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Abstract

The discontinuous Galerkin approximation of the grad-div and curl-curl problems formu-
lated in conservative first-order form is investigated. It is shown that the approximation is
spectrally correct, thereby confirming numerical observations made by various authors in the
literature. This result hinges on the existence of discrete involutions which are formulated as
discrete orthogonality properties. The involutions are crucial to establish discrete versions of
weak Poincaré—Steklov inequalities that hold true at the continuous level.

Keywords. Grad-div problem, curl-curl problem, first-order system, Friedrichs system, involution,
spectrum approximation
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1 Introduction

Many conservation equations generate involutions, e.g., the elastodynamics equations, Maxwell’s
equations, the magnetohydrodynamics equations, the wave equation, etc. For instance, on domains
with trivial topology, if one considers the wave equation (which is a linearized version of the com-
pressible Euler equations), the involution on the velocity, v, is Vxv = 0, and if one considers
Maxwell’s equations, the involutions on the electric and magnetic fields E, B, are Gauss’s laws,
i.e., V-E = 0 (in the absence of free charges) and V-B = 0. An algebraic characterization of
involutions for general conservation equations is given in Boillat [7]. Involutions are important
to prove compactness, entropy inequalities, and to establish well-posedness. The question ad-
dressed in this paper is whether using the discontinuous Galerkin (dG) method to approximate
in space conservation equations endowed with involutions generates discrete involutions that are
strong enough to establish compactness. Since the problem is very difficult for generic nonlinear
conservation equations, we restrict ourselves to the grad-div and curl-curl operators written in
first-order conservation form as they are good representatives of the problems encountered with
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the wave equation and Maxwell’s equations. For both operators, the involutions are formulated as
orthogonality properties (see, e.g., Hiptmair [22, §4.1] for handling Gauss’s law involutions). We
restrict ourselves to the investigation of the spectral properties of the dG approximation, leaving
the study of other discretization methods to future work.

The spectral correctness of the dG method for approximating the grad-div operator written in
second-order form is proved in Antonietti et al. [3, Th. 4.1]. The spectral correctness of the curl-
curl problem written in second-order form has been established in Buffa and Perugia [9, Prop. 7.3]
(this result is prefigured in Houston et al. [23, Cor. 3.6] for constant coefficients). We recall that
spectral correctness means that the point spectrum of the approximation does not contain spurious
eigenvalues. Whether this is also the case when the equations are written in first-order form has
not yet been established at the time of this writing and to the best of the authors’ knowledge. The
reader is referred to Boffi et al. [6] for examples of (conforming) approximations of the grad-div
problem written in first-order form that are not spectrally correct. The dG approximation of the
time-dependent Maxwell’s equations written in first-order conservation form has been investigated
in Hesthaven and Warburton [20]. Using energy arguments, it is shown in Theorem 4.2 therein
that the approximation is convergent, and an observation is made in Theorem 4.3 regarding the
involution properties of the scheme. This observation is, however, not sufficient to establish that
the associated eigenvalue problem is spectrally correct. The eigenvalue problem is numerically
investigated in Alvarez et al. [1], Cohen and Duruflé [13, §3.1], Hesthaven and Warburton [21],
and the authors observe that the eigenvalue problem is pollution free provided the numerical
flux is dissipative, i.e., includes penalty terms on the jump of the tangential components of both
fields. Furthermore, spectral correctness has been established for a combination of conforming and
dG approximations of Maxwell’s equations by Campos Pinto and Sonnendriicker [10]. It is also
observed therein that the full dG approximation is compatible with Gauss’s laws.

In the paper, we prove that indeed the dG method yields approximations of the first-order form
of the grad-div and curl-curl operators that are spectrally correct. In particular, we show that it is
essential to invoke discrete counterparts of the involutions associated with the continuous problem
to establish this result. The discrete involutions, which are formulated as (topology-blind) discrete
orthogonality properties, are crucial to establish discrete (weak) Poincaré-Steklov inequalities.
These inequalities are, in turn, pivotal to gain full L2-stability of the dG approximation. The
discrete Poincaré-Steklov inequalities usually available in the literature involve the L2-norm of the
gradient, curl or divergence when using conforming spaces (see, e.g., Hiptmair [22, Thm. 4.7] or
Monk and Demkowicz [25, Cor. 3.2]) or reconstructions thereof when using dG approximations
(see Buffa and Perugia [9, Lem. 7.6]). The route followed here consists instead of extending weak
Poincaré—Steklov (in)equalities that hold true at the continuous level which involve a dual norm
of the gradient, curl or divergence.

The material is organized as follows. We present in §2 the continuous operators we want to
approximate. (see Definitions 2.13 and 2.17). The involutions mentioned above are formalized as
orthogonality properties (see Remarks 2.1 and 2.5). The finite element setting is introduced in §3.
Lemma 3.2, which establishes discrete Poincaré—Steklov inequalities hinging on discrete involutions,
is the key result of this section. As in the continuous setting, the discrete involutions are formalized
as orthogonality properties. The dG approximation of the grad-div and curl-curl operators is
analyzed in §4 and §5, respectively. The main results of these sections are Theorems 4.11 and 5.10,
which prove the spectral correctness of the dG approximation. For completeness, standard results
on Helmholtz decompositions are collected in Appendix A. Although everything that is said in the
paper could be written using the unified formalism of finite element exterior calculus (see Arnold
et al. [4]), we prefer to use the formalism of vector calculus to be more explicit even though the
structure of the grad-div and curl-curl operators is similar. Finally, the main compactness result
invoked for both operators is the consequence of the regularity of the solution in fractional-order
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Sobolev spaces with regularity index s > % (see Lemma 2.14 and 2.18). This regularity is known
in the literature to hold true in the case of homogeneous materials. The case of heterogeneous
materials is left to future work.

2 Continuous setting

Let D be an open, bounded, Lipschitz polyhedron of R?, d € {2,3}, with unit outward normal
vector np. Additional topological assumptions on D are collected in §A.1. We implicitly assume
that d = 3 whenever working with the curl operator. To be dimensionally consistent, we introduce
a length scale, ¢p, associated with D (it could be for instance the diameter of D).

2.1 Functional spaces

We use standard notation for Lebesgue and Sobolev spaces. We use boldface fonts for R%-valued
vectors, vector fields, and functional spaces composed of such fields. The spaces L?(D) and L?(D)
are composed of Lebesgue integrable scalar-valued functions and vector fields that are square
integrable, respectively. The canonical inner products in these two spaces are denoted (-,-)z2(p)

and (-,-)g2(p), respectively. Depending on the context, the symbol L denotes the orthogonality in
L?(D) or L?(D). We define

HY(D) := H(grad; D) := {p € L*(D) | Vp € L*(D)}, (1a)
H(curl; D) := {v € L*(D) | Vxv € L*(D)}, (1b)
H(div; D) := {v € L*(D) | V-v € L*(D)}. (1c)

These Hilbert spaces are equipped with their natural graph norms

N7 oy = Ipll72p) + o lIVEIZ2 () (2a)
||v||%-1(curl,D) = ||’UH%2(D) +£%HVXUH%2(D)7 (2b)
1913 aivi) = 1911z (D) + DIV -0lZ2(p)- (2¢)

We also consider the following closed subspaces:

Hy (D) »= Ho(grad; D) == {p € H'(D) | v3p(p) = 0}, (3a)
Hy(curl; D) := {v € H(curl; D) | v§p(v) = 0}, (3b)
Hy(div; D) := {v € H(div; D) | v5p(v) = 0}, (3¢)

where v5,, : HY(D) — H?z(OD) is the extension by density of the usual trace operator such that
v5p(p) = plap for every smooth function p € H*(D), s > %7 and the tangential and normal trace
operators 7§ : H(curl; D) — H~2(8D) and vap « H(div; D) — H~2(AD) are the extensions
by density of the tangent and normal trace operators such that v§,(v) = v|spxnp and 73 pv) =
v|gpnp for every smooth field v € H*(D), s > 3 (see, e.g., [17, §4.3]). We are also going to make
use of the following closed subspaces:

Py := H(grad = 0; D) := {p € H'(D) | Vp = 0}, (4a)
H(curl =0; D) := {v € H(curl; D) | Vxv = 0}, (4b)
Hy(curl = 0; D) := {v € Hy(curl; D) | Vxv = 0}, (4c)
H(div=0;D) :={v € H(div; D) | V-v = 0}, (4d)
Hy(div = 0; D) := {v € Hy(div; D) | V-v = 0}. (4e)
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Finally, we recall the following result (see Amrouche et al. 2, Prop. 7|) which is a conse-
quence of the elliptic regularity theory: There exists s € (3, 1] so that for all e € {H(curl; D) N
Hy(div; D), Hy(curl; D) N H(div; D)},

llellzs(py < Co(llellz(cur;ny + €]l Haiv;D))- (5)

Here and in what follows, Cp denotes a generic constant that only depends on D and whose value
can change at each occurrence.

2.2 Heuristics for the involutions

We introduce in this section the differential operators associated with two model eigenvalue and
boundary value problems. We identify the associated involutions and interpret them as orthogo-
nality properties.

2.2.1 Grad-div eigenvalue problem

Given a scaling factor ¢ > 0 (see Remark 2.3), we consider the following eigenvalue problem: Find
A € C and a nonzero pair (v,p) € Hy(div; D) x H'(D) so that

Vp =2, Vo =\p, (6)

with the operators V : HY(D) 3 ¢ — Vq € L*(D) and V- : Hy(div; D) > w — V-w € L*(D).
Notice that —V and Vj- are adjoint to each other since (¢, Vo-w)r2(py = —(Vq,w)r2(p) for all
q € HY(D) and all w € Hy(div; D). Moreover, we will see in §2.3 that both operators have a
closed range.

