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Abstract

This paper is divided into two parts. The first part is devoted to the study of a class

of Approximate Message Passing (AMP) algorithms which are widely used in the fields of
statistical physics, machine learning, or communication theory. The AMP algorithms studied
in this part are those where the measurement matrix has independent elements, up to the
symmetry constraint when this matrix is symmetric, with a variance profile that can be sparse.
The AMP problem is solved by adapting the approach of Bayati, Lelarge, and Montanari
(2015) to this matrix model.
The Lotka-Volterra (LV) model is the standard model for studying the dynamical behavior of
large dimensional ecological food chains. The second part of this paper is focused on the study
of the statistical distribution of the globally stable equilibrium vector of a LV system in the
situation where the random symmetric interaction matrix among the living species is sparse,
and in the regime of large dimensions. This equilibirium vector is the solution of a Linear
Complementarity Problem, which distribution is shown to be characterized through the AMP
approach developed in the first part. In the large dimensional regime, this distribution is close
to a mixture of a large number of truncated Gaussians.

Keywords: Approximate Message Passing, Equilibria of ecological systems, Lotka-Volterra
Ordinary Differential Equations, Sparse random matrices.

1 Introduction

An ecosystem can be seen as a multi-dimensional dynamical system that represents the time
evolution of the abundances of the interacting species. The behavior of such systems is governed
by the intrinsic population dynamics and by the strengths of the interactions among these species.
Given a system model, it is of interest to evaluate the distribution of the species at the equilibrium
when this equilibrium exists and is unique. The present paper is motivated by this general problem.

An archetypal model for an ecological dynamical system is provided by the so called Lotka-
Volterra (LV) multi-dimensional Ordinary Differential Equation (ODE). The dynamics of a LV
ODE with n species take the form

Wt) =ut) O (r+ (8 —L)ut), t=0,

where the vector function u : Ry — R’ represents the abundances of the n coexisting species
after a proper normalization, ©® is the element-wise product, r is the so-called vector of intrinsic
growth rates of the species, and ¥ is a n x n matrix which (¢, 7)™ element reflects the interaction
effect of Species j on the growth of Species ¢ [Tak96].



Denoting as | - | the spectral norm, it known that under a condition such as (X +37)/2| < 1,
the ODE solution is well-defined, and this ODE has an unique globally stable equilibrium w, =
[u*,i]:l:1 in the classical sense of the Lyapounov theory [Tak96, LJMO09]. It is of interest to study
the distribution of the elements of this vector, which quantifies the relative abundances of the
species at the equilibrium. It is useful to note here that u, frequently lies at the boundary of
the first quadrant of R™, and therefore, it is of particular interest to evaluate the proportion of
surviving species at these equilibria.

Usually, the interaction matrix ¥ is difficult to measure or to evaluate, and all the more so as
the ecosystem’s dimension n gets large. To circumvent this difficulty, a whole line of research in
theoretical ecology considers that the matrix ¥ is a random matrix, and focuses on the dynamics of
the LV system in the regime where n — oo [AT15, ABC*22]. The idea is to predict some essential
aspects of the dynamical behavior of the ecosystem on the basis of a few “phenomenological”
statistical features of the interaction matrix, rather than on its fine structure. The application of
large random matrix tools to the dynamical behavior study of ecological systems dates back to the
work of May [May72]. Among the most widely studied statistical models for the interaction matrix
from the standpoint of the large random matrix theory are the Gaussian Orthogonal Ensemble
(GOE) model, the Gaussian model with i.i.d. elements (sometimes called the Ginibre model), or
the so-called elliptical model, which can be seen as an “interpolation” these two with possibly a
non-zero mean [AT12].

Given a statistical model for ¥, and assuming the existence of w, which is now a random
vector, the problem amounts in our context to evaluating the asymptotic behavior of the random
probability measure

/’Lu* = % Z 6’&*,1’
i€[n]

as n — o0. In the literature, this has been mostly done with tools issued from the physics.
In [Bunl7], Bunin obtained the asymptotic distribution of the equilibrium for the elliptical model
by using the so-called dynamical cavity method. A similar result was obtained by Galla in [Gall8|
with the help of generating functionals techniques. Older results in the same vein can be found
in, e.g., [OD92, Tok04]. Heuristic evaluations of the asymptotic behavior of p"* were proposed in
[CEN22, CNM22], most generally in the elliptical non-centered case.

In this paper, we consider a symmetric model for ¥, which can be used to represent the
competitive and the mutualistic interactions [BBC18, ABC*22]. In this framework, we assume
that the coefficients of ¥ are non-necessarily Gaussian, are independent up to the symmetry
constraint, and are subjected to a variance profile that can be sparse. The two main features of
our model are thus the inhomogeneity of the interaction strengths between the species, and their
sparsity. Regarding this last assumption, it is indeed commonly observed that a species interacts
with a very small proportion of the other species coexisting within the ecosystem [BSHM17].

Our approach is mathematically rigorous, contrary to the references we just mentioned. To
obtain our results, we generalize the technique of our recent preprint [AHMN23] devoted to the
GOE case. The idea goes as follows: The vector u, can be identified as the solution of a Linear
Complementarity Problem (LCP), a class of problems studied in the field of linear programming
(see [Tak96, CPS09]). In [AHMNZ23], it is shown that in the GOE case, the asymptotic behavior of
u® . where u, is now the LCP solution, can be evaluated with the help of an Approximate Message
Passing (AMP) technique. Such techniques have recently aroused an intense and growing research
effort in the fields of statistical physics, communication theory, or statistical Machine Learning
[FVRS22]. In a word, given a function /4 : R x R x N — R and a random symmetric n x n so-called
measurement matrix W, a standard AMP algorithm is an iterative algorithm of the form

2 = Wh(a',n,t) + a “correction” term,

where 1 = [1;]"_, € R" is a parameter vector, and where h(z*,n,t) = [h(fcf, i, t)]:ll. By properly

designing the correction term, one is able to control the joint distribution of the (¢ 4+ 1)—uple
(n,2t,...,2" for each t > 0 and for n — o0, as will developed more precisely below. We shall be



able to make use of such a result to evaluate the large—n distribution of our equilibrium vector,
and show that this distribution is close to a mixture of Gaussians.

Thus, from the standpoint of theoretical ecology, the present paper is a generalization of
[AHMN23] to the case where ¥ is non-necessarily Gaussian and is subjected to a variance profile
that can be sparse. To that end, a version of the AMP algorithm well-suited to these kind of
matrices is developed below, and might have its own interest due to its potential applications in
other fields than in ecology.

Let us provide a quick review of the AMP literature in order to better position our contribution
in this respect. Many of the original ideas lying behing the AMP algorithms come from the fields
of statistical physics and communication theory. The first rigorous AMP results in a framework
close to this paper were developed by Bolthausen [Boll4] and Bayati and Montanari [BM11]
both for GOE matrices and for rectangular matrices with i.i.d. Gaussian elements. Since then,
the AMP approach has been generalized in many directions. Let us cite the Generalized AMP
of [Ranll], the work of [JM13] where block variance profiles are considered, [Fan22] devoted
to rotationally invariant matrices, or the graph-based approach of [GB21]. Universality results
in terms of the distribution of the elements of W were proposed in the recent papers [CL21],
[DLS22], and [WZF22]. The closest to our paper among these is [WZF22], which considers among
others the case where W is a centered symmetric matrix with independent elements satisfying
IEij < 1/n and lim, max; |(3; EW?) — 1] = 0, and shows that W can be replaced with a GOE
matrix as regards the AMP problem. This constraint on the variance profile is alleviated in our
context, leading to a more involved expression of the asymptotic joint distribution of the algorithm
iterates.

In [BLM15], Bayati, Lelarge, and Montanari were among the first to establish a universal
AMP result. Starting with polynomial activation functions and using a combinatorial approach,
these authors propose a moment computation of the elements of the vector iterates, where these
elements are expressed as sums of monomials in the matrix entries which are indexed by labelled
trees. As regards the AMP part, the present paper is essentially an adaptation of the approach of
[BLM15] to the case of a sparse variance profile.

Section 2 is devoted to our general AMP results for symmetric and non-symmetric measurement
matrices, independently of the ecological application. Our LV problem is then stated in Section 3,
along with the result on the large—n distribution of the equilibrium. The proofs for Sections 2
and 3 are provided in Sections 4 and 5 respectively.

2 Sparse AMP with a variance profile: problem statement
and results

We start with our assumptions. Let (n) be a sequence of integers in the set {2, 3, ...} that converges
to infinity. For each n, let {Xi(f)}lé’i<j<’ﬂ be a set of real random variables such that:

Assumption 1. The following facts hold true.

e The n(n — 1)/2 random variables Xl-(;-l) for 1 <i < j < n are independent.

(n) _ (n)y2 _
e EX; =0and E(X;;")" = 1.

e For each integer k > 2, there exists a constant Chyom (k) > 0 such that

key 1/k
sup max (E‘ijn) ) < Com (k).

n 1<i<jsn

Let us write X;?) = Xi(f) for1 <i<j<mn,and Xi(in) =0 for i € [n], and let us consider the

n x n random symmetric matrix X (™ = [Xl(j")]Z Py



(n) _ 4(n)
ji ij
for 1 < i< j <n,and 31(‘?) = 0 for i € [n], and consider the n x n symmetric matrix with
(n)

ij

For each n, let {SZ(-;L)}l <i<j<n De a set of deterministic non-negative numbers. Write s

non-negative elements S = [s ]jjzl' Define the random symmetric matrix W (") as

j

W — [Wm)]jj:l = (5™ g x ), (1)

where @ is the Hadamard product, and where A9/2 is the element-wise square root of the matrix
A.

Letting (K,) be a sequence of positive integers indexed by n such that K,, < n, the variance
profile matrix S of W™ complies with the following assumption:

Assumption 2. The following facts hold true.
o K, — 0.
e There exists a constant C' > 0 such that

Vn, Vie [n],

{j € [n] : Sz(;L) > 0}‘ < CK,,
where | - | is the cardinality of a set.

e There exists a constant C' > 0 such that sz(-;l) < CK, ! for all n and all i, j € [n].

Beyond these constraints, we do not put any structural assumption on the variance profile
matrix S, In this paper, we shall be mostly interested in the situations where K,/n —, 0,
making the matrices W) sparse.

-
For each n, let z(™M:0 = [mﬁ")’o, . ,x%n)’o] € R™ be a deterministic vector that will represent

T
the initial value of our AMP sequence, and let n(™ = n%n), . ,n,(Ln)] € R™ be a deterministic

parameter vector. These vectors obey the following assumptions:

(n),0

Assumption 3. There exists a compact set Q, < R such that x; """ € Q, for all n and all i € [n].

Assumption 4. There exists a compact set Q,, — R such that ngn) € Q, forallnandallie [n].

Some comments on this model for the vectors (™0 and 7(™) are provided in Remark 3 below.
Consider a measurable function h : R x @, x N — R that satisfies the following assumption:

Assumption 5. The following properties hold true:

e For each t € N, there exists two constants m, C' > 0 and a continuous non-decreasing function
k: Ry — Ry with £(0) = 0, such that:

iz, n, )] < C(1+ |z™),

and
Vo, 0 € Qp,  |h(z,n,t) — h(z,n', )] < w(ln— 'L+ [z™).

e For each n € @, and each t € N, the function h(, 1, t) is absolutely continuous with a locally
integrable derivative.

At the heart of the AMP algorithm that we shall study is a Gaussian R"—valued sequence of
random vectors that we denote for each n as (Z (”)’t)teN*, where N, = N\{0}. The probability dis-

-
tribution of this sequence is defined recursively in ¢ as follows. Let Z (™) = [Zf”)’t, e Z,(ln)’t] )
Writing Zi(”) = (Zi(")’l,Zi(n)’Q,...), the sequences {Zi(") ™, are centered, Gaussian, and inde-

pendent. Denote as R the covariance matrix of the vector Z\™"* = [z™* . Zz™HT

%



These matrices are constructed recursively in the parameter ¢ as follows. Defining the variances

,—(n) Oyn as EEn),O _ h(x§7L),0 77(n) 0

2
=, n ,m; 7, 0)%, we set

( )71 ( )’_‘
Rin Z szln =1

. . n
Given the matrices {RE )t ™ ., the covariance matrices

Rz ™. 0)
':*(n),t=E h(Zz(n) 7771(”)71) [

?

h(Z i 1)
are well-defined for all ¢ € [n]. With this at hand, we set

Rgn),t+1 _ Z Sz('lrL)El(7z),t' (3)
le[n]

It is clear that Rgn)’t is the principal matrix of Rgn)’tﬂ

consisting in its first ¢ rows and columns.

The distribution of the sequence (Z (n)’t)t is determined by the initial value (™0, the param-
eter vector 7™, the variance profile matrix S, and the activation function h. We shall say from
now on that this distribution is determined by the (S, h, 7™, z("):0)_state evolution equations,
which provide the covariance matrices R{™"".

The following assumption will be used to ensure that the variances of the random variables
Z'(n),t

p are bounded away from zero.

Assumption 6. There is a sequence of positive constants (cp(0), cn(1),...) such that for each set
S < [n] with |S™| = K,,, it holds that

1 n n
T Z h<xl( )70777[( )’0)2 >ch(0)7

and for each t > 1

> Eh(En,0)? = an(t),
" lest)
where £ ~ N(0,1).

Moreover, there exists a constant cg > 0 such that

min SE?) > cg.
i Py

Non-degeneracy conditions similar to this assumption are usually not constraining and are
invoked in the vast majority of the contributions dealing with AMP algorithms, see, e.g., [JM13,
FVRS22]. If needed, it is certainly possible to lighten this assumption by properly perturbing
the matrix S or the function h in the course of the proof of Theorem 1 below. A perturbation
argument of this sort was considered in, e.g., [BMN19].

In all this paper, we follow the following notational convention. Given a function f : R¥ — R

¢

and a k-uple of R"—valued vectors (a* = [af]™_)se[x), we denote as f(a',...,a") the R"-valued

vector [f(a}, ... af)]Z 1. Similarly, if f is a R¥ x N — R function, f(a',...,a",t) is the R"valued
vector [f(a},...,ak t)]
With Assumption 5 at hand, we denote as dh(z,n,t) a measurable function that coincides

t)
almost everywhere on R with the partial derivative 0h(-,n,t) at . Here, Stein’s lemma says that



(]E§2)E6h(§, n,t) = EER(E,m,t) for each Gaussian centered random variable &, see, e.g., [FSW18,
Th. 2.1]. From this identity, we can deduce that IE(?h(Z(”)’t7 7™, t) exists for each t € Ny.

