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Abstract

The parabolic Anderson model is the heat equation with some extra spatial randomness. In this
paper we consider the parabolic Anderson model with i.i.d. Pareto potential on a critical Galton-Watson
tree conditioned to survive. We prove that the solution at time ¢ is concentrated at a single site with high
probability and at two sites almost surely as t — oco. Moreover, we identify asymptotics for the localisation
sites and the total mass, and show that the solution u(t,v) at a vertex v can be well-approximated by a
certain functional of v. The main difference with earlier results on Z¢ is that we have to incorporate the
effect of variable vertex degrees within the tree, and make the role of the degrees precise.

AMS 2020 Mathematics Subject Classification: 60J80, 35K40, 60J27
Keywords and phrases: parabolic Anderson model, Feynman-Kac formula, critical Galton-Watson tree

1 Introduction

In this paper we study the parabolic Anderson model (PAM) on a critical Galton-Watson tree conditioned
to survive. Given an infinite tree Ty, with root O, the PAM on Ty, is the heat equation on T, with a

random potential:
8tu(tv U) = Au(tv U) + g(v)u(ta U)v (ta 'U) € (07 OO) X V(Too)v

u(0,v) = 1{v = O}, veV(Tw),
where V(Tw) denotes the set of vertices of T,. Here, A is the discrete Laplacian on T, defined by
(Af@) =D [f) = fW)], veEV(Tw), f:V(T) =R

y~v

(1)

One can also work under other initial conditions, such as u(0,v) = 1 for all v € V(T ), but we are interested
here in studying spread of particles from a single initial seed. We work under the quenched law of Ty,
whereby we sample the tree T, first, and then independently sample (£(v) : v € V(Ts)) as a collection of
independent identically distributed random variables, static in time.

The random operator H := A + £ is known as the Anderson Hamiltonian and was originally analysed by
Anderson in 1958 in the context of random Schroedinger equations that model electrons moving through
a crystal with impurities [And58]. The parabolic analogue, the PAM, is now a classical model for mean-
field spread of particles in an inhomogeneous random environment, with applications including population
genetics, reaction kinetics and magnetism, to name but a few. See the book [KiG] or the surveys [And58|
Mor09, [GK05] for more background.

The solution to the PAM is well-known to exhibit an intermittency effect, whereby almost all the solution
is asymptotically concentrated in a small number of disjoint regions, known as islands. This effect has been
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observed by physicists for some time, but since the early 1990s there has been a concerted mathematical
effort to prove this quantitatively, and on Z? this effect is now well-understood. The size and number of
islands depend on the tail decay of the potential, which can give rise to several regimes on the behaviour of
the islands.

In this paper we will be exclusively focused on the case where the potential is Pareto distributed, i.e. with
polynomially decaying tails, for which the intermittency effect is strongly pronounced. In this case, it was
shown in [KLMS09] that the solution to the PAM on Z% almost surely localises at two sites as time runs
to infinity. In fact, the authors show that the solution localises at a single site with high probability, and
identify the localisation site as the maximiser of a certain functional; this localisation site evolves in time,
so that there will be a sequence of transition times when the solution “jumps” from one site to another,
meaning that both sites contain non-negligible mass, and in particular that two-site localisation is the best
result one can hope for in the almost sure setting.

The solution to the PAM on Z? in this regime was also studied by Ortgiese and Roberts, who showed in
[OR16] that the solution can be well approximated by a mean-field “lilypad model” in which particles spread
out from sites of high potential in a sequence of growing lilypads. Their main motivation was to study the
behaviour of a branching random walk, for which the PAM describes the expected number of particles, but
they show that the solution to the PAM at any given site corresponds roughly to the number of particles
reaching that site from the centre of a nearby lilypad.

In this paper we prove similar results for the solution to the PAM on a critical Galton-Watson tree conditioned
to survive. This extends the current literature since the underlying graph is now random, with fractal
properties, and has non-uniform volume growth. One consequence of this is that the random walk appearing
in the Feynman-Kac solution to on T, is known to be subdiffusive [Kes86, [CK0§], in contrast to the
7% case. Moreover, in contrast to most of the existing literature, we consider the PAM on a graph with
unbounded degrees and we make the role of the degrees explicit.

The PAM has also been studied on supercritical Galton-Watson trees of unbounded degree in the recent
article [IHW21]. Here the authors consider the (very different) regime where the potential has double-
exponential tails, and show that results of [dKd20] on the PAM profile in the bounded degree case can be
extended to the case where the offspring distribution decays super-double-exponentially. (The PAM was
also considered on sequences of complete graphs in [FM90] and hypercubes in [AGH20], which both have
unbounded degrees in the limit, but in these cases the Laplace operator was multiplied by an appropriate
prefactor to cancel out the effect, which is not the case in the present paper). In our case, due to the heavier
tails on the potential £, the localisation effect of the PAM is more pronounced and we will prove our results
under weaker assumptions on the tail of the offspring distribution.

Before stating our main results, we give the setup. We suppose that T, is an infinite Galton-Watson tree
defined on a probability space (Q,F,P) and let d denote the fractal dimension of T, (we will state d
explicitly in Corollary in particular d = 2 a.s. when the offspring distribution of T, has finite variance).
Conditionally on T\, we fix some « > d (this restriction is both necessary and sufficient for a finite solution
to to exist, almost surely), and let ({(v) : v € V(T )) denote a sequence of i.i.d. random variables with
law P, satisfying

PEw) =z z) =2

for all # > 1. This is known as the Pareto distribution with parameter . If v € V(T,), we call {(v) the
potential at v. We let P denote the law of the product measure P x P.