We are only interested in the case A # 0. The assumption A # 0 implies that p = Vp-(A~1c%v)
and v = V(A71p). This means that

p € im(Vy-) = ker(V)*+ = Py, (7a)
v €im(V) = ker(Vo-)* = Ho(div = 0; D)™, (7b)

where we recall that the symbol “im” means “image of” or “range of” and the symbol “ker” means
“kernel of” or “nullspace of”. (Notice that p € Py simply means that (p, )r2py = 0, ie., p has
zero mean-value over D.) We call involutions of the eigenvalue problem (6) the properties p € Py
and v € Hy(div = 0; D)J'. One objective of the paper is to prove that the dG approximation of
(6) preserves discrete versions of the involutions (7), and that the approximation of the spectrum
is pollution free.

Remark 2.1 (Involutions and topology of D). The involution property (7b) implies that Vxv =0

since Hy(div = 0; D)™ = VH(D) (see (68¢c)). However, Vxv = 0 fully describes the involution
1

only if D is simply connected. Indeed, the decomposition H(curl = 0; D) = VH(D)® K.(D) (see

(67a)) implies that Hy(div = 0; D) C H(curl = 0; D) with equality iff D is simply connected.

Remark 2.2 (Time domain). Consider the wave equation in the time domain:

Ov+Vp=0, Op+Vyv =0, (8)

with initial conditions p(-,0) = p°(-), v(-,0) = v°(:) and boundary condition 3, (v) = 0. Arguing
as above, we observe that if p° € Py, v° € Hy(div= O;D)J‘, then the involutions p(-,t) € Pg,
v(-,t) € Ho(div = 0;D)" hold true at all times. That the dG method satisfies discrete counterparts
of these involutions guarantees that the (semi-discrete) system behaves properly over long times.
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Remark 2.3 (Scaling factor). The scaling factor ¢ is introduced to remind us that the field v and
the function p can have different units. Here, ¢ has the same units as the ratio of p to |v||. In
applications, one often thinks of ¢ as a wave speed. With this scaling, the eigenvalue \ scales as a
frequency. The reader can assume that ¢ = 1 without loosing anything essential in what follows.

Remark 2.4 (Other BCs). The problems (6) and (8) can be equipped with other boundary con-
ditions. For instance, one can enforce v5,(p) = 0 instead of ¥3p(v) = 0. In this case, the
involutions are p € {0} and v € H(div=0;D)". (Notice that the involution p € {0}* is
trivial.) The present analysis extends to this situation; see Remarks 2.11 and 4.1.

2.2.2 Curl-curl eigenvalue problem

Given ¢ > 0, the eigenvalue problem is to find A € C and a nonzero pair (B, E) € Hy(curl; D)x H (curl; D)
s.t.

—VxE =)\B, ¢VyxB=\E, (9)
with the operators Vx : H(curl;D) > e — Vxe € L?(D) and Vyx : Hy(curl; D) > b —
Vxb € L?*(D). These operators are adjoint to each other since we have (e, Voxb)rzpy =
(b,Vxe)p2py for all e € H(curl; D) and all b € Hy(curl; D). Moreover, we will see in §2.3
that both operators have a closed range.

We are only interested in the case A # 0. The assumption A # 0 implies that E = Vo x (A~ 1c?B)
and B = —Vx(A"'E). This means that

E ¢ im(Vyx) = ker(Vx)*" = H(curl = 0; D)™, (10a)
B € im(Vx) = ker(Vox )" = Hy(curl = 0; D)". (10b)

We call involutions of the eigenvalue problem (9) the fact that E € H(curl = 0;D)" and B €

Hy(curl = O;D)J‘. One objective of the paper is to prove that the dG approximation of (9)
preserves discrete versions of the involutions (10) and that the approximation of the spectrum is
pollution free.

Remark 2.5 (Involutions and topology of D). Owing to (67a) and (68c¢), we have H (curl = 0; D)* C
Hy(div = 0; D), and equality holds true iff D is simply connected. Thus, V-E =0 and y3,(E) =0
fully describe the involution satisfied by E only if D is simply connected. Similarly, owing to (67b)
and (68d), we have Hy(curl = O;D)l C H(div=0;D), and equality holds true iff D is con-
nected. Thus, V-B = 0 fully describes the involution satisfied by B only if 0D is connected.

Remark 2.6 (Time domain). Consider Mazwell’s equations in the time domain:
B+VxE =0, O,E—ZVyxB=0, (11)

with initial conditions B(-,0) = B(-), E(-,0) = E°(-) and boundary condition v, (B) = 0. As-
suming B® € Hy(curl = 0; D), E° € H(curl = 0; D)", then the involutions B(-,t) € Hy(curl = 0; D)™,
E(-,t) € H(curl = O;D)L hold true at all times. That the dG method satisfies discrete counter-

parts of these involutions guarantees that the (semi-discrete) system behaves properly over long
times.

Remark 2.7 (Other BCs). The problems (9) and (11) can also be equipped with the boundary
condition v, (E) = 0. The analysis in the paper readily extends to this case (it suffices to swap
the roles of E and B).
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2.3 'Weak Poincaré—Steklov (in)equalities

In this section, we identify important properties of the differential operators involved in the eigen-
value problems (6) and (9) and in the time-evolution problems (8) and (11). All these results are
consequences of well-known Helmholtz decompositions which we recall in Appendix A. Recall that
we defined H!(D) := H(grad; D) and Py := H(grad = 0; D), and that orthogonality is meant in
L? and L? depending on the context. We consider the following subspaces:

X® := H(grad; D) N H(grad = 0; D) = H'(D) N P¢, (
XJ := Hy(div; D) N Hy(div = 0; D)™, (
X¢:= H(curl; D) N H(curl = 0; D)*, (12¢
X¢ := Hy(curl; D) N Hy(curl = 0; D)*. (

As these spaces are closed in H'(D), H(div; D), H(curl; D) and Hy(curl; D), respectively, they
are Hilbert spaces when equipped with the inherited inner products.

Lemma 2.8 (Isomorphisms). The following operators are isomorphims:

V: X% - Hy(div=0;D)", V,:XI— H(grad =0;D)" = P¢. (13a)
Vx : X¢ — Hoy(curl = 0; D), Vox : X$ — H(curl = 0; D)". (13b)

Proof. (1) These operators are well defined since V(H!(D)) C Hy(div = 0; D)*, V- (Ho(div; D)) C
P, Vx(H(curl; D)) C Hy(curl = 0; D), Vox(Hy(curl; D)) C H(curl = 0;D)". They are
also bounded.

(2) Injectivity. Let p € X& = H(grad; D) N H(grad = 0; D)™ be such that Vp = 0. Then
p € H(grad = 0; D)NH (grad = 0; D)™ = {0}. A similar argument shows that the other operators
are injective as well.

(3) Surjectivity. The Helmholtz decompositions (68c) and (68b) show that the operators V
and V- are surjective. The surjectivity of the Vx operator follows from the Helmholtz decom-
position (69a) and V(HL(D)) C Hy(curl = 0; D). Similarly, the surjectivity of the Vi x operator
follows from the Helmholtz decomposition (69b) and Vx(Hu(D)) C H(curl = 0; D) (see Am-
rouche et al. [2, Lem. 3.11,p. 840]).

O

Remark 2.9 (Literature). Referring to Appendiz A for the notation and to Dautray and Lions
[14, Tab. I, p. 814/, we have H'(div = 0;D) = Ho(curlzo;D)L and Hy(div = 0;D) =
H(curl = O;D)J‘. Hence, (13b) is a topology-blind restatement of Theorems 3.2 and 3.17 in
Amrouche et al. [2].

Lemma 2.8 implies that the images of the operators V, Vj-, VX, Vyx are closed. Therefore,
there is Cp > 0 so that Cpl|p||a1(p)y < €p||VpllL2(p) for all p € X®. Hence, we can equip X®
with the norm ||p||xs := £p||Vp|L2(p)y for all p € X8 By using a similar argument, we equip
X§, X§, X¢ with the norms [vllxa = €olVovlrzp), Ibllxs == Lol[VoxblLz(p), llellxe =
(p||V xe|l2(py, respectively. We extend by density the above operators to V : L?(D) — (X,
Vo- : L3(D) — (X8)', Vx : L*(D) — (X§), Vox : L3(D) — (X¢)'. For all p € L?(D) and all
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v,b,e € L*(D), we set

|(p, Vo-v) 12Dy |(v, Vp)L2 (D)l
v Ji= sup ———— Vo-v fi=sup ——————t 14a
|| p”(Xg) ve)lé)g ZDHVO"U”L%D) || 0 ||(Xg) pe)?% eD”vp”L?(D) ( )
|(b, Vxe)rz(p)l |(e, Voxb)L2(p)|
Voxb||(xey i= sup ~ 2" IE2DN Gyl o, = sup o0 VB2 14b
IVoxBlxe) oz 8 {p||VxellL2(p) | lexs) be)?g ¢p||VoxbllLz(p) (14b)

Corollary 2.10 (Weak Poincaré-Steklov (in)equalities). The following holds:

1Pllz2(p) = €olI VPl x4y Vp € H(grad = 0;D)" = Py, (15a)
[vllL2(py = €pl|Vovl|(xey, Vv € Hy(div = 0; D)*, (15b)
1bllL2(py = £p[[Voxbl/(xey, Vb € Hy(curl = 0; D)™, (15¢)
lellzz(py = €ollV xell(xzy, Ve € H(curl = 0; D)*. (15d)

