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Hyperbolic geometry and real moduli
of five points on the line

Olivier de Gaay Fortman, January 9, 2023

1 Introduction

Let X = AS be the affine space parametrizing homogeneous degree 5 polynomials
F € R[z,y|. Let the variety X, C X parametrize polynomials with distinct roots, and
X, C X polynomials with roots of multiplicity at most two (i.e. stable in the sense of
geometric invariant theory). The principal goal of this paper is to study the moduli
space of stable real binary quintics

M (R) = GLy(R) \ X5(R) D GL2(R) \ Xp(R) = My(R).

If P, C PY(C)? is the set 5-tuples (zy,...,x5) such that no three x; € P!(C) coincide
(c.f. [MST72]), and Py C P; the subset of 5-tuples whose coordinates are distinct, then

My(R) = PGLy(R) \ (FPo/65)(R) and M (R) =2 PGLy(R) \ (Ps/S5)(R).

In other words, M(R) is the space of subsets S C P*(C) of cardinality |S| = 5 stable
under complex conjugation modulo real projective transformations, and in M (R) one
or two pairs of points are allowed to collapse. For i = 0,1, 2, we define .#; to be the
connected component of My(R) parametrizing Gal(C/R)-stable subsets S C P!(C)
with 2i complex and 5 — 2¢ real points.

There is a natural period map that defines an isomorphism of analytic spaces

M,(C) = GLy(C) \ X,(C) = PI'\ CH?

for a certain arithmetic ball quotient PT"\ CH? (see Theorem 2.10), and strictly stable
quintics correspond to points in a hyperplane arrangement .7 C CH? (see Proposition
2.11). By investigating the equivariance of this period map with respect to suitable
anti-holomorphic involutions «;: CH? — CH?, we obtain the following real analogue:

Theorem 1.1. For each i € {0, 1,2}, the period map induces an isomorphism of real
analytic orbifolds

M= PT;\ (RH? — ). (1)

Here RH? is the real hyperbolic plane, 5 a union of geodesic subspaces in RH? and
PT; an arithmetic lattice in PO(2,1). Moreover, the PT'; are projective orthogonal
groups attached to explicit quadratic forms over Z[(s + (5], see Equation (28).
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In particular, Theorem 1.1 endows each component .#; C My(R) with a hyperbolic
metric. Since one can deform the topological type of a Gal(C/R)-stable five-element
subset of P*(C) by allowing two points to collide, the compactification M (R) D
M(R) is connected. One may wonder whether the metrics on the components .#;
extend to a metric on the whole of M (R). If so, what does the resulting space look
like at the boundary? Our main result answers these questions in the following way:.

Theorem 1.2. There is a complete hyperbolic metric on M(R) restricting to the
metrics on AM; induced by (1). Let Mg denote the resulting metric space, and define

F3,5,10 = <041>042,043‘04? = (041042)3 = (041043)5 = (042043)10 = 1>- (2)
Then there exist open embeddings PT; \ (RH? — ) — I's 510 \RH? and an isometry
My =T3510\ RH? (3)

extending the orbifold isomorphisms (1) in Theorem 1.1. In particular, M is isomet-
ric to the hyperbolic triangle As 510 of angles w/3,7/5,m/10, see Figure 1 below.

(00, 1,1, —i, —i)

(0,-1,00, A+ 1,})
(0, —i, 00, 00,1)

(0,—1,00,00,1)

(0, -1, 00, w, w?)

Figure 1: M as the hyperbolic triangle Ass510 C RH?. Here A = (s+Ctandw = G.
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1.1

Equivariant period maps arise often in real algebraic geometry as a method to obtain
real uniformization of the connected components of the moduli space of smooth vari-
eties. For instance, this works for abelian varieties [GHS81]|, algebraic curves [SS89], K3
surfaces [Nik79] and quartic curves [HR18]. Only recently, Allcock, Carlson and Toledo
have shown that in the cases of cubic surfaces [ACT10| and binary sextics [ACT06;
ACTOT7], the real ball quotient components can be glued along the hyperplane arrange-
ment in order to uniformize the moduli space of real stable varieties. Binary quintics
provide the first new example of this phenomenon.

Remarks 1.3. 1. The lattice I's 5 10 C PO(2, 1) is non-arithmetic, see [Tak77|.

2. The isometry (3) in Theorem 1.2 seems to provide .# with a hyperbolic orbifold
structure. The proof of Theorem 1.2 actually goes in the other direction: we use the
theory of glueing real hyperbolic orbifolds developed in [GF23| to show that the pieces
on the right hand side of (1) into a complete real hyperbolic orbifold PT'g \RH?. After
that, we prove that the period maps (1) glue into an isomorphism My = PT'y \RH?,
and finally, to finish the proof of Theorem 1.2, we show that PI'g = I's 5 10.

3. The topological space M(R) underlies two orbifold structures: the natural orbifold
structure of GLy(R)\ X5(R) and the structure on .#g induced by (3). These structures
only differ at one point of M (R), which is the point (oo, i,, —i, —i) (see Figure 1).

4. Important ingredients in the proof of Theorem 1.2 are |[GF23, Theorem 3.1| and
the fact that 52 C CH? is an orthogonal arrangement in the sense of [ACT02a]. The
latter holds by [GF23, Theorem 4.12 & Proposition 4.14]. Another implication of the
orthogonality of 5 C CH? is that neither 7, (Py/S5) nor n¥™ (.#¢) is a lattice in any
Lie group with finitely many connected components, see [ACT02a, Theorem 1.2].

Acknowledgements. This project was carried out during my PhD at the ENS
in Paris. I thank my advisor Olivier Benoist for his great guidance and support.
Moreover, 1 thank Romain Branchereau, Samuel Bronstein, Nicolas Tholozan and
Frans Oort for useful discussions, and I thank Nicolas Bergeron for pointing me to
Takeuchi’s paper on hyperbolic triangle groups which led to Remark 1.3.1. This project
has received funding from the European Union’s Horizon 2020 research and innovation
programme under the Marie Sktodowska-Curie grant agreement N2 754362. < |

2 Moduli of complex binary quintics

Recall from the introduction that X 2= AY is the real affine space of homogeneous
degree 5 polynomials F' € R[x,y], X, the subvariety of polynomials with distinct
roots, and Xy C X the subvariety of polynomials with roots of multiplicity at most
two, i.e. non-zero polynomials whose class in the associated projective space is stable
in the sense of geometric invariant theory [MFK94]| for the action of SLyr on it.