Given vertices u,v € V(T ), we let |u—v| denote the graph distance between them in To,, and |v| = |[v—O|.
Given Tw and (£(v) : v € V(Tw)), we let u(t,v) denote the solution to (L)), and let U(t) = D vev(Ta) Ut v)
denote the total mass in the system at time ¢t. Following the notation of [KLMS09], we also set ¢ := ﬁ,

and define the two functions

We will see later that, roughly speaking, the bulk of the solution at time ¢ is supported on a ball of radius
r(t), and the highest potential seen on this ball will be of order a(t).



We first present some high probability bounds on the solution, starting with the total mass. We prove these
under the following assumption.

Assumption 1.1. Assume the offspring distribution is critical and there exists 8 € (1,2] such that the
offspring distribution is in the domain of normal attraction of a [3-stable law.

Recall that a critical offspring distribution p is in the normal domain of attraction of a S-stable law if there

exists a constant ¢ such that g
— N (d
n (d) X

n?
as n — oo, where S,, = Z;L:l Z; with Z; ii.d. with law pu, and X is a -stable random variable, i.e. such

that E[exp(—AX)] = exp(—\?) for all A > 0. In the finite variance case we have 3 = 2. One could also
incorporate slowly-varying functions, but for simplicity we have not done this.

Theorem 1.2. Under Assumption (1.1

lim liminf P (log U(t) € [\~ 'ta(t), Ata(t)]) = 1.

A—oo t—oo

This result follows by similar considerations to those in [KLMS09].

In light of the behaviour of the Pareto-distributed PAM on Z%, the main focus of this paper is to prove a
localisation result. In order to prove this we have to make slightly stronger assumptions on the offspring
distribution of Ty.

Assumption 1.3. Assume the offspring distribution of Tw, is critical and decays super-polynomially, i.e.
for every K < oo it satisfies P(#{offspring} > x) = o(x™%) as  — oc.

Remark 1.4. 1. In particular, Assumption implies that the distribution has finite variance and is
thus in the domain of attraction of a 8 = 2 stable law (via the classical central limit theorem).

2. We use Assumption [I. when summing over paths that avoid favourable sites in order to show that
their contribution to the total mass is small (Propositions and , for which we require that the
number of such paths within a ball is not too large. Although we do not believe that the results are
false when Assumption is not satisfied, it seems that Assumption is required to implement a
proof strategy that involves counting paths. Otherwise, it seems theoretically possible that at exceptional
times, a non-negligible contribution to the mass can be spread over many paths, though not necessarily
concentrating on a single group of vertices.

3. The assumption on the offspring distribution in Assumption is not too restrictive since it is satisfied
by most offspring distributions for which T is used as a local proxy for structures in statistical physics
(for example the Poi(1) offspring distribution which gives a good approzimation to critical percolation
clusters [Ald97T] and uniform spanning trees [NP20] in high dimensions).

4. Assumption is somewhat reminiscent of [dHW21, Assumption 1.3/, in that we require super-
polynomial tail decay to deal straightforwardly with polynomial tails for the potential, and in [dHW21|]
the authors require super-double-exponential tail decay in their main result to deal straightforwardly
with double-exponential tails for the potential. In fact, we could slightly weaken our assumption to the
requirement that the tails are O(x=e.8) for some deterministic K, 5 < 0o, but it was not possible to
bound Ko g uniformly in o and 3.

The main localisation result is the following.

Theorem 1.5. Let Assumption hold. There exist processes (Zt(l))tzo and (2,5(2)),520 taking values in
V(Tw) such that, P-almost surely as t — oo,

u(t, ZM) + u(t, 22)
Ul(t)

— 1. (2)



As remarked above, two-site localisation is the best result we can hope for in the almost sure setting, due
to the existence of transition times between the best sites. However, we actually have one-site localisation
with high probability, as outlined in the following theorem.

Theorem 1.6. Let Assumption hold. There exists a process (Zt(l))tzo taking values in V(T ) such that

(1)
Z
“(th(;)) — 1 in P-probability as t — co. (3)

Under Assumption Zt(l) can be chosen to be the same as that appearing in Theorem .

The main tool in our analysis is the Feynman-Kac formula, which allows us to represent the solution to
as

ult,v) = Eq [exp { /0 t{(XS) ds} 1{X, = v}} (4)

for all v € V(Tw), where (Xj), is a continuous time variable speed random walk on T, with law P and
we denote the corresponding expectation as E. It is clear from the formula that random walk trajectories
spending time at sites of higher potential will contribute more to the total mass, so to find the best trajectory
we have to balance the high potential enjoyed at good sites against the cost of forcing the random walk to
visit and then stay at that site.

Our strategy is broadly the same as that used to prove similar results for the PAM on Z¢ in [KLMS09], but
the non-uniformity of the underlying graph presents extra challenges which take some effort to overcome.
In particular, due to variable degree on T, the random walk estimates are less precise, and the effect of
the degree cannot be neglected when comparing the solution at different sites, since this quantifies the cost
of forcing a random walk to remain at a given site. An important part of the localisation proof will be to
prove an analogous localisation result for the principal eigenfunction of the Anderson Hamiltonian operator,
and here in particular we have to work a lot harder to obtain the desired result. In addition, fluctuations in
the tree T, will lead to extra fluctuations in the solution of the PAM and the location of the concentration
site, whereas on Z? the behaviour of these quantities is determined solely by the realisation of the random
potential.