We are now ready to state the main result of this section. An AMP algorithm built around the
matrix W) and the activation function h is expected to take the following form, in line with, e.g.,
[JM13] or [BLM15]. Starting with the vector £(™:0 = z("):0 the vector #("):*+1 € R™ delivered by
this algorithm at Iteration ¢ + 1 would be given as

GO (gt () gy diag(S(”)Eéh(Z(”)’t,77(")7t))h(:%(”)’t_l,n("),t —1) (4)
(variants for this algorithm could be considered by replacing the diagonal matrix
diag(S™WEA(Z™t n™ 1))

above with diag(S" oh(z(™:t n(™ 1)), or with diag((W)O20h (2™t (™) 1)) where A®? is the
square of the matrix A in the Hadamard product, as is done in the literature in similar contexts).

Write (") = [ign)’t]?zl. What is usually done in the AMP literature is to make use of
an algorithmic construction of the type of Equation (4) to capture the large—n behavior of the
empirical distribution of the particles {(771("), ;fcz(-")’l, e ,:fcgn)’t) 7 1. Our main result for this part
of the paper is a bit weaker in that it only concerns an approximation of these iterates. Yet, it
suffices for virtually all the applications. Let ||| be the operator norm of a matrix or the Euclidean
norm of a vector. Given x € R", write |z, = |z|/+/n.

Theorem 1. Let Assumptions 1-6 hold true. Then for each integer ¢ > 0, it holds that

sup max |\R£n)’t| < 00. (5)
n i€[n]

Let Cw > 0 be an arbitrary constant. Fix an arbitrary integer t,.x > 0. Then, for every small

€ > 0, there exists a sequence of matrices (X(”))n>2 with X = [x(”)’l, .. ,x(”)’tm“] e R X tmax

and such that
P I:I:Hx(n),Hl _ gzt

for each t =0,1,...,tmax — 1, with

| n W< ew]] =0 (6)

n—o0

gL — Wzt (™) 1) — diag (S(”)Eah(Z(")’t,77("),75)) R(xMA=1 p) ¢ 1),

and with (™0 being the inital vector introduced before Assumption 3. In the previous equation,
the term diag(---)h(---) is equal to zero for ¢t = 0.

Let (ﬁ%n),...,ﬁﬁn)) be a n-uple of real numbers such that sup, max;e[, |Bi(")| < 0. Let
¢ : Q, x Ri==x — R be a continuous function such that |¢(n, 2!, ... zt==)| < C(1+|z'|™ + - +
|ztmax|™) for some C,m > 0. Then, there exists a non-negative function d,(¢), defined for ¢ > 0
small enough, that satisfies d,(¢) — 0 as ¢ — 0, and for which

2

1 n n n), n),tmax n n n), n),tmax

i€[n]

Thanks to this theorem, the following approximation result holds true. Keeping the same
assumptions and notations, we have:

Corollary 2. Consider the setting of the previous theorem. Fix the test function ¢, and choose
a sequence of n—uples (,Bfn))ie[n]. Then, there exists a sequence of matrices (35 (n))n>2, with

f(n) = [2(™1, . 7MW tmax] € R*tmax | guch that for every € > 0,

gl

‘i’.(n)’t+1 B j(n),1t+1Hn > 5)] A [HW(n)H < CW]] — 0

n—0oo0



for each t =0,1,...,tmax — 1, with
Ft (™t () 4y — diag (S(")Eah(z(”)’t,n("),t)) h(EM1 ) 1),
and furthermore,

n n) ~(n), ~(n),tmax n n n), n),tmax P
ST B O ) g0 ) 70 gty P

1
™ e nee

This corollary will be proven in Section 4.5.

To complete these results, we need to bound the operator norm |[W)||. With the help of the
results of Bandeira and van Handel in [BvH16], this can be done in the framework of the following

assumption:

Assumption 7. There exists a constant C' > 0 such that the moment bounds from Assumption 1
satisfy
Crom (2k) < CKP/2,

for some p > 0.

As is well known, the cases p = 1 and p = 2 correspond to the sub-Gaussian and the sub-
exponential distributions respectively.

Proposition 3. Let Assumptions 2 and 7 hold true, and assume furthermore that K,, = (logn)?”V1.
Then, there exists a constant C' > 0 such that limsup,, [W ()| < C with probability one.

(n

Thus, the heavier the tail of the probability distributions of the X; ), the faster we need to

make K, converge to infinity in order to ensure that |[W (™| is bounded. This proposition is
proven in Appendix A.
We now provide some comments on Theorem 1.

Remark 1. This theorem is weaker than what is frequently found in the AMP literature from two
standpoints: The sequences (x(")’l, zm2 .) described in the statement do not follow exactly the
AMP iterative scheme (4), and convergences stated therein hold in probability instead of holding
in the almost sure sense. These limitations do not impede the applicability of Theorem 1.

Remark 2. It is useful to interpret the result of Theorem 1 in terms of the empirical distribution
of the particles {(nfn), :vl(-n)’l, . ,a:l(")’t"“”"‘) » . as an element of a Wasserstein space of probability
measures. For two integers k > 0 and 7 > 0, denote as P(R¥) the space of probability measures on
R*, and by P,(R*) the Wasserstein space of probability measures on R* with finite 7*"-moment,
equipped with the Wasserstein distance d, [Vil09]. It is well-known that the convergence of a
sequence of probability measures (1,) to a probability measure v in the space P,.(R¥) (in the sense

that d,.(vn,v) —, 0) is equivalent to the convergence

Jgpdun — Jgpdu
n—0o0

for each continuous function ¢ : R¥ — R satisfying |p(z!,...,2")| < C(1 + |z!|" + -+ [2F|") for
some C' > 0. Furthermore, if the sequence (v,,) is random, then, the convergence d,. (v, V) 2o

is equivalent to the convergence § pduv,, z § pdv for the same class of test functions ¢ [FVRS22].
Given an arbitrary integer > 0, we are interested here in the asymptotic behavior of P, (R**1)—

. (n) p(W1  2(m) tmax
valued random probability measure p7 % " o defined as

(n),1

n n),tmax\
"™ a ) tmax)

ey

(n) ,(n).1 (n) 1 &
n n), n),tmax
lun ,T yeens T ax _ Z F)
n & (
i=1



In general, this random measure does not converge to any fixed probability measure, because we
did not put any assumption on the variance profile of the elements of W) beyond Assumption 2.
However, let us define the deterministic measure p(™)-tmex g P(Rtmax+1) as follows: letting #(™ be
a discrete random variable uniformly distributed on the set [n] and independent of the sequence

(ZM1),, we put () tmax — Lﬂ((néﬁz), Zéﬁ},;tm*)). In particular, p(™)-*max(R x -) is a mixture of

n multivariate Gaussians. By Assumption 4 and the bound (5), one can readily show that the
sequence (p(™)tmax) _, is pre-compact in the space P,.(Rtmax*+1). Moreover, the convergence (7)
is rewritten as

JSOdun(n)’w(n)yl’”.ﬂ:(n)ytmax . f@d“(n)’t“‘ax P O’ (8)

n—0o0
which is equivalent to dr(,u”m)73’(">’1"“7x(")'tmx,u(")vth) L)
Remark 3. Let us consider the classical special case where K,, = n and where the variances satisfy
ngn) = 1/n for all ¢ # j. In this case, it is easy to check that the Gaussian vectors {Zi(n)’t}ie[n] are

i.i.d., and furthermore, writing Zi(")’t £ Zm)t - [Z(”)’l7 e Z(”)’t]—r with the covariance matrix
R(M:t it holds that

R(n) A+l

(A0, 0y Rz g 1) h(z ™)

Assume now that the probability measure v = p~1 D 5(m(n),o [y converges narrowly to a
deterministic probability measure v* as n — o0, as it is frequently done in the literature, usually,
under a randomness assumption on (ac(")’o, n(”)) coupled with an independence assumption from
W) Then, given a couple of real random variables (Z,7) with the distribution v®, we can readily

replace R(-*+1 with the matrix R **! that does not depend on n and that is written as
h(z,7,0)
- h(Z%1,7,1)
R* = E(E,H)EZwvt : [h(faﬁv 0) h(ZOC’laﬁv 1) e h(ZOQtaﬁv t)] 3
(2%, 7, )

with Z%* ~ N (0, R*") being independent of (Z,7). One consequence of this replacement is that
the measure p(™:tmex in (8) can be replaced with the distribution p®tmex of (7, Z%tmax), and the
convergence (8) is replaced with

J(pdun«n)7x(n>,17“_7x<n>,tmax P o dp b,
n—0o0
We recover here a well-know result given in, e.g., [BM11, FVRS22].

In the general setting of this paper, only the convergence (8) is available. In general, putting the
assumptions on (™%, (") mentioned above does not transform this convergence to a convergence
to a fixed deterministic measure. Once again, this is due to the fact that we did not put any
assumption on the asymptotic behavior of the variance profile matrix S beyond Assumption 2.

The AMP algorithms studied in the literature for symmetric measurement matrices have non-
symmetric analogues. For the sake of generality, we now succinctly deal with this case. The results
of the next paragraph will not be used elsewhere in this paper.



The non-symmetric variant (sketch)

Let (p(n)) be a sequence of positive integers such that 0 < inf p(n)/n < supp(n)/n < co. For

a given p = p(n), let G — [G(")]f’j , be a random rectangular p x n matrix, where the

random variables GE;L) for (i,7) € [p] x [n] are independent, centered, and unit-variance random
variables that share with the elements of X (") the moment bounds given by Assumption 1. Let
B = [bg;)]i’;:l € RP*™ be a deterministic matrix with non-negative elements, and assume that

0 B
(BT 0
there. The rectangular p x n matrix of interest here is the random matrix Y™ with independent
elements and a variance profile defined as

the (n+p) x (n + p) symmetric matrix [ ] satisfies Assumption 2 in the role of S

Y — (BmOV2 g gm)

Let £(M:0 = [;E§n)’0]ie[n] € R™ be a deterministic vector which elements belong to a compact set as
in Assumption 3. Let n(™ = [nl{")]ie[p] € R? and 7" = [ﬁ§n)]je[n] € R™ be deterministic parameter
vectors which elements belong to a compact set as in Assumption 4. Define two functions h(z, 7, t)
and ﬁ(i,fy,t) that both satisfy Assumption 5. Assume furthermore that these functions satisfy
non-degeneracy assumptions of the type of Assumption 6, and that all the row and column sums
of B(™) are lower-bounded by a positive bound independent of n.

With these objects, we define a centered Gaussian RP—valued process (Z (”)’t)teN, and a centered

~(n), n n T
Gaussian R™valued process (Z( )t)teN* as follows. Write Z("* = [Z{ ”,...,Z,& )’t] , and

Zmt [Z{"”, o Z(l")’t]T, and define the sequences Zi(n) = (Zi(n)’o, ZZ-(")’I, ...) for i € [p], and
ZJ(") = (2;.")’1, Zj(")’Q, ...) for j € [n]. Then, the sequences {Zi(n)}f:1 are independent, and so is
the case of the sequences {zm)}?:l The covariance matrices RE")’t = (Cov(Zi(n)’O, ce Zi(n)’t) and
ﬁ(n) ! (Cov( j(n) L Z (")’t) are recursively defined in ¢ as follows.
Writing =; f( ],77] , 0)? for j € [n], we set
RO = N pWEMO e [p).
Jj€ln]

With these variances at hand, we can construct the variances Egn)’o = Ef(Z, (m).0 ,77( ") ,0)? for
i € [p], and then, we set
R = 3 o= jen].
i€[p]

Let t > 0, and assume that the matrices ]§§-n)’t are available. Then we are able to construct the n
covariance matrices

~n fivie ’1:-”71)
B —E [T T FEAM0)  FE )

and we can then construct the p covariance matrices



With these matrices at hand, we are able to write

FzI0 0™, o)
—=(n),t . n), n n), n
="' K ; 120 ™0y e pz )],
£ g™

3

and we set N
R;m,t+1 _ Z bg;L)El(n),t’ je [n]
i€[p]

With these equations, the AMP non-symmetric equations take the form
0~ (YN T (20 g™ 1) — diag((B™) TEf (20, ™) 1) F@™ 7, 0),

where the vectors f (74, 7,t) € R" and f(a!,7n,t) € RP are defined in the obvious way, and where
f(x=1,m,—1) is zero. In these expressions, the symbols ~ are to be interpreted as in (6), and ¢
runs through the set {0, ..., tmax} With tmax = 0 being arbitrary.

Furthermore, considering continuous test functions ¢ and ¢ that increase at most polynomially,
and considering bounded sequences of weights (ﬁi(”))ie[p] and (B;"))je[n], we have

1 n n n), N )ylmax n n n), 7 ),lmax
EZ@%@%éWW@” ) = B Ep(n(™, 20,z ey ~ o,

n n n ~(n),tmax+1 ~>(n ~/~(n) ~(n),l ~(n),tmax+1
—Zﬂ() g @t L gty g Zmt L Z i ety

j€[n]
where the meanings of the symbols ~ are those given by (7).
These expressions can be deduced from the symmetric case by replacing the matrix W there
y )
YT o
function adequately. More details on this passage from the symmetric to the non-symmetric case
are provided in [JM13].

with the (n 4+ p) x (n + p) symmetric matrix [ ], and by choosing the activation

3 Application to the equilibria of LV systems

We now apply the previous results to the study of the distribution of the globally stable equilibria
of large Lotka-Volterra ecological systems.
Let Ry, = (0,0). Keeping the sequence (n) of integers introduced in Section 2, let (r(™) be
a sequence of vectors such that (") e R, , and let (E(”)) be a sequence of random symmetric
matrices such that ¥(") € R"*". For a given n, starting with a vector u(™)(0) € R?,, our LV ODE
is given as
i () = (1) © (r + (27— 1) (1), =0, 9)

We recall that (™ is the so-called vector of intrinsic growth rates of the species, and the matrix
(") is the species interaction matrix. When this ODE has a unique solution u(™ : R, — R7
for each u(™(0) e R} +, and when the image of this function is pre-compact, we say that the
ODE is well-defined. A sufficient condition for well-definiteness is || < 1 [LIMO09]. Tt is also
well-known that under this condition, the ODE (9) has a globally stable equilibrium u&") e R}
in the classical sense of the Lyapounov theory [Tak96, Chap. 3]. We shall focus herein on the
distribution u“in) € P(R;) of the elements of u{™ for the large values of n, which reflects the
relative abundances of the species at the equilibrium.

We now state our assumptions regarding the vectors (™) and the matrices (™). Let us call
“hypotheses” the assumptions relative to our LV system. Our first hypothesis reads as follows:

10



Hypothesis 1. Let X(™ be the random symmetric n x n matrix constructed after Assumption 1
above. Let V() = [ (n)] be a deterministic symmetric matrix with the same structure as
3,j=1

S in Section 2, and that complies with Assumption 2 above, with the s( R

)

in this assumption

being replaced with v(n Furthermore, assume that there is a constant ¢y > 0 such that

min vi(;-l) = cy
el e

(see Assumption 6). Then, the matrices ©(™) are written as
n(n) — (V(”))®1/2 @X(”).

