N

N

Non-arithmetic uniformization of metric spaces attached
to unitary Shimura varieties

Olivier de Gaay Fortman

» To cite this version:

Olivier de Gaay Fortman. Non-arithmetic uniformization of metric spaces attached to unitary Shimura
varieties. 2023. hal-04003088

HAL Id: hal-04003088
https://hal.science/hal-04003088

Preprint submitted on 23 Feb 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04003088
https://hal.archives-ouvertes.fr

Non-arithmetic uniformization of metric
spaces attached to unitary Shimura varieties

Olivier de Gaay Fortman -  February 23, 2023

1 Introduction

In various cases, Hodge theory provides a bridge between hyperbolic geometry and
algebraic geometry: there are moduli spaces of complex varieties whose period map
identifies it with a quotient of complex hyperbolic space. The ball quotients that
arise in this way are often (but not always) arithmetic [Pic83; Shi64; DM86; Kon00;
ACTO02b|. Similar constructions can be carried out to uniformize moduli of real vari-
eties [AY98; ACT06; ACT10; Chull; HR18|. A striking result in this direction was
given by Allcock—Carlson—Toledo, who identified the space of stable real cubic surfaces
with a four-dimensional non-arithmetic real ball quotient [ACT10]. Their space is as-
sembled from various pieces, each of which an arithmetic quotient containing an open
subset that parametrizes moduli of smooth real cubic surfaces of one topological type.

The starting point of this paper is the question whether one can glue the fixed loci
of anti-holomorphic involutions on an arbitrary unitary Shimura variety, in a way that
does not depend on real moduli theory, and such that the resulting space is naturally
a real ball quotient. Our first goal is to prove that such glueing can be done, leading to
a construction which generalizes [ACT07; ACT10| and seems an orbifold analogue of
the construction of Gromov—Piatetski-Shapiro |[GPS87|. For indeed, our second goal
is to show that many of the lattices that arise in this way, are in fact non-arithmetic.

To explain this, let n € N and consider a CM field K and a hermitian Og-lattice
A, of signature (n, 1) for one infinite place of K and definite for others. To A,, one can
associate a quotient I'\ B"(C), and each anti-unitary involution a: A, — A,, defines a
real arithmetic ball quotient I', \ B? (R) := Stabp(B™(C)*)\B"(C)*. We glue these real
quotients together along a certain orthogonal hyperplane arrangement 2 C B"(C).
The resulting space X (A,,) is a complete metric space (c.f. Proposition 3.7). It turns
out that, moreover, X (A,) carries a complete hyperbolic orbifold structure:

Theorem 1.1 (c.f. Theorem 3.1). For each connected component X (A,)T C X(Ay)
there exists a lattice T} C PO(n,1) and a canonical isometry X (A,)T = T\ B*(R).

Applying Theorem 1.1 to the case where K = Q((3) and
A, =Z[G)" = (Z[¢G)", diag(—1,1,...,1)),

one obtains a sequence of real hyperbolic orbifolds X (A,,) with interesting properties.
Indeed, X (Asy) is connected, its orbifold fundamental group I's is non-arithmetic, and
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1.1

X (Ay) immerses totally geodesically into a connected component X (A,,)" of X(A,,)
for each n € Z>y (Theorem 7.3). By [BCO05, Proposition 15.2.2|, this implies that
I't € PO(n, 1) is non-arithmetic, which leads to the second main result of this paper.

Theorem 1.2 (c.f. Theorem 7.10). Let n € Zso and let A, = Z[(3]™". There exists a
connected component X (A,)* C X(A,) such that the lattice T'} C PO(n, 1) underlying
the complete hyperbolic orbifold X (A,)* is non-arithmetic.

Theorem 1.1 also has applications to the theory of moduli spaces of real algebraic
varieties. Indeed, for some moduli stacks of GIT stable hypersurfaces My, one can
consider the hermitian lattice A that arises as the cohomology of the cover of projec-
tive space ramified along a member of the moduli space, and define an isomorphism
M (R) =2 X(A,) for n = dim(M,). An application of Theorem 1.1 gives then a uni-
formization of M (R) by real hyperbolic space. For instance, for cubic surfaces and
binary sextics, one retrieves the main results of [ACT10; ACT06; ACTO07] in this way.

Applying Theorem 1.1 to K = Q({;) and A, = (Z[C5]”+1,diag(l_2\/g, 1,...,1))
yields further examples of non-arithmetic lattices. In a subsequent paper |GF21|, we
will use the theory developed in this paper to investigate the structure of the moduli
space of stable real binary quintics. An analysis of the period map for binary quintics
and an application of Theorem 1.1 shows that, also in this case, X (As) is connected and

underlies a non-arithmetic ball quotient. As before, this has the following consequence.

Theorem 1.3. Let K = Q((5), and define lattices A, and a CM type ¥ as follows:

(An = (ZIG)" diag(1 = VB)/2,1,..., 1), W ={n,m: K = C| () =G}).

Then for each n € Zsq, there is a connected component X (A,)"™ C X(A,) such that
the lattice T} C PO(n, 1) attached to X (A,)" via Theorem 1.1 is non-arithmetic.

Theorem 1.3 will be proved in [GF21]. In the remaining part of the introduction, we
will explain what the main ingredients are that go into the proof of Theorem 1.1.

Outline of the glueing construction. Let (K, V) be a CM type, with K a CM field
of degree 2¢g over Q with ring of integers O, and let A be a hermitian Og-lattice, i.e. a
finite free Ox-module equipped with a hermitian form A x A — Ok. Assume that the
hermitian form has signature (n, 1) with respect to one embedding (7 : K — C) € ¥
and is positive definite for the other elements in W. Let CH" be the space of negative
lines in A ®p, » C and let PT" = Aut(A)/uk, where ugx C O} is the group of finite
units in Og. Let P</ be the quotient of the set of anti-unitary involutions a: A — A
by pg. Attached to the hermitian lattice A there is a Shimura variety Shg (G, X)
(c.f. [Ach20, Section 5.3]) with complex uniformization Shx (G, X)(C) =T'\ CH", see
Corollary 4.9 or [Shi63, Theorem 2|. Consider then the hyperplane arrangement

T = U <7“((j>L c CH"
reN:
h(r,r)=1

and assume that the following holds:



1.2

Condition 1.4 (c.f. [ACT02al]). Any two different hyperplanes (rc)*, (tc)* C H#
intersect orthogonally or not at all, i.e. either h(r,t) =0 or (rc)* N (tc)* = 0.

In many cases, Condition 1.4 is automatically satisfied:

Theorem 1.5 (c.f. Theorem 5.2). If the different ideal ®x C O is generated by
a purely imaginary element n € Dk such that S(p(n)) > 0 for every ¢ € W, then
Condition 1.4 holds.

The condition that ®x C O is generated by a non-zero purely imaginary element
n € Ok holds whenever K is cyclotomic or imaginary quadratic, see Proposition 5.4.
The glueing construction is performed by assembling the different copies

RH! = (CH")* CCH", «a€ P

of real hyperbolic space RH™ along the hyperplane arrangement . See Definition
2.15 and Remark 2.16 for the formulation of the equivalence relation. This gives a
topological space Y (A), acted upon by PI'. Define PI', C PI" to be the stabilizer of
RH?. Our first main result (Theorem 1.1) can then be reformulated as follows.

Theorem 1.6 (c.f. Theorem 3.1). The space X(A) = PI'\ Y(A) admits a complete
path metric such that the natural map X (A) — PI'\ CH" is a local isometry. This
metric on X (A) extends to a real hyperbolic orbifold structure, such that the following
conditions hold: the subspace

[T Pro\®H:—27)C X(A)

aePT\ P/

is an open suborbifold, and for each connected component X (A)™ C X(A) there is a
lattice T" C PO(n, 1) and an isomorphism of hyperbolic orbifolds X (A)* = T'" \RH™.

Remark 1.7. Our construction relies on Condition 1.4, saying that the hyperplane
arrangement . C CH" is an orthogonal arrangement in the sense of [ACT02al. In
fact, there is always a canonical orthogonal arrangement H C CH" attached to h in
such a way that H = 2 when 7 is orthogonal (c.f. Remark 5.5). Moreover, one can
glue the different copies RH of real hyperbolic space along the arrangement H to
obtain a complete hyperbolic orbifold as in Theorem 1.6, but we will not prove this.

Overview of this paper. This paper is structured as follows. In Section 2, we
construct the glued space X (A) = PI'\ Y(A) starting from a hermitian Og-lattice
A of hyperbolic signature. In Section 3, we provide the glued space X(A) with a
real hyperbolic orbifold structure. Theorem 1.6 follows readily from this. The goal of
Section 4 will be to provide the ball quotient PT'\ CH" with a modular interpretation,
which will be used to prove Theorem 1.5. Finally, in Section 6, we prove Theorem 1.2.
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2  Glueing real hyperbolic orbifolds

In this section, we construct a topological space by glueing together several arithmetic
hyperbolic pieces. Afterwards, in Section 3, we provide this topological space first with
a path metric and then with a complete hyperbolic orbifold structure.

Arithmetic ball quotients and anti-unitary involutions. The goal of Sections
2.1 - 2.4 is to introduce all the definitions needed for the glueing construction, and to
prove some preliminary results.

Let g and n be positive integers. Let K be a CM field of degree 2g over Q, with
totally real subfield F© C K and non-trivial element o € Gal(K/F). Let Ok (resp.
Or) be the ring of integers of K (resp. F'). Moreover, assume that the following holds:

Condition 2.1. The different ideal D C Ok is generated by a non-zero element
n € Dk that satisfies o(n) = —n.

For an element z € K, we will sometimes use the notation T = o(z). Fix an element
1 € Ok as in Condition 2.1, and let ¥ be a set of embeddings

U={r: K—C}_., suchthat YUVo={7,7o}i<ic, =Hom(K,C), (1)

and such that
S (m(n)) >0 for each ie{l,...,q}.

Let A be a free Og-module of rank n + 1 equipped with a hermitian form
h: A xA— Ok
of the following signature (r;, s;) with respect to 7;: we have
1 if i =1
sy = quebo el
(n+1,0) if2<i<g.

Thus, h is Og-linear in its first argument, satisfies h(y,x) = o(h(z,y)), and the
complex vector space A®p,, -, C admits a basis {e;} such that (h7(e;, €;));; is a diagonal
matrix with r; diagonal entries equal to 1 and s; diagonal entries equal to —1. Here

h™: A ROk, CxA ROk, C—-=C
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2.2

is the hermitian form attached to h via the embedding 7;. Define
T=71:K—=C, and V =A®eo,.C.

Let m be the largest positive integer for which the m-th cyclotomic field Q((,,) can
be embedded in K, where (,, = 2™/™ € C. Let ¢ € K be a primitive m-th root of
unity in K, and define
nr = (¢) € Ok C Ok.
Moreover, define I' to be the unitary group of A, and PI' as its quotient by
I'= U(A)(OK) :AUtOK(A, h) and PF:F/,U,K

A norm one vector r € A is called a short root. Let & C A be the set of short roots.
For r € #, define isometries ¢.: V' — V as follows:

or(r) =2 —(1=Qhlz,r)-r, ¢ (x) =2 — (1= Ch(z,r) v, i€ (Z/m)"

Note that ¢ € T for r € #, and that ¢! = ¢, o --- o @, (i times). In particular,
¢ =id. Let P(V) be the projective space of lines in V', and let

CH" ={t=[] € P(V) | h(v,v) <0} C P(V);
this is the space of negative lines in V. Define
H,={x € CH": h(z,r) =0} for r€ #Z, and L%”:UHT c CH"
rexX

Lemma 2.2. The family of hyperplanes (H,),cq is locally finite, so that the hyperplane
arrangement 7€ C CH" is a divisor of CH™.

Proof. See [Bea09, Lemma 5.3]. O

Orthogonality of the hyperplane arrangement. It turns out that Condition 2.1
implies that the following condition is satisfied, which is why we imposed it:

Condition 2.3. Ifr;t € #Z are such that H. # H, and H, N H; # 0, then h(r,t) = 0.

The fact that Condition 2.3 follows from Condition 2.1 (in combination with the rest
of the assumptions made above) will be proved in Section 4, see Theorem 5.2.

Remarks 2.4. 1. Condition 2.1 is satisfied by quadratic and cyclotomic CM fields K,
see Proposition 5.4 in Section 4.

