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MAXIMIZING ONE LAPLACE EIGENVALUE ON N-DIMENSIONAL

MANIFOLDS

ROMAIN PETRIDES

Abstract. We prove existence and regularity results for the problem of maximization
of one Laplace eigenvalue with respect to metrics of same volume lying in a conformal
class of a Riemannian manifold of dimension n ≥ 3.

LetM be a smooth compact manifold of dimension n. Given a Riemannian metric g on
M , we denote the sequence of eigenvalues associated to the Laplace operator ∆g = −divg∇

0 = λ0 ≤ λ1(g) ≤ λ2(g) ≤ · · · ≤ λk(g) ≤ · · · → +∞ as k → +∞.

The eigenvalue λ0 is associated to constant functions and if M is connected, the other
ones are positive, depending on g. We will focus on the following natural scale invariant
functional

λ̄k(g) = λk(g)Vg(M)
2
n ,

where Vg(M) is the volume of g on M . We let [g] = {e2ug;u ∈ C∞ (M)} be a given con-
formal class of metrics. In the current paper, we aim at studying the following variational
problem

Λk(M, [g]) = sup
g̃∈[g]

λk(g̃)Vg̃(M)
2
n = sup

g̃∈[g]
λ̄k(g̃).

Studying the maximization of λ̄k is more relevant than the minimization because the well-
known examples of Cheeger dumbells prove inf [g] λ̄k = 0. Moreover, while it is standard
in geometric analysis to restrict a functional with respect to metrics to a conformal class
(e.g the Yamabe problem, problems for Q-curvature etc), there are deep reasons to do it
in the context of spectral geometry:

On one side, Λk(M, [g]) < +∞ was proved by Yang-Yau [YY80] for k = 1 and n = 2
and then by Li-Yau [LY82] and El Soufi and Ilias, [ESI84], [ESI86] for k = 1 and n ≥ 2
thanks to the conformal volume and was generalized by Korevaar [Kor93] to any k, n (see
also [Has11]). On the other side, the supremum of the scale invariant functional λ̄k(g)
over all the metrics g on M is always +∞ in dimension n ≥ 3 [CD94]. In dimension 2,
the bound on Λk(M, [g]) is nothing but a tool to obtain an upper bound for λ̄k(g) for any
metric g depending only on k and the topology of M (see Yang-Yau [YY80] for k = 1
and Korevaar [Kor93] for k ≥ 1). It is then natural to compute Λk(M, [g]), depending on
k and the conformal class. As a fundamental result, it was proved by Hersch [Her70] in
dimension 2 and El-Soufi Ilias [ESI86] for n ≥ 3 that

Λ1(S
n, [h]) = λ̄1 (S

n, h) = nω
2
n
n

where h is the round metric on the n-sphere S
n and ωn is its volume, and that the round

metric is the unique maximizer. Many other computations of Λk(M, [g]) with existence (or
not) of maximizers are given e.g in [Nad96], [CES03], [Nad02], [Pet14], [Pet14a], [Pet15],
[KNPP17], [KS20], [Kar21], [Kim22], and references therein.
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Furthermore, as observed by Nadirashvili [Nad96] and El Soufi-Ilias [ESI00][ESI03][ESI08],
critical metrics for λ̄k correspond to harmonic maps into spheres. For instance and more
precisely, in dimension 2, the conformal factors e2u of the critical metrics g̃ = e2ug for
λ̄k are nothing but densities of energy associated to the equation of harmonic maps into
spheres with respect to g. This observation was crucial to expect regularity of critical
metrics constructed by a suitable variational method, by the use of regularity theorems
for weakly-harmonic maps.

Finally, studying the variational problem Λk(M, [g]) is a first step to look for critical
metrics of λ̄k(g) over all the metrics. As observed by Nadirashvili [Nad96] and El Soufi-Ilias
[ESI00], critical metrics with respect to variations in the space of 2-symmetric tensors arise
as induced metrics of minimal immersions of M into spheres, and conversely, any induced
metric of a minimal immersion into a sphere can be seen as the critical metric of one
of the functionals λ̄k. For instance, existence of minimal immersions into sphere by first
eigenfunctions is given in [Pet14a] and [MS19a] by maximization of λ1 over all the metrics
on any surface of dimension 2. While maximization over all the metrics is not possible
in dimension n ≥ 3 [CD94], one approach by min-max was given by Friedlander and
Nadirashvili [FN99]. Their invariant was essentially computed in dimension 2 in [Pet14a]
[KM21] and is often not realized. Notice that, the variational techniques developped in the
current paper and in [Pet22] are substantial to initiate construction of minimal immersions
into spheres by a min-max method on eigenvalues λ̄k.

In the past decades, many works have been done in dimension 2 to compute Λk(M, [g])
and to give methods to prove existence and regularity of maximal metrics, after the seminal
work by Nadirashivli on the torus [Nad96] and Fraser-Schoen for Steklov eigenvalues on
surfaces of genus zero [FS16]. In the current paper, we are interested in the generalization
to n ≥ 3 of the study for any k and M with n = 2 given in [Pet14a] [Pet18] and [Pet22].
They are based on a construction of maximizing sequence of metrics e2uεg and associated
maps Φε :M → R

pε which are ”almost” harmonic in the following sense:

∆gΦε = λk(e
2uεg)e2uεΦε

and there is δε → 0 such that

|Φε|2 ≥ 1− δε and

ˆ

M

|Φε|2 e2uε =
ˆ

M

e2uε = 1.

These maps are harmonic into a sphere if and only if |Φε|2 = 1. In [Pet14a] and [Pet18], this
sequence is built by maximization of a regularized functional depending on a parameter
ε, and in [Pet22] we simplify the selection of this maximizing sequence thanks to a new
concept of Palais-Smale sequences for the functional λ̄k in the level sets λ̄k ≥ Λk(M, [g])−ε.
The goal is then to pass to the limit as ε→ 0 on (Φε) using the elliptic estimates on this
super-critical system of equations (in the sense that e2uε only belongs to L1 and Φε is not
uniformly bounded). If it is possible, we have that e2uεdvg → ν for the weak-⋆ topology
of measures and Φε → Φ, λk(e

2uεg) → λ so that

∆gΦ = λνΦ and |Φ|2 = 1

in a weak sence. Computing 0 = ∆ |Φ|2 gives that ν = |∇Φ|2
λ

dvg so that the limit equation
is the equation of weak harmonic maps, known to be smooth and stongly harmonic, so
that the limiting measure is smooth.
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However, establishing existence and regularity of metrics achieving Λk(M, [g]) in dimen-
sion n ≥ 3 involves other difficulties. The first one is that contrary to dimension n = 2, if
n ≥ 3 the Dirichlet energy and the Laplacian are not conformally invariant: for a metric
g̃ = e2ug, we have

λk(g̃) = min
E∈Gk+1(C∞(M))

max
ϕ∈E\{0}

´

M
|∇ϕ|2g e(n−2)udvg
´

M
ϕ2enudvg

so that the possible degenerescence of maximizing sequence of conformal factors e2uε

not only appear at the right-hand side of the elliptic equation for eigenfunctions, as in
dimension 2 (already leading to a super-critical elliptic equations because we only have a
L1 control of enuε)

−divg
(
e(n−2)uε∇ϕε

)
= λk(e

2uεg)enuεϕε,

but also at the left-hand side, allowing to loose the elliptic properties of the operator
−divg

(
e(n−2)uε∇.

)
as ε → 0. The second one is that in dimension 2 there are bounds on

the multiplicity of the eigenvalue λk(g) depending only on k and the topology M , while it
is not the case in dimension n ≥ 3 (see [Col86]), even with restriction in a conformal class.
This boundedness was often used to initiate compactness arguments on the sequence of
maximizing metric associated to an ”almost critical” system of equations approaching the
system of equations of a harmonic map into a sphere. Indeed, the number of equations
in the system is automatically uniformly bounded for n = 2. This is a priori not true in
higher dimensions.

In the following result, we overcome these problems by establishing a natural general-
ization of the maximization results for Λk(M, [g]) in dimension 2 to higher dimensions:

Theorem 0.1. Let (M, [g]) be a compact connected manifold of dimension n ≥ 3 endowed
with a conformal class and k ≥ 1. If

Λk(M, [g]) > Λk(M̃, [g̃])

for any (M̃ , [g̃]) = (M, [g]) ⊔ (Sn, [h]) ⊔ · · · ⊔ (Sn, [h]) or (M̃ , [g̃]) = (Sn, [h]) ⊔ · · · ⊔ (Sn, [h])
where h is the round metric on S

n, then for some α > 0, there is a non-negative factor
f ∈ C0,α (M) ∩ C∞(M \ Z) where Z = {z ∈M ; f(z) = 0} such that

λk(fg)

(
ˆ

M

f
n
2 dvg

) 2
n

= Λk(M, [g])

Moreover, f =
|∇Φ|2g
λk(fg)

, where Φ : M → S
p is some n-harmonic map into a sphere, whose

coordinate functions are eigenfunctions with respect to λk(fg).

Notice that as in dimension n = 2 (see [Pet14a] and [Pet18]), the strict inequality
assumptions we make are natural to ensure the compactness of the sequence of critical
metrics, and more generally some compactness for maximizing sequences of metrics. These
strict inequality assumptions are simple ways to prevent from bubbling that may happen
(for more information on the bubble tree convergence in this context, see e.g [Pet18],
[KS20], [KNPP20] for n = 2 or the more general Theorem 0.4 and discussions around).
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Notice also that as in dimension n = 2, the conformal factor f appears as the density
of energy of a n-harmonic map into a sphere

−divg
(
|∇Φ|n−2

g ∇Φ
)
= |∇Φ|ng Φ.

Apparition of n-harmonic maps into a sphere in this context was already observed in
[KM22] (see also [PT22]). In fact, f is the limit of a maximizing sequence of conformal

factors and we conclude the proof of the theorem by noticing that f =
|∇Φ|2g
λk(fg)

, where Φ

is a weak locally minimizing n-harmonic map into a sphere. The regularity theory for
these maps in the litterature implies Φ ∈ C1,α for some α ∈ (0, 1), and not more. The

lack of higher regularity is well known because the weight |∇Φ|n−2
g inside the divergence

term of the equations may vanish, so that we have a degenerate elliptic system. Therefore
f ∈ C0,α is the optimal regularity. It is a very common conclusion when we look for
conformal metrics as solutions of a variational problem (see e.g in [AH06] or [GP22] the
concept of generalized metrics). Notice also that even in dimension 2, while the zero
set Z of f has to be discrete, it may be non-empty. Therefore, even if the conformal
factor f is smooth for n = 2, the associated metric may have conical singularities. Of
course, f ∈ C∞ (M \ Z) in the domain where the equation of Φ is elliptic and the metric

g̃ = fg is regular. Since in M \ Z, |∇Φ|2g̃ = λk(g̃) and thanks to conformal invariance of
the n-harmonic equation, the n-harmonic map into a sphere with respect to g becomes a
2-harmonic map into a sphere with respect to g̃ = fg

∆g̃Φ = |∇Φ|2g̃ Φ

as was primarily observed by [ESI00] for smooth critical metrics. In fact, it is a p-harmonic
map with respect to g̃ for any p, and p = n is the adapted integer that gives a conformally
invariant equation. It is a reason why we have to deal with n-harmonic maps.

Notice also that it is not clear that generalized metrics f.g have a discrete spectrum
and that any eigenvalue has a finite dimensional associated space of eigenfunctions. In the
current paper, we actually prove that it holds true as a consequence of

Theorem 0.2. For the factor f given by Theorem (0.1), the embedding W 1,2 (f.g) →
L2 (f.g) is compact and the eigenfunctions with respect to ∆f.g are C1,α functions.

This compactness property on the weight f generalizes to higher dimensions the concept
of ”admissible measures” developped in dimension 2 e.g in [KS20]. Thanks to this result,
we a posteriori deduce that the multiplicity of the k-th eigenvalue associated to f.g is
finite and that the target sphere S

p in Theorem 0.1 is a finite dimensional sphere. The
proof of Theorem 0.2 is based on a new understanding of C1 n-harmonic maps: they can
be seen as local limits of (τ, n)-harmonic maps, defined as minimizers of the regularized
functional

Ψ 7→
ˆ (

|∇Ψ|2 + τ
)n

2
.

Then, we can generalize to systems some recent improvements of regularity of the p-Laplace
equation (see [Sar22]) by computing Caccioppoli (or reverse Hölder) type inequalities
independant of τ on the equation satisfied by the gradient of (τ, n)-harmonic maps. We
can deduce that the W 1,2 norm of some power of f is controled and we deduce local
embeddings W 1,2 (f.g) → L2κ0 (f.g) for some κ0 > 1 that imply compact embeddings in
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Lp(f.g) for p < 2κ0. From this new technique, we also deduce a higher regularity result
for n-harmonic maps into spheres.

Coming back to our original problem, we know that the strict inequality involved in
the assumptions of Theorem 0.1 always holds true for k = 1 if (M, [g]) is not equivalent
to a sphere (see [Pet15]). Since by [ESI86], the theorem holds on the conformal class of
the round sphere, we then have the existence result for the first eigenvalue:

Theorem 0.3. Let (M, [g]) be a compact connected manifold of dimension n ≥ 3 endowed
with a conformal class, then for some α > 0, there is a non-negative factor f ∈ C0,α (M)∩
C∞(M \ Z) where Z = {z ∈M ; f(z) = 0} such that

λ1(fg)

(
ˆ

M

f
n
2 dvg

) 2
n

= Λ1(M, [g])

Moreover, f =
|∇Φ|2g
λ1(fg)

, where Φ : M → S
p is some n-harmonic map into a sphere, whose

coordinate functions are eigenfunctions with respect to λ1(fg).

This is the generalization for n ≥ 3 of the main theorem in [Pet14a].
In fact, for k > 1 we always have existence of maximal configurations but they may be a

disjoint union of at most k connected surfaces (M̃ , [g̃]) = (M, [g])⊔ (Sn, [h])⊔ · · · ⊔ (Sn, [h])

or (M̃, [g̃]) = (Sn, [h]) ⊔ · · · ⊔ (Sn, [h]) endowed with metrics maximizing lower eigenvalues
in their conformal class. This is a consequence of the bubble tree convergence proved in
the current paper. For instance bubbling happens for Λ2(S

n, [h]), which is never realized
on S

n [Kim22], but realized by a disjoint union of two round spheres of same volume. We
add the strict inequality assumption in Theorem 0.1 to be sure to obtain a new maximizer
on M . Moreover, as a contrapositive, if there is not any maximizer for Λk (M, [g]), we
deduce from Theorem 0.1 and a result by Colbois, El Soufi [CES03] that the inequality
of the assumption of Theorem 0.1 is an equality. For instance, proving that Λk (S

n, [h])
is not realized in the conformal class of a round sphere gives a natural way to prove the
following conjecture

Λk (S
n, [h]) = nk

2
nω

2
n
n

that is known to be true for k = 1 ([Her70] and [ESI86]), k = 2 ([Nad02] [Pet14] and
[Kim22]) and n = 2 ([KNPP17]). This strategy was used in dimension 2 in [KNPP17] and
[Kar21].