According to our model, Species i interacts only with the species in the set V(n) ={j e

[n], vgj) > 0}. The relative cardinalities of these sets satisfy mlnl(|Vi( )|/n) ~ K,/n and
maxi(|Vi(n)|/n) ~ K, /n. This ratio is the “degree of sparsity” of our model,

Since X(") is random, we need to guarantee that limsup,, |2 | < 1 with probability one to
ensure that the LV ODE is well-defined and has a global equilibrium. We consider this condition

as a hypothesis:
Hypothesis 2. limsup,, [ | < 1 with probability one.

Let us provide some comments on this hypothesis. The spectral norms of random matrices
with structures close to W were studied in [BvH16] in the framework of Assumption 7. In this
setting, explicit bounds on the spectral norm of £(™ can be obtained in some cases, among which
the Gaussian case plays a prominent role. We note that in general, these bounds are not tight.
Let ||A]l and ||A]s be respectively the maximum row sum norm and the max norm of the matrix
A respectively. When X (™) is a Gaussian matrix, we know from [BvH16, Th. 1.1] that

]EHE(H) ” Té?;uss’
where
n n 6 n
T8 = (L+e) 2V ™2 + (V)]0 log ) /2
log(1 + ¢)

for an arbitrary € > 0. Furthermore, by Gaussian concentration,

P[50 = TG +t] < exp(—t2/2IV™)1)?), (10)

Gauss

for € € (0,1/2], as given by [BvH16, Cor. 3.9]. By consequence, it holds that in the Gaussian case,
limsup,, ||| < 1 with probability one if limsup,, T < 1 for some choice of ¢ € (0,1/2].

auss
Owing to the constraint on |V, provided in Assufnptlon 2, this requires that the sequence
(K,) satisfies K,, 2 logn. In the Gaussian case, we can therefore admit a degree of sparsity of
logn/n. Under our hypothesis 1, this rate turns out to be the optimal rate for Hypothesis 2 to be
verified, as a consequence of [BvH16, Cor. 3.15].
Similar explicit bounds on lim sup,, | £(™ | are available in the case where the random variables
X ™) are bounded, see [BvH16, Cor. 3.12] for more details. Here also, Hypothesis 2 is ensured

When IV and |V ™|, logn are bounded properly.

Under Hypothesis 1 without more specific information on the distributions of the X;;, Hy-
pothesis 2 is verified if both limsup,, ||V and limsup,, [V (logn)?¥! are small enough, as
shown by Proposition 3. We thus need that K, = (logn)?¥! with a large enough factor.

In any case, we shall also need

Hypothesis 3. limsup, [|[V™] < 1/4.

11



In the classical Wigner case where v = an_llnll for some v > 0, this condition is necessary
and sufficient to ensure that limsup,, |2 | < 1 with probability one, by the well-known result on
the almost sure convergence of |£(™)| to the edge of the semi-circle law. Sparse cases that behave
similarly to the Wigner case in this respect, and thus, that require Hypothesis 3, were treated
in the literature. These include the models dealt with in [BvH16, Sec. 4]. Similar results can be
found in [KhoO8, Sod10, BGP14].

Regarding the intrinsic growth rate vector, we consider the following hypothesis:

Hypothesis 4. The vector 7™ is a deterministic vector which elements belong to a compact
Qr < R*+-

In the practical ecological settings where the intrinsic growth rates within a given ecosystem are
positive, it is not unrealistic to assume that these rates are lower and upper bounded by positive
constants.

Let x,y € R™. In the statement and in the proof of the following theorem, we denote as
2y, x/y, /T, etc., the R"-valued vector obtained by performing these operations elementwise.
Given a R"—valued random vector U = [U;]?_;, the notations EU and P[U > 0] will respectively
refer in the remainder to the vectors [EU; ], and [P[U; = 0]]™,.

Theorem 4. Let Hypotheses 1 to 4 hold true. Then, for each n for which [Z(™| < 1, the
ODE (9) is well-defined, and it has a globally stable equilibrium u{™. For the other values of n,

put ui") = (0. The distribution p“in) is a Py(R)—valued random variable on the probability space

where X(") is defined.
Let €™ ~ N(0,1,,). Then, for each n large enough, the system of equations

2
p=V"diag(1+¢)* E (\/ﬁf(n) + T(n)) (11a)
+

¢ = diag(1 + O)V® diag(1 + ¢) P [\/]35(") IRORS 0] . (11b)
admits an unique solution (p,¢) = (p™,¢™) e R% x [0,1]™. This solution satisfies

sup [p™ | < 0.
n

Let Y™ be the Gaussian vector

Yy — [YZ@)]? - (1 . <<n>) (\/ﬁgw +T<n))7

1=

and define the deterministic measure (™) € Py(R) as pu(» = & ((Y(n) )+ ), where (%) is a uniformly

o(n)
distributed random variable on the set [n], which is independent of £(™). Then

ds (ﬂ“(*"),u(")) —L 0.

n—0o0

Remark 4. Since sup,, [p™ |, < o, the sequence of measures (u(™), which are mixtures of
truncated Gaussians with bounded means and variances, is a pre-compact sequence in the space
P2(R). Therefore, for each sub-sequence of (n), there is a further sub-sequence (n’) and a measure

v € P2(R) such that ﬂ“in/) — v in probability in Pa(R).
Remark 5. Write u{™ = [uinl)]le By Theorem 4,
1 n n P
= 3 eul) — Ep((Yi)4) L0
i€[n]

for each continuous function ¢ : R — [0, 1] such that ¢(0) = 0. With this at hand, we can consider

the positive number ~(™ = IP’[YQ((Z)) > 0] as an approximation of the proportion of surviving
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species at the equilibrium, in the sense that (") ~ np—! Zie[n] ‘P(Uinz)) when ¢ is chosen as a
“continuous approximation” of the real function ¥ (x) = 1,9. Of course, this does not imply that

M) — Tty 1,0, converges to zero in probability.

Note that liminf, 7™ > 1/2 by Hypothesis 4 and by the bound sup [p(™ |, < oo, which
implies that the proportion of species that survive at the equilibrium for large n is lower bounded
by 1/2 with a positive gap.

The following corollary to Theorem 4 shows that when the variance profile matrix is V(") =

an™1,1} with a € (0,1/4), then, the large-n behavior of the empirical measure u“in) is the one
predicted by [Bun17, Gall8, ABC*22]. Remember that we are not restricted in the present paper
to the Gaussian case.

Corollary 5. In the setting of the previous theorem, assume that V(") = an™1,1] with a €
(0,1/4). Let £ ~ N(0,1), and let 8™ be independent of ¢ and uniformly distributed on the set
[n]. Then, there is an unique couple (B("),g(")) € R4 x [0,1] such that, dropping the superscript
(n)

)

= ( O EoEe[(\/p& +70) ],
g) “EoPe[\/pE + 10 = 0].

I~ IS
I
E\

Moreover,

ds (5, 2 (14 O(BE+70),)) —2> 0.

n—o0

To prove this corollary, we notice that due to the structure of V, the solution of the system (11)
is of the form (p™,¢™) = (p™1, C(" 1,,) where (p(™, (™) is the solution of the system shown
in the statement. The result follows

We now turn to our proofs. In the remainder of this paper, the notations C,¢ > 0 refer to
constants that can change from line to line. Some of the statements hold true for n large enough
instead of holding for each n. This will not be specified.

4 Proof of Theorem 1 and Corollary 2

This section is essentially devoted towards proving Theorem 1. The first and most important
step of the proof is to consider an AMP sequence where the function h(,7,t) is replaced with
a polynomial, and to aply to this sequence the combinatorial technique of Bayati, Lelarge and
Montanari in [BLM15].

4.1 AMP with polynomial activation functions

Let d > 0 be a fixed integer. Consider a function p(™ : R x [n] x N — R with the property that
p™(-,4,t) is a polynomial with a degree bounded by d, and is thus written as

x,z,t Za(n) (i,t)x

Starting with the deterministic vector z(™:0 = z(™:0  our purpose here is to study the AMP
recursion in the vectors z(™1, ("2 given as

x(n),tJFl = W(n)p(n) (x(n),t7 ) t) - dla’g((W(n))QQap(n) (x(n)7ta ) t))p(‘x(n)7t71a ) t— 1)’ (12)

where, writing x = [z;]7_, we set p(”)(x, o t) = [p( )(xl,z,t)] ', and ap(”)( 1) = [(31)(")(~,i,t)|r1y]?=17

and we consider that p(™) (-, —1) = 0.
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The general idea goes as follows. With the polynomial activation function p(”)(-,i,t), the
elements of the vectors (")t are random variables which are sums of monomials in the elements
of W™ with indices indexed by labelled trees. Our purpose will be to compute the moments of
these random variables. Due to the presence of the “correction” so-called Onsager term diag(-)p(-),
the effect of the paths with the so-called backtracking edges will be cancelled, rendering these
moments close to the Gaussian moments provided by the state evolution equations below. A nice
intuitive explanation of the main proof idea is provided in [BLM15, § 2].

Let us provide the expressions of the state evolution equations for Algorithm (12). Counsider the
>(n), t ~(n -~ T
Gaussian sequence (Z( M )ten, described as follows. Writing Z ). [Z( )’t, .. .,Z,(L")’t] and

Zi(n) = (Zi(n)’l, Zi(n)ﬂ ) the sequences {Z( )} ', are centered, Gaussian, and independent, and

the covariance matrix Ri )t of the vector Zi(”) t= [Zi(n) 1, ceey Zi(n)’t]T is constructed recursively
in t as follows.
R(n Z s; (") ,l,0)2,
le[n]

and

p(™ (wl((”))’o, !

(n) (7 (m):1
p"(Z 0 . .
(") o Z sz(ln)]E : : [p(n)(l'l(nLOJaO) p(n)(Zl(n)Jalal) p(n)(Zl(n)7talvt):| .

pM(Z 1)
With this at hand, the main result of this section reads as follows.

Proposition 6. Let Assumptions 1-3 hold true, and consider the AMP algorithm (12). Assume
that for each integer t > 0,

1) < oo. 13
supglggrg[axm (i, 1) (13)
Then,
Vt >0, supmax |\R§n)’t|
n i€[n]
Moreover,

Vit > 0, Ym e N, supmaxIE|:c( n)tm

n i€[n]

< . (14)

Given t € Ny, let (™ : Rt x [n] — R be such that ¢(™)(-,1) is a multivariate polynomial with
a bounded degree and bounded coefficients as functions of (I,n). Let S™ < [n] be such that
IS < CK™). Then,

oM@t e ) ™M (2 20— 0, and  (15a)

n—0o0
ieS(m)

S<n>|

- Z v (2 Lty SRz 2y P, (15b)
zE ] n—o0

The proof of this proposition will revolve around a version of our AMP sequence where the

R"valued vectors z(™* will be replaced with R”*9-valued matrices, with ¢ > 0 being a given

integer. In all the remainder, a vector & € RY will be written as = [z(1),...,2(q)]". Consider
the function

f@ . RIx[p]xN — R?
A (@, 1,1)

(wal’t) — 9
18 (@, 1.8)
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which is a polynomial in @, with degree bounded by d, written as

d q

) (@, 1,t) = Z (1) 1_[

i1+--~+iq—0 s=1
Starting with the deterministic n-uple (w&") , :cSZ” O) with wl(")’o € RY, the AMP recursion
in ¢ will provide us at Iteration ¢ + 1 with the n—uple (azgn)’tﬂ, . ,wsl")’tﬂ), where a:(") t

[xgn),t+1(1) x(n),t+1

gy

(q)]" is given as

xz(_n),tJrl Z Wzl f(n)( n)t ,t)
le[n]

(n)
=Y ™ -1 Y R @y, refal (6)
b7 dx(s)
s€lq] le[n]
with f(-,-,—1)=0.
We also introduce the following sequence of Gaussian R™"?—valued random vectors (U (n)’t)teN*.
Writing
Ul(n),t
U(n)7t — :
Uy(ln),t
the {Ui(n)’t}ie[n] are R?—valued independent Gaussian random vectors, Ui(")’t ~N (0, an)’t), and

the covariance matrices QE")’t are recursively defined in t as follows. Starting with ¢ = 1, we set

QM = 3 s @10 £ (@107 forie [n]
le[n]

Given {an)’t}ie[n], we set

QE Yt+l Z S n)Ef(n)(U(" )f(")( (n).t N t)T for i € [n].
le[n]

The correlations between the elements of U™t and U5 for ¢ # s are irrelevant to our purpose.

Given = € R? and a multi-index m = [m(1),...,m(q)] € N%, we write in the sequel
™ = H x(r)m(r).
relq]

Proposition 7. Let Assumptions 1 and 2 hold true, and consider the iterative algorithm(16).
Assume that for each ¢ > 0, there is a constant C' > 0 such that

al™ . (rl, t)( <cC, (17)
and furthermore,
sup max :c H < . (18)
n i€[n]
Then,
Vi >0, sup 1nfx>]< HQE")’t (19)
n 1€[n
Moreover,
Vt >0, Ym e N%,  supmaxE|(z!)™| < 0. (20)

n i€[n]
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Let 1(™ : R? x [n] — R be such that ¢)(™ (-,1) is a multivariate polynomial with a bounded degree
and bounded coefficients as functions of (I,n). Let S < [n] be a non empty set such that
|S(™| < CK™). Then,

n)t . (n),t . P
K(n) ;l)w 1) —Ep(U;"™", i) —— 0, and (21a)
1eSn
Z w (n)t . ’l/)( (n)t ) POO 0. (21b)

The proof of Proposition 7 is an adaptation of the approach of [BLM15] to the structure of
the variance profile at interest in this paper. For self-containedness, we reproduce large parts of
the proof of [BLM15], putting the focus on the parts of this proof where these adaptations are
necessary.

In the remainder, the superscript (™ will be often omitted for notational simplicity.

4.2 Proof of Proposition 7

Let us quickly prove that sup,, max;e(,) |Q} < oo for each integer ¢ > 0. For t = 1, this is a conse-
quence of Assumption 2 and the bounds (17) and (18). Assume the result is true for ¢t. Then, using
the bound (17) again, standard Gaussian derivations show that sup,, max; HIEf(Uf, i,t) f(UL,i,t) H <
0. Then, using Assumption 2, we obtain from the expression of QEH above that sup,, max; HQZH H <
0.