2.1

Notation 2.1. Let K be the cyclotomic field Q(¢), with ¢ = ¢5 = €*™/® € C. The
ring of integers Ok of K is Z[¢] [Neu99, Chapter I, Proposition 10.2]. Let pux C Oj
be the group of finite units in Og. Thus, uk is cyclic of order ten, generated by —(.

The goal of Section 2 is to prove that there exists a hermitian Og-lattice A of rank
three, such that, if I' = Aut(A), G(C) = GLy(C)/D, and 2 C CH™ is the hyperplane
arrangement defined by the norm one vectors in A, then there is an isomorphism of
complex analytic spaces M,(C) = G(C)\ X,(C) = PT'\ CH? restricting to an orbifold
isomorphism M;(C) = G(C) \ Xo(C) = PT\ (CH? — 7).

The Jacobian of a quintic cover of the projective line. We begin with:

Lemma 2.2. Let Z C P{ be a smooth quintic hypersurface. Let P4 D C' — PL be the
quintic cover of P* ramified along Z. Then C has the following refined Hodge numbers:

RO(C)e =3, BO(C)2 =2, BYOC)s=1, R"(C)ea =0
R(C)e =0, RPN O)e2 =1, KO"HC)s =2, A" (C)es=3

Proof. This follows from the Hurwitz-Chevalley-Weil formula, see [MO13, Proposition
5.9]. Alternatively, see [CT99, Section 5]. O

Fix a point Fy € X((C) and let
C={"=Fy(z,y)} CP¢ (4)
be the corresponding cyclic cover of Pg. Let
(A = J(O)=Pi®(C), M A=A 1 0x=Z[(] — End(A))

be the Jacobian of C, viewed as a principally polarized abelian variety of dimension
six equipped with an Og-action compatible with the polarization, see |GF23, Con-
ditions 4.5]. Write A = H;(A(C),Z). We have A ®; C = H 0 ¢ H>~!, the Hodge
decomposition of A ®z C. Define a CM-type ¥ C Hom(K, C) as follows:

K —=C, 1)=¢ mn()=¢ U= {n,n}. (5)
Since H™10 = Lie(A) = H(C, O¢) = H*!(C), Lemma 2.2 implies that

dimc H,"* =2, dimcH_ " =1, dimcH_ "’ =3, dimcH_." =0. (6)

T10 T20

Definen = 5/(¢—¢™'). Then D = (n), see [GF23, Proposition 4.14]. Let E: AxA —
7Z be the alternating form corresponding to the polarization A\ of the abelian variety
A. For a € Ok and z,y € A, we have E(i(a)x,y) = E(x,1(a”)y). Define

4
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2.2

By |GF23, Example 4.2.2|, this is the skew-hermitian form corresponding to E via
|GF23, Lemma 4.1]. We obtain a hermitian form on the free Ox-module A as follows:

h:AxA— Ok, blz,y)=nT(z,y)= (- ZGE (z,0(C)y) . (7)

By Lemma |GF23, Lemma 4.1|, the hermitian lattice (A, h) is unimodular, because
(A, E) is unimodular. For each embedding ¢ : K — C, the restriction of the hermitian
form ¢(n) - Ec(z,y) on Ac to (Ac), C Ac coincides with h¥ by [GF23, Lemma 4.3].
Since S(7;(¢ — (1)) < 0 for ¢ = 1,2, the signature of h7 on V; = A ®p,. ,, C is

(R0 R%7Y) =(2,1) fori=1, and

) T1

(h B0 R%=1) = (3,0)  for i = 2.

T2 ? T

sign(h™) = { (8)

The monodromy representation. Consider the real algebraic variety X, intro-
duced in Section 1. Let D C GLy(C) be the group D = {(*- I} C GLy(C) of scalar
matrices (' - I, where I, € GLy(C) is the identity matrix of rank two, and define

G(C) = GLy(C)/D. (9)

The group G(C) acts from the left on Xy(C) in the following way: if F(z,y) € C|z, y]
is a binary quintic, we may view F as a function C> — C, and define g - F = F(g™')
for g € G(C). This gives a canonical isomorphism of complex analytic orbifolds

Mo(C) = G(C) \ Xo(C),

where M, is the moduli stack of smooth binary quintics.
Consider two families

T —>Xg and o¢:J— X,

defined as follows. We define 7 as the universal family of cyclic covers C' — P! ramified
along a smooth binary quintic {F = 0} C P!. We let ¢ be the relative Jacobian of
m. By Section 2.1, ¢ is an abelian scheme of relative dimension six over X, with
Ofk-action of signature {(2,1),(3,0)} with respect to ¥ = {7y, 7»}.

Let V = R'm,Z be the local system of hermitian Og-modules underlying the
abelian scheme J/X. Attached to V, we have a representation

pl : 7T1(X0((C), Fo) — I = AutoK(A, [)),
whose composition with the quotient map I' — PI' = I'/uk defines a homomorphism
J Wl(Xo(C), Fo) — PT. (10)

We shall see that p is surjective, see Corollary 2.4 below.



2.3

Marked binary quintics. For F' € Xy(C), define Z as the hypersurface
Zp ={F =0} C P

A marking of F is a ring isomorphism m : H*(Zz(C),Z) = Z5. To give a marking
is to give a labelling of the points p € Zp(C). Let Ny be the space of marked binary
quintics (F,m); this is a manifold, equipped with a holomorphic map

Mo — Xo(C). (11)

Let ¢ : Z — Xo(C) be the universal complex binary quintic, and consider the local
system H = ¢, 7Z of stalk Hp = H*(Zp(C),Z) for F € Xy(C). Then H corresponds to
a monodromy representation

T 7T1(X0(C), Fo) — 65. (12)

It can be shown that 7 is surjective using the results of [Bea86|. This implies that (11)
is covering space, i.e. that Nj is connected.

By choosing a marking mg : H°(Zg,(C),Z) = Z° lying over our base point Fy €
Xo(C) we obtain an embedding 1 (Ny, mg) < m1(Xo(C), Fy) whose composition with
the map p in (10) defines a homomorphism

w1 (No,mg) — PT. (13)

Define § = ¢ — (! and consider the three-dimensional F5 vector space A/fA and the
quadratic space W = (A/OA, q), where ¢ is the quadratic form obtained by reducing
b modulo A. Define two groups I'y and PI'y as follows:

I'g = Ker (I' = Aut(WW)), PI'y = Ker (PI' — PAut(W)) C PU(2,1).