2. Our glueing construction depends heavily on Condition 2.3. However, Condition 2.1
was only imposed to ensure Condition 2.3, so alternatively, one could omit Condition
2.1 and simply assume Condition 2.3 instead.

3. By Theorem 5.2, Condition 2.1 implies Condition 2.3. We do not know if the
converse is true, i.e. whether Condition 2.1 is strictly necessary.

4. There is a way to avoid Condition 2.3 altogether, see Remark 5.5, but the definitions
become more complicated and we will not pursue that direction in this paper.
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Anti-unitary involutions. Define an Opg-linear map a : A — A to be anti-unitary
if for all z,y € A and A\ € Ok, one has a(\x) = () - a(z) and h(a(x),a(y)) =
o(h(z,y)) € Ok. Define I to be the group of unitary and anti-unitary Op-linear
bijections A = A. Let & C I" be the set of anti-unitary involutions a: A — A. Then

pxg CTCI” —  define PIY=T"/ug. (2)
Let A € K*. Observe that
(AeOgand N =X-0c(\)=1) <= (A€ ux). (3)

Indeed, we have, for any embedding ¢: K — C, that

NI = 0(A) - p(A) = 9(A) - p(a (V) = (A~ a (),

where p(A) = p(c(N)) by [Mil20, Proposition 1.4]. Moreover, we have |@(\)| = 1 for
each ¢: K — C if and only if A is a root of 1, see [Mil08, Corollary 5.6].

Lemma 2.5. Let Isom(CH™) be the group of isometries f: CH™ = CH"™. The natural
homomorphism PI" — Isom(CH™) is injective.

Proof. This follows readily from (3). O

The group ux acts on &/ by multiplication; define
Pof =pux\ o/, and Co =PI\ P,

where PI" acts on Pg/ by conjugation. Any a € P</ defines an anti-holomorphic
involution

a:CH" — CH"; define RH} = (CH")* Cc CH".
For any element o € 7, the quadratic form Ay« on the real vector space
V= A" ®0pq C
has hyperbolic signature. The following lemma is readily proved:

Lemma 2.6. For a € o, let P(V®) be the real projective space of lines in V', and
let RH(V>) C P(V®) be the space of negative lines in V. The canonical isomorphism
P(V*) =2 P(V)* restricts to an isomorphism RH (V) = RH". O

We conclude that RH? C CH" is isometric to the real hyperbolic space of dimension
n. Finally, we define

PT', = Stabpr(RH}) C PT (the stabilizer of RH] in PI).
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Orthogonal hyperplanes and complex reflections. Note that Condition 2.3 im-
plies that if H,, ..., H,, forr; € # are mutually distinct, and if their common intersec-
tion is non-empty, then N*_, H,. C CH™ is a totally geodesic subspace of codimension
k. Note also that for any r € %, the element ¢, € I' generates a finite subgroup
(¢.) C T of order m, and that the restriction of the quotient map 7: I' — PT to this
subgroup (¢,) C I is injective. We will abuse notation, by letting ¢, € PT" denote the
image of ¢, € I' in PT".

Definition 2.7. Let H = {H, | r € Z}. For x € CH", define
H(x)={HeH |z H}, Gz)=(¢.€ Pl withreZ,icZ/m|xeH,).

The hyperplanes H € H(x) are called the nodes of z. We say that = has k nodes if
the cardinality of H(z) is k.

Lemma 2.8. Let x € CH™ and suppose that x has k nodes. Then G(x) = (Z/m)*.
Proof. Let r,t € Z. Then, for z € A, one has

$(1(2)) = ¢y (2 — (L = h(z,1) - 1)
=z—(1=hzt) t = (1= ((z = Q= hlzt)-t) )7
(4)
Now suppose that H,, H, € H(x), with H, # H,. By Condition 2.3, we have h(r,t) = 0;
by (4), this implies that ¢’ o ¢] = ¢] o ¢ for each i,j € Z/m. We conclude that the
group G(z) is abelian.
Next, suppose that H, = H, € H(z). To finish the proof, it suffices to show that
¢y = X - ¢ for some ¢ € Z/m and X € pg. This follows from Lemma 2.9 below. [

Lemma 2.9. Let r € %. Let ¢ : CH" — CH"™ be an isometry of order m that
restricts to the identity on H, C CH™. Then ¢ = ¢\ for some i € Z/m.

Proof. Let HZ be the hyperbolic space attached to the standard hermitian space C™!
of dimension n + 1. It is classical that

StabU(ml)(Hg_l) = U(n — ]_, 1) X U(].)

Thus, any ¢ € U(n, 1) that fixes H ™! pointwise lies in C* x U(1), where U(1) denotes
{zeC |z =1} f¢m e C* x {1}, then g € C* x () CU(n—1,1) x U(1). O

Lemma 2.5 allows us to view P/ as a subset of Isom(CH"), and also to view the
groups G(z) C PT' C PI' (for any © € CH™) as subgroups of Isom(CH"). Define

Y =[] RH.
a€EPg

We will glue the different hyperbolic spaces RH]!, by defining an equivalence relation
~ on Y. Before we define it, we state and prove a couple of trivial results.
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2.5

Lemma 2.10. Let a € & andr € Z. Then ao ¢l = ¢;(ir) oa.

Proof. Indeed, for z € A, we have

a(6i(@)) = a (z — (1= CYh(e,r) -7) = alz) — (1 — ¢z, ) - alr)
— a(e) — (1 = ¢ h(alz), ar) - alr) = o5, (al2)).

Lemma 2.11. Let v € RH? and write H(x) = {H,,, ..., H,, } for somer; € Z. Then
foreachi € {1,... k} thereis a unique j € {1,...,k} such that a(H,,) = Hyq,) = H,,.

i

Proof. Indeed, we have, for any € & and r € %, that §(H,) = Hg(. Since x € H,,,
we have v = a(x) € a(H,,) = Hu,) for every i. In particular, we have H,qy € H(x)
(see Definition 2.7), so that H(,,) = H,, for some j. O

Proposition 2.12. Let r,t € Z. The following are equivalent:

1. One has ¢, = ¢, € T.

2. There exist i,j € Z/m — {0} such that ¢'. = ¢] € T.

3. There exist a,b € Ok — {0} with |a]> = |b|* such that a -7 =b-t € Ok.

Proof. This follows readily from the definitions. m

Definition 2.13. Let o € P« and x € RH}. Write H(x) = {H,,,...,H,,}, see
Definition 2.7. By Lemma 2.11, the involution a induces an involution on the set
H(z). Define a: I — I as the resulting involution on the set I = {1,...,k}.

Proposition 2.14. Let o« € P/ and x € RH}. Write H(x) = {H,,,..., H,,}, and
let g=¢ito---o0 ¢§,’Z € G(x) for some i, € Z/m. The following are equivalent:

1. We have go o € P/ (In other words, g o v is an involution.)
2. For each v € I, we have i, = iq(,) mod m.

Proof. This follows from Lemma’s 2.11, 2.9 and 2.10 and Proposition 2.12. O]

The definition of the glued space. We are now in position to formulate for which
o, € P/ we will glue RH to RHy, and how we are going to glue these spaces.

Definition 2.15. Define a relation R C Y x Y as follows. An element
(Tarys) € RHI X RHE CY XY
is an element of R if the following conditions are satisfied:

1. The images of z, and yg in CH™ agree.



2. If a# 3, then

(a) xo = yg lies in J7; and
(b) B =goae€ P/ for some g € G(x,) = G(yp) (c.f. Lemma 2.5).

Remark 2.16. Conditions 1 and 2 in Definition 2.15 say that we are identifying points
of RHy N and RHj; N that have the same image in CH". But we do not glue all
such points: the real structures o and [ are required to differ by complex reflections
in the hyperplanes that pass through x. In fact, we will see below (see Lemma 3.2)
that the glueing rules can be rephrased as follows: we glue RH; and RHj along their
intersection, provided that for some (equivalently, any) x € RH! N RHg, the real
structures a and ( differ by reflections in hyperplanes H, C ¢ that pass through x.

Lemma 2.17. R is an equivalence relation.

Proof. Consider three elements z,,yg, 2, € Y. The fact that x, ~ 2, is clear.

Suppose that z, ~ yg. If @ = 8 then z, = yg € Y hence Ys ~ To. If o # [ then
Ty =Yyp € S C CH", and f = goa for g € G(z,) = G(yp) as in Definition 2.15.
Since a = g~ o 8 with g~! € G(z,), this shows that yg ~ z,.

Suppose that z, ~ yg and yg ~ z,; we claim that z, ~ z,. We may and do assume
that «, 8 and v are different, which implies that z, = yg = 2, € S, that v = ho 3 for
some h € G(yg), and that § = goa for some g € G(x,). We obtain v = hofS = hogoa
for hog e G(z) = G(ys) = G(z,). O

Lemma 2.18. The action of PT" on CH" induces an action of PI' on Y which is com-
patible with the equivalence relation R. Therefore, P acts naturally on'Y . Moreover,
PE\Y = 11ye0y PTa \ RHL.

Proof. 1f ¢ € PT', then ¢ (RHY) = RH, ,, hence PI" acts on Y = Haecpy RHY, and

Pr\Y =PI\ [] RH = ] Pro\RH..
a€EPgof aceCd

Now suppose that z, ~ yg € Y and f € PT'. Then f(za) € RHY, ;-1 and f(yg) €
RHF,,.. We claim that f(xa)far-1r ~ f(ys)sps-1. For this, we may and do assume
that =, # yg, hence z, = yg € H# and = g o a for some g € G(z,) as in Definition
2.15. In particular, f(z,) = f(yg). Since fo ¢l o f7! = ¢§”(7’) for each r € % and
i € Z/m, and h(x,r) = 0 if and only if h(f(z), f(r)) = 0, we have fG(x)f~' = G(f(x))
for each & € CH"™. This proves that f3f ™! = f(goa)f~! = fgf 'o (faf™!) with
Faf ™' € G(f(xa)), and therefore f(zo) ~ f(ys) € Y. O

Definition 2.19. Define Y (A) as the quotient of Y by the equivalence relation R
introduced in Definition 2.15, and equip it with the quotient topology. By Lemma
2.18, the group PI" acts on Y (A). We define

X(A) = PT\ Y(A),

and call X (A) the glued space attached to the hermitian Og-lattice A.

9
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3 The hyperbolic orbifold structure of the glued space

Section 3 is devoted to the proof of the following theorem.

Theorem 3.1. 1. The glued space X (A) = PT'\ Y(A) admits a metric that makes it
a complete path metric space. The natural map X(A) — PT'\CH" is a local isometry.

2. Each point x € X(A) admits an open neighborhood U C X (A) which is isometric
to the quotient of an open subset V-C RH™ by a finite group of isometries. Therefore,
the glued space X(A) has a real hyperbolic orbifold structure.

8. One has [[,ccy PTa \ (RH} — ) C X(A) as an open suborbifold.

4. The connected components of the real hyperbolic orbifold X (A) are uniformized by
RH": for each connected component C' C X (A) there exists a lattice PT'c C PO(n, 1)
and an isomorphism of real hyperbolic orbifolds C = PT¢ \ RH™. Consequently,

x(n)= [ Pre\RH™
Cemp(PT\K)

It can happen that X (A) is connected: such is the case when K = Q({3) and A =
ZIG)P or A = Z[G]M, see [ACT06; ACT10]. If K = Q(¢3) and A = Z[(3]*?, then
X (A) has two components, see [ACT07, Remark 6].

The path metric on the glued space. We start with a lemma. We will need it
in the proof of Lemma 3.4 below, which will be used to define a path metric on X (A)
making it locally isometric to quotients of RH™ by finite groups of isometries. It also
serves as a sanity check: if there exists one element € RH;NRHy such that z, ~ @,
then one glues the entire space RH}; to the space RHj along their intersection in CH™.

Lemma 3.2. 1. Let g = Hllle o €T for some set {r,} C Z of mutually orthogonal
short roots r,,, where i, Z 0 mod m for each v. Then (CH™)? =nk_, H,, .