Of importance in the proof of Proposition 7 are the sequences issued from the so-called “non-
backtracking” iterations. Given any i,7 € [n] with ¢ # j, define the set of R%-valued vectors
{20, i,jen], i #j} as z?_,J = xf. Assuming that the R?-valued vectors {z}_,;, i,j € [n], i #

j} are defined, the vectors zlﬁ ; for i # j are given as

ztii Z WllfT zl—»m ’t) (22)
le[n]\{s}

(here, we implicitly consider that in the summation over [, the case | = i is excluded because

Wii = 0). Having the vectors {z]_,;, i,j € [n], i # j} at hand, we define the R%-valued vectors
{zIt!) i€ [n]} as

Zt+1 Z Wzlf'r‘ Zl*)l? ) ) (23)
le[n]

For each n, let us now consider an i.i.d. sequence (W(”)’t)tzo,lv___ of symmetric n x n matrices

such that W™t £ W We deﬁne the vectors yﬁ_,j and y! recursively in ¢ similarly to what
we did for the vectors zf_,j and z!, with the difference that we now replace the matrix W with
the matrix W' at step t. More pre(nsely, we set yi ,; = af for each 7,5 € [n] with i # j; Given

{yl_w i,7 € [n], i # j}, we set

yfib Z lfT ylazal,t% Z # j
le[n]\{5}

Also,
t+1 2 lfr yl—na 9 )

le[n]

The tree structure. The pivotal object in the proof is a rooted and labelled tree T" with the
following structure (we paraphrase here [BLM15, §4.2] with the same notations). Write T =
(V(T),E(T)) where V(T') and E(T) are the sets of vertices and edges of T respectively. We also
denote as L(T) the set of the leaves of T'. Denote as o € V(T) the root of the tree, and let |u| be
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the distance of a vertex u to o. We consider that the edges are oriented towards the root. Thus,
considering the edge (v — v) € E(T), we have that v = 7(u), where 7(u) the parent of the node
u. We assume that the root has only one child (thus, T is a so called planted tree). Each vertex
other than the root and the leaves can have up to d children, thus, its degree is bounded by d + 1.
By definition, the degree of a leaf is one, its only neighbor being its parent.

The tree T is a labelled tree. We now describe this labelling. The label of the root is an
integer £(o) € [n]. The label of a vertex v which is neither the root nor a leaf is a couple
(£(v),r(v)) € [n] x [g]. The label of a leaf v is (¢(v),r(v),v[1],...,v[q]) € [n] x [¢] x {(a1,...,aq) €
N? a; +---+ay <d}. f ve L(T) and |v| <t — 1, then we set v[1] =--- = v[g]) = 0.

The integer £(v) is denoted as the “type” of the vertex v, and r(v) is the “mark” of this vertex
when it exists.

For a vertex u € V(T)\L(T), we denote as u[r] the number of children of u with the mark r.
The children of uw € V(T)\L(T) are ordered with respect to their mark. Specifically, the labels of
the children of u are (¢*,1),..., (¢*[ 1), (pe+1 ) (pulll+-+uldl g)

Specific classes of these trees will be of importance. Following the definitions and notations of
[BLM15], we introduce the following families of trees:

. 7’t is the set of labelled trees as above, with depth ¢t at most.

o Tt = T is the subset that additionally satisfies the following so-called non-backtracking
condition: if v1 = o,vs,..., v is a path starting from o, i.e., v; = m(v;11), then the corre-
sponding sequence of types is non-backtracking. This means that for each i € [k — 2], the
three types £(v;), £(vi+1) and £(v;42) are distinct.

. 7?_)j( r) < T is the subset of trees in 7 for which the type of the root is 4, the type of the

child v of the root satisfies £(v) ¢ {4, j}, and the mark of v is r(v) = r.
e T.!(r) = Tt is the subset of trees in 7 for which the type of the root is i, the type of the

3

child v of the root satisfies £(v) # 4, and the mark of v is r(v) = r.

Given a tree T', we also set

W(T) = 1_[ WZ (u)l(v)s
(u—v)eE(T)
F(T7a7t) = 1_[ au[l],...,u[q](r(u)vé(u)7t_ |U|),
(uﬂU)GE(T)

= I1 I (9™

veL(T) s€[q]
Lemma 8 (Lemma 1 of [BLM15)).

1—]
TeTL,;(r)

()= >, W(DI(T,a,t)x(T).
TeT(r)

This lemma is a structural lemma which proof is not impacted by our specific variance profile.
The following nottions will be needed below. Define the set

K= {{’L,j} c [n], Sij > 0} .
For each i € [n], we define the section
Ki={jeln], si>0}.

The next proposition shows that in the large dimensional regime, the joint moments of the elements
of a vector z! issued from the non-backtracking iterations depend for large n only on the first two
moments of the elements of W.
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Proposition 9 (adaptation of Proposition 1 of [BLM15]). Let {)?ij}lgi<jgn be a family of inde-
pendent random variables satisfying Assumption 1, with distributions not necessarily identical to
their analogues X;;. Let W be the symmetric matrix constructed similarly to W, but with the
X;; replaced with the X,;. Starting with the set of R9-valued vectors {20, 4,5 €[n], i #j}
9,; = o), define the vectors z{ € R? by the recursion (22) and the equation (23), where
W is replaced with w. Then, for each ¢ > 1 and each m € N9, there exists C' such that for each
i€[n],

given as z

[E(z)™ —E(z)™| < CK /2.

Proof. For simplicity, we restrict the proof to the case where the multi-index m satisfies m(r) = m
for some integer m > 0 and m(s) = 0 for s € [¢]\{r}. By Lemma 8, we have

T1,, T €T (r) \k=1 k=1 k=1
For a tree T and j,1 € [n], define
(T = {(u—wv) e BE(T), {£(u),l(v)} = {5, 1}}].

There is an integer constant Cr = Cg(d, t, m) that bounds the total number of edges in the trees

Ti,..., Ty € T(r), leading to
1D 6(Th)j < C.

ke[m] j<l

Given an integer m € [Cg], let
Ai(m) = {(Tl, o T) = Ty € TA(r) for all k € [m],
Vi<l > (T # 1,

ke[m]

Vi<l ), 6(T)u>0 = {jl}ek,
ke[m]

DD 6T =m}~

ke[m] i<l

Then, since the elements of W beneath the diagonal are centered and independent,
Cg m m m
Ezf(r)™ = )] > (ﬂ L(T}, a,t)> (H x(Tk)> E lﬂ W(Tk)l . (24)
m=1(Ty,....Tm)eA; (m) \k=1 k=1 k=1

Notice that the contributions of the m—uples of trees in A4;(m) for which

Vi<l > 6(Tw)j € {0,2}

ke[m]

are the same for Ez!(r)™ and Ez!(r)™ by the assumptions on the matrices W and w. Thus,
defining the set

Aim) = {(T1,.. Ty € Ailm) = 3j <1, 3 6(Th)q = 3},

ke[m]

the proposition will be proven if we prove that for all m € [Cg], the real number

Em = 2 ( F(Tkvavt)> (H x(Tk)> E lH W(Tk)]
E./Ki(m) k=1 k=1 k=1

(T17"~;T7n)
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satisfies |&n| < CK 12,

Using the bounds (17) and (18) provided in the statement of Proposition 7, it is obvious that
[Tie, D(Tk, e, t) and [}~ , 2(T%) are bounded.

Since [EW})| < CK~*/? for each integer s > 0 by Assumptions 1 and 2, for each (T1,...,T},) €

Aji(m), we have

E[[w@o| = []Ew; ") < crm.
k=1

g<l

To complete the proof, we shall show that
]ﬁi(m)\ < CKM=D/2 (25)

From a m-uple (T1,...,Tn) € A, (m), let us construct a graph G = G(T4,...,T,,) as follows.
The graph G is the rooted, undirected, labelled, and unmarked graph obtained by merging the m
trees 11, ..., T, and by identifying the nodes that have the same type; This common type will be
the label of the obtained node in G. The root node of G will be the node obtained by merging the
roots of the trees T1,...,T;, (remember that they all have the same type 7). The other nodes are
numbered, say, in the increasing order of their labels. The edges of G are furthermore unweighted.

The number of edges of G is

|E(G)| = 2 lzk &(Tk)1>0"

g<l

Remember that when >3, ¢(T%);; > 0, this sum is > 2, and for some j < [, it is > 3. Consequently,
2|E(G)| + 1< X, 23 #(Tk)j1, in other words,

Note that since G is connected as being obtained through the merger of trees, |V(G)| < |E(G)|+1.
Thus, |{ve G,v #o}| < (m —1)/2. Also, by construction, G satisfies the following property:

{u,v} € E(G) = {(u) € Ky

We shall denote as G the set of rooted, undirected, labelled and connected graphs such that
((c) =i, |E(G)| < =51, and the last property is satisfied. We denote as R™ the set of all the
elements of G but without the labels. Given a graph G € G, let us denote as G = U(G) e R™

the unlabelled version of G. With these notations, we have

(L(m)‘ -3 3 ]{(Tl,...,Tm)e,L(m) C G(Ty,.... Ty :G}). (26)
GeR™  Geg":
UG)=G

For each graph G, we have
H(Tl,...,Tm) e Aim) : G(Ty,...,Ty) = G}‘ <C, (27)
where C' = C(d,t,m) is independent of G. Our purpose is now to show that
{Gegr: U®G) =G} <CK™ Y2 (28)

Given G € R™, denote as o the root node of G, write M = |[V(G)| —1 < (m — 1)/2, and denote as
{vi,...,vp} = V(G)\{o} the set of vertices of G’ without the root. Recalling that G is connected,
let us consider a spanning tree of this graph rooted in o. Denote as m(v) the parent of the node v
in this tree. Writing j, = ¢, we obtain that

{Gear - UG) =G} <|{Gr,-dm) e (™ : e M), e Ky}
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Denoting as L < {v1,...,vp} the set of the leaves of the spanning tree, we can write

’{(jl,...,jM)E[n]M : Vk e [M], jkele"(vw}’ - Y 1

2 X (X X

kwge{vy,...,op }\L jkeKjﬂ_(Uk) p:vpeLjpe)Cjﬂ_(vp)

< CKH D > L

kvge{vy,...,uar J\L jkGICj_A_(vk)

due to the fact that |K;| < CK for all j by Assumption 2. If we prune the leaves of the original
spanning tree, what remains is a tree made of the nodes that constitute the first sum above plus
the root node. We can apply the pruning operation to the new tree as above, and iterate until
exhausting all the set {v1,...,var}. This leads to

{Gr o in) e I 2 Wk e [M], i€ Ky, }| < KM < ORI,

Inequality (28) follows.
It is furthermore easy to check that

IR™ < C.

Getting back to Inequality (26), and using this last inequality along with Inequalities (28) and (27),
we obtain Inequality (25), and the proposition is established. O

Let us keep the notations of the former proof. Consider the subset A;(m) of A;(m) defined as

ﬂi(m)={(T1,...7Tm)eAZ-(m) i<l ¢(Tk)jle{0,2}}.

ke[m]

For (T, ..., T,,) € A;i(m), let us denote as G = G(T1, ..., Tn) € G™ the graph obtained by merging
these trees, and G = U(G) € R™ the unlabelled version of G, as we did for (T},...,Ty,) € A;(m).
As we did in (24), Ez!(r)™ can be written as

Cg Cg
Ezf(r)m = Z Xm + Z &m, (29)
m=1 m=1

258 () ({en)e o]

GGR‘“ Geg:‘ : (T1)~<-7Tm)e-/z'i(

U(G)=G G(Ti,....Tm)=G

and where we recall from the former proof that £y = Z(Tl T )eAi(m) satisfies |&n| < OK Y2,
Let us further decompose yn as

Xm= ) ), I D YD) 2

_GER™:  GeG: (Ty,..Tm)eA;(m): _GeR™:  GeG: (Ty,..Twm)ed;(m):
G is atree Uy(Q)=G G(T1,....Tyn)=G G not a tree U(G)=CG G(T1,....Tyn)=G
T NT
=Xm T Xm -

Then, the contribution of the term xX7T is negligible:
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Lemma 10 (see Lemma 2 of [BLM15]). |x&| < C, and [x§"| < C/K.

Proof. By repeating the argument of the former proof, the terms [ [} I'(Ty, e, t) and [ [~ ; 2(T%)
are both bounded, and the term E ], , W(T}) accounts for a factor of order K~™/2 in both x%
and yNT.

Furthermore, when (T1, . .., Ty,) € A;(m), the graph G = G(T, . . ., T},) satisfies |E(G)| = m/2.
We further know that G = U(G) satisfies |V(G)| < |E(G)| + 1 = |E(G)| + 1, with equality if
and only if G is a tree. Therefore, when G € R™ is a tree, |V(G)| = m/2 + 1. Once we set
M = |V(G)| =1 = m/2, the argument for establishing Inequality (28) in the former proof can be
reproduced word for word here to show that [{G € G : U(G) = G}| < CK™?. When G € R™ is
not a tree, |V (G)| < m/2, and we obtain that |{G € G : U(G) = G}| < CK™?~1. Thus,

\-«—/[\3(:)

IXm| < CK™™2K™? = C,
|X§LT| < CK—m/QKm/Q—l _ OK—17

and the lemma is proven. O

Getting back to the expression (29) of Ez!(r)™ and using this lemma along with the bound
[€m| < CK 2, we obtain that for each ¢ > 0 and each multi-index m € N, there exists a constant
C > 0 such that

max E|(z})™| < C. (30)

i€[n]

This bound will be needed below.
Recall that the samples y! are obtained by drawing an independent matrix W at each iteration
in the parameter t. We have:

Proposition 11 (Proposition 2 of [BLM15]). For each ¢ > 1 and each m € N9, there exists C
such that for each i € [n],
[B=)™ - By!)™| < CKV2.

3

Proof. Parallelling the quantities W (T') introduced above for a tree T' € 7't, [BLM15] introduced
the quantities

o t—lul
Wry= 11 Wi
(u—v)eE(T)

By an easy adaptation of the proof of [BLM15, Lm. 1] (Lemma 8 above), we can show that

yfaj (r) = Z W(T)F(Tv a, t)z(T),
TeTL, (1)

yiry =Y, W(DI(T, e, )2(T).
)

TeTr(r

Similarly to the proof of Proposition 9, we assume that m(r) = m and m(s) = 0 for s € [g]\{r}.
Similarly to Equation (24), and with the same notations, it holds that

Cg

s =3 8 ([reean) ({Tm) 2| [Twem)|
m=1(Ty,.... T )eA; (m) \k=1 k=1 k=1

As we did for Ez!(r)™ above, we partition A;(m) as A;(m) = A;(m) U A;(m). We prove with
the same arguments that the contribution of A;(m) is of order K~/
Lemma 10, we also obtain that within 4;(m) we can limit ourselves to the terms Y defined as

_GER™:  GEGT: (Ty,.. T,)ed;(m):
G is a tree U(G)=G G(Ty,....Tm)=G

. Furthermore, parallelling



the terms for which G is not a tree being of order K ~'. With this at hand, the proposition will be
established once we show that Y& = x5, where we recall that yi., introduced in the last proof, has
the same expression as Y. except that the terms W (T}) in the latter are replaced with W (T}).

Consider an arbitrary m—uple (11,...,7,,) in the inner sum above. We first notice that if
E[ T, W(Ty) # 0, then E[[}, W(T}) = E[];-, W(T)). This is due to the fact that if j <
is active in E]],—, W(T}) (in the sense that >, ¢(T%); # 0, and thus, is equal to 2), then the
corresponding contribution of this j < to E][,~, W(T}) will be exactly the same.