In order to balance the potential at a site and the cost of reaching and then staying at it, we define the
functional (cf [KLMS09, Equation (1.9)]):

bow) = sup {(1;n<s<v>deg<v>>'”'log ('”') } 1{t(E(v) — deg(v)) > [o])

p€l0,1] t pet (5)

v
)~ dego) D og(e(0) - dogo))| 160 - deso) = [
This can be understood as follows: e!(!=)€(*) is the contribution to the exponential term in the Feynman-
Kac formula if the random walk remains at site v for a time duration (1 — p)t, then e*(1=r)deg(v) ig the
cost of forcing the random walk to remain at site v for a time of (1 — p)t after reaching it, and we will see
L]
in Proposition that e~ Iv1108(5) ig roughly the probability that the random walk hits v by time pt. At
the best sites, it turns out that u(¢,v) is well-approximated by et¥e(v)

The condition ¢(£(v) — deg(v)) > |v| ensures that the optimal value of p = m in is indeed in
[0,1]. A similar functional for the Z¢ case is defined in [KLMS09, Equation (1.9)], though they do not need
to incorporate the degree term there. We define the processes Zt(l) and ZAt(Q) by

Zt(l) :=arg max (v), ZAt(2) = arg max i(v)- (6)
vEV(Too) VeV (Too N {2V}

We will see in Sectionthat ZAt(l) and Zt@) are well-defined and in particular enjoy the following asymptotic.



Theorem 1.7. Let Assumption[I] hold. For each i =1,2, we have that

lim Timinf P (127] € \"r(2), Ar(0)]) = 1.

A—o0 t—oo

Our final result approximates the solution and follows by similar arguments to [OR16, Theorem 1.4], though
extra care is needed to deal with the unbounded degrees in our case. Analogously to [ORI6], to state the
result, for v € V(T ) we define

Aty = sup {uts) ~ degy) ~ loftox (1) = o - yltog (221}, (7)

YEV (Too) te te
and A4 (t,v) = A(t,v) V 0. Note the similarity with the terms in ¢ in (F).
Theorem 1.8. Let Assumption[1.1] hold. With high P-probability,

(ta(t)™"  sup )|10g+(U(t,v)) — A (t0)| =0

vEV (Too

as t — oo.

The intuition here is that the vertex y achieving the supremum in @ represents the “best” vertex that has
the right balance between being close to v, and having high potential. The main contribution to the solution
at v comes from particles that spend most of the time interval [0,¢] at site y where they reproduce at rate
&(y), and then dart to v just before time ¢. The total number of particles obtained in this way is roughly
equal to €@ and the cost of darting quickly from O to y and then quickly from ¥ to v is roughly equal to
the exponential of the subtracted terms in .

We note that in the case of the PAM on Z?, the authors in [KLMS09] obtain stronger results than those in
Theorems and by identifying the scaling limit of the relevant quantities. This is achieved by showing
that the scaling limit of the random potential field (5 (2): z € Zd) can be represented by a Poisson point
process in R? and then interpreting the other scaling limits in terms of this point process. Since Gromov-
Hausdorff-Prokhorov scaling limits of critical Galton-Watson trees are well understood, we anticipate that a
similar approach could be employed in our setting, and in this case the limiting Poisson point process would
have a similar density but with respect to the canonical mass measure on the continuum random sin-trees
of Aldous [Ald91] (in the finite variance case) and Duquesne [Duq09] (in the S-stable case). Due to space
considerations, we have not attempted to prove this result in this article, but we believe this makes our
proofs more robust since we have not relied on any information about the limiting random variables and
their densities, which is not the case in [KLMS09].

In light of these results regarding the PAM on critical Galton-Watson trees, we anticipate that the PAM
should exhibit similar behaviour on similar graphs such as critical Erdés-Rényi graphs and the critical
configuration model. Moreover, critical Galton-Watson trees are conjectured and in many cases known to
be good toy models for a range of stochastic structures such as high-dimensional critical percolation clusters
and uniform spanning trees, and some classes of random planar maps, so we also expect that the PAM on
these more complicated models will display similar behaviour.

Finally, most of our proofs do not specifically take advantage of the tree structure. Instead, in order to
upgrade the almost sure localisation result of [KLMS09] on Z? to random graphs, it seems that it is mainly
important to have tight control on the degrees of typical vertices, which can be used to give bounds on the
number of random walk trajectories that stay inside a ball, and volumes of balls, which allow us to prove the
localisation of appropriate eigenfunctions on these balls. In particular we require that the volumes of balls
around typical vertices exhibit at most logarithmic fluctuations around their typical values. We therefore
expect that the results of [KLMS09] can also be extended to many other other random graphs of polynomial
volume growth provided there are sufficiently good tails on vertex degrees and volumes. One example is
the Uniform Infinite Planar Triangulation, which has exponential tails on typical vertex degrees and only
logarithmic volume fluctuations [AS03].