Remark that the composition Ny — Xo(C) — X,(C) admits an essentially unique
completion Ny — X,(C), see [Fox57] or [DM86, §8]. Here N a manifold and N, —
X(C) is a ramified covering space.

Proposition 2.3. The image of u in (13) is the group PTy, and the induced homo-
morphism 1 (Xo(C), Fo)/m1 (No,mo) = &5 — PT'/PTy is an isomorphism. In other
words, we obtain the following commutative diagram with exact rows:

0—)771(./\&),m0)—>711(X0(C),F0) T 65 0
lu lp vlz (14)
00— PT, PT PAut(W) —— 0.

Proof. Consider the quotient
Q = G(C) \ Ny = PGL2(C) \ Iy,

where Py C P!(C)® is the subvariety of distinct five-tupes, see Section 1. Let 0 € Q
be the image of my € Ny. In [DMS86|, Deligne and Mostow define a hermitian space
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bundle By — @ over Q whose fiber over 0 € Q is CH?. Writing V) = A ®o,, -, C, this
gives a monodromy representation

m(Q,0) = PU(V;,b™) = PU(2, 1)

whose image we denote by I'py;. Kondo has shown that in fact, I'py = PTy [Kon07,
Theorem 7.1]. Since Ny — @ is a covering space (the action of G(C) on Ny being free)
we have an embedding m;(Ny, mgy) — m(Q,0) whose composition with 71(Q,0) —
PU(2,1) is the map p : m (N, mo) — PT C PU(2,1).

To prove that the image of i is PT'y, it suffices to give a section of the map Ny — Q.
Indeed, such a section induces a retraction of m (N, mg) — m(Q,0), so that the
images of these two groups in PU(2, 1) are the same. Observe that if A C P!(C)® is
the union of all hyperplanes {z; = x;} C P!(C)® for i # j, then

@ = PGLy(C) \ By = PGL,y(C) \ (P'(C)° - A)
=~ L(ug,ug) € C*: uy # 0,1 and ug # ug}.

The section Q — Ny may then be defined by sending (u1,us) to the binary quintic
F(z,y) = z(z — y)y(z —ui - y)(z — uz - y) € Xo(C),

marked by the labelling of its roots {[0: 1], [1 : 1], [1: 0], [uy : 1], [ug : 1]} C P!(C).
It remains to prove that the homomorphism ~ : &5 — PT'/PT'y appearing on the
right in (14) is an isomorphism. We use Theorem 4.1, proven by Shimura in [Shi64],

which says that
1—+5
(A,b) = <(9§<,diag< 2{ 1 1)) |

It follows that PT'/PTy = PAut(WW) = PO3(F5) = &5. Next, consider the manifold
N;. Remark that &5 embeds into Aut(G(C) \ N;). Moreover, there is a natural

isomorpism

p: G(C)\ N, = PTy \ CH? (see [DM86; Kon07]).

Compare also Equation (16) below. The two compositions
G5 C Aut(G(C) \ N,) = Aut(PI'y \ CH?) and &5 — PT/PTy C Aut(PTy\ CH?)
agree, because of the equivariance of p with respect to . Thus, v is injective. O

Corollary 2.4. The monodromy representation p in (10) is surjective. O]

Framed binary quintics. By a framing of a point F' € X(C) we mean a projective
equivalence class [f], where

f: Ve =HY(Cr(C),Z) = A

is an Og-linear isometry: two such isometries are in the same class if and only if
they differ by an element in pug. Let Fy be the collection of all framings of all points
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x € Xo(C). The set Fy is naturally a complex manifold, by arguments similar to those
used in [ACT02b]. Note that Corollary 2.4 implies that F is connected, hence

Fo — Xo(C) (15)
is a covering, with Galois group PT.

Lemma 2.5. The spaces PTy\ Fy and Ny are isomorphic as covering spaces of Xo(C).
In particular, there is a covering map Fo — Ny with Galois group PTy.

Proof. We have PT'/PTy = &5 as quotients of PT', see Proposition 2.3. O
Lemma 2.6. A = X,(C)—X,(C) is an irreducible normal crossings divisor of X(C).
Proof. The proof is similar to the proof of Proposition 6.7 in [Bea09]. O

Lemma 2.7. The local monodromy transformations of Fo — Xo(C) around every
x € A are of finite order. More precisely, if v € A lies on the intersection of k local
components of A, then the local monodromy group around x is isomorphic to (Z/10)k.

Proof. See [DM86, Proposition 9.2] or [CT99, Proposition 6.1] for the generic case,
i.e. when a quintic Z = {F = 0} C P{ aquires only one node. In this case, the local
equation of the singularity is 2> = 0, hence the curve Cp acquires a singularity of
the form 1® 4+ 22 = 0. If the quintic acquires two nodes, then Cr acquires two such
singularities; the vanishing cohomology splits as an orthogonal direct sum, hence the
local monodromy transformations commute. O

In the following corollary, we let D = {z € C | |z| < 1} denote the open unit disc, and
D* = D — {0} the punctured open unit disc.

Corollary 2.8. There is an essentially unique branched cover m : Fy — X(C), with
Fs a complex manifold, such that for any x € A, any open x € U C X (C) with
U= D* x D% and U N Xo(C) = (D*)k x D5* and any connected component U’ of
7Y U) C Fs, there is an isomorphism U’ =2 D¥ x DS=* such that the composition

DF x Dk = 5 U= Db isthe map (z1,...,2) — (1% ..., 2%, 2es1s - - -, 26).
Proof. See [Bea09, Lemma 7.2]. See also [Fox57| and [DM86, Section 8|. O

The group G(C) = GL2(C)/D (see (9)) acts on Fy over its action on Xj. Explicitly,
if g € G(C) and if ([¢], ¢ : Vr = A) is a framing of F' € X,(C), then

([pog™,¢og" : Vor — A)

is a framing of g - F € Xy(C). This is a left action. The group PI" also acts on Fy
from the left, and the actions of PI" and G(C) on F; commute. By functoriality of
the Fox completion, the action of G(C) on Fy extends to an action of G(C) on Fs.

Lemma 2.9. The group G(C) = GLy(C)/D acts freely on Fs.