As we will explain in section 1.1, we prove theorem (0.1) by noticing that the maximiza-
tion of Λk(M,g) is in fact the same as the maximization of a more general functional

λ̄k(g, α, β) = λk(g, α, β)

´

M
βdvg

(
´

M
α

n
n−2 dvg

)n−2
n

.

among non negative functions α, β, where

λk(g, α, β) = inf
E⊂Gk+1(C∞(M))

sup
φ∈E\{0}

´

M
|∇φ|2g αdvg
´

M
φ2βdvg

.

Indeed, we have:
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Theorem 0.4. Let (M, [g]) be a compact connected manifold of dimension n ≥ 3 endowed
with a conformal class and k ≥ 1. Then

Λk(M, [g]) = sup
α≥0,β≥0

λ̄k(g, α, β)

More precisely, the maximizers (M̃ , [g̃]) = (M, [g]) ⊔ (Sn, [h])⊔ · · · ⊔ (Sn, [h]) or (M̃ , [g̃]) =

(Sn, [h])⊔ · · · ⊔ (Sn, [h]) of λ̄k(g, α, α
n

n−2 ) for α non negative functions are the same as the
maximizers of λ̄k(g, α, β) for (α, β) a couple of non negative functions.

Very recently, Karpukhin and Stern [KS22] proposed another variational problem

νk(M,g) = sup
β≥0

(
λk(g, 1, β)

ˆ

M

βdvg

)

which was more convenient to generalize their techniques in dimension 2 [KS20] to di-
mension n ≥ 3 [KS22]. One reason is that the eigenvalue equations and harmonic map
equations associated to critical potentials β never become degenerate elliptic system of
equations. Notice that the techniques we use in the current paper are adaptable to prove
existence and regularity results on νk(M,g) for any k. As an immediate consequence of
Theorem 0.4, we have that

νk(M,g) ≤ Λk(M, [g])Vg(M)
n−2
n

with equality if and only if g is a maximizer of Λk(M, [g]). For instance, by Theorem (0.3),
there is a maximizer for k = 1. This inequality was only proved for specific conformal
classes in [KS22].

Notice that the techniques and results given in the current paper are generalizable to
many other eigenvalue problems: combinations of Laplace eigenvalues, or Steklov eigen-
values... This will be written in forecoming papers.

The paper is organized as follows: in section 1 we first explain the variational approach
to prove Theorem 0.4. In particular, we define and select a Palais-Smale sequence for
this variational problem. In section 2, we prove the bubble tree convergence of Palais-
Smale sequences, leading to Theorem 0.4 and Theorem 0.1. In particular, we prove at the
end of section 2 the compactness embedding of Theorem 0.2. In Section 3, we prove all
the necessary regularity results on n-harmonic maps into (possibly infinite dimensional)
spheres, generalizing the classical ε-regularity results (e.g in [Uhl77][Str94][HL87][MY96]),
strong convergence results for sequences of harmonic maps [Cou01], point removability
[Uhl77][HL87][MY96]... In particular, inspired by [Uhl77], we prove a priori regularity
estimates which are independant of the dimension of the target manifold. By the way,
we prove a new result concerning harmonic maps: any C1 n-harmonic map is a locally
minimizing harmonic map and is locally a strong limit of minimizing (τ, n)-harmonic
maps. This leads to the proof of higher regularity results for C1 harmonic maps we use
for the proof of Theorem 0.2.

1. The variational approach

1.1. Splitting the conformal factor into two densities. Let (M,g) be a Riemannian
manifold of dimension n. We consider α and β two non-negative functions, as weights for
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the following eigenvalue problem:

λk(α, β) = inf
E⊂Gk+1(C∞(M))

sup
φ∈E\{0}

´

M
|∇φ|2g αdvg
´

M
φ2βdvg

Notice that if β = α
n

n−2 is a positive function, λk(α, β) is nothing but the k-th Laplace

eigenvalue associated to the metric β
2
n g. Thanks to this remark, a natural functional

invariant by dilatation to consider is

λ̄k(α, β) = λk(f, h)

´

M
βdvg

(
´

M
α

n
n−2 dvg

)n−2
n

.

If the functions α and β are smooth positive, by compact embeddings of the natural
weighted L2 and W 1,2 spaces involved in this problem there is existence of eigenfunctions.
Let (α, β) be such that

´

M
βdvg = 1 and

´

M
α

n
2 dvg = 1. The subdifferential of −λ̄k at

(α, β) (see [PT22] for definition and computations of the subdifferential) satisfies
(1.1)

− ∂
(
−λ̄k

)
(α, β) ⊂ co

{(
|∇φ|2g − λ̄kα

2
n−2 , λ̄k

(
1− φ2

))
;φ ∈ Ek(α, β),

ˆ

M

φ2βdvg = 1

}

where λ̄k = λ̄k(α, β). Notice that as a convention, we compute the subdifferential of
−λ̄k because the subdifferential is well adapted for minimization of functionals. If (α, β)
is critical, we have by definition that 0 ∈ ∂λ̄k(α, β). Then, there are eigenfunctions
Φ = (φ1, · · · , φp) such that

|∇φ|2g − λ̄k(α, β)α
2

n−2 = 0 and |Φ|2 = 1

Using the system of equations on Φ (eigenvalue equations)

−divg(α∇Φ) = λ̄k(α, β)βΦ

we obtain by computing 0 = −divg(α∇ |Φ|2) that
α |∇Φ|2 = λ̄k(α, β)β

so that β = α
n

n−2 . Then, if a maximizer of λ̄k(α, β) exists, it is a maximizer for the Laplace
eigenvalue λ̄k in a conformal class

Remark 1.1. Notice that the computation of the subdifferential is valid as soon as we
assume that the embedding of the weighted Sobolev spaces involved in the eigenvalue func-
tional W 1,2(α, β) → L2(β) is compact (see [PT22]), leading to the existence of eigenfunc-
tions. The maximizers we obtain at the very end of the proof of Theorem 0.1 are not
necessarily smooth and positive everywhere but satisfy this compactness embedding.

1.2. A deformation Lemma. We denote by

X = {(α, β) ∈ C0(M)× C0(M), α > 0, β > 0}
Let (α, β) ∈ X with

´

M
βdvg = 1 and

´

M
α

n
2 dvg = 1. We have that the formula (1.1)

holds true on the subdifferential ∂λ̄k(α, β) and we set
∣∣∂λ̄k(α, β)

∣∣ = max
τ∈X̄

min
ψ∈∂λ̄k(α,β)

〈τ, ψ〉
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a pseudo-norm of the subdifferential ∂λ̄k(α, β), where

X̃ = {(α̇, β̇) ∈ C0 (M) ;α ≥ 0, β ≥ 0 and

ˆ

M

α̇dvg +

ˆ

M

β̇dvg = 1}

Notice that
∣∣∂λ̄k(α, β)

∣∣ ≥ 0 has to be seen as the largest right derivative of λ̄k among

all the variations vt = t(α̇, β̇) for α̇, β̇ ∈ X̃. We let

Xr = {(α, β) ∈ X;
∣∣∂λ̄k(α, β)

∣∣ > 0}
be the set of the regular points of f . The set of critical points is defined as

Xc = {(α, β) ∈ X;
∣∣∂λ̄k(α, β)

∣∣ = 0}.
Notice that we are looking for critical points in the set Xc (in the current paper: maxi-
mizers)

Proposition 1.1. If there is ε0 > 0 and δ > 0 such that

∀(α, β) ∈ X;∀ε ∈ (0, ε0),
∣∣λ̄k(α, β) − c

∣∣ ≤ ε⇒
∣∣∂λ̄k(α, β)

∣∣ ≥ δ ,

Then ∀ε ∈ (0, ε0), there is a continuous map η : X → X such that

• η(α, β) = (α, β) for any f ∈ {λ̄k ≥ c+ ε0} ∪ {λ̄k ≤ c− ε0}
• η({λ̄k ≥ c− ε}) ⊂ {λ̄k ≥ c+ ε}

During the proof, we use the notations E = λ̄k and x = (α, β) ∈ X, τ = (α̇, β̇) ∈ X̃ .
We first build an adapted pseudo-vector field for our problem.

Claim 1.1. Let ε > 0. There is a locally Lipschitz vector field v : Xr → X̄ such that for
all x ∈ X

• ‖v(x)‖1 < 2

• ∀ψ ∈ ∂E(x), 〈v(x), ψ〉 > |∂E(x)|
2

• v(x) ≥ 0

Proof. We first fix x0 ∈ X and we build an adapted image v0(x0) satisfying the conclusion
of the Claim.

Let τ0 ∈ X̃ be such that

|∂E(x0)| ≤ min
ψ∈∂E(x0)

〈τ0, ψ〉+
|∂E(x0)|

4
.

We choose v0(x0) = τ0 so that

• ‖v0(f0)‖1 ≤ 1 < 2

• ∀ψ ∈ ∂E(x0), 〈v0(x0), ψ〉 ≥ 3
4 |∂E(x0)| > |∂E(x0)|

2
• v0(x0) ≥ 0

Now, we aim at defining v by some transformation of v0 in order to obtain a locally
Lipschitz vector field v : Xr → X.

Let x0 ∈ Xr. Let Ωx0 be an open neighborhood of x0 in Xr such that for all x ∈ Ωx0

∀ψ ∈ ∂E(x), 〈ψ, v0(x0)〉 >
|∂E(x)|

2
We notice that

Xr =
⋃

x0∈Xr

Ωx0 .

Since Xr is paracompact, one has a family of open sets (ωi)i∈I such that
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• Xr =
⋃
i∈I ωi

• ∀i ∈ I,∃xi ∈ Xr, ωi ⊂ Ωxi
• for all u ∈ Xr there is an open set Ω such that u ∈ Ω and Ω ∩ ωi = ∅ except for a
finite number of indices i.

We set ψi(u) = d (u,Xr \ ωi) and ηi(u) = ψi
∑

j∈I ψj
and the vectorfield

v(x) =
∑

i∈I
ηi(x)v0(xi)

satisfies the conclusion of the Claim. ♦
Proof. (of proposition 1.1) We define a vector-field Φ : X → X as for x ∈ X,

Φ(x) =
d(x,A)

d(x,A) + d(x,B)
v(x)

where v : Xr → X is given by Claim 1.1 and we define the sets

A = {E ≤ c− ε0} ∪ {E ≥ c+ ε0}
and

B = {c− ε ≤ E ≤ c+ ε} .
Let η be a solution of

(1.2)

{
d
dt
ηt(f) = Φ (ηt(f))

η0(f) = f .

Such a solution η exists since Φ is locally Lipschitz. Moreover, η is well defined on R+

since Φ is bounded. Let t ≥ 0, and x ∈ X. We have thanks to the subdifferential that

d

dt
E(ηt(x)) ≥ min{〈Φ(ηt(x)), ψ〉 ;ψ ∈ ∂E (ηt(x))}

≥ d(ηt(x), A)

d(ηt(x), A) + d(ηt(x), B)

|∂E(ηt(x))|
2

≥ 0
(1.3)

for any t ≥ 0. It is clear that for any t ≥ 0, ηt(x) = x for x ∈ A and that

ηt ({E ≥ c+ ε}) ⊂ {E ≥ c+ ε} .
It remains to prove that for t0 > 0 small enough we also have that

ηt0 (B) ⊂ {E ≥ c+ ε} .
Let t⋆ be the smallest time such that ηt⋆(f) = c+ ε. Then, for 0 ≤ t ≤ t⋆, we have

ηt(x) ∈ B ⇒ d

dt
E(ηt(x)) ≥

δ

2

since by assumption, c − ε ≤ E(ηt(x)) ≤ c implies that |∂E(ηt(x))| ≥ δ and that
d(ηt(x), B) = 0. We deduce by integration that

E(ηt⋆(x))− E(x) ≥ δ

2
t⋆

so that t⋆ ≤ 4ε
δ
. Then, letting t0 =

2ε
δ

we obtain ηt0(B) ⊂ {E ≥ c+ ε}. Therefore,
ηt0({E ≥ c− ε}) ⊂ ηt0({E ≥ c+ ε})

and we obtain the proposition. ♦
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1.3. Existence of Palais-Smale sequences for the maximization problem. If we
take c = supX λ̄k < +∞, proposition 1.1 implies that for any sequence ε → 0 and δε → 0
we have a sequence of (αε, βε) ∈ X such that

λ̄k(αε, βε) > c− ε and
∣∣∂λ̄k(αε, βε)

∣∣ < δε

Now, up to classical convolutions, pairs of smooth positive functions are dense in X, so
that we have a sequence of pairs smooth positive functions (αε, e

nuε) such that

λ̄k(αε, e
nuε) > c− ε and

∣∣∂λ̄k(αε, enuε)
∣∣ < δε

the first condition gives that the pair (αε, e
nuε) is a maximizing sequence. The second

condition can be rewritten as

∀(α̇, β̇) ∈ X̃,∃Ψ ∈ −∂
(
−λ̄k

)
(αε, e

nuε);
〈
(α̇, β̇),Ψ

〉
≤ δε.

We denote Qε = λ
2−n
2

ε αε where λε = λ̄k(αε, e
nuε).

∀(α̇, β̇) ∈ X̃,−∂
(
−λ̄k

)
(λ

2−n
2

ε Qε, e
nuε),

〈
(α̇, β̇), (ψ1 − δε, ψ2 − δε)

〉
≤ 0

meaning that
(
−∂
(
−λ̄k

)
(λ

2−n
2

ε Qε, e
nuε)− {(δε, δε)}

)
∩ {(a, b) ∈ C0(M); a ≤ 0, b ≤ 0} 6= ∅.

