p—1

E |1 a0anVa] < (P [Laoan]) " E VI < o v,

18



with @, = v,,,1(n+1)~% and V), given in Lemma 6.1. Considering Cy defined by

CzLVGCZC 2y—2p 128
. ’ : (23)

CM:max{#,(y/\o) e,

one has

p—1

E [Vn+l] S (1 - 2}1)\0’)’;1+1 + CM(” + 1)2/5—7%1+1> E [Vn] + ZAOVVijnT Yn+1

CiLvcC3 ,

+ 2 ’)/n—&-l'

Then, applying Proposition 6.1 and with the help of integral tests for convergence, it comes

- n(1+2p=27)"
< — - B .
E[V,] <exp < CypAon ) exp | 2Cmecy [ 1+ 27— 281

p—1

AouV, maxy <k K17—2Pg5, 7 CiLygc C2 et
E V) + 42222 " e T | 2w, ),
CL C
o112t Zig”’ Sp (24)

Concluding as in the proof of Theorem 3.1, we get

p—

p-1 _
E[Vi] <exp <—Ca,pt}\onl’7 (1-— S(”))) ' (ng) + Kg,/z) max v’ kw_zﬁ_pTl5>

1<j<n+1
+ Kéz)vﬁﬂn_@‘s + Kéz)n*”’,
with ~1+7 (14+2B—27)*
e(n) = % <1 + ]2n’y——2ﬁ—1]> , (25)
where C) is defined by (23) and
K? = (]E Vo) ClLZ(;WC%) , K? = 4“& %, (26)
kP =25y, (27)
K2 = y1-1C1LveerCs. (28)

Ao
6.3 Proofs of Theorem 3.3 and Corollary 3.1

Proof of Theorem 3.3. Remark that one can rewrite
— -1,/ -1 /
Ony1 —0 =00 —60 — vu1H 8n+1 — Tn+l <An —H ) 8n+1
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leading, since H is symmetric, to

01 = 01 < 1100 = 01 — 211 (82, H ™ (60— 0)) = 271 ((An—H ") 811,60 — 0)

A=t g P

2
+ 27%“ HHilg;H—l H + 27%+1 ‘
First, thanks to Assumption (A3) and by Cauchy-Schwarz inequality,

o= [ e (20 7)) 5]

— 29ni1 ‘<(An - H*l) VG (6,),0, — 9>(
Ay — H—1H 16, — 0]

< 2LvGYnt ‘

Then, using Assumption (A1), one has
(o= B o [ 1] < 7 (2 0) 83 gl — o
Finally, one has
(5 %) = B [~27011 (hsr, B (00 = 0) V1] < ~2301 110 = O + 271 [HY | 6] 162 — ]
with, using Assumption (A4), ||6,]| := | VG (6,) — H (6, — 6)|| < Ls |6, — 6||>. Hence,

(%) < 2700 1180 = 01+ 2ysa | H| Ls 16 — 617,
which yields, using that |6, — 8[° < A [|6, — 0] + £ (|6, — 0]|* witha = ||[H!| L,

(% %) < =i 160 = 0% + s [ 23 60 — 611

Furthermore,

2
(% xx) := E [Z’Y%H ‘ Ap — H_1H Hg1/1+lH2 ’]:n]

2 2
Ay — H—1H C1+292,,C ( Ay — H—1H 16, — 6]

<2vi4 ‘

-1 2 . 4 3 A _H*l 4
A,—H C1+ Covur1 |00 — 0" + Cavyy 41 || An :

< 2')’%“ ‘

As a conclusion, one has (after using Cauchy-Schwartz inequality on (*)),

E [|6.1— 0] < (1 — a1 +4 HH—luzviﬂLw) E |6, — 6]*] + 472, Tr (H'ZH 1)

+ Tnt1 <HH1H2 L%+C2> E [H@n —9”4} + Coyy 4 E “

|

+ 2C1’)/%+11E |:‘

A=t + 230k B 16 - 0] B [14, - Ho1JP],
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leading, using Proposition 3.2 with the fact that E [||6, — 6]|*] < %IE (V2] by (A2), and
(H2b) and (H3), to

2
E [||6,1— 0] < (1 —yun+4 |7 mLVg) E (|6, — 01| +472,,Tr (H'ZH )
2 M 1
+ Yn+1 (HH 1” L% + Cz) V—Zn + C272+123 <C§ + E)
2 Lyg
+ 2C17n+1UA,n + 2’)/n+l T v MnUA,n

2
< (1 — Tnt1+4 HHilH ’)’%+1ng> E [H@n - GHZ]

ey L2 4M
+ Ynt1- [4'Yn+lTr <H 'SH 1) + <V_g + C2> ‘uzn
1
P

+ Ca2,12° <c§ + .

L
) + 2C1'Yn+lvA,n + 4% V anA,n] .

Finally, let us denote C4 = c, max {4 |H H2 Ly, }I} Then, with the help of Proposition
6.1, one has

-1 -1 —4 4
E [Hen N GHZ} < e—%cﬂml—veZCAcw% <1E |:H90 _ 9”2] n 8Tr (H >H ) n 16C; (‘u + CS) + 4C1Z7A,0>

Ca “r Ca Ca

_ 2 L2u=24+C L
o2 T max (k4+1)7- <8Lz M 8 YC m)
1<k<n u=Cap Cau ’

3+ -1 -1 8 <L—(25 +C )
N 23t7¢, Tr (H'ZH ™) 12 2

8Lvg
o + " M,z + " vV Muj20ans2

2oy (P4 G) G 2HTCiey a0

n2v nvy
Finally,
2 — Lo pl=7 (3) 3) 7
_ < ;
E [H()n 0| } <e 2% (Kl +K; Org?g(ndk(k+1) )
&) ®)
+n 7 23%7e, Tr (H’lZH’1> + # + K5 0ans2 | +d |-
with
1 -1 —4 4
() 20ae 27, 2] 8T (HTIZHTY) | 16C, (4 +C8) | 4C1oa0
K =22 (B (60— 6] + c to——c =)
(29)
1 2y LZ -2 C
K :C_AeZCAC%z%, dy = 8Ly e/ Myva, + SWT“MH, (30)
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where we recall that C4 = ¢, max {4 |H H2 Ly, %}, and
K5 =25 21Cpe, (i Ct) ), Ky =27Coc. 5D
Proof of Corollary 3.1. Remark that as long as & pTTZ > 27, by Proposition 3.2 and the follow-

ing discussion,

max di(k+ 1) = [max (k—i—l )78LyG/ Myvax+8 ‘)‘u‘u+ sz>

0<k<n
8LVG\/UA, 2 72+C2
————\Jw )+ 8 oo (7).

2%Tweo(27)
n2y )

Likewise,

Mn /2 S
Hence, plugging these inequalities into Theorem 3.3 yields

(3"

_ _ _ K / /
E [||6, —0]*] <n (23%,% (H'zH ) + 2 +K<?>vA,n/z+K§i)m—n/z>

3) —Lle =7

+K§ez

with
3 03 3) (8Lvcvva,0 L2u=2+C,
Ky =K +K <7cw \/ Weo(27) + 87}12 Weo(7) ), (32)

/ L2 -2 =+ ( / /
3 3 H 2 3 3
Ké ) = Ké )yt T2 " 22T weo(2), Ké, ) — KS), Ké//) = 22+7LVG\/ Weo(27).  (33)

O

6.4 Proof of Theorem 3.4

To prove this theorem, we will apply Theorem 3.2. We first need to check that (A;),>0
satisfies Assumptions (H1a), (H1b) and (H2). Assumption (H1b) is given by construction
(see (7)) while (H1a) is given by the following lemma:

Lemma 6.2. Assume (A1) is satisfied for some p > 2. Then, forall 0 < t < 1,

P [Amin (An) < cpt] < v,t?,

p
1 d zpcllvp
_ P - " 2'p
v, = c ((n;_lak) R

The proof is given in Appendix B. Remark that [E [Vf ] < +o0 by Lemma 6.1 with (A1).
Assume from now that p > 2 and let p’ = z(zlf_;r)p and A = (1 —)(y — 2B). Remark that

with
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A<1—9,A<y—2Bandp’ < p. Hence, applying Proposition 3.1 with Ay = cg, 6 = 0,
q=2p,

' < _ T—=(A+7) (1 _ ¢ (1) (1) T=2B—A=2(p—p)A p%/
E [Vn} < eXP( CypAon (1-e <n)> (Kl Ky 1§r1£1§i(+1k %o

p=r

+ Kél’)nfp'(%%*)‘) + Kéll)vo " (n+ 1)’2(’77”/))‘,

with €'(n), K&ll), Kg/ll), Kéll) and Kéll) respectively given in (57), (58) and (60) with Ay = c.
By the choice of A, p’ one has

Plly=26-1)= Pzg%_;n’ﬂ? —2p) =2(p—pP)A,

so that

_2(1=7)r(v=28)
—r

E {V,f/} < Kjexp (—thcﬁnl’((1’7)(7’25)”)(1 — s’(n)> +Kap(n+1)" 2

with ,
Ry = K+ K07, Ry = k) 1 ko]

i
=

By strong convexity, one can so obtain a first rate of convergence of the estimates. The
following lemma enables to ensure that (H1a) is satisfied, but with a possibly better rate

than with Lemma 6.2.