8



2.5

Proof. The functoriality of the Fox completion gives an action of G(C) on N such
that, by Lemma 2.5, there is a G(C)-equivariant commutative diagram

PTy\ F, ~

N,
T~ —
X,(C).

In particular, it suffices to show that G(C) acts freely on V. Note that Ny admits a
natural G,,-covering map Ny — Py where Py C P!(C)? is the space of distinct ordered
five-tuples in P*(C) introduced in Section 1. Consequently, there is a G,,-quotient
map N, — P,, where P, is the space of stable ordered five-tuples, and this map is
equivariant for the homomorphism GLy(C) — PGLy(C).

Let g € GLy(C) and z € N such that gz = z. It is clear that PGLy(C) acts freely
on P,. Therefore, g = XA € C*. Let F' € X,(C) be the image of z € Nj; then

gF(z,y) = F(g7 ' (z,y)) = FO\ "o, A ly) = A °F(x,y).

The equality gF = F implies that \> = 1 € C, from which we conclude that A € (¢).
Therefore, [g] = [id] € G(C) = GLy(C)/D. O

Complex uniformization. Consider the hermitian space V; = A®o, -, C and define
CH? to be the space of negative lines in V;. Using [GF23, Proposition 4.7] we see that
the abelian scheme J — X, induces a G(C)-equivariant morphism P : F, — CH?.
Explicitly, if (F, [f]) € Fo is the framing [f : HY(Cr(C),Z) = A] of the binary quintic
F € Xy(C), and Ap is the Jacobian of the curve Cr, then

P:Fo— CH?, P(FI[f])=f(H""YAp),) = f(H(Cr)::) € CH*.  (16)
The map P is holomorphic, and descends to a morphism of complex analytic spaces

My(C) = G(C) \ X,(C) — PT'\ CH?

By Riemann extension, (16) extends to a G(C)-equivariant holomorphic map

P:.F, — CH. (17)

Theorem 2.10 (Deligne-Mostow). The period map (17) induces an isomorphism of
complex manifolds

MI(C) = G(C)\ F, = CH>. (18)
Taking PT-quotients gives an isomorphism of complex analytic spaces

M,(C) = G(C) \ X,(C) = PT'\ CH?. (19)



Proof. In [DM86], Deligne and Mostow define @ — () to be the covering space cor-
responding to the monodromy representation m(Q,0) — PU(2,1); since the image
of this homomomorphism is PI'y (see the proof of Proposition 2.3), it follows that
G(C)\ Fo = Q as covering spaces of ). Consequently, if Q. is the Fox completion of

the spread N
Q — Q — Qy = G(C) \ N, = PGLy(C) \ P,

then there is an isomorphism G(C) \ F, = Qy: of branched covering spaces of Qy. We
obtain commutative diagrams, where the lower right morphism uses (14):

G(C)\ Fs —— o CH?
| |
G(C) \ N Qst PTy\ CH?
L |
G(C) \ X,(C) ———— Qy/65 ——  PT'\ CH*~.

The map Qg — CH? is an isomorphism by [DMS6, (3.11)]. Therefore, we are done if

the composition G(C) \ Fy — Q — CH? agrees with the period map P of Equation
(16). This follows from [DM86, (2.23) and (12.9)]. O

Proposition 2.11. The isomorphism (19) induces an isomorphism of complex analytic
spaces

Mo(C) =G(C) \ Xo(C) 2 PI'\ (CH* — 7).

Proof. We have P(F,) C CH?—2# by [GF23, Proposition 4.10], because the Jacobian
of a smooth curve cannot contain an abelian subvariety whose induced polarization
is principal. Therefore, we have f_l(f%” ) C Fs — Fo. Since Fy is irreducible (it is
smooth by Corollary 2.8 and connected by Corollary 2.4), the analytic space 5_1(% )
is a divisor. Since F, — JFy is also a divisor by Corollary 2.8, we have

—1

P ) =Fo—Fy

and we are done.
Alternatively, let Hy 5 be the moduli space of degree 5 covers of P! ramified along
five distinct marked points [HM98, §2.G|. The period map

Hy5(C) — PT'\ CH?,

that sends the moduli point of a curve C' — P! to the moduli point of the Z[(]-linear
Jacobian J(C'), extends to the stable compactification Hg5(C) D Ho5(C) because the
curves in the limit are of compact type. Since the divisor .# C CH? parametrizes
abelian varieties that are products of lower dimensional ones by [GF23, Proposition
4.10], the image of the boundary is exactly PI"\ 5. O

10



3.1

3 Moduli of real binary quintics

Having understood the period map for complex binary quintics, we turn to the period
map for real binary quintics in Section 3.

The period map for stable real binary quintics. Define & as the anti-holomorphic
involution

k: Xo(C) = Xo(C), Fl(z,y)= Z aia'y’ = F(z,y) = Z aga'y’.

i+j=5 i+j=5

Let &7 be the set of anti-unitary involutions a: A — A. Define P« = ux \ &/ and
Co/ = PI'\ Pof, cf. |GF23, Section 2.1|. For each « € P47, there is a natural
anti-holomorphic involution a : Fy — Fy such that the following diagram commutes:

Fo—2— F

|

Xo(C) — X,o(C).

It is defined as follows. Consider a framed binary quintic (F, [f]) € Fo, where f : Vp —
A is an Og-linear isometry. Let Cr — P§ be the quintic cover defined by a smooth
binary quintic F' € Xy(C). Complex conjugation conj: P?(C) — P?(C) induces an
anti-holomorphic map

OfF : CF(C) — CH(F)(C)

Consider the pull-back 0% : Vi r) — Vg of 0. The composition
Vi) 25 Ve 5 A S A
induces a framing of x(F') € X(C), and we define
a(F,[f]) = (k(F), o foo]) € Fo.

Although we have chosen a representative o € & of the class o € P/, the element
a(F,[f]) € Fo does not depend on this choice.

Consider the covering map Fy — X(C) introduced in (3), and define

Fo®) = | | Focr (20)
aEP

as the preimage of Xo(R) in the space Fy. To see why the union on the left hand side
of (20) is disjoint, observe that

Fo={(F[f)) € Fo:k(F)=F and [foopo f']=a}.
Thus, for a, 8 € P/ and (F, [f]) € F¢ N Fy, we have a = [fooo f!] = 8.

11



3.2

Lemma 3.1. The anti-holomorphic involution «: Foy — Fq defined by o € Pof makes
the period map P: Fo — CH? equivariant for the G(C)-actions on both sides.