2. Let o, € Po/ and x € RH; NRH} such that xo ~ x5. Then y, ~ yg for every
y € RHyNRHj.

3. The natural map Y — CH" descends to a PT -equivariant map & : Y (A) — CH".

Proof. 1. Let y € V be representing an element in (CH ”)‘z’. Since the r; are orthogonal,
and ¢g(y) = A for some A € C*, we have

(1—=¢") hly,ro)re = Ay, (5)

1

g) =[] ¢nw) =y -

1%

hence (1 — Ny = S0, (1 —¢%)h(y,r,)r, € V. But y spans a negative definite
subspace of V' while the r, span a positive definite subspace, so that we must have
1—-A=0-= Zﬁzl (1 —<¢%)h(y,r,)r,. Since the r, are mutually orthogonal, they
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are linearly independent; since (" # 1 we find h(y,r,) = 0 for each v. Conversely, if
x € NH,,, then ¢ (x) = x for cach v.

2. Since x, ~ xp, there exists g € G(z) such that § = g o a. Write H(x) =
{H,,,...,H;, }. Let y € RH} NRHE. Then a(y) = B(y) = y implies that g(y) = y.
In particular, y € N,H,, by Part 1, which implies that H(z) C H(y), which in turn
implies that G(z) C G(y). We conclude that g € G(y). Hence y, ~ y3.

3. If vy ~yp, then z =y € CH™. O

By Lemma 3.2, we obtain continuous maps
P:Y(A) - CH" and Z:X(A)=PI'\Y(A)— PI'\CH"

Our next goal is to prove that each point # € Y(A) has a neighbourhood V' C Y'(A)
that maps homeomorphically onto a finite union UleRHQi C CH™. Hence x has an
open neighourhood x € U C V that identifies with an open set in a union of copies of
RH™ in CH™ under the map . This allows us to define a metric on Y (A) by pulling
back the metric on CH™.

Lemma 3.3. Each compact set Z C CH™ meets only finitely many RH?, a € P/ .

Proof. Recall the subgroup PI” C Isom(CH™) (see (2) and Lemma 2.5). We have that
PI” acts properly discontinuously on CH™. So if S is the set of & € P/ such that
aZ N Z # 0, then S is finite. In particular, Z meets only finitely many RH". ]

Fix a point f € Y(A) and a point z,, € Y lying above f. Let ay, ..., ay be the elements
in Po/ such that z,, ~ x, for each i € I := {1,...,¢} (since the group G(z) is finite
by Lemma 2.8, these are finite in number).

Let p : Y — Y (A) be the quotient map, and define

¢
Y;=p (]_[ RH;;_) C Y(A). (6)
i=1
We prove that Y'(A) is locally isometric to opens in unions of real hyperbolic subspaces
of CH™. Indeed, we have the following:
Lemma 3.4. 1. The set Y is closed in Y (A).
2. We have 2 (Yy) = UL_RH} C CH", and the map
¢
P Yy — | JRH],
i=1
induced by & is a homeomorphism.

3. The set Yy C Y(A) contains an open neighborhood Uy of f in Y (A).

11



Proof. 1. One has

pt (V) =p! G(HRH;)) Upfl (RHZ)) C Y.

Therefore, it suffices to show that p—! (p (RH&)) is closed in Y. But notice that
g € p~' (p(RH")) if and only if € RH" and z,, ~ x5, which implies (Lemma 3.2)
that RH? NRHj C p~' (p (RH)). Hence for any a € P</, one has

~(p(RHY) = [[ RH nRH,
Bra
where  ~ « if and only if there exists © € RHy NRHj such that z, ~ zg. It follows
that p~! (p (RH”)) NRH} is closed in RHj for every 8 € Po/. But the RH} are open

in Y and cover Y, so that p~t (p(RH™)) is closed in Y
2. We have

1 4 )4
DY) = P <p <]_[ RH;;)) = @7(]_[ RH&,) = JrH] cCcH™
=1 1=1

i=1

To prove injectivity, let z4,, Yo, € Y and suppose that © = y € CH". Then indeed,
Ta; ~ Ya,; Decause ~ is an equivalence relation by Lemma 2.17.
Let Z ¢ CH™ be a compact set. Write

&Y — CH"
for the canonical map. Remark that Z meets only finitely many of the RH] for
a € Po/, see Lemma 3.3. Each Z NRH] is closed in Z since RH] is closed in CH",
so each Z NRH? is compact. We conclude that ég_l(Z) = [[Z NRH} is compact.
In particular, 2 is closed [Leel3, Theorem A.57].
Finally, we prove that &, is closed. Let Z C Y} be a closed set. Then Z is closed
in Y by Part 1, hence p~1(Z) is closed in Y, hence & (p~1(Z))) is closed in CH", so

that _ —
P1(2) = 2(2)= P (™ (2)) = (7 (" (2))) 0 (U RA,)

is closed in Ule]RHgi.
3. Let x = Z(f) € CH™. Since CH™ is locally compact, there exists a compact
set Z C CH™ and an open set U C CH" with x € U C Z. Since Z is compact, it

meets only finitely many of the RHy C CH" (Lemma 3.3). Consequently, the same
holds for U; define V = 271 (U) C Y(A). Define

B ={Bc P :UNRHg #0}.
Also define, for § € P/, Zg =p (RH/’}) C Y(A). Then

fEVCUZBZ UZ'BUZﬁ'
BER BeRB BeA
Blx)=z  B(x)#z

12



Since each Zg is closed in Y (A) by the proof of part 1, there is an open V' C V with

fEV/C U ZBI U ZB U Zg

peRB peRB pe%#
B(z)=x Blx)=z  B(z)=z
T~ To T3E T

Hence again there exists an open subset V” C V’/ with

fGV”C U ZgC U Zﬁ:Yf.

BeR BePo
B(z)=z B(x)=x
TR~To TR~To
Therefore, Uy == V" C Y satisfies the requirements. O]

We need one further lemma:
Lemma 3.5. The topological space Y (A) is Hausdorff.

Proof. Let f, f' € Y(A) be elements such that f # f’. First suppose that f ¢ Y.
Since Y} is closed in Y (A) by Lemma 3.4, there is an open neighbourhood U of f such
that UﬂUf/ - UﬂYf/ = 0.

Next, suppose that f € Y. Lift f and f’ to elements z,,ys € Y. Assume first
that © = y. This means that Z(f) = Z(f’). Since & : Yy — CH" is injective,
this implies that f = f’, contradiction. So we have x # y € CH". But CH" is
Hausdorff, so there are open subsets (U € CH",V C CH") such that x € U, y € V
and UNV = 0. Then 221 (U)N 2 V) = 0. O

We then obtain:
Proposition 3.6. Y(A) is naturally a path metric space, piecewise isometric to RH™.

Proof. For each f € Y(A) there exists an open neighborhood f € Uy C Y(A) such
that & induces a homeomorphism Y D U; = 2(U;) C CH™. Indeed, this follows
from Lemma 3.4. Pull back the metric on &(Uy) to obtain a metric on Uy. Then
define a metric on Y'(A) as the largest metric which is compatible with the metric on
each open set Uy and which preserves the lengths of paths. O

Proposition 3.7. The path metric on Y (A) descends to a path metric on X (A).

Proof. The metric on Y (A) descends in any case to a pseudo-metric on X (A), and
by [Gro07, Chapter 1], this is a metric if PI" acts by isometries on Y (A) with closed
orbits. This is true: the fact that PI' acts isometrically on Y (A) comes from the
PT'-equivariance of &2 : Y — CH™ (Lemma 3.2) together with the construction of the
metric on Y (A) (Proposition 3.6). To check that the PI'-orbits are closed in Y(A),
let f € Y(A) with representative z, € Y. By equivariance of p : ¥ — Y/(A), we have
p Y (PT - f) = PT - (p~'f), so since p is a quotient map, it suffices to show that

PT-(p'f)=Pr- |J 5= J PT-p

TR~To TE~To
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3.2

is closed in 37, thus that each orbit PI"- 24 is closed in Y. Since PT is discrete, it
suffices to show that PI' acts properly on Y. Solet Z C Y be any compact set: we
claim that {g € PT : gZ N Z # ()} is a finite set. Indeed, for each g € PT, one has
ég(gZ NZ) C gﬁ(Z) N ég(Z), and the latter is non-empty for only finitely many
g € PT', by properness of the action of PI" on CH™.

Since the metric on Y (A) is a path metric, so is the metric on PT'\Y (A) [Gro07]. O

The orbifold structure on the glued space. The next step is to prove that the
glued space X (A) = PT"\ Y(A) (see Definition 2.19) is locally isometric to quotients
of open sets in RH" by finite groups of isometries.

Definition 3.8. Let f € Y(A) with representative z, € Y. Thus, x is an element in
CH™, and o € P4/ is the class of an anti-unitary involution such that a(x) = z.

1. The nodes of f are by definition the nodes of z, (see Definition 2.7). Thus, these
are the hyperplanes H € H(x), i.e. the hyperplanes H, € H defined by short roots
r € # such that € H, (equivalently, such that h(x,r) = 0).

2. The number of nodes of f is the cardinality of H(x).

3. The anti-unitary involution o € P/ induces an involution on the set H(z) by
Lemma 2.11. Let H € H(x) be a node. We call H a real node of f if «(H) = H. We
call (H,a(H)) a pair of complezx conjugate nodes of f if a(H) # H.

4. If k is the number of nodes of f, we generally write £ = 2a + b, with a the number
of pairs of complex conjugate nodes of f, and b the number of real nodes of f.

Fix again a point f € Y (A) and a point z, € Y lying above f. Let k = 2a + b be the
number of nodes of f. Thus x € RH], and there exist r1,...,r, € Z such that

H(QE) = {Hﬁa S ?HTk} ) G(x) = <¢T17 R ¢Te> = (Z/m)k

For € Pg/, observe that x5 ~ x, if and only if @ o f € G(z). We relabel the r; so
that they satisfy the following condition:

o(H,,) = H,,, for i odd and i < 2a,

a(H,,) = H,,_, for i even and i < 2a, and (7)
a(H,)=H, forie{2a+1,... k}.

i

In other words, H,, is a real root if and only if ¢ > 2a, and (Hri,H,,
complex conjugate roots if and only if i < 2a is odd.

..1) is a pair of

Lemma 3.9. Continue with the notation from above.

1. Let p € Pa/ be such that xg ~ x,. Then

a ) k ‘
ﬁ = H <¢7’2i—1 © ¢T2i)% © H Qﬂz e
=1

1=2a+1

for some ji,. .., ja, J2as1s - - -k € Z/m. In particular, there are m**® such j3.
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2. There is an isometry CH™ = B"(C) identifying x with the origin, ¢,.. with the map
BH(C) — BR<C)7 (tl, ey by ,tn) — (tl, C 7Cti7 C ,tn),
and o with the map defined by

tiy1 for i odd and i < 2a
ti+— ¢ t;_1 forieven and i < 2a (8)

t; for i > 2a.

Proof. 1. This follows readily from Proposition 2.14.

2. Since the H, are orthogonal by Condition 2.3, and their intersection contains
x, we can find coordinates ti,...,t,4; on V that induce an identification (V,h) =
Cn! o= (C", H) with H(z,z) = |&1]> + -+ + |20|> — |2as1]?, in such a way that
H,. C V is identified with the hyperplane {¢; = 0} C C"*! and x € N;H,, with the
point (0,0,...,0,1). We will do this in the following way. Define

T=@)er)e @)V, W=T+={weV |h(w,t)=0 VteT}

For each i € I = {1,...,k}, we have a(r;) = A; - ro() for some \; € K (see Lemma
2.11, Definition 2.13, and Lemmas 2.9 and 2.8). Observe that (W) = W. Since
W C (x)*, the hermitian space (W, h|w) is positive definite. Let {wy, ..., w,_} CW
be an orthonormal basis such that a(w;) = w;, which exists by the elementary

Lemma 3.10. Let (W, h) a non-degenerate hermitian vector space of dimensionn > 1
and let a: W — W be an anti-linear involution with h(a(x),a(y)) = h(z,y) for
x,y € W. For each positive integer m < n, there exists a linearly independent set
{w;}, C W such that h(w;, w;) = +0;; and a(w;) = w; for eachi=1,...,m. O

Let {e;}71] be the standard basis of C"!, and define a C-linear isomorphism

oV S o, [
- ’(h(

= €nt1, Tit> €, W Gi) . (9)
x,T)

By (7), we have that a(r;) = A\; - ;41 for i odd and ¢ < 2a, that a(r;) = A; - r;—y for i
even and i < 2a, and that a(r;) = A; - r; for i > 2a. We conclude that the anti-linear
involution on C™™! induced by « and (9) corresponds to the matrix

a 0 0 0 :
0O 0 0 a4
w10 0 a3 0
0
: : 0 : o, 0
0 0 ... 0 o 0
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where each «; is an anti-linear involution C — C, and a; = «;y; for i < 2a odd. If
a;(1) = p; € C*, then p; ' - a; = conj: C — C (complex conjugation). Since || = 1,
there exists p; € C such that u; = p;/p; and |p;| = 1. This gives p; '~y = pi-i-p; ' =
conj: C — C. The composition of ®: V — C""! with the diagonal linear transforma-
tion diag(py, . .., pns1): C*™1 — C**! induces an isomorphism CH™ = B"(C) with the
required properties. ]

Definition 3.11. 1. Define A; = Stabpr(f) to be the subgroup of PI' fixing f €
Y (A). This contains the group G(z) = (Z/m)*.