This paper is organised as follows. In Section [2] we visit the definition of a critical Galton-Watson tree
conditioned to survive and we derive several estimates regarding its volume growth. We also give some



bounds for the random walk defined on T, which will be needed later on. In Section [3] we analyse extremal
values of the potential on certain subsets of To.. In Section [l we prove the asymptotic behaviour stated in
Theorem and and the approximation for the solution as given in Theorem Subsequently, we are
concerned with proving the localisation result. In particular, in Section [5| we derive several estimates for the
first maximisers of the functional defined in and the gap between the largest values of this functional.
Section [0] contains the spectral analysis that we mentioned above, that is, we prove that the support of the
principal eigenfunction of the Anderson Hamiltonian restricted to certain time-dependent subsets is strongly
concentrated as time goes to infinity. Finally, these auxiliary results are used to prove the almost sure two-
site localisation of the PAM on T, (Theorem in Section [7|and the high probability one-site localisation

(Theorem in Section
Acknowledgements. We would like to thank Nadia Sidorova for suggesting to look at PAM on trees. EA
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Notation. To facilitate reading we summarise notation in the following table.



Notation Definition
« Pareto parameter for the potential £
I} parameter for the GW offspring distribution, in (1, 2]
d 51
Too set of rooted trees with a single (one-ended) infinite path to infinity
O = s root of T
S0, 81, S2,... | ordered vertices of the backbone of T,
U =<0 u is an ancestor of v
[[u, v]] (unique) direct path from w to v, inclusive of endpoints
|lu —v|, |v| | |u—v|is the graph distance between u and v, |v| := |O — v|
B(v,r), B, | B(v,r) closed ball in Ty, of radius r around v, B, := B(O,r)
B BT = B(v,r) NT, for subtree T, of T
A, connected component containing O obtained after removing the vertex s, from T4,
V(T) set of vertices of a tree/subtree T
#S number of vertices in S
Height(7) | Height(T) := max,cv (1) |O — v| for a finite tree 7 with root O
T {v € V(Tw) : deg(v) < 4}
B, {v € B, : deg(v) < 4}
D, sup,¢ g, deg(v)
L {u € Ty : degu =1}
p(u) parent of w in Th
£(u) leftmost child of u that is also a leaf
N, (n,v) number of distinct paths of length n starting at O, passing through v, fully contained in B,
Nr (na v log(Nr(n7 U))
& the potential
W the i*" highest value of £ on B,
£() the it highest value of £ on B,
q P

q
at) =

q+1
r(t) (%)
2 e
p q+2
R(t) r(t)(log t)?
C Bdyzt1
£ {v € V(Br) : £(v) > R(t)% (log t) =}
E; {v € V(Bgrw)) \ F : 3z € F; such that £(z) — deg(z) < {(v) — deg(v)}
() [(6(v) — deg(v)) — ¥ 10g (¢(v) — deg(v))] T{t(E(v) — deg(v)) = Jol}
A(t,v,y) t(&(y) — degy) — [y[[log |y| —logt — 1] — |v — y|[log [v — y| — logt — 1]
A(t,v) sup,er A(t,v,9)




Notation | Definition

Y (t,v) ArGMAXye B, (4 (10g ym LA V5 Y)}, Where m is a constant in (g, 00)
Y (t,v) Arg MaXye B, ) 10g nm A 0V, y) +tdegy}
Z(1)

t( ) argmMaXyecv (T, ) e (v)

5(2
Z, ATGMAX, _y (7. )\ (203 P (v)
Zp, arg. e p, max{{(z)}
Zp. | arg.ep maxi€(z) — deg(2)}
9B, §(Zp,) —max.ep, 22z, {§(2)}
9B, §(Zp,) —deg(Zp,) —max,cp .7, {£(2) — deg(2)}

d+te

ji £ ()
ry) {veV(Te): o= 2] + min{|ol, 127} < (1 + (logt)~=) 12071} }
Ay riur?
Q (2", 2y »
1“55} the set of all paths from z to Zt(l)
'y:(;)t the direct path from x to ZAt(Z)
|v] the length (number of vertices) of the path ~

7(Xo,4) | the path that consists of all the steps taken by the random walk (X)s>0 between times 0 and .
Do) | €) — Blog (1)

2 Critical Galton-Watson trees conditioned to survive

We assume that the reader is familiar with the definition of a Galton-Watson tree with offspring distribution
1, and simply recall that such a Galton-Watson tree can be formed from a single individual who reproduces
with offspring number distributed according to u, and that individuals in subsequent generations continue
to reproduce independently with offspring distribution u, ad infinitum (or until the process dies out). We
refer to [AD15] for further background and definitions.

In this paper, we will restrict to the case of critical GW trees where 22020 kui = 1. We let T' denote such
a GW tree, and O its root. For a given vertex v € T, its offspring number k, is equal to the number of
children under the natural genealogical structure (i.e. k, = degv — 1). Additionally, we will denote by T,
the subtree containing v and all its descendants under this genealogical structure, rooted at v.

In order to consider the long-time behaviour of the PAM on a Galton-Watson tree, it is natural to restrict to
the case of infinite trees. A natural candidate for such a tree would be a supercritical Galton-Watson tree;
however, in the case of a Pareto potential, the exponential volume growth in a supercritical Galton-Watson
tree causes the solution of the PAM to blow up, almost surely; hence the restriction to critical Galton-Watson
trees. Although a critical Galton-Watson tree is known to have zero probability of survival, Kesten [Kes86]
gave a construction of a critical Galton-Watson tree conditioned to survive, and showed that it arises as the
local limit of finite Galton-Watson trees conditioned to have large height [Kes86, Lemma 1.14]. We give his
construction below.

Definition 2.1. Let pn = (fun)n>0 be a critical offspring distribution. Define its size-biased version p* by
My = Nfin

for alln > 0. The Kesten’s tree T, associated to the probability distribution u is a two-type Galton-Watson
tree with the following properties:

e Fach individual is of one of two types: normal or special.
e The root of Ty, is special.

e A normal individual produces normal individuals according to pu.



o A special individual produces individuals according to the size-biased distribution p*. One of them is
chosen uniformly at random. This individual is of type special, the rest of the produced individuals are
of type normal.