Proof. Indeed, if conj: C — C is complex conjugation, then for any F' € Xy(C), the
induced map
0'} ® conj: VK,(F) Q7 C —-Vpr®,C

is anti-linear, preserves the Hodge decompositions [Sil89, Chapter I, Lemma 2.4] as
well as the eigenspace decompositions. O

We obtain a real pertod map
Pr: FoR) == 11,cpy F§ — [ Lepy RH: =Y. (21)

Define G(R) = GL3(R). The map (21) is constant on G(R)-orbits, since the same is
true for the complex period map P: Fy, — CH?.
By abuse of notation, we write RH2 — % = RH2 — (' NRH?) for a € P

Proposition 3.2. The real period map (21) descends to a PT'-equivariant diffeomor-
phism

My(R) = GR)\ F(R) =~ [] RH: - (22)

a€EPgof

By PT-equivariance, the map (22) induces an isomorphism of real-analytic orbifolds

Pr: Mo(R) = G(R) \ Xo(R) = [[ Pr.\ (RH — 7). (23)

acCo
Proof. This follows from [ACT10, proof of Theorem 3.3]. It is crucial that the actions
of G and PI" on Fy commute and are free, which is the case, see Corollary 2.9. O

The period map for smooth real binary quintics. Our next goal will be to prove
the real analogue of the isomorphisms (18) and (19) in Theorem 2.10.

Consider the CM-type ¥ = {7, 75} defined in (5), the hermitian Og-lattice (A, b)
defined in (7), and the following sets [GF23, Section 2.1]:

H={H CCH*|re#}, ad #=|]HcCH
HeH

Here, #Z C A is the set of short roots, i.e. the set of r € A with h(r,r) =1 (see [GF23,
Section 2.1]).

Lemma 3.3. The hyperplane arrangement 5 C CH? satisfies Condition 2.4 in
[GF23], that is: any two distinct Hy, Hy € H either meet orthogonally, or not at all.

Proof. Consider Conditions 4.11 in [GF23|. Condition 4.11.1 in loc. cit. holds because
K does not contain proper CM-subfields. By Proposition |GF23, Proposition 4.14],
we have that Condition 4.11.2 is satisfied. By Equation (8), Condition 4.11.3 holds.
Thus, by [GF23, Theorem 4.12|, we obtain the desired result. O
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Definition 3.4. 1. For k = 1,2, define Ay, C A = X,(C) — X((C) to be the locus of

stable binary quintics with exactly k nodes. Define A= Fs — Fo, and let ﬁk C A be
the inverse image of Ay in A under the map A — A.

2. For k = 1,2, define %, C 2 as the set s, = {x € CH*: |H(x)| = k}. Thus, this
is the locus of points in 7" where exactly k hyperplanes meet.

Lemma 3.5. 1. The period map P of (17) satisfies P(Ay) C .

2. Let f € Ay, and x = P(f) € CH2. Then P induces a group isomorphism Pr'y =
G(z), where G(x) = (Z/10)* is as in [GF23, Definition 2.6]. O

The naturality of the Fox completion implies that for a € P.<7, the anti-holomorphic
involution « : Fy — Fy extends to an anti-holomorphic involution « : Fy — F,.

Lemma 3.6. For every o € Pa/, the restriction of P : F, — CH? to F% defines a
diffeomorphism G(R) \ F* = RH?.

Proof. See [ACT10, Lemma 11.3|. Tt is essential that G acts freely on F;, which holds
by Corollary 2.9. ]

We arrive at the main theorem of Section 3. Consider the map 7 : Fy — X (C) (see
Corollary 2.8) and define

FR) = | Fr=r"(X(R)).
aEPo

This is not a manifold because of the ramification of 7, but a union of embedded
submanifolds.

Theorem 3.7. There is a smooth map
Pr: [ 7o [ REZ=Y (24)
a€EPg acePA

that extends the real period map (21). The map (24) induces the following commutative
diagram of topological spaces, in which Pr and Pr are homeomorphisms:

P

acpy Fe ————Y = Locp, RH?
F.(R) Pz }L
M,(R)! G(R) \ F.(R) —= fo
M, (R) ———G(R) \ X,(R) —= PFI\Y.

13



Proof. The existence of Py follows from the compatibility between P and the involu-
tions a € Po/. We first show that the composition

[T 7o vy by
aEP
factors through Fy(R). Two elements f, and gg € [],.p,, Fs have the same image in
Fo(R) if and only if f = g € F*NF72, in which case z .= P(f) = P(g9) € RHZ NRH}.
We need to show that z, ~ x5 € Y. Note that af € PT; = (Z/10)*, and P induces
an isomorphism PI'y = G(x) by Lemma 3.5. Hence af € G(x) so that z, ~ xp.

Let us prove the G(R)-equivariance of Pr. Suppose that f € F%, g € F? such that
a-f=g¢€ FsR) for some a € G(R). Then z := P(f) = P(g) € CH?, so we need to
show that a8 € G(x). The actions of G(C) and PT' on CH? commute, and the same
holds for the actions of G(R) and PI” on FX, where PI"” is as in [GF23, Section 2.1].
It follows that a(g) = a(a- f) = a-a(f) = a- f = g, hence g € F*N FP. This implies
in turn that af(g) = g, hence aff € PI'y = G(x), so that indeed, x, ~ z3.

To prove that 7 is injective, let again fo, gs € [[,cp.s Fo and suppose that these
elements have the same image in Y. This implies that 2 := P(f) = P(g) € RHZNRH},
and that § = ¢ o a for some ¢ € G(z). We have ¢ € G(z) = PI'y (Lemma 3.5) hence

B(f) = (alf) =o(f) = 1. (25)
Therefore f,g € F?; since P(f) = P(g), it follows from Lemma 3.6 that there exists
a € G(R) such that a - f = g. This proves injectivity of P, as desired.
The surjectivity of Zg : G(R)\Fs(R) — Y is straightforward, using the surjectivity
of Pg, which follows from Lemma 3.6.
Finally, we claim that g is open. Let U C G(R) \ F¥ be open. Let V be the

preimage of U in [[,.p,, F&. Then V = ﬁ; (p~ ' (P&(U))), and hence

Pr(V)=p ' (Zr(U)).