Indeed, if not, we use the classical Hahn-Banach theorem to separate these two spaces
(the first one is compact, the second one is closed in C0 × C0) by a linear form (µ1, µ2)
(where µ1 and µ2 are Radon measures, belonging to the dual space of continuous functions)
satisfying

∀(ψ1, ψ2) ∈ −∂
(
−λ̄k

)
(λ

2−n
2

ε Qε, e
nuε),

ˆ

M

(ψ1dµ1 + ψ2dµ2) > 0

and

∀(a, b) ∈ C0(M); a ≤ 0, b ≤ 0,

ˆ

M

(adµ1 + bdµ2) ≤ 0

The second condition implies that µ1 and µ2 are non negative Radon measures. Up
to a renormalization, we assume that

´

M
dµ1 +

´

M
dµ2 = 1 and we obtain a contradic-

tion. Therefore we obtain the following Palais Smale condition: there is a map Φε =
(φε1, · · · , φεpε) such that

−divg
(
λ

2−n
2

ε Qε∇Φε

)
= λεe

nuεΦε

and
ˆ

M

enuεdAg =

ˆ

M

|Φε|2 enuεdAg = λ
−n

2
ε

ˆ

M

Qε |∇Φε|2g dAg = λ
−n

2
ε

ˆ

M

Q
n

n−2
ε = 1

satisfying |∇Φε|2 ≤ Q
2

n−2
ε + δε and |Φε|2 ≥ 1− δε

λε
where δε → 0 as ε→ 0.
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2. Convergence of Palais Smale sequences for one Laplace eigenvalue in

dimension n ≥ 3

In the current section, we aim at proving Theorem 0.4, as a consequence of the following

Proposition 2.1. Let enuε, λε, Φε : M → R
pε be a smooth sequence of maps satisfying

the Palais-Smale assumption (PS) as ε→ 0, that is

• −divg
(
λ

2−n
2

ε Qε∇Φε

)
= λεe

nuεΦε and the eigenvalue index of λε is uniformly

bounded

•
´

M
enuεdvg =

´

M
|Φε|2 enuεdvg = λ

−n
2

ε

´

M
Qε |∇Φε|2g dvg = λ

−n
2

ε

´

M
Q

n
n−2
ε dvg = 1

• |∇Φε|2g ≤ Q
2

n−2
ε + δε uniformly where δε → 0 as ε→ 0.

• |Φε|2 ≥ 1− δε uniformly, where δε → 0 as ε→ 0.

Then, up to a subsequence and rearrangement of coordinates of Φε, pε → p, λε → λ and
Φε bubble tree converges in W 1,n to Φ0 : M → S

p, Φj : S
n → S

p for j = 1, · · · , l (l ≥ 0)
with an energy identity:

λ
n
2 =

ˆ

M

|∇Φ0|ng dvg +
l∑

j=1

ˆ

Sn

|∇Φj|nh dvh

Moreover, Φj are C0,α n-harmonic maps for j = 0, · · · , l and their i-th coordinates are
eigenfunctions associated to λ on the surface M ∪⋃1≤i≤l S

n endowed with the generalized

metrics |∇Φ0|2
λ

g on M and |∇φ|2
λ
h on S

n.

All along the proof, every local computation is made in the exponential chart centered
at points p ∈M , defined on balls whose radius is controlled by the injectivity radius with
respect to g: injg(M). Without loss of generality, we can assume that injg(M) ≥ 2 and
make arguments on the unit ball Bn endowed with the metric exp⋆p g still denoted g. We
do not change the notations of the metrics and functions in the charts. Moreover, when
there is not any embiguity, we do not precise the measures of integration associated to g,
dvg inside the integrals in order to lighten the computations.

2.1. A first bubble tree structure. For a Radon measure, µ on M (or Rn), we denote
µ̃ the continuous part of µ, defined as the measure µ̃ which does not have any atom and
such that µ− µ̃ is a (maybe infinite) linear combination of Dirac masses.

Claim 2.1. Let Qε, e
nuε be sequences of smooth positive weights such that

´

M
enuεdvg =

´

M
Q

n
n−2
ε dvg = 1 and

lim inf
ε→0

λk(Qε, e
nuε) > 0

Then up to a subsequence on ε → 0, there are an integer t ≥ 0 and if t > 0 sequences of
points qiε for i = 1, · · · , t and scales αtε ≤ · · · ≤ α1

ε → 0 as ε → 0 such that we have the
weak-⋆ convergence in M , of enuε to a non negative Radon measure µ0 in M , we have

the weak-⋆ convergence in (any compact set of) R
n, of enuε(α

i
εz+q

i
ε) to a non negative and

non zero Radon measure µi on R
n for any i. Moreover, their associated continuous parts
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preserve the mass before the limit:

lim
ε→0

ˆ

M

enuεdvg =

ˆ

M

dµ̃0 +
t∑

i=1

ˆ

Rn

dµ̃i = 1 and ∀i ≥ 1,

ˆ

Rn

dµ̃i > 0

and we have that 1 ≤ 1µ̃0 6=0 + t ≤ k. Finally if we set Fi = {j > i;
(
dg(qεi ,q

ε
j )

αε
i

)
is bounded},

we have for j > i,

j ∈ Fi ⇒
αεj
αεi

→ 0 and j /∈ Fi ⇒
dg(q

ε
i , q

ε
j )

αεi
→ +∞

In other words, the last condition reads as

αεi
αεj

+
αεj
αεi

+
dg(q

ε
i , q

ε
j )

αεi + αεj
→ +∞

which is the standard condition for a bubble tree. The aim of the rest of section 2 is devoted
to prove that the continuous measures µ̃i for i ∈ {0, · · · , t} are absolutely continuous with
respect to dvg if i = 0 and to the Euclidean metric if i ≥ 1, with densities equal to
densities of energy of n-harmonic maps. We choose to skip the proof of Claim 2.1 because
it is a simple adaptation of standard arguments of dimension 2 to higher dimensions
we can find in [Kok14], [Pet14a], [Pet18], [KS20], [KNPP20]. The selection of scales of
concentration is based on Hersch’s trick because it uses the conformal group of the sphere
to balance continuous measures on a sphere. Then the selection stops because of the
min-max characterization of λk: If there are more than k + 1 scales of concentration,
we can build k + 1 independant test functions with arbitrarily small rayleigh quotient,
contradicting the first assumption of Claim 2.1.

2.2. Some convergence of ωε to 1 and first replacement of Φε. We set ωε = |Φε|.
We first prove that in some sense, ωε converges to 1 and that Φε has a similar H1 behaviour
as Φε

ωε

Claim 2.2. We have that

(2.1)

ˆ

M

Qε
|∇ωε|2g
ωε

dvg = O(δε)

(2.2)

ˆ

M

Qε

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
2

g

dvg = O (δε)

and for all q ≤ n, and for any sequence of functions fε in L
n

n−q (M,g),

(2.3)

ˆ

M

Q
q

n−2
ε fεdvg =

ˆ

M

|∇Φε|qg fεdvg + ‖fε‖
L

n
n−q

O

(
δ

2
n
ε

)

as ε→ 0.

Proof. We integrate −divg
(
λ

2−n
2

ε QεΦε

)
= λεe

nuεΦε against Φε and
Φε

ωε
. We obtain

ˆ

M

|Φε|2 enuε = λ
−n

2
ε

ˆ

M

Qε |∇Φε|2
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and

ˆ

M

|Φε|2
ωε

enuε =− λ
−n

2
ε

ˆ

M

Φε
ωε
divg (Qε∇Φε)

=λ
−n

2
ε

ˆ

M

Qε

(
|∇Φε|2
ωε

− |∇ωε|2
ωε

)

=λ
−n

2
ε

ˆ

M

ωεQε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

Therefore

ˆ

M

Qε
|∇ωε|2
ωε

dvg =

ˆ

M

Qε

(
|∇Φε|2
ωε

− ωε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2
)
dvg

=

ˆ

M

(
Qε

|∇Φε|2
ωε

− λ
n
2
ε e

nuε
|Φε|2
ωε

)
dvg

=

ˆ

M

(
Qε |∇Φε|2

ωε
−Qε |∇Φε|2

)
− λ

n
2
ε

ˆ

M

enuε

(
|Φε|2
ωε

− |Φε|2
)

=

ˆ

M

Qε |∇Φε|2
ωε

(1− ωε) + λ
n
2
ε

ˆ

M

enuε(1− ωε)

noticing the crucial equality
´

M
enuεω2

ε =
´

M
enuε = 1. We know that ωε−1 ≥

√
1− δε−1

so that

ˆ

M

Qε
|∇ωε|2
ωε

dvg ≤
ˆ

M

Qε |∇Φε|2
1−√

1− δε√
1− δε

+ λ
n
2
ε

(
1−

√
1− δε

)
= O (δε)

and we obtain (2.1). Let’s prove (2.2). We have that

∇
(
Φε −

Φε
ωε

)
=

(
1− 1

ωε

)
∇Φε +

∇ωε
ω2
ε

Φε

and then

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
2

= |∇Φε|2
(
1− 1

ωε

)2

+
|∇ωε|2
ω2
ε

+ 2
|∇ωε|2
ωε

(
1− 1

ωε

)

so that

ˆ

M

Qε

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
2

≤
ˆ

M

Qε |∇Φε|2g
(
1− 1

ωε

)2

+O (δε)
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as ε→ 0 and
ˆ

M

Qε |∇Φε|2
(
1− 1

ωε

)2

= −
ˆ

Σ
div

(
Qε∇Φε

(
1− 1

ωε

)2
)
Φε

=λ
n
2
ε

ˆ

M

(
1− 1

ωε

)2

|Φε|2 enuε + 2

ˆ

M

Qε∇
(

1

ωε

)
ωε∇ωε

(
1− 1

ωε

)

=λ
n
2
ε

ˆ

M

enuε
(
ω2
ε +

1

ωε
− 2

)
− 2

ˆ

M

Qε
|∇ωε|2
ω2
ε

(ωε − 1)

=λ
n
2
ε

ˆ

M

e2uε
(
1− ωε
ωε

)
dvg +O

(
δ2ε
)
= O (δε)

as ε → 0, where we crucially used again
´

Σ e
2uεω2

ε =
´

Σ e
2uε = 1. We then obtain (2.2).

Now, let’s prove (2.3). We define Aε by

A2
ε = Q

2
n−2
ε + δε − |∇Φε|2

Aε is a non-negative function and we know that
ˆ

M

|∇Φε|2gQεdvg =
ˆ

M

Q
n

n−2
ε dvg = 1.

Therefore multiplying A2
ε by Q

n
n−2
ε and integrating, we obtain
ˆ

M

A2
εQεdvg = O (δε) as ε→ 0.

Now, we also obtain that

ˆ

M

A2
ε

(
|∇Φε|2 +A2

ε

)n−2
2

=

ˆ

M

A2
ε

(
Q

2
n−2
ε + δε

)n−2
2

≤ cn

(
ˆ

M

A2
εQε + δ

n−2
2

ε

ˆ

M

A2
ε

)

for a constant cn depending only on the dimension so that by a minoration of the left-hand
term we obtain

ˆ

M

A2
ε |∇Φε|2g +

ˆ

M

Anε = O

(
δε + δ

n−2
2

ε

ˆ

M

A2
ε

)

and in particular, we deduce
ˆ

M

Anε = O (δε)

Now, writing

Q
q

n−2
ε − |∇Φε|

q
2 = Q

q
n−2
ε −

(
Q

2
n−2
ε + δε

) q
2

+
(
A2
ε + |∇Φε|2

) q
2 − |∇Φε|

q
2

we obtain that
ˆ

M

(
Q

q
n−2
ε − |∇Φε|

q
2

)
fε = ‖fε‖

L
n

n−q

(
O (δε) +O

(
δ

2
n
ε

))

which completes the proof of the claim. ♦
From the previous claim and assumptions on the Palais-Smale sequence, we already

deduce a global W 1,q convergence of Φε

ωε
for any q < n.
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Claim 2.3. Up to a subsequence, there is a map Φ0 :M → S
N such that

|Φ0|2 :=
+∞∑

i=1

(
φi0
)2

=a.e 1 and

ˆ

M

|∇Φ0|ng dvg ≤ε→0 lim sup

ˆ

M

∣∣∣∣∇
Φε
ωε

∣∣∣∣
n

g

dvg

where
∣∣∣∇Φε

ωε

∣∣∣
2

g
:=
∑+∞

i=1

∣∣∣∇φiε
ωε

∣∣∣
2

g
and such that for any 1 ≤ p < +∞, 1 ≤ q < n,

ˆ

M

(∣∣∣∣
Φε
ωε

− Φ0

∣∣∣∣
p

+

∣∣∣∣∇
(
Φε
ωε

− Φ0

)∣∣∣∣
q

g

)
dvg → 0

as ε→ 0.

Proof. We use Claim 3.3 in the appendix where we extend Φε by φiε = 0 for i ≥ pε + 2.
We have that

−divg
(∣∣∣∣∇

Φε
ωε

∣∣∣∣
n−2

∇Φε
ωε

)
= λ

n
2
ε e

nuεΦε − divg

(∣∣∣∣∇
Φε
ωε

∣∣∣∣
n−2

∇Φε
ωε

−Qε∇Φε

)

We notice that Aε = λ
n
2
ε enuεΦε satisfies (|Aε|)ε is bounded in L1 and it remains to prove

that

Bε = −divg
(∣∣∣∣∇

Φε
ωε

∣∣∣∣
n−2

∇Φε
ωε

−Qε∇Φε

)

satisfies ‖Bε‖W−1,n → 0 as ε→ 0. Let η :M → R
N be such that

ˆ

M

(
|η|n + |∇η|ng

)
dvg < +∞.

We have by an integration by parts that
ˆ

M

Bε.ηdvg =

ˆ

M

∇η
(∣∣∣∣∇

Φε
ωε

∣∣∣∣
n−2

∇Φε
ωε

−Qε∇Φε

)

=

ˆ

M

(∣∣∣∣∇
Φε
ωε

∣∣∣∣
n−2

− |∇Φε|n−2

)
∇η∇Φε

ωε
+

ˆ

M

(
|∇Φε|n−2 −Qε

)
∇η∇Φε

ωε

+

ˆ

M

Qε∇η.∇
(
Φε −

Φε
ωε

)
dvg

The second right-hand term satisfies by (2.3) and then a Hölder inequality
∣∣∣∣
ˆ

M

(
|∇Φε|n−2 −Qε

)
∇η∇Φε

ωε

∣∣∣∣ ≤ O

(
δ

2
n
ε

)
‖ |∇η| ‖Ln .