Lemma 6.3. Assume (A1) is satisfied for some p > 2. Then,

~ volog(n +1
PAmin(An) < Ao} < 2%&)%%22) ¢
(n+1) z» M
__2=7
ith Ag = 2(1-7) C 1 2(1-7)p d .. in (73) with ' — 2(1—7)
wih Ao = | =5 (2(21:7@) + and vy is given in (73) with p’ = =P

The proof is given in Appendix B. We can also deduce from (34) a bound on E [||A,||*]
in case only (A6) holds.

Lemma 6.4. Assume Assumptions (A1)-(A6) and (A1’) hold for some p > 2. Then, for B <

min {%’, 1/ 4}, the sequence of random matrices (A,,) defined by (4) verifies

E[l141t] < ¢
with Cé given in (74).

The proof is given in Appendix B. If the stronger hypothesis (A6’) holds, an improved

and simpler bound on E [||A,[|*] can be reached, as next lemma shows.
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Lemma 6.5. Assume Assumptions (A1)-(A6’) and (A1’) hold for some p > 2. Then, for B <
min{y/2 A 1/4}, the sequence of random matrices (A, ) defined by (4) verifies

E || Adl*] < c&

with Cé given in (75).

The proof is given in Appendix B. Theorem 3.4 is then a consequence of Theorem 3.2
whose hypotheses are satisfied thanks to Lemma 6.2, 6.3 and 6.4 (or 6.5). We then have

5 =1 o
E[V,] <exp <—cvy}\on1_7 (1— s(n))) . (ng) + Kg,z) 1<]H‘1<anx+1 v," kvzﬁppl">

p-1 -1 . f20=9)7(v=2B)p
@ 55 - min{ 20l )
+ K, v[n/zﬂl P { i }+K3 n

with K%z), K§/2), Kéz) and Kéz) respectively given in (26), (27) and (28) with § = min { W, 1 },
Ao given in (72), v, = volog(n + 1) with vy given in (73) and Cs given in (74) or (75) de-

pending on whether (A6) or (A6’) holds. By strong convexity

N N N 1 (1) i [ 20-7)9(r-28)
E (6, — 0[] < R exp (—e,phon'™ (1~ £(m)) + S (volog(n +1)) 7 n 7 ol
+ R,
with A defined in (72)
—1+(1-7)(2y—B)+7 (1+2p-27)*
B(n) = ZeMm T 1+, (35)
HAo 2y =28 —1]
with
(4) (4)
o) _ 2 (@) ) o4 _ 2K ~(4) _ 2K3
R =2 (K% + kPo), = , RY= . (36)
1 pl< 1 1 0) 2 u 3 u

where vy is given in (73).

6.5 Proofs of Theorem 4.1 and Theorem 4.2

The proof relies on the verification of each assumption needed in Theorem 3.3.

Verifying Assumptions (A1), (A1’) to (A6). First, remark that
Vs (%Y, )| < || (X7 = XT0 —e) X]| < lel 1X]1+ IXI i 1]

Then, if X and € respectively admit moments of order 4p and 2p, since € and X are inde-
pendent,
2
E [|[Vig (X, Y, )] < o) + Cpapy 11— 0]

with oy = 2'7'E [[e|'] E [||X['] and C(;y = 2"""E [[|X[|*]. In a particular case, if p > 2,
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Assumption (A1) is verified. Furthermore, since for all h, V2G(h) = E [XX"] is positive,
(A2) to (A4) hold with = Amin (E [XXT]) =: Amin, LvG = Amax (E [XXT]) =: Amax and
(A5) holds with Ls; = 0. Finally Assumption (A1) is verified since
2 T 2
E [|IV4g (X,Y,h) = Vig (X,Y,0) || =E || X" (h - 0)X|
<E [||X||*] IIn - 01*.
——
:Zng
We can now prove Theorem 4.1

Proof of Theorem 4.1. Verifying Assumption (H1) for Stochastic Newton algorithm. Let us
first check Assumption (H1) for S, = n%—l [So+ Xy XiX]].

Lemma 6.6. Suppose that X admits 4p-moments, with p > 2. Then, for Ay = ﬁXHZ’ we have
P [Amin (1) < Ao <3
with
0y = 2 (CupIPEIZP) + Calpyn 2 (B [121]) + ol o).
(E 11X
where Z = ||X||* — E [||X|[*] and C1(p), C2(p) are numerical constants given in Rosenthal in-

equality, see Pinelis (1994).
[Ed]
min(n, S [])

following control on the behavior of Amin(S,). Set H = E [xXT].

The proof is given in Section C. To deal with S, = S,,, one first needs the

Proposition 6.2 (See Koltchinskii and Mendelson (2015), Theorem 1.5 and Theorem 3.3).
Suppose that 0 < Aminly < H := E [XXT| < Amaxly and that there exists Lyx > 0 such that
E [(X,t)?] < LugE [|[(X, t)|] for all t € $~1. Then, for n > c1d,

1 n
P | Amin | = Y XiX] | < 2| <2exp(—c3n),
i3
7 — /\r2nax(16LMK)4 — /\min — 1
with ¢ = L Cp = T and c3 = TSIl

Remark that the constant c1, ¢2 and c3 are fairly explicit in terms of Lyx and Apin. For
the latter result and Lemma 6.6 and Proposition 6.2 we deduce Hypothesis (H1) for S,,. We
will need several times the threshold

1 1\\ V*
np = max < c1d, <— (1 + —)) . (37)
Cpca c1d
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Lemma 6.7. Suppose that X satisfies hypothesis of Proposition 6.2 and admits 4p-moments, with
p > 2. Then, for Ay = W, we have

P o (5) < 0] <o 1777
With 6 = p/2, vy1 = (n+1)° for n < ng and, for n > ny,

21 (Cap)E [|Z12)" + Cap)n' PR [|1ZIP] + |So)” /2
E [|Ix][2)7 '

v, = 2exp(—can)nf’? +

where c1, ¢, c3 are given in Proposition 6.2, C1(p) and Cy(p) are numerical constants depending
onpand Z = || X||* — E [|| X|?].

The proof is given in Section C. As a particular case, Assumption (H1a) is verified with
arated = p/2wheny > 1/2.

Verifying Assumption (H2) for Stochastic Newton algorithm. A straightforward deduc-

tion of the above lemma is the following.

Lemma 6.8. Suppose that hypothesis of Proposition 6.2 hold and that X admits a moment of order
4p with p > 2. Then, for all k > 0, we have

E [[IS: 1] < 2851 exp(—can) + 5"
forn > c1d and
&1k 11"
E [I5:1F] < [(erd+Dlisg ]
forn < c1d, with ¢y, ¢z, c3 given in Proposition 6.2.

The proof is given in Section C. Finally, the following proposition gives a precise bound

for Assumption (H2).

Proposition 6.3. Suppose that hypothesis of Proposition 6.2 hold and that X admits a moment of
order 4p with p > 2. Then

E [[I5;"] < max {2c-;‘; <§>2ﬁ +e32 [(ad+1) Hso‘l Hz} <2

ecs

and

E [||§,;1||4} < max {2(:;5 (ﬁfﬁ +oyt, [(c1d+ 1) Hsal H4} <t

ecs

28 2 4
forall n > 0, with Cé := max { <2C‘;§ (%) + c2‘2> , [(C1d +1) Hso_lm }

The proof is given in Section C. Remark that Cs = O(d).
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A first convergence result. Since in the case of the linear model, one as C; = 0(2), C| =
U(4)/ CZ = C(z)/ Cé = C(4)/ LVG = Amax: U= /\min/ /\O =

now be written as follows:

W 0 = p/2, Proposition 3.2 can

Proposition 6.4. Suppose that there is p > 2 such that X, e respectively admit moments of or-
ders 4p and 2p. Suppose also that there is a positive constant Lk such that for any h € S%71,
VE[hXXTh] < LykEE [|XThl|]. Then, denoting Amin and Amax the smallest and largest eigenval-
ues of E [XXT],

3¢ Ami B ") ) =2 p2
E[V7] <exp | ——LF""=n'"" (Kll +Ky, max v k'
— 4 in 1/,lin k
4F {qu ] 1<k<n+1

(2) -2 (2) (P=2)/p, —(p-2)/2
+K21m ’Y+K31m [n/2] P=2) = Culin-

with v, given by Lemma 6.7 and

2 2

29—2 204 1:.C 2 4N in V2o

Fﬁ% ezaMrlinZszﬁgl E [‘,02} 1linCy ’ K%/len ez“Mlmzfzfl min ¥ jin ’
’ AM,lin ! aAM lin E [H X HZ]

142y, . 2 2
K(Z/) . 2 al,ll?’lc'yIE |:HX|| i| (2/) . 2p/2+l

2lin — 3Amin ’ 3lin — 3 plins

where, recalling the notations o) = 2!~ 'IE {|e]t] E [HXHt} and C(yy = 271 [HXH%] ,

2y-2p
Iz

2/\maxc(2) 2)\2 3Ami -2
aM 1 = Max + X (4C ) + Cpy c > )c A | = Y,

min
X|? 2C2 X
[H H ] 0(42)% )\m[llj1 H ]> and

/\3

min

16Afmx
with Cs given by Proposition 6.3, ay jj, := Cé /\max (

IE: [Vp] < eaPIW’CWCﬁTY 2}3/51 max {1 IE: [VO]} —

plln
where
Co) | % 2 2 (22 4C)\ | 20(0)  4Cpy
Aplin = P (m T )T 2P7%(p — 1) pAnax (Cvcﬁ (‘7( a4+ /\}2nm> + Amin + /\}2mn>
oy 2PC, a1 2w (1
_ 2p—2 2p—2 (2p) 2 2 p
+272(p — DpAhuax (" <‘T(zp)+T> ey e <§U( 2p) 32 <§+ C(Zp)>>>-

