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AN UNCONDITIONALLY STABLE FAST HIGH ORDER METHOD FOR1

THERMAL PHASE CHANGE MODELS∗2

WEIWEN WANG1 MEJDI AZAIEZ1,2 CHUANJU XU1,3
3

Abstract. Thermal phase change problems arise in a large number of applications. In this

paper, we consider a phase field model instead of the classical Stefan model to describe phenom-

ena, which may appear in some complex phase change problems such as dendritic crystal growth,

phase transformations in metallic alloys, etc. Our aim is to propose efficient and accurate schemes

for the model, which is the coupling of a heat transfer equation and a phase field equation. The

schemes are constructed based on an auxiliary variable approach for the phase field equation and

semi-implicit treatment for the heat transfer equation. The main novelty of the paper consists in:

i) construction of the efficient schemes, which only requires solving several second-order elliptic

problems with constant coefficients; ii) proof of the unconditional stability of the schemes; iii) fast

high order solver for the resulting equations at each time step. A series of numerical examples

are presented to verify the theoretical claims and to illustrate the efficiency of our method. As

far as we know, it seems this is the first attempt made for the thermal phase change model of

this type.

1. Introduction4

Phase change problems are widespread in mathematics, nature, science, and their applications5

including the phenomena of melting and solidification in materials science. One of the main6

difficulties in simulating phase change problems is due to the presence of moving boundary. A7

classical treatment of the moving boundary is the Stefan model which was named after J. Stefan,8

who introduced the general class of such problems in 1891[30]. The Stefan model requires to9

determine the temperature U1(x, t) and U2(x, t) of the solid and liquid phases. Using the the10

position x = y(t) to represent the boundary between the phases, the problem writes11

λρ
dy

dt
=
(
k1

∂

∂x
U1 − k2

∂

∂x
U2

)∣∣
x=y(t)

, (1.1)

where λ is the latent heat of crystallization per unit mass, ρ is the density of the material in its12

original phase state, and k1 and k2 are the coefficients of conductivity corresponding to the solid13

and liquid phases, respectively [22]. The above classical Stefan model aims to describe the free14
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boundary problem that occurs during solid melting or liquid solidification, such as the dendritic1

solidification problem [4, 13, 23] and the phase transformations in metallic alloys [24].2

Roughly there are two categories of methods used to solve moving boundary in thermal phase3

change problems, namely front tracking methods and implicit methods. Crank [7] first proposed4

front tracking methods using an explicit representation of the interface and proposed an elaborate5

collection of numerical methods. Juric & Tryggvason [13] used a fixed grid in space to calculate6

temperature and a moving grid on the interface to calculate interface heat sources. Later on,7

Segal et al. [24] suggested an adaptive grid method. The comparison results of the fixed grid8

and the adaptive grid is given by Murray & Landis [19], and they showed that the fixed grid9

method gives a more precise heat distribution in the entire domain, whereas the adaptive grid10

algorithm captures the interface position more accurately. Since the front tracking methods use11

explicit representations, it is natural that implicit methods can be applied as an improvement.12

Among all implicit methods, the three most commonly used are the enthalpy method, the level13

set method, and the phase field method. The enthalpy method proposed in [7, 18] introduces the14

enthalpy function which measures the total heat of the system. Lam et al. [14] extended it to15

solid-state phase transformations with simple conditions on the moving boundary. Also the level16

set method, firstly introduced in [21], has gained great popularity in solving moving boundary17

problems, and now it has been generalized to many problems, see, e.g., [1, 4, 20, 25, 31]. The18

main idea of this method is the introduction of the level set function to capture the interface19

position as its zero level set.20

Nevertheless there are some important phenomena which can not be captured by the classical21

Stefan model such as dendritic crystal growth and the fusion and joining of materials. Fix [11],22

Collins & Levine [6], Langer [15], and Caginalp [2] introduced phase field model which was then23

extensively applied to phase transformation problems. In a phase field model, the phase-field24

variable [16] is introduced firstly, which is a continuous scalar function of time and space, usually25

taking values between -1 and 1 or 0 and 1. In addition, the domain can be parameterized by26

the phase field function which is equal to a fixed constant in each phase, smoothly but usually27

rapidly varies within the two phase values in the interface. The most commonly used phase field28

methods in the literature are based on the Kobayashi potential [32] or based on the Caginalp29

potential [17], and the discrepancy between them is that the free energy is defined by different30

methods. Fabbri & Voller [10] compared these methods in detail. Caginalp [3] performed an31

asymptotic analysis for the phase field methods to test whether the phase field solution converges32

to the sharp interface problem and to determine the parameters appearing in the model equation.33

In this paper we consider a phase field method for solving thermal phase change problem. With34

the assumption that the material is in region Ω and ∂Ω represents its boundary, we heat or cool35

the material from ∂Ω at the temperature T0. Then we introduce u = u(x, t) = T (x, t)−Tm as the36

difference of absolute temperature T (x, t) and phase transition temperature Tm of the material.37

Here we choose the value of φ between -1 and 1, where -1 means the solid state and 1 means38

liquid. Based on the phase field approach [16], the problem can be written as39
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
τ
∂φ

∂t
= −σ,

σ = −ε2∆φ+ F ′(φ)− 2ρc

L
u,

∂u

∂t
= K∆u− L

2ρc

∂φ

∂t
.

(1.2)

subject to Neumann or Dirichlet boundary condition or any combination of these boundary con-1

ditions. Here the parameter ε represents the sharpness of the free boundary which is proportional2

to the surface tension, τ is related to the relaxation time to equilibrium, ρ is the density, c is3

the specific heat, L is the latent heat liberated or absorbed during phase transition, K is the4

thermal conductivity. F (·) is a potential functional which is nonlinear usually. Taking the L2
5

inner products of the above equation with −∂φ
∂t ,

∂φ
∂t , and (2ρc

L )2u respectively, we obtain the energy6

dissipation law:7

d

dt
E(φ, u) = −

∥∥∥∥√τ ∂φ∂t
∥∥∥∥2

−K
(2ρc

L

)2‖∇u‖2, (1.3)

where E(φ, u) =

∫
Ω

(
ε2

2
|∇φ|2 + 2

(ρc
L

)2
u2 + F (φ)

)
dx is the energy function, ‖ · ‖ stands for the8

standard L2 norm.9

Therefore, the model can be considered as a heat equation coupled with a Allen-Cahn equation.10

The first two equations in (1.2) are expressed in the form of gradient flows. There are several11

popular numerical approaches to construct stable schemes for gradient flows. Among them, the12

first approach is the convex splitting method which appears to be introduced in [8] and popularized13

by [9]. The main idea is to split the free energy density F (φ) into two convex functionals, namely,14

F (φ) = Fc(φ) − Fe(φ) with F ′′c (φ), F ′′e (φ) ≥ 0. Then the first order scheme can be constructed15

with the nonlinear term F ′(φ) approximated by F ′c(φ
n+1)− F ′e(φn). It is unconditionally energy16

stable and uniquely solvable, and at each time step it will lead to a convex minimization problem.17

It is believed there is no general functional splitting to construct unconditionally stable higher18

order schemes. In addition to the convex splitting method, stabilized linearly implicit approach19

[29, 40] was also widely used. In order to balance the explicit treatment of the nonlinear term, the20

key is to introduce an artificial stabilization term. The main advantage of the stabilized scheme is21

its effectiveness and simplicity, particularly when fast Poisson solvers are available [35]. However,22

it will result in additional accuracy issues and may not be easy to construct unconditionally stable23

schemes of second order. Later on, the invariant energy quadratization (IEQ), was proposed in24

a number of papers [33, 34, 38, 39]. It is a generalization of the method of Lagrange multipliers25

or of auxiliary variable. The IEQ approach has proven to be a powerful framework to construct26

second order unconditionally stable schemes. It is applicable to a large class of gradient flows and27

some dendritic crystal growth models [36, 37]. Recently the so-called scalar auxiliary variable28