The proof will then be terminated if we show that if E] [, , W (T}) # 0O and E] [, W (Tx) = 0,
then necessarily, the graph G = U(T1,...,T,,) will not be a tree, i.e., it will contain a cycle.
Assume that E];, W(Ty) # 0 and E][;-, W(Ty) = 0. Then, there will be an edge {u, v} in G,
with {€(u), £(v)} = {4,1}, but that will appear at two different distances to o in the trees T}. Let
us consider the three possible cases where this could happen:

1. This happens in the same tree, say 77, and on the same path to o. Then, due to the
non-backtracking nature of T, a cycle appears in G.

2. This happens in two different trees, say 77 and T5. Namely, there exists two edges u —
v e E(Ty) and v — v' € E(Ty) such that {{(u),f(v)} = {{(u'),£(v")}, and |u| # |v/|. Then,
keeping in mind the backtracking property, it is easy to observe that a cycle is created in G.

3. A similar remark can be made when this happens in the same tree but on two different paths
to the root.

Thus, we have a contradiction in the three cases, and we get that Y& = x&. The proposition is
proven. O

The following proposition links the joint moments of the elements of the vectors 2! with those
of the vectors ! provided by the AMP algorithm (16).

Proposition 12 (proposition 3 of [BLM15]). For each ¢ > 1 and each m € N9, there exists C
such that for each i € [n],
|E(zH)™ — E(z)™| < CK /2.

K2

Recalling the bound (30), the bound (20) can be deduced from this proposition.
To prove this proposition, new objects need to be introduced. In a directed and labelled graph,

e A backtracking path of length 3 is a path a — b — ¢ — d such that ¢(a) = ¢(c) and

0(b) = £(d).

e A backtracking star is a structure a,b — ¢ — d where £(a) = £(b) = £(d).

Let U " be the set of equivalence classes of trees in T't from which the marks have been removed.
Denote as BY the set of trees T in I that satisfy the following additional conditions:

o If u—>ve E(T), then £(u) # £(v).
e There exists in 7" at least one backtracking path of length 3 or one backtracking star.

Finally, B! is the subset of trees in B with the root having the type i, and such that the type of
the child v of the root satisfies £(v) # 1.
The proof of Proposition 12 relies on the following structural lemmas:

Lemma 13 (Lemma 3 of [BLM15]).

zi(r) = 2 (r) + Y, W(T)T(T,t,7r)x(T),
TeB!

where |I'(T',t,r)| < C(d, t).
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Proof of Proposition 12. Once again, we assume that m(r) = m and m(s) = 0 for s € [¢]\{r}. We
write

E(a!(r)™ = E(=(r) + Y, WDT(T.t.1)a(T))
TeB!
where zf(r) is given by Lemma 8. With this at hand, the proposition will be established once we
bound the terms of the type

m

3 3 ‘IE I1 W(Tk)(.

Tler Tg TMGB} uﬁt(T) k=1
The argument is nearly the same as in the proof of Proposition 9. Defining the set
Dy(m) = {(T1,....Tk) : Ty €Bl, To,.... T e BL U T (r),

Vi<l > (Th)j # 1,

ke[m]

Vi<l Y, 6T >0 = {jl}ek,
ke[m]

D0 D (T :m}-

ke[m] j<l

Recalling the notations of the proof of Proposition 9, we need to show that

R I YD N g Lc

GeR™ GeG™: (T1,....,Tm)€D;(m): k=1
UG)=G G(T1,.--,Tm)=G

satisfies 0 < CK1/2.

As usual, [E]],2, W(Tx)| < CK~™2. We need to bound |D;(m)|. To this end, we observe
that since 71 € B!, resulting in this tree having a backtracking path or a backtracking star, it
is easy to see that the graph G has an edge that results from the fusion of three edges at least.
This implies that |[E(G)| < (m — 1)/2. Reusing the argument of the proof of Proposition 9, we
obtain that |D;(m)| < CK™~Y/2 which shows that §,, < CK~'? as required. Proposition 12 is
proven. O

Making use of the independence of the matrices W?, we now show that the joint moments of
the elements of a sample y! are close to their analogues for U}, which distribution is provided
before Proposition 7. It will be enough to consider that the matrices Wt are Gaussian.

Proposition 14. Assume that the matrix W is Gaussian. Then for each multi-index m € N9,
each integer ¢t > 0, and each sequence (i,) valued in [n], it holds that

E(y!, )™ — E(U},)™ —— 0.

n—ao0

Proof. Remember that y?ﬁj = z! and yfilj = Zle[n]\{j} Whi(yl ,,1,t) for each ¢ # j. First,
using this equation, it is easy to establish by recurrence on ¢ that

Vt >0, Vm e N9, supmijE|(y§_)j)m| < . (31)

n 7]
Fixing ¢, we shall show by recurrence on u = 1,...,¢ — 1 the following assertion that we denote as
A(u): For each multi-index m, each sequence (j,) valued in [n], and each (n—1)-uple (be)eepn]\(5,}

with bounded elements, it holds that

D) sibe(yi,)™ — sib U™ 0,

n—o0
Le[n]\{5}
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where j = j,. In all the proof, we shall need the covariance matrices H;; defined for u > 1 and
i # J as
HZ; = Z sllf(y?__nlalvu_ 1)f(yl_>@alvu 1)T
le[n]\{5}
Starting with A(1), let us assume for notational simplicity and without generality loss that j = n.
We have

Y, sab (i)™ —EUN™) = Y sub (i)™ — E(yi)™)

le[n—1] le[n—1]

+ Z sibi (E(y) )™ —EUN)™)

le[n—1]
= X1t X2-
It is obvious that y; ,,, ~ N(0, H. ), where H! = Q! — Ej ,, and the rank-one matrix

El,n S, rbf(aj n, O)f(:cgu nvo)T

has a spectral norm that converges to zero by Assumptions 2 and 3. It is then easy to deduce that
X2 —7n 0.

To deal with i, we make use of Poincaré’s inequality [PS11, Ch. 2]. For u > 1, let X* be the
the g(n — 1) x g(n — 1) covariance matrix defined as X% = [S4(k, l)]
S¥(k,1) is given as

N Z , Where the g x ¢ block

Hy, if k=1

S (k, 1) = S ,
n(k ) {skzﬂylﬂ;,l’u— 1D (y=h kyu— 1)T i mot.

Note that X! is deterministic, and the R~V valued vector y! , = [ylﬁn] ! has the distribu-
tion A'(0,%,). Define the function I'(yL,,,) = X, 1) sabi(y;_,,)™ and erte Vyy™ = pm(y),
a R9%—valued polynomial. Then, we obtain by Poincaré’s inequality

n—1

Ex; = Var (T(y",,,)) < D) sisibkbiBpm (i n) Sk, Dpm (Yl n1)-
=1

Considering the expression of X! (k,l), and using Assumption 3 and the bound (31), the right
hand side of the previous display satisfies the bounds

C

n—1
’Z...‘<025§k<%7 and ‘Z’ CZSszzZSkl ST
k=l k=1

k#l k=1

It results that i f,n 0, and A(1) is established.
Assuming that A(u) is true, let us establish A(u+1). Define the o—field % = o(WO°, ..., W4).
Then, still setting j = n, the conditional distribution £ (y“f!|.Z%~1) of the vector y“_f}l =

[y““]T | given Z*~1is N(0,X5F1). We also have from A(u) that

¥(iy) valued in [n], H{%! — Qutt % 0. (32)

With this at hand, we write
DU sab (it ™ —EB@H™) = > sab (g™ —E (i)™ [ Z )
le[n—1] le[n—1]

+ > sab (E[(ypt ™| 7] - EUpTh™)
le[n—1]

= X1+ X2
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Given a small § > 0, we write

el < D salbl sup [e(H) — (@)
le[n—1] H>0:|H-Q;*'|<s
+ 2 salbl le(HE N s gueros + 25 salbil [o(QETIL s _gueeros
le[n—1] le[n—1]

= X2,1 T X222 + X233,

where p(H) = EY™ when Y ~ N(0,H). Observe that Y, s;|b| is bounded. Furthermore,
assuming that H and @ belong to a compact, it holds that ¢(H) — ¢(Q) — 0 when |H — Q| — 0
by the continuity of ¢. Thus, using the bound (19), we obtain that x21 — 0 as § — 0. We also
have by the Jensen and the Cauchy-Schwarz inequalities that

Exzo < ), sulbil (Bl(yi)™ ) PPlIHS - QFF| > 612
le[n—1]

which converges to zero as n — oo by (32), the bound (31), and the Dominated Convergence.

Thus, x2,2 3n 0. It is easy to show that x2 3 En 0. In conclusion, x» 371 0.
To deal with x1, we use Poincaré’s inequality involving this time the conditional distribution
Lyl .Zv=1). By an argument similar to above, this leads to

n—1

Ex; = EVar (D(y"Ih) [ 2" < > sinsubebiE [pm(yit)) TS0 (b, Dpm (yi )] <
k=1

=lQ

with the help of Inequality (31). It results that x3 —P>n 0, and A(u + 1) is established.
We now use A(t — 1) to prove the convergence stated by our proposition. Recall that y! =
2ie[n] Wi f(yi=t €,t—1). Set i = i, as in the statement. Given A > 0, define the real function

na : R — R as the function that coincides with the identity on [—A, A] and is equal to A on
(A,0) and to —A on (—u, —A). To study E(yt)™ — E(U})™, we can assume that y! = (H!)'/2¢
and U} = (Q%)Y/2¢, where

Hzt = Z Szlf(yf:;lp lvt - 1)f(y§:gu l7t - 1)T7
le[n]

¢ ~ N(0,1,) is independent of H!, and (-)'/? is the semidefinite positive square root. Write
Y = (y!)™ and U = (Uf)™. With this, we have

EY —EU = (Ena(Y) — Ena(U)) + (EY — Ena(Y)) + (EU — Ena(U))
= X1+ X2+ X3

For § > 0, we have

hal< s |Bena(H'26)™) — Eena((Q1)/20)™)] + 24P [|H] - Q4] > 9]
H>0:|H-Qt|<6

< Cl(A, (S) + CQ(A, d, n),
where C1(A4,6) — 0 as § — 0, and C2(A,d0,n) — 0 as n — o0 as in (32). Regarding x2, we have

EY? + E|Y|? C
x2 =E(Y _WA(Y))IL\Y\>A < E(JY|+ A)]l|y|>A < SupTH < e

for some C' > 0. We have a similar bound for ys. By taking A large enough then § small enough,
we easily obtain that E(y!)™ — E(U})™ —,, 0. O

The results of Propositions 9, 11, 12, and 14 will lead to the convergences (21), which will be
the consequences of the two following propositions.
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Proposition 15. Let ¢)(™) : RY x [n] — R be such that (™) (-,1) is a multivariate polynomlal with
a bounded degree and bounded coefficients as functions of (I,n). Then, for each set S™ < [n]
with |S(™)| —,, oo, it holds that

| ) noe

Proof. By Propositions 9, 11 and 12, we obtain that for each ¢ > 1 and each m € N9, there
exists C' > 0 such that |E(xf)™ —E(y!)™| < CK~'2 for each i € [n], and furthermore, W
can be assumed Gaussian in the construction of the y!. By Proposition 14, we obtain that

E(z! )™ —E(U} )™ —,, 0, where the sequence (i) is arbitrary.
Furthermore using the moment bound (20) and observing that the mixed moments of the U}
are bounded by (19), we obtain the result by Dominated Convergence. O

Proposition 16 (adaptation of Proposition 5 of [BLM15]). Let 1™ : R? x [n] — R be as in the
previous proposition. Let S < [n] be a non empty set such that |[S(| < CK ™). Then, for
each t > 0,

Var(% 3 zp(mg,i)) — .0, and (33)

" e

Proof. We adapt the proof of [BLM15, Prop. 5] to our situation. Let {Xij}]<i<j<n be a set of
real independent random variables that satisfy the same assumptions as {Xij}1<i<j<n. Assume

furthermore that these two sets are independent. Write )v(ﬂ = )v(,-j for 1 <17 < j < n, and let

)v(ii = 0 for i € [n]. Define the n x n matrix X = [)\5”]
1,]= 1

Let B = [b;;] be the n x n symmetric matrix which first row is defined as b1; = 1es for j € [n],
and which have zeros outside its first row and first column. To establish the first convergence, we

build the matrix IV = [17,]"  defined as
ij=1

~ 1 ~

(here we assume without affecting the conclusion of the proposition that 1 ¢ S). We construct a

new AMP sequence around the 2n x 2n matrix [ v] , which obviously satisfies Assumptions 1

0
and 2. The new algorithm, which delivers the 2n-uple (g¥,...,95,) at Iteration k, is written as
follows: §? = 2¥ for i € [n] and §? = 0 otherwise,
[ @) [ f@LLRT ] f@ Lk =T
(nyJrl)T — w 0 f(:gfmnﬂ k)T _ f(gﬁilfnv k — 1)T W2 _Ofr_ l k
0 - 0 W 0 0 Zl il 0y(s ( )
| 0 ] | 0 ] | 0 ]

26

s,r=1

)



fork=0,...,t—1, and

0 0
0 _[W g] 0
@EDT | T Lo W | @ 1),0,...,0]
| @y | (3, n),0,...,0]

(next iterations are irrelevant). This sequence enters the framework of Proposition 7.
It is clear that §¥ = =¥ for k € [t] and i € [n], and therefore,

g1 = Z Wizw(wf7l) for i € [n].
le[n]

Set ¢ = 1. On the one hand, we have

Eﬂiill(l)Al: Z Eﬁ//lllﬁ//uQWuszEw(mflallﬁﬁ(“f'?y12)7/1(3353,13)1/)(3’3?4,14)
l112l3l4€$

- T EvGel e ) e 3

ll,ZQES

where |¢|] < C/K. On the other hand, Propositions 9, 11, 12 and 14 applied to our new AMP
sequence show that N
Eg,ih (1) = EUH —— 0,

n—o0

where Ut ~ N(0, (6771)2), with

(o"1)? 2E¢Ul, ,

leS

By the Gaussianity and centeredness of U t+1 we thus have
Eg,, 5 (1) ( 21/J Uf, 1) ) m(),
leS
and since E(z!)™ — E(U!)™ — 0, we get by Dominated Convergence that
Eg, (1) ( D (D) ) 0
leS

Combining this convergence with (34), we obtain the first convergence stated by our proposition
for polynomials of the type v(-,1)2. To obtain this convergence for arbitrary polynomials, write
U(x,l) = (1 +ey(z,1)) for e > 0. Since

v et ) = Bt 0+ £ 00
€S €S

ZGS

must vanish for all € > 0, we get the convergence (33).