The map Pg is open, being the coproduct of the maps F¢ — RH2, which are open

since they have surjective differential at each point. Thus &g(U) is open in Y. O
Corollary 3.8. There is a lattice PT'g C PO(2,1), an inclusion of orbifolds

[ Pro\ (RH: — #) — Py \ RH?, (26)
acCo
and a homeomorphism
M,(R) = G(R) \ X,(R) & PI'y \ RH? (27)

such that (27) restricts to (23) with respect to (26).
Proof. This follows directly from |GF23, Theorem 3.1] and Theorem 3.7 above. [

Remark 3.9. The proof of Theorem 3.7 also shows that M(R) is homeomorphic to
the glued space PI'\'Y (see [GF23, Definition 2.17]) if M is the stack of cubic surfaces
or of binary sextics. This strategy to uniformize the real moduli space differs from
the one used in [ACT10; ACT06; ACTO7|, since we first glue together the real ball
quotients, and then prove that our real moduli space is homeomorphic to the result.

14



3.3

Automorphism groups of stable real binary quintics. Before we can finish the
proof of Theorem 1.2, we need to understand the orbifold structure of M (R), and
how this structure differs from the orbifold structure of the glued space PT"\ Y. In
this Section 3.3 we start by analyzing the orbifold structure of M(R), by listing its
stabilizer groups. There is a canonical orbifold isomorphism M (R) = G(R)\ X(R) =
(Ps/65)(R). Therefore, to list those groups occurring as automorphism group of a
binary quintic is to list those z = [a, ..., a5] € (Ps/65)(R) whose stabilizer PGLy(R),,
is non-trivial, and calculate PGLy(R), in these cases. This will be our next goal.

Proposition 3.10. All stabilizer groups PGLy(R), C PGLy(R) for x € (Ps;/S5)(R)
are among Z/2, D3, Ds. Forn € {3,5}, there is a unique PGLy(R)-orbit in (Ps/S5)(R)
of points x with stabilizer D,,.

Proof. We have an injection (P;/&5)(R) < P;/&5 which is equivariant for the em-
bedding PGLy(R) — PGLy(C). In particular, PGLy(R), C PGLy(C), for every
x € (Ps/S5)(R). The groups PGLy(C), for points x € Fy/S5 are calculated in [WX17,
Theorem 22|, and each such a group is isomorphic to either Z/2, D3, Z/4 or Ds. None
of these groups have subgroups isomorphic to Dy =7Z/2 x Z/2 or Dy = 7Z/2 x Z/4.
Define an involution
vi=(z+1/z) € PGLy(R).

The proof of Proposition 3.10 will follow from the following four lemmas.

Lemma 3.11. Let 7 € PGLy(R). Consider a subset S = {x,y,2} C PY(C) stabilized
by complex conjugation, such that 7(x) = x, 7(y) = z and 7(2) = y. There is a
transformation g € PGLy(R) that maps S to either {—1,0,00} or {—1,i,—i}, and
that satisfies gtg™' = v = (2 v 1/2) € PGLy(R). In particular, 7> = id.

Proof. Indeed, two transformations g, h € PGLy(C) that satisfy g(x;) = h(x;) for three
different points 1, 29, z3 € P*(C) are necessarily equal. ]

Lemma 3.12. There is no ¢ € PGLy(R) of order four that stabilizes a point x €

(F:/65)(R).

Proof. By [Beal0O, Theorem 4.2], all subgroups G C PGL3(R) that are isomorphic to
Z/4 are conjugate to each other. Since the transformation I : z — (z —1)/(z + 1) is
of order four, it gives a representative G; = (I) of this conjugacy class. Assume that
there exists z and ¢ as in the lemma. To get a contradiction, we may assume that
¢ = I. Tt is easily shown that I cannot fix any point z € (P,/&5)(R). O

Define

—1
241
Lemma 3.13. Let x = (21,...,25) € (Ps/65)(R). Suppose that ¢(x) = x for some
¢ € PGLy(R) of order three. There is a transformation g € PGLy(R) mapping x
to (—1,00,0,w,w?) with w a primitive third root of unity. The stabilizer of x to the
subgroup of PGLy(R) generated by p and v. In particular, we have PGLy(R), = Ds.

p € PGLy(R), p(z) =

15



3.4

Proof. By Lemma 3.11, there are elements x1, 25, x3 which form an orbit under ¢.
Since complex conjugation preserves this orbit, one element in it is real; since g is
defined over R, they are all real. Let g € PGLy(R) such that g(x;) = —1, g(z2) = 00
and g(z3) = 0. Define k = g¢pg~'. Then x* = id, and & preserves {—1, 00,0} and sends
—1 to oo and oo to 0. Consequently, x(0) = —1, and it follows that k = p. Hence z is
equivalent to an element of the form (—1, 00,0, a, 8) with 8 = @ and a®*+a+1=0. O

Recall that (5 = €*™/° € C and define

A+1)z—1

A=G+G ER, 7 EPGI(R)  with () ="

for 2 € PYC).

Lemma 3.14. Let © = (x1,...,x5) € (Ps/65)(R). Suppose x is stabilized by a sub-
group of PGLy(R) of order five. There is a transformation g € PGLy(R) mapping x to
z=(0,—1,00,\+1,\) and identifying the stabilizer of x with the subgroup of PGLy(R)
generated by v and v. In particular, the stabilizer PGLy(R), of x is isomorphic to Ds.

Proof. Let ¢ € PGLy(R), be an element of order five. Using Lemma 3.11 one shows
that the z; are pairwise distinct, and we may assume that z; = ¢ (z1) for i =

2,...,5. Since there is one real x; and ¢ is defined over R, all x; are real. Note that
z = {0,—1,00, A+ 1, A} is the orbit of 0 under v : z — ((A+ 1)z —1)/(z + 1). The
reflection v : z + 1/z preserves z as well: we have A+ 1= —(Z + (%) = =A% + 2, so

that A(A+ 1) = 1. So we have PGLy(R), = Ds. By [WX17, Theorem 22|, the point z
with stabilizer PGLy(R), is equivalent under PGLy(C) to the point (1, ¢, ¢?, (3, ¢*) with
stabilizer (z — (z,z — 1/z). Thus, there exists g € PGLy(C) such that g(z;) = 0,
g(z2) = =1, g(x3) = 00, g(x4) = A+ 1 and g(z5) = A, and such that gPGLy(R),g~ ' =
PGL2(R),. Since all x; and z; € z are real, we see that g(x;) = z; for every i, hence g
and g coincide on more than two points, which implies that ¢ = § € PGLy(R). O

Proposition 3.10 follows. O]

Binary quintics with automorphism group of order two. The goal of Section
3.4 is to prove that there are no cone points in the orbifold PGLy(R) \ (Ps/S5)(R),
i.e. orbifold points whose stabilizer group is Z/n for some n > 2 acting on the orbifold
chart by rotations. By Proposition 3.10, this fact will follow from the following:

Proposition 3.15. Let x = (z1,...,25) € (Ps/S5)(R) such that PGLy(R), = (7) has
order two. There is a PGLy(R),-stable open neighborhood U C (P;/S5)(R) of x such
that PGLy(R), \ U — M(R) is injective, and a homeomorphism ¢ : (U,x) — (B,0)
for 0 € B C R? an open ball, such that ¢ identifies PGLy(R), with Z/2 acting on B
by reflections in a line through 0.