(SAV) approach was introduced in [27], which takes the advantage of the IEQ approach while29

overcomes some of its drawbacks [28]. The SAV approach has been found to be a quite general30

tool to construct efficient schemes with fewer restrictions on the energy functionals for various31

equations [5, 12].32

The goal of this paper is to design efficient methods for numerical solutions of the thermal33

phase field model. The proposed methods are based on an auxiliary variable approach for the34
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time discretization and spectral method for the spatial discretization. Our main contributions1

in this paper are threefold: (i) An unconditionally stable method for the time discretization2

of the heat and Allen-Cahn coupled equation modeling the thermal phase change, which to our3

knowledge is the first of its kind. (ii) A fast spectral method for the spatial discretization, together4

with the detailed implementation technique. (iii) Stability analysis of the proposed method and5

numerical validation of its efficiency.6

The paper is organized as follows: In Section 2, we propose some first and second order7

schemes based on an auxiliary variable approach for the thermal phase field model, and prove the8

unconditional stability for the proposed schemes. In Section 3, we present the full discretization9

using the spectral method for the spatial approximation and describe the fast solver. Numerical10

experiments are given in Section 4 to validate the proposed schemes. Finally, the paper ends with11

some concluding remarks in Section 5.12

2. Construction of the schemes and stability analysis13

Throughout this paper, we assume E1(φ) :=
∫

Ω F (φ)dx is bounded from below, i.e., there

always exists a non-negative constant C0 such that E1(φ) +C0 > 0. This assumption is generally

true for the free energy of many physically interesting models. We now introduce the scalar

auxiliary variable as follows:

r(t) =
√
E1(φ) + C0,

Then the model (1.2) can be rewritten as:14 

τ
∂φ

∂t
= −σ,

σ = −ε2∆φ+
r(t)√

E1(φ) + C0

F ′(φ)− 2ρc

L
u,

dr

dt
=

1

2
√
E1(φ) + C0

∫
Ω
F ′(φ)

∂φ

∂t
dx,

∂u

∂t
= K∆u− L

2ρc

∂φ

∂t
.

(2.1)

Taking the inner products of the above with −∂φ
∂t ,

∂φ
∂t , 2r and (2ρc

L )2u respectively, we obtain the15

modified energy dissipation law:16

d

dt
Ẽ(φ, u, r) = −

∥∥∥∥√τ ∂φ∂t
∥∥∥∥2

−K
(2ρc

L

)2‖∇u‖2, (2.2)

where Ẽ(φ, u, r) =

∫
Ω

(
ε2

2
|∇φ|2 + 2

(ρc
L

)2
u2

)
dx + r2.17

It is readily seen that according to the definition of the auxiliary variable r(t) there is no18

essential difference between the energy laws (1.3) and (2.2) since the energy E(φ, u) and Ẽ(φ, u, r)19

are essentially same up to the constant C0. This is a natural result since the reformulated equation20

set (2.1) is strictly equivalent to the original equation set (1.2). However, as we are going to see,21

at the discrete level the energy dissipation law will take the form (2.2) rather than (1.3).22

In this section, we propose three schemes and carry out the stability analysis for each of these23

schemes. Let n = 0, 1, . . . be the time step, δt be the time step size, tn = nδt.24
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2.1. A first order scheme. We begin with constructing a first order scheme based on the

reformulated system (2.1) as follows:

τ
φn+1 − φn

δt
= −σn+1, (2.3a)

σn+1 = −ε2∆φn+1 +
rn+1√

E1(φn) + C0

F ′(φn)− 2ρc

L
un+1, (2.3b)

rn+1 − rn

δt
=

1

2
√
E1(φn) + C0

∫
Ω
F ′(φn)

φn+1 − φn

δt
dx, (2.3c)

un+1 − un

δt
= K∆un+1 − L

2ρc

φn+1 − φn

δt
, (2.3d)

where φn is an approximation to φ(tn). Intuitively, this is a first order scheme since it is a1

combination of the first order (at least) discretizations to different terms of the equations. However2

a rigorous proof of the convergence order remains an open question. Instead, we will provide a3

proof for the stability of the scheme, and the convergence order will be verified through the4

numerical experiments to be presented later on.5

Theorem 2.1. The scheme (2.3) is unconditionally stable in the sense that the following6

inequality holds for all n = 0, 1, . . . :7

ε2

2
‖∇φn+1‖2 + 2

(ρc
L

)2‖un+1‖2 + |rn+1|2 (2.4)

−
[ε2

2
‖∇φn‖2 + 2

(ρc
L

)2‖un‖2 + |rn|2
]
≤ −δt

[∥∥∥∥√τ φn+1 − φn

δt

∥∥∥∥2

+K
(2ρc

L

)2‖∇un+1‖2
]
,

which means the solution remains bounded during the time stepping.8

Proof. By taking the inner products of (2.3a)-(2.3d) with−φn+1−φn
δt , φ

n+1−φn
δt , 2rn+1, and (2ρc

L )2un+1

respectively, we obtain:(
τ
φn+1 − φn

δt
,−φ

n+1 − φn

δt

)
=
(
σn+1,

φn+1 − φn

δt

)
,(

σn+1,
φn+1 − φn

δt

)
=
ε2

δt

(
∇φn+1,∇(φn+1 − φn)

)
+

rn+1√
E1(φn) + C0

(
F ′(φn),

φn+1 − φn

δt

)
− 2ρc

L

(
un+1,

φn+1 − φn

δt

)
,

2rn+1(rn+1 − rn)

δt
=

rn+1√
E1(φn) + C0

(
F ′(φn),

φn+1 − φn

δt

)
,

1

δt

(2ρc

L

)2
(un+1 − un, un+1) = −K

(2ρc

L

)2
(∇un+1,∇un+1)− 2ρc

L

(φn+1 − φn

δt
, un+1

)
.

Combining the above four equalities and using the identity9

2(ak+1, ak+1 − ak) = |ak+1|2 − |ak|2 + |ak+1 − ak|2, (2.5)
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we have1

ε2

2δt
(‖∇φn+1‖2 − ‖∇φn‖2 + ‖∇φn+1 −∇φn‖2) +

1

δt
(|rn+1|2 − |rn|2 + |rn+1 − rn|2) (2.6)

+
2

δt
(
ρc

L
)2(‖un+1‖2 − ‖un‖2 + ‖un+1 − un‖2) +K(

2ρc

L
)2‖∇un+1‖2 = −

∥∥∥∥∥√τ φn+1 − φn

δt

2
∥∥∥∥∥ .

Then dropping some uninfluential positive terms, we get immediately the desired inequality (2.4).2

�3

The proposed scheme is unconditionally stable as proved in Theorem 2.1. However it can4

not be said efficient unless it can be implemented efficiently. We will see that, even though the5

coupling terms are treated implicitly in the scheme, the resulting equations can be formulated6

into decoupled equations with constant coefficients to be solved at each time step. To see that,7

we first formally obtain un+1 from (2.3d):8

Aun+1 =
1

δt
un − L

2ρc

φn+1 − φn

δt
with A =

1

δt
I −K∆. (2.7)

where I is the identity operator. Then we eliminate σn+1 from (2.3a) by using (2.3b), (2.3c) and9

(2.7), yielding10

τ
φn+1 − φn

δt
− ε2∆φn+1 + bn

(
rn +

1

2
(bn, φn+1 − φn)

)
=

2ρc

L
A−1

( 1

δt
un − L

2ρc

φn+1 − φn

δt

)
, (2.8)

where

bn :=
F ′(φn)√

E1(φn) + C0

.

A−1 is the inverse of A subject to the homogeneous Dirichlet or Neumann boundary condition.11

Furthermore, reformulating (2.8) gives12 ( τ
δt
I − ε2∆ +

1

δt
A−1

)
φn+1 +

1

2
bn(bn, φn+1) (2.9)

=
1

δt
(τI +A−1)φn + bn

(1

2
(bn, φn)− rn

)
+

2ρc

Lδt
A−1un.