2. Define By as the subgroup of G(z) generated by the order m complex reflections
associated to the real nodes of f. Hence By = (¢, )is0a = (Z/m)".

Recall the quotient map p: ¥ — Y (A), the definition (6) of Y, and Lemma 3.4.
Lemma 3.12. The stabilizer Ay of f € Y(A) preserves the subset Yy C Y (A).

Proof. Let ¢ € Ay, with f = p(x,) € Y(A), x € M;H,,. Then ¢()yap-1 ~ o. Now
let p(ys) € Yy. Then f(x) = z and z, ~ x5. Hence xq ~ ) - 24 ~ - 25 = () ppp—1.
This implies that 8y~ o a € G(x), so that p (¥(y)ysy-1) € Y7 O

We also need the following lemma. Write m = 2k with k£ # 0 mod 2.

Lemma 3.13. Let T = {t € C: t"™ € R}. Then G = () acts on T by multiplication.
FEach element in T'/G has a unique representative 5oy, -1 € T forr > 0 and € € {0, 1}.

Proof. Therefore, we have a > 1. Next, observe that ¢ = rg“gm for some j € Z and
r € R if and only if t” € R. One easily shows that since ged(2,k) = 1, we have
Coat1 - Coap, = (Coat1y)" 2. Raising both sides to the power b = (k+2)~1 € (Z/m)* gives
Com = Cga+1 - €% . Consequently, ™ € R if and only if t = r - SZH - ¢% for some r € R.
Finally, (%1 - (3 = Ci3” hence (Coat1)/(Con) = Z/2. O

We obtain the key to Theorem 3.1.

Proposition 3.14. Keep the above notations, and consider Yy C Y (A) (see (6)).
1. If f has no nodes, then G(x) = By is trivial, and Y; = RH? = B™(R).

2. If f has only real nodes, then By \ Yy is isometric to B"(R).

3. If f has a pairs of complex conjugate nodes (k = 2a), and no other nodes, then
B \ Yy = Yy is the union of m® copies of B"(R), any two of which meet along a
B2(R) for some integer ¢ with 0 < ¢ < a.

4. If f has 2a complex conjugate nodes and b real nodes, then there is an isometry
between By\Y; and the union of m® copies of B"(R) identified along common B**(R)’s,
that is, the set Yy of case 3 above.
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5. In each case, Ay acts transitively on the indicated copies of B"(R). If B*(R) is any
one of them, and I'y = (Ay/Byf)gn(w) its stabilizer, then the natural map

Py \B"(R) = (Af/Bf) \ (Br \ Yy) = A \ Yy
is an isometry of path metrics.

Proof. 1. This is clear.

2. Suppose then that f has k real nodes. Then in the local coordinates t; of Lemma
3.9.2, we have that o : B"(C) — B"(C) is defined by a(t;) = t;. Part 1 of the same
lemma shows that any 8 € P« fixing x such that x, ~ x4 is of the form

Bn(C) — Bn(C), (tla e ;tia R 7tn) — (Elgjl, R ,chjk, £k+1’ R ,En).
Since f has k real nodes and no complex conjugate nodes, we have (writing j =

(j17"'7j/€) andaj:Hfl 1004)

yfg U RHY = {(t1,...,t,) € B™(C) : 7", .. 47 tyy1, -, tn € R}

Each of the 2% subsets
Kfel ..... —{ tl,..., EB”(C) . 2a+1t17'--7C2_a€f1tk€R20 and tk+1,...,tn€R},

indexed by €y,..., ¢, € {0, 1}, is isometric to the closed region in B"(R) bounded by
k mutually orthogonal hyperplanes. By Lemma 3.13, their union U is a fundamental
domain for By, in the sense that it maps homeomorphically and piecewise-isometrically
onto By \ Y. Under its path metric, U = UKy, is isometric to B"(R) by the
following map:

U—B"R), (t,....t5) = ((=Car1) U1, ., (—Coarr) Fth, bty - ) -

This identifies By \ Yy with the standard B"(R) C B"(C).

3. Now suppose f has k = 2a nodes H,,, ..., H,,,. There are now m® anti-isometric
involutions ¢, fixing x and such that Ta;, ™~ Ta they are given in the coordinates t;
as follows, taking j = (j1,...,Ja) € (Z/m)*

Qe (tl, . ,tn) — (Egcjl,l?lcjl, R ,ancja, Ega_lgja, t72a+1> R 7fn)
So any fixed-point set RHy is identified with

B"(R),. =

J

{(tl, coty) €EBY(C) ity =1;_1¢% for 1 <i < 2a even, t; € R for i > 2a} ,
and we have

Ys ZUIB%" {(ts,...,t,) €B™(C) : t* =1, for i <2a even, t; € R for i > 2a}.
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These m® copies of B"(R) meet at the origin of B"(C); in fact, for j # j', the space
B"(R)a; meets B"(R),,, in a B?“(R) if ¢ is the number of pairs (j;, j/) with j; = j/.

4. Now we treat the general case. In the local coordinates ¢;, any anti-unitary
involutions fixing x and equivalent to « is of the form

Qe (tl, .. ,tn) —> (l?zgjl,flcjl, . ’1?2(1(]}1’ an_lcja, £2a+1gj2a+1’ . ,{kcjk,fk+1, .. ;En)

for some j = (j1,. -+, Jas J2at1s - - -, Jk) € (Z/m)*T. We now have B; = (Z/m)® acting
by multiplying the ¢; for 2a+1 < i < k by powers of ¢, and there are m®*® anti-unitary
involutions a;;. We have

;= |J RH] =
J1sendk=1
{(tr,... . t,) € BYC) |ty =17, ... th =10 1ty U b1,y by E R

We look at subsets Ky, . C Y} again, this time defined as

Kf,e :Kf,q,...,ek
={(t1,...,t,) € BY(C) |
th =17y i < 2a even, (0t € Rsg2a <i <k, t; eR,i > k}.

As before, we have that the natural map U := |J, Ky — B\ Y/ is an isometry. Define
f”f ={(t1,....tn) € B"(C) : t/* =", for i < 2a even, t; € R, for i > 2a}.

Under its path metric, U = U Ky, ., is isometric to EN/f by the following map:

€
U— i;f, (tl,...,tk) —
(t1, oy toay (—Coatt) " Magqr, oy (—Coatt) T g trgr, - - ,tn) .

Hence By \ Yy = ?f; but since ?f is what Y; was in case 3, we are done.

5. The transitivity of Ay on the copies of B"(R) follows from the fact that G(x) C
Ay contains transformations multiplying ¢q,...,%s, by powers of ¢, hence the map
(tz — Cuti,ti_l — ti—l) maps those (ti—lati> with t;, = l?i_lgji to those (ti—lati) with
t; = t,-1¢7*"". So if B is any one of the copies of B"(R), and G = (A;/By)y is its
stabilizer, then it remains to prove that G\ B — Ay \ Y} is an isometry. Surjectivity
follows from the transitivity of A; on the B"(R)'s. It is a piecewise isometry so we
only need to prove injectivity. This will follow from the following elementary lemma.

Lemma 3.15. Let a group G act on a set X, letY and I be sets, and let {¢; : Y — X},
be a set of embeddings. Write Y; = ¢;(Y) and suppose that X = U;Y;. Fix 0 € I. Let
H C G be the stabilizer of Yy. Suppose that for all y € X, the stabilizer of y in G acts
transitively on the sets Y; containing y. Then H \ Yy — G \ X is injective.

Proof. Let z,y € Yy and g € G such that g -z = y. Then y = gz € gYy. Since also
y € Yy, there is an element h € Stabg(y) such that hgYy = Yy and hg(z) = h(y) = v.
Let f = hg; then f € H and f -z =y, which proves what we want. O
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Now let us use the lemma: suppose that y € By \ Y;. We need to prove that
Staba,,p,(y) acts transtivitely on the copies of B"(R) containing y. There exists

j = (jla‘ .. ;ja7j2a+1; s 7]14) € (Z/m>a+b

such that y = (t1,...,t,) with t; = ¢;_1¢% for i < 2a even, t; = t;_1(7 for 2a < i < k,
and t; € R for ¢ > k. If all t; are non-zero, then y € Uj/]Rng, is only contained in
]Rng, so there is nothing to prove. Let us suppose that ¢t; = t5 = 0 and the other
t; are non-zero. Then y is contained in all the RH;LJ_/ with j! = j; for ¢ > 2; there
are m of them. The stabilizer of y multiplies ¢; and ¢ty by powers of ( and leaves the

other ¢; invariant; it acts transitively on the RH] = containing y for if to = 171 then
J

CU'=i¢ty = £;¢7. The general case is similar. O
We need one more lemma before we can prove Theorem 3.1:

Lemma 3.16. The maps Z: Y(A) — CH" and &2: X(A) — PI' \ CH™ are proper.

Proof. The map &: Y (A) — CH™ is proper because any compact set in CH™ meets
only finitely many (RH?)'s, o € Po/ (Lemma 3.3), and & carries each H, = p (RH")
homeomorphically onto RH?”. To prove that &2 is proper, let 7 (resp. ¢) be the quotient
map CH™ — PI'\ CH" (resp. Y(A) — X(A)), and let Z C X(A) = PT'\ Y(A) be
a closed subset. Its inverse image W = ¢ '(Z) C Y(A) in Y(A) is a closed, PT-
invariant subset. Since & is proper and PT'-equivariant, (W) C CH" is a closed,
PT-invariant subset of CH™ and we have

PW)=r1"'n(2W))=1"(Z(2)).

Hence #(Z) is closed in PT'\ CH™, which proves that & is closed. Therefore, to

prove that & is proper, it suffices to show that it has finite fibers.

Let y € P\ CH"™ and let V = & 1(y) C X(A). For each v € V, choose an
element w, € Y (A) such that ¢(u,) = v. This gives ¢ (V) = [[,oy, PT - u, C Y.
Moreover, we have that

P(PT - uy) = PT - P(u,) =7 '7 (P(u,)) =7 (q(v)) = 7 (y)

for each v € V. This gives a map Z: ], PT" - u, — 7 '(y) which is surjective on
each PT - u,. By properness of &, for any z € 77 1(y), the inverse image

2 z) C [ PT - uw C Y ()
veV
is finite. Since &71(z) meets every orbit PT - u,, it follows that V is finite. O

Proof of Theorem 3.1. 1. The path metric on X (A) is given by Proposition 3.7. Note
that the map & : Y — CH" is a local embedding by Lemma 3.4, which was used
to define the metric on Y (A) (Proposition 3.6). Thus, almost by definition, & is a
local isometry. For each f € Y(A) we can find a PI'j-invariant open neighborhood
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Us C Yy C Y(A) such that PT'y\ Uy C PT'\ Y(A), with Uy mapping bijectively onto
an open subset V7 in the closed subset & (Yy) = U;RH] C CH". By PI'-equivariance
of Z, the set V; is PI'-invariant, and we have PI'y \ V; C PT'\ CH". Thus

P X(N)=PT\Y(A)— P\ CH"

is also a local isometry. The space PT'\ CH" is complete, and & is proper by Lemma
3.16, so PT"\ Y(A) is complete as well.