The third right-hand term satisfies by a Hölder inequality, then (2.2), and then another
Hölder inequality,

∣∣∣∣
ˆ

M

Qε∇η.∇
(
Φε −

Φε
ωε

)
dvg

∣∣∣∣ ≤ O (δε) ‖ |∇η| ‖Ln .

we write the first right-hand term as
∣∣∣∣∣

ˆ

M

(∣∣∣∣∇
Φε
ωε

∣∣∣∣
n−2

− |∇Φε|n−2

)
∇η∇Φε

ωε

∣∣∣∣∣ ≤ cn

ˆ

M

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
g

|∇Φε|n−2
g |∇η|g
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for a constant cn depending only on the dimension n where we used that

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

g

≤
|∇Φε|2g
1− δε

≤ 2 |∇Φε|2g

for ε small enough. Then, we have
ˆ

M

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
g

|∇Φε|n−2
g |∇η|g =

ˆ

M

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
g

(
|∇Φε|n−2

g −Qε

)
|∇η|g

+

ˆ

M

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
g

Qε |∇η|g

and as before, we apply (2.3) and then a Hölder inequality for the first term and Hölder
inequalities and (2.2) for the second term to obtain

∣∣∣∣∣

ˆ

M

(∣∣∣∣∇
Φε
ωε

∣∣∣∣
n−2

− |∇Φε|n−2

)
∇η∇Φε

ωε

∣∣∣∣∣ ≤ O

(
δ

2
n
ε

)
‖ |∇η| ‖Ln

and gathering all the previous inequalities gives the Claim. ♦

In the next subsections, we aim at proving that the strong convergence holds in a better
space, in order to pass to the limit on the sequence of equations satisfied by Φε.

2.3. Regularity of the limiting measures. We choose to prove in detail the regularity
of µ̃0 on M , meaning that it is absolutely continous with respect to dvg and that the
density is C0,α as the density of energy of a n-harmonic map.

The proof of the regularity of the measures µ̃i in R
n is similar, because locally, all

the regularity estimates we make hold for any rescalings centered at qiε with scale αiε of
the involved functions. Just notice that since the metric rescales as g

(
αiε
(
z − qiε

))
, it

converges to a Euclidean metric as ε → 0. Up to a reverse stereographic projection and
thanks to the point removability property of n-harmonic maps, the regular measures in
R
n give C0,α conformal factors for the round sphere.

2.3.1. Selection of bad points. In the following, we perform local regularity estimates on
(Φε). These estimates can only be done far from ”bad points” we select in Claim 2.4. For
Ω ⊂M a domain of M , we set

λ⋆(Ω, e
nuε , Qε) = inf

ϕ∈C∞
c (Ω)

´

Ω |∇ϕ|2gQεdvg
´

Ω ϕ
2enuεdvg

.

Then, knowing that λε is a k-th eigenvalue on M we have:

Claim 2.4. Up to a subsequence, there is 0 < r⋆ < 1 and a set of at most k bad
points B = {p1, · · · , ps} ⊂ M and such that for any p ∈ M \ {p1, · · · , ps} and any
r < min (r⋆, dg(x, {p1, · · · , ps})), then

λ⋆ (Br(p), e
nuε , Qε) ≥ λ

2
n
ε .

Notice that the atoms of µ0 belong to this set of points {p1, · · · , ps}.
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Proof. We set

r1ε = inf{r > 0;∃p ∈M,λ⋆ (Br(p), e
nuε , Qε) < λ

2
n
ε }.

If r1ε does not converge to 0, then up to a subsequence, there is r⋆ such that r1ε > r⋆
and Claim 2.4 is proved for this r⋆ and B = ∅. If r1ε → 0, then we let pε1 be such

that λ⋆
(
Br1ε

(p1ε), e
nuε , Qε

)
= λ

2
n
ε . By induction assume that for j ∈ N we constructed

r1ε ≤ r2ε ≤ · · · ≤ rj−1
ε such that rj−1

ε → 0 and points p1ε, · · · , pj−1
ε such that

∀i1 6= i2,Briε(p
ε
i ) ∩ Briε

(piε) = ∅ and ∀i, λ⋆
(
Briε

(piε), e
nuε , Qε

)
= λ

2
n
ε

then we set

rjε = inf{r > 0;∃p ∈M,∀i,Br(p) ∩ Briε
(piε) = ∅ and λ⋆ (Br(p), e

nuε , Qε) < λ
2
n
ε }

Then if rjε does not converge to 0 and up to a subsequence, there is r⋆ such that rjε > r⋆
and the proof of Claim 2.4 is proved for this r⋆ and B = {p1, · · · , pj−1} where up to a

subsequence we took p1, · · · , pj−1 as limits of pε1, · · · , pεj−1 as ε→ 0. If rjε → 0, then let pεj

be such that λ⋆

(
B
r
j
ε
(p1ε), e

nuε , Qε

)
= λ

2
n
ε and B

r
j
ε
(pjε) ∩ B

r
j
ε
(piε) = ∅ for i < j.

This induction process has to stop because if we have we constructed r1ε ≤ r2ε ≤ · · · ≤
rk+1
ε such that rk+1

ε → 0 and points p1ε, · · · , pk+1
ε such that

∀i1 6= i2,Briε(p
ε
i ) ∩ Briε

(piε) = ∅ and ∀i, λ⋆
(
Briε

(piε), e
nuε , Qε

)
= λ

2
n
ε

then, using the first eigenfunction ϕi associated to the eigenvalue λ⋆
(
Briε

(piε), e
nuε , Qε

)
ex-

tended by 0 inM \Briε(piε), we have by the min-max characterization of the k-th eigenvalue
on M , λε and since ϕi are orthogonal functions that

λε ≤ max
i=1,··· ,k+1

´

M
|∇ϕi|2gQελ

n−2
2

ε dvg
´

M
(ϕi)

2 enuεdvg
≤ λ

n
2
ε λ

n−2
2

ε = λε.

The case of equality in the min-max characterization of λε implies that a linear combination
of ϕi is an eigenfunction for λε which is impossible since it vanishes on an open set. ♦

2.3.2. Non concentration of the energy. Far from bad points, the energy cannot have
concentration points:

Claim 2.5. Let p ∈M \ {p1, · · · , ps}, then

lim
r→0

lim sup
ε→0

ˆ

Br(p)
enuε = lim

r→0
lim sup
ε→0

ˆ

Br(p)
Qε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

= lim
r→0

lim sup
ε→0

ˆ

Br(p)
Qε |∇Φε|2 = 0

(2.4)
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Proof. Let η ∈ C∞
c (D√

r(p)) with 0 ≤ η ≤ 1, η = 1 in Br(p) and
´

M
|∇η|ng ≤ C

ln( 1
r )
, and we

first have using 2.4

ˆ

M

ηenuε ≤
(
ˆ

M

η2enuε
) 1

2

≤


 1

λ⋆

(
B√

r(p), e
nuε , Qε

)
ˆ

B√
r(p)

|∇η|2



1
2

≤


 1

λ
2
n
ε

(
ˆ

B√
r(p)

|∇η|n
) 2

n




1
2

≤
(

C

λε ln
1
r

) 1
n

Now, we integrate the equation −divg (Qε∇Φε) = λ
n
2
ε enuεΦε against η

Φε

ω2
ε
and we obtain

ˆ

M

Qεη

〈
∇Φε
ω2
ε

,∇Φε

〉
+

ˆ

M

Qε∇η∇Φε
Φε
ω2
ε

= λ
n
2
ε

ˆ

M

ηenuε

so that
ˆ

M

ηQε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

=λ
n
2
ε

ˆ

M

ηenuε −
ˆ

M

ηQε∇
Φε
ω2
ε

∇ωε
Φε
ωε

−
ˆ

M

Qε∇η∇Φε
Φε
ω2
ε

≤
(

C

ln 1
r

) 1
n

+

ˆ

M

ηQε
|∇ωε|2
ωε

+

(
ˆ

B√
r(p)

Qε
|∇ωε|2
ω2
ε

) 1
2 (ˆ

M

Qε |∇η|2
) 1

2

where we used that |Φε| = ωε, so that

ˆ

B√
r(p)

ηQε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

≤
(

C

ln 1
r

) 1
n (

1 +O

(
δ

1
2
ε

))
+O (δε)

Now, to conclude, we have by (2.2) that for any p ∈M ,
ˆ

B√
r(p)

Qε |∇Φε|2 −
ˆ

Br(p)
Qε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

≤ O

(
δ

1
2
ε

)

and the proof of the Claim is complete. ♦
2.3.3. W 1,n-convergence of eigenfunctions and n-harmonic replacement. Let p ∈ M \
{p1, · · · , ps}, and ρε > 0 be such that Bρε(p) ⊂ M \ {p1, · · · , ps} . We denote by

Ψε : Bρε(p) → S
pε the n-harmonic replacement of Φε

ωε
on Bρε(p) and we set

Pε =
(
|∇Ψε|2

)n−2
2
.

Claim 2.6. The four following upper estimates occur

(2.5)

ˆ

Bρε (p)
Qε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

g

−
ˆ

Bρε (p)
Qε |∇Ψε|2g ≤ O

(
δ

1
2
ε

)
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(2.6)

ˆ

Bρε (p)
Qε |∇Φε|2g −

ˆ

Bρε (p)
Qε |∇Ψε|2g ≤ O

(
δ

1
2
ε

)

(2.7)

ˆ

Bρε (p)
Pε |∇Φε|2g −

ˆ

Bρε (p)
Pε |∇Ψε|2g ≤ O

(
δ

1
2
ε + δ

2
n
ε

)

(2.8)

ˆ

Bρε (p)
Pε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

g

−
ˆ

Bρε (p)
Pε |∇Ψε|2g ≤ O

(
δ

1
2
ε + δ

2
n
ε

)

as ε→ 0.

Proof. We first prove (2.5) We test the function Φi
ε

ωε
−Ψi

ε in the variational characterization

of λ⋆ := λ⋆

(
Bρε(p), e

nuε , Qε

λ
n−2
2

ε

)
:

λ
n
2
ε

ˆ

Bρε (p)

(
Φiε
ωε

−Ψi
ε

)2

enuε ≤ λε
λ⋆

ˆ

Bρε (p)
Qε

∣∣∣∣∇
(
Φiε
ωε

−Ψi
ε

)∣∣∣∣
2

and we sum on i to get thanks to Claim 2.4

λ
n
2
ε

ˆ

Bρε (p)

∣∣∣∣
Φε
ωε

−Ψε

∣∣∣∣
2

enuε

≤
ˆ

Bρε (p)
Qε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

+

ˆ

Bρε (p)
Qε |∇Ψε|2 − 2

ˆ

Bρε(p)
Qε∇

Φε
ωε

∇Ψε

(2.9)

Now we test the equation −divg
(
λ

2−n
2

ε QεΦε

)
= λεe

nuεΦε against Φε

ω2
ε
− Ψε

ωε
and we get

after an integration by part knowing that Φε

ω2
ε
− Ψε

ωε
= 0 on ∂Br(p)

ˆ

Bρε(p)
Qε

(
1

ωε
∇Φε∇

(
Φε
ωε

−Ψε

)
+∇ 1

ωε
∇Φε

(
Φε
ωε

−Ψε

))

=λ
n
2
ε

ˆ

Bρε (p)

〈
Φε
ωε
,
Φε
ωε

−Ψε

〉
enuε

(2.10)

so that,

ˆ

Bρε(p)
Qε∇

Φε
ωε

∇
(
Φε
ωε

−Ψε

)
= λ

n
2
ε

ˆ

Bρε(p)

〈
Φε
ωε
,
Φε
ωε

−Ψε

〉
enuε

−
ˆ

Bρε(p)
Qε∇

1

ωε
∇Φε

(
Φε
ωε

−Ψε

)
+

ˆ

Bρε (p)
QεΦε∇

1

ωε
∇
(
Φε
ωε

−Ψε

)(2.11)
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Knowing that
∣∣∣Φε

ωε

∣∣∣ = |Ψε|, it is clear that 2
〈

Φε

ωε
, Φε

ωε
−Ψε

〉
=
∣∣∣Φε

ωε
−Ψε

∣∣∣
2
and multiplying

(2.11) by 2, we obtain

2

ˆ

Bρε (p)
Qε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

− 2

ˆ

Bρε(p)
Qε∇

Φε
ωε

∇Ψε = λ
n
2
ε

ˆ

Bρε (p)

∣∣∣∣
Φε
ωε

−Ψε

∣∣∣∣
2

enuε

+ 2

ˆ

Bρε (p)
Qε

∇ωε
ωε

(∇Φε
ωε

(
Φε
ωε

−Ψε

)
− Φε
ωε

∇
(
Φε
ωε

−Ψε

))

≤λ
n
2
ε

ˆ

Bρε (p)

∣∣∣∣
Φε
ωε

−Ψε

∣∣∣∣
2

enuε +O

(
δ

1
2
ε

)
(2.12)

Summing (2.9) and (2.12), we get (2.5). Then, (2.6) easily follows from (2.5) and (2.2) by
a triangle inequality. Now let’s prove (2.7). We have that

ˆ

Bρε(p)
Pε |∇Φε|2g −

ˆ

Bρε(p)
Pε |∇Ψε|2g =

ˆ

Bρε(p)
Qε |∇Φε|2g −

ˆ

Bρε (p)
Qε |∇Ψε|2g

+

ˆ

Bρε(p)

(
|∇Ψε|n−2 − |∇Φε|n−2

)(
|∇Φε|2g − |∇Ψε|2g

)

+

ˆ

Bρε(p)

(
|∇Φε|n−2 −Qε

)(
|∇Φε|2g − |∇Ψε|2g

)

≤O
(
δ

1
2
ε

)
+O

(
δ

2
n
ε

)

where we used (2.6) and (2.3). Finally, we prove (2.8). We have by (2.7) that

ˆ

Bρε (p)
Pε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

g

−
ˆ

Bρε (p)
Pε |∇Ψε|2g ≤O

(
δ

1
2
ε + δ

2
n
ε

)
+

ˆ

Bρε (p)
Pε

(∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

g

− |∇Φε|2g

)

≤O
(
δ

1
2
ε + δ

2
n
ε

)
+

ˆ

Bρε (p)
Pε
(
1− ω2

ε

) ∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

g

≤O
(
δ

1
2
ε + δ

2
n
ε + δε

)

since ω2
ε ≥ 1− δε and we obtain (2.8). The proof is complete ♦

Claim 2.7. There is γn,g > 0 such that if
ˆ

Bρ(p)
Q

n
n−2
ε dvg ≤ γn,g

then, there is ρ
2 < ρε < ρ such that the harmonic replacement Ψε : Bρε(p) → S

pε of Φε

ωε

satisfies for any r < ρ
4 :

(2.13)

ˆ

Br(p)
(Pε +Qε) |∇ (Φε −Ψε)|2g → 0

as ε→ 0.
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Proof. STEP 1: Up to reduce γn,g > 0, there is ρ
2 < ρε < ρ such that up to a rotation

coordinates of Ψε, we have that the first coordinate of the n-harmonic replacement Ψε :
Bρε(p) → S

pε is uniformly lower bounded

(2.14) ∀x ∈ B
n
ρε
(p), ψ1

ε (x) ≥
1

2
.