Proof. Owing to (13a) in Lemma 2.8, for all ¢ € Py, there exists a unique v(q) € X so that
Vov(q) = q. Let p € Pg, p # 0. We have

B (0, D20yl |(ps Vorv(q)) L2 (D)
Hp||L2(D) = I =
gert  llallzz(p) gept Voo (a)llr2(p)
(P, Vorv) 2D
= sup ————— ={p||Vpll(xay-
vexs [Vovllr2(p) (X5)
The proof of the other identities is similar. O]

Remark 2.11 (Other BCs). Setting X& := Hy(grad; D) N Hy(grad = 0; D)" = HYD)n{0}+ =
HY(D) and X9 := H(div; D) N H(div = O;D)L, the operators Vo : X§ — H(div = O;D)l and
V-: X4 - Hy(grad = O;D)J‘ = L?(D) are isomorphisms owing, in particular, to the Helmholtz
decompositions (68d) and (68a). Moreover, equipping X§ and X9 with the norms Ipllxs =
Cp||VopllL2(py and ||v||xa := €p||V-v||p2(p), respectively, and considering the extended operators
Vo : L3(D) — (X4) and V- : L*(D) — (X§)', the following weak Poincaré-Steklov (in)equalities
hold true for all (p,v) € L*(D)x H (div = 0; D)J‘,
Ipll 22Dy = £l Vopll x4y [vllz2(py = ol Vvl (xsy,

with dual norms defined as in (14). (Notice that ||| (xgy = |||l z-1(p)-)

2.4 Eigenvalue problems

We are now ready to give a precise definition of the operators involved in the eigenvalue problems
(6) and (9). The main difficulty we address is to get rid of the eigenspace associated with the 0
eigenvalue. For this purpose, we consider the following L?- or L2-orthogonal projections:

I8 : L?(D) — H(grad = 0; D) = Py = ker(V) = im(Vp-)*, (16a
g : L*(D) — Hy(div = 0; D) = ker(Vp-) = im(V)™, (16b
IT : L*(D) — Hy(curl = 0; D) = ker(Vx) = im(Vx)*, (16¢
I1° : L?(D) — H(curl = 0; D) = ker(Vx) = im(Vox)*. (16d

Recall that £ is a length scale associated with D and that ¢ is a scaling factor typically representing
a wave speed; in what follows, we use the time scale 7p := ¢~ 1¢p.

)
)
)
)
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2.4.1 Grad-div problem
Let us first address the grad-div operator.

theorem 2.12 (Well-posedness). For all (f,g) € L?*(D)xL?(D) =: L4, there ezists a unique pair
(v,p) € Ho(div; D) x HY(D) such that

75 T (v) + Vp = (I - TI)(£), (17a)
75 T8 (p) + 2Vpv = (I — 112)(g). (17b)

This pair is in X§x X8 and continuously depends on (f,g), i.e., vl xa = Cpe?|(I-118)(9) | L2(D) -
Ipllx= = £oll(X = TIG) () L2(p)-

Proof. Lemma 2.8 implies that there there exists a unique pair (v,p) € X x X8 verifying Vp =
(I —TI)(f) and Vo-v = (I — 18)(g). Since I18(q) = 0 for all ¢ € X& and IIg(w) = 0 for all
w € X, the pair (v, p) solves (17). This proves existence. Let now (v,p) € Hy(div; D) x H'(D)
be a solution to (17) with zero right-hand side. Taking the inner product of (17a) with II(v), we
conclude that II3(v) = 0. This, in turn, implies that v € X§. Similarly, taking the inner product
of (17b) with TI8(p), we conclude that p € X&. Finally, Vo-v = 0 and v € X§ imply that v = 0,
and Vp = 0 and p € X* imply that p = 0. This proves uniqueness. The boundedness assertion is
a consequence of the definition of the norms [|-|| x4 and [|-|[x=. O

Definition 2.13. We define the operator T : LY — LY so that for all (f,9) € LY, the pair
(v,p) :==T(f,q) solves (17).

Lemma 2.14 (Compactness). (i) There is s € (3,1] s.t. for all (v,p) € X§x X8,
vl s (D) < Cplpl|VovllL2(py, Ipll 21 (py < Cplpl|Vpl L2 (D). (18)
(i) The operator T : LY — L4 is compact.

Proof. The decomposition (68c) implies that v € V(H*(D)) for all v € X{; hence, Vxv = 0.
Then, the inequality (5) implies that, for all v € Xg,

)l 20y < Co (vl Eaivip) + DIV X0 L2(D))
= CD”U”H(div;D) < CIDH'UHXS = C/D€D||V0'U||L2(D)-

Moreover, we have already seen that ||p||z1(py < Cplp||Vplz2(py = Cpllp||xs for all p € X®. This
proves the first assertion. The second assertion follows from the Rellich-Kondrachov compactness
theorem in fractional-order Sobolev spaces implying that the embedding Xg x X& — L4 is compact.

O

Let o(T) be the spectrum of T and o,(T") be the point spectrum of T. Since T is compact,
the spectrum of T reduces to its point spectrum away from 0, and 0 is an accumulation point.
Let o,(—AR") be the point spectrum of the operator —Ay' : L2(D) N Pg- — L?(D) NP, where
~A(=AN(f)) = f and 9,(=AK' (f))lop = 0. Recall that o,(~AR') C Rsg. Notice also that
a € op(—Ay") if and only if iy/a and —iy/a are both members of o, (T)). Hence, the point spectrum
of T is purely imaginary. Let us now relate the operator T to the spectral problem (6).

Lemma 2.15. (i) Let p # 0, (v,p) € X§x X8 be an eigenpair of T. Then %, (v,p) is an eigenpair
of (6). (ii) Let A # 0, (v,p) € Hy(div; D)xH'(D) be an eigenpair of (6). Then 5, (v,p) is an
etgenpair of T.
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Proof. (i) Let pu # 0, (v,p) € X§xX® be an eigenpair of 7. Then I3 (pv) + V(up) = (I —II3)(v)
and I18(up) + Vo-(uv) = (I — 18)(p). Since IIg(v) = 0 and I18(p) = 0, we conclude that %, (v,p)
is an eigenpair of (6).

(ii) Let A # 0, (v,p) € Ho(div; D)xH'(D) be an eigenpair of (6). Then V(4p) = v and
Vo-(1¢2v) = p. This implies that v € Hy(div=0;D)" and p € P¢. Hence, II3(v) = 0 and
I&(p) =0, i.e., %, (v,p) € XIx X® is an eigenpair of T. O

Lemma 2.15 shows that the eigenstructure of T' is the same as that of (6) for the nonzero eigen-
values. Hence, it suffices to study the spectrum of 7" to have full knowledge of the eigenstructure

of (6). In the paper, we prove that the dG approximation of T is spectrally correct, i.e., pollution
free.

2.4.2 Curl-curl problem

We proceed as in §2.4.1 for the analysis of the eigenvalue problem associated with the curl-curl
operator. The reader is referred to Monk [24, Chap. 1] for an introduction to Maxwell’s equations.

theorem 2.16 (Well-posedness). For all (f,g) € L?>(D)xL*(D) =: L, there exists a unique pair
(B,E) € X§xX° such that
75 §(B) = VXE = (I - II{)(£), (19a)
75 II°(E) + *VoxB = (I — II°)(g). (19b)
This pair is in X§x X and continuously depends on (f,g), i.e., we have || B||xs = {pc™?|/(I —
) (g)llL2(pys 1Bl xe = £ol|(I = TI5)(f)l[L2(p)-
Proof. Similar to that of Theorem 2.12. O
Definition 2.17. We define the operator T : L° — L° so that for all (f,g) € L€, the pair
(B,E):=T(f,g) solves (19).
Lemma 2.18 (Compactness). (i) There exists s € (3,1] so that, for all (B, E) € X§x X°¢,
||B||HS(D) SCDEDHVOXB”L?(D), HEHH*(D) SCDEDHVXEHL%D)- (20)
(ii) The operator T : L¢ — L is compact.

Proof. By definition, we have X¢ C H/(curl; D). Moreover, the identity (67f) implies that
H(curl = 0; D)" = HF(div = 0; D). Hence, X¢ C H(curl; D) N H(div=0; D). Then, the
inequality (5) implies that, for all E € X¢,

|E|lzr:(py < Cp (|1 E|| E(curt:p) + (DI V-E| L2(p))
= Op||E|lH(curt:p) < CHllE|xc = Cplpl[VXE| L2(D).-

A similar argument is used to prove the first inequality in (20). This proves the first assertion.
The second assertion follows from the Rellich—-Kondrachov compactness theorem in fractional-order
Sobolev spaces. O

Since T is compact, we have o(T)\{0} = o,(T)\{0} and 0 is an accumulation point of o(T).
Let us now relate the operator T to the spectral problem (9).
Lemma 2.19. (i) Let p # 0, (B, E) € X{xX° be an eigenpair of T. Then i, (B, E) is an
eigenpair of (9). (i) Let A # 0, (B, E) € Hy(curl; D)x H(curl; D) be an eigenpair of (9). Then
%, (B, E) is an eigenpair of T.
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Proof. Similar to that of Lemma 2.15.
O

Lemma 2.19 implies that the eigenstructure of 1" is the same as that of the spectral problem
(11). In the paper, we prove that the dG approximation of T is spectrally correct, i.e., pollution
free.

3 Discrete setting

In this section, we introduce the discrete setting used in the paper. The main result of this section
is Lemma 3.2 which establishes discrete counterparts of the weak Poincaré-Steklov (in)equalities
from Corollary 2.10.