(38)

Verifying Assumption (H3) for Stochastic Newton algorithm. Hypothesis (H3) is then a
straightforward combination of the convergence of S, towards H, together with Hypothesis
(H2).
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Lemma 6.9. Suppose that X admits moments of order 2p with p > 4, and let suppose as well that
the distribution of X satisfies hypothesis of Proposition 6.2. Then, for n > ng (with ng defined in
(37)),

E|

For n < ng, we simply bound

E|

By Lemma 6.7, (H1a) is satisfied with 6 = p/2. Applying Theorem 3.3 with the constants

2p1\2/P 4 2
51 _H_lm CAENXIPD oy, ZENXI] 2080~ HIF _

(Auminf)’ n(Aminc2)” 12 (Aminc2)” o
(39)

__ 2 2
Snl _ H—1H } < max {)\2— +2C%10H,n0} = UK -
min

computed in the previous lemmas and proposition, we get finally,

) (
in+K1 lin0§k<

E [H()n - 9”2} < e 2o <K§31 ;3,) max dy(k + 1)”’)

K$)
+n7 (23+7c71E [€?] T (H*) - :;}Ym + K(?}jnUH,n/z) +d |-

with vy , defined by (39), recalling that Amin and Amax are the smallest and largest eigenval-
E[|IX]*]

ues of E [XX"], and since for the linear case one has C4 = 4c, > 4y,

], A
KO, =& i T (m o= o17] + L) sy (ag ) + 1220

E[IxI4] ; 5

1 8 e A C 2
Kg’}m = Ee MmO , dp = SAmaX\/ CnlinVHn + 8)\2(—)Cn,lin/

Y min

3 4 —4 4\ 2 3 2

S = 25Co0, (Aph + CE) &, KD}, = 2P0, (40)
and ¢y, jin and Cé are respectively defined in Propositions 6.4 and 6.3. O

Proof of Theorem 4.2. Let us first prove that Assumption (A6’) is fulfilled. For all k,

2 2
E [vhg (X,Y,h) Vg (X, Y,h)T} ~F [(Y - XTh) XXT} —E[&]E [XXT} +E [(XTh - XT9> XXT]
and (A6’) is satisfied with « = |E [62] Amin, Wwe have by (75),

4V22ada
\ 4d { 1404y + Cry 7 \
E|||A < =7 .=ct
[lau?] Feri $ado
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with V, given by Lemma 6.1 for p = 2. Then, applying Theorem 3.4,

E [[16, — 01%] < Ki%, exp (—cy Amin gt n' 7 (1 et))

£ (2-1) i { 2022020

— _\p-1) 4
£ kgt (oa, log(n+1)) T 7 P kg,

1 yada 4(1-7)p H -
with AO,lin = = C (4;,2(1_7)) +1 , and recalling that Amin and Amax are the
-7

smallest and largest eigenvalues of E [XXT],

2Ca 4 —1+(1=7)(2y—p)+7 (1+2B-27)*
e{*il{jllain = M ada 1+ . ’ (41)
’ AmmAO,lin ‘2’)/ - 2ﬁ - 1’
2 C /\maxa C2 4/\min/\adq Vﬂd{'l
d v (2)~5,ad 0,lin ¥ p,lin
Kil,l?n = Ao (JE [VO] + Cadu = + Cuda 4 (42)
min M,lin M,lin
1
K3 = -~ op/2H32ye (43)
27Co AmaxT C2
Kl = = (44)
AminAO,lin
2(1—7)
d22(2177>p 22(217>VC vpfd—w p
- o + - _
() ) B
where vy = dM(B) + Ty
( =7 p)
C(2)AmaxC5C _op 22
Cyity = max § L IVET ()
/\mm
and
Y 1-29+28
. (579/25”;'?1%”)':2');3/\)‘/ 1+(C'yc%a;‘f[‘%n)w2’;+/\/
—PAminAhey | 1+ Mmi‘l?ﬁ,\, +C%c§up 1+ Mn?f;gﬂﬁ
p _
Vp,adu =e
where
Coy  0p 4C) 203 | 4Cp)
gl _ ( @) L 22 4 or2(p _1)p)2 <c2c2<0 + >+ + >
plin P Amin 2 <P )P max L (4) /\}Znin "ll /\}Znin
_ _ 2rC 2 2 (1 2 1
-2 p 2p—2 2p—2 (2p) p=2 p—2 P
+2775(p — 1) pAmax <C7 p <‘T<2p>+T3nm >+C7 ° <§‘7<2p)+—A3nm <§+ C(2p>>>>f
(45)
and
2Cp)  4A2 8A2 _.Ci» 8A2 . C
i = 0 + o+ oy + e L oAkl + G (46)
min min /\min Amm
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6.6 Proof of Theorem 5.1

The proof relies on the verification of each Assumption in Theorem 3.3.
Verifying Assumptions (A1), (A1’) to (A6). First, remark that taking forall 0 < a < 2p,
one has

]

+ 21 [|[ 93 (Y, XTh) X = V3 (Y, XT0,) X+ (1 —6,)

E [thz (v, XTh) X + UhHa] <21 [thl (Y, X700 ) X + 0y

]

<27+ 2 E (L || X[ +0)] B — 6o || (47)

—.c@)
=:Cim

and Assumption (A1) is so verified. In a same way,
E [[|(Vig (X, 1) = Vig (X,60))1”] < E [(LwillX|| + )] [Ih = 6> < CE lIh - 6

and (A1’) is so verified. Remark that (A2) and (A4) are verified by hypothesis with 4 = o,
while for (A3), one has

HIE (V3 (Y, XTh) XXT + o1 Hop < Lo || X[°] + 0 =: Caum (48)

Observe that Assumption (A5) is given by (GLM1) while for Assumption (A6), (GLM3)
together (12), which yields

E [(th(X/(?v))i] =E “Vhl (Y, XT90> Xk"‘U(GU)k‘Z} > g

foralll <k <d.

Verifying Assumption (H1). The following lemma ensures that Assumption (H1) is ful-
filled.

Lemma 6.10. Assume first (8) and that X admits a moment of order 2p for some p < 0. In the

reqularized case defined by (10), denoting Ay = we have

1
2Ly E[|| X[*]+21

P [Amm (E; 1) < Ao] <o,

with
2r—1

" (e [1x +o)’ (77 UsalP + Catpnt ™ [1717] + Catph 2 ( [17])"),

where T = Ly, (HXH2 —E [HXHZD +o (HZH2 — 1) and Z being a standard d-dimensional ran-
dom variable independent of X. In addition, C1(p) and Cy(p) are given in Pinelis (1994).
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The proof is given in Appendix D. Observe that if p > 4+, one has v,, = 0 (7).
Verifying Assumption (H2). The following proposition ensures that (H2) is fulfilled.

Proposition 6.5. Considering from the regularized problem given by (10), one has for alln > 0,

s < 2amax {2, 57} =< cso

Remark 6.1. Remark that if (9) holds for some constant « > 0 and if E [XXT] is positive, under
hypothesis of Proposition 6.2, for all n > 0 and for ¢ = 0, one has

E {HS_;lHZ] %max {2Cl3 (iﬁ)zﬁ +c52, <(C1d+ 1) HSO—1H>2} < Cy
E [HS_;lHAL] %max {ZCﬁ <§£>4ﬁ +cy 4, <(cld+ 1) HSO—1H>4} < Cy
with Cé,o = %max { <2c-l23 <e27€)2ﬁ +c2_2>2, <(c1d—|— 1) HS()—1H)4}.

A first result

Remark that one can rewrite Proposition 3.2 as follows:

Proposition 6.6. Suppose there exist p > 2 such that X admits a 2p-th order moment and that

E thl (Y, X%) P

there is L, verifying

1X|)7] + o8, < LE. (49)

Then,

E VZ < 3C70 1—7 K(Zl) K( ") pPZk’Y*p__25
[Vi] <exp “iCoim 16im T Ky Gv | Tax oy !

+ K.g_ G)L n=* 4 Ké G)LM (LZ/ZZJ)/p WP =t vy cim,

with v, defined in Lemma 6.10, Cg , defined in Lemma 6.5, Cgry and Cé”L)M defined in equations
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(48) and (47),
64L%C2
a1,GLM = CélgCéLM <‘;736LM + 4e, L2+

4CGLMC(2) 2C2 2 4 30 2
apM,GLM = max { ( - CIM 4 (szM (SC((SL)M + SCéL)Mc%,Cég) CVC%/‘T’ 4Ccim Cr

2
2)  _ 2y 0 . 201,GIMCY
Kicim = exp <2ﬂM,GLM 2y — 1> (E Vol +—

2

4L4Ccrm
g

@) _ 2y
Ky Guu = exp <2aM'GLM 2y — 1) " amcrmCorm

2 _ 227"y 6rmCermcy
2,GLM 30
(2/) 22+(P*2)5/P

KS,GLM = -3 Vp,GLM/

. 202 2y
with V’fGLM — OMA ST max {LE [Vop] } where

blo) B 3¢t 42 8c?
Ap,GLM * =P (gLM + L%— +2F z(p — 1)pC%LM C%Cé/a SL[4, + # + s + %

_ 2
op-2 1)pCF 2p=2-2p=2 [ 52p—172p 2% lcéL;;\lI p=2cp=2 (52p—272p 2p (1 op—1/2, /~(2p)
+ (P=DpCem | &5 "Cs i toy G otz gt GLM :

Verifying Assumption (H3). We prove here that (H3) holds for general linear models. We

now denote
H, = E [viﬁ <Y, egx) XXT} toly

Proposition 6.7. Suppose Assumptions (GLM1) and (GLM2) hold, then for all n > 0,

with v; grm defined in Proposition 6.6.