We let P denote the law of Ty .

We let T, denote the set of rooted trees with a single (one-ended) infinite path to infinity. Note that,
P-almost surely, T, € T, since the special vertices form a unique one-ended infinite backbone of T,,. We
let sg, s1, 82, ... denote the ordered vertices of the backbone, so that sg is the root, and s,, is at distance n
from the root. Moreover, each of the subtrees emanating from normal children of the backbone vertices are
independent unconditioned Galton-Watson trees with offspring distribution pu.

2.1 Properties of T,

In this section we give some properties of Ty, that we will use later in the paper, mainly regarding its volume
growth. Since T, (P-almost surely) consists of a collection of finite Galton-Watson trees grafted to its
infinite backbone, it will also be useful to state some bounds for an unconditioned Galton-Watson tree with
the same offspring distribution y, which we denote by 7.

Lemma 2.2 ([Kor12, Lemma 1.11] and [SIa68, Theorem 2]). Under Assumption[I.1], there exist constants
¢, € (0,00) such that, as n — oo,

P(#T >n) ~ o’
P (Height(T) > n) ~ ¢/n71.

Proposition 2.3. (i) [CKO08, Proposition 2.5]. Under Assumptz'on for any € > 0 there exists C' < 0o
such that P(#BT > Ar%) < OA~B=19) for all 7 A > 1.

(i) Under Assumptz'on for any K < oo there exists C' < co such that P(#Br > )\r2) < CAX K for all
r, A > 1.

(iti) [Arc20, Section 8.1]. Under Assumption[1.1] there exist c,C € (0,00) such that
51
P(#BT < A—lr%) < Ce ™7 forallr A > 1.

Proof. We just prove (ii). Take some ¢ > 0 and set a = % —3cand b= % —2e. We bound B, by considering
all subtrees attached to the backbone within distance r of the root. We say that a subtree is “tall” if it
has height exceeding 7A’. We start by identifying all tall subtrees attached to the backbone. If a subtree is
tall, we can similarly decompose this subtree into subsubtrees by decomposing along its (leftmost) path of
maximal height, which we call its spine, and again identify all tall subsubtrees that are attached somewhere
within distance r of the root of the subtree. We can then keep repeating this process on tall subsubtrees in
an inductive way until we eventually end with something as in Figure

This collection of tall subtrees can be indexed by a different branching process whereby the offspring of
a given tall subtree correspond to the tall subtrees attached to its spine (so in Figure [I} different colours
represent subsequent generations). We let the total number of tall subtrees (including the original tree Tw,)
be N. Then N is an O(1) random variable and moreover we can control #B, by controlling the masses of
all the non-tall subtrees in B,..

Given a tall subtree T', we define its r-spine to be the collection of vertices in the spine of T' that also lie within
distance r of the root of T', and let Spr(r) denote the set offspring of vertices in the r-spine of T'. By Definition
and [GK98| Lemma 2.1] the offspring tails on the r-spine are at most size-biased, so under Assumption
they still decay super-polynomially. Consequently, for any z > 0 we have that P(#Spr(r) > rA?) < c, A7,
In particular, it follows from a union bound that for the first A° tall subtrees present in Figure |1 (say
ordered in a breadth-first order), the probability that one of them has #Spr(r) > rA® is at most ¢, A*~*%.



r

Figure 1: Spines of tall subtrees Figure 2: One tall subtree T

Additionally, if #Spr(r) < rA%, then the number of tall subtrees attached to the r-spine of T' is stochastically
dominated by a Binomial(rA%, cr~*A~%) random variable by Lemma Consequently, it follows from the
main theorem of [Dwa69] applied to the indexing branching process that, letting GWginomial(n,5) denote the
total progeny of a Galton-Watson tree with Binomial(n, p) offspring distribution,
P(N > X®) < P(one of the first A\® tall subtrees has #Spr(r) > rA®)
+ P(N > A%, none of the first A® tall subtrees has #Spr(r) > rA?)
< AT 4+ P(GWainomial(rae cr-1a-t) = XY)

< CZ)\sfaz +676A€.

(8)

(e.g. see [Arc21l Proposition 5.1] for a similar proof). Also let M denote the number of subtrees attached
to the r-spine of some tall subtree, with volume exceeding r2\2*+2¢ but with height less than rA’. On the
event N < A\ and #Spr(r) < rA® for all tall subtrees, we have from [Korl7 page 5] that M is stochastically
dominated by a Binomial(rA%te, cr_l)\_b_se_‘»‘s) random variable, so that by Markov’s inequality,

P(M > 0) < Ce™*", (9)

We now look at a single tall subtree T'. Its contribution to #B, is equal to the sum of the volumes of the
masses of small subtrees attached to its r-spine, plus r (which is the volume of its r-spine). Each of these
small subtrees can be sorted into groups whereby two small subtrees are in the same group precisely when
there are no tall subtrees between them in the contour exploration of T. These groups are indicated by
colours in Figure 2l The number of groups is equal to n + 1, where n is the number of tall subtrees attached
to T. Therefore, if we sum over all tall subtrees T, the total number of such groups is at most 2N. Label
the groups as X1, X, ... Xsn. Moreover, by Lemma [2.2] the total volume of one single group falls into the
framework of [Arc20, Lemma A.1] with 8 = % there. We deduce that, on the event N < A%,

P| > #X; > 22\ | <P(3i < 2N #X; > r?00T) <aNe ™™ <axte . (10)
i<2N

Therefore, since #B, < ZngN #X; + Nr, we have from a union bound on all the events described in ,

(9) and above that
P(#B, > 3r°)\) = P(#B, > 3r2\?"%) < 3e, N (5739)%,

Therefore, choosing z > 2(K + 1) and ¢ < m gives the stated result. O
By applying Borel-Cantelli along the sequence r,, = 2", taking \,, = §(log rn)% (and similarly for the other
bounds), using monotonicity of volumes and then taking ¢ | 0, we deduce the following result.