3.1 Broken polynomial spaces, jumps and averages

Let (7n)nen be a shape-regular family of affine simplicial meshes such that each mesh covers D
exactly. More general meshes can be considered provided suitable polynomial spaces composing
the corresponding discrete de Rham sequence are available. A generic mesh cell is denoted K, its
diameter hg and its outward unit normal ng. We define h as the piecewise constant function on
Tr such that i~L|K = hg for all K € Ty; we set h := ||i~L||Loo(D). The set of mesh faces, Fj, is split
into the subset of mesh interfaces (shared by two distinct mesh cells which we denote K;, K,),
say J7, and the subset of mesh boundary faces (shared by one mesh cell, K;, and the boundary,
0D), say .7-',‘? . For every mesh face F' € Fy, hp denotes the diameter of F. Every mesh interface
F € F} is oriented by the unit normal, np, pointing from K; to K,. Every boundary face F' € .7:,‘?
is oriented by the unit normal ng := np. For all K € Ty, Fx denotes the collection of the mesh
faces composing the boundary of K, and we set Fp 1= Fg N Fy.

In what follows, for positive real numbers A, B, we abbreviate as A < B the inequality A < CB
where C' is a generic constant, independent of h € H and the fields involved in the inequality, and
whose value can change at each occurrence.

Let £ > 0 be the polynomial degree. Let Py, 4 be the space composed of d-variate polynomials
of total degree at most k and set Py 4 := [IP’hd]d. Consider the scalar- and vector-valued broken
polynomial spaces

PY(Th) = {vn € L®(D) | vpx € Pra, VK € T}, (21a)
Py (Ty) := {vn, € L™(D) | v € Prg, VK € Ty} (21Db)

We introduce the L?- and L2-orthogonal projections
s L3(D) = PY(Th),  TI: L3(D) = PP(Th). (22)

For every py, € PP(Th), Vipn denotes the broken gradient of pj, (evaluated piecewise over each
mesh cell). For every vy, € P,? (Tr), Vixv, and Vy,-vp, denote the broken curl and divergence of
vy, respectively.

For all K € Ty, all F € Fg, all p;, € P,?(Th), and all v;, € P,?(E), we define the local
trace operators such that Vi o(pn)(®) = palk(®), V& p(vn)(®) = vp|k(x), Vi plon)(®) =
vp| k() xnp, and v p(vp)(x) := vp|x(x)np for ae. & € F. Then, for all F € F}, and x €
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{g, c,d}, we define the jump and average operators such that

X 1
[pn]% = Vi r (1) = Vi, m (0n), - ond = 5 (Vi p () + 7k, p (1)), (23a)
X X X 1 X
[orl% == vk, F(vn) = vk, r(vn), f{on}sr = 3 (’YK, rl(vn) + 'YKT,F(vh))' (23b)
To allow for more compact expressions, we also set [pn]% = {pn}5 = ’Y%(Z,F(ph)v [on]s =

{on}¥ == vk, p(vn) for all F € F?. Finally, we define the jump sesquilinear forms such that for
all py, qn € PP(Ty) and all vy, wy, € PP(Ty),

sy (Phsqn) = Z ([pnl%, lan]%) L2 (py sy (pn, qn) == Z ([pr]%, lan]%) L2y

FEFy FeFy
si(on,wn) ==Y ([onl %, [wnl ) r2ry, 5% (nwn) =Y ([al %, [wil %) 2 ).
FeFy FerFy
d
siv(n,wn) = ([oal®, [wal$) 2eys 53" (wnown) =Y ([al®, [wal#) 2y,
FeFy, FeFy
and the seminorms lgnlf = sh(qh,qh) |qh|hO = 55 (qn, qn)?, |onl§ = 5 (vn,vn)2, vl =
1
sy (’Uh,vh) s |l *Sh(’vh,vh)? and \Uh| Si’o(vh,vh)5~

3.2 Discrete Poincaré—Steklov inequalities

In this section, we prove discrete counterparts to the Poincaré—Steklov (in)equalities established
in Corollary 2.10. We first define the (broken) polynomial subspaces

P& (div = 0;Tp,) := PP(Tn) N Ho(div = 0; D), (24a)
P(div = 0;T;,) := PP(Ty) N H(div = 0; D), (24b)
P¢y(curl = 0;7;,) := PP(T,) N Hy(curl = 0; D), (24c)
P¢(curl = 0;7;,) := PP(7,) N H(curl = 0; D), (24d)
and we consider the following L?- or L2-orthogonal complements:
Xjp = P(Tu) NPy, (25a)
Xiio = P (Th) N Pig(div = 0; Ta) ", (25b)
Xy = P(Ty) N P (div = 0; 7)™, (25¢)
X5, := PP(Th) N PSy(curl = 0; 7,) %, (25d)
Xj, = P(T) N Py (curl = 0; 7)™ (25e)

The broken polynomial spaces X ,‘%, X,?O, X,?, X}, and X are nonconforming approximations
of X8, Xg, X9, X§, and X¢, respectively. We could have set Pf(grad = 0;7,) := PP(T,) N
H(grad = 0; D) and X; = PP(T,) N P¢(grad = 0;7,)*, but this would have led to the same

definition of X} as above because Pf(grad = 0;7,) =Py

Lemma 3.1 (Discrete Poincaré—Steklov ineq. for scalars). The following holds:

Ipnllz2(py < €D||Vph||(xg)/> Vpn € X} (26)
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Proof. Since X§ C P¢, (26) is a consequence of (15a). O

The situation is not as simple for discrete vector fields because X,‘jo is not a subspace of
Hy(div = 0; D)J‘, X! is not a subspace of H (div = 0; D)J‘, X, is not a subspace of Hy(curl = 0; D)J‘,
and X is not a subspace of H(curl = 0; D)J‘. To establish discrete Poincaré—Steklov inequalities
for vector fields, we use that the broken polynomial spaces contain polynomial spaces from the
entire discrete de Rham sequence based on curl-free Nédélec or divergence-free Raviart—Thomas
polynomials.

Lemma 3.2 (Discrete Poincaré—Steklov ineq. for fields). The following holds:

lonllz2(py S ollVovnllxey + h2 ol Yo € X, (27a)
lwnllz2(p) S CollV-wnl|xgy + b2 [waly®, Y, € X, (27b)
b1l z2(py S €pl|Voxball(xcey + h2 byl Vb, € X0, (27c)
lenllza(py S €ollVxenllxsy +h2lenls’,  Ven € X (27d)

Proof. (1) Proof of (27a). Here, the Hy(div; D)-conforming space composed of piecewise Raviart—
Thomas polynomials of order k > 0, PJ (T5), plays a central role. Notice that P (75) is not a
subspace of PP(T;), but we have

P&(Th) N Hy(div = 0; D) = PP(T;,) N Hy(div = 0; D) =: P&,(div = 0; T). (28)

Let Igéav : PP(Th) — P&(Th) be the Hy(div; D)-conforming averaging operator with zero normal
boundary prescription constructed in [16, §6]. Let vy, € X;Llo and define

d,av
vil =I5 (o), €= vl —TId(vy).

Since Vo-(IId(vg)) = 0 (because II(vy) € Hy(div=0;D)) and & € Hy(div = 0; D), the weak
Poincaré-Steklov (in)equality (15b) from Corollary 2.10 gives

I€llz2(0) = €olI Vo€l xey = £olIVo-Tng™ (o)l xey:- (29)

Let J& : L?(D) — P&(Ty,) and JP : L*(D) — PP(Ts) be the commuting approximation operators
devised in [17, §23.3] (see also Arnold et al. [4], Christiansen [11], Christiansen and Winther
[12], Schéberl [27]). Since v € P (Ty), we have

vh = Jho(€) = Tio(vh — &) = Tio (I (v})-
The commuting property of ._7,;10 implies that
Vo (v, = Tio(€)) = Vo (Tio (5 (v7))) = Ty, (Vo (G (v5,))) = T, (0) = 0.

Hence, v — J%,(&) € P3(Tn) N Hy(div = 0; D) = P& (div = 0;T,) owing to (28). Using that
vy, € P3 (div = 0;75,)" then gives

[onlZ2(py = (s vn — ) L2(D) + (vn, 05 — Tio(§))L2(D) + (vn, Tio(€)) 2()

= (v, vn — V) L2(D) + (Vn, Ti0(€)) L2(D)-
Invoking the Cauchy—Schwarz inequality and the L2-stability of J, yields

lvnllzzpy < llvw = vhllz2 o) + 1€llL2(p)-
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Recalling the definition of vg and the bound (29) on £ then gives

lonllzzpy < lvn = Zig™ (i)l 2oy + ol Vo Zog™ (v) |l xey -

Adding and subtracting V-v;, to the second term on the right-hand side, using the triangle in-
equality and since £p||Vo-@||(xzy < ||@|lL2(p) for all ¢ € L*(D), we obtain

lonllzzoy S llvn — Zog™ ()| L2 oy + £p 1| Vo-vn | (xe-

Finally, we invoke the approximation properties of Ig(’)av. For all K € T, we have

N

d,av z
lon = T @)l S hic{ D2 Monldl3eem b
FeFk

The assertion follows from the shape-regularity of the mesh sequence.