164C3,
n2

S1—H1

2] _ 4G50 (12 i, L i 1 )
’ ] P e [HXH } T ;} i GLM + E”SO —H () [I7 | + = vy,

We can now finish the proof of Theorem 5.1. In this aim, let us first remark that for all
h W,

E MW (v, X™h) X+ oh =3t (y, XTH') X — o’

2 2 2
| <2 (13 [1307] +2) - "
Then, with the help of Theorem 3.3, one has
1o gl
E |[[6, — 0[] < et (Kf’éLM + K max (k+ 1)7dk,cLM>

ax
0<k<n

3)
_ _ — KZ GLM 3
+n7 (23+7c7Tr <HU Iy, H, 1) + T + K;E_/,)GLMvz,n/z +d|n/2),GLM/
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2)
with %, = E [(th (v, XT0,) X + 00,) (Vil (v, XT6,) X + UGU)T} and since 074C§5M >

CacLm == 4cy,

(2)

s 2Tr (H; '3, H; ! 212
=9 (- 7] 4 TR g (vt ) 4 200 ),

0 Cy
(50)
(3) 1 8C(G2L>M 32 LZVZL o2+ 2C(G2£M
Kl’,GLM :Ee o2 1 dy gim = 8CaLMy/Un, GLMU1, + 8 2 Un,GLM/
Y
(51)
Ko =271 ey (74 L) &, Ky =2 11e,. (52)

Proof of Theorem 5.2. The proof follows exactly the same pattern as the proof of Theorem 4.2,
using Assumption (A6) together with Lemma 6.4 to compute the constant Cs such that (H2)
is satisfied. O

A Proofs of technical proposition

A.1 Proof of Proposition 3.1

Let us recall that

1
Vit = Vi =11 (8h1) An [ VG 0+t (801 = 0,)) e

=il

Remark that for a > 2 and x,h € R such that x > 0 and x 4/ > 0, we have by Taylor’s
expansion
(x+h)* <x"+ax" h+2P"2a(a — 1) (x"2|h)* + |h|"). (53)

This yields fora = p’, x = V,, and h = U,,41 and after conditioning on F,
E VIl < VI + o VE T E Ul 7
+20 2 (p = 1) (B [[Un PR VE 2 E Ul |5 ) G4

Since G is convex and VG is Lipschitz,

E U V] IR < IE[’)’HH $ni1) / VG (6 dt!ﬂ} v
+ 100 (8h0) An | (V6(60) = VG O+ £ 02 — 6,))) 7| v~
L
< —711VG (02)" VG (0) VI + 2 L [[[gh [P 1] I Aul? Vi

_ L ' 2C
< V6 (6 AV (0) Vi T+t TRE (vl T+ va")
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By strong convexity, we have

VG (04)" AuVG (0a) VI ™" = Amin (An) [ VG (00)]> VI
> 2/\,1"1/[V 1/\mm( A=Ay
= 2/\,1;% =21, (A <A At Vi,
where A, = Ag(n + 1) with 0 < A < min{y — 28,1 — 7}. Applying Holder inequality
yields then

p=r

E [VG (6,)" A,VG (en)} >0, E [v,f’] — AW B[V P (P [Amin(An) < An]) 7

/

/ / r—r
>0, E [V,f] — 20,1V (P [Amin(An) < Ad)) 7,

with V] > sup, o E[V{] given by Lemma 6.1. Then, Assumption (H1a) gives P [Amin (Ay) < A,] <
Uy (n+ 1)*‘5*‘7)‘ := 0y, so that finally

E|[Uyav) |

/

< =29 ahE [0V ] + 2 o a2 50 (G [V + 226 [1]).

(55)

Furthermore, since VG is Lyg-Lipschitz, one has

-1 1
/o VG (0, +t(0pe1—64)) dtH < LVG/O (1|60 — 6] + £ ||6n+1 — 64| dt
1
< Loc (116 =01+ 31 140l lgheal) . 59

Hence, using (H1b) and the strong convexity of G yields

—-1,P

E ||Unnl” | 72| < L 1 Anl” 70 B [lighall” (277 62— 0])"

LP 2p'/2 VP//2 , 2p’vpl
Lye v (' /2) f (v'/2) 2P Vi
< = T -~ <2p <C W+Cz T

' ' 2plvnpl
+7n+lﬁn+l< (P)_i_cép) "l/lp/ ))

)17

Specializing the latter inequality with p’ = 2 yields then (recalling inequalities (14))
E |[Uni |7 VI

L2 2V 22v2 4v2 'y
< ;G’)’%Jrl,BnJrl <2p (Cl P‘n 2 >+’Yn+1ﬁn+1 <C1+C2 2 >>Vnp ,
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so that

E [[Uy 1l ] +E [|Uia P15 VI

valcqp,) 2 2y 23p,/2_1va/GC§p,/2) v, 2P156C -1
S 2 n+1Fn+1 ‘up//z 7n+118n+1 + 1 n—&-lan—l—lV
12 _C! o , 22p’71LP/ C(PI/Z) , , 2p/71LPI C(P’) , ,
VG-1, 4 p'—2 p VG2 PP VG2 2p" 2p
+ > ’Yn+1,3n+1vn + Vi ( u? 7n+1ﬁn+1+77n+1ﬁn+1

2° 'HCZL C L2
TVG')’%—H:B;?—H + 2 vc’)’i—&-lﬁn—l—l .

Using the latter inequality with (55) in (54) yields then
E [V,f +1] <E [Vf ] — 2P uyn1AnE [V } + 290 A Ynsa pVy 0,7 +E [P (V3s1Bns1s V)]
with P(x,y) = Agx? + Ay pxP /2yP' /2 + Ay qxy? ~ 4+ Ay _px?y? =2 + Ayxy?, where

, B / //2
25p'/2 SP/(p/ _ 1)LPVGC§P )

_ op'-3 " o) _
Ay =203 (p = DLGC, Ay = ur'/2

7

L 22p’72/ ' 1 L2 C
Ay 1—}7 §G+ p'(p )vcl

, Ap_o =2V 73p (p = 1)[3,5C,
and

2p' =377 ()
1 2°P LVGCZ c2p’—2 2p' =2

_ PLvcC p

p "

2 1Golyg 2 1C§L2VGC7-C2>
2 2 B
M M

Applying now Young’s inequality, which implies a'b?' ~i < i‘;—p,, + Wﬁ% for0 <i < p'and
a,b >0, yields forany t > 0and i € {1,2,p'/2}

/

‘ i - v,
o AViy i \P iAT xP "= DA yny?
Apfixlyp - lip/_‘ ((t}\n')/n) /y> S 1 a + (p ) ; n')/ny ,
() 7 (Fyn) T b

so that using the latter inequality with t = ( ‘) fori € {1,2,p’'/2} and using that

2i—1 1 / 7;7
(’Yn—&-l)\)Tf
2i—1 1 ;o r ,
< (yniidn)ey” Ve Ag T (n 1)V 7267
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gives

/

E [P (Vis1Bis1, Va)] <L <%)\n7n+l> (n+1)77 (2670 (P #Anvns1) + Ap (Yus1Bus1)’) B [Vf/]

with
2P 12 2(p'~1)c A, W oo, P
L= 1 A0+ 2 //2+—}HA2 +/2—Pl—1Al
0 - (%) © (s55)
3(r'-2) 4

Putting together the previous inequalities and taking the expectation yield then

2
Ap/ca,cl3

—E(n+ 1)"’+2ﬁ“vnmn> E V]

IE [Vf—ﬁ-l} < <1 — P Uy An +

p=r P / /
+ )\n’)/n+l <2P pr Un + LZ K (Tl + 1)*}7 (’72/3)\)> .