Proof. Using Lemma 3.11, one checks that the only possibilities for the element x =

(xla s ,ZE5) € (PS/65)(R) are (_17070075aﬁ71)7 (_]-7@.7_2.76”671)7 (_1)_]—)570700))
(—=1,—-1,8,i,—1), (0,0,00,00,—1) and (—1,4,4, —i, —1). O
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3.5

Comparing the orbifold structures. Consider the moduli space M (R) of real
stable binary quintics.

Definition 3.16. Let .4 be the hyperbolic orbifold with M(R) as underlying space,
whose orbifold structure is induced by the homeomorphism (27) in Corollary 3.8 and
the natural orbifold structure of PT'g \ RH?.

There are two orbifold structures on the space M (R): the natural orbifold structure
of M(R), see [GF22, Proposition 2.12] (i.e. the orbifold structure of the quotient
G(R) \ X5(R)), and the orbifold structure .#g introduced in Definition 3.16.

Proposition 3.17. 1. The orbifold structures of My(R) and A differ only at the
moduli point zo € M4(R) attached to the five-tuple (oo, 1,1, —i, —1).

2. The stabilizer group of M(R) at the point xq is isomorphic to Z/2, whereas the
stabilizer group of Mr at xqy is isomorphic to the dihedral group Do of order twenty.

3. The orbifold Mg has no cone points and three corner reflectors, whose orders are

7/3,7/5 and 7/10.

Proof. The statements can be deduced from |[GF23, Proposition 3.14]. The notation
of that proposition is as follows: for f € Y = G(R) \ Fs(R) (see Theorem 3.7) the
group Ay C PT is the stabilizer of f € K. Moreover, if fe Fs(R) represents f and if
F = [f] € X,(R) has k = 2a + b nodes, then the image € CH? has k = 2a 4 b nodes
in the sense of [GF23, Definition 2.6].

If F has no nodes (k = 0), then G(x) is trivial by [GF23, Proposition 3.14.1] and
Gr = Ay =T'y. If F has only real nodes, then By = G(x) hence Gr = A;/G(x) =

Suppose that a = 1 and b = 0: the equation F' defines a pair of complex conjugate
nodes. In other words, the zero set of F' defines a 5-tuple a = (o, ..., a;5) € PY(C),
well-defined up to the PGLy(R) x &5 action on P!(C), where a; € PY(R) and a3 =
Ay = a5 = ay € P(C) \ P}(R). So we may write a = (8, a,a, o, @) with 8 € P}(R)
and a € P(C) \ P}(R). There is a unique T € PGLy(R) such that T(8) = oo and
T () = ¢. But this gives T'(x) = (00, i, —i, 4, —i) hence F' is unique up to isomorphism.

As for the stabilizer Gp = A;/G(x), we have G(z) = (Z/10)?. Since there are no
real nodes, By is trivial. By [GF23, Proposition 3.14.3], the set Ky is the union of ten
copies of B?(R) meeting along a common point B°(R). In fact, in the local coordinates
(t1,t9) around f, the «; : B*(C) — B?(C) are defined as (t1,t2) + (2(?,11¢7), for
j € Z/10, and so the fixed points sets are given by RH? = {t, = #,{7} C B?*(C).

The subgroup F C G(x) that stabilizes RH? is the cyclic group of order ten
generated by the transformations (t1,ts) — (Ct1, (" 't5). There is only one non-trivial
transformation T € PGLy(R) that fixes oo and sends the subset {i, —i} C P'(C) to
itself, and T is of order five. Hence Gr = Z/2 so that we have an exact sequence
0 —Z/10 - TI'y — Z/2 — 0. This splits since G is a subgroup of I'y. We are done
by Propositions 3.10 and 3.15. O
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3.6

The real moduli space as a hyperbolic triangle. The goal of Section 3.6 is to
show that ./ (see Definition 3.16) is isomorphic, as hyperbolic orbifolds, to the trian-
gle Az 519 in the real hyperbolic plane RH? with angles 7/3, 7/5 and 7/10. The results
in the above Sections 3.3, 3.4 and 3.5 give the orbifold singularities of .#r together
with their stabilizer groups. In order to determine the hyperbolic orbifold structure of
My, we also need to know the underlying topological space M (R) of .#r. The first
observation is that M(R) is compact. Indeed, it is classical that the topological space
M,(C) = G(C) \ X,(C), parametrizing complex stable binary quintics, is compact.
This follows from the fact that it is homeomorphic to M 5(C)/Ss5, and the stack of
stable five-pointed curves My 5 is proper [Knu83], or from the fact that it is homeo-
morphic to a compact ball quotient [Shi64|. Moreover, the map M (R) — M (C) is
proper, which proves the compactness of M (R).

The second observation is that M(R) is connected, since X(R) is obtained from
the euclidean space {F € R[z,y| : F homogeneous and deg(F') = 5} by removing a
subspace of codimension at least two. We can prove more:

Lemma 3.18. The moduli space M (R) of real stable binary quintics is homeomorphic
to a closed disc D C R2.

Proof. The idea is to show that the following holds:

1. For each i € {0,1,2}, the embedding .#; — .#; C MR) of the connected
component .#; of My(R) into its closure in M(IR) is homeomorphic to the embedding
D < D of the open unit disc into the closed unit disc in R2.

2. We have M (R) = MU MO Mo, and this glueing corresponds up to homeomor-
phism to the glueing of three closed discs D; C R? as in Figure 1.