(2) The proof of the other inequalities proceeds similarly. Here, one counsiders the H (div; D)-
conforming space composed of piecewise Raviart-Thomas polynomials of order k > 0, P3(Ty), or
the H (curl; D)- and Hy(curl; D)-conforming spaces composed of piecewise Nédélec polynomials
of order k > 0, P¢(Tx) and PS,(7n). The corresponding averaging operators and commuting
approximation operators are constructed in, e.g., [17, Chap. 22-23]. O

3.3 Discrete projection operators

The (broken) polynomial subspaces introduced in (24) naturally lead to the following L?-orthogonal
projections:

Iy, : L*(D) — P&,(div=10;7;), II{:L*D)— P(div=0;Ts), (30a)

¢o s L*(D) = Pgy(curl = 0;7;), IS : L?(D) — Pg(curl = 0;T3,). (30b)

We can define the L?-orthogonal projection I1§ : L?(D) — P¢(grad = 0; 75, but II} coincides with

118 since Py (grad = 0;7;) = Py. We now record instrumental properties of the above operators to

be used in the analysis of the dG approximation. Recall that the continuous projection operators

are defined in (16), and that the projection operators onto the broken polynomial spaces are defined
in (22).

Lemma 3.3 (Discrete projections). The following holds:
I o I = I}, Dol =L, IG,ollj=IL, I5ol*=IL, (3l
Hfdzoonb = Iy, IT;, o I = ITj, H%oonb = IIj,, f, o I} = IIj,. (31b)
Remark 3.4 (I18). The identities in (31) also hold for 18 and I1§. We additionally have I18oII} =

1P o 118 =118 because Py C PP(Ty). Finally, if the boundary condition is Y5p(p) =0 for the grad-
div problem, we simply set II§ = I1¥ ) = 0.

4 Discontinuous Galerkin approximation of grad-div opera-
tor
This section deals with the analysis of the dG approximation of the grad-div operator. The main

result is Theorem 4.11, which implies that the approximation is spectrally correct. For simplicity,
we set the scaling coefficient to ¢ := 1.
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4.1 Definitions

We define the discrete space L¢ := PP(T,)xPP(T). The sesquilinear form aj : L{xL{ — C
associated with the problem (17) is
an((Vn,pr), (wh, qr)) = €5 (Mg (vn), wn)p2(p) + €5 (TE(pr), an) 22(D)
— (Phy Virwn) 120y — (Vn, Vian) L2(p)

+ Z ({pn¥5, [wnl) L2y + Z (fon ¥, [anl) 20m) (32)

FeFp FeFp
+ 85 (v, wp) + 53 (pn, qn)-

Integrating by parts the broken divergence and gradient operators also gives
an ((Vn, pn), (wn,ar)) = 5" (Mo (vr), wr) L2 (py + 5 (T (pn), an) r2(p)
+ (Vupn, wn)r2(0) + (Vivn, qn)L2(p)

= > (Ienlf Awnd @) ey — Y ([onlf {and i)z (33)

FEF? FEFy
+ s (vn, wi) + 55 (P, qn)-

Notice that the stabilization sesquilinear forms s§l and s3'° could be scaled by O(1) positive weights;
for simplicity, we choose these weights to be equal to 1 here.

We now define Tj, : LY — Lz C L4, the discrete counterpart of the operator T' : LY — L9
introduced in Definition 2.13 (recall that L := L?(D)xL?(D)). For all (f,g) € LY, Ti,(f,g) :=
(vn,pn) is the unique pair in L so that, for all (wy,qs) € LY,

an (v, pr)s (W, qn)) = (I = I50) (), wr) £2(py + (I = T18)(9), qn) 12(p)- (34)

The definition of T}, makes sense owing to the stability result established in Lemma 4.6.

Our goal is to prove that limpep 0 || T — Th|l(za;zay = 0. This is done in two steps. First we
prove an inf-sup condition which establishes stability. Then we prove a consistency /boundedness
result. Convergence follows by combing these two results.

Remark 4.1 (Other BCs). To approzimate the grad-div operator with the boundary condition
v5p(p) =0 (see Remarks 2.4 and 2.11), we use the sesquilinear form
an((Vn, pr), (wh, qn)) == €5 (T4 (v4), wr) 2 (D) — (Phs Varwn) £2(py — (V. Vadn) 2 ()

+ 3 o ds [wnlP) oy + Y onkd, [an]$) 2y + 557 (0n, wn) + 5 (pn, an)-
FeFy FeFn

Notice that there is no projection operator acting on pp as H,glo =0.

4.2 Discrete involutions and other comments

The projection operators H‘,}LO and II® are only invoked for theoretical purposes. One does not need
to construct these operators in practice when one wants to approximate the eigenvalue problem (6)
or when one wants to approximate the wave equation in the time domain (8). Indeed, let us consider
the following sesquilinear form:

an (v, pn), (Wh,qn)) := —(ph, Vrwn) 12(p) — (Vn, Vagn)L2(p)

+ ) fend Twnl @) ey + > Eondi [anl$) o) + i (vnwn) + 55 (prqn). - (35)
FeFy FeFy
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Notice that a5 ((-,-), (wh,qn)) = 0 for all (wh,qn) € PZ(div = 0;7,)xPy because every field
wy, € Pkdo(div = 0;7y) satisfies Vj,-wy, = 0 and [wp]$ = 0 for all F € Fy, and every function
qn € Py satisfies Vg, = 0 and [g,]% = 0 for all F € Fj.

Lemma 4.2 (Eigenvalue problems for aj and ap,). Let XA # 0, (vn,pn) € LY. Then T, (v, pr)

X (n, pr) if and only if an ((vh, pr), (Wi, qn)) = A((Vh, wh) L2(D) + (Phs ar) L2(D)) for all (wp, qn) €
L$.
Proof. (1) Let (vp,pp) € L% be so that Ty (vp, pr) = %(vh,ph). This means that ah((vh,ph), (wp, qh)) =
AM((I = II530) (vn), wr) L2(py + (I — 1) (pr), qn) 12(py) for all (wh,qn) € Li. Using the test func-
tions wy = Ijl(vn) and g, = T&(py), we obtain ¢4 | Ty (v) 132 py + €5 1B (D) (172 p) = O,
which then gives

My (vy) =0,  T8(py) = 0. (36)

This implies that as ((vn,pn), (Wh,qn)) = A((Vn, wi)2(p) + (Phs qn)L2(p)) for all (wy, qn) € L,
whence the assertion.

(2) Assume now that dh((vh,ph), (wp, qh)) = )\((vh, wp,) 2Dy +(Phs qh)Lz(D)) for all (wp, qp) €
L{. Using the test functions wy, = I (vy) and g, = I18(py,), we observe that ay, ((v;“ph), (wp, qh)) =
0, which, in turn, implies that (36) holds true. The assertion readily follows. O

Remark 4.3 (Discrete involutions). The proof of Lemma 4.2 shows that the involutions enforced
by ap, and ap, are (36). Notice that the projections H%O and IT® are not involved in the construction
of ap. As shown in Lemma 3.2, these involutions are essential to prove the discrete Poincaré—
Steklov inequalities (27). These inequalities play a pivotal in the proof of the spectral correctness
of Ty, which owing to Lemma 4.2 implies the spectral correctness of the dG approximation realized
by &h-

Let us now consider the approximation in time and space of the wave equation (8). For

simplicity, we use the backward Euler time-stepping. Letting (v}, p}) € L% be the approximation
at time t" and letting 7 be the time step, (vZH,pZH) € L is the unique pair that solves, for all
(wha C]h) € L(}lp

(O wn) p2py + ()T an) 2oy + Tan ()L P, (wh, an)) =
(Vi wn)L2(py + (Phyan) 20y (37)

Lemma 4.4 (Time involution). Assume that the pair (v}, py) satisfies the involutions (36). Then

the pair (vy T, pi ) satisfies (36) as well.

Proof. Using wy, = I§, (v ™) and g, = T18(p;' ™) yields the assertion. O

Lemma 4.4 shows that if v)) is orthogonal to Pg (div = 0;7;) and the mean of p) over D is
zero, then this is also the case for (v}, p}) for all n > 0.

4.3 Stability

We equip the discrete space L% with the mesh-dependent norm
1 _1
[(Wr, pr )Mo, = €p* [lvnllL2(p) + €p* [Ipall 2 (D)
=1 =1
+ |h2Vpvnllz2(py + [|R2 Vapnl L2 0y + lonlf + |pnl5°. (38)

Recall that IT? and II} are defined in (22), and the spaces X are X& are equipped with the norms
|wl|xa :=€p[|[Vo-wllr2(p) and |[q||x= := €p||Vql[L2(p), respectively.
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Lemma 4.5 (Stability of broken projections). The following holds:
1 :
1AL, (w), I (@) 5.0 S 57 (lwllxg + llallxe),  V(w,q) € X§xXE. (39)

Proof. (1) Bound on II}(w). Let w € X¢. The L%-stability of II} together with the closedness
of the image of Vj- (see Lemma 2.8) implies that

_1 _1 _1
O IR (w) | 2oy < £p° [wllLz) S €p° lwllxg-
Moreover, we observe that, for all K € Ty,
V(T (w) |72y = (V-(ITR (w) — w), V-(TL (w)) L2 (1) + (V-w, V(IR (w)) 2 (k)
Letting A be the first term on the right-hand side, integration by parts gives

A= (I (w) — w, V(V-(II} (w))) 1 o, + (T (w) — w, e V-(TI} ()

L2(K) L2(0K)’

Invoking the Cauchy—Schwarz inequality, the approximation properties of HE, the boundedness of
the embedding X{§ < H*(D) with s > 4 (see Lemma 2.14), and inverse and trace inequalities for
the polynomial V-(IT} (w)), we obtain

|A| S B Hw] s o) | V- (IR (w) || 22 (16 -

For the second-term on the right-hand side, we apply the Cauchy—Schwarz inequality. After sim-
plifying by ||V-(IT} (w))||r2(x) and multiplying the result by k%, we obtain

[N

1 o 1
hE V- (IR (w) || 2k S B 2wl e () + RENV-w] 2k

Summing over the mesh cells, we infer that

Nl=

1 s—1,—% 1,—
182 V(TR (w)|| 220y S (B/€D)* 2457 |wllxa + (B/€p)Z €,

_1
< 2£D2”wHX5‘7

[Jwll xg

where the last bound follows from h < ¢p. Finally, since w € H*(D) with s > %, it is legitimate

to assert that w has zero normal jump across every mesh interface and zero normal trace at every
mesh boundary face. This implies that

s—1 _1,-1
I} (w) [, = T (w) — wly, S h° % |wlmep) S (h/€p)* 265" |w] xg-

1
Hence [T (w)j, < ¢p* [lw| xa because h < £p. This completes the bound on ITp (w).
(2) The arguments for 118(q) are similar (and simpler) and are therefore omitted. O

We are now ready to establish our main stability result.