Then, recalling that 3, = v, 1(n + 1) ~°~7" and using Proposition 6.1 yields
!/ o p—p/
ap _CP BN 1 (A (1) | (1) y-2p-A-LE (51q0) 15
E {Vn } <exp ( 5 (1—¢(n)) | Ky ' +Ky 1§r1{1§ag<+1k g o
i r el (54 g0
_|_K§ )P (2B~ /\)—l—Ké )an/ZJ (n+1)"7 (+q1).
with N
AC!, p—1+A+Y (1+2B-27)
en) =M (14— (57)
up'Ao 2y —2p—1|
and /
/ s n o 4p'uVy
k" = <1E Vo] + pc—f’> Ky = L5, (58)
M M
where -
Ao Ao\ TTA a=2-A
Cf\/; = max{ pA; ﬁ, <VP8 0> ! vaA }/ (59)
and
Kéll) — ZPI(W*Zﬁ*A)L, Kél ) _ 22+ (5+‘1A)VP (60)

where Vp is given in Lemma 6.1.
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A.2 Proof of Proposition 3.2
Remark that with the help of a Taylor’s expansion of G, one has
1
Vi1 = Vit (Bt — en)T/O VG (B 4+t (a1 — 6)) dt
1
= Va0t ($hi1) A | VG (041 (01— 0,)) .
Then, using (56) one has

=(%)

1
V20 < V2= 291V (2hir) " An /0 VG (6 + (Bt — 0)) dlt

1
+ LZVG HAnHz Hg1/1+lH2 7314—1 <2 10, — GHZ + E’Y%H HAnHz ng,wrle)

= (%)

We now bound (%) and (%*). First, thanks to Assumption (H1) and since ||6, — ||* < %Vn,
one has

412 .C;
E [(x) [ F] < V; Vi 1 An)? Vi +

8L2 C2 2
Vf | Anll ,Y%+1V7’%

212, C] A
VG 27ﬁ+1 | An|| Vn2

1
+ 5 L36Ci7nm 1A]* +

_BLCE

L2 .C!
_W Sl Al +2H/\0’Yn+1V2+ Tt

2
212
+ 258 (16 + G G) Bl Vi
Then, taking the expectation with Assumption (H2b),

8L C?
#3Ao

A 1% .C!
'731+1C§+ £ O'Yn+11E [Vz] + & 1'Yi+1cé

E[(x4)] < ; S

21% 122\ .2 @2 2
+ 7 (4C7_ + Cyc Cﬁ) Yat1BnE [Vn} :

Moreover, since VG is Ly g-Lipschitz, one can check that

-1 1
[ 966+ tCuia =) = VG )] <Loc [ it Lol gl

Ly
<SErnat | Aul [lghaall-

37



Then, one has

E [(%)|Fu] = 29,41V G (0n ) AnVG (0n) Vi LVG'YnH | An H E [Hgn—HH |'7:n} Vi

2LycC
> 27,11VG (0n)" AnVG (60) Vo = Lyc i [ Aul Q¥ = =5 2297 4 [ A2V
C7L2 A 2LycC
> 29 VG (0)7 AwVG (00) Vi — 5 ZE A" = XV - SRR W2

Furtermore, with the help of inequality (16) it comes
Yn+1VG (0 ) ApNVG (0n) Vi > 2/\0;1’)/7’1-1-1‘/1’:12 - 2AOV7n+11An<A0Vﬁ2-

Then, with the help of Holder’s inequality, coupled with (H1a) for t = 1, one has

7 C?L2 2LycC
E[(x)] > /\OP"YnJer —4Aopyn +1U(p 2)/pV;52 zlw\VOG’Yiﬂcé V‘uG 2 31+1:Bn+1]E [Vz]

with V), defined in Lemma 6.1 and 9, := v, (n + 1)_‘5 is the upper bound from (H1a) on
P [)\min (An) S /\0] Let

2928
2LycCy,  2L% 22 o (Bhop\ 7
ay = max { < ” —+ ‘uz <4C2 -+ CéC,YC'B) C’YC,B' > C’yv ’ (61)

one has

IE [Vn+1] = <1 —3AopYn1 + ﬂM”lZﬁ_%)’n—&-l) E[Vi] + 4}\0}1’[7n+151(1p_2)/pv§

814 (2 Cle C?
+C§L2vc< e e (62)

"l/l?’}\o 2 2}1/\0

=i

Applying Proposition 6.1, it comes (with analogous calculus to the ones in the proof of
Theorem 3.1)

B V3] < op (- erhonn' ™) exp (2o L )

2a,c2 8A0y07V2/p p=2 @5> N 22%1102; B

. 2 v 4 [ A
(IE [VO]+ am + am 1<rl?<a;;<+1vk k ' 3Aou " 3P n/2)

where V) is given by Lemma 6.1 and 7, /o < 0,/22°(n +1)7%. Setting

2
@) _ 2y —2p 2, 20
K" =exp (2&11\427_2/3_1) (JE (V5] + aor ) (63)
2
2 2’)/ — 2ﬁ ‘ 8/\0pr
Ky’ =exp <2aM2’Y “ 2B 1> PV (64)
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with ay given in (61), a1 given in (62) and V), given in Lemma 6.1, and

@) 227Q]C% @) 22+(P*2)5/P

2 T 3) ot ’ 3 3 VP ’
we finally get

3 / / =2 p2
E [V7] <exp <_§Cv/\014”17> (ng) +K§?2)l<r]£1<ag<+lvk” K705 >

+ Kézl)n_%* + Kéz’)v(tzzj)/pn—a(p—z)/p'

B Proofs of tehcnical lemmas

B.1 Proof of Lemma 6.1 (Nouvelle version)

Observe that since the proofs are analogous, we only make the proof for p > 2, and for the
case where p = 2, if there are some differences in the proof, it will be indicated with the
help of remarks.

With the help of a Taylor expansion of the functional G, one has

-1
Vn+l = Vn — Yn+l (g1/1+1)T An /O VG <9n +t (9n+1 - en)) dt.

Then, applying the inequality

12
(a+h)P <af +pab~1h+ W%)h max(1,2P73)(aP~2 + |n|P~2)

<af +paPth+ p(p — 1)2P 3K (aP 7% + |n|P2)

fora,a+h >0toa = V,and h = —7,1 (g;“)TAn fol(l —H)VG (0, +t (0,41 — 6y)) dt,
one has

1
VI S VE =t (8h1) An || VG O+ 1 (8,01 = 0)) atV] ™!

1 2

p

1
+2"p(p—1) ‘ V1 (g;H)TAn/O VG (6 4+t (Bin — 0,)) dt

Remark B.1. Observe that in the case where p = 2, one has
(a+h)* =a*+2ah +h* =aP +2a" " h+ p(p — 1)2P 312 |n|P 2

the last term on the right hand-side of previous inequality can be considered equal to 0.
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Recalling that since VG is Lyg-Lipschitz, one has

),

0

1
[ =196 (0-+ 1 Buia = 0) | < Lec (164 =011+ 1 D Asl 11
which implies

1
Vi SV = st (8h) An [[ VG @+t (B0 =0 Ve | = (1)
_ 2 2 -
+ 2 2p(p = 1)LV l[hsa [ 1141 (1160 = 011 + ¥ I Aall® sl |*) VI 2} =2 (o)

+ 27 2p(p = DL Al gl 1A (160 = 01 + 404y [ Anl” Ighaa ") } =2 G %)

Furthermore, one has

1
(%) = =pYnt1 (8;1+1)T An /0 VG (6n+t (Onr1—0n)) dvy ™!
= “PTnt+1 (g;wl)T AV G (62) Vi

1
— Pt (g1) An [ (VG B+t (81 —0,) = VG (6,)) V]

Since A, is positive and since VG is Ly-lipschitz, taking the conditional expectation, it
comes, since for all 4,b > 0, ab < %a’” + ijlbp/ (P=1) and with the help of Assumption
(H1a),
-1 2 -1
E[(4)|Fa] € =p1as1VG (62)" AVG (0) VI + 22 AP E [[[gha|* 1] VI
< —pYurtAmin (An) VG 0| VI + EB2 103 (Cr+ Coll6 — 01 ) V2

Cy C 1
< —PUYn+1Amin (An) sz + P7 %H’y%HVf + P %+1’)’%+1Vf

2
CZ Cl( —1 C1
(B2 2 Vi + S

IN

—PV%+1AZ+117§1/2V5 +

with A/, = Adn~*'. We also used Assumptions (A1) on the first inequality and the fact that

16, — 0]]> < %Vn < % VG (6,,)||* on the third inequality. For the same reasons, one has

_ 4C! 2C 4C 2
E [()|Fu] < 2P 2p(p — 1)L3¢ (7ﬁ+lﬁi+l (Ci + ﬂ—er%) + Yai1Bain <71Vn + ﬂ—;V3>> %4

_ 4pC!
< 2P 2(p —1)LGeYni1Pri <2Ci + ((p —-2)Ci + Zﬁ) vf)

_ 2C 2(p—1)C;y  4pC
+ 27 Z(P_l)LZVG’Y%H,B%H <71+< v " S + Z,zz) V;f)
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In a same way, thanks to Assumptions (A1”) and (H1), one has

(p)
_ 2wC
E [(5 % %) |Fa] <2V 2p(p — 1)LPVG’Yn+1 iil <C§p) + y; Vi)

_ 1 2P /1
+2772p(p = DLV ns1Prs ( c' ur (E TV Cé’”) Vf)

Taking the expectation on [E [(*)|Fy] + E [(xx)|F,] + E [(* % x)|F,], applying the latter in-

equalities, it comes

E [Vfﬂ] < max {]E [Vf] 1} (1 — PUAL 1Yl <12 + aP’Y%—&-LB%—H)

with
Cy C1> 5 » 4C), 2C; 4G,
a,:= — 4+ = +2P " (p—1)pL Ch+ —=2 ) +—=—+ ==
p P ( 1 5 p PLvc ;3 1 2 i 12
(p)
-2 p [ 202202 ~(p), 2PC5 p2p-2(1.p 2P (1 [ (p)
(66)
Remark B.2. Observe that in the case where p = 2, one has
2C, 412 812 C 812 .C;
oy =Cp+ =2+ —YEC + o 2 v oCiddd + el 67)

If vy > 1/2, by summation,
E [V}] < 79955 max {1,E [V]]} = V.