2. [f] € PT'\Y(A) be the image of f € Y(A). Then [f] has an open neighborhood
isometric to the quotient of an open set W in RH™ by a finite group of isometries I'y.
Indeed, take Yy C Y (A) as in Equation (6), and f € Uy C Yy as in Lemma 3.4.2.
We let Ay = PT'y be the stabilizer of f in PI' as before, and take an Aj-equivariant
open neighborhood V; C Uy such that Ay \ Vy C PI' \ Y(A). By Proposition 3.14.5,
we know that Ay \ Y7 is isometric to I'y \ RH™ for some finite group of isometries of
RH". This implies that A; \ V; is isometric to some open set W’ in I'y \ RH™. Take
W C RH™ to be the preimage of W’.

Claim: For any path metric space X locally isometric to quotients of RH™ by finite
groups of isometries, there is a unique real-hyperbolic orbifold structure on X whose
path metric is the given one.

Proof of the Claim: If U and U’ are connected open subsets of RH™ and I' and T
finite groups of isometries of RH™ preserving U and U’ respectively, then any isometry
¢ :T\U — I"\ U extends to an isometry ¢ : RH" — RH" such that ¢(U) = U’ and
oL~ =T" C Isom(RH").

We conclude that PT"\ Y(A) is naturally a real hyperbolic orbifold.

3. Let us show that

O:= [] [PTu\ (RH} — 2#)] C X(A) = PT'\ Y(A)

aceCy

as hyperbolic orbifolds. It suffices to show the following:

Claim: For those f = p(x,) € Y (A) that have no nodes, the stabilizer Ay = PI'y C
PT of f € Y(A) and the stabilizer PI', , C PI',, of x € RH agree as subgroups of
PT.

Proof of the Claim: To prove that Ay = PI',, ,, we first observe that p : Y — Y(A)
induces an isomorphism between PI',_, the stabilizer of x,, € Y and PT t, the stabilizer
of f =[z,a] € Y(A). So it suffices to show that PI', = PI',,. For this we use that
the normalizer Npr(«) and the stabilizer PI', C PI' of a in PT' are equal, which
implies that PI'y , = PI';, because

{g€ PTo: gz =1} ={g € Npr(a): gz =z}
= {g €Pl:g-z,=(g(x), 9097 ") = a:a}.

The claim is proved. Part 3 of the theorem can be deduced from it as follows. Let
f =p(xa) € Y(A) have no nodes. We have Y; = RH, hence

Af\RHSZAf\Yf:Ff\RHn Wlth Ff:Af\Bf:Af
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4.1

By construction, an orbifold chart of the glued space PT" \ Y (A) is given by
W — Ag\W C PT,\RH} C Y(A)

for an invariant open subset W of RH] containing z. Because Ay = PI',, by the
claim, this is also an orbifold chart for O at the point z,.

4. The real-hyperbolic orbifold X (A) = PT"\ Y(A) is complete by Part 1, so the
uniformization of the connected components of X (A) follows from the Ehresmann—
Thurston uniformization theorem for (G, X)-orbifolds, see [Thu80, Proposition 13.3.2].
This concludes the proof of Theorem 3.1, and thereby also of Theorem 1.6. n

4 Unitary Shimura varieties

The goal of this section is to prove Proposition 4.7, which describes the complex ball
quotient PI'\ CH™ defined in Section 2 in terms of moduli of abelian varieties with
O\s-action of hyperbolic signature, and Proposition 4.10, which interprets the divisor
PT'\ A as the locus of abelian varieties A that admit an Op-linear homomorphism
CI9/P(Opr) — A of polarized Op-linear abelian varieties. This has two applications:

1. Consider a relative uniform cyclic cover (see e.g. [AV04|) 2~ — P — S, where
P =P} (resp. P%), the fibers of 2~ — S are curves (resp. threefolds with H*® = () and
the induced hermitian form on middle cohomology has hyperbolic signature. Since the
image J = P(S(C)) c PI'\CH" of the period map P: S(C) — PI'\ CH" is contained
in the locus of abelian varieties whose theta divisor is irreducible, one has

JC PT\ (CH" — #).

2. Using the theory of this section, we will be able to show that Condition 2.1
implies Condition 2.3, saying that the hyperplanes in the arrangement 2 C CH™ are
orthogonal along their intersection. See Theorem 5.2 in the next Section 5.

Alternating and hermitian forms on the lattice. The goal of this subsection is
to prove two lemmas. They will later be used to show that the ball quotient PT"\ CH™
of Section 2 is a moduli space of abelian varieties, and then to interpret the divisor
PT'\ 2 in terms of moduli of abelian varieties. This will be the key to Theorem 5.2.

Let M be a CM field, with ring of integers Oy, and let 0: M — M be the invo-
lution induced by complex conjugation on C. Let A be a free Op-module of rank
n + 1 for some n € N. Let ®,; C Oy be the different ideal.

Lemma 4.1. The assignment T+ Tryrq o T' defines a bijection between:
1. The set of skew-hermitian forms T : Ag X Ag — M.
2. The set of alternating forms E : Ag x Ag — Q such that E(a - x,y) = E(z,a” - y).

Under this correspondence, T(A,A) C D} if and only if E(A,A) C Z.
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Proof. Let T: Ag x Ag — M be as in 1. Define E7 = TrpyqoT. Since T is skew-
hermitian, we have, for each z,y € Ag, that

TrM/QT(x7 y) = _TIM/QT(:% I)

Since M/Q is separable, for any x € M, we have Tryyq(2) = X2 oo, (1i(2) + Ti0(2)),
see [Ste08, (7-1)]. Thus, we have Tryg(o(z)) = Trajg(x), so that Ep(z,y) =
—Er(y, ) for any z,y € Ag. The property in 2 is easily checked.

Conversely, let £ : Ag X Ag — Q be as in 2. Choose a basis {by,...,b,11} C A
for A over Oy;. Define Q to be the induced map M™™! x M™*! — Q and consider the
map M — Q, a — Q(a - e;,e;). Since the trace pairing

MxM—=Q, (z,y)— Try(ey)

is non-degenerate [Stacks, Tag 0BIE], there is a unique ¢;; € M such that Q(a-e;,e;) =
Trar(a - tw) for every a € M. This gives a matrix (¢;;);; € M,11(K) such that

o(ti;) = —t;i, and the basis {b;} induces a skew—hermltlan form Tg : Ag X Ag — M.
The last claim from the definition of ®;; C M: it is the trace dual of Oy, see
[Ser79, Chapter III, §3|. ]

Examples 4.2. 1. Suppose that M = Q(v/A) is imaginary quadratic over Q, with
discriminant A and non-trivial Galois automorphism a — a?. Let £ : AXA — Z be an
alternating form with E(a-z,y) = F(z,a’ -y). The form T : A x A — D;} = (VA)~!

is defined as
2VA '

2. Suppose that M = Q((,) where (, = ¢*/? € C for some prime number p > 2.
Let E : A x A — Z be an alternating form with FE(a - z,y) = E(z,a” - y). Then

Du = (p/(& — (1)) and

T(z,y) =

13- :
T:AxA—D; isdefined as T(x,y)——zgg E(z,¢y).
p

7=0

Consider a pair (E: Ag X Ag = Q,T : Ag X Ag — K) as in Lemma 4.1, and suppose
that E is non-degenerate. To any embedding ¢ : M — C be an embedding, one can
associate a skew-hermitian form 7%: A ®¢,, ., C X A ®p,, , C = C by putting

Tz @\ y@u) =i (T(z,y))

and extending linearly. Remark that, on A¢ = A ®z C, one has the skew-hermitian
form A(z,y) = Ec(z,y). The composition (A ®zC), - A ®z C = A ®o,,, C is an
isomorphism; we define A% as the restriction of A to the subspace

(A®zC), =A®o,.,C C Ac.

Note that A ®z C 2 @grc (A @z C)¢>' For x € A®; C, let x4 € (A ®y (C)¢ denote
the image of z under the projection A ®z C — (A ®z C),.
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Lemma 4.3. Let p: M — C be an embedding. We have an equality of skew-hermitian
forms:

T¢ =A% (A®zC), x (A®zC), — C.
More precisely, we have A(z,y) =3,/ ¢ T (x4, ys) for every z,y € A @z C.

Proof. Write V' = Ag. The lemma follows from the fact that the following diagram
commutes:

TrM/Q

VTV L ff Q
V®eC xV®yC—2° K &g C
Alz,y)
@y (V g Oy x (V 8 C)y — 25— 3,0y ——=—=C.

Here, ¢ ranges over the set of embeddings M — C, C, is the M-module C where M
acts via ¢, 2 is the sum homomorphism, and

T VeoCx Vel = K®gC
is the map that sends (v @ A\, z ® u) to ApT (v, w). O

Moduli of abelian varieties with an action by a CM field. In the rest of Section
4, we fix:

Notation 4.4. 1. a CM field M of degree 2g over Q, and we define o: M — M as
the involution that corresponds to complex conjugation on C;

2. a non-zero element 7 € Oy such that n~! € ®,; and o(n) = —n;

3. a free Oy-module A of rank n + 1 for some n € N equipped with a non-degenerate
hermitian form h: A x A — -3, C K; and

4. we let @ = {r;: M — C}Y_, be the CM type such that I (7;(n)) > 0for 1 <i<g.

These data define a skew-hermitian form
T:AxA— D, bysetting T:=n"'-b.
The form T is in turn attached to a symplectic form (see Lemma 4.1)
E:AXxA—7Z suchthat E(ax,y) = E(z,a’y) for all a € Oy, x,y € A.
Write V; = Ag ®k,-, C and define
b Vix Vi = C

to be the hermitian form restricting to 7; o h on A. Let (r;, s;) be the signature of the
hermitian form §™.
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Let A be a complex abelian variety, ¢ a homomorphism O, — End(A), and A a
polarization A — AV, satisfying the following (c.f. [KR14, Part I, §2.1|):

Conditions 4.5. 1. We have 1(a)" = i(a®) for the Rosati involution

T: End(A)g — End(A4)g, and
2. we have char(t,(a)|Lie(A)) = [[0_,(t —a™)" - (t — a™7)% € CJt].
Here, char(t,(a)|Lie(A)) € C[t] denotes the characteristic polynomial of ¢(a). Remark
that any abelian variety A as above satisfies dim A = g(n + 1).
Define E4 : Hi(A,Z)xH;(A,Z) — Z to be the alternating form corresponding to .
The condition on the Rosati involution implies that Ea(c(a)x,y) = Ea(z,(a”)y) for
z,y € Hi(A,Q). Define a hermitian form h, on the Op-module Hy (A, Z) as follows:

ba=mn-Ty: Hi(AZ) x H(AZ) —=n-D;} CK.

Here, Tyy: Hy(A,Z) x Hy(A,Z) — D}, is the skew-hermitian form attached to E4 via
Lemma 4.1.

Definition 4.6. 1. Let §}/1M(A) be the set of isomorphism classes of tuples (A, 1, A, ),
where (A, 7, A) is as above and satisfies Conditions 4.5, and where j: Hy(A,Z) — A is
an isomorphism of Oj;-modules compatible with the alternating forms £, and E.

2. Let D(V;) be the space of negative s;-planes in the hermitian space (V;, h7).

We have the following proposition which is due to Shimura, see [Shi63, Theorem 2]
or [Shi64, §1]. We give a different proof since it will imply Proposition 4.10 below,
whereas we did not know how to deduce Proposition 4.10 from loc. cit. We remark
that Shimura assumes A to be an R-module for any order R C O);; our proof carries
over, but we do not need this generalization.

Proposition 4.7. There is a canonical bijection
Shys(A) = D(V4) x -+ x D(V,).

Proof. Let (A, i, )\, j) be arepresentative of an isomorphism class that defines a point in
Shy;(A). Consider the Hodge decomposition Hy(A,C) = H X0 @ H* 1. For 1 <i< g
there is a decomposition
Hi(A,C),, = H_ " @ HY ™, (10)
with dimH; 2 = 7; and dimH%~' = s;. The latter holds because H;s’ = H%L.
By Lemma 4.3, the forms 7;(n)Ec(v,y) and b7} o(z,y) agree as hermitian forms on
the complex vector space H(A,Z) ®o,,» C. Since I(7;(n)) > 0 for every i, the
decomposition of H;(A,C),, in (10) is a decomposition into a positive definite r;-
dimensional subspace and a negative definite s;-dimensional subspace. The isomor-
phism j : H; (A, Q) — Ag induces an isometry j; : H; (A, C),, — V; for every i, and so
we obtain a negative s;-plane j;(H%") in the hermitian space V; for all 7.
Reversing the argument shows that given a negative s;-plane X; C V; for every i,
there is a canonical polarized abelian variety A = H™19/A, acted upon by Oy, and
inducing the planes X; C V;. O
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4.3

Definition 4.8. 1. Let Shy(A) be the set of isomorphism classes of polarized abelian
varieties with Ops-action (A, i, \), satisfying Conditions 4.5, such that H;(A,Z) is
isomorphic to A as hermitian Oy;-modules.