To establish the other convergence in the statement, let Si(n) ={i+1,((¢+ 1) modn) +
1,...,((t + K, — 1) mod n) + 1} for i € {0,...,n — 1}. Then, we have that

Vie[n], (.l Z (27, D) Lies, -
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Therefore, writing
=
- Z 7/} wla E Z Z d) mlv
le[n 1=0 leS

we can use Minkowski’s inequality, the convergence (33) and the Dominated Convergence theorem
to show that the variance of the left hand side converges to zero. O

The convergences (21) follow at once from Propositions 15 and 16. Proposition 7 is proven.

4.3 Proof of Proposition 6

To establish Proposition 6 for a given fixed ¢t > 0, we apply Proposition 7 with ¢ = ¢ and a properly
designed sequence of functions f(-,-,0),..., f(+,-,t — 1), along the idea used in [BLM15, Proof of
Th. 5].

For k = 0,...,t — 1 define the function f(x,i, k) of the statement of Proposition 7 as fol-
lows. Consider the initial vector z° in Algorithm (12) as a constant parameter vector. For

x = [z(1),...,2(t)], set

flx,i,0)7 = | 0 0 p(z9,i,0) ]
flx,i,1)7 = | 0 oo p(z(1),4,1) p(2,i,0) ]
F@it—1)T = [ plat—1it—1) ... p),i,1) p(2i,0) ].

(note that f(-,4,0) is a polynomial with degree zero). With this construction, if we start Algo-
rithm (12) with the initial value 2° and Algorithm (16) with an arbitrary initial value, then we
can easily show by recurrence on the first ¢ iterations running in parallel for both algorithms that

@) = [0 .. 0 o ]
)" = [ 0 ... 27 af |
()" = [ af x|
We also notice that
Vie[n], Q=

With this at hand, Proposition 6 follows from Proposition 7.

4.4 From polynomial to general activation functions. Proof of Theo-

rem 1
The bound (5) on the norms |R{"™"
bound (19).

Theorem 1 will be deduced from Proposition 6. We mainly need to pass from polynomial
activation functions to the function h described in the statement of the theorem.

The proof of the following lemma makes use of the density of the polynomials in the Hilbert
space L?(R,v) when v is a Gaussian measure. Density arguments of this kind have been used in
the AMP literature in, e.g., [DLS22, WZF22].

Lemma 17. Fix ¢, and fix two positive numbers 0 < 02, < o2 . Let ¢ > 0 be an arbitrarily
small number. Then, there exists a function g.(-,-,t) : R x @, — R that satisfies the following
properties: For each ) € Q,, the function g.(-,7,t) is a polynomial. Denoting as dg. the derivative
of g. with respect to the first parameter, the inequalities

E(h(&,n,t) — g=(&m,1))* <&, and  [E[Oh(E,n,t) — 0g=(§,m )] < e

hold true for each random variable £ ~ N'(0,0?) with o? € [0 and each n € Q,. Finally,

m1n ’ max]

the function p(™ (z,i,t) = ge(z, n§”), t) satisfies the assumptions of Proposition 6.
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Proof. Let ¢/ > 0 be a small number to be set at the end of the proof. Given the function x and
the integer m from Assumption 5, define § > 0 as

where & ~ N(0,02,,,), and where Dg, is the diameter of Q. Since Q, is compact, it contains a
d—net with finite cardinality. Let S < Q,, be a é-—net of Q,, with the smallest cardinality, and write

= |S|. Let ¢ : Q, — S be such that ¢(n) is the closest element in S to 7 if this closest element
is unique, and ¢(n) is the closest element smaller than 7 if not. Denoting as 7, <1y < --- < 0y,
the elements of S, define the function v : Q,, — [M] as ¢(n) = Ny(y)- With these definitions, we

have E(h(&,n,t) — h(¢, ¢(n),t))* < €.

It is now well-known that the polynomials are dense in the space L?(R,v) when v is a Gaussian
distribution. Therefore, there are M polynomials P(-,1,t) such that E(h(£,n,,t) — P(£,1,t))?
for each | € [M]. Fixing I, let o(z) = (h(z,m;,t) — P(z,1,t))?. For & ~ N(0,0?%) with 0% €
[02..,02..], we have

min’ max

g (o2
E(h t)— P(&,1,t a2d < - ZUmucz = maxgs
( (é’ nh ) (é )) \/27T'0'2 J 6 ’ g Omin \/27'('0'?0&)( J 6 < Omin c
Putting things together, we obtain that

E(h(év m, t) - P(§7 1/’@)» t))Q E(h’(§7 7, t) - h(§7 (b(ﬂ)v t))2 + 2E(h(§a ¢(ﬂ)v t) - P(év ¢(ﬂ)7 t))2

<2
< 2<1 + Umax/omin)E .

We also have by Stein’s lemma and Assumption 5

E[0h(&,n.t) — 0 P(&, v (n),t)] = —E[E(h(E, n,1) — P(§,¥(n), 1))]-

Thus, we obtain by Cauchy-Schwarz and the previous result that

[EL2R(E,n: 1) = 0eP(E (), O] < T3 /21 + Tanae/ i) VE,

min

By adjusting &', we thus obtain that
E(h(&,n,t) — P(&¢(n),1)* <e, and [E[0R({,n,t) — e P(&, v (n),t)]| <e,

and it remains to set g.(z,n,t) = P(z,1(n),t). We also notice that the polynomials p(™ (z,i,t) =

g:(z 77( ) t) have bounded degrees and bounded coefficients, and thus comply with the statement
of Propos1t10n 6. O

Lemma 18. There exists a constant ¢ > 0 such that R;(¢,t) = ¢ for all i € [n] and t € [tmax]. Let
e > 0 be a small number. Then, there exists a set of R x Q, — R functions {g.(-,-,¢)}/=% " such
that for each n € Q,, the function g.(-,7,t) is a polynomial, and furthermore,

Vie [n]5 |h(1‘?,77“0) - ge(‘r?aniaoﬂ < €,
and Vt € [tmax — 1], Vi € [n],
]E(h(Zf’m,t) - ge(Zfﬂ?ut))Q <e, | [ah( 177717 ) - age(Zf,ni,t):H se,

and the functions p(z,7,t) = ge(z,m;,t) defined for 0 < ¢ < tyax — 1 satisfy the assumptions of
Proposition 6.

Furthermore, there exists a non-negative function §(e) on a small interval (0,¢) that converges
to zero as e — 0, and that satisfies the following property. Given e € (0, ¢), construct the function
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~t

ge as above, and let (Z = [Z‘t]?:l)m[tmx] be the finite sequence of centered Gaussian vectors
which distribution is determined by the (S, g.,n, 2°)-state evolution equations stopped at tiax,
and leading to the covariance matrices {E’;"‘a"}ie[n]. Then, | R — éfma"H < d(e) for all i € [n].
In particular, _
sup max || Ri™*<|| < 0. (35)
n i€[n]

Proof. Recalling the structure of the variance profile matrix S and using Assumption 6, we have
that R;(1,1) = X, sauh(x),m,0)% = ¢ > 0 for each i € [n]. Assuming that R;(t,t) > ¢ > 0
for each i € [n], we also have that R;(t + 1,t + 1) = X, syEh(Z},m,0)® > ¢ > 0: This can be
checked by noticing from Assumption 6 and the properties of h that there exists ¢ > 0 such that
K'Y BR(&,m,1)* = en(t) when £ ~ N(0,1), and by making standard Gaussian calculations
to modify the variance of £ and the bound ¢y, (t). This establishes the first result of the lemma.

With this result, the existence of the functions {g.(z, n, t) }i":‘“l"_l follows at once from Lemma 17,
with the numbers 02, and 02, in the statement of that lemma chosen as 02, = min; ; R;(t,t)/2
and o2, = 2max;, R;(t,t). As regards g(z,7,0), we can use Assumptions 3 and 5 and in-
voke the Stone-Weierstrass theorem to choose g(-, -,0) as a multivariate polynomial that satisfies
MaX(y n)eQ, x Q) lg(x,n,0) — h(z,n,0)| <e. It is readily checked that p(z,l,0) = ge(z, n; 0) com-
plies with the assumptions of Proposition 6. _

We show the last result by recurrence on t. We first have |R; — R}| < Y, su(h(z),m,0)? —
ge(z9,m,0)?) < Ce®. Assume that there exists a non-negative function &;(e) that converges to

zero as e — 0, and such that |R! — R!| < §;(e). We have

[REFM(E+1,1) — REFN(t+ 1, 1) < Y salEA(ZE, mi, t)h(af, m, 0) — Bge(Z],mi, t)ge (2,11, 0)]
1
< D salB[(Z], m.t) — h(Z O] (@] mi, 0)]
1
+ ZsleEh(thvnl?t)‘ |h($?,7lla O) - ge(x??nla O)'
l

+ Zszl|]E[h<th777lat) - ge(éltanht)“ |ge(33?77]l»0>|~
l

Using Assumptions 3-5, the bound (5), and the recurrence assumption, we obtain that the term
at the second line can be bounded by some non-negative function d;11(e) converging to zero
with e. Indeed, when the triple (7, 02,5%) belongs to a compact set, the function o(n, 0%, 5%) =
Eh(£,n,t) — Eh(E, n,t) with £ ~ N(0,0?) and § ~ N(0,5?) is (uniformly) continuous on this
compact, and vanishes on the set {(n,02%,6%) : 0% = 6%}. One can readily check that the terms
at the third and fourth line of the previous display can be bounded by Ce and C'y/e respectively.
We thus obtain that |RIT! (¢ +1,1) — éﬁ“(t +1,1)| < 0¢41(e), by possibly modifying the function
0¢+1. A similar treatment can be applied to REH(t +1,k) — é’;“(t +1,k) for k =2,...,t+1,
leading to |RI™! — REHH < d¢41(e) by possibly modifying ;41 (e) once again. This leads to the
required result. O

We now use the previous lemma for e > 0 small to construct a polynomial AMP sequence.
Starting with 20 = 2, this sequence denoted as (a:t)te[tmx] is given as

= Wo(a,n,t) - diag(WO2age(a',n,1) ) ge (e~ m,t = 1). (36)
Proposition 6 can be applied to this sequence, which implies in particular that the conver-
gences (15) hold true for polynomial test functions. We now show that the polynomial test

function can be replaced with a continuous function that increases at most polynomially near the
infinity.
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Lemma 19. Consider the polynomial AMP sequence (z*)e[4,,..] Provided by Algorithm (36). Let
the n—uple (1, ..., 3,) and the function ¢ : Q, x R'max — R be as in the statement of Theorem 1.
Then,

1 > ~ P
n Z 51‘80(772',55}, T 7x§max) — BiEp(ni, Zil’ Tt Z;fmax) oo 0.
i€[n]

Proof. Define the P(R'mx*2)valued random probability measure 3(™ as

. 1
Q(TL) — E 2 5(5“,’7“%%7“-71.;«1nax)7
i€[n]
and the deterministic measure (") valued on the same space as
Q(n) = 3((5977707 2917 ceey Z;max))a

where the random variable € is uniformly distributed on [n] and is independent of {Zf}te[tmax],ie[n].

Let P(n, z', ..., x'm>) be a multivariate polynomial. Since the elements 7; of the vector 7 are in
Q,, and since the 3; are bounded by assumption, the function ¢ : Rfm»xx[n] — R, (z!,.. ., z'mex ) —
BiP(m,zt, ..., ztm>) complies with the assumptions of the statement of Proposition 6. Observ-

ing that §BP(n,z!, ... ztmex) g(”)(dﬁ, dn,dzt, ... dz'»=) = n=t Y BEP(n;, Zl, . mea"), we
obtain from Proposition 6 that

JQP(Q, z, . atmes) dp™) — JQP(J z', ..zt ) de™ ﬁ» 0. (37)
We now show that this convergence remains true when P is replaced with the function ¢ of the
statement. Recalling the bound (35) and the bounds on the §8; and the n;, we know that for each
sequence (n) of integers, there is a subsequence (that will still denote as (n)) and a deterministic
measure @* € P(Rimx*2) such that o™ converges narrowly to @®. We shall show that (")
converges narrowly in probability towards @, or, equivalently, that

Vo e Rimext2 @ (w) ﬁ ® o (w), (38)

where ® ;) (respectively ®,) is the characteristic function of 0™ (respectively 0*). This narrow
convergence, coupled with the moment convergence implied by (37) along our subsequence, leads
to the result of the lemma.

Define respectively as o, ol 0% € P(R) the push-forward of (™), o) and @® by the linear
function (w, ). Writing w = [wg,wy,w]]T where wg and w, are scalars, the moment generating

function 1/)‘(,")(2') of gf,,n) is given as

1 & o
¢£,") (2) = = > exp((wsfi + wyni)z — wIRf‘“"“‘wx 22/2).
n
i=1

Using the normal family theorem in conjunction with the boundedness of the 3;, the n; and the
norms | R:™*<||, we obtain that the moment generating function ¢%(z) of @% is holomorphic in a
neighborhood of zero (even entire), thus, 0¥ is determined by its moments. Moreover, we obtain
from the convergence (37) that each moment of @Ef ) converges in probability to its analogue for
0F. This implies that @fdn) converges narrowly in probability towards o for each w, which is
equivalent to the convergence (38). O

In Algorithm (36), the term diag(W©®20g.(x!,7,t)) can be approximated with the more ma-
nipulable term diag(Sdg.(xt,n,t)). This will be a consequence of the next lemma.

Lemma 20. For each t € [tmax — 1], there is a constant C' = 0 such that for each i € [n],

E[( Z (W7 — Sil)age(xf,nl,t))4] < C/K?2.

le[n]
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The proof of this lemma is follows closely the development of [BLM15, Sec. A.2], with an
adaptation to our variance profile model very similar to what we did in the proof of Proposition 9
above. We omit the details.