Lemma 4.6 (Stability). The following holds:

Iompmlon < sup L2 (rn): (wha0)

, Y(vn,pn) € Lj. (40)
(wh,qn)€LY H(wh7qh)||b7h h
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Proof. Let (vp,pn) € LY and let S denote the right-hand side of (40). We need to show that

[(r, pr)llon S S
(1) The first step of the proof is classical (see, e.g., [15]). We observe that

Cp I (0n)32(py + €5 ITE () 172 py + (Jonl5)? + (a5 )
= an((vn,pn), (Vn,pn)) < S|l(vn, pr)llon-  (41)
Moreover, using wy, := %Vhph and gy := th~vh in the expression (33) for ay, gives
||B%vh'vh“%2(p) + ||iL%Vth||2Lz(D) = ah(('vhaph)a (wh,(Ih)) — Ay,
with

Ay =5 (T (vh), wr) 2Dy + 5 (B (pn), an) r2(py + Sh (v, wr) + 55° (Ph. qn)

- Z (ﬂphﬂ%a{{wh}}%)p(m - Z ([[Uh]](li?v{{Qh}}%?)L2(F)~

FeFp FeFy,
Using inverse inequalities and i < £p shows that
- -
[(wh, qn)llo.n < 1R 2wh|lL2(p) + 1A 2 qnllL2(p)
=1 =1
= |2V rpnllL2py + 1h2Vivr| L2y < |(Vr, pa)llb,n-

This proves |an ((va, pr), (wh,qn))| < S||(vh, pa)lls,n- Moreover, invoking the Cauchy—-Schwarz in-
equality, h < ¢p, inverse inequalities, and the bound from Step (1) gives

Nl

1A S (65 Mo () 22y + €5 I8 (r) 1 22y + (lonli)? + (Ipnl5)?)
~ ~ 3
X (1A~ 2 wnllzao) + 1B 2 anlz)) < 82 (wn, o)l
Putting the above bounds together yields
~1 ~1 1 1 1 3
172V ron|L2p) + |1R? Vapall2py S S% 1(vns pr)ll7,, + ST I[(vn, pr) Iy - (42)

Combining (41) with (42) shows that

_1 _1 o
lp® ||H(fj7,0(vh)HL2(D) + 52 T8 (pn) [ 2Dy + o5 + lpnly
~1 =1 1 1 1 3
+ 2 Vivn|r2py + 172 VipallL2 o) < S2[[(vns pu)lly , + S (s pu)lly - (43)

(2) In the second step, we prove that, for all (v}, p},) € X, xXF (see (25)),

_1 1 1 o
0p* (Ivhllz2 o) + IPhllz2(oy) S €BS™ + (h/€p)*~ = (Jvhls + [Ph %), (44)
with o . .
e g (R R (M) M)
(w,q)E XY x X5 lwllxa + [lallx=

The proof of (44) heavily relies on the discrete Poincaré—Steklov inequalities (26) and (27a). Let
q € X#& with {p||Vq|lr2(p)y =: ||lg]lx= = 1, and set g, := II})(q). Notice that II&(gs) = I12(¢q) = 0
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since T8 o II? = TI8 (see Remark 3.4). Using the expression (33) for aj,, and since ¢ has zero jumps
across the mesh interfaces, we infer that

(v}, V) 20y = — (Vivh, Q)2 () + Z (lorl e fad) L2y
FeFy

- ah((”;wp;z)7 (0>Qh)) — Ay,

with
As = (Vavh, g —an) 2y — Y, ([Wile €a — an}5) o) + 55°(0ho g — an)-
FeFy,
Noticing that the first term on the right-hand side vanishes, invoking the Cauchy—Schwarz inequal-
ity, the approximation properties of 1’[27 and the continuous embedding X8 < H*(D) with s > %
gives
1,1 o
|Aa| S (h/€p)*"2p* (Jp 5 + 1p317°)-

Similarly, let w € X§ with {p||Vo-wl|r2(p) =: |w]lxa = 1 and set wy, := IT} (w). Notice that
I (wp,) = I (I (w)) = I (w) = IIY (II§ (w)) = O owing to Lemma 3.3. Using (33), and
since w has zero normal jumps across the mesh interfaces and zero normal component at the mesh
boundary faces, we infer that

(Ph Vow)z2(py = — (Vaph, w)p2oy + Y ([oh]5 {w}i) 2
FeFp

- ah((v;np;z)v (whvo)) —As,

with

Ag = (Vaph,w —wp) o) — (5 fw — wn}5) ey + iy (0], w0 — wy,).
FeFy

Invoking the Cauchy—Schwarz inequality, the approximation properties of H},’l, and the continuous
embedding X§ < H*(D) with s > £ gives
1,1
|As] S (h/€p)* 25" ([vnlh + 315 °)-

Using the above identities for (v}, Vq)r2(py and (p},, Vo-w)r2(py together with the above bounds
on Ay and Az shows that
1
-2

INovillxey + VDLl xgy S ST+ (h/€p)*~ 2457 ([ohl5 + P4 5°)-

Finally, using the discrete Poincaré-Steklov inequalities (26) and (27a) gives

b2 (lvnlle2py + 1Pkl L2(p))
1 1 o
< (IINVovhll ey + VLIl xa) ) + (h/€p)= (Johl5 + [phIE°)
1 1 o
SBS™ + (h/tp)* 2 (Jopl5 + hIR°),
where we used that h < £p. This completes the proof of (44).
(3) In this last step, we prove (40). Let (vj,pn) € LY and set v}, = vy, — I, (vp), P}, ==
pr, — I18(pp,). Notice that (vj,,p},) € X5, xX5. Then, using (44) yields

~

_1 1 _1 o
p? (Ilon = Ifg (vn) L2 (o) + Ipn = T8 (pa)ll22(py) S €BS™ + (h/€p)*~ 2 (Jvnls + [pal®)-
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Using h < ¢p and invoking (43) gives
_1 1 - 1 1
(p® (lon — Mg (vn) |2 (py + lpn — T8 (pa) | 22(0)) S BS™ + S || (vn, pa) I3 -
Owing to Lemma 4.5, we infer that

E% §T < sup ’ah((vh 7H%O(Uh)aph 7Hg(ph))7(whaqh)){
P wonaners [(wnr an) o

We observe that

an ((vn — Ig(vn), pn — TI8(pn)), (wh, qn)) = an((vn, pa), (Wh, an))
— 05 (TG (vn), wr) L2 (py — €5 (B(pn), an) L2(D)-

Bounding the last two terms on the right-hand side by using the Cauchy—Schwarz inequality,
invoking the estimate (41), and using the above bounds gives

)

[SIE

(llon — o (va) |l L2(p) + llpn — T8 (pa) | 22(py) <SS
1 1 1 3
+S2|[(vn, o)l 5, + S7 [ (vns )l -

Invoking the triangle inequality and the estimate (41) yields

-1 1 i 1 3
0 (lonllez ) + Ipallz2py) S +S2|[(wnpa)lI2), + ST (Vn, 21|,

Combining this bound with (43) finally gives

1 3
[ (on, pr) I} 1 S S* + Sl (0ns pr)lls.n + S2 1 (Vn, pr)IIZ -
The inf-sup condition (40) follows by repeated applications of Young’s inequality. O

Introducing S™ in the proof of Lemma 4.6 may seem surprising as S™ it is not used in the final
result (40). The inequality (44) finds its justification in the following sharper stability estimate
which will be instrumental to bound the consistency error.

Corollary 4.7 (Sharper Ld-stability). The following inequality holds true for all (v},p}) €
Xilox X8,

;o
o Ikl + Il S (ito) S o s v o )|
i () (M) M@)o
()X X5 [wllxg + allxe
Proof. Combine (40) with (44). O

4.4 Consistency and boundedness

The second step of our program consists of proving a consistency/boundedness result. This is
done by first considering the discrete operator T, : LY — L‘,iL C LY so that, for all (f,g) € L9,
Tu(f,9) := (0n,Pr) is the unique pair in L{ so that, for all (wy, qs) € LS,

ah((f)haﬁh)v (wh,Qh)) = (I - Hg)(f),wh)LZ’(D) +((I = Hg)(g)th)LQ(D)' (46)
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The definition of T}, is meaningful owing to Lemma 4.6. The difference between the operators T},
and T}, lies in the way f is projected on the right-hand sides of (34) and (46) (see also Remark 4.10
below). The operator T}, is introduced since it is easier to bound the associated consistency error.
We postpone the control on T, — T), to a second step (see Lemma 4.9 below). We augment
the stability norm ||-||, ;, by defining, for all s € (%, 1], the following mesh-dependent norm on
H?*(D)xH*(D) + L$:

- .
bon I 2wl L2 py + | 24| 2 ()

[(w; @)l = [l(w, g)]

+{ D ||v?(,F<w>||%2(F)+||v%<,F<q>||%2(F)} | (47)

KeTn FEFK

[N

Lemma 4.8 (Consistency/boundedness). Let (f,g) € LY. Set (v,p) = T(f,9), (On,pn) =
Tw(f.g), €} = Uy — HE(U), EY = v — H‘fb(v), éi = pp — H‘fb(p), and &P = p — H'ﬁb(p), The
following holds for all (wp, qr) € LY,

|an ((€7,¢}), (wn, qn))| < NE% ) g.nll(wn, gn)lls,n- (48)
Proof. Let (wp,qn) € LS. By definition of T}, we obtain

an((€},¢ep), (wn,an)) = (I = T)(£), wn) L2y + (L — %) (9), an) (D)
= an (I} (v), 11 (p)) (wr, qn))-

Since Vp = (I —II3)(f) and Vo-v = (I — I18)(g) by definition of T, we infer that

an((€}, ), (wn,qn)) = (Vp,wn)r2(p) + (Vo-v, ) 12 (D)
— ap (T3 (v), I (), (wh, qn))-

We integrate by parts the first two terms on the right-hand side (this is legitimate owing to
Lemma 2.14 since s > 3). Using the expression (32) for aj, this gives

an((€5,),(wn, qn)) = —L5" (T (I (v)), wa) L2 (p) — €5 (TR (p)), gn) L2(D)
+ (I, (p) — p, Vrwn) r2(py + (IR (v) — v, Vian) L2(p)

+ Z (fp — IR ()35 [wnl ) L2 (r) + Z (fv — T3 (0) 35, [an]5) 2
FEF, FeF?