Denoting the right hand side in (2.9) by gn, then solving φn+1 from (2.9) can be done in three

steps as follows:

1) Solve φn+1
1 from the equation( τ
δt
I − ε2∆ +

1

δt
A−1

)
φn+1

1 = −1

2
bn. (2.10a)

2) Solve φn+1
2 from the equation( τ
δt
I − ε2∆ +

1

δt
A−1

)
φn+1

2 = gn. (2.10b)

3) Set

φn+1 = (bn, φn+1)φn+1
1 + φn+1

2 . (2.10c)

Once φn+1 is obtained, un+1 will be computed from (2.7). It remains to show how to compute13

φn+1 from the steps (2.10). While the equations governing φn+1
1 and φn+1

2 , i.e., (2.10a) and14
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(2.10b) are clear, it is not evident how to solve φn+1 from (2.10c). To this end, we take the inner1

product of (2.10c) with bn:2

(bn, φn+1) + γn(bn, φn+1) = (bn, φn+1
2 ), (2.11)

where3

γn = −(bn, φn+1
1 ) =

(
bn,

1

2
B−1bn

)
with B =

τ

δt
I − ε2∆ +

1

δt
A−1. (2.12)

Since A−1 is a positive definite operator, B−1 is also a positive definite operator, thus γn ≥ 0.4

Then it follows from (2.11) that5

(bn, φn+1) =
(bn, φn+1

2 )

1 + γn
. (2.13)

With (bn, φn+1) computed by this expression, φn+1 is obtained from (2.10c) directly.6

To summarize, the scheme (2.3) can be easily implemented in the following manner:7

(i) Calculate φn+1
1 and φn+1

2 by solving the two constant coefficient equations (2.10a) and8

(2.10b) respectively, which can be realized in parallel.9

(ii) Compute (bn, φn+1) by using (2.13), then φn+1 using (2.10c).10

(iii) Compute un+1 by using (2.7).11

Thus the total computational complexity at each time step is essentially solving several second-12

order elliptic problems with constant coefficients, for which there exist different fast solvers.13

Remark 2.1. The equations (2.10a), (2.10b), and (2.11) involve the inversion of the operator14

A, which is caused by the implicit treatment of the both coupling terms; i.e., the last two terms in15

(2.3b) and (2.3d). Generally, the presence of A−1 in the equations may make the computation16

expensive if an iterative method is considered to solve these equations since an inner-outer itera-17

tion loop becomes inevitable. However, as we are going to see, if a suitable discretization method18

in space is chosen, the equations (2.10a), (2.10b), and (2.11) can be very efficiently solved. A19

fast solver based on spectral methods will be detailed in the next section.20

Remark 2.2. Alternatively, we can consider an explicit way to treat the coupling terms in

(2.1). For example, we can explicitly treat the coupling term in the phase field equation, resulting

in a scheme as follows:

τ
φn+1 − φn

δt
= −σn+1, (2.14a)

σn+1 = −ε2∆φn+1 +
rn+1√

E1(φn) + C0

F ′(φn)− 2ρc

L
un, (2.14b)

rn+1 − rn

δt
=

1

2
√
E1(φn) + C0

∫
Ω
F ′(φn)

φn+1 − φn

δt
dx, (2.14c)

un+1 − un

δt
= K∆un+1 − L

2ρc

φn+1 − φn

δt
. (2.14d)

Notice that, as compared to the scheme (2.3), the term 2ρc
L u

n+1 in (2.3b) is now replaced by 2ρc
L u

n
21

in (2.14b). Doing so allows to first compute φn+1 directly by combining (2.14a)-(2.14c):22 ( τ
δt
I − ε2∆

)
φn+1 +

1

2
bn(bn, φn+1) =

τ

δt
φn + bn

(1

2
(bn, φn)− rn

)
+

2ρc

L
un. (2.15)
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Then compute un+1 by using (2.14d). The scheme (2.14) is obviously easier to implement. The1

drawback of this scheme is that its stability is not demonstrable, at least for the time being.2

Nevertheless the stability property of the scheme will be numerically investigated later in the3

numerical test section.4

2.2. A BDF-type second order scheme (BDF-2). Now we construct a scheme for the system

(2.1) using the backward differentiation formula of second order for the time derivatives and

second order extrapolation for the nonlinear term:

τ
3φn+1 − 4φn + φn−1

2δt
= −σn+1, (2.16a)

σn+1 = −ε2∆φn+1 +
rn+1√

E1(φn+ 1
2 ) + C0

F ′(φn+ 1
2 )− 2ρc

L
un+1, (2.16b)

3rn+1 − 4rn + rn−1

2δt
=

1

2

√
E1(φn+ 1

2 ) + C0

∫
Ω
F ′(φn+ 1

2 )
3φn+1 − 4φn + φn−1

2δt
dx, (2.16c)

3un+1 − 4un + un−1

2δt
= K∆un+1 − L

2ρc

3φn+1 − 4φn + φn−1

2δt
, (2.16d)

where φn+ 1
2 := 2φn − φn−1. Formally this is a second order scheme, hereafter called as BDF-2.5

The stability of this scheme is established in the following theorem.6

Theorem 2.2. The solution of the scheme (2.16) satisfies:7

ε2

4

[
(‖∇φn+1‖2 + ‖∇(2φn+1 − φn)‖2)− (‖∇φn‖2 + ‖∇(2φn − φn−1)‖2)

]
(2.17)

+
(ρc
L

)2 [
(‖un+1‖2 + ‖2un+1 − un‖2)− (‖un‖2 + ‖2un − un−1‖2)

]
+

1

2

[
(|rn+1|2 + |2rn+1 − rn|2)− (|rn|2 + |2rn − rn−1|2)

]
≤ −δt

[∥∥∥∥√τ 3φn+1 − 4φn + φn−1

2δt

∥∥∥∥2

+K
(2ρc

L

)2‖∇un+1‖2
]
.

Consequently
ε2

4

(
‖∇φn+1‖2 +‖∇(2φn+1−φn)‖2

)
+
(ρc
L

)2(‖un+1‖2 +‖2un+1−un‖2
)

+
1

2

(
|rn+1|2 +8

|2rn+1 − rn|2
)
, therefore ‖∇φn+1‖2 + ‖un+1‖2, is bounded for all n = 0, 1, . . . . This means the9

scheme (2.16) is unconditionally stable.10
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Proof. The proof makes use of the same idea as for Theorem 2.1. By taking the inner products of

(2.16a)-(2.16d) with −3φn+1−4φn+φn−1

2δt , 3φn+1−4φn+φn−1

2δt , 2rn+1, (2ρc
L )2un+1 respectively, we obtain:(

τ
3φn+1 − 4φn + φn−1

2δt
,−3φn+1 − 4φn + φn−1

2δt

)
= (σn+1,

3φn+1 − 4φn + φn−1

2δt
),(

σn+1,
3φn+1 − 4φn + φn−1

2δt

)
=

ε2

2δt

(
∇φn+1,∇(3φn+1 − 4φn + φn−1)

)
+

rn+1√
E1(φn+ 1

2 ) + C0

(
F ′(φn+ 1

2 ),
3φn+1 − 4φn + φn−1

2δt

)
− 2ρc

L

(
un+1,

3φn+1 − 4φn + φn−1

2δt

)
,

2rn+1(3rn+1 − 4rn + rn−1)

2δt
=

rn+1√
E1(φn+ 1

2 ) + C0

(
F ′(φn+ 1

2 ),
3φn+1 − 4φn + φn−1

2δt

)
,

1

2δt
(
2ρc

L
)2
(

3un+1 − 4un + un−1, un+1
)

= −K(
2ρc

L
)2(∇un+1,∇un+1)

− 2ρc

L

(3φn+1 − 4φn + φn−1

2δt
, un+1

)
.