Theorem 1: end of proof

In this paragraph and in the next one, we shall write g.(z) = ge(z,n,t) and h(z) = h(z,n,t) for
conciseness; The values of 7 and ¢ will be clear from the context. B

Let us establish the convergence (6). Given a small e > 0, construct the functions g.(-,-,t) for
t =0,...,tmax — 1 as specified by Lemma 18. With these functions at hand, let (x!,..., zfmex)
be the 1terates obtained by Algorithm (36). We shall show that there exists a function d(e) that
converges to zero as e — 0, and for which

Vt=0,...,tmax — 1, IP’[[th“ — 2, > s(e)] n[|W] < C’W]] — 0, (39)

n—0o0

where the vectors z/™! are those defined after (6).
In what follows, the function d(e) can change from line to line. We first establish

P [|[diag(W®?dge () ge (2! 71) — diag(SEOR(Z"))h(z'Y)| = d(e)] —2— 0 (40)

for t € [tmax — 1]. To this end, we write
diag (W0 (2"))ge (2" ~") — diag(SEOR(Z"))h(z""1)
= diag (WO — $)dg.(a")) ge (') + diag (5 (2g. (+') — Edge(Z))) ge (')
+ diag (SEdg. (Z)) (ge(x'~") — h(a'™1)) + diag(S (Edg.(Z') — Eoh(Z")))h(z'Y).
Using Lemma (20) and the bound (14), the term x; defined as

% 3 WO — 8)age(2') 2 [ge (1))

i€[n]

x1 = || diag((W®? — )dge(x"))ge ("7 =

satisfies Ex; — 0 by the Cauchy-Schwarz inequality, thus, x1 Zo.
St
We now deal with the next term x2 = | diag(S(dge(z?) — Edge(Z )))ge(xt=1)|2. For i =
in € [n], write & = [S(0ge(z?) — Eé’ge(ét)]i. Applying the convergence (15a) in the statement of
Proposition 6 with S = KC; = {j € [n], si; > 0} and ¢(z], ..., 2%, j) = Ks;;j0g.(2}), we obtain that

&, f»n 0. Furthermore, for each integer m > 0, we obtain from the bound (14) and Minkowski’s
inequality that max;ep,,) E[§;|™ is bounded. Let ¢ > 0. Writing &; = ;1| + &ilj¢,|<c and using
Cauchy-Schwarz inequality along with the bound (14), we obtain that

Eyxs < ZIP’ >51/2+C€,

which converges to zero. Thus, Exs — 0.
~t
Let us deal with y4 = || diag(S(Edge(Z ) — Eoh(Z")))h(z*~1)|2. We have

[SEg.(Z') — SEOh(Z")):| < |[SE0g.(Z') — SEOR(Z)li| + |[SEOh(Z') — SEoh(2")]|
< Ce+d(e), (41)
where the bound Ce on the first term comes from the construction of g. in Lemma 18, and the
bound d(e) on the second term is due to the inequality max; | Ri™> — Ri™><|| < §(e) stated by the
same lemma. Write b; = [SE(?ge( ) SEAh(Z")]?, and assume that ¢ > 2. By Lemma 19,
- Z —Eh(Z:1)?) L.

n—o0
ze[n

32



Since the numbers Eh(éfﬁl)Q are bounded, we obtain that P[x4 > d(e)] B 0. If t = 1, it is easy
to see that x4 < d(e).

We now consider x3 = | diag(SEdg.(Z ))( (@) = h(z'1))|2. By Inequality (41) and the
bound (5), the real numbers b; = [SEdg.(Z )]l are bounded. Thus, if ¢t >
X == 3 BB — (7)) 2 0

n—00
ze[n]

by Lemma 19. Since E(ge(fol) —h(Zf*l))2 < e, we obtain that P[y3 = Ce] —, 0. If t = 1, then
X3 < Ce? by Lemma, 18.

Gathering these results on x; to x4, we obtain the convergence (40).

Now, on the set |[W| < Cw, we furthermore have |W (h(z") — g.(z"))|| < Cw [|h(a?) — ge(z")|
fort =0,...,tmax — 1. By making a derivation similar to y3 above, we obtain that

P[[|W (") - . (=), = CVe] n [IW] < Cw]] —— 0

for t = 1, and |[W (h(2°) — ge(22))|, < Cwe on [|W] < Cw].

Combining this with the convergence (40), we obtain the convergences (39), which lead to the
convergences (6) by choosing e small enough.

The convergence (7) is obtained from Lemma 19 and from the bound

2N B 2 ) - B 2 20| < 5(0)

i€[n]

Theorem 1 is proven.

4.5 Proof of Corollary 2

. . > - -
We want to show that there exist a sequence of matrices X " = [:L’(”)’l e x(”)’tma"] such that
for each € > 0,

P|[|a e = (Wn@ ) - diag (SCER(Z)) nE) Hn =

AW <ew]] —o,
for each t =0,...,tnmax — 1, and
2 6(”) (n) ~(Tl s NE") tmaX) ﬂ(n)ESD( (") Z(n) 1 ., Zi(”)atma)c) >¢ 0.
n—o0
ze[n ]

Given a large enough integer ko, let k > kg, and choose ¢ > 0 small enough so that ¢ v
d,(e) = 1/k, where 6,(¢) comes from (7). By Theorem 1, there exists a random matrix kx () —

[kx(")’l km(”)’tma"] € R™*tmax guch that

P([[|*2"* = (Wh(*2') — diag (SE0R(Z")) h(*a'™"))| > 1/k] n [[W] < Cw]] —— 0

n—o0

for each t =0,...,tnmax — 1, and

k max max
P z[l (i, [ Z,...,[:ct ]i)—Ego(T)hZil,...,Zf ) = 1/k m&
lEn
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where the [¥z!]; are the elements of the vector ¥x!. If k = ko, let N}, € N, be the smallest
integer such that for all n = Nj, the probabilities above are upper bounded by 1/k. If k > ko,
do the same thing for Nj with the supplementary condition that N > Njp_;. Construct the

sequence of matrices (Y(N))nzg, with f(n) = [f(")*l e i(")’tm"] € R™*tmax in such a way that
f(n) =*X™ for n = Ny, N, + 1,.. .y Ni+1 — 1. Then, this sequence satisfies the properties

provided in the statement of the corollary.

5 Proof of Theorem 4

As said in the introduction, u™ can be identified as the solution of a LCP problem [Tak96]. We
recall herein the elements of the LCP theory needed in this paper. As above, we often drop the
superscript (™. We shall also use the well-known notations >, <, and < to refer to element-wise
inequalities between vectors.

5.1 The equilibrium u, the solution of a LCP problem

Given a matrix B € R™*" and a vector b € R"™, the LCP problem, denoted as LCP(B, b), consists
in finding a couple of vectors (z,y) € R™ x R™ such that

y=Bz+b>0,
z >0,
(z,y) = 0.

When a solution (z,y) exists and is unique, we write z = LCP(B, b).
Obviously, an equilibrium @ of our LV dynamical system (9) is defined by the system

@3>0,
au(r+ (X —-1I)a)=0.
Furthermore, the supplementary condition
r+(X-1I)a<0

turns out to be a necessary condition for the equilibrium @ to be stable in the classical sense of
Lyapounov theory (see [Tak96, Chapter 3] to recall the different notions of stability, and [Tak96,
Theorem 3.2.5] for this result). These three conditions can be rewritten as

w=(-%)a—r3>0,
i >0,
(w,ay =0,

in other words, the couple (@, w) solves the problem LCP(I — X, —r).

Theorem 4 is more specific, since it asserts that the ODE (9) has a (unique) globally stable
equilibrium when |X|| < 1. Recalling that ¥ is a symmetric matrix, this can be obtained from the
following result:

Proposition 21 (Lemma 3.2.2 and Theorem 3.2.1 of [Tak96]). Given a symmetric matrix B €
R™ ™ and a vector b € R™, consider the LV ODE

a(t) = u(t) (b+ Bu(t)), t>0, u(0)eR",.

Then, the LCP problem LCP(—B,—b) has an unique solution for each b € RY if and only if
B is negative definite (notation B < 0). On the domain where B < 0,b € R”, the function
r = LCP(—B, —b) is measurable. Moreover, if B < 0, then for each b € RV, the ODE above has
a globally stable equilibrium u given as u = LCP(—B, —b).
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Considering our LV ODE (9), the first part of Theorem 4 is true by setting

) _ | LCP(I, — 2, —rm) if 5] <1,
s { 0 otherwise. (42)

5.2 Behavior of "+ by an AMP approach: proof outline

Recall that the notation zy refers to the elementwise product of the R™"—valued vectors x and y.
In the remainder, given a n x n matrix A, we further denote as Azy and xzAy the vectors A(zy)
and x(Ay) respectively.

Let us outline our approach for studying the asymptotic behavior of the measure ,u“in).

Let S € R}*™ and n™M e R’} be respectively a deterministic symmetric matrix and a
deterministic vector that comply with Assumptions 2 and 4 respectively. These objects will be
specified below. For the moment, we just assume that

limsup [|S™| < 1. (43)

Given the matrix S, let W be random symmetric n x n matrix given by Equation (1). In this
equation, the matrix X is precisely the one used to construct the interaction matrix ¥ of our LV
model. Regarding the function h : R x @, x N — R of Section 2, set h(z,n,t) = (z +n);. We can
thus consider with a small notational modification that h is a R x Q,, >R function,iand write

h(z,n) = (z+1)+ (44)

Let us consider a Gaussian sequence (Z' = [Z!]7,); which distribution is determined by the
(S, h,n,1,)-state evolution equations. In particular, writing al = E(Z!)?2, the vector of variances

at = [at]?_, satisfies the recursion

at=S(1+n)?, and a'*!=SE (\/Eﬁ + n)j , (45)
with € ~ N(0, I,,).

Notice that EOh(Zt,n) = P[Z! +n = 0] = P[Val¢ +n = 0]. Write ¢! = SP[Valé +n = 0].
Choosing a an integer ¢ > 0 and applying Theorem 1, there exists a matrix [z!~1, z¢, 2tT1] e R?*3
such that

=Wt )y =T )y +xa (46)

where the random variable |x1], is “small”. Furthermore, given a random variable 6 uniformly
distributed on [n] and independent of Z*, the distribution x*" can be approximated by & (Z}) in
the sense of the convergence (7).

In all what follows, when we say that a sequence (yt)t=1,2,m of R™"—valued vectors converge to
the vector y as t — oo, we always consider that this convergence occurs in the max-norm || - |4
and is uniform in n.

Using the condition limsup,, [|S]| < 1, it is not difficult to show that the iterates a’ converge
as t — o0 to the vector a defined as the unique solution of the identity

a = SE (va& +n)’. (47)

On the one hand, this implies that for large values of ¢, we can replace the vector Z' with a vector

Z =Z;]", £ y/a&, which implies that 1" can be approximated by & (Zy), where the uniformly
distributed random variable 6 on [n] is independent of Z. On the other hand, ¢* converges in ¢
to the vector ¢ given as

¢ = SP[va& +n = 0]. (48)
We can thus write
g =W+ ) == ) +xa + xe
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where y2 = (¢ — ¢*)(2'=! + n) is such that |x2|, is small for large t.
Next, we need to show that the vectors x! and z!*! tend to become aligned as t grows. To
that end, building on a result of [MR16, DM16], we show that the correlation vector ¢', defined

as trpt—1
,_Ez'z

converges to the vector 1,, as t — oo. With these elements, the AMP iteration can be written as

P=W('+n)+ — (@' +n)s +x1+x2+ X3

where
xs=C[@ +n)y — (@ 4]+ a2t =2

has the property that || x3|» is small for large values of ¢. The next to last equation can be rewritten
—(@' ) =W +n)y — 1+ +n)s +n+x1+ X2+ X3,
which leads to the equivalent equation

—(1+ Q7T ) = A+ OTEW A+ OTPA+ OV )] = (+ OV + )y
+(1+Q) P+, (49)

with et = (1 +¢)"Y2(x1 + x2 + X3)-

We know that when |X|| < 1, the equilibrium vector of the ODE (9) is u, = LCP(I — X, —7).
On the other hand, the previous equation shows that the vector u* = (1 + ¢)Y2?(z! + )4 is a
solution to the LCP problem LCP(I — (1 + ¢)~Y2W (1 + ¢)~Y/2, —(1 + ¢)~2n — &'). Thus, if we
choose the matrix W as W = (1 + C)l/QE(l + C)l/Q, or, equivalently, if we put

S=(1+QOV(1+), (50)

and furthermore, if we set
n=(1+¢" (51)

then we obtain that
u' = LCP(I — %, —r — &").
Thus, we constructed with the help of an AMP approach a “perturbed” version of u, which
empirical distribution can be evaluated with arbitrary precision for large n, and the perturbation
€' can be made “arbitrarily small” in the norm | - |, for large t.
Recalling Equations (47) and (48), the choices made in (50) and (51) result in the following
system of 2n equations in the unknown vectors a and (:

a=(1+OV(1+E (ﬁf L1+ <)1/2,r)i
(= (1 +QV(+ QP [Vag+ (1+ Q" =0].

It is a bit more convenient to write a

“The

resulting in the equivalent system (11). Remembering that p® ~ £(Z) and observing that
ul = (1+O)Y2(xt + (1 + ¢)Y?r) 4, we obtain from what precedes that u* ~ Z((Yp),) where Yy
is the random variable specified in the statement of Theorem 4.

To prove this theorem rigorously, we thus need to perform the following steps:

p (52)

1. Prove that under Hypothesis 3, the system (11) admits an unique solution (p,n) € R} x
[0,1]™. This is the content of Lemma 22 below. With this solution, construct the matrix
S and the vector n as in (50) and (51) respectively. Note that the bound (43) is satisfied
thanks to Hypothesis 3.
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2. With the help of Theorem 1, establish Equation (49) with a control on the error term &.

3. We just saw that u! is a perturbed version of u,. To be able to approximate pu“* with ,u“t,
we need a LCP perturbation result. This will be provided by the work of Chen and Xiang
in [CX07], which will let us control the norm |u® — u,|.

5.3 Behavior of y"*: detailed proof

Lemma 22. The system (11) admits an unique solution (p(™), ((™)) € R? x [0, 1], and this solution
satisfies sup,, [p(™ | < 0.

This lemma will be proven in Section 5.4 below.

We now consider the second step of the proof. Given the solution (p,() of System (11), let
S e R*™ and n € R}, be given by equations (50) and (51) respectively. Note that the bound (43)
is satisfied thanks to Hypothesis 3. Define the random matrix W = S®/2® X. Define the function
h as in (44), and let 20 = 1,,.

We these definitions, let us check that the assumptions leading to Theorem 1 are satisfied.
Using Hypothesis 1, it is clear that our matrix W satisfies Assumptions 1 and 2. Trivially,
20 = 1,, satisfies Assumption 3. Letting rmin, Tmax > 0 be respectively the minimum and maximum
values of the elements of the compact Q,. of Hypothesis 4, we obtain from Equation (51) that the
elements of 1 belong to the compact interval Q,, = [Mmins Mmax] € Ryy, where nmin = rmin and
Dmax = V2" max, and Assumption 4 is satisfied. Finally, one can readily check that the function h
and the matrix S satisfy Assumptions 5 and 6.

Lemma 23. As t — oo, the sequence (a') converges to the vector a € R}, given as the unique
solution of Equation (47), the sequence (¢*) converges to ¢, and the sequence (g') of correlation
vectors converges to 1,,.

Proof. Let £ ~ N(0,1), and define the function f : Ry x Q, — Ry, (a,n) — E(/a +n)3. A
small calculation that we omit reveals that the derivative 0f(a,n) = 0f(-,n)|s on Ry is given as
of(a,n) = P[\/a§ +n = 0]. In particular, f(-,n) is increasing. Therefore, f(a,n) = f(0,n) = n* >
Nmin- We thus have from Assumption 6 and Equations (45) that

a' >cgl and Vit 1, attl = 5’172 > csnfmnl.
Moreover, since ||S]| < 1, and since f(g,-) is also increasing, we have
att = Sf(a',n) < Sf(a',mmaxl) < f(la’]oos max) 1,

thus, |a"*! < f(|la’]wos Pmax). For a large, we have that f(a, fmax) = aE(£ + fmax//@)3 ~ a/2.
Noting from (45) that |a'|e < (1 4 7max)?, We readily obtain that for each ¢, the elements of the
vector a! stay in a compact interval Q, — Ry, which is independent of n.