Proof of Step 1: We apply the Courant-Lebesgue lemma to obtain ρ
2 < ρε < ρ such

that

ˆ

Sn−1

(
pε+1∑

i=1

∣∣∂θψiε (ρε.θ)
∣∣2
)n

2

dθSn−1 ≤
1

ln 2

ˆ

Bρ(p)

(
pε+1∑

i=1

∣∣∇ψiε (y)
∣∣2
) 2

n

dy

≤ Cg
ln 2

(
ˆ

Bρ(p)
|∇Ψε|ng dvg

) 2
n

for a constant Cg only depending on g. Now, for a given 1 ≤ i0 ≤ pε + 1, we have by
classical Morrey-Sobolev injections a constant an such that for any z, z′ ∈ S

n−1

∣∣φi0ε (ρεz + p)− φi0ε (ρεz
′ + p)

∣∣ ≤an
(
ˆ

Sn−1

∣∣∂θφi0ε (ρεθ)
∣∣n dθSn−1

) 1
n

dSn−1(z, z
′)

1
n

≤an2
1
n
Cg
ln 2

(
ˆ

Bρ(p)
|∇Φε|ng dvg

) 1
n

≤1

8

where we choose an2
1
n
Cg

ln 2γ
1
n
n,g ≤ 1

8 . Now, let z
ε
0 ∈ S

n−1 be such that

ωε(ρεz
ε
0 + p) = max

z∈Sn−1
ωε(ρεz + p)

Then, up to a rotation of Φε, we assume that φ1ε(ρεz
ε
0+p) = ωε(ρεz

ε
0+p) and φ

i
ε(ρεz0+p) =

0 for i 6= 1. Knowing in addition that ω2
ε ≥ 1− δε, this implies that

(2.15) ∀z ∈ S
n−1,

φ1ε(ρεz + p)

ωε(ρεz + p)
≥ φ1ε(ρεz

ε
0 + p)− 1

8

ωε(ρεz
ε
0 + p)

≥ 1− 1

8
√
1− δε

≥ 3

4
.

Now, let’s focus on the n-harmonic extension Ψε of
Φε

ωε
on Bρε(p). We define the following

extension of Ψε in R
n by setting Ψ̃ε(ρεz) = Ψε

(
ρε

z

|z|2
)

if |z| ≥ 1 so that we have by

conformal invariance of the n-energy
ˆ

Rn

∣∣∣∇Ψ̃ε

∣∣∣
n

g
dvg ≤ 2cg

ˆ

Bρε(p)
|∇Ψε|ng dvg ≤ 2cgγn,g

Now let xε be such that ψ1
ε(xε) = min

x∈Bρε(p)
ψ1
ε(x), we aim at proving that ψ1

ε(xε) ≥ 1
2 .

We assume that |xε| < ρε since otherwise, (2.15) proves step 1. We set dε = ρε − |xε|
and yε = ρε

xε
|xε| . By application of the Courant-Lebesgue theorem and Morrey-Sobolev

embeddings again (see the beginning of Step 1), we have existence of a radius dε2 < Rε < dε
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such that

sup
w,w′∈Sn−1

Rε
(yε)

∣∣ψ1
ε(w)− ψ1

ε(w
′)
∣∣ ≤ an2

1
n
Cg
ln 2

(
ˆ

Bρε(p)

∣∣∣∇Ψ̃ε

∣∣∣
n

g
dvg

) 1
n

≤ 1

8

if we assume an2
1
n
Cg

ln 22cgγ
1
n
n,g ≤ 1

8 . Now the ε-regularity result independant from the
dimension of the target manifold (see Claim 3.2) gives that

sup
w∈Bn

dε
2

(xε)

∣∣ψ1
ε(w) − ψ1

ε(xε)
∣∣ ≤ C

1
n
n,g

(
ˆ

Bn
dε

(xε)
|∇Ψε|ng

) 1
n

≤ 1

8

if we assume that C
1
n
n,gγ

1
n
n,g ≤ 1

8 . Then, gathering all the previous inequalities and noticing
that B

n
dε
2

(xε) ∩ SRε(yε) 6= ∅ and that Sρε(p) ∩ SRε(yε) 6= ∅ we obtain the desired lower

bound.

STEP 2: We prove that

∑

i

ˆ

Bρε(p)
Pε

∣∣∣∣∇
(
φiε
ωε

− ψiε

)
−∇

(
lnψ1

ε

)(φiε
ωε

− ψiε

)∣∣∣∣
2

g

dvg

=

ˆ

Bρε(p)
Pε

(∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

− |∇Ψε|2
)

≤ O

(
δ

1
2
ε + δ

2
n
ε

)(2.16)

Proof of Step 2:

We recall that Ψε : Bρε(p) → S
pε is the n-harmonic replacement of Φε

ωε
and we obtain

ˆ

Bρε(p)
Pε

∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

g

−
(
ˆ

Bρε (p)
Pε

∣∣∣∣∇
Φε
ωε

∣∣∣∣
2

g

−
ˆ

Bρε (p)
Pε |∇Ψε|2g

)

=2

ˆ

Bρε(p)
Pε

〈
∇Ψε,∇

(
Ψε −

Φε
ωε

)〉

g

=2

ˆ

Bρε(p)
−divg (Pε∇Ψε)

(
Ψε −

Φε
ωε

)

=2

ˆ

Bρε(p)
Pε |∇Ψε|2g Ψε

(
Ψε −

Φε
ωε

)

=

ˆ

Bρε (p)
Pε |∇Ψε|2g

∣∣∣∣Ψε −
Φε
ωε

∣∣∣∣
2
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Now, for a given u ∈ C∞ (Bρε(p)) ∩ C0
(
Bρε(p)

)
, such that u = 0 we have the following

computation:

ˆ

Bρε(p)
Pε
∣∣∇u−∇

(
lnψ1

ε

)
u
∣∣2
g
dvg =

ˆ

Br(p)
Pε |∇u|2g +

ˆ

Bρε (p)
Pε

∣∣∇ψ1
ε

∣∣2
g

(ψ1
ε)

2 u
2

−
ˆ

Bρε(p)
Pε

∇ψ1
ε

ψ1
ε

∇u2

=

ˆ

Bρε(p)
Pε |∇u|2g −

ˆ

Bρε (p)

−divg
(
Pε∇ψ1

ε

)

ψ1
ε

u2

=

ˆ

Bρε(p)
Pε |∇u|2g −

ˆ

Bρε (p)
Pε |∇Ψε|2g u2

so that testing this for u = φiε
ωε

− ψiε and summing over i, we obtain

∑

i

ˆ

Bρε (p)
Pε

∣∣∣∣∇
(
φiε
ωε

− ψiε

)
−∇

(
lnψ1

ε

)(φiε
ωε

− ψiε

)∣∣∣∣
2

g

dvg

=

ˆ

Bρε(p)
Pε

∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

g

−
ˆ

Bρε (p)
Pε |∇Ψε|2g

∣∣∣∣
Φε
ωε

−Ψε

∣∣∣∣
2

.

Finally, using the previous computations and (2.8) we obtain (2.16)

STEP 3: We prove that

(2.17)

ˆ

Bρε (p)

(
|∇Ψε|n−2 + |∇Φε|n−2

) ∣∣∣∣∇
(
Φε
ωε

− Φε

)∣∣∣∣
2

= O

(
δ

2
n
ε

)
as ε→ 0

and that

(2.18)

ˆ

Bρε(p)

(
|∇Ψε|n−2 + |∇Φε|n−2

)
(|∇Φε| − |∇Ψε|)2 = O

(
δ

1
2
ε + δ

2
n
ε

)
as ε→ 0

Proof of Step 3: By the same computations as for the proof of (2.2), we have
∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
2

≤ |∇ωε|2
ω2
ε

+ |∇Φε|2 ≤ 2 |∇Φε|2 ≤ 2Q
2

n−2
ε

so that writing 2 = 2(n−2)
n

+ 4
n

ˆ

Br(p)

(
|∇Ψε|n−2 + |∇Φε|n−2

) ∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
2

g

≤2
2(n−2)

n

ˆ

Br(p)

(
|∇Ψε|n−2 + |∇Φε|n−2

)
Q

2
n
ε

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
4
n

g

≤2
2(n−2)

n

(
ˆ

Br(p)

(
|∇Ψε|n−2 + |∇Φε|n−2

) n
n−2

)n−2
n
(
ˆ

Br(p)
Qε

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
2

g

) 2
n

≤O
(
δ

2
n
ε

)
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where we used (2.2) for the last inequality, and we obtain (2.17) .
Now let’s prove (2.18). By (2.5), we have that

O

(
δ

1
2
ε

)
≥
ˆ

Bρε (p)
Qε

(
|∇Φε|2 − |∇Ψε|2

)

≥
ˆ

Bρε (p)
Pε

(
|∇Φε|2 − |∇Ψε|2

)
+

ˆ

Bρε (p)
(Qε − Pε)

(
|∇Φε|2 − |∇Ψε|2

)

≥ O

(
δ

1
2
ε + δ

2
n
ε

)
+

ˆ

Bρε(p)
(Qε − Pε)

(
|∇Φε|2 − |∇Ψε|2

)

where we used for the last inequality (2.16), proved in step 2 and (2.17). Now,

ˆ

Bρε (p)
(Qε − Pε)

(
|∇Φε|2 − |∇Ψε|2

)
≥
ˆ

Bρε(p)

(
Qε − |∇Φε|n−2

)(
|∇Φε|2 − |∇Ψε|2

)

+

ˆ

Bρε(p)

(
|∇Φε|n−2 − |∇Ψε|n−2

)(
|∇Φε|2 − |∇Ψε|2

)

≥O
(
δ

2
n
ε

)
+

ˆ

Bρε(p)
(|∇Φε| − |∇Ψε|)2

(
|∇Φε|n−2 + |∇Ψε|n−2

)

where we used (2.3) again for the last inequality and we obtain (2.18) by gathering the
previous inequalities.

STEP 4: We prove that

(2.19)
∑

i

ˆ

Bρε (p)
|∇Φε|n−2

g

∣∣∣∣∇
(
φiε
ωε

− ψiε

)
−∇

(
lnψ1

ε

)(φiε
ωε

− ψiε

)∣∣∣∣
2

g

dvg → 0 as ε→ 0

Proof of Step 4: (2.19) follows from (2.16) if we prove that

∑

i

ˆ

Bρε(p)

(
|∇Φε|n−2

g − |∇Ψε|n−2
g

) ∣∣∣∣∇
(
φiε
ωε

− ψiε

)
−∇

(
lnψ1

ε

)(φiε
ωε

− ψiε

)∣∣∣∣
2

g

dvg → 0

as ε→ 0. We denote Dε this quantity. Using (2.18) in the last inequality, we have that

Dε ≤cn
ˆ

Bρε (p)
||∇Φε| − |∇Ψε||

(
|∇Φε|n−3

g + |∇Ψε|n−3
)(

2

∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

+ 8 |∇Ψε|2
)

≤O



(
ˆ

Bρε(p)
(|∇Φε| − |∇Ψε|)2

(
|∇Φε|n−2 + |∇Ψε|n−2

)) 1
2


→ 0 as ε→ 0

STEP 5: We prove that for any r < ρ
4

(2.20)

ˆ

Br(p)
Pε

∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

g

→ 0 as ε→ 0
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Proof of Step 5: We set ρ0 = limε→0 ρε. From (2.16), we have that for any Br(p) ⊂
Bρε(p) with r < ρ0,

ˆ

Br(p)
Pε

∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

≤2

ˆ

A

Pε
∣∣∇
(
lnψ1

ε

)∣∣2
∣∣∣∣
Φε
ωε

−Ψε

∣∣∣∣
2

+ 2
∑

i

ˆ

Br(p)
Pε

∣∣∣∣∇
(
φiε
ωε

− ψiε

)
−∇

(
lnψ1

ε

)(φiε
ωε

− ψiε

)∣∣∣∣
2

g

dvg

≤2

ˆ

Br(p)
Pε
∣∣∇
(
lnψ1

ε

)∣∣2
∣∣∣∣
Φε
ωε

−Ψε

∣∣∣∣
2

+O

(
δ

1
2
ε

)

(2.21)

We aim at proving that the right-hand term converges to 0 as ε→ 0.
By Claim (2.3) applied to Φε

ωε
and Claim (3.3) applied to Ψε, we know that up to a

subsequence, the sequence of maps Φε

ωε
: Bρε(p) → S

pε and Ψε : Bρε(p) → S
pε converge to

some maps Φ0 : Bρ0(p) → R
N and Ψ0 : Bρ0(p) → R

N in W 1,q for any 1 ≤ q < n, and Ψ0

is a harmonic function into the unit sphere of RN . Moreover, we know from (2.16) and
(2.19) that

(
|∇Ψε|

n−2
2

g +

∣∣∣∣∇
Φε
ωε

∣∣∣∣
n−2
2

g

)(
∇Ψε −∇

(
Φε
ωε

)
−
∣∣∇ ln

(
ψ1
ε

)∣∣2
g

(
Ψε −

Φε
ωε

))
→ 0

strongly in L2 as ε→ 0. Passing to the limit as ε→ 0, we obtain
(
|∇Ψ0|

n−2
2 + |∇Φ0|

n−2
2

) (
∇Ψ0 −∇Φ0 −∇ ln

(
ψ1
0

)
(Ψ0 −Φ0)

)
= 0

If we define

Z = {z ∈ Bρ0(p); |∇Ψ0|
n−2
2 + |∇Φ0|

n−2
2 = 0},

We obtain that

∀z ∈ Bρ0(p) \ Z,
(
∇Ψ0 −∇Φ0 −∇ ln

(
ψ1
0

)
(Ψ0 − Φ0)

)
(z) = 0

It is clear that Ψ0 − Φ0 = 0 in ∂Bρ0 as limits of functions such that Ψε − Φε

ωε
= 0 in ∂Bρε .

Now by Claim 3.2 and Step 1, we know that

∀z ∈ Bρ0(p),
∣∣∇ lnψ1

0

∣∣2 (z) ≤ 4
C

2
n
n,gγ

2
n
n,g

(1− |z|)2

Therefore, we have by a classical Hardy inequality that
ˆ

Bρ0 (p)
|∇ (Φ0 −Ψ0)|2 =

ˆ

Bρ0 (p)\Z
|∇ (Φ0 −Ψ0)|2 =

ˆ

Bρ0 (p)\Z

∣∣∇ lnψ1
0

∣∣2 |Φ0 −Ψ0|2

≤4C
2
n
n,gγ

2
n
n,g

ˆ

Bρ0 (p)

|Φ0 −Ψ0|2

(ρ0 − |z|)2
dvg

≤C̃n,gγ
2
n
n,g

ˆ

Bρ0 (p)
|∇ (Φ0 −Ψ0)|2g dvg

so that assuming that C̃n,gγ
2
n
n,g ≤ 1

2 , we obtain that ∇Φ0 =a.e ∇Ψ0 and then that for a.e
z ∈ Bρ0(p) \ Z, Φ0(z) = Ψ0(z) and then that Φ0 =a.e Ψ0. Now, coming back to (2.21), it
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is clear that the right-hand side

2

ˆ

Br(p)
Pε
∣∣∇
(
lnψ1

ε

)∣∣2
∣∣∣∣
Φε
ωε

−Ψε

∣∣∣∣
2

→ 0

as ε→ 0 by uniform boundedness of ∇Ψε and ∇ψ1
ε on Br(ρ) (see Claim 3.2 and Step 1 of

the current claim) and strong convergence to 0 of Φε

ωε
− Ψε in L2. The proof of (2.20) is

complete.