Then combining the above four equalities, using the identity1

2(ak+1, 3ak+1 − 4ak + ak−1)

= |ak+1|2 + |2ak+1 − ak|2 − |ak|2 − |2ak − ak−1|2 + |ak+1 − 2ak + ak−1|2,
(2.18)

and dropping some uninfluential positive terms, we obtain the desired result (2.17). �2

The implementation technique for the scheme (2.16) is similar to (2.3), which is described3

below. We first obtain un+1 from (2.16d):4

Āun+1 =
4un − un−1

2δt
− L

2ρc

3φn+1 − 4φn + φn−1

2δt
with Ā =

3

2δt
I −K∆. (2.19)

Then we eliminate σn+1 from (2.16a) by using (2.16b), (2.16c), and (2.19) to obtain5

τ
3φn+1 − 4φn + φn−1

2δt
− ε2∆φn+1 +

1

3
bn+ 1

2
(
4rn − rn−1 +

1

2
(bn+ 1

2 , 3φn+1 − 4φn + φn−1)
)

(2.20)

=
2ρc

L
Ā−1

(4un − un−1

2δt
− L

2ρc

3φn+1 − 4φn + φn−1

2δt

)
,

where

bn+ 1
2 :=

F ′(φn+ 1
2 )√

E1(φn+ 1
2 ) + C0

.

Furthermore, reformulating (2.20) gives6 ( 3τ

2δt
I − ε2∆ +

3

2δt
Ā−1

)
φn+1 +

1

2
bn+ 1

2 (bn+ 1
2 , φn+1) =

τI + Ā−1

2δt
(4φn − φn−1) (2.21)

+
1

3
bn+ 1

2

(1

2
(bn+ 1

2 , 4φn − φn−1)− (4rn − rn−1)
)

+
ρcĀ−1

Lδt
(4un − un−1).
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Denoting the right hand side in (2.21) ḡn, the above equation is equivalent to:

1) Solve φn+1
1 from the equation( 3τ

2δt
I − ε2∆ +

3

2δt
Ā−1

)
φn+1

1 = −1

2
bn+ 1

2 . (2.22a)

2) Solve φn+1
2 from the equation( 3τ

2δt
I − ε2∆ +

3

2δt
Ā−1

)
φn+1

2 = ḡn. (2.22b)

3) Set

φn+1 = (bn+ 1
2 , φn+1)φn+1

1 + φn+1
2 . (2.22c)

To see how φn+1 can be computed from (2.22c) after calculating φn+1
1 and φn+1

2 from (2.22a) and1

(2.22b), we take the inner product of (2.22c) with bn+ 1
2 to get2

(bn+ 1
2 , φn+1) + γn(bn+ 1

2 , φn+1) = (bn+ 1
2 , φn+1

2 ), (2.23)

where3

γn = −(bn+ 1
2 , φn+1

1 ) =
(
bn+ 1

2 ,
1

2
B̄−1bn+ 1

2

)
with B̄ =

3τ

2δt
I − ε2∆ +

3

2δt
Ā−1. (2.24)

γn is positive since Ā−1 and B̄−1 are both positive definite operators. Then it follows from (2.23)4

that5

(bn+ 1
2 , φn+1) =

(bn+ 1
2 , φn+1

2 )

1 + γn
. (2.25)

Bringing (2.25) into (2.22c) with γn computed by (2.24) gives φn+1 explicitly. Once φn+1 is6

obtained from (2.22c), we compute un+1 by using (2.19).7

The algorithm of the second order scheme is summarized as follows:8

(i) Calculate φn+1
1 and φn+1

2 by solving in parallel the two constant coefficient equations9

(2.22a) and (2.22b) respectively.10

(ii) Compute (bn+ 1
2 , φn+1) by using (2.25), then φn+1 using (2.22c).11

(iii) Compute un+1 by using (2.16d).12

2.3. A Crank-Nicolson type second order scheme (CN2). Alternatively a second order13

scheme can also be designed based on Crank-Nicolson formula for the auxiliary variable reformu-14

lation (2.1) as follows:15
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τ
φn+1 − φn

δt
= −σn+ 1

2 , (2.26a)

σn+ 1
2 = −ε2 ∆(φn+1 + φn)

2
+

rn+1 + rn

2

√
E1(φ̂n+ 1

2 ) + C0

F ′(φ̂n+ 1
2 )− 2ρc

L

un+1 + un

2
, (2.26b)

rn+1 − rn

δt
=

1

2

√
E1(φ̂n+ 1

2 ) + C0

∫
Ω
F ′(φ̂n+ 1

2 )
φn+1 − φn

δt
dx, (2.26c)

un+1 − un

δt
= K

∆(un+1 + un)

2
− L

2ρc

φn+1 − φn

δt
, (2.26d)

where φ̂n+ 1
2 := 3φn−φn−1

2 is an explicit approximation to φ(tn+ 1
2 ).1

The above scheme equally possesses the unconditional stability property as proved in the2

following theorem.3

Theorem 2.3. The scheme (2.26) is unconditionally stable in the sense that4

ε2

2
(‖∇φn+1‖2 − ‖∇φn‖2) + 2

(ρc
L

)2
(‖un+1‖2 − ‖un‖2) (2.27)

+(|rn+1|2 − |rn|2) = −δt

[∥∥∥∥√τ φn+1 − φn

δt

∥∥∥∥2

+K
(ρc
L

)2‖∇(un+1 + un)‖2
]
,

which implies that
ε2

2
‖∇φn+1‖2 + 2(

ρc

L
)2‖un+1‖2 + |rn+1|2, consequently ‖∇φn+1‖2 + ‖un+1‖25

remains bounded during the time stepping.6

Proof. The proof follows the procedure as in the two previous theorems. Taking the L2 inner

products of (2.26a)-(2.26d) with −φn+1−φn
δt , φ

n+1−φn
δt , rn+1+rn, and 2(ρcL )2(un+1+un) respectively,

we obtain:(
τ
φn+1 − φn

δt
,−φ

n+1 − φn

δt

)
=
(
σn+ 1

2 ,
φn+1 − φn

δt

)
,(

σn+ 1
2 ,
φn+1 − φn

δt

)
=

ε2

2δt

(
∇(φn+1 + φn),∇(φn+1 − φn)

)
+

rn+1 + rn

2

√
E1(φ̂n+ 1

2 ) + C0

(
F ′(φ̂n+ 1

2 ),
φn+1 − φn

δt

)
− 2ρc

L

(un+1 + un

2
,
φn+1 − φn

δt

)
,

(rn+1 + rn)(rn+1 − rn)

δt
=

rn+1 + rn

2

√
E1(φ̂n+ 1

2 ) + C0

(
F ′(φ̂n+ 1

2 ),
φn+1 − φn

δt

)
,

1

δt
(
2ρc

L
)2
(
un+1 − un, u

n+1 + un

2

)
= −K(

ρc

L
)2(∇(un+1 + un),∇(un+1 + un))

− 2ρc

L

(φn+1 − φn

δt
,
un+1 + un

2

)
.

Then we put all above equalities together to conclude. �7
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The implementation of the CN2 scheme is briefly described below. First formally it follows1

from (2.26d):2

Ãun+1 =
( 1

δt
I +

K

2
∆
)
un − L

2ρc

φn+1 − φn

δt
with Ã =

1

δt
I − K

2
∆. (2.28)

Then we eliminate σn+1 from (2.26a) by using (2.26b), (2.26c), and (2.28) to obtain the equation3

for φn+1:4

τ
φn+1 − φn

δt
− ε2 ∆(φn+1 + φn)

2
+

1

2
b̂n+ 1

2

(
2rn +

1

2
(̂bn+ 1

2 , φn+1 − φn)
)

(2.29)

=
ρc

L

(
Ã−1

(( 1

δt
I +

K

2
∆
)
un − L

2ρc

φn+1 − φn

δt

)
+ un

)
,

where

b̂n+ 1
2 :=

F ′(φ̂n+ 1
2 )√

E1(φ̂n+ 1
2 ) + C0

.

Rearranging (2.29) gives5 ( τ
δt
I − ε2

2
∆ +

Ã−1

2δt

)
φn+1 +

1

4
b̂n+ 1

2 (̂bn+ 1
2 , φn+1) (2.30)

=
( τ
δt
I +

ε2

2
∆ +

Ã−1

2δt

)
φn + b̂n+ 1

2
(1

4
(̂bn+ 1

2 , φn)− rn
)

+
ρc

L

(
Ã−1

( 1

δt
I +

K

2
∆
)

+ I
)
un.