Corollary 2.4. Set d := B Under Assumption P-almost surely for any € > 0 it holds that:

B—1
lim su i =0 lim inf # B = 00
P rd(logr) P r=oo rd(loglogr)=(d+e) —

10



Under Assumption[1.3, P-almost surely for any € > 0 it holds that:

limsu _#Br 0 lim inf #B: =
el 12(logr)e r—oo 12(loglogr)—(2t+e)

Q.

We will also need the following result on the largest degree in a ball.

Lemma 2.5. (i) For any € > 0, under Assumption it holds eventually P-almost surely that

d(l+e) 14e
D, := sup deg(v) <r B =rp-1.
vEDB,

=

(i) Under Assumption we have for any € > 0 that eventually P-almost surely

D, <rf.

Proof. (i) Note that there are at most r backbone vertices in B, with the size-biased offspring tail bound,
and all other vertices have the original offspring tail bounds, independently of each other (by Definition
. By Corollary P-almost surely for all sufficiently large r we can compute
—d(14e) d(1+e) e —d(l+e) d(l+te)
P (D,« >0 F e ) < rd(logr)% sup P(degv > 2 CR S
vEB,\{50,..,5r}

)

—d(14e) d(1+4¢)
+r sup P(degv>2"7 r” 7
vE{S0,...,8r}
14e —d(+e)(B-1)
< cerd(logr)=1r=2=% L cpp B

< 7,75/2.
This probability is summable along the sequence r,, = 2™ and thus by Borel-Cantelli along this sequence

—d(14¢) d(1+e)
it holds eventually P-almost surely that sup,cp deg(v) <27 # rp, ”© . Then note for r € [ry, rp41]

. —d(te) 4te) dQ+e)n
we have by monotonicity that sup,cp deg(v) <27 7 r 5 <r 7

(ii) Fix e € (0,1). Since the offspring distribution tails decay super-polynomially under Assumption
the same holds for the size-biased offspring tails, so we certainly have that sup,.p P(degv > z) =
o(z~(2/¢t1D) as x — co. The proof then proceeds exactly as in part (7).

O

Given v € B.,n > |v|, we let N,.(n,v) denote the number of distinct paths starting at O and passing through
v that are fully contained in B, and have length exactly n, and set

- (n,v) :=log N,.(n,v).
The previous lemma allows us to bound 7,.(n, v).

Lemma 2.6. Under Assumption for all e > 0, eventually almost surely, for all v € B, we have that

o) < (= o) (5557 o) 10 (1))

Under Assumption[1.3, for all € > 0, eventually almost surely, for all v € B, we have that

ne(n,v) < (n— |v]) (a logr + log (n_”U'» .

11



Proof. By counting deviations from the direct path from O to v, and letting D, = sup,cp_degv we have
that
n n—|v|
Ny(n,v) < ( >Dr2 )
n—|v|

The factor of % appears since if we cross one edge not on the direct path we must return to the direct path
by the same edge, so this reduces our number of choices by a factor of 2. Applying Stirling’s formula and
the bound on D, from Lemma z) or i1) then gives the results. For example, under Assumption
we get

1 (n,v) < log ((n _"|U|)(rf)"z”) < log ((nfeM)nll (rf)"f) < (n—v)) (6 logr + log (n_nM» :

O

Remark 2.7. Asn — oo, it is not possible to do much better than the result in Lemmal[2.0 under Assumption
since the mazimal degree of a vertex in B, grows polynomially in r, and is specifically of order r5 in the
infinite variance case. Therefore one can really count paths that dart directly to this vertex of high degree,
then alternate between this vertexr and its neighbours for as long as possible, and finally dart directly to v at

the last possible moment. Counting these paths gives a lower bound asymptotic to d;; (n — |v])(log™) (and

we will mainly use the result with ~* < ).

Lemma 2.8. Let B, = {v € B, : degv < 4}. Then, under Assumption for any € > 0 there exist
C,c € (0,00) such that

B—1

P(#B, <]\ <Ce* 7 4 C(rA™!)~ (07179,
Consequently, P-almost surely, }
— #B,
imin
r—oo rd(loglogr)=(d+e)

> 0.

Proof. In any finite tree at least half of the vertices have at most degree 4. Taking care of the boundary
vertices in B, this yields

~ 1 N
#Br Z i#Br - er

where Z* is the generation size at level r. Thus, invoking Proposition i7i) and [CKOS8, Proposition 2.2]
we get that

- 1
P(#B, <rix™1) < P(S#B, — 2} < rIANTY < P(#B, < 4riXTY) +P(ZF > i)
p=1
< Ce 7 —|—C(r)\_1)_(6—1_5)~
The second claim follows by Borel-Cantelli exactly as in Corollary [2.4] O

We will also use the following result in the random walk estimates.