To prove this, one considers the moduli spaces of real smooth (resp. stable) genus zero
curves with five real marked points [Knu83|, as well as twists of this space. Define
two anti-holomorphic involutions o; : P!(C)® — PY(C)® by oy(z1, e, T3, T4, 75) =
(%1, Ta, T3, X5, T4), and o(xy, Ta, T3, T4, T5) = (T1, T3, T2, Ts, T4). Then define

P(R)=F", P/(R)=FR(C)", F(R)=F" P!(R)=P(C)".
It is clear that .#y = PGLy(R) \ Py(R)/S5. Similarly, we have:
M) =PGLy(R)\ P} (R)/G3 x &, and .# = PGLy(R)\ P;(R)/Gy x &,.
Moreover, we have .#, = PGLy(R) \ P,(R)/&5. We define
My =PCLy(R)\ P}(R)/G3 x Gy, and .45 =PGCLy(R)\ P}(R)/S; x G.

Each .#; is homeomorphic to a closed disc in R?. Moreover, the natural maps .#; —
M (R) are closed embeddings of topological spaces, and one can check that the images
glue to form M(R) in the prescribed way. We leave the details to the reader. O
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Proof of Theorem 1.2. To any closed two-dimensional orbifold O one can associate a
set of natural numbers So = {ny,...,ng; m,...,m;} by letting k£ be the number of
cone points of Xy, [ the number of corner reflectors, n; the order of the i-th cone point
and 2m; the order of the j-th corner reflector. A closed two-dimensional orbifold O
is determined, up to orbifold-structure preserving homeomorphism, by its underlying
space X and the set Sp [Thu80]. By Lemma 3.18, M is homeomorphic to a closed
disc in R2. By Proposition 3.17, .#r has no cone points and three corner reflectors
whose orders are 7/3,7/5 and 7/10. This implies .#k and Ajgs 1o are isomorphic
as topological orbifolds. Consequently, the orbifold fundamental group of .#g is ab-
stractly isomorphic to the group I's 5 19 defined in (2).

Let ¢ : I'3 510 < PSL2(R) be any embedding such that X = ¢ (I's510) \ RH? is a
hyperbolic orbifold; we claim that there is a fundamental domain A for X isometric
to Ag510. Consider the generator a € I's519. Since ¢(a)2 = 1, there exists a geodesic
Ly C RH? such that ¢(a) € PSLy(R) = Isom(RH?) is the reflection across L;. Next,
consider the generator b € I'35109. There exists a geodesic Ly C RH? such that ¢(b)
is the reflection across Ly. One easily shows that Ly N L; # 0. Let x € L; N Lo.
Then ¢(a)p(b) is an element of order three that fixes z, hence ¢(a)p(b) is a rotation
around x. Therefore, one of the angles between L; and L, must be 7/3. Finally, we
know that ¢(c) is an element of order two in PSLy(R), hence a reflection across a line
Ls. By the previous arguments, L3 N Ly # () and L3 N Ly # (. Tt also follows that
x € LsNLyNL; = (. Consequently, the three geodesics L; C RH? enclose a hyperbolic
triangle; the orders of ¢(a)p(b), ¢p(a)p(c) and ¢(b)¢p(c) imply that the three interior
angles of the triangle are 7/3, 7/5 and 7/10. O

4 The monodromy groups

In this section, we describe the monodromy group PI', as well as the groups PI',
appearing in Proposition 3.2. As for the lattice (A, h) (see (7)), we have:

Theorem 4.1 (Shimura). There is an isomorphism of hermitian Ok -lattices

(A, ) = ((’)i,diag (1 _2\/3, 1, 1>> )

Proof. See [Shi64, Section 6] as well as item (5) in the table on page 1 of loc. cit. [

Let us write A = O3 and b = diag(1, 1, 1_2‘/5) in the remaining part of Section 4. Write

a=G+G= @ For the element § = ¢ — (' € O we have that [§]?> = ¥Y3t5,

Define three quadratic forms gy, ¢, and g9 on Z[a]? as follows:

_ .2 2 2
qo(xo, 1, x2) = x5 + ] — ax3,

@1 (w0, 1, 2) = |0*2] + 27 — a3, (28)

G20, 1, 2) = |0|2x(2) + |9|2x% — am%.

Consider Z[a] as a subring of R via the standard embedding.
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Theorem 4.2. Consider the quadratic forms q; defined in (28). There is a union
of geodesic subspaces #; C RH?, j € {0,1,2}, and an isomorphism of hyperbolic
orbifolds

Mo(R) = [T PO(4;, Z[o)) \ (RH® — 7). (29)

J=0

Proof. Recall that 0 = (5 — (5 1. we consider the Fs-vector space W equipped with the
quadratic form ¢ = h mod 6. Define three anti-isometric involutions as follows:

ao: (2o, 21, 22) = ( To, T1,7T2)

' <I07x17x2) — (—J_:(], jlaj2> (30)

Qg <x07 T, $2) — (_f07 _flv E2)
For isometries a : W — W, the dimension and determinant of the fixed space
(W q|lwa) are conjugacy-invariant. Using this, one easily shows that an anti-unitary
involution of A is I'-conjugate to exactly one of the +a;, hence C'&/ has cardinality
three and the elements g, o, as of (30) form a set of representatives for C.o7. By
Proposition 3.2, we obtain My(R) = H?:o PT'y; \ (RH, O%j — ) where each quotient
space Pl \ (RH, 2], — J€) is connected. Next, consider the fixed lattices

Ao = A" =Z[a] & Zla] & Z[a]
Ay =AY = 0Z[a] ® Z]a] & Z[a] (31)
Ay = A2 = 0Z[a] @ 0Z]c] & Z[a.

[
One easily shows that Py, = Npr(a;) for the normalizer Npr(a;) of a; in PT.
Moreover, if h; denotes the restriction of h to A%/, then there is a natural embedding

t: Npr(ay) — PO(A;, by, Z]a]). (32)

We claim that ¢ is an isomorphism. This follows from the fact that the natural ho-
momorphism 7 : Np(a;) — O(A;, h;) is surjective, where Np(oj) ={g €T :goa; =
aj o g} is the normalizer of o; in I'. The surjectivity of 7 follows from the equality

A:(’)K'Aj—i-(’)K-@AJVCf(37
which follows from (31). Since PO(A;, h;, Z[a]) = PO(g;, Z|a]), we are done. O
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