Let g̃n denote the right hand side in (2.30), then the above equation is equivalent to:

1) Solve φn+1
1 from the equation( τ
δt
I − ε2

2
∆ +

1

2δt
Ã−1

)
φn+1

1 = −1

4
b̂n+ 1

2 , (2.31a)

2) Solve φn+1
2 from the equation( τ
δt
I − ε2

2
∆ +

1

2δt
Ã−1

)
φn+1

2 = g̃n, (2.31b)

3) Set

φn+1 = (̂bn+ 1
2 , φn+1)φn+1

1 + φn+1
2 . (2.31c)

Using the technique we presented before, the computation of φn+1 can be realized in an efficient6

way. Once this is done, we return to (2.28) to compute un+1.7

Similar to Remark 2.2, second order easier-to-implement schemes can also be constructed by8

considering explicit treatment for one of the coupling terms.9

3. Spectral discretization in space and faster solver10

This section is devoted to present a spectral method for the discretization in space and propose11

fast solver for the full discrete problem. In order to illustrate the basic idea, we only consider the12

first order scheme (2.3). The other two schemes can be performed in a similar way. In this case13

we will meet a number of second order differential equations at each time step. We will describe14

their discretization in details.15
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3.1. Choice of basis functions. The spectral method consists in approximating the solution1

by a polynomial. For the convenience of calculation, we set Ω = [−1, 1]2, and denote IPN (Ω) the2

space of polynomials of degree ≤ N in each direction. We will consider appropriate modal basis3

functions according to the used boundary conditions; see, e.g., [26].4

• Dirichlet boundary condition.5

In the case of homogeneous Dirichlet condition φ|∂Ω = u|∂Ω = 0, the simplest choice is6

{hk(x)hl(y)}N−2
k,l=0 as a basis of {v ∈ IPN (Ω), v|∂Ω = 0} for both phase field and temperature,7

where hk(x) = Lk(x)− Lk+2(x) with Lk(x) being the Legendre polynomial of degree k.8

• Neumann boundary condition.9

Under the homogeneous Neumann condition, we define h̄k(x) = Lk(x) − k(k+1)
(k+2)(k+3)Lk+2(x).10

Then h̄k(x) satisfies h̄′k(±1) = 0, and {h̄k(x)h̄l(y)}N−2
k,l=0 forms a basis of {v ∈ IPN (Ω), ∂v∂n |∂Ω = 0}.11

3.2. Some useful matrix expressions. We now give some useful matrix expressions that will12

be used in the subsequent calculations. Let Mkl = (hl, hk), Skl = (h′l, h
′
k), M̄kl = (h̄l, h̄k), S̄kl =13

(h̄′l, h̄
′
k). Then the matrices S and S̄ are diagonal with14

Skk = (4k + 6), k = 0, 1, · · ·

S̄kk =
k(k + 1)(4k + 6)

(k + 2)(k + 3)
, k = 0, 1, · · ·

The matrices M and M̄ are symmetric penta-diagonal whose nonzero elements are15

Mkl = Mlk =


2

2k + 1
+

2

2k + 5
, l = k,

− 2

2k + 5
, l = k + 2.

M̄kl = M̄lk =


2

2k + 1
+

2k2(k + 1)2

(2k + 5)(k + 2)2(k + 3)2
, l = k,

− 2k(k + 1)

(k + 2)(k + 3)(2k + 5)
, l = k + 2,

3.3. Spectral method. In this subsection, we propose a Galerkin spectral method for the spatial16

discretization of the equations resulted from the time stepping schemes. To fix the idea, let’s17

consider the equations (2.10) subject to the homogeneous Dirichlet boundary condition for both18

φ and u.19

We define the approximation space SN = {v ∈ IPN (Ω), v|∂Ω = 0}. Let γn+1
i = A−1φn+1

i , i =

1, 2. The Galerkin spectral method for the equations (2.10) reads: find φn+1
1,N , φ

n+1
2,N , γ

n+1
1,N , γn+1

2,N ∈
SN (Ω), such that for all qN ∈ SN (Ω),

τ

δt
(φn+1

1,N , qN ) + ε2(∇φn+1
1,N ,∇qN ) +

1

δt
(γn+1

1,N , qN ) = −1

2
(bn, qN ), (3.1a)

τ

δt
(φn+1

2,N , qN ) + ε2(∇φn+1
2,N ,∇qN ) +

1

δt
(γn+1

2,N , qN ) = (gn, qN ), (3.1b)

φn+1
N =

(
bn, φn+1

N

)
φn+1

1,N + φn+1
2,N . (3.1c)
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The matrix form of the above problems can be obtained by expressing the numerical solutions1

φn+1
i,N , γn+1

i,N , i = 1, 2, under2

φn+1
i,N =

N−2∑
k,l=0

φ̂n+1
i,k,lhk(x)hl(y), (3.2)

γn+1
i,N =

N−2∑
k,l=0

γ̂n+1
i,k,l hk(x)hl(y).

If we denote the unknown matrices Φn+1
i and Υn+1

i , i = 1, 2, by
(
Φn+1
i

)
k,l

= φ̂n+1
i,k,l and

(
Υn+1
i

)
k,l

=3

γ̂n+1
i,k,l , then we deduce from (3.1) the following linear system:4


τ

δt
MΦn+1

1 M + ε2(SΦn+1
1 M +MΦn+1

1 S) +
1

δt
MΥn+1

1 M = Bn,

τ

δt
MΦn+1

2 M + ε2(SΦn+1
2 M +MΦn+1

2 S) +
1

δt
MΥn+1

2 M = Gn,

(3.3)

where (
Bn
)
k,l

= −1

2
(bn, hk(x)hl(y)),

(
Gn
)
k,l

= (gn, hk(x)hl(y)),

the matrices M and S are defined in Subsection 3.2. We already know that the matrix M is5

symmetric pentadiagonal and S is diagonal, thus the linear system (3.3) can be solved by using6

a matrix diagonalization method, which we briefly describe below. Let Λ be the diagonal matrix7

whose diagonal entries {λk}N−2
k=0 are the eigenvalues of M−1S, and E be the matrix formed by8

the corresponding eigenvectors of M−1S, i.e.,9

M−1SE = EΛ. (3.4)

Note that all the eigenvalues are real and positive, E is a real matrix since M and S are both10

symmetric and positive definite matrices. Let Φ̃n+1
i and Υ̃n+1

i , i = 1, 2 be the matrices such that11

Φn+1
i = EΦ̃n+1

i ET ,Υn+1
i = EΥ̃n+1

i ET . Then (3.3) can be rewritten as12 
τ

δt
MEΦ̃n+1

1 ETM + ε2(SEΦ̃n+1
1 ETM +MEΦ̃n+1

1 ETS) +
1

δt
MEΥ̃n+1

1 ETM = Bn,

τ

δt
MEΦ̃n+1

2 ETM + ε2(SEΦ̃n+1
2 ETM +MEΦ̃n+1

2 ETS) +
1

δt
MEΥ̃n+1

2 ETM = Gn.

(3.5)

Multiplying the left (resp. right) of the above equation by (ME)−1 (resp. (ME)−T ) and using13

(3.4), the system (3.5) becomes14 
τ

δt
Φ̃n+1

1 + ε2(ΛΦ̃n+1
1 + Φ̃n+1

1 ΛT ) +
1

δt
Υ̃n+1

1 = (ME)−1Bn(ME)−T := B̃n,

τ

δt
Φ̃n+1

2 + ε2(ΛΦ̃n+1
2 + Φ̃n+1

2 ΛT ) +
1

δt
Υ̃n+1

2 = (ME)−1Gn(ME)−T := G̃n,

(3.6)

which is equivalent to15 
τ

δt
(Φ̃n+1

1 )k,l + ε2(λk + λl)(Φ̃
n+1
1 )k,l +

1

δt
(Υ̃n+1

1 )k,l = (B̃n)k,l,

τ

δt
(Φ̃n+1

2 )k,l + ε2(λk + λl)(Φ̃
n+1
2 )k,l +

1

δt
(Υ̃n+1

2 )k,l = (G̃n)k,l,

(3.7)
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for all k, l = 0, 1, . . . , N − 2.1