— i (I (v), wn) — si° (T (p), qn)-

Recall from Lemma 2.12 that v € X and p € X®, i.e., IT3(v) = 0 and II8(p) = 0. We then observe
that II (IID (v)) = Y (v) = I, (TTd(v)) = 0 (owing to Lemma 3.3), I1&(I1} (p)) = [15(p) = 0,
[v]$ = 0 for all F € Fy, and [p]% = 0 for all F € F¢. Recalling the notation &V := v — IT} (v),
P = p — 112 (p), we infer that

an((€F,eh), (wn,qn)) = — (£, Viwn) 2py — (€%, Vhan)L2(p)
+ Z (£} [wnl®) 2 em) + Z (€&} [an]5) L2
FeF, FEF?

+ S%(Sva wy) + s5° (67, qn)-

The assertion follows from the Cauchy—Schwarz inequality and h < £p. O



Involution-preserving and spectrally correct dG approximation 21

The second step of the consistency error analysis is to estimate Tj, — T),.

Lemma 4.9 (Bound on (T}, — Ty,)). We have limysp o || Th — Thllz(pa;rey = 0.

Proof. Let (f,g) € LY and let us set (vi,pn) := Th(F,q), (On,pn) := Th(f,g), Ny = v — Oy, and
nh := pn — Ppn. We have, for all (wp,qp) € LY,

an (8, mh), (wn, qn)) = (TG = o) (F), wh) £2(p)- (49)

Invoking Lemma 3.3 gives ((II§ — IL)(f), I8 (n7))L2(py = 0. Then testing (49) with wj, =
I, (np) yields I (n?) = 0. Moreover, testing (49) with g, = II8(n}) readily gives I1&(n) = 0.
Hence, (n7,7n)) € X{,xX7. We can then invoke Corollary 4.7 to bound (n},n}). Owing to (49),
we infer that

an ((m3, 1), (wn, qn) 1 1
(i )’SEDH(HS_H?LO)(f)HL%D)SgDHfHLz(D)-

sup
(whqn)ELE [(wh, qn)llb.n

Moreover, we have, for all (w,q) € X§x X8,

an ((ny,17), (I} (w), T13())) = (T — TI5)(£), I
(TG — TT0) (£), TI3 (w) — w)L2(p),

where the last equality follows from w € Hy(div = 0; D)J‘ and (IT§ — II¢,)(f) € Ho(div = 0; D).
Invoking the Cauchy—Schwarz inequality, the approximation properties of H'ﬁw and the embedding
X¢ < H*(D) with s >  (see Lemma 2.14) gives

|an (2, m7), (TR (w), 112(0))) | < 21| £l 220y [wl ez 0y S (/€0)* || Fllz2o) lwll xg-

Hence, we have

s |an ((nf, ), (LR (w), I1 ()| _
(w,g)EXIx X8 H"17||X5i + [lql| xe ~

(h/tp)°|IfllL2(p)-
Putting the above two bounds together and invoking Corollary 4.7 finally gives

Co? (Il e2eoy + I8l L2 p)) S (h/€0)* 2 €3\ FllL2) + (h/€0) 3| £ll2(p)-

Since h < £p, this proves that

I T0(f.9) ~ TulF29) e < (/D) 205 (£.9) | e

whence we conclude that limysp_o || Th — Thllz(La;0ay = 0. O

Remark 4.10 (T}, vs. T}). Although we have limysp,_o | T — Th”ﬁ([/d’Ld) = 0 (see the proof of
Theorem 4.11), this does not prove the spectral correctness of the dG approximation induced by the
sesquilinear form aj, defined in (35) because Lemma 4.2 does not hold true for T),. More precisely,
let X # 0 and assume that %, (vn,pn) € LY is an eigenpair of Tr,. Then I (vy) = 0 and 118(py) =
0, but a((vn, pn), (Wh,qn)) = )\(Uh,wh)B(D) + )\(Ph7Qh)L2(D) - )\((HS - H?Lo)(vh)»wh)L%D) for
all (wp,qn) € LY. Hence A, (vn,pp) is not an eigenpair of the dG approzimation associated with
Qap,.



Involution-preserving and spectrally correct dG approximation 22

4.5 Conclusion

We are now ready to state the main result of this section. Owing to standard spectral approx-
imation results (see, e.g., Bramble and Osborn [8, Lem. 2.2], Osborn [26, Thm. 3&4]|, Boffi [5,
Prop. 7.4]), this theorem proves the spectral correctness of the dG approximation.

theorem 4.11 (Convergence). We have limysp o |1 — Th| £ (14;04) = 0.

Proof. Since we have already established in Lemma 4.9 that limys, ||Th = Thllzpaspay = 0,
it suffices to prove that limysp o ||T — Tl c(ra;zay = 0 and invoke the triangle inequality. Let

(f,g) € L. Recalling the notation introduced in Lemma 4.8, and using Lemma 4.6 and Lemma 4.8,
we infer that

ap((€?,eP), (w
1@ n s  sup  A2(ELED). ()]
(wh,qn)€LY ||(wh7Qh)|||;,h

S (€%, €7 lz.n-

This estimate combined with the triangle inequality, ||-|[, , < ||-|/4,», standard approximation prop-
erties of IIY and I}, and h < £p gives

1
2
B S { E W o3 ) + hK|p|?'{1(K)}
KeTh

(v = On,p = n)llo,n < (167, €7)]

SheE ([v]ezs(py + €5 °Iplm (D)) -

(Recall that we have set h := maxge7, hx.) Lemma 2.14 gives

hvlgs(py < VllEs ) S €ollVorvlL2py = €oll(I = T11%)(9)l|z2(p) < €pllgllz2(D),
Pl oy = IVpllLzpy = 11 =T (F)llz2py < IFllz2(p)-

Hence,
(P NIT(F . 9) = TolF )llpa < N = Bn,p = 5i)llon S (h/€0)* " 2LRII(F, 9)|l a-

This proves that || — ThHL(Ld;Ld) < ¢p(h/lp)*~2. The proof is complete. O

5 Discontinuous Galerkin approximation of curl-curl opera-
tor

This section deals with the analysis of the dG approximation of the curl-curl operator. The main
result is Theorem 5.10, which implies that the approximation is spectrally correct. As most of the
arguments are similar to those in §4, most details are omitted. For simplicity, we set the scaling
coefficient to ¢ := 1.
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5.1 Definitions

We define the discrete space LS := PP(T,)xPP(Ts). The sesquilinear form aj, : L§xL§ — C
associated with the problem (19) is

an((Bn, En), (bn,er)) = {5 (I, (Bn), ba) r2(py + €5 (T}, (Ew), €r) £2(p)
— (Eh, thbh)LZ(D) + (Bh,VhXeh)LZ(D)

= > B Bl eeom + Y (EBuY5 lenlf)rery  (50)

FEFy FeF?

+ S,Cl(Bh7 bh) + 8270(Eh, eh).
Integrating by parts the broken curl operators gives

an((Bh, Er), (b, en)) = L5 (I5(Bn), br) L2(py + €5 (15, (Er), €) L2(p)
— (VhXEh, bh)L2(D) + (VhXBh, eh)L2(D)
= > (Bl fondi)eery + Y (IBulie fendi)rery (1)
Fe]—';j FeFy
+ 53,(B, br) + 53" (En en).
We now define T}, : L¢ — Lj, C L€, the discrete counterpart of the operator 17" : L — L€ introduced

in Definition 2.17 (recall that L¢ := L?*(D)x L?*(D)). For all (f,g) € L, Ty (f,g) := (By, Eyp,) is
the unique pair in L§ so that, for all (by,es) € LS,

ah((Bh7Eh)7 (bh7 eh)) = ((I - H%O)(f)7 bh)LZ(D) + ((I - H%)(g), eh)Lz(D)' (52)

The definition of T}, makes sense owing to the stability result established in Lemma 5.5. We prove
that limpep 0 |7 — Th| £(Le;2e) = 0 by proceeding as in §4.

5.2 Discrete involutions and other comments

The projections 115, and IIj are only invoked for theoretical purposes. They are not needed when
one wants to approximate (9) or (11). Indeed, let us consider the following sesquilinear form:

&h((Bhth), (bh,eh)) = —(Eh,thbh)Lz(D) + (Bh,theh)Lz(D)

=Y B e o) + Y (I B} [en])rer) + 55.(Bi, ba) + 53° (B, en).  (53)
FEFn FEF?