2. Let I'(A) = Autp,, (A); this is the group of Oy-linear automorphisms of A preserv-
ing our form h: A x A — - D}

The bijection in Proposition 4.7 being I'(A)-equivariant, we obtain the following:
Corollary 4.9. There is a canonical bijection Shy(A) = T(A) \ ], D(V;). O
Moduli of abelian varieties in the hyperplane arrangement. The set of em-

beddings @ introduced in Notation 4.4 defines a map ® : Oy, — C9, which yields a
complex torus C9/®(Oy;). The map

Q: MxM—=Q, Qy = TrM/@(nfla:gj) (11)

is a non-degenerate Q-bilinear form such that Q(az,y) = Q(z,a’y) for every a,x,y €
M. Moreover, Q(Oys, Op) C Z because ! € D3/, By [Mil20, Example 2.9 & Foot-
note 16|, @) induces defines a Riemann form on the complex torus C?/®(Oyy).

Suppose from now on that
( ) (n,1) ifi=1, (12)
Tiy Si = . .
(n+1,0) if2<i<g.

Setting 7 = 71, the space

W=A®o,,rC.
is equipped with the hermitian form h7: W x W — C. Define

CH(W) = {lines t CW | h7(z,z) <0 for 0 £ x €}, H = Uyr)=1(rc)” C CH(W).

Proposition 4.10. Under the bijection éTlM(A) = CH(W) of Proposition 4.7, points
in A C CH(W) correspond to polarized marked Oyr-linear abelian varieties A admit-
ting an Opr-linear homomorphism C9/®(Oy) — A of polarized abelian varieties.

Proof. Consider an isomorphism class [(A4,4, A, )] € Shy(A) corresponding to a point
[z] € CH™. We may assume that A = H"0/A with A ® C = H"%° @ H>~!, and that
Th=T. Let

¢:CI/D(Oy) - A

be a homomorphism as in the proposition. We obtain a homomorphism

which, for simplicity, we also denote by ¢ : Oy — A. Let r € A be the image of
1 € Oy. The fact that @ = ¢*E4 implies that Ty = ¢*Ty = ¢*T'. Therefore, we have

Nt =To(1,1) = Ta(g(1), ¢(1)) = T(¢(1), (1)) = T(r,7),

25



so that h(r,r) = n-T(r,r) = 1. We claim that h(x,r;) = 0, where the element
rr € (A®z C)_is the image of » € A. To see this, write

CI)(OM) = L7 L % C = W—I,O o WO’_17

and let o € L correspond to 1 € Oy. Notice that (L ®z C)_ = W 1. Consequently,
since the composition

W =(L®,C). = (A®zC) =H "0 oHI!

factors through the inclusion of H; ' into (L ® C)_, we see that r, = r 10 € H;10 =
(H%1)" = (z)*, and the claim follows.

Conversely, let [x] € (rc)™ C 2 with r € A such that h(r,r) = 1 and consider the
marked abelian variety A = H™1%/A corresponding to [z]. Define a homomorphism
¢ Oy — A by ¢(1) = r. Then ¢ can be shown to be a morphism of Hodge structures
using the fact that its C-linear extension preserves the eigenspace decompositions. We
obtain an Op-linear homorphism ¢ : C9/®(Oy) — A. The fact that h(r,r) = 1
implies that ¢ preserves the polarizations on both sides. O

5 Orthogonal hyperplane arrangements

Let M be a CM field of degree 2¢g over QQ, with involution o: M — M that corresponds
to complex conjugation on C. We assume that M satisfies the following:

Condition 5.1. There exists an element n € Oy satisfying the condition that
Du=(n) and o) =-—n (13)

Fix an element n € Oy, that satisfies (13). Let & C Hom(M, C) be the unique CM type
such that S(p(n)) > 0 for all ¢ € ®. Let A be a free Op-module of rank n+1 equipped
with a hermitian form h: A x A — Oy, of signature (n, 1) with respect to one 7 € ®
and of signature (n + 1,0) with respect to all other ¢ # 7 € ®. Let W = A ®p,, » C
and define CH (W) as the space of negative lines in the hermitian space W. For an
element r € A, let r; be its image in (A ®; C)_ = A ®op,,» C. If h(r,r) =1, we define
(r.)* c CH(W) as the set of negative lines ¢ C W with b(r,, ) = 0.

Theorem 5.2. Assume Condition 5.1. Let r,t € A such that b(r,r) = b(t,t) = 1.
Suppose that (r.)t N {t,)t # O and that (r;)* # (t.)= C CH(W). Then b(r,t) = 0.

Proof. Consider the complex torus B = C9/®(O,y). Since the different ideal D, is
the principal ideal () C Oy, we have

{r €M :Tryyg (an'Oy) CZYy={x €M :z-17'Ox Cn'On}

14
={zeM:x20y C Oy} =0y. (14)

Therefore, the alternating form
Q: (On) x ©(On) = Z, ((z),2(y)) — Traryg (7' -2+ y)
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defines a principal polarization on B = C9/®(Oyy). See also (11) above.

Consider the moduli space Shys(A) attached to the hermitian Oy;-lattice A as in
Definition (4.8). Let [z] € (r;)* N (t;)* € CH(W), and let [(A, i, \)] be the moduli
point in Shy,(A) corresponding to the image of [z] in PI"\ CH (W), see Corollary 4.9.
Define B = C9/®(0),). By Proposition 4.10, the roots r and ¢ induce O);-linear
embeddings ¢, : B < A and ¢9 : B < A of polarized abelian varieties. By [BL04,
Corollary 5.3.13], there exist abelian subvarieties C; C A, i = 1,2 such that

A2 Bx(C; and AZ=Bx(y

as polarized abelian varieties, where B and C; are endowed with the polarizations
Ap and Mg, induced by their embedding into A. Note that B is a simple abelian
variety because End(B) ®z Q = Oy ®z Q = K is a field. In particular (B, A\g) is
non-decomposable as a principally polarized principally polarized abelian variety.

By [Deb96], the decomposition of (A, A) into non-decomposable polarized abelian
subvarieties is unique, in the strong sense that if (4;, \;), i € {1,...,r} and (B;, 1),
Jj € {1,...,m} are polarized abelian subvarieties such that the natural homomorphisms
[T:(4i, i) = (A, A) and [[;(B;, A;) — (A, A) are isomorphisms, then r = m and there
exists a permutation o on {1,...,r} such that B; and A, are equal as polarized
abelian subvarieties of (A, \), for every j € {1,...,r}. Thus, for the abelian subvari-
eties B; = ¢;(B) C A, we have either that By = By C A, or that By N By = {0} C A.

Suppose that By = By. Then Oy -1 = ¢1(Onr) = ¢2(Op) = Oy -t C A, hence
r = M for some \ € O%;; but then (r.)* = (t,)* C CH(W) which is absurd.

Therefore, we must have A = By x By x (' as polarized abelian varieties, for some
polarized abelian subvariety C' of A. This implies that

H™ 10 = Lie(A) = Lie(B;) x Lie(By) x Lie(C), (15)

which is orthogonal for the positive definite hermitian form iFE¢(x,7) on H™10,
Observe that 7, = 71 € H-M0 and t, = ¢71° € H-1: see the proof of Proposition
4.10. By Lemma 4.3, we have

h(T7 t) = hT(T’Ta t’r) = 7(77) ) T&(TT,tT) o
- 7_(77) ’ E(C(ﬁ—; t_T) - 7(77) ’ EC(TT_I’(]?t;LO)‘

Since =10 € Lie(B;) and t:'° € Lie(B,), we have iEc(r;20,t7"°) = 0 by (15). We
conclude that h(r,t) = 0 and the proof is finished. O

Example 5.3. Suppose that K = Q(v/d) C C for some d € Z with d < 0. There is an
alternative, more elementary proof of Theorem 5.2 in this case, see [ACT02b, Lemma
7.29|. Namely, let r,t € A C A®p, C =W and suppose that h(r,r) = h(¢,t) = 1, that
(r)y+ # ()* and that (r)* N )+ £ 0 c CH(W). Let [z] € {(r)* N (t)* and consider
the decomposition W = (z) & (z)*. Since r,t € (z)*, and the signature of W is (n, 1),
they span a positive definite subspace (r,t) C W. Therefore, the matrix

(3 400) -t )
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is positive definite, hence |h(r, t)|* < 0. Since |h(r,t)|* € Z, we have h(r,t) = 0.

We conclude Section 5 by showing that the condition on the different ideal ©,;, C Oy
in Theorem 5.2 (see Condition 5.1) is satisfied in several natural cases.

Proposition 5.4. Suppose that M/Q is an imaginary quadratic extension, or that
M = Q((,) is a cyclotomic field for some integer n > 3. Then Dy = (B) C Op for
some element 5 € Oy such that o(B) = —p.

Proof. If M /Q is imaginary quadratic with discriminant A, then ®,; = (v/A) and the
assertion is immediate. Thus, let n > 3 be an integer, and consider the fields

M = @(Cn) DF = @(Oé), where o =(, + C;l

Since Oy = Z[(,] by [Neu99, Chapter I, Proposition 10.2|, we have Oy = Or|[(,].
Notice that f(z) = 22 — az + 1 € Op|x] is the minimal polynomial of ¢, over F. We
have /() = 2¢, — a = ¢, — ¢, *. Therefore,

Duyr = (f'(G) = (6 — ¢, "), see [Neu99, Chapter III, Proposition 2.4].

By [Lia76], we know that O = Z[«a]. Moreover, if g(x) € Z|z] is the minimal polyno-
mial of o over Q, then Dp/g = (¢'(v)). By [Neu99, Chapter III, Proposition 2.2|, we
have that D0 = D/rDr/g. Combining all this yields

Dnjo =DumrDrig = (G — ¢ 1) - (9'(@) = (G — ¢ 1)d () -
OJ

Remark 5.5. Consider triples (M, 3, A) of the following form: M is a CM field of
degree 2g with totally real subfield F', § is an element in Oy; — O such that 3% € Op,
and A is a finite free Oj-module equipped with a hermitian form h: A x A — 3-D};}
of signature (n, 1) with respect to one 7 € & = {¢ € Hom(K,C) | S(p(B)) > 0} and
positive definite with respect to every ¢ # 7 € ®. It turns out that can associate an
orthogonal hyperplane arrangement

H(M, 5,A) = U H; C CH" = {negative lines in A ®¢,, . C}
!

to every such triple (M, 3, A), in such a way that H(M,B,A) = A = Uygr=1 (re)*
if Oy = (B). Indeed, for such a triple, let . be the set of fractional ideals a C M
for which there exist b € Op such that Dyaa = (b5). By [Wam99, Theorem 4],
the set . is not empty. For each a € ., pick an element b as above and define
n(a) = b5 € Op. The complex torus B = C9/®(a) is polarized by the Riemann
form @ : ®(a) x ®(a) = Z, (P(z), P(y)) — Trarg(n(a)* - 2y), and this is a principal
polarization [Wam99, Theorem 3|. Let Z be the set of embeddings f: a - A, a € .7,
such that h(f(z), f(y)) = zy for z,y € a. For f € #, one obtains a hyperplane

Hy={x € CH": h"(z, f(a)) =0} C CH".

Then H(M, 5,A) = UsepHy gives the arrangement, because H (M, 5, A) is orthogonal
by arguments similar to those used to prove Proposition 4.10 and Theorem 5.2.
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6.1

6.2

6 The standard hermitian lattice over the Eisenstein integers

The goal of this section is to study particular examples of the hyperbolic spaces X (A)
obtained via Theorem 3.1, namely those obtained by considering the field Q((3) and
the hermitian lattice Z[(3]™! over Z[(3]". The ultimate goal is to prove Theorem 1.2.