Lemma 2.9. Let I, be the set of all direct paths with both endpoints in B, i.e. Ty = {[[u,v]] : u,v € B,}.
Under Assumption there exist deterministic constants B, B < co such that P-almost surely,

sup {Zlog(degv) — Bly| - Blogr} <0

Y€Ers vey

for all sufficiently large r, where |y| denotes the number of vertices contained in .

12



Proof. First note that, by breaking paths at the most recent common ancestor, it is sufficient to prove the
result for the set I, = {[[u,v]] : u,v € By,u X v}.

Now let € € (0,8 — 1), define ¢:= 8 —1—¢ > 0 and choose B > % (2§fi —|—6>. Let v € ', with endpoints
u and v such that u < v. Note that the degrees of the ancestors of v can be stochastically dominated by
an independent set of size-biased random variables by the same logic as in [GK98, Equation (1)], and such

a size-biased random variable X satisfies E[X¢] < co. We set A := log E[X¢] < co. Given +, we also define

B+e
Ay = B‘lg‘gr + % and v, := rA#-1. With this choice we calculate using a Chernoff bound that

P <Z log(degv) > M,MI) <E

vey

exp <Czlog(degv)>] exp(—cAy 7)) < exp (Aly]| — cAy o |y]) = r~ B,

vey

Note also that || < (#B,)? since we are only bounding direct paths. Applying a union bound over all
v € I',. and Proposition (z) therefore yields (for all sufficiently large r) that

p <sup {Zlog(deg v) — /\wlvl} > 0) <P (#B, > v,) + 0}P (sup {Zlog(degv) - )"y,rh} > 0)

TELL Lwery VELr L vey

(M)
S

<rz4 vfr_CB < 2r2,
The result therefore follows by applying Borel-Cantelli along the subsequence r,, = 2", and then applying
monotonicity if r € [27,2"+1] since logr = o(r). O

2.2 Random walk on 7T,

Given a particular realisation of Tw,, we let X = ((X;)¢>0,PL>, 2 € V(Tx)) be a continuous time variable
speed random walk on Ty, started at € V(Ts). This means that for v,w € V(Ty), X jumps from v to
w at rate 1{v ~ w}, so the holding times at vertex v are exponentially distributed random variables with

parameter degv. In particular, the mean holding time at vertex v is delgv.

In the case where X is started from the root O of T, we just write P for the law of X.

Let A C V(Tw). We denote the first exit time from A as 74, i.e. 74 =inf{t > 0: X; ¢ A}. Given a vertex
v eV (Tx), we also let H, =inf{s > 0: X = v} denote the first hitting time of v.

The next proposition is actually a result about random walks on deterministic trees.
Proposition 2.10. For P-almost every realisation of Tso, the following holds.

(i) For allv € V(Ts) with |v] > 3,

P(H, < t) < exp{—|v|(log [v| — logt — 1] V 0)}.

(i) For allv eV (Tx),t >0,

1 v
P(H, <1) > <H deg(u)> o vI(log [v]|—log t—1]v0)—O(t+ 1)
uU<v

Proof. (i) Set r = |v|. Let O =vg < v1 < ... < v, = v denote the ordered ancestors of v. To reach v from
Vg, the random walk must first pass through each of the points vy, ...,v,._1. When it reaches the point
v;, the time to jump to v;41 will stochastically dominate an Exp(1) random variable (since it can only
reach v; 1 through one edge which rings at rate 1). The time delay for the random walk to reach v will
thus be greater than ) E,, where (Ey),<, is a sequence of i.i.d. Exp(1) random variables. Hence,
using Stirling’s formula we obtain

13



oo

_ e t Lt > ¢l

P(H, <t) SP(ZEu gt) =P(Poi(t) > r) =" <r!+ > Z,) <e's <1+Zi!)
u<v 1=r+1 =1

tre"te

< _
TV 2mprtl/2e-r

< exp{—r[logr — logt — 1]}.

(ii) We lower bound this by the probability of going directly to v in time ¢. Accordingly, again let O =
v9 < v1 < ... < v, = v denote the ordered ancestors of v, but this time let (Ei)fz_ol be independent
random Variables where FE; ~ Exp(deg(v;)) for each i = 0,...,r — 1. Also, recall that e~ + =% <
1+w+ 1+w‘1 =1 for all x > 0.

Then, if r(log2) > 3t, since all vertices except perhaps vy have degree at least 2, we have (by Stirling’s
formula) that for all sufficiently large r

(TiE <t> >P(Ey < 1) (ZE <t—1>

1=0

e 2= (2t — 2)(r=1) (11)
(r—1)!

> exp{—r (logr —logt —1) — O (log(r Vi) + %) +(r+1)log2— (2t +1)}.

> (1— e P(Poi(2(t—1) 27— 1) = (1—e7?)