If v <1/2, let ng be the smallest integer such that V2. 1P 48 > ppAlyni1. Recording that

n+1

/ CyC3a 7—2/5—A’
Ay = MAy(n+1)~", we have ng = {<;y—’;;> J.Then,

1o
E (V] <exp (z oA + vﬁ) max {1,E [V/]}

n=0
) 1—y—A' 5 1-29+28
CyCiap 72BN CyCRap 7=2p—A
/ 1+<”’M6> 2 2 AN p
<exp | —purpc, | 1+ Y +chcgap [ 1+ 127+ 28 =: V.
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B.2 Proof of Lemma 6.2

Ot
Recall that (A,),;,, = max {1’1’111‘1 {cgnP, (An),y}, Agn™ 7<1/2} with (A,) = \/L(akJrz”‘ll({kv,g(X»H RO
n+1 i=0 1 i+1,/Yi

Since Amin (An) = Amin (Ay) on the event {Amin (A,) < cg}, we have for 0 < t < 1
P [/\rnin (An) < tC'B] <P [Amm (A_n) < tC,B]

1 n—1 ) 1
I T (”k+ 2, (Vi (Xisr,0))0) ) g ?] |

<P

Then, Markov inequality for p > 2 and Jensen inequality yields

P

1 n—1 2 1

p
2p 2p 1 5
<ok | (mps i (w0 B Gt ) |
2p 2 1 d n—1 ) 14
< B | |\ Lt L Ve (K 01

P
< ;P 2pn+1 ((Zak> + Z:llE [thg<Xi+1,9z‘)HZpD :

i=0

Then, using Assumption (A1) and then (A2) we get

1 n—1 5 1

P llr?]gng —— (ﬂk+ ;) (Vig(Xiy1,6i)k) ) > ot
2pp 1 d ' " anl 2p
<@t — (Lo —|—nC1+C2;1E[H0i—0|| ]

i=1

. 1 d P 2C,’,2/n
<cﬁt7”n+1 Zak +nCY + ZIE .

=1

By the bound E [V}/] < V} from Lemma 6.1, we finally get

1 n—1 ) 1 )
E \V4 . . | <o, tP
P [1%ng n+1 (ak i=0 (V18 (i1, 00)) ) ~ Cﬁt} = On

p
1 2PCUVY
vn:cf;’ ((;Dk) +Cf + ;p p). (68)

with
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B.3 Proof of Lemma 6.3

Set Ex = E [th(X,G)ﬂ and 97g(h) = E [V,¢(X,h)?]. Then, by Jensen’s inequality for
p' =2,

+2r !

p

ak
a
n+1+n+1 Z

o oy , 1 n—1
| (An) ] W< T Z(:) Vg (Xit1,0:); — 028 (6:)
i=

Hence, for any x > 0,

—— 1 —— 2 / |1 = v
P [|(An)kk| < ﬂ =P “(An)kk‘ 7 xﬂ <P |3 Y Vg (Xit1,0); — 978 (6)| > ]
i=0

[ ak 1 n_l 2 p/ xzp,
Pr 079(0; .
+ n—|—1+n—|—1§) k8 (0:) >2P’

Set My =0and forn > 1,

n—1
M, = Z th(XZ-H,G,-)% - B%g(()i).
i=0
Then, (M,),>0 is a martingale, and thus by Burkholder’s inequality, see (Hall and Heyde,
2014, Theorem 2.10) there exists an explicit constant Cp/ such that

n

Y (M;— M)

i=1

/2 "
] <Cpn? VY B [ |M; — M|
i=1

E [\MW\V} < C,E [

n—1
<Cym? /1Y E “th (Xis1,0:) — 938 (61)
i=0

PJ

where we used Jensen’s inequality on the second inequality. By Assumption (A1), the

strong convexity of G and Lemma 6.1,

E |:<vhg(xi+1/9i)i - 3%8(91‘));7} <2FE {(th<Xi+1/9i)k)2p} <P'E [thg( i+1,0;) ||2p}

<P clP) 4 oV PR [||9 9”2?’}

/

p
1P o2 A0 Vi
vl + 227Gl I
Hence,
, / , NP
E Ve (Xiz1,0;); — 052 (6; =E M - ,
n+1§) hg( i+1 l)k kg(l) n+1 i — (n_|_1)p/2

(70)
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which yields for x > 0

|

Next, by Jensen inequality,

1

n+1 1)

n—1
Y Vig (Xiv1,0:); — 928 (6;)
i=0

20

/ / , Y4

=4 o c+2r'cy )‘ZZ'

> / /
T (n+1)P/2

/

ay 1 n—1 5 P 1 el i y
n+1+n—|—1§)(akg<9i)) < 1 (!ak!p+§)\akg(9i)| )

Using Assumption (A1) and then strong convexity yields

/

/ ’ , ’ Vp
gz o))" <+ 2L
so that
- v / ' Ap) n-1
ag 1 = 2 (r') a|” | 2P C, 1 P
. < !
n+1+n+1i70(akg(el)) <G +n—|—1+ yp' n+1§)vl '

X2 (P
Hence, for o > (G

1 P oy ' AP ne1 2/
ax 1 & x<P 1 2P C, ' x“P )
P + 92¢(0,)| > | <P |—— | |m|" + 2 VPl > -CF
[n+1 Tl—}—lg k8 (6:) 2 | 7 n+1 |l ub 1;() i Y 1
/ (P/> /
2P C —1ysP
1 IE: |:|le|p + sz/ ?:0 ‘/l :|
“n+1 w2 ~(P)
2v' G
2(1—y)y(y=2B)p
1 vn—1g; — S S 1 1 log(n+1)
By (34) and the fact that ;- };" (i +1) 2= <:at R NN
1 2—y p12(177>277(7772ﬁ)n#1 (n+1) -
and denoting 1=1+ 1 , it comes
1-20=7)r(r=2p)pq
22—y 20-1)1(r=26)p 44
2=y

, ’ zp’C(P/) _ /
1 , 2p’C(P) n-1 ’ﬂk’p + WZ/ 2?:01]]3 [le}
E|lal’ +—0— Y V| =
2PIC(p,) _ . log(n+1) 2P/C(p/) .
<= 2 R, 2 T+ |ae|” + K1 Y exp [ —cquroit =AM (1 = ¢ (i
T ) W et D) R p (et 1-0)
log(n +1)
SM('B) 207 7(1=2P)p pq
(n+1)" 7

44



with forn > 2

op C( r') +00
M(B) = Kol +1+ |al” + Ky ZO exp ((—eypAon' " 1(1 - g’(m)]
Choosing
Ao = [2?’(C§P') + 1)}2%/ (72)
yields then
o

>

op’ 21—y v(z 2)p a1

+1)" =

.t

Putting the latter inequality with (69) and (71) gives then

g 1 AN M) log(n+1)
+1+n+1§)akg<91) o )

d
P [Amin (An) < Ao] < Z [[(An) | < Ao
; ’ , /Vl”/
d2v <c§” ) porcly )y—*;,>

(P 4 1ynr'/2

dM(B)log(n + 1)
— (n +1)2(1 )7 (7 2)p Aq
volog(n+1)

— 2(1—y)y(y=2B)p
(n+1)" =+ M

with )
f ’ , ’ VP
d2v <c§” ) o cép)ﬂ—g,>

vo = dM(B) + T
cl¥) 1

Since IP [Amin (An) < Ao] <P [Amin (An) < Ao], the result is deduced.

B.4 Proof of Lemma 6.4

Set Ex = E [Vh (X,G)i] and 9?g(h) = E [Vj,(X, h)?]. Then

—— Z Vg (Xit1,0:); — %8 (6)

I [((A_n)kkz - Ek‘p/] <2V 'E {

p']

Lo -1E ap — Eg n 1 Z:l(a g(6;) — Ex) ’
n+1 n+1 koM '
By (70),
, ’ , / 14
! nilv Xii1,0,)* — %< (0 ' <2p'c§p)+2pcép)%
n—+1§, 18 (Xiv1,0:)p — kg (0i)| | < CESE
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Next, by Jensen inequality,

ak—Ek 1 n_1 2 p, 1 ’ n—1 2 p/
E 71 T ard g(akg(ei)_Ek) S—n+1 ((ak—Ek)P +§)1E[|Bkg(9i)—Ek‘ })

Using Cauchy-Schwarz inequality, Assumption (A1’) and then Assumption (A1) yields

E |93 (6) ~ E"] = E “E V18 (81 X0 = Vg (6,X)7 16 H

<E [[E[(V1g (6, X); = Vg (6, X)) (Vg (81, Xy + Vg (6,X);) 101"

2 p'/2 5 p'/2
<E|E |(Vig (0, X)e = Vig (0,X))7 16:] B | (Vag (6, X) + Vg (60, X)) 6]
'j2—17p'/2 / '/2 '/2 /
<2 2ILLE [[l6; - ol1Y (2¢) 7 + b 1o — 0117

/ / , / /
o' [P /2cP /2 23p'/2-1F /2 P'/2
! 2 !
Vs 1 JE[Vf/Z]Jr : VgJE[Vﬂ
ur'/2 P
2p/LPI/2CP//2 23;7'/271(:5//2[]’//2

Vg +1 Vg
‘up//z \/C_l + ‘up/ Ci,

where ¢; is given in (34). Putting all the latter bounds together yields, using that E;, < Cj,

1 n—1 ) v
E +n+1§)(akg(9i)—Ek)

_ ' p/2mp'/2 3p'/2-1P' /270 /2
1 D o on=1 (2P LRIEC 239 /271 P
= F 1 2 (ak + Cl ) + i§:0 ( ‘up//z \/C_l+ ]/lp/ Ci .