The case of Eisenstein integers. In Section 6, we fix the following notation: we
let K = Q((3), and for each n € Z>,, we define

A, = (Z[g3]n+1’ hn) . ha(x,y) = —x000 + ingi, Ry ={r € Ny | hp(r,r) =1}

=1

As in Sections 2.1 - 2.3, we make the following definitions, although this time we label
each object by the integer n € Z>, that is naturally attached to it:

['(n) = Aut(A,) = Autgy, (Z[Qg]"“, hn) , PT'(n) =T(n)/puk
o, = {anti-unitary involutions a: A,, — A}, P, = o, /K,
Cdt,, = Pd,, /PT(n).

By Theorem 5.2 and Proposition 5.4, the hyperplane arrangement 7, = U,c5, H, is
an orthogonal arrangement, i.e. Condition 2.3 is satisfied. Thus, we can perform the
glueing construction of Section 2 to obtain a sequence of metric spaces X (A,,), with
n € Zsy. Moreover, for each n € Z>,, the metric on X (A,,) extends to a complete real
hyperbolic orbifold structure, hence its connected components are quotients of RH"
by discrete groups of isometries (see Theorem 3.1.4). The goal of Section 6 is to prove
Theorem 1.2, saying that for every n > 2, there exists a connected component X (A,,)"
of X (A,,) such that the lattice Il € PO(n, 1) underlying X (A,,)* is non-arithmetic.

The case n = 2. Define three anti-unitary involutions «;: Ay — Ay as follows:

ag: (To, 21, T9) = (To, T1, To)
ay: (wo, 71, T2) = (To, —T1,  T2) (16)
ag: (2o, 21, T2) = (To, —T1, —Ta).

Lemma 6.1. The involutions ag, a1, s are pairwise not I'(2)-conjugate, each anti-
unitary involution of Ay is T'(2)-conjugate to exactly one of the +a;, the composition

HRHi — Y(Az) = PT(2) \ Y(Az) = X ()

i=0
is surjective, and X (Ag) is connected.

Proof. Let 0 = (3 — (3 = v/—3 € Z[(3] and consider the vector space Wy = Ay/0A,.
For o € o, let a: Wy — W5 be the induced involution, let ¢o: Wy — 3 be the
quadratic form () = ho(z,z) mod #, and define D(a) = dim(V*) and T(a) =
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6.3

6.4

det(qz|va) € F5/(F5)? = {£1}. The restrictions of gy to the fixed spaces V* C V for
ap, a; and s have pairwise distinct conjugacy invariant (D(«;),T(;)) (see Lemma
6.2 below), which proves the first statement. Next, one observes that the subspace

[ Pr@.\ (REZ - 58) C X(As)

acCd

(see Theorem 3.1.3) is naturally homeomorphic to the moduli space of stable real
binary sextics with one double root at oo and no other double roots (c.f. [ACTOG,
Section 5]). As in the proof of Theorem 4 of [ACT10], one deduces that each anti-
unitary involution of A must be I'(2)-conjugate to exactly one of the £a;. The third
and fourth statement follow from this. O

Conjugacy classes of anti-unitary involutions. Define anti-unitary involutions
as follows:

ﬁOZAn%An, 60(]30,...,1’”):(i’o,...,i‘n>,

17
ﬂi:An%Ana 61'(.1'0,...,.%”):(i’o,—fl,...,—fi,fprl,...,En>. ( )

Lemma 6.2. The classes +5; € o for i = 0,...,n are all pairwise non T'(n)-

conjugate. In particular, the classes B; € P, are all pairwise non PT(n)-conjugate.

Proof. Consider the element 0 = (35 — (5 U and define W,, = A, /OA,,. Consider the
quadratic form ¢, : W,, — F3 defined as ¢,(z) = h,(z,2) mod 0. Note that, for ¢ > 1
and = = (29, Tiy1 ..., x,) € WP, one has ¢,(v) = —2z3 4+ 22, + -+ 2. Similarly, for
= (xy,...,7;) € V7% one has q,(z) = 22 + - - - + x7. For an anti-unitary involution
a: A, — A, define the following I'(n)-conjugacy invariants:

D(a) =dim(V?), T(a)= det(gn|ye).

The above shows that (D(3;),T(5;)) = (n —i+1,—1) and (D(—25;),T(—0;)) = (i,1)

fort=20,1,...,n. The lemma follows. O

The map between the glued spaces. Consider the canonical embedding of her-
mitian Og-lattices ¥: Ay — A, defined as V(zg, x1,22)) = (o, 21, 22,0,0,...,0). We
view Ay as a sublattice of A,, via ¥, and write

Ap = Ao ® (Ao)" (18)

Using the canonical basis of A,,, we may view I'(n) = Aut(A,) as a subgroup of
GL,+1(Ok). This gives an embedding

j:T'(2) = T'(n), M~ (ML, ). (19)
The natural totally geodesic embedding

v: CH?> — CH" (20)
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induces a totally geodesic embedding

2 2
v: Vi =[[REZ, — [[RH; ¢ [] REL =Y. (21)
1=0 =0 a€Paty,

Since the composition SO(2,1) — O(2,1) — PO(2,1) = Isom(RH?) is an isomor-
phism, there is a natural embedding PO(2,1) < PO(n, 1). Moreover, since we have

PT'(2),, = Stabpre) (RH2) = PO(AS?)

by [ACT06, (5.1)], the map (19) induces embeddings j: PI'(2),, < PI'(n)g, for i =
0, 1,2 that make the map v in (21) equivariant.

By Lemma 6.2, the classes of fy,3; and fy in P, are pairwise not PI'(n)-
conjugate, so that the induced map of hyperbolic orbifolds

Oy = ﬁ[ PT(2)o, \ (RHZ, = ) — [ Pr(n)a\ (RH} — )

=0 acCaly

On  (22)

induces an injective map on sets of connected components my(Oy) — m(O,,).

Lemma 6.3. For each integer n > 2, there exists a natural map of metric spaces
v X(Agy) — X(A,).

Proof. We claim that (22) extends to a commutative diagram of metric spaces

X(A) —— PT(2)\ Y (As) —— PT(n) \ Y(A,,)

| —

For this, it suffices to prove the following assertions:

1. The map Y;” — Y, defined in (21) is compatible with the equivalence relations
on both sides (see Definition 2.15).

2. Let Y(Ay)#* C Y(Ay) be the image of Y5 in Y(As) under the canonical map

Yy — Y (Ay). The resulting map of metric spaces

—X(An>

¢ Y (A2)* — Y(A,) (23)

is equivariant with respect to the morphism j: Stabp(s (YS") = I'(n) induced by (19).
Thus, ¢ descends to a map of metric spaces

v X(Az) = T(2) \ Y(Ag) = Stabr) (Y5) \ YV (A2)# = T(n) \ Y(An) = X (A,),

where the second equality follows from Lemma 6.1.
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6.5

As for 1, let r € %5 be a short root in Ay, which we also view as a short root in
A,. Let k € Z/m and let © = y+ z € A,, be any element in A,,, where we decomposed
x using (18). Consider the reflection ¢¥: Ay — Ay. We have

5 (6F) () = j(e8)(y + 2) = 2 — (1 = C§)hal,7) - 7.

Thus j(¢F) = ¢F. Next, let (z,q;), (z, ;) € Y5 be such that (z,0;) ~ (x,a;). We
want to show that ¢o(x, ;) ~ ¢a(x, ;). We may assume that a; # «;. Therefore,
x € 4 and a; = go oy € Pah for some g € Ga(x), where G(x) is as in Definition
2.7. By the above, we have j(G(z)) = G, (v(z)), where v: CH?> — CH™ is as in (20).
Since o; 0 aj = g € Go(x), we have f(a;) o f(ay) = j(g) € Gn(v(x)), which proves 1.

To prove 2, let p,, : )7” — Y (A,,) be the quotient map, and similarly define ps: Yo —
Y (Ag). Let (z, ), (y,05) € Y5 with images v = po(z, o), w = 2y, ;) € Y(Ag)7.
Suppose that there exists an element g € Stabpl“(g)(i\é#> C PT'(2) such that

g-v=p2(g-x,gig ") =w = pay,aj).

We want to show that j2(g) - ¢(v) = ¢(w). Since g € Stabpp(g)(%#), we have ga;g~! =
a; by Lemma 6.1. We thus get that ps(g - z, ;) = p2(y, ;). Since the map po: Yy —
Y (Az) is injective when restricted to RHZ , it follows that

g-(z,00) = (g2, 90u97") = (9 @,00) = (y, i),

which implies that j(g) - (v(x), f(w)) = v(g - (z,)) = v(y, ;) = (v(y), f(ey)). Since
¢(v) = pa(v(2), fai)) and d(w) = pu(¥(y), f(e;)), we obtain j(g) - ¢(v) = d(w). [

The orbifold map between the glued spaces. The goal of this section is to prove:
Proposition 6.4. The map ¢ defined in Lemma 6.3 is a map of hyperbolic orbifolds.

Proof. Let f € X(Ay) and lift f to an element f € Y (Ay)# C Y(Ag) (this is possible by
Lemma 6.1). In turn, we can lift f to an element (z, o) € Y, for some jy € {0, 1,2}
with a;, as in (16)). To prove that ¢: X (Ay) — X (A,,) is an orbifold map at f, there
are three cases to consider:

Case I: The element f € Y (Ay) has zero nodes (see Definition 2.7). In this case, f
lies in Oy C X (A3) and the map Oy — O,, of (22) is a morphism of orbifolds.

Case II: The element f € Y(A3) has one real node. Let the node be defined by a short
root r € % such that x € H,. Consider the image g = ¢(f) € Y(A,,) of f in Y (A,) by
the map ¢: Y (A2)* — Y(A,) defined in (23). It admits the lift (v(z),8;,) € Y,,. For
ped{2,...,n—1},letr, =(0,0,0,...,1,...,0) € %,, where the 1 is on the (p+1)-th
coordinate. Note that v(x) has n — 1 nodes. Define r = ¥(r) € %, so that
n—1
€ ﬂ H,, cCH", and . ={r,re,...,tn1} C %,

=1

is a set of short roots of maximal cardinality such that v(z) € H; for all t € ..
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Lemma 6.5. Consider x € CH?, v(x) € CH", r € %> and V(r) € %, as above.

~

There are isometries ro: CH? = B*(C) and k,: CH™ = B"(C), identifying x (resp.
v(x)) with the origin, ¢, (resp. ¢, resp. ¢, for i > 2) with the respective maps

B2<C) — BQ(C)7 (t17t2) — (Cﬁ : t17t2)7
B"(C) — B"(C), (t1,...,tn) = ((s-t1,. .., tn),
En<C) — ]Bn<(C), (tl,. .. ,tn) — (tl,. .. 7C6 'ti+1,. .. ,tn),

and oy, (resp. Bj,) with the respective maps

B*(C) — B*(C), (t1,t2) — (f1,12),

B"(C) —» B™"(C), (t1,...,tn) — (t1,...,tn),

and such that, for the canonical embedding p: B*(C) — B"(C), one has poky = kpov.

Proof. Define V,, as the complex n+1-dimensional hermitian space V,, = (A ® C, (h,)c) -
Let x € V;, be a lift of ¥ € CH? = {negative lines in V,}. Defining v: V5 — V,, as the
natural embedding allows us to consider x and r an elements of V,,. Then define

Ty={(x)®(ryC Vo, Ro=T5CVo, To=(x)®{r)CV,, R,=T+cCV,.