Remember that Υ̃n+1
i and Φ̃n+1

i are not independent unknowns. By definition, they are connected2

through γn+1
i = A−1φn+1

i , i.e.,3

φn+1
i = Aγn+1

i = (
1

δt
I −K∆)γn+1

i =
1

δt
γn+1
i −K∆γn+1

i . (3.8)

Their spectral approximations, i.e., φn+1
i,N and γn+1

i,N , satisfy the following Galerkin weak form:4

(φn+1
i,N , qN ) =

1

δt
(γn+1
i,N , qN ) +K(∇γn+1

i,N ,∇qN ), ∀qN ∈ SN (Ω). (3.9)

Processing as before, we get the relationship for their expansion coefficients Φ̃n+1
i and Υ̃n+1

i under5

the modal basis {hk(x)hl(y)}N−2
k,l=0:6

(Υ̃n+1
i )k,l =

δt

1 + δtK(λk + λl)
(Φ̃n+1

i )k,l, k, l = 0, . . . , N − 2. (3.10)

Substituting (3.10) into (3.7), we obtain7 
τ

δt
(Φ̃n+1

1 )k,l + ε2(λk + λl)(Φ̃
n+1
1 )k,l +

1

1 + δtK(λk + λl)
(Φ̃n+1

1 )k,l = (B̃n)k,l,

τ

δt
(Φ̃n+1

2 )k,l + ε2(λk + λl)(Φ̃
n+1
2 )k,l +

1

1 + δtK(λk + λl)
(Φ̃n+1

2 )k,l = (G̃n)k,l.
(3.11)

Therefore,8 ( τ
δt

+ ε2(λk + λl) +
1

1 + δtK(λk + λl)

)
(Φ̃n+1

1 )k,l = (B̃n)k,l,( τ
δt

+ ε2(λk + λl) +
1

1 + δtK(λk + λl)

)
(Φ̃n+1

2 )k,l = (G̃n)k,l.
(3.12)

Using Φn+1
i = EΦ̃n+1

i ET we obtain the representation of the solution in the spectral space.9

Then we apply (3.2) to transform from the spectral space to the physical space, yielding the10

solutions φn+1
1,N and φn+1

2,N . Then φn+1
N follows from (3.1c) using the formula (2.13). Finally,11

with φn+1
N obtained, the polynomial approximation un+1

N to un+1 is constructed by the spectral12

discretization to (2.7): find un+1
N ∈ SN (Ω) such that for all wN ∈ SN (Ω),13

1

δt
(un+1
N , wN ) +K(∇un+1

N ,∇wN ) = (gn+1
N , wN ), (3.13)

where14

gN =
1

δt
unN −

L

2ρc

φn+1
N − φnN

δt
. (3.14)

The matrix form of (3.13) with the spectral expansion15

un+1
N =

N−2∑
k,l=0

ûn+1
k,l hk(x)hl(y) (3.15)

reads16

1

δt
MUn+1M +K(MUn+1S + SUn+1M) = Gn+1

u , (3.16)
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where
(
Un+1

)
k,l

= ûn+1
k,l ,

(
Gn+1
u

)
k,l

= (gn+1
N , hk(x)hl(y)). Let Ũn+1 be the matrix such that1

Un+1 = EŨn+1ET , then (3.16) can be rewritten as2

1

δt
MEŨn+1ETM +K(SEŨn+1ETM +MEŨn+1ETS) = Gn+1

u . (3.17)

Multiplying the left (resp. right) of the above equation by (ME)−1 (resp. (ME)−T ) and using3

(3.4), the system (3.17) becomes4

1

δt
Ũn+1 +K(ΛŨn+1 + Ũn+1ΛT ) = (ME)−1Gn+1

u (ME)−T := G̃n+1
u , (3.18)

or, equivalently, for all k, l = 0, . . . , N − 2,5

1

δt
(Ũn+1)k,l +K(λk + λl)(Ũ

n+1)k,l = (G̃n+1
u )k,l. (3.19)

That is,6 ( 1

δt
+K(λk + λl)

)
(Ũn+1)k,l = (G̃n+1

u )k,l. (3.20)

The overall algorithm of the spectral fast solver for the first order scheme (2.3) is summarized7

below.8

(i) Pre-processing: Compute the eigenvalues and eigenvectors of M−1S and form the matrix9

(ME)−1.10

(ii) Compute B̃n := (ME)−1Bn(ME)−T and G̃n := (ME)−1Gn(ME)−T .11

(iii) Obtain Φ̃n+1
i , i = 1, 2, from (3.12) and set Φn+1

i = EΦ̃n+1
i ET .12

(iv) Get φn+1
1,N and φn+1

2,N from (3.2), then compute φn+1
N through (3.1c).13

(v) Compute G̃n+1
u := (ME)−1Gn+1

u (ME)−T .14

(vi) Obtain Ũn+1 from (3.20) and set Un+1 = EŨn+1ET .15

(vii) Get un+1
N from (3.15).16

Remark 3.1. The case of the Neumann boundary condition can be handled in an exactly17

same way. It suffices to replace the approximation space by SN = {v ∈ IPN (Ω), ∂v∂n |∂Ω = 0}, and18

the corresponding matrices M and S by M̄ and S̄ respectively. For the case of mixed boundary19

conditions, i.e., Dirichlet condition for u and Neumann boundary condition for φ there is no fast20

solver available for (2.10) since the connection between Υ̃n+1
i and Φ̃n+1

i in (3.7) is full. In this21

case, iterative methods can be suggested for solving (2.10). For example, we may consider the22

following Picard iteration:23 ( τ
δt
I − ε2∆

)
φn+1,j+1

1 = −1

2
bn − 1

δt
A−1φn+1,j

1 ,( τ
δt
I − ε2∆

)
φn+1,j+1

2 = gn − 1

δt
A−1φn+1,j

2 ,
(3.21)

where j = 0, 1, 2, . . . is the iteration number. The initial value φn+1,0
i can be chosen as φni , and the24

criterion to stop the iteration can be
‖φn+1,j+1

i − φn+1,j
i ‖

‖φn+1,j+1
i ‖

≤ tol for a small enough tol, i = 1, 2.25

With the right side known, a fast solver is still available to compute φn+1,j+1
i from (3.21).26
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4. Numerical results1

In this section, we will present some numerical examples to demonstrate the stability and accu-2

racy of the proposed schemes for the thermal phase change model. We begin with some smooth3

fabricated solutions, which is not real thermal phase change problem, but serve as accuracy4

measure.5

Example 4.1. (Convergence order test) We first consider the equation with the homogeneous6

Dirichlet boundary condition:7 
τ
∂φ

∂t
= ε2∆φ− 1

2
φ(φ2 − 1) +

2ρc

L
u+ s1(x, t), in (−1, 1)2 × (0, T ],

∂u

∂t
= K∆u− L

2ρc

∂φ

∂t
+ s2(x, t) in (−1, 1)2 × (0, T ],

φ(x, 0) = u(x, 0) = 0, ∀x ∈ (−1, 1)2,

(4.1)

where s1(x, t) and s2(x, t) are the fabricated source terms chosen such that the problem (4.1)

admits the exact solution as follows: φ(x, t) = sin(t) sin(πx) sin(πy),

u(x, t) = sin(t) cos(π2x) cos(π2 y).