ar — Ex
n+1

Hence, noting that V}, < co by Assumption (A1’) and Lemma 6.1,

’ ’ p’
C%P ) + ZP/Cép ) Vp, -1 1 2p/Lp’/ZC;o’/z 23?’//2*1(:7)//214;7//2
plfl ub p/*l p’ p/ Vg 1 - 2 Vg )
<2 " —— 2P a +Cy)+ i§:0 T Ve + o all,

i=cy

A=1r(r=28)p

with, by (34), ¢, = O (log(n)n[ 2 Al} ) Since by (A6) we have E; > a, we deduce
by Markov’s inequality that

P (&) < varz) = P [(&)} <w/2) < B || (A - 1] <
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Hence, we have

IE [(An)ik] =E {1(/1”)kk>\/§ (A”)ik] +E {1(/1”)kk<\/§ (An)ik]

<E |10, 0y 25™] + B 107 <y
2V cAnte, 4
<cin'fPp [( D < Va/2 ]+_ LT 4

a2 at’ a2

A=1)7(r=2)p A1

Since ¢, = O log(n)nf[ 27 }> for B < W A 1 wehave [w A 1] -
4B > 0 and thus
w(B) = sup ¢;n*f < 400,

n>1

and finally
4 d 4 4
E[ll4.)] < Y E[(A0h] < cd

with )

2P cgw(B) 4

4 _ B x
CS - [ od”/ + o2 (74)
B.5 Proof of Lemma 6.5
First, we have by (A6’)
— -2 1 2 2
E [((An)kk) } =E p— Y Vg (Xis1,0i)i| = ZIE [th( it1, )k} > a.
i=0
Then, as in the proof of the previous lemma,
2 / ;) 4V2
n—1 1 n-l G+ G#
. N2 . )2 < i
E ! ] ;} th (Xz+1/91)k n+1 lg(;) E |:th (Xz+1/91)k] < "
Hence, by Markov inequality,
2
__ ) 1 n—1 2 0‘2
P [(Aw) < as2| <P ||— Z Vig (Xis1,00f — 5 L E [Vig (Xen, 03] | > 5
i=0

<4(c;+cg4yl§)‘

na?
We deduce as in the previous lemma that

4V
s(C+atE) 4
nl—4Pg2 + a2

E[(Anh] <chn®P (@), < var] + 5 <

47



When B < 1/4, we finally get

E [14Y] < L E[(a0k] <t

k=1

with ,
. 41+ + i)
Cs = " ) (75)

C Proof of technical Lemma and Propositions for linear regression

C.1 Proof of Lemma 6.6

1 <
<
“—n+1

P [/\mm <§,;1) < /\} [Hs | > 1//\} <P

Remark that

Sy

X; )s%(|\so||+i_ilrrxiu2).
(rrso\\+;||X||2>>A ]

% <HSOH - ; (IXilP* — & [||X||2])> > E [ X]7]

Hence, for A > 0,

Taking Ao = (2E [||X||2])7l yields then

P [Amin <§,;1> < /\0] <P

Taking the p-power, applying Markov inequality and then Rosenthal inequality yields that

PP %(HS()H—Fi(HXiHZ_IE [HXHZ])> > E[[1X]7]

(3 (s

Y- (1%~ E ] ])D)p>(lE[||X||2]>”

<P
=1

n p
< E <”5°”+ Y (Pl - [Hxﬁ))
1
< gy (COm PENZPT+ oy (B [12F))" + 5ol n ),

with Z = || X[ = E [|| X]]?].
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C.2 Proof of Lemma 6.7

By definition of S, S, = S, on the event T, = {Amin <§n> >

L} Hence, for the same Ag
cﬁnﬁ

as in Lemma 6.6,

P [Amin (s‘,;1> < /\0] —P [Tn N {/\mm (§,;1) < Ao}] +P[T¢]
<P [Amm <§;1> < /\0} FP[TY. (76)
By Lemma 6.6,
P [Amin <§,;1> < /\0] <%, (77)
with 9, given in Lemma 6.6. Then, for n > ng, where ng is defined in (37), we have n >

-1/
<L (”—H)) Ve ,and thus —02 > — ﬁ 5. In particular, on the event {Amm (— i XZXZT) > 02},

Cpe2 n
we have

R )

Hence, for n > 1y, {Amin ( % Y7 1X:XT) > c2} C T, and thus by Proposition 6.2 and the
fact that n > c1d,

P[T;] <P

Amin < ZX X; ) < c2] < exp(—czn). (78)
Using (77) and (78) in (76) yields then
——1 -
P [Anin (31) < 20| < 00 +2exp(—can)
for n > ng. The statement of the lemma is then a rewriting of the latter inequality.

C.3 Proof of Lemma 6.8

Since we have

10 _ s 51 .
1,11 = min {185 B} = mm{ AR LR /3}
for cy, ¢z, c3 given in Proposition 6.2, n > c1d and ¥ > 0,
E [HS_;;lHK} < B AP [Amin (Sn) < 2] + 65 < 2B 1exp (—can) + ¢, "

Since S, = +1 (SO +Yr XZXZT) and Y/ 4 Xin-T > 0, we have 5, > n+150 and thus
1S < 115 < (n+1)||501|| for n > 1. Hence, for n < c1d, ||S; ]| < (cid+1)||Sy Y and
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we finally get the result.

C.4 Proof of Proposition 6.3

Recall that B, = cgnP. Since,for k > 0, the map g : t — (cgtP)* exp(—cst) is bounded from

above by cj (C%) ﬁK, we get

[H o 1”K:| K .BK pr K
sup E |||S; < 2c <—> +c k.
nzc}l-)d § B ecs 2

Taking into account the case n < c1d yields then

c—114 4 4ﬁ # —4 —1 4
sup E |[|;1*] < max{2ch (== )+, [(ad + 1) IS57] ¢

n>1 €3

C.5 Proof of Lemma 6.9

First notice that

Under hypothesis of Proposition 6.2,

E;l(H—En)H*H < ( .

n

S

-] -

P [Amin (Sn) < c2] < exp (—c3n)

for n > c1d. Since ||5, 1| < |5,

, Amin (S1) = Amin (Sn) and thus we also have
P [/\rnin (Sn) < Cz] <exp (—C31’1)

for n > ¢1d. Hence, for n > ny,

E “ 5;1 _H_le} =E |:1/\mi_n<§n)<(:2 5;1 _H_le} +E |:1/\min<§n>>cz 5;1 —H_le}
<G ez I5e =17 + o 15— .

where we used on the last equality that for n > ng, S, = S, on the event {Amin (S, > c2)},
as in the proof of Lemma 6.7. The first summand can be bounded using Holder inequality

50



with%+ql:1andq’:p/2as

— — / _ ! 1/11
E |1, (5.)<e 55 = HI’| <P [min (54) < ca] ""E [|[Ss - H|| |

<exp(—c3(p—2)n/p)E [HS —H|| ]Np

Using the upper bound on H and the convexity inequality (a + b)P < 2P~1(a? + bP) yields
the rough bound

(|5~ HIP)" < [([Sa]) + 1m0 <2227 (B[Sul] + m)
§4max{Amax, [EIHE }

Since X admits moments of order 2p, we get

E[I5.]7] < (12 Hxi|\2>p

E (1, (5, [0 = HIF] < dexp (—es(p = 2)n/p) max {A5a, (B [IXIP7])"}

= dexp (—c3(p — 2)n/p) (E [|x]2])*"

< (B [I1x)17])" 2.

We hence get

For the second summand, using the relation between Frobenius norm and operator norm

yields

E||[S, — HIf| <E [[5. — ]|}

2
< ﬁ IS0 — HIIZ + (njl)zlE ké <XkaT_]E {XXTD J
— g Iso= HIE+ B | - [xx]
< (nfnz IS0 — HH%+ [HXH ]

Putting all the above bounds together yields the bound of the statement.

D Proof of technical Lemma and Propositions for generalized lin-

ear model
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D.1 Proof of Lemma 6.10

With the help of inequality (8), it comes

= 1 Ly,
< -
19011 € g IS0l + 525

n U-d n
1% + —— Yo lzi|>.
= n+1 =

with Z; = ejjg41.- Then, a similar proof as the one of Lemma 6.7 yields that for Ag =

(2L [Ix7] +20) ",

n

S Ly ¢
U0l Bor s (o~ [1x17] ) + £ 3 (12402 1) > Lo [I1X]7] +]
i=1 i=1

P [Amm (?; 1) < /\0]

P

Then, by Markov inequality for p > 1, we then get
p
E [ (3180l + 22 Lo (1607 —E[IXI7)) + o (17 - 1))
(LviE [|IX]3] + )"

- (5 1Sall? + Ca ()7 [|TP) + Calpn "2 (E [ITI])""2),

P [/\min <§;1> < /\0} <
2r—1

5 (Lo [I1X]7] +0)

with T = Ly, ([[X[[* = E[[IX[P*]) + o (112]* - 1).