Let us study the iterations a**! = Sf(a?,n) given by (45). The vector-valued matrix function
Fla,n) = Sf(a,n) satisfies |[F(a, ) — F(a', ]| < 5] max; |f(ai, m) — F(al, )| < IS Jla— e,
where a = [ai], @ = [a}], and n = [;]. Thus |F(a,n) — F(@,n)lw < ISlla — @'|u, and the
convergence a’ —; a, where a is defined as the unique solution of Equation (47), is obtained by
Banach’s fixed point theorem. That this convergence is uniform in n in the norm | - |4 results
from the inequality |a! — alle < [|S|*" |a! — alle < ||S]|*"1Dg,, where Dg, is the diameter of
the compact Q,.

Recall that ¢t = SP[Vaté + 1 = 0]. The convergence ¢! —; ¢ uniformly in n in the norm | - | o
is due to the boundedness of (||S(™]|), the continuity of the function (a,n) — P[,/a€ + n > 0] on
the compact Q, x Q,, and to the convergence of al to a as above. B -

We now establish the convergence ¢! —; 1. Let [G1,G2] be a centered Gaussian vector such
that EG? = EG3 = 1, and such that EG1G2 = ¢ € [0,1]. Writing Qq = [@min, @max], define
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the compact interval Oy = [7min/+r/Gmaxs Tmax/+/@min], and define the continuous function H :
[0,1] x Qy — [0,1] as
E(G1 +0)+(G2 +b)+
E(G1 +b)3
A consequence of [MR16, Lemma 38 and proof of Lemma 37] is that for each b € Qy, the function

H(-, b) satisfies H(g,b) > ¢ for all ¢ € [0,1), and H(1,b) =
We also define the continuous function H : [0,1] x Oy x Qn — [0,1] as

(g,b) — H(g,b) =

E(Gy +b)4 (G2 +d)+

(¢,0,d) — H(g,b,d) =
(E(G1 + b)2E(G2 + d)%)

172"

Given t > 0 and k = t — 1,¢, write the Gaussian vectors Z* from the (S, h,n,1)-state evolution
equations as Z¥ = Vakek, with €8 ~ N(0,1,), and with ¢* = E¢*¢'=1. By the (S, h,n, 1) state
evolution equations, we have

EZtJrth ZSE(Zt+T]) (thl +77)
=S (E(Z" +n)3E(Z" " + ) H(q',n/Val,n/Val=1)
= 5 (f(at ) f (o )" <fn/f n/Vat i),

and using the state evolution equations again, we obtain that

¢t = (a"at) S (f(atm) flat ) RH (G /el /e T).

Notice that H(q,b,b) = H(g,b). By the continuity of H on [0,1] x Qn x Qu and the uniform con-

vergence [a® — alo —¢ 0, we obtain that |H(q*, n/vat,n/vVat=1) —H(q", n/v/a)||x —+ 0 uniformly
in n. We also have that [(a'*'a?)~"2 —a~1||,, —; 0 uniformly, and by using the continuity of f
on Q, x Q,, that |[(f(a®,n)f(a*~1,n)"? — f(a,n)|ew —+ O uniformly. Using the boundedness of
IIS|| and observing that a=1Sf(a,n) = 1, we obtain that |¢**1 — H(q',n/+/a)|x —+ 0 uniformly in
n.

Since the set of zeros of the continuous function (g, b) — ¢ —H(g, b) on the compact [0, 1] x Qn

is reduced to {1} x Qy, we deduce from the last convergence that |¢(™* — 1, — 0 uniformly
in n. O

In the remainder of the proof, the function ¢ : (0,e¢) — R defined for some € > 0 is a generic
function, independent of n, such that §(e) — 0 as e — 0. This function can change from line to
line. Given a sequence (¢™) of non-negative random variables and a number e > 0, the notation

P P
") < e will stand for P[e™ > e] —,, 0. The relation < satisfies some obvious calculation rules,

such as 51 "4 e(") < e; + e; when eg n) E e; and eén) 2 €s.

Recalling that W = (1+¢)Y?3(1 4 ¢)Y2, we have by Hypothesis 2 that limsup,, |[W| < 2 with
probability one. Let us set Cyy = 2 in the statement of Theorem 1.

Fix a small number e > 0, and let ¢ be large enough so that

E|Z" - Z') +E|Z' -2 p <e
I¢" = ¢l <€, and

la" —alo <e, (53)

which is possible by Lemma 23, after noting that E|Z*—Z""!|2 = n=1 Y, al+al ' —2(alal™)"/2¢t.
Applying Theorem 1 with ¢,.x = t + 1, we obtain that there exists a sequence of matrices
([zm)t=1 2t g (M1 such Equation (46) is true, with Hlen e, and thus,

P
[+ 2xalln <e
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Repeating the derivations that follow this equation, we reach the equation (49), and we obtain
the bounds

1+ xalz < (¢ = ¢ +m)4l2
<IC =L UE T +m4l2 —EI(Z +m)412) + (¢ = VIZENZ ™ +n)4 ]2
E Ce?

by Theorem 1 and Lemma 23, and

[+ xsll7 < 20" + )y — (' + )4 |7 + 2" — 2
<2|(z" + 1)y = @ 0 - 2B|(Z0 )y — (27 )4l
+2E|(Z" + )+ — (27 + )+
+ 2ttt =2t - 2E| 2 - Z°|
+2E|Z* - ZY)2
P
0]
by Theorem 1 and Lemma 23 again, and by noticing that E|(Z' +1)y —(Z" " +n) . |2 +E|Z'T! -
Z'|2 < e thanks to the Lipshitz property of the function 2 — (z + 1)+
All in all, we have that the vector u® = (1 + ¢)"/?(2! + 1), satisfies u* = LCP(I — X, —r — €t)
on the event [||Z| < 1], with
P
[e'n < (). (54)
We now tackle the third step of the proof, applying the LCP perturbation result of Chen and
Xiang in [CXO07]. By [CX07, Th. 2.7 and Th. 2.8], we have

Ju' —w < (T =)~ "],

thus, ||u’ — u.| < C|et|| with probability one for all n large by Hypothesis 2.

To finish the proof, we shall need a convenient characterization of the convergence in probability
in the Wasserstein space P2(R). A function ¢ : R — R is said pseudo-Lipschitz of degree 2
(notation ¢ € PL(2)) with Lipschitz constant L > 0 if |o(x) — ¢(y)| < Llz — y|(1 + |z| + |y|) for

each (z,y) € R%. By [FVRS22, Cor. 7.21], the convergence do(pu®*, (™) £ 0is equivalent in our
context to

Vo e PL2), — 3 (uni) — Ep((Yi)1) —2— 0. (55)

n—o0
i€[n]
Notice that the random vector Y = (1 + {)(/p§ + r) in the statement of Theorem 4 satisfies

Y = (1+OY2(ya& + 1) £ (1 + O)Y2(Z + n) by Equations (51) and (52). For ¢ € PL(2) with
Lipschitz constant L, we write

% (i) = Eo((L+G)2(Zi +mi)+)

= 1) () — o) + - 3 (o) ~ B+ )22+ ) )

ie[n) ie[n]

+ % 2 Ep((1+¢)2(ZE +mi)+) — Bo((1 + G)Y2(Z; +mi)+)

i€[n]

= €1 + €2 + €3.

We have

L
el < D s =l 20 + ey = ufl) < Llue = 0 (1 + 20u | + fus = u],)
i€[n]
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by Cauchy-Schwarz. Thus, with probability one, |e1] < C|le*| (1 + |[ul], + ||€*]n) for all n large.

P P
Applying Theorem 1 to ||ut||,, and using the bound |€t|,, < d(e), we obtain that |e1] < (e).
We also have

les] € 5(e) (56)

by Theorem 1.

To deal with es, we can write Z' = vat¢ and Z = /a&, with € ~ N(0,1,), and use the
pseudo-Lipschitz property of ¢ along with the bound (53) to show after a small derivation that
|€3| < Ce.

Putting these bounds together, we obtain that

‘% D, plued) —Ep((Yi)+) £ 5(e).

i€[n]

Since e is arbitrary, the convergence (55) follows. Theorem 4 is proven.

5.4 Proof of Lemma 22

Given ¢ € [0,1]", Equation (11a) is p = V(1+¢)%f(p,r), where f is the function introduced in the
proof of Lemma 23. We have that 2f(p,r)/p — 1 as p — 00, uniformly in r € Q,. from Hypothesis 4.
Thus, there exists pmax > 0 such that f(p,r) < 3p/4 for each p > pyax and each r € Q,. By

consequence, if [plloc > Pmax, then [V(1+0)2 f(p, 7)o < (B[pleo/DV(1+¢)* 100 < (3lplo/4) by
Hypothesis 3, thus, V(1 +¢)?f(p,r) cannot be equal to p when p ¢ [0, pmax]|™. On the other hand,
if p € [0, Pmax]", it holds that [[V(1 + ¢)*f(p, 7)o < f(Pmaxs Tmax) [V(1 + () 1nlloo < 3Pmax/4,
thus, V(14 ¢)2f(p,7) € [0, Pmax]™

Turning to Equation (11b), for each ¢ € [0,1]™, we see that (1 + )V (1 + QP [/p€ + 1 > 0]
[0,1]™ for each p by Hypothesis 3 again.

Thus, writing the system (11) as (p,{) = G(p,(), we obtain that G([0, pmax]™ % [0,1]™) <
[0, Pmax]™ % [0,1]™, and furthermore, G does not have a fixed point outside [0, pmax]™ % [0, 1]™.
Since [0, pmax]™ x [0, 1]™ is a compact convex set of R?" | we obtain by Brouwer’s fixed point theorem
that G has a fixed point in this set. In particular, when (p,() is a fixed point, ||p|ls < Pmax-

To complete the proof, we need to show that this fixed point is unique. To that end, we rely
on the construction of the previous paragraph, where we note that this uniqueness is never used.

In all the remainder of this proof, the integer n is fixed. Choose a solution (p,() of the
system (11). From this solution, construct the matrix S and the vector n(™ according to (50)
and (51) respectively. Let (M) be a sequence of integers converging to infinity. For each M,

construct the symmetric matrix S ¢ R’erX”M and the vector n™) e Rﬁf‘([ as

S = s @ (M y1y,), and ™ =W @1y

Let XM — [XE?M)]KZ-’K”M be a real random symmetric nM x nM matrix such that the
random variables {X g?M)}KKKnM are independent N'(0,1) random variables, and such that
XE?M) — 0 for i € [nM]. Define the random matrix W) as

W(nJV[) _ (S(nM))Ql/Q @X(TLM)

We shall consider herein AMP iterations based on the matrix W ™) and on the (.S’(”M)7 By M) 10 )~

state evolution equations. In this context, one can check that Assumptions 1-6 are satisfied with
n and K, there replaced with nM and K, M respectively. Write

v (M) _ () (M_llMl}\}) and ™M =M @1,
(so that 8 = (1,ar + )V (1 + ¢) with ¢ = (® 1y and n = (1,ar + €)V?7), and let
»(nM) _ (V(nM))(Dl/? @X("M).
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Observe that since n is now fixed, our matrices V™) are no more sparse, and |V ™|, < 1/M.
Thus, recalling the spectral norm controls made above in the Gaussian case, the positive number

nM n 6 n
T = (L+2) [ 2V 4 — e (JV ") log(n11))"/?
log(1 +¢)
satisfies lim sup,, Tglaﬂ‘i)s < 1 by choosing € small enough. Thus, by the Gaussian concentration

such as in (10), we obtain that limsup,, || < 1 with the probability one. By consequence,

on this event, the equation u"™M) — LCP(I - » M) —r (M)} is well-defined for all M large. Tt is
important to note that this vector does not depend on the chosen solution (p, ¢) of the system (11)

wiite ul™ = [u" D)7, ul™ ()] where w7 () = [w{" (), ..., ul" ()]

Recall the definition of the R"valued Gaussian vector Y (™ as provided in the statement of The-
orem 4. By repeating the argument of the previous paragraph, this time with the AMP algorithm
based on the matrix W ™) and on the (S(”M), h, ™M) 1, ,r)-state evolution equations, we are
able to show that

1 (nM r 1 ,
Vi € PL(2 EZ] Z ) e lg]w((m»
i€[n] j €[N

However, we need here a bit more than this convergence, which requires a slight modification of
the approach of the previous paragraph. By relying on our new AMP construction stopped at a
certain iteration ¢, we have that for each e > 0, there exists a random R —valued vector u("M):*,
and an error vector (™M):t such that

D — M| < [ (2= BO0) T e

with

P[]

Writing w(®M)t = [o(tM)E(1)T ,u(”M)’t(n)T]T with u(M):*(j) = [ug"M)’t(i), . ,uggl\/[)’t(i)]T
and remembering that n is fixed, this implies that there is C' > 0 such that

> R —
nM e] M—o0 0

Vi e [n], ]P’[Huﬁ”M) (i) — wM)t Cne] —— 0.

@)y = Cne] 5=

This is the analogue of the bound (54).
Furthermore, let ¢ € PL(2), let i € [n], and define the nM—uple

(nM) (nM)
—(0,...,0, 1,1,...1,0,...,0),
length M

where the first element of the M-uple (1,...,1) is at the ((i — 1)M + 1)** place. By applying
Theorem 1 with these weights, we obtain

Vie [n] HM so(uE"M”@)) — B((1+ G) V2 (ol + )| = 8(6)] ——0,

M —o0

where £ ~ N(0,1), and where the vector a’ = [af]f_, is precisely the one given by the recur-
sion (45). This is the analogue of the bound (56).
Completing the argument of the previous paragraph with these new bounds, we obtain that

") P®)
M—o0

Vie [n], p* L (14 ¢)(Vpi€ +1i)+)  in probability.

From the uniqueness of these limits, we deduce that the solution (p = [p;]7q,¢ = [¢;]™ ;) of the
system (11) is unique.
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A Proof of Proposition 3

Assume that p > 0. Following the notations of [BvH16], write 0 = max;e[,](2]
0% = max;j /5;;. Then, the proof of [BvH16, Cor. 3.5] shows that

je[n] 5ij)"/? and

1\ 1/ (2[log nl) o1
(EHWHQ[logn]) ogn gC(J—Q—J*(lOgn)(le)/z) <C <1+ (lmgKn)>’

where the second inequality is due to our Assumption 2. Using Markov’s inequality and the
hypothesis K,, = (logn)?¥!, we obtain that

P[|W | = n]/leenh < O/

for any n > 0. Choosing n large enough, the result follows from the Borel-Cantelli lemma.
If p = 0, we can just apply the concentration results provided by [BvH16, Cor 3.12 and
Rem. 3.13].
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