STEP 6: We complete the proof of (2.13). We have:

ˆ

Br(p)
Qε |∇ (Φε −Ψε)|2g ≤2

ˆ

Br(p)
Qε

∣∣∣∣∇
(
Φε −

Φε
ωε

)∣∣∣∣
2

g

+ 2

ˆ

Br(p)
Pε

∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

g

+ 2

ˆ

Br(p)

(
|∇Ψε|n−2

g − |∇Φε|n−2
g

) ∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

g

+ 2

ˆ

Br(p)

(
|∇Φε|n−2

g −Qε

) ∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
2

g

The first left-hand term converges to 0 because of (2.2), the second one converges to 0
because of (2.20). The third one converges to 0 by the use of a Hölder inequality and
(2.18) and the fourth one converges to 0 thanks to (2.3).

The proof of (2.13) is complete. ♦

We noticed that up to a subsequence, Ψε and Φε

ωε
respectively converge to some maps

Ψ0 : Br(p) → R
N and Φ0 : Br(p) → R

N in the following sense: for all 1 ≤ p < +∞, and
1 ≤ q < n

(
ˆ

Br(p)

∣∣∣∣
Φε
ωε

− Φ0

∣∣∣∣
p
) 1

p

+

(
ˆ

Br(p)

∣∣∣∣∇
(
Φε
ωε

− Φ0

)∣∣∣∣
q
) 1

q

→ 0

as ε → 0. Ψε satisfies the same convergence properties but also more (we do not need):
there is some α ∈ (0, 1) such that |∇Ψε −∇Ψ0| converges to 0 in C0,α. Thanks to Claim
2.7, we obtain that

ˆ

Br(p)

∣∣∣∣∇
(
Φε
ωε

−Ψε

)∣∣∣∣
n

→ 0

so that by uniqueness of the limit, Ψ0 = Φ0.

2.3.4. The limiting measure has a C0,α density. Let ζ ∈ C∞
c

(
Br(p),R

N
)
, we have that

ˆ

M

ζ
(
λ

n
2
ε Φεe

2uεdvg − λ
n
2 Φ0dν

)
=
(
λ

n
2
ε − λ

n
2

)ˆ

M

ζΦεe
nuεdvg

+λ
n
2

(
ˆ

M

ζ (Φε − Φ0) e
nuεdvg +

ˆ

M

ζΦ0 (e
nuεdvg − dν)

)
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Then on the first right-hand term, we have thanks to Claim 2.4 that

∣∣∣∣
ˆ

M

ζ (Φε − Φ0) e
2uεdAg

∣∣∣∣ ≤
(
ˆ

Dr(p)
ζ2 |Φε − Φ0|2 enuεdAg

) 1
2

≤




λ
2−n
2

ε

λ⋆

(
Br(p), enuε ,

Qε

λ
n−2
2

ε

)
ˆ

Br(p)
Qε |∇ (ζ |Φε − Φ0|)|2g dvg




1
2

≤ C



(
ˆ

Br(p)
Qε |∇ (Φε −Ψε)|2

) 1
2

+

(
ˆ

Br(p)
|∇ (Ψε −Φ0)|n

) 1
n




→ 0 as ε→ 0

for some constant C independent of ε. Letting ε → 0 in a weak sense to the eigenvalue

equation −divg (Qε∇Φε) = λ
n
2
ε Φεe

nuε , we get

−divg
(
|∇Φ0|n−2

g ∇Φ0

)
= λ

n
2 Φ0µ̃0

and since Φ0 is n-harmonic, we obtain that µ̃0 = |∇Φ0|n

λ
n
2

dvg and the density is a non

negative C0,α function.
Then we obtain that for some global n-harmonic map Φ0 : M \ {p1, · · · , ps} → R

N,

µ̃0 = |∇Φ0|n

λ
n
2

dvg. By a point removability theorem (Claim 3.4), Φ0 can be extended to

Φ0 :M → R
N as a n-harmonic map, and the conformal factor has the expected regularity.

As already said, µ̃i = |∇Φi|n

λ
n
2
dx for some n-harmonic map on the Euclidean space R

n.

A pullback by stereographic projection of the round sphere π and a point removability
theorem (Claim 3.4), gives the expected regularity on π⋆µ̃i.

In the next section, we prove Theorem 0.2: the embedding W 1,2(f.g) → L2(f.g) is

compact, where f =
|∇Φ0|2g
λ

in M (and f =
|∇Φi|2g
λ

in R
n). We can deduce thanks to

Remark 1.1 that the target sphere of Φ0 (and Φi) can be reduced to a finite dimensional
sphere. The proof of Proposition 2.1 is complete.

2.4. A compact embedding for the weighted Sobolev spaces associated to the

limiting metrics. In this section, we prove Theorem 0.2. Let f : M → R+ be a non-
negative continuous function and we denote Z its zero set. We set L2(f.g) the set of
measurable functions u :M → R such that

‖u‖L2(f.g) :=

ˆ

M

u2f
n
2 dvg < +∞,

We set W 1,2(f.g) the completion of C∞ (M) with respect to the semi-norm

‖u‖W 1,2(f.g) =

ˆ

M

u2f
n
2 dvg +

ˆ

M

|∇u|2 f n−2
2 dvg

We aim at proving that for f =
|∇Φ0|2g
λ

given by Theorem 0.1, the embeddingW 1,2(f.g) →
L2(f.g) is compact. For that purpose, we will prove the following local Sobolev embedding:
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Claim 2.8. There is κ0 > 1, there is r0 > 0 and C0 > 0 such that for any x ∈ M and
any u ∈ C∞

c (Br(p))
(
ˆ

Br(p)
u2κ0f

n
2 dvg

) 1
κ0

≤ C0r
2−n(κ0−1)

κ0

ˆ

Br(p)
|∇u|2g f

n−2
2 dvg.

Proof. Using a classical Sobolev inequality, we have a universal constant C0 such that
(
ˆ

Br(p)
u2κ0f

n
2 dvg

) 1
κ0

≤C0r
2−n(κ0−1)

κ0

ˆ

Br(p)

∣∣∣∇
(
uf

n
4κ0

)∣∣∣
2

g
dvg

≤2C0r
2−n(κ0−1)

κ0

(
ˆ

Br(p)
|∇u|2g f

n
2κ0 dvg +

ˆ

Br(p)

∣∣∣∇f
n

4κ0

∣∣∣
2

g
u2

)

We aim at estimating the right-hand term, noticing that f is nothing but the limit of
B := |∇Ψτ |2g as (τ,m) → (0,+∞), where Ψτ : Br(p) → S

m is a (τ, n)-harmonic map, if we
choose r ≤ r⋆

2 , where

r⋆ = sup

{
r > 0, sup

x

ˆ

Br(x)
(f + τ)

n
2 ≤ εn,g

2

}
.

We recall that Ψτ satisfies by Claim 3.1

µn−2B (κg +B) ≥ −divg (aτ∇µn) +
∣∣∇2Ψ

∣∣µn−2 +
n− 2

4
µn−4 |∇B|2

where µ = (B + τ)
1
2 and

aτi,j =
1

n

(
δi,j + (n− 2)

∇iΨ.∇jΨ

B + τ

)
.

We integrate this equation over u2µ−ν0 for ν0 =
n(κ0−1)

κ0
and we get

ˆ

Br(p)
u2
(
a
(
∇µ−ν0∇ (µn)

)
+
n− 2

4
µn−4−ν0 |∇B|2g +

∣∣∇2Ψ
∣∣2
g
µn−2−ν0

)

≤
ˆ

Br(p)
u2Bµn−2−ν0(B + kg)−

ˆ

Br(p)
2uµ−ν0a (∇u∇ (µn))

Knowing that 1
n
|X|2 ≤ ai,jX

iXj ≤ n−1
n

|X|2, and the following computations

∇µ−ν0∇ (µn) = −ν0nµn−2−ν0 |∇µ|2 and |∇B|2 = 4µ2 |∇µ|2

we obtain that

(n− 2− (n − 1)ν0)

ˆ

Br(p)
u2µn−2−ν0 |∇µ|2g +

ˆ

Br(p)
u2
∣∣∇2Ψ

∣∣2
g
µn−2−ν0

≤(n− 1)

ˆ

Br(p)
2 |u∇u|µn−1−ν0 |∇µ|+

ˆ

Br(p)
u2µn−ν0(B + kg)

≤(n− 1)

(
θ2
ˆ

Br(p)
u2µn−2−ν0 |∇µ|2g +

1

θ2

ˆ

Br(p)
µn−ν0 |∇u|2g

)

+

ˆ

Br(p)
u2µn−ν0(B + kg)
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so that knowing that
∣∣∇2Ψ

∣∣2
g
≥ |∇µ|2g (by a Hölder inequality)

(
1− ν0 − θ2

) ˆ

Br(p)
u2µn−2−ν0 |∇µ|2g

≤ 1

θ2

ˆ

Br(p)
µn−ν0 |∇u|2g +

1

n− 1

ˆ

Br(p)
u2µn−ν0(B + kg)

and choosing ν0 < 1 and θ2 = 1−ν0
2 , we obtain such that

ˆ

Br(p)
u2
∣∣∣∇µ

n−ν0
2

∣∣∣
2

g
≤ 4

(1− ν0)2

ˆ

Br(p)
µn−ν0 |∇u|2g+

2

(1− ν0)(n − 1)

ˆ

Br(p)
u2µn−ν0(B+kg)

and passing to the limit as τ → 0, we have that µ2 → f as τ → 0 and noticing that
n− ν0 =

n
κ0

we obtain
ˆ

Br(p)
u2
∣∣∣∇f

n
4κ0

∣∣∣
2

g
≤ 4

(1− ν0)2

ˆ

Br(p)
f

n
2κ0 |∇u|2g +

2

(1− ν0)(n − 1)

ˆ

Br(p)
u2f

n
2κ0 (f + kg)

so that there is a constant c := c(n, 1 − ν0) such that

(
ˆ

Br(p)
u2κ0f

n
2 dvg

) 1
κ0

≤2C0r
2−n(κ0−1)

κ0

ˆ

Br(p)
|∇u|2g f

n
2κ0 (1 + c)dvg

+ 2C0r
2−n(κ0−1)

κ0 c

ˆ

Br(p)
u2f

n
2κ0 (f + kg)dvg

≤2C0r
2−n(κ0−1)

κ0 A
1−n(κ0−1)

2κ0 (1 + c)

ˆ

Br(p)
|∇u|2g f

n−2
2 dvg

+ 2C0cgr
2c (A+ kg)

(
ˆ

Br(p)
u2κ0f

n
2 dvg

) 1
κ0

noticing that f is bounded by a constant A in M and applying a Hölder inequality for the
last inequality. Letting r > 0 small enough so that 2C0cgr

2c (A+ kg) <
1
2 , we obtain the

expected Sobolev inequality. ♦
Remark 2.1. In the classical Sobolev inequality, the optimal constant 2κ0 is 2n

n−2 . Our
Caccioppoli type estimate involved in the proof of the Sobolev inequality seems to be optimal
regarding other similar regularity results on the n-harmonic equation (e.g [Sar22]). In this

case, we only obtain 2κ0 <
2n
n−1 . It would be interesting to improve ν0 > 0 so that f

n−ν0
4

is a H1 function.

Now, it is clear that the embedding W 1,2(f.g) → L2(f.g) is compact. Indeed, first,
any sequence of functions (uk) bounded in W 1,2(f.g) has to be bounded in L2κ0(f.g) (up
to take a partition of unity to globalize the previous Sobolev inequality). We also know
that up to a subsequence, it converges weakly to u ∈ W 1,2(f.g). Moreover, using the
classical compact embedding W 1,2(g) → L2(g) on any compact subset of M \ Z where
Z = {x ∈M ; f(x) = 0}, we deduce that up to a subsequence, the sequence (uk) converges

almost everywhere to u with respect to the measure f
n
2 dvg. These two properties prove

that up to a subsequence (uk) converges strongly in L2(f.g).
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2.5. Conclusion. Let’s prove Theorem 0.4. By section 1, there is a Palais-Smale sequence

for the maximization problem. We denote λ
n
2
ε = λk(Qε, e

nuε). We apply proposition 2.1
to this sequence. Theorem 0.4 then follows from upper semi-continuity of λ̄k. Indeed,
let θ0, · · · , θk be the (k + 1) first eigenfunctions of the limiting manifold endowed with

generalized metrics (M̃, f.g) = (M,f0.g)⊔(Sn, f1.h)⊔· · ·⊔(Sn, ft.h) if f0 6= 0 or (M̃ , f.g) =
(Sn, f1.h) ⊔ · · · ⊔ (Sn, ft.h) if f0 = 0, where f0dvg = µ̃0 and fidvh = π⋆µ̃i (where π : Sn →
R
n ∪ {∞} is a stereographic projection) and fi are C0,α functions. We use θ0, · · · , θk as

test functions in the variational characterization of λε in the following way: we set

θ̃εi (x) = η0(x)θi(x)+η1

(
x− qε1
αε1

)
θi ◦π−1

(
x− qε1
αε1

)
+ · · ·+ηt

(
x− qεt
αεt

)
θi ◦π−1

(
x− qεt
αεt

)

where points qεi and scales αεi are given by Claim 2.1 and we define ηi ∈ C∞
c (Ωi(ρ)) as

cut-off functions such that ηi = 1 in C∞ (Ωi(
√
ρ)
)
and

ˆ

M

|∇η0|ng ≤ C

ln 1
ρ

and

ˆ

Rn

|∇ηi|ng ≤ C

ln 1
ρ

if i ≥ 1

where if we denote pi1, · · · , psi1 the rescaled bad points,

Ω0(ρ) = Σ \
s0⋃

j=1

Bρ

(
pji

)
= and Ωi(ρ) = B 1

ρ
\

si⋃

j=1

Bρ

(
pji

)
if i ≥ 1.