The purpose of this example is to verify the time and space convergence order of the proposed8

three schemes. We first investigate the time accuracy. The spatial discretization makes use of9

the Galerkin spectral method described in subsection 3.3 with mode number N = 20, which is10

large enough such that the spatial discretization error is negligible compared with the time error.11

The parameters used in this example are: ρ = c = L = K = 1. Note that in practical physical12

problems, the parameters τ and ε are usually small, which may cause difficulties in calculation.13

The first test also concerns the impact of τ and ε on the accuracy of the numerical solutions. In14

Figure 1 we present the L2-errors at T = 0.1 as functions of the time step size δt in log-log scale15

for the first order scheme (2.10), BDF-2 scheme (2.22), and CN2 scheme (2.31). A comparison16

between τ = 1, ε2 = 0.01 and τ = 5e− 3, ε2 = 1e− 4 is shown in the figure. The left figures and17

the right figures are related to phase field φ and temperature u respectively, it is clearly observed18

that all three schemes achieve the expected convergence rates. Also observed is: for smaller τ19

and ε the expected convergence rates can only be reached when δt is small enough. What’s more,20

compared with the larger τ and ε, the error with the smaller τ and ε is obviously bigger, and the21

difference is about 2 orders of magnitude.22

We then investigate the spatial accuracy by examining the error behavior of the numerical23

solutions with respect to the polynomial degree N . The obtained results at T = 0.1 with the24

time step size δt = 5e − 6 are shown in Figure 2. The L2-errors curve for both phase field φ25

and temperature u are approximately linear (up to a level dominated by the temporal error)26

with respect to the polynomial degree N in semi-log scale. This is indicative of the exponential27

convergence.28

We will end the investigation of this example by proving the stability of our scheme to handle29

the long times computational. We numerically test this long-term stability by using the BDF-230

scheme for the time discretization and Galerkin spectral method with N = 256 for the spatial31
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(a) error of φ (b) error of u

(c) error of φ (d) error of u

(e) error of φ (f) error of u

Figure 1. (Example 4.1) The error decay at T = 0.1 versus the time step sizes

for the first order scheme ((a) and (b)), BDF-2 scheme ((c) and (d)) and CN2

scheme ((e) and (f)).

discretization. The parameters chosen in this example are: τ = ρ = c = L = K = ε2 = 1.1

The comparison between the exact solution and the results we calculated with δt = 0.5 at t =2

1, 500, 1000, 1500, 2000 is displayed in the Figure 3. We can see that the φ and u we calculated3

in Figure 3(a) and (c) is equal to the exact solution φ and u we gave in Figure 3(b) and (d). So4

we can conclude that the scheme allow us to use large time step for long-term simulation.5
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(a) first order scheme (b) BDF-2 scheme (c) CN2 scheme

Figure 2. (Example 4.1) The error decay at T = 0.1 versus the degree of poly-

nomial N for the first order scheme (a), BDF-2 scheme (b) and CN2 scheme (c).

Example 4.2. (Comparison of explicit and implicit schemes) As discussed in Remark 2.2, we1

aim at numerically investigating the stability property of the explicit scheme (2.14) and its second2

order counterparts. On the basis of the previous example, the numerical investigation is carried3

out by comparing the explicit and implicit treatment of the coupling term 2ρc
L u in the equation4

(2.1). Precisely, we will compare the stability between the schemes (2.3) and (2.14), and between5

their higher order counterparts.6

We use the same equations, initial values, boundary conditions, and exact solutions as in7

Example 4.1. The difference is that the errors are evaluated at T = 10 in this example instead of8

T = 1 in Example 4.1. The obtained results are presented in Tables 1-3 for the first order scheme,9

BDF-2 scheme, and CN2 scheme respectively. It is seen that for all three schemes, the error of10

the implicit type is slightly smaller than that of the explicit one, while the implicit and explicit11

schemes achieve almost same convergence order. It is worth pointing out again that the explicit12

schemes are easier to implement, but there is no theoretical guarantee for their unconditional13

stability, although there is no observed instability neither in our numerical calculation for the14

tested parameters.15

Example 4.3. (Test of the energy dissipation law) Consider the following Neumann problem:16 

τ
∂φ

∂t
= ε2∆φ− 1

2
φ(φ2 − 1) +

2ρc

L
u, in [−1, 1]2 × (0, T ],

∂u

∂t
= K∆u− L

2ρc

∂φ

∂t
,

φ(x, 0) = φ0(x), ∀x ∈ [−1, 1]2,

u(x, 0) = u0(x).

(4.2)

We run CN2 scheme with the initial condition φ0(x) = 0.6 sin(π2x) sin(π2 y) + 0.35Rand(x, y),

u0(x) = 0.9 cos(πx) cos(πy) + 0.05Rand(x, y),

where Rand(x, y) stands for the random values in [−1, 1]2.17
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t = 1 t = 500 t = 1000 t = 1500 t = 2000

(a) computed result of φ

t = 1 t = 500 t = 1000 t = 1500 t = 2000

(b) exact solution of φ

t = 1 t = 500 t = 1000 t = 1500 t = 2000

(c) computed result of u

t = 1 t = 500 t = 1000 t = 1500 t = 2000

(d) exact solution of u

Figure 3. (Example 4.1) Comparison between the exact solution and the com-

puted results with δt = 0.5 at t = 1, 500, 1000, 1500, 2000.

In this example, we use the spectral method with N = 20 for the spatial approximation. The1

parameters chosen in this example are: τ = ρ = c = L = K = 1, ε2 = 1e − 4. The main2

purpose is to compare the original energy and the modified energy. The computed results up to3

T = 0.5 with the time step sizes δt = 0.05, 0.025, 0.01, 0.001, 0.00001 are plotted in Figure 4. The4

left figure shows the original energy and the right figure shows the modified energy. We observe:5

1) both the original energy and the modified energy are strictly dissipative as expected; 2) the6

energy curves converge when δt decreases, which is indicative of the convergence of the numerical7

solution with respect to the time step size.8
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m

Implicit Explicit

φ u φ u

L2 error order L2 error order L2 error order L2 error order

1 1.26E+00 - 1.03E-01 - 1.18E+00 - 1.37E-01 -

2 8.96E-01 0.50 6.05E-02 0.77 9.96E-01 0.25 8.21E-02 0.74

3 5.45E-01 0.72 3.15E-02 0.94 7.13E-01 0.48 4.50E-02 0.87

4 2.88E-01 0.92 1.59E-02 0.99 4.46E-01 0.68 2.36E-02 0.93

5 1.44E-01 1.01 7.91E-03 1.00 2.48E-01 0.85 1.20E-02 0.97

6 7.09E-02 1.02 3.95E-03 1.00 1.28E-01 0.96 6.04E-03 0.99

7 3.51E-02 1.01 1.97E-03 1.00 6.39E-02 1.00 3.02E-03 1.00

8 1.75E-02 1.01 9.85E-04 1.00 3.19E-02 1.00 1.51E-03 1.00

9 8.71E-03 1.00 4.92E-04 1.00 1.59E-02 1.00 7.55E-04 1.00

Table 1. (Example 4.2) The L2 error at T = 10 and corresponding orders for the

first order scheme with δt = 1
2m .

m

Implicit Explicit

φ u φ u

L2 error order L2 error order L2 error order L2 error order

1 4.93E-01 - 5.45E-02 - 7.03E-01 - 8.80E-02 -

2 7.30E-02 2.75 1.36E-02 2.00 6.14E-01 0.20 3.36E-02 1.39

3 1.60E-02 2.19 3.40E-03 2.00 2.21E-01 1.47 1.35E-02 1.31

4 3.97E-03 2.01 8.42E-04 2.01 5.87E-02 1.91 4.60E-03 1.55

5 9.90E-04 2.00 2.09E-04 2.01 1.48E-02 1.99 1.53E-03 1.59

6 2.47E-04 2.00 6.01E-05 1.80 3.69E-03 2.00 4.43E-04 1.78

7 6.18E-05 2.00 1.74E-05 1.79 9.23E-04 2.00 1.24E-04 1.83

8 1.54E-05 2.00 4.87E-06 1.83 2.31E-04 2.00 3.31E-05 1.91

9 3.86E-06 2.00 1.30E-06 1.91 5.76E-05 2.00 8.62E-06 1.94

Table 2. (Example 4.2) The L2 error at T = 10 and corresponding orders for

BDF-2 scheme with δt = 1
2m .