Lemma 5.1 (Eigenvalue problems for aj, and ay,). Let A # 0, (By, Ey) € LS. Then Ty (B, Ej) =
%(Bh, Eh) Zﬁ &h((Bha Eh), (bh, eh)) = )\((Bh, bh)L2(D) + (Eh, eh)Lz(D)) fOT all (bh, eh) S LZ

Remark 5.2 (Discrete involutions). Lemma 5.1 reveals that the involutions enforced by ap and
ap are
II;,(By) = 0, IT; (Ey) = 0. (54)

These involutions are essential to prove discrete Poincaré—Steklov inequalities which play pivotal
roles in the proof of the spectral correctness of Ty, which in turn implies spectral correctness of the
dG approzimation realized by Gy, owing to Lemma 5.1.
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Let us now consider the approximation in time and space of (11) using the backward Euler
time-stepping. Let (B}, E}') € LS, be the approximation at t" and let 7 be the time step. Let
(BZH,EZH) € L§ be s.t., for all (b, er) € LS,

(B, by) 2oy + (B en)p2(py + man((By L B, (b, en)) =
(By,br)L2(p) + (Ef, en)r2(p)-  (55)

Lemma 5.3 (Time involution). Assume that the pair (B}, E}) satisfies the involutions (54).
Then the pair (Bp, EptY) satisfies (54) as well.

5.3 Stability

We equip the discrete space Lj with the mesh-dependent norm
_1 _1
[(ens br)llb,n == £p? IballL2(p) + £p* [lenll2(p)
+ B2 Vi x| 2oy + |52 Vixen| L2 (py + [bul5, + lenl5;°. (56)

Recall that IT}, is defined in (22), and the spaces X§ are X° are equipped with the norms [|b| x¢ =
(p||Voxb| L2(py and |le| x< := {p||V el L2(p), respectively.

Lemma 5.4 (Stability of broken projections). The following holds:
_1
(XT3 (8), IL () o, S €5° (Ibllxs + llellx<),  V(be) € XgxXC. (57)
We can now state our main stability results.

Lemma 5.5 (Stability). The following holds:

B, FE b
||(Bh,Eh)||b7h g sup |ah(( h» h))( haeh))|
(br.en)EL, [ (Br, en)llb,n

s V(Bh, Eh) c L(;l (58)

Proof. Proceed as in the proof of Lemma 4.6. In particular, the second step of the proof establishes
that, for all (b}, e},) € X5 ,x X, (these spaces are defined in (25)),

3 3Qn s—1 c c,0
05" (103l 22Dy + llenllLz(py) S €HS™ + (R/€p)° ™2 (b5, + le ) (59)

Ja((b],.€}).(I1} (b).IT; (e)))| -
Tollxcg+Helxe

with 8™ := sup(p e)c x5 x X

Corollary 5.6 (Sharper L°-stability). The following inequality holds true for all (b}, e},) € X5, x X},

1 1 lan (b, €},), (br,en))|
2 (104 |l p2eoy + ekl 2 < (h/Ep)*~2  sup
D (” h”L (D) || hHL (D)) ( / D) (bren)eLs H(bmeh) oh

c oy L) (00 )|
(be)EXEx X° bl xs + [lellxe

(60)
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5.4 Consistency and boundedness

To establish consistency/boundedness,Nwe proceed in two steps. We first introduce T, : L¢ —
L C L° so that, for all (f,g) € L, T)(f,g) := (B, E},) is the unique pair in L§ s.t., for all
(bh, eh) S L(;N

an((Bn, En), (b, en)) = (I —TI5) (), br)p2(p) + (I — TI°)(g), en) 2(p)- (61)

To bound the consistency error induced by T}, we augment the norm ||-||5,», by defining the following
mesh-dependent norm on H*(D)xH*(D) + L§, for all s € (3,1]:

71 71
1B, €)llg.n = [1(6; €)llo.n + P20l L2 () + [P~ 2 €] L2(p)

1

+{ DS ||w;(,F(b>||%2<F>+||w;{,F<e>||iz(F)}2. (62)

KeTn FEFK

Lemma 5.7 (Consistency /boundedness). For all (f,g) € L¢, let (B, E) :=T(f,g) and (B, Ey) =
To(£,9). Define 82 := B, —TIY(B), € := B—IIY(B), and 6% = E; — 112 (E), £&° .= E—II2(E).
The following holds for all (by,ep) € LS,

|an ((67,65), (br,en))| S 1(€% ) ls.nll(brs €n)lls.n- (63)
The second step in the consistency error analysis consists of estimating T}, — T),.
Lemma 5.8 (Bound on (Th — Th>) We have lim'HShﬁo ||Th — ThHC(LC;LC) =0.

Remark 5.9 (T}, vs. T},). The fact that limysp—o | T — Th”['(Lc’Lc) = 0 is not sufficient to prove
the spectral correctness of the dG approximation using the sesquilinear form ap, defined in (53). As
for the grad-div problem (see Remark 4.10), one needs to prove that limysp o [|T—Th| £ (ze,z¢) = 0.

5.5 Conclusion
We are now ready to state the main result of this section.

theorem 5.10 (Convergence). We have limysn o | T — Thllz(ze;ney = 0.

A Helmholtz decompositions

We recall results characterizing the kernel and the image of the gradient, curl, and divergence
operators. These results are mostly drawn from Amrouche et al. [2], Dautray and Lions [14],
and Girault and Raviart [19]; see also Fernandes and Gilardi [18] for the case of mixed boundary
conditions.

A.1 Topology of D

Recall that we assumed that D is an open, bounded, Lipschitz polyhedron of R? d € {2,3}.
We denote I'y the boundary of the only unbounded connected component of R4\ D. If 9D is not
connected, i.e., D # I'g, we denote {I';};c 1.7} the connected components of 9D that are different
from Ty (see, e.g., [19, p. 37], [2, p. 835], [14, p. 217]). If D is not simply connected, we assume
that there exist J cuts ((d —1)-dimensional smooth manifolds) {¥;} 1.} that make the open set
D* := D\ je1:) Y; simply connected. Additional regularity assumptions on these cuts as stated
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in [2, Hyp. 3.3, p. 836] are assumed to hold true. For all ¢ € L?(D) such that q|p» € H'(D¥), we
denote by Vxg the broken gradient of ¢ such that (Vsq)(x) = (Vg|p=)(zx) for a.e. € D.
For all i € N, let ¢; denote any real number. We define

H{ (D) :={q € H'(D) | q|r, = Vi € {1:1}}, (64a)
HL(D) = {q € LA(D) | dlps € H' (D), [alls, = ¢;,%j € {1:J}}. (64b)
‘We also consider the subspaces

H"(div=0; D) := {v € H(div="0; D) | [, vnds=0,Vie {l:1}}, (65a)
H}(div = 0; D) := {v € Hy(div=0;D) | Jo, vnds =0,Vj € {1:7}}, (65b)

The following spaces characterize the topology of D:
K. (D) := Hy(div=0; D) N H(curl = 0; D), (66a)
K\ (D) := H(div=0;D) N Hy(curl = 0; D). (66b)

We have dim(Ky(D)) = I [2, Prop. 3.18] and dim(K (D)) = J [2, Prop. 3.14].

theorem A.1 (Orthogonal decompositions, [14, p. 314].). The following decompositions hold true
and are orthogonal in L?(D):

Hi(curl = 0: D) = VH' (D) & K+ (D), (67a)
Hy(curl = 0; D) = V,H} (D) s K (D), (67b)
H(div=0; D) = H" (div = 0; D) & K (D), (67c)
Hy(div = 0; D) = HZ(div = 0; D) s K. (D), (67d)
L*(D) = Hy(curl = 0; D) & H"(div = 0; D), (67e)

L*(D) = H(curl = 0; D) & HZ(div = 0; D). (67F)

A.2 Helmholtz decompositions

theorem A.2 (Decompositions for grad-div problem). The following decompositions hold true and
are orthogonal in L?(D) and L?(D), respectively:

L*(D) = {0} T V-H(div; D), (68a)
L*(D) =P, & Vo-Hy(div; D), (68b)
L*(D) = Hy(div = 0; D) & VHY (D), (68c)

L2(D) = H(div = 0; D) & Vo HL (D). (68d)

theorem A.3 (Decompositions for curl-curl problem). The following decompositions hold true
and are orthogonal in L*(D):

L?*(D) = VHL(D) & VxH (curl; D), (69a)

1
L?(D) = Vs HL(D) @ Vox Hy(curl; D). (69b)
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Proof. Let w € L*(D). Let ¢ € HL(D) solve (Vq, Vr)2(py = (w, Vr)p2(p) for all 7 € HL(D). This
problem is equivalent to solving Aq = V-u, ¢|r, =0, ¢|r, = ¢; and fm (Vg—u)ndz=0forallie
{1:1}. Let w := u — Vq. We have V-w = 0 and ‘[Fi w-ndz =0 for all i € {1:T}. Then, according
to [19, Thm. 3.5, p. 47] or [2, Lem. 3.12, p. 841], there is a unique v in H (curl; D)NH} (div = 0; D)
s.t. Vx4 = w. This proves (69a). The decomposition (69b) is proved in [2, §3.5(ii), p. 847]. O

Remark A.4 (Uniqueness of decomposition). The potentials in the Helmholtz decompositions from
Theorems A.2 and A.3 can be made unique:

L . . 1
0} & V-(H(div; D) N H(div = 0; D)™),

~
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Il
—_~

1
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