Then, knowing that Qε (q
ε
i + αεix) → f

n−2
2 in L

n
n−2 (Ωi(ρ)) and λ

n
2
ε enuε (qεi + αεix) → f

n
2

for the weak-⋆ convergence of measures on Ωi(ρ), a straightforward computation gives
that

λε ≤ max
ϕ∈〈θ̃ε0,··· ,θ̃εk〉

´

M
|∇ϕ|2g λ

2−n
2

ε Qεdvg
´

M
ϕ2enuεdvg

≤ λk

(
M̃, f.h

)
+ o(1) + c

(
C

ln 1
ρ

) 1
n

as ε→ 0. Letting ε→ 0 and then ρ→ 0 gives

lim sup
ε→0

λε ≤ λk

(
M̃, f.h

)

then Λk(M, [g]) ≤ λk

(
M̃, f.h

)
. By a result by Colbois and El-Soufi [CES03] (see also

[FS20] in Steklov case), we must have equality, so that the limit of λε is the k-th eigenvalue
of the limit of the maximizing sequence. We also obtain Theorem 0.1: with the strict
inequality assumption, there is no bubbling (t = 0).

3. Independance of regularity estimates for harmonic maps with respect

to the dimension of the target sphere

In this section, we aim at generalizing the known estimates on n-harmonic maps, notic-
ing carefully their possible dependance on the dimension of the target sphere.

3.1. A priori estimates for n-harmonic maps from a n-manifold into spheres.

We say that Ψ : Bn → S
p is a τ -approximated n-harmonic map if it is the limit as τ → 0

of a sequence of maps Ψτ : Bn → S
p which are solutions of the following minimization

problems

inf

{
ˆ

Bn

(
|∇ϕ|2g + τ

)n
2
dvg;ϕ : Bn → S

p and ϕ = Ψ on ∂Bn
}



31

It satisfies the following Euler-Lagrange equation

−divg
((

|∇Ψτ |2g + τ
)n−2

2 ∇Ψτ

)
=
(
|∇Ψτ |2g + τ

)n−2
2 |∇Ψτ |2g Ψτ

and we have that Ψτ ∈ C∞ (Bn)[HL87][Str94]. We say that Ψτ is a (τ, n)-harmonic map.
For instance, we will deduce from Proposition 3.4 and [Str94] that any n-harmonic map
into a sphere is locally a τ -approximated n-harmonic map. In particular, we deduce a
local uniqueness of the harmonic replacement of n-harmonic maps into a sphere S

p. We
also have the following proposition:

Proposition 3.1. There is a constant ε0 and a constant Cn such that for any p ≥ 2 and
any τ -approximated n-harmonic map Ψ : Bn → S

p such that
ˆ

Bn

|∇Ψ|ng ≤ ε0

we have for any ball Bnr (p) ⊂ Bn

rn ‖∇Ψ‖n
C0

(

Bn
r
2
(p)

) ≤ Cn

ˆ

Bn
r (p)

|∇Ψ|ng dvg

In order to prove Proposition 3.1, we first prove that a (τ, n)-harmonic map satisfies
the following

Claim 3.1. For any p ≥ 2 and any (τ, n)-harmonic map Ψτ : B
n → S

p, there is
(aτi,j)1≤i,j≤n such that for any X ∈ R

n

1

n
|X|2 ≤ aτi,jX

iXj ≤ n− 1

n
|X|2 and ∀i, j,

∣∣aτi,j
∣∣ ≤ 1

and such that

u
(
κg + |∇Ψ|2g

)
≥ P |∇Ψ|2

(
κg + |∇Ψ|2g

)
≥ −divg (aτ∇u) +

∣∣∇2Ψ
∣∣P +

n− 2

4
µn−4 |∇B|2

where B = |∇Ψτ |2g, µ = (B + τ)
1
2 , P = µn−2, u = µn and κg is a constant such that

Ricg ≥ −κgg.

Proof. During the proof we set Ψ = Ψτ , u = uτ and B = |∇Ψ|2g and P = (B + τ)
n−2
2 so

that u = PB. We have that

∇Ψ.∆(P∇Ψ)

=
∑

i

(−∇i (∇Ψ.∇i (P∇Ψ)) +∇i∇Ψ.∇i (P∇Ψ))

=−
∑

i

(
∇i

(
|∇Ψ|2∇iP

)
+∇i (∇i∇Ψ.∇ΨP )

)

+
∑

i

(P∇i∇Ψ.∇i∇Ψ+∇iP∇i∇Ψ.∇Ψ)

=−
∑

i

∇i

((
n− 2

2
B (B + τ)

n−4
2 +

1

2
P

)
∇iB

)

+
∣∣∇2Ψ

∣∣P +
n− 2

4
(B + τ)

n−4
2 |∇B|2
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Now, we aim at computing ∇Ψ.∆(P∇Ψ) in another way, using the equation on the n-
harmonic map Ψ. We write ∆g = −d⋆gdg − dgd

⋆
g the Laplacian acting on forms, so that

〈dΨ,∆g (PdΨ)〉
g
= −

〈
dΨ,

(
d⋆gdg + dgd

⋆
g

)
(PdΨ)

〉
g

=−
〈
dΨ, d⋆g (dP ∧ dΨ)

〉
g
+
〈
dΨ, d

(
P |∇Ψ|2g Ψ

)〉
g
+ P 〈dΨ, ⋆ ((⋆F ) ∧ dΨ))〉g

=−
〈
dΨ, d⋆g (dP ∧ dΨ)

〉
g
+ P |∇Ψ|4g − PRicg(∇Ψ,∇Ψ)

where we used for the second equality that dgdgΨ = FΨ, where F is the curvature 2-form,

that −d⋆g (PdΨ) = P |∇Ψ|2 Ψ and that Ψ.dΨ = 0. We use again Ψ.dΨ = 0 for the third
equality. Now, for a function θ ∈ C∞

c (Bn), we have

−
ˆ

Bn

θ
〈
dgΨ, d

⋆
g (dP ∧ dΨ)

〉
g
dvg =

ˆ

Bn

〈dθ ∧ dΨ, dP ∧ dΨ〉g dvg

=

ˆ

Bn

(
〈dθ, dP 〉g B − 〈dθ, dΨ〉g 〈dP, dΨ〉g

)
dvg

= −
ˆ

Bn

θ∇i

(
n− 2

2
(B + τ)

n−4
2 (Bδi,j −∇iΨ∇jΨ)∇jB

)

where we used again for the second equality that dgdgΨ = FΨ and Ψ.dΨ = 0. Combining
the previous equalities

Pκg |∇Ψ|2g + P |∇Ψ|4g ≥−
∑

i

∇i

((
n− 2

2
B (B + τ)

n−4
2 +

1

2
P

)
∇iB

)

+
∑

i,j

n− 2

2
∇i

(
(B + τ)

n−4
2 (Bδi,j −∇iΨ∇jΨ)∇jB

)

+
∣∣∇2Ψ

∣∣P +
n− 2

4
(B + τ)

n−4
2 |∇B|2

Noticing that

∇u =
n

2
P∇B

we obtain that

u
(
κg + |∇Ψ|2g

)
≥ −divg (aτ∇u) +

∣∣∇2Ψ
∣∣P +

n− 2

4
(B + τ)

n−4
2 |∇B|2

where

aτi,j =
1

n

(
δi,j + (n− 2)

∇iΨ.∇jΨ

B + τ

)

♦

We deduce ε-regularity results independant of the dimension of the target sphere on
these maps:

Claim 3.2. For any n ≥ 3, there is εn,g > 0 and a constant Cn,g such that for any p ≥ 2,
any τ > 0 and any (τ, n, g)-harmonic map Ψτ : B

n → S
p such that

ˆ

Bn

(
|∇Ψτ |2g + τ

)n
2
dvg ≤ εn,g
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we have for any ball Bnr (p) ⊂ Bn

rn ‖∇Ψτ‖n
C0

(

Bn
r
2
(p)

) ≤ Cn,g

ˆ

Bn
r (p)

(
|∇Ψτ |2g + τ

)n
2
dvg

Proof. Notice that it is sufficient to prove that there is εn small enough such that for any
p ∈ B

n and r0 > 0 such that Bnr0(p) ⊂ Bn

|∇Ψτ (p)|n ≤ δ

rn0
where

ˆ

Bn
r0

(p)

(
|∇Ψτ |2g + τ

)n
2
dvg = δ

ˆ

Bn

(
|∇Ψτ |2g + τ

)n
2
dvg ≤ δεn,g

We set

F (x) = (r0 − |x− p|)n |∇Ψτ |ng
and we let x0 ∈ B

n
r0
(p) be such that F (x0) = supx∈Bn

r0
(p) F (x). Notice that it is sufficient

to prove that for ε small enough, F (x0) ≤ δ. We assume by contradiction that F (x0) > δ.
We set σ > 0 such that

σn |∇Ψτ |ng (x0) =
δ

4
Since F (x0) > δ, we have that 2σ ≤ r0 − |x− p|. By a triangle inequality, we have for
x ∈ Bσ(x0) that

1

2
≤ r0 − |x− p|
r0 − |x0 − p| ≤ 2

Since F realizes its maximum at x0, we have

(r0 − |x− x0|)n sup
x∈Bn

σ(x0)
|∇Ψτ (x)|n ≤ 4 sup

x∈Bn
σ(x0)

F (x) = 4F (x0)

≤ 4 (r0 − |x− x0|)n |∇Ψτ (x0)|n

so that by definition of σ

(3.1) sup
x∈Bn

σ(x0)
|∇Ψτ (x)|n ≤ 4 |∇Ψτ (x0)|n =

δ

σn
.

We set g̃(z) = g(x0 + σz), τ̃ = σ2τ , Ψ̃(z) = Ψ(x0 + σz) and Q̃ =

(∣∣∣∇Ψ̃
∣∣∣
2
+ τ̃

)n−2
2

and

ũ =

(∣∣∣∇Ψ̃
∣∣∣
2
+ τ̃

)n
2

so that we obtain

−divg̃
(
Q̃∇Ψ̃

)
= Q̃

∣∣∣∇Ψ̃
∣∣∣
2
Ψ̃

and by Claim 3.1,

−divg̃(ã∇ũ) ≤ ũ

(∣∣∣∇Ψ̃
∣∣∣
2

g̃
+ κg̃

)

where (ãi,j) is such that for any X ∈ R
n

1

n
|X|2 ≤ ãi,jX

iXj ≤ n− 1

n
|X|2 and ∀i, j, |ãi,j| ≤ 1

By the rescaled version of (3.1) , we obtain

−divg̃(ã∇ũ) ≤ ũ (1 + κg̃)



34 ROMAIN PETRIDES

By standard elliptic a priori estimates for smooth positive subsolutions (see e.g [HL97]
chapter 4) and knowing that ũ ≥ 0, we obtain that

δ

4
=
∣∣∣∇Ψ̃

∣∣∣
n

g̃
(0) ≤ ũ(0) ≤ Kn (1 + κg̃)

ˆ

Bn

ũ ≤ Kn,g

ˆ

Bn
r0

(p)
uτdvg ≤ Kn,gδεn,g

for some constants Kn and Kn,g. Setting εn,g =
1

8Kn,g
gives the Claim. ♦

Proposition 3.1 then follows letting τ → 0 on the (τ, n) harmonic maps that converge
to the τ -approximated n-harmonic map.

3.2. Global strong convergences independant from the dimension of the target

manifold. The following claim adapts a result by Courilleau [Cou01] to infinite dimen-
sional target manifolds.

Claim 3.3. Let uk :M → R
N be a sequence of maps such that

lim sup
k→+∞

ˆ

M

(
|uk|2 + |∇uk|ng

)
dvg < +∞

We assume that

divg

(
|∇uk|n−2

g ∇uik
)
= Aik +Bi

k

lim sup
k→+∞

(
ˆ

M

|Ak|+ ‖Bk‖W−1,n

)
< +∞

and

‖Bk‖W−1,n → 0 as k → +∞
where we set

|uk|2 =
+∞∑

i=0

(
uik
)2

and |∇uk|2g =
+∞∑

i=0

∣∣∇uik
∣∣2
g

and for n⋆ =
n
n−1 ,

‖Bk‖W−1,n = sup
ϕ:M→RN

∣∣´
M

∑
iB

i
kϕidvg

∣∣
(´
M

(|ϕ|n⋆ + |∇ϕ|n⋆) dvg
) 1

n⋆

Then, up to a subsequence, there is u : M → R
N such that for any 1 ≤ p < +∞ and any

1 ≤ q < n,

(3.2)

ˆ

M

(
|uk − u|p + |∇ (uk − u)|qg

)
dvg → 0

as k → +∞.

Proof. We first notice that by classical compact Sobolev embeddings, up to a diagonal
extraction of subsequences, there is a subsequence of (uk) such that for any i ∈ N, we have

uik ⇀ ui in W 1,n

uik → ui in L
p for any 1 ≤ p < +∞

uik → ui a.e

∀k ∈ N,

ˆ

M

(
uik − ui

)2
dvg ≤ 2−i



35

∀(ϕi),
ˆ

M

(|ϕ|n⋆ + |∇ϕ|n⋆) dvg < +∞ ⇒
ˆ

M

∑

i

∇
(
uik − ui

)
∇ϕi → 0 as k → +∞

Then, by weak convergence, we have that for any m ∈ N

ˆ

M

(
m∑

i=0

∣∣∇ui
∣∣2
g

)n
2

dvg ≤ lim inf
k→+∞

ˆ

M

(
m∑

i=0

∣∣∇uik
∣∣2
g

)n
2

dvg ≤ lim inf
k→+∞

ˆ

M

|∇uk|ng dvg

so that passing to the limit as m→ +∞, we have
ˆ

M

|∇u|ng dvg ≤ lim inf
k→+∞

ˆ

M

|∇uk|ng dvg.