Example 4.4. (A liquid freezing problem) Consider the thermal phase field model subject to

the following boundary condition:

φ|∂Ω = −1, and u|∂Ω = −0.1,

and the initial condition: φ(x, 0) = −1, u(x, 0) = −0.1, ∀x ∈ ∂Ω,

φ(x, 0) = 1, u(x, 0) = 0, else.

The other parameters used in the calculation are: τ = 5e− 3, ε2 = 1e− 4, ρ = c = L = K = 1.1

This computational configuration corresponds to the inward growth of an interface in a square2

container filled with liquid of the freezing temperature u = 0 and kept at a constant temperature3
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m

Implicit Explicit

φ u φ u

L2 error order L2 error order L2 error order L2 error order

1 1.88E-01 - 2.38E-01 - 8.97E-01 - 1.72E-01 -

2 5.61E-02 1.74 1.11E-01 1.10 6.05E-01 0.57 8.10E-02 1.08

3 1.66E-02 1.75 4.11E-02 1.43 2.67E-01 1.18 2.93E-02 1.47

4 4.76E-03 1.81 1.32E-02 1.64 7.80E-02 1.78 9.18E-03 1.68

5 1.33E-03 1.83 3.83E-03 1.79 2.07E-02 1.92 2.61E-03 1.81

6 3.60E-04 1.89 1.04E-03 1.88 5.32E-03 1.96 7.01E-04 1.90

7 9.40E-05 1.94 2.72E-04 1.94 1.35E-03 1.98 1.82E-04 1.95

8 2.40E-05 1.97 6.95E-05 1.97 3.41E-04 1.99 4.63E-05 1.97

9 6.07E-06 1.98 1.76E-05 1.98 8.55E-05 1.99 1.17E-05 1.99

Table 3. (Example 4.2) The L2 error at T = 10 and corresponding orders for

CN2 scheme with δt = 1
2m .

(a) original energy (b) modified energy

Figure 4. (Example 4.3) Comparison of the original energy and the modified

energy using random initial value. Left: original energy; Right: modified energy.

u = −0.1 at the boundary. This numerical example is similar to the one given in [16], but the1

computational domain Ω = (−1, 1)2 slightly differs from that in [16].2

The simulation is performed by using BDF-2 scheme (2.22) in time and the Galerkin spectral3

method with N = 128 in space. The simulation results are presented in Figures 5-8. Figure4

5 shows how the phase field φ and the temperature u evolve over time. Obviously, we can see5

that the red areas in both phase field and temperature are steadily shrinking as time evolves. In6

the phase field graphics, boundary between the red area where φ is around 1 and the blue area7

where φ is around -1 is clear enough that we can observe how the state change. After a period8

of time, the phase field will become around -1 with the temperature becoming -0.1 everywhere.9

To observe the movement of the boundary, we mark the points where the value of φ is close to10

0 in Figure 6. It shows how the interface between φ = −1 and φ = 1 moves as time progresses11

until t = 0.5. Without tracking the interface, we found those curves after the values of the phase12
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function are obtained. In order to observe the change process of the phase field and temperature1

more intuitively, we use Figure 7(a) to show some sample phase field profiles of the middle cross2

section at different instants and Figure 7(b) gives the corresponding temperature profiles at the3

corresponding times. It should be noted that the phase jumps across the interface in Figure 7(a)4

is sharp even though those corresponding temperature in Figure 7(b) has small oscillations. Since5

the Legendre-Gauss-Lobatto points are not equidistant, Figure 6 cannot directly correspond to6

Figure 5 and Figure 7(a), but we can still see the change process of the phase field φ and the7

temperature u from these figures. We also plot in Figure 8 the L2-errors at the final time T = 0.18

as functions of the time step size δt in log-log scale. It clearly indicates that the proposed scheme is9

of second order accuracy for both phase field φ and temperature u in this liquid freezing problem.10

Finally, the results obtained are in agreement with those presented in the reference [16].11

Phase field change

t = 0.1 t = 0.5 t = 1 t = 2 t = 3

Temperature evolution

t = 0.1 t = 0.5 t = 1 t = 2 t = 3

Figure 5. (Example 4.4) Results of the phase change simulation. Up: phase field

change; Down: temperature evolution.

Figure 6. (Example 4.4) History of the interface moving towards the center of

the domain as time progresses.
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(a) Phase curves. (b) Temperature curves.

Figure 7. (Example 4.4) Phase field and temperature profiles of the middle cross

section at different instants. Left: phase curves; Right: temperature curves.

Figure 8. (Example 4.4) Error decay at T = 0.1 versus the time step sizes for

the moving boundary problem.

Example 4.5. (Simulation with real physical parameters) We propose to end this section by1

distinguishing the thermal properties of the material in its liquid phase from those in its solid2

phase. In the previous simulation these parameters were chosen constant to match the data in3

the reference article and thus to validate our results. In this example we consider a simulation4
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for the model having real physical parameters related to the phases of the material:1 

τ
∂φ

∂t
= ε2∆φ− 1

2
φ(φ2 − 1) +

2ρ(φ)c(φ)

L
u, in [−1, 1]2 × (0, T ],

∂u

∂t
= ∇ · (K(φ)∇u)− L

2ρ(φ)c(φ)

∂φ

∂t
,

φ(x, 0) = φ0(x), ∀x ∈ [−1, 1]2,

u(x, 0) = u0(x),

(4.3)

where
ρ = 1470kg/m3

K = 0.36W/(m ·K) when solid,

c = 1330J/(kg ·K)


ρ = 1332kg/m3

K = 0.52W/(m ·K) when liquid.

c = 2360J/(kg ·K)

The heat Latent coefficient is equal to L = 267kJ/kg. For the initial condition, we use the same2

as in Example 4.4.3

Remark 4.1. The solver developed in this paper is optimal for the case of constant conductivity4

in the whole domain. The case we consider here presents a small variation that we will approach5

by imposing it identical and equal to 0.52 W/(m ·K). A fast solver for non-constant coefficients6

is to be developed in the future work.7

The simulation results are shown in Figure 9. It is observed that at t = 0.05 most of the area8

is still in liquid state (φ = 1); at t = 1.2, all but the middle part has become solid (φ = −1),9

which means this material is gradually freezing from liquid to solid over time. This simula-10

tion demonstrates the applicability of the proposed method to practical thermal phase change11

problems.12

Phase field change

t = 0.05 t = 0.1 t = 0.5 t = 1 t = 1.2

Temperature evolution

t = 0.05 t = 0.1 t = 0.5 t = 1 t = 1.2

Figure 9. (Example 4.5) Results of the phase change simulation. Up: phase field

change; Down: temperature evolution.
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5. Summary1

We have proposed in this paper some new schemes to numerically solve the thermal phase2

change model, which is a coupling of the Allen-Cahn equation and heat equation. The proposed3

schemes were constructed based on an auxiliary variable approach to the Allen-Cahn equation and4

implicit/semi-implicit treatment of the heat equation. The stability property of these schemes5

was rigorously established, while the temporal/spatial convergence rates were carefully exam-6

ined through a series of numerical tests. We demonstrated theoretically and numerically that7

the implicit treatment of the coupling terms leads to unconditionally stable schemes. We also8

showed that the proposed method is efficient and easy to implement in the sense that only several9

second-order elliptic problems with constant coefficients need to be solved at each time step. A10

comparison between the implicit and explicit treatments of the coupling terms was carried out. We11

emphasize that the explicit schemes are easier to implement, but there is no theoretical guarantee12

for their unconditional stability, although no instability observed in our calculation. The numer-13

ical experiment has shown that the proposed schemes not only achieve the predicted/expected14

convergence order for the fabricated smooth solutions, but also are capable of simulating correct15

movement of the solid-liquid boundary of a fluid freezing problem. Finally, the proposed method16

is expected to be applicable to more complex physical problems, such as dendrite growth models.17
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