D.2 Proof of Proposition 6.5

One directly has for all n > 2d

|n/dlc _n+1—d 1
it 1) = dint1) = 2d

501H} :

Amin (gn) >

ag,
and S, > zl—dSo forn < 2d — 1, so that

51

sup ‘

‘ < 2d max {1,
n>1 o
D.3 Proof of Proposition 6.7

Let us denote

n—1

_ 1
H(6,) = E [vﬁz <Y, egx) XXT] and H, = (so + Y. V2 (Yigr, (6, Xi11)) x,-HXl.TH) .

i=0
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One can decompose H,—H(0,) as

— 1
Hy — H l+l/ 01/ Xz+1>) Xi+1XL.1 + n+ 150 —H (0 )
+ l+l/ 01/ Xz+1>) Xi+1XL.1 —H (01)
1 1
H(6;) — H (6 — —H(6y)).
—%+1§<<» (0)) + 5 (S0 — H (6))

Let us now give a rate of convergence of each term on the right-hand side of previous equal-
ity. Set Mn = ?:_01 (V%g (Yi+1,9iTXZ'+1) Xz+1XZ+1 H(Gz)) Since [E [V%g (Yi+1,9iTXZ'+1) Xi+1Xi]:r1’]:i] =
H (0;) , where (F;) is the o-algebra generated by the sample, i.e F; := 0 ((X1,Y1),...,(X;, 7).

Then, (M, ),>1 is a martingale and thus

C +1 ke 1M ?] < ﬁ 2:115 M (V3¢ (Yirn, 07 X1 ) Xina XPy —

)H] wmwmu

It then remains to handle ;15 Y/ L (H(6;) — H (6,)). With the help of Assumption (GLM1),

one has

1 n—1
E
!n—i—l

k——;uﬂm—

2 17’1—1 )
6:)|| | < L E|IH(@E) - H(6)I]
i—0
L2 n—1 LZ n—1
<VLYNE |6 — 6, < 2L Y vicim
n l;) [ ! ] on i; !

with v; gLm defined in Proposition 6.6. Then, since

2 2
do & do & do
n .Z;ei[d]“eiT[dHl ol =5 ; €la) +181g41 T < bJ —‘7> Iy
i= i=d|
and
2 2 ? 2 2 4.2
d=o ! T o n ! T 2 do
x| 2 ewncn| <5 (n=d[G]) B eyl <55
k=d| ] k=d| 4
it comes
S 2_ 4 ], L i 1 164402
[Sn = Ho|” < o (LZVIE [HXH } + YTZL ;)Ui,GLM+ EHSO —H6,) ]+ 3
1=

Now, notice as in Lemma 6.9 that

| =]

1

S, —H,! '

=5l ||H5
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which yields, thanks to Proposition 6.5

ellls - 5=1f] < Seg ()5, - B, 2
‘n_tr‘ ) [H”_ ‘TH}’
i.e one has
2 2 n1 402
IR I To- S A g IRy 1 )\ 16d4C
E [1 5, —H7!| ] < —4 (Lwﬂa X + =25 X osuna+ IS0 —H (60) IF | + =%
(79)
E How to verify (GLM3) for the logistic regression
Remark that 6, is the unique solution to E [V, ¢ (Y, X76,) X + 0f,] = 0, so that
2
E “vhz (Y, XT90> X +a(90)k‘ } — Var [vhz <Y, XTGU) Xk] .
For the logistic regression, we have Y € {—1,1} and V,I (Y, X76,) = W*_YYGTX), and
thus we need to get a lower bound on the variance of X forall 1 < k <d. To

1+exp(—YOlX)
guarantee Assumptions (GLM3), we impose a minimal randomness on (X, Y) given by the

existence for all 1 < k' < d of ¥ (Y, X;,i # k') measurable bounded by M and an event
Aco(Y,X;,i#K)withP[AN{|X;| <M,1<i<d,i#k'}]>nandc e > 0such thaton
A we have

P [Xk/ > X 4o, X, i # k’] >¢ and P [Xk/ A k’] > e

m is monotonic for all « € R and C!, there is v o(Y, X;,i #
k) measurable and c¢(M||6,||) explicitly depending on M||6|| such thaton B := AN {|X;| <

M,1<i<d,i#k},

In particular, since u —

I —YX, o]
P T exp(—YOTX) > Y+ c(M||6|)|Y, X;,i # k_ > €,
and _ vx .
— k .
]P _1+exp(_Yegx) < yk C(MHGUH)’Y/XZ/Z 7& k- > €.

We deduce that on the event B we have

—Y X , )
. > .
Var |:1 +eXp(_Y9ng) ’Y/Xz,l # k:| = 2€C(MH9(7||)
Hence,
=YX —Y Xi . ’
Vi > E |15V, Y, X; k|| >2 9
“ 1+exp(—Y9§X)} - [ pvar [1+exp(—Y9§X)‘ X i F H > 2nec(M|6c1])",
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and we can choose
Ky = 217€C(MH9¢7H)2.

F Counter-example for the quadratic convergence of the stochastic

Newton algorithm without regularization

We show here that even in the simplest case d = 1, stochastic Newton algorithm may
not converge in quadratic mean. Suppose that we define here the naive Newton adaptive
matrix A,

1 < ”il ) -

n+1 i=0

Recall that is known (Boyer and Godichon-Baggioni, 2020) that 8,, converges almost-surely

n:

to the minimizer 6 at speed n=7 for y € (1/2,1).

Counter-example with V¢ almost everywhere defined

Set ¢((x,y),0) = (x0)> +y|0]6 and let (X, Y) be a random vector with independent coordi-
nates such that X ~ Ber(1/2) and P[Y = 1] = P[Y = —1] = 1/2. Then, G(6) = E [X?] 6* +
E[Y]|6]6 = 62/2 and we have Lebesgue almost surely V,¢((x,y),h) = 2x*h + y|h] and
V2g((x,y),h) = 222

Letn > 1. Then, P[X; =0,...,X, =0,Y; = —1,...,Y, = —1] = 272" and on the event
{X1=0,...,X,=0,Y1 =—-1,...,Y, = —1}, as long as 6y ¢ N for all k > 0 (which will be

temporarily assumed),
1

1 = 1
Al =1 <1 + gZXm) =1
Hence, Ay = k and (k)1 <<, is defined recursively by
Ok = Ok 1 — YAk [Ok—1] Yk = O 1 + ki [ Ok—1]-
If vx = k=% for some & < 1, we then have ky; = k!~%, and thus for 6y > 1
O > (14+Kk'7%/2)0;_1.
We deduce that 6, > [T}_;(1+k'=%/2) > (n!)}=*27". In particular,
E [||6, — 6o]]*] >273"(n)17* == oo

when 6, ¢ N for all k > 0. Since for each k > 1, 6 ¢ IN for almost every 6y € (1,2], the
latter hypothesis holds for Lebesgue almost every choice of 6y €]1,2].
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Counter-example with V¢ continuous

Let f be such that f"(6) = 17.)_1,31/3, and set g((x,y),0) = (x6)* +yf(6). Let (X,Y) bea
random vector with independent coordinates satisfying X ~ Ber(1/2) and Y ~ U([—2,2]).
Then, G(0) = E [X?] 6 + E[Y]f(6) = 62/2 and V,g((x,y),0) = 2x20 + yf'(6). Then,

Ap =1,
k

_1_
A Ck+1

(Al +2XE + f (6k-1) Ye)

fork > 1 and
0, =0,-1 — Anfl')/nvhg((xn/ Yn)/ enfl) =0,_1— An,17n(2X,‘%9n,1 + Ynf/(enfl))

Set 0 = 3/2 and yx = k™7 for k > 1, and consider (X;, Y;)o<i<, satisfying the following

conditions:

e X;=0foralll <i<n,whichyieldsP[X; =0,...,X, =0 =2"and forall k > 1,
Ok = Ok—1 — Ar—17kYif (6k—1).

* 6;_1 being known, Y} € m ((Z+]1/3,2/3]) — 6k_1) N [-2,—1] := Ty (re-

mark that T will be shown to be non-empty).
Lemma F.1. The following facts hold for k > 1.
1. 6 > k+1,
2. Ak=k+1,

3. with ¢ denoting the Lebesgue measure,

1
‘ ('YkAk—lf'(Gk_l) (Z+11/3,2/3[) = 6-1) N [-2, —1])> >1/6.

Proof. We will prove those three facts by induction on k > 1. For k = 1, we have Ay = 1 =
land f'(3/2) = 1so that 6; = 3/2 — Y;. Since

1

T=—
YT Aoy f (60)

((Z4+]1/3,2/3]) — 6,_1) N [=2,—1] =(=3/2 + Z+]1/3,2/3[) N [-2, —1]
=]-7/6,-1]U[-2,—11/6],

¢(Ty) > 1/3. On the other hand, for Y; € Ty, 0; >3/2+1 > 2.
Let us show the induction. Set k > 2 and suppose the result is true for I < k — 1. Then
0, € Z+[1/3,2/3] forall I < k, which implies that A;_; = k — 1. Hence,

Ok = Ok—1 + k' TYif (Bc-1).
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By induction, 6;_1 > k, and since f'(8) > 6/2 for 6 > 0,

Ty = ((b+aZ+a]1/3,2/3]) N [-2,—1]

k2
> 1/6. Finally, for Yy € Ay we have Y, < —1 so that

witha = 1/ (A7 f' (6k-1)) < #2 < land b = —6;_1/a. We deduce by pigeonhole
principle that /(Ty) > 1/3 — 3 - 4

9k2k+%k2‘72k+1.

By the previous result,
PXg=--=X,=0Y1€Ty,....Y, €T, >27"-6"=127".
Moreover, from what we showed previously, on this event we have for1 <k <n
O = Ok 1 — YeAr_17if (Ok_1) > 01 +K77/2 > 01k 7 /2.
We deduce that 0, > 6;_;(k —1)1=7/3 > (n!)2~7/2". In particular,
E [||6, — 60]*] > (n!)?77/24" "= o0,

Remark that the latter result can be easily adapted to get a counter-example with ¢ as
smooth as desired.
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