By the same argument, using Sobolev embeddings, we have for any 1 ≤ p < +∞
ˆ

M

|u|p dvg ≤ lim inf
k→+∞

ˆ

M

|uk|p dvg

In fact, we have equality in the previous inequality. Indeed, for any m ∈ N

lim
k→+∞

ˆ

M

(
m∑

i=0

(
uik − ui

)2
) p

2

dvg = 0

so that since

|uk − u|2 ≤
m∑

i=0

(
uik − ui

)2
+ 2−m

we obtain by a Holder inequality that for any m ∈ N,

lim
k→+∞

ˆ

M

|uk − u|p dvg ≤ 2−m

and we obtain the first part of (3.2). Now let’s prove (3.2).
STEP 1: Up to a new subsequence, we have that

(3.3)

+∞∑

i=0

(
|∇uk|n−2

g uik − |∇u|n−2
g ∇ui

)
.
(
∇uik −∇ui

)
→a.e 0 as k → +∞

Proof of Step 1: we have that

+∞∑

i=0

(
|∇uk|n−2

g uik − |∇u|n−2
g ∇ui

)
.
(
∇uik −∇ui

)

≥
(
|∇uk|g − |∇u|g

)(
|∇uk|n−1

g − |∇u|n−1
g

)
≥ 0

Then, we just need upper bounds. Let δ > 0. By Egoroff ’s theorem there is Eδ ⊂⊂ M
such that V olg(M \ Eδ) < δ and such that |uk − u|2 converges uniformly to 0 in Eδ. We
aim at proving that

(3.4) lim
k→+∞

ˆ

Eδ

+∞∑

i=0

(
|∇uk|n−2

g uik − |∇u|n−2
g ∇ui

)
.
(
∇uik −∇ui

)
dvg = 0

Let ε > 0. We let δε > 0 be such that for any set such that V olg(M \ A) < δε
ˆ

M\A
|∇u|n dvg < ε
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and we use this with Aδε = Eδε ∪Eδ. By uniform convergence, let k0 be such that for any
k ≥ k0, |u− uk| ≤ ε on Aδε . We then have that for a cut-off function η ∈ C∞

c (M) such
that η ≤ 1 and η = 1 in Aδε a truncation function βε : R

N → R
N defined as βε(v) = v if

|v| ≤ ε and βε(v) = ε v|v| if |v| > ε.

ˆ

M

η
+∞∑

i=0

(
|∇uk|n−2

g ∇uik − |∇u|n−2
g ∇ui

)
.
(
∇βε(uk − u)i

)
dvg

≤
ˆ

M

η
∑

i

(
Aik +Bi

k

)
βε (uk − u)i −

ˆ

M

∑

i

(
∇η |∇uk|n−2

g ∇uik
)
βε (uk − u)i

−
ˆ

M

η
∑

i

|∇u|n−2
g ∇ui.∇

(
βε (uk − u)i

)

≤
(
ˆ

M

|Ak|
)
‖|βε (uk − u)|‖∞ + ‖∇η‖∞

(
ˆ

M

|∇uk|n
)n−1

n
(
ˆ

M

|βε(uk − u)|n
) 1

n

+ ‖Bk‖W−1,n‖ |βε(uk − u)| ‖W 1,n +

∣∣∣∣∣

ˆ

M

η
∑

i

|∇u|n−2
g ∇ui.∇

(
βε (uk − u)i

)∣∣∣∣∣

≤
(
ˆ

M

|Ak|
)
ε+ o(1) as k → +∞

We also have that∣∣∣∣∣

ˆ

M\Aδε

η

+∞∑

i=0

(
|∇uk|n−2

g ∇uik − |∇u|n−2
g ∇ui

) (
∇βε(uk − u)i

)
dvg

∣∣∣∣∣

≤
ˆ

M\Aδε

(
|∇uk|n−1 |∇βε(uk − u)|+ |∇u|n−1 |∇βε(uk − u)|

)

≤ C

ˆ

M\Aδε

(
|∇uk|n−1 |∇u|+ |∇u|n−1 |∇uk|

)

≤ C

((
ˆ

M

|∇uk|n
)n−1

n

ε
1
n +

(
ˆ

M

|∇uk|n
) 1

n

ε
1
n⋆

)

and we finally obtain

lim sup
k→+∞

ˆ

Aδ

+∞∑

i=0

(
|∇uk|n−2

g ∇uik − |∇u|n−2
g ∇ui

)
.
(
∇(uik − ui)

)
dvg

≤ lim sup
k→+∞

ˆ

Aδε

η

+∞∑

i=0

(
|∇uk|n−2

g ∇uik − |∇u|n−2
g ∇ui

) (
∇βε(uk − u)i

)
dvg

≤ lim sup
k→+∞

((
ˆ

M

|Ak|
)
ε+ C

((
ˆ

M

|∇uk|n
)n−1

n

ε
1
n +

(
ˆ

M

|∇uk|n
) 1

n

ε
1
n⋆

))

Letting ε→ 0 gives (3.4). Then, letting δ → 0 gives Step 1.

STEP 2: We have that

|∇uk −∇u|g →a.e 0 as k → +∞
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Proof of Step 2: For a fixed z ∈ M such that (3.3) occurs at the point z, we set

Xk = ∇uk(z), X = ∇u(z) and for any Y ∈
(
R
2
)N

,

|Y | =
+∞∑

i=0

ga,b(z)
(
Y i
)
a

(
Y i
)
b

We have that by Step 1 that

+∞∑

i=0

(
|Xk|n−2Xi

k − |X|n−2Xi
)
.
(
Xi
k −Xi

)
→ 0 as k → +∞

First, it is clear that |Xk| is bounded. Indeed, we have deduce from the previous conver-
gence that

|Xk|n + |X|n ≤
(
|Xk|n−2 + |X|n−2

)
|Xk| |X|+ o(1) as k → +∞.

Up to a subsequence there is Z such that Xk weak converges to Z in l2
((

R
2
)N)

. Up to

another subsequence, we set α = limk→+∞ |Xk| and β = |X|. Then, passing to the limit,
we have

αn + βn =
(
αn−2 + βn−2

)∑

i

XiZi

By Cauchy-Schwarz inequality and since |Z| ≤ α, we obtain

αn + βn ≤
(
αn−2 + βn−2

)
αβ

so that since 2αβ ≤ α2 + β2,

αn + βn ≤
(
α2βn−2 + β2αn−2

)

which implies that (
αn−2 − βn−2

) (
α2 − β2

)
≤ 0

and that all the previous inequalities are in fact equalities: α = β = |Z| and 〈X,Z〉 = α2.
In particular Z = X and Xk strongly converges to Z = X. Since the limit is independant
from the subsequence, Step 2 is proved.

STEP 3: Conclusion: since |∇uk −∇u| is bounded in W 1,n and converges almost
everywhere to 0 in (M,g), then, |∇uk −∇u| strongly converges to 0 in Lq(M,g) for any
q < n.

♦

3.3. Point removability.

Claim 3.4. Let Ψ : B \ {0} → R
N be a C1 n-harmonic map into an infinite dimensional

sphere such that
ˆ

B

|∇Ψ|ng dvg < +∞ and |∇Ψ| (x) ≤ C

|x|
then Ψ : B \ {0} → R

N extends to a C1,α function on B which is n-harmonic.

We can follow and generalize the proof by [MY96] to infinite dimensional target spheres.
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3.4. Regular n-harmonic maps are locally (τ, n)-approximated harmonic maps.

The aim of the section is to prove the following for C1 harmonic maps into a possibly
infinite dimensional target sphere.

Proposition 3.2. There is δn,g > 0 such that for any weak n-harmonic map Φ :M → R
N

into a possibly infinite dimensional target sphere, such that Φ ∈ C1 and for any ball Br(p)
such that

ˆ

B2r(p)
|∇Φ|ng dvg ≤ δn,g

for any (Ψτ,m)τ>0,n∈N minimizers of

Ψ 7→
ˆ

Br(p)

(
|∇Ψ|2g + τ

)n
2
dvg

under the W 1,n maps Ψ : M → S
m such that |Ψ|2 =a.e 1 and Ψ = (φ0,··· ,φm)

(
∑m

i=0(φi)
2)

1
2
on ∂Br(p)

we have that Ψτ,m converges to Φ as (τ,m) → (0,+∞).

Proof. Step 1: Since Φ is a C1 function, it satisfies the a priori estimate on the gradient
for x ∈ Br(p)

|∇Φ(x)|2g ≤ C

ˆ

B2r(p)
|∇Φ|ng dvg ≤ Cδn,g

We have for x ∈ Br(p) that

|φ1(0) − φ1(x)|2 ≤ r2Cg |∇Φ(z)|2g ≤ CgCδn,g

so that taking δn,g small enough, and up to a rotation of coordinates so that φ1(0) = 1 we
can assume that

∀x ∈ Br(p) |φ1(x)| ≥
3

4
.

Moreover, up to reduce δn,g, and for τ small enough Ψτ has to satisfy

∀x ∈ Br(p)
∣∣(ψτ,m)1 (x)

∣∣ ≥ 1

2

thanks to the same trick as in the proof of Step 1 of Claim 2.7 based on Courant-Lebesgue
lemma and Morrey-Sobolev embeddings.

Step 2: We set Φ̃m = Φm

|Φm| where Φm = (φ0, · · · , φm, 0, · · · ). We denote Ψ̃τ,m : M →
R
N the minimizer of

Ψ 7→
ˆ

Br(p)

(
|∇Ψ|2g + τ

)n
2
dvg

under the W 1,n maps Ψ :M → S
m such that |Ψ|2 =a.e 1 and Ψ = Φ̃m on ∂Br(p). we also

set

Ψτ,m = |Φm| Ψ̃τ,m +Φ− Φm so that Ψτ,m − Φ = |Φm|
(
Ψ̃τ,m − Φ̃m

)
.
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We have:

ˆ

Br(p)
|∇ (Φ−Ψτ,m)|2g |∇Φ|n−2

g −
(
ˆ

Br(p)
|∇Ψτ,m|2g |∇Φ|n−2

g −
ˆ

Br(p)
|∇Φ|ng

)

= 2

ˆ

Br(p)
|∇Φ|n−2

g ∇Φ.∇ (Φ−Ψτ,m) = 2

ˆ

Br(p)
|∇Φ|ng Φ. (Φ−Ψτ,m)

=

ˆ

Br(p)
|∇Φ|ng |Φ−Ψτ,m|2

and we obtain

ˆ

Br(p)
|∇ (Φ−Ψτ,m)−∇ lnφ1 (Φ−Ψτ,m)|2g |∇Φ|n−2

g

=

ˆ

Br(p)
|∇ (Φ−Ψτ,m)|2g |∇Φ|n−2

g −
ˆ

Br(p)
|∇Φ|ng |Φ−Ψτ,m|2

so that

ˆ

Br(p)
|∇ (Φ−Ψτ,m)−∇ lnφ1 (Φ−Ψτ,m)|2g |∇Φ|n−2

g =

ˆ

Br(p)
|∇Ψτ,m|2g |∇Φ|n−2

g

−
ˆ

Br(p)
|∇Φ|ng

=

ˆ

Br(p)
|∇Φ|n−2

g |Φm|2
(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
−
∣∣∣∇Φ̃m

∣∣∣
2

g

)

Moreover, we have by similar computations that

ˆ

Br(p)

∣∣∣∇
(
Φ̃m − Ψ̃τ,m

)
−∇ ln

(
Ψ̃τ,m

)
1

(
Φ̃m − Ψ̃τ,m

)∣∣∣
2

g

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+ τ

)n−2
2

=

ˆ

Br(p)

∣∣∣∇Φ̃m

∣∣∣
2

g

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+ τ

)n−2
2

−
ˆ

Br(p)

∣∣∣∇Ψ̃τ,m

∣∣∣
2

g

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+ τ

)n−2
2

and we obtain

A :=

ˆ

Br(p)

∣∣∣∇
(
Φ̃m − Ψ̃τ,m

)
−∇ ln

(
Ψ̃τ,m

)
1

(
Φ̃m − Ψ̃τ,m

)∣∣∣
2

g

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+ τ

)n−2
2

+

ˆ

Br(p)
|∇ (Φ−Ψτ,m)−∇ lnφ1 (Φ−Ψτ,m)|2g |∇Φ|n−2

g

≤
ˆ

Br(p)

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
−
∣∣∣∇Φ̃m

∣∣∣
2

g

)(
|∇Φ|n−2

g |Φm|2 −
(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+ τ

)n−2
2

)
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so that splitting the right-hand side into three terms, we have

A ≤
ˆ

Br(p)

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
−
∣∣∣∇Φ̃m

∣∣∣
2

g

)(∣∣∣∇Φ̃m

∣∣∣
n−2

g
−
∣∣∣∇Ψ̃τ,m

∣∣∣
n−2

g

)

+

ˆ

Br(p)

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
−
∣∣∣∇Φ̃m

∣∣∣
2

g

)(
|∇Φ|n−2

g |Φm|2 −
∣∣∣∇Φ̃m

∣∣∣
n−2

g

)

+

ˆ

Br(p)

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
−
∣∣∣∇Φ̃m

∣∣∣
2

g

)(∣∣∣∇Ψ̃τ,m

∣∣∣
n−2

g
−
(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+ τ

)n−2
2

)

and since the first right-hand term is non positive, we obtain

A ≤
ˆ

Br(p)

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+
∣∣∣∇Φ̃m

∣∣∣
2

g

) ∣∣∣∣|∇Φ|n−2
g |Φm|2 −

∣∣∣∇Φ̃m

∣∣∣
n−2

g

∣∣∣∣

+

ˆ

Br(p)

(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+
∣∣∣∇Φ̃m

∣∣∣
2

g

) ∣∣∣∣∣
∣∣∣∇Ψ̃τ,m

∣∣∣
n−2

g
−
(∣∣∣∇Ψ̃τ,m

∣∣∣
2

g
+ τ

)n−2
2

∣∣∣∣∣ .

Knowing that

|∇Φ|2 = |Φm|2
∣∣∣∇Φ̃m

∣∣∣
2
+ |∇ |Φm||2 + |∇ (Φ− Φm)|2g

and that Φm and ∇Φm converge a.e to Φ and ∇Φ, it is clear by the dominated convergence
theorem that the first integral converges to 0 asm→ +∞. Thanks to the a priori estimates
of Claim 3.1, up to a subsequence, Ψ is the limit as (τ,m) → (0,+∞) of Ψ̃τ,m. We easily
obtain that Ψ is also the limit of Ψτ,m and that the second integral in the previous
inequality converges to 0 as (τ,m) → (0,+∞). Moreover, if we set

Z = {x ∈ Br(p); |∇Ψ|2g + |∇Φ|2g = 0},
we have

|∇ (Φ−Ψ)−∇ lnψ1 (Φ−Ψ)|2g + |∇ (Φ−Ψ)−∇ lnφ1 (Φ−Ψ)|2g = 0 in Br(p) \ Z.
so that
ˆ

Br(p)
|∇ (Φ−Ψ)|2g =

ˆ

Br(p)\Z
|∇ (Φ−Ψ)|2g ≤ 2

ˆ

Br(p)\Z

(
|∇ lnψ1|2 + |∇ lnφ1|2

)
|Φ−Ψ|2

≤ 2Cδ
2
n
n,g

ˆ

Br(p)

|Φ−Ψ|2

(r − |x|)2
≤ C̃δ

2
n
n,g

ˆ

Br(p)
|∇ (Φ−Ψ)|2g

where the second inequality comes from classical weak estimates on the gradient when
it satisfies a L∞ ε-regularity property and the third one comes from a classical Hardy
inequality. Letting δn,g be small enough gives that Φ = Ψ. ♦
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