Choose suitable bases for Ry and R,, scale appropriately as in Lemma 3.9. n

Consider the coordinates CH* = B?*(C) of Lemma 6.5: they make the involution «;,
correspond to (t1,t2) + (t1,t2), and any £ € Paf with (z,a) ~ (z,£) to an invo-
lution of the form (t1,t3) — (¢} - t1,¢2). Thus if the & for i = 1,...,6 are the six
anti-unitary involutions such that (z,a) ~ (,§;), then for the set Y; defined in (6),
one has Yy = | J}_ RH2 = {(t1,t;) € B(C) | £, ¢, € R}. The union of the subsets
Ko ={(t1,tz) € B}C) | i ¢~ t1 € Rxg,t2 € R}, indexed by € € {0,1} is a fundamen-
tal domain for the action of By on Yy, and U = KoUK is isometric to B?(R). Write

i = (i1,...,0p—1) and x; = Hz;ll ¢ o B,. In the coordinates of Lemma 6.5, we have
that Y, = ), RH? = {(t1,...,t,) € B"(C) | 1§ t5,13,...,tS € R} . Moreover,
if we define

Kgerreny = {(t1, ... t,) € B*(C) | i%,i t3,...,i " 't, € Rxo,t2 € R},

then U, = |} K

croen 10 g, eny 18 a fundamental domain for the action of By on Yy,
..... n—1= [ SEEEE)

and there is an isometry U, = B"(R). Since & = ¢ o aj, and {6,..6) = L 0 B, for
i€ {l,...,6}, one has
z€RH; < (dlow)(x) =2 = (¢}, 0 Bj,)(v(z)) =v(z) < v(z) € RH]

r1 Xi,6,...,6

Therefore, with respect to the natural embedding v: CH?(C) — CH"(C), one has

.....
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together in the following commutative diagram of metric spaces:

By \ Y€ B, \ 'Y,
¢ ¢
Bf \ U?:1 RHQ( Bg \ U6 i RH;
{ {
(C6) \{(t1,t2) € B(C) | 8,1ty € R}—— {(Ce)" I\ {(t1, .- tn) | 15,82, 85, ..., 18 € R}
! 1§
UGE{O,l} Kf75( Uil ..... 6n_1:O Kg7617"'75n*1

l l

B(R)C B*(R).

(24)

Since the map Y (Ay)# — Y (A,,) defined in (23) is equivariant with respect to I'(2) —
I'(n), we obtain a map Stabr(z)(f) < Stabrg,)(g). Via the commutative diagram

PO(2,1) = Isom(B*(R))~—— Isom(B"(R)) = PO(n, 1)

T

Stabr ) (f)° Stabr»)(9)
B¢ B,

we obtain a well-defined embedding

Ay/By = Stabpray (f)/By < Stabpri(9)/ By = A,/ B, (25)

The embedding By \ Yy — B, \ Y, is equivariant with respect to (25). As in the
proof of Theorem 3.1.2, we choose an Ay (resp. Ay)-equivariant open neighbourhood
f€Vy CYs (resp. g € V, CY,) such that Ay \ V; C PT;\ Y(As) (resp. such that
A\ V, C PT,\ Y (A,)). Using the above diagram (24), we get open neighbourhoods
W; C B*(R) and W, C B"(R), acted upon by A;/By; and A,/B, respectively, such
that A\ Vy = (Af/By) \ Wy and A, \ V, = (A,/B,) \ W,, and such that there exists
a totally geodesic embedding

B2(R) > W= W, c B*(R) (26)
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which is equivariant for (25) and makes the following diagram commute:

WC P W,

| l

(A/Bp) \ Wy —"— (Ag/By) \ W,

PT(2)\ Y(Ay) —— PT(n) \ Y(A,).

Case III: The element f € Y (As) has two real nodes. This case is similar to Case 11
and we leave the proof to the reader.

Case IV: The element f € Y (Ay) has a pair of complex conjugate nodes and no real
nodes. Let the two nodes be defined by short roots r,t € %, such that x € H,. N H,.
Consider the images g = ¢(f) € Y(A,,) of f in Y(A,) by the map ¢: Y (Ay)# — Y(A,)
defined in (23). It admits the lift (v(z),3;,) € Yy. For p € {3,...,n—1}, let r, =
(0,0,0,...,1,...,0) € %Z,, where the 1 is on the (p+ 1)-th coordinate. Note that v(z)
has n nodes: two complex conjugate nodes and n — 2 real nodes.

Define ry = ¥(r) € %, and ro = V(t) € #,. This gives v(z) € N, H,, C CH",
and . = {ry,r9,..., 10} C %, is a set of short roots of maximal cardinality such that
v(xz) € H, for each ' € .. As in the proof of Proposition 3.14.4 (see also Case II
above), we have that

6
Yf = Bf\Yf = {(tbt?) € B2(C> :tg = Fls} = UBQ(R)&v
=1

where &;: B*(C) — B?(C) is defined as &(t1,t2) = (t2¢%, #,¢") for i € Z/6. Similarly,
we can describe By \ Y, as follows: we have

Y, 2 {(t,....t,) € BY(C) | t§ =17,15,....t5 € R}, and
6
B\ Yy = {(t1,... . t,) €B"(C) | t§ =1, ts,...,tn € R} = | B"(R)s,
=1

where &;: B"(C) — B"(C) is defined as &(t1, . .., t,) = (t20*,t:(% 13, ..., t,) fori € Z /6.
By Proposition 3.14.5, the group A; (resp. A,) acts transitively on the copies of B*(R)
(resp. B"(R)). Therefore, if we define I'y = Staba, /5, (B ) and I'y = Staby, /5, (B,)
as the stabilizer of B*(R)g, (resp. B*(R)¢, ), then we obtain a commutative diagram

Bz(f)sl —— B"(R),,
T\ B*(R)g, —— Ty \ B"(R)g,.

By definition of the orbifold structure of X (Ay) and X (A,,) (see the proof of Theorem
3.1.2), this shows that ¢: X (Ay) — X (A,) is a morphism of orbifolds at f € X (A,).

O
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7 'Totally geodesic immersions and non-arithmetic lattices
We continue with the notation of Section 6. The goal of Section 7 is twofold:

1. We start by proving Theorem 7.3, using the results of Sections 6.1 - 6.5. This
theorem says that, for each n € Z>9, the map ¢ defined in Lemma 6.3 defines a proper
totally geodesic immersion of X (Ay) into the connected component X (A,,)" of X(A,).

2. We then use Theorem 7.3 to prove that the lattice I'}’ underlying the complete
hyperbolic orbifold X (A,)" is non-arithmetic, see Theorem 7.10.

Recall the following (see e.g. [Bel+21, §2.3.1|):

Definition 7.1. Let n,m € N. A map i: RH™/A — RH"/T" of hyperbolic orbifolds
is a totally geodesic immersion if there exists a totally geodesic subspace U C RH"”
and a lift : RH™ — RH" of i that factors through an isometry i: RH™ = U. In this
setting, the orbifold RH™ /A is called a totally geodesic suborbifold of RH™ /T .

Definition 7.2. Consider the map ¢: X(Ay) — X (A,), recall that X (As) is connected
(Lemma 6.1) and let X (A,)" be the connected component containing ¢(X (Az)). Let
[t € PO(n,1) be the lattice underlying the complete hyperbolic orbifold X (A,,)*.

The first goal of Section 7 is to prove the following theorem.

Theorem 7.3. For each integer n > 2, there exists a canonical proper totally geodesic
immersion of complete connected hyperbolic orbifolds v: X (A2) — X(A,)7T.

To prove this, we need several results.
Lemma 7.4. The map v: X(Ny) — X(A,,) is proper with finite fibers.

Proof. Observe that for each v € P.g7,, the canonical map f,: PI'(n),\RH" — X (A,)
is a closed immersion. Since C«, = P,/ PT'(n) is finite, U,cc,, fo (PT(n)o \RH") =
X(A,,) forms a finite closed covering of X (A,). Moreover, the restriction of ¢ to the
closed subset f,, (PT(2),, \ RH?) C X(A,) is induced by the canonical map

PI'(2)a, \RHZ — PI'(n)s, \ RH} . (27)

Here, o; and f3; are as in (16) and (17). To prove that ¢ is proper with finite fibers, it
therefore suffices to prove that (27) is proper with finite fibers for each i € {0,1,2}.
Define quadratic forms

Qo (zoy ... xy) = —x§+x%+---+xi,

QY (xg, ..., x,) = —x%+3x?+ +x721, (28)
For each ¢ = 0,1, 2, the canonical homomorphism PO(Q},Z) — PI'(n)g, is an isomor-
phism by [ACT10, Theorem 5.1|, thus (27) is proper with finite fibers. O
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Lemma 7.5. For any base point of X (N\s), the induced map T's — T is injective.

Proof. The natural map of orbifolds X (A,)"™ — PT'(n)\ CH" induces a homomor-
phism I') — PI'(n) = PU(n,1)(Z[¢3])). In case n = 2, this map is injective and
factors as I'y < PO(2,1)(Z[v/3]) € PU(2,1)(Z[¢]), see [ACT06, p. 167-168]. Since
SO(2,1) = PO(2,1), this map 'y — PU(2,1)(Z[(3]) factors through an embedding
Iy < U(2,1)(Z[¢3]). The commutative diagram of orbifolds

I\ RH? I+ \ RH"

| l

U(2, 1)(Z[Gs]) \ CH? — PU(n, 1)(Z[G3]) \ CH"
gives rise to a commutative diagram of orbifold fundamental groups

Iy ry

| l

U (2, 1)(Z[¢s]) — PU(n, D(Z[G])-

The composition 'y — U(2,1)(Z[¢3]) — PU(n, 1)(Z[¢3)) is injective, hence the map
I's — 't is injective as desired. O
Lemma 7.6. Let X/A and Y/L be quotient orbifolds, where X and Y are simply
connected manifolds, and A and L discrete groups acting smoothly, properly discontin-
uously on X and Y. Let f: X/N — Y/L be a proper map with finite fibers and suppose
that fo: A — L is injective. Then any lift f: X =Y of f is proper with finite fibers.

Proof. The map f is locally given by maps U/G — V/H where U (resp. V) is
connected open in X (resp. V) and G' and H are finite groups. Thus f is closed. To
see that f has finite fibers, observe that A-x — L- f(x) is injective for each x € X. O

Proposition 7.7. The morphism of hyperbolic orbifolds

v: X(Ay) =T5 \RH?> =TT\ RH" = X(A,)"
is proper with finite fibers, and the same holds for any lift i: RH?> — RH™ of «.
Proof. This follows from Lemma’s 7.4, 7.5 and 7.6. m

Lemma 7.8. Let N = RH™/A and M = RH"™/T be real hyperbolic orbifolds. Let
i: N — M be a proper map of hyperbolic orbifolds, induced by a homomorphism
é: A — T and an equivariant proper map 1: RH™ — RH™. Suppose that, locally
around each point of N, the morphism i is given by a diagram of the form

U———vV

]

U/G—i>V/H, G—¢>H, (UCRH™, V. CRH" connected open)

where the map i: U — V is a proper totally geodesic immersion. Then i: N — M is
a totally geodesic immersion of hyperbolic orbifolds.

37



7.1

Proof. Since i is proper and locally a totally geodesic immersion, it is a totally geodesic
embedding. Thus i: N — M is a totally geodesic immersion, see Definition 7.1. [

Proof of Theorem 7.3. Consider the map of metric spaces ¢: X (Ay) — X (A,)" defined
in Lemma 6.3, where X (A,,)" is as in Definition 7.2. By Proposition 6.4, the map ¢ is a
morphism of hyperbolic orbifolds. Moreover, locally ¢ lifts to a proper totally geodesic
embedding p: Wy < W, as in (26) for some connected open subsets W; C B*(R) and
W, C B"(R), equivariant for the inclusion of stabilizer groups A;/By — A,;/B,. By
Proposition 7.7, the map ¢: X(As) — X(A,)" is proper with finite fibers, and the
same holds for any lift 7: RH? — RH™ of +. Consequently, by Lemma 7.8, the map ¢
is a totally geodesic immersion of hyperbolic orbifolds. O

Non-arithmetic real hyperbolic lattices. Consider the lattice Il € PO(n, 1), see
Definition 7.2. We are in position to prove that ' is non-arithmetic. The key is:

Theorem 7.9 (Bergeron-Clozel). Let RH™/A — RH"/T" be a totally geodesic im-
mersion of real hyperbolic orbifolds of finite volume. If the lattice T' C PO(n,1) is
arithmetic, then the lattice A C PO(m, 1) is arithmetic as well.

Proof. See [BC05, Proposition 15.2.2] (compare also [Bel421, Theorem 1.4]). O
Theorem 7.10. For each n € Zss, the lattice It C PO(n, 1) is non-arithmetic.

Proof. By Theorem 7.3, there exists a proper totally geodesic immersion of hyperbolic
orbifolds ¢: X (A2) — X (A,)*. Therefore, by Theorem 7.9, it suffices to show that
'y € PO(2,1) is non-arithmetic. This is shown in [ACT06, Section 5]. O
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