O
We first use this to obtain the following almost sure bound on exit times on Ty.
Corollary 2.11. Under Assumption[I.1, P-almost surely, we have for all sufficiently large r that
r r
P <t)<exp{-Llog ()}
(7B, <t) Sexpy—¢log |~
for allt > 0.
Proof. Let us define for r > 0 the set
O, = {v V(T : u| = g,ﬂu e V(To) : u| = 7,0 < u} (12)

that is, the set of vertices in generation 7 that have a descendant in generation r. We will first derive an
upper bound for the volume of this set. Let Z denote the size of the n'" generation of T, and let v;,

i =1,...,Z denote the vertices of the nt" generation. Furthermore, let T,, denote the subtree emanating
from v;. Then

#C, = > 1{Height(T,,) > r/2} =1+ > 1{Height(T,,) > r/2}.

we{vl,...,vz: } we{vy,..., ”Z:/2}\{57‘/2}

Recall from Lemma that there exists ¢ < oo such that for all v; # s,/5, P(Height(T3,) > x) ~ cxFT.
Consequently #C,. — 1 is stochastically dominated by a BinomiaI(Z;“/2 -1, c'r_ﬁ%l) random variable. Hence,
for any € > 0, setting ¢y = ﬁi"'s and ¢, = ¢o 4+ £ we have that

1—¢
P(#C, > (logr)®) < P(Z}, > r7 (logr)) + P(X > (logr)™ — 1), (13)

where X ~ Binom(rﬁ(log r)e2—1, c’r_ﬁ). We have by [CKO08, Proposition 2.2] that there exists ¢z < oo,
depending on ¢, such that

P(Z;f/2 > Tﬁ(logr)”) < 03(logr)_02(ﬂ_1_8) - 03(logr)_(1+5)7 (14)
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for some constant c3 > 0. Furthermore, since ¢; > ¢z, by a Chernoff bound we have

o E[eX] exp((r? (1og r)e? — l)c’rfﬁ(e —1))
P(X 2 (log) = 1) < iy < — e )
< exp(c(logr)®?e — (logr) + 1). (15)

Combining and with (13), we deduce that for any e > 0, there exists ¢4 < oo such that

P(#C, > (logr) éii) < ey(logr)~(+e),

For r,, = 2™ this probability is summable over n and thus by Borel-Cantelli P-almost surely for n large
enough #C, < (logry,)®.

Now, since the random walk needs to visit a vertex in C, before it can exit the ball B,_;, we have by a
union bound and Proposition i) that

P(rs,, <) SPGre G Ho<)< Y B(H, <0 < #0 e {~Flos (55)}.
veC,.

Therefore, P-almost surely along the subsequence r,,, for all n sufficiently large it holds that

P(7p,,_, <t) < (logr,)” exp {7—1 (get)} = exp {f— log (2 t) +c log(log(rn))} .

Consequently, for r € [r,, r,+1] sufficiently large:

P(rp, , <t) <P(rp, <t)<exp {—%l log (%) + 1og(log(rn))} < exp {—g log (é)} )

We now give a high probability version of the preceding result.

Lemma 2.12. Take any f,f) > 0. Under Assumption we have with high P-probability as t — oo, that
for all v € [r(t)(logt)~F,r(t)(logt)?],

IF’(TBPISt)Sexp{ rlog( )—i—o( ())}

Proof. We follow a refined version of the previous proof, this time with several steps.

STEP 1. Choose some ¢ >0 and 0 < § < 1. Letm>]5+1,k:>B’ff‘S + 2¢ and set K _k+— Given

r > 0, this time let Z denote the number of vertices in generation Kl — W) —‘, and let C. denote the

set of vertices in this generation that have a descendant at level r. Then, similarly to the calculations in

' we compute
P(#C, > (logr)¥)
= P(Z: = Tﬁ(bgr)k_s) + P(Binomia| (Vﬁ(logﬂk_ﬁ 51 (log ) 71
< c(log T)*(kfs)(ﬁfl—a) + exp{—e(logr)°} < (log r)—(kfg)(g,l,s).

)= (ogn)  (16)

Since the random walk needs to visit a vertex in C,. before it can exit the ball B,_1, we can lower bound
the exit time of the set B,_; by the hitting time of the set C,. For all sufficiently large r, on the event
{#C,. < (log )X}, we can thus compute using Proposition i) that

P(rp,_, <t) < S P(H, <t) < #C, exp {— (1 - (loglr)m> r [10% (5) o (1 B (loglr)mﬂ }

veCy (17)

3 T
< Klogl —(1———--—)rl — ) s
< exp{ oglogr ( (logr)m> rlog (et)}
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STEP 2. We now define 7(t) := 7(t)(logt)~/, R(t) := r(t)(logt)? and for 0 < n < N, := [log(R(t))"*°] set

= (1 ) O

Then ro = R(t) and for ¢ large enough we have
i, < exp ( W) R(t) < exp { 5 Qou(R(0)° | Re6) < 700

Therefore, using , and a union bound, we have that

P(Hn < Ny :P(7p,, , <) >exp {K(loglogr”) N <1 - (3)*”> o8 (%> })
<P(In <N, : #£C,, > (logr)¥)

< Z c(logry,)~ (k=) (B=1=e)
n< N

Applying the definition of r,, and the inequality log(1 — x) > —2x for all sufficiently small x, this is upper
bounded by

. 1 ~(k=e)(B-1-2) i 9 —(k—e)(B—1-¢)

) ) A ~(k=e)(8-1-2)
<o [0 (1~ i)
~ m+d—(k—e)(B—1—¢)
< [1og(R(1))] -

Since k > BTTE - + 2¢ this probability goes to zero as t — oo, i.e. with high P-probability

3 Tn
P(rp, , <t) <exp {K(loglog ) — (1 — W) ry, log (et)} for all n < V;. (18)

STEP 3. Moreover, on the event in (18), again using that log(1 — z) > —2z for small 2 we have for all
r € [F(t), R(t)] with r € [r,41,7,] that

]P’(TBT71 < t) < P(TBrnJrrl < t) < exp {K(loglog Tnt1) — (1 - 3) Trt1 log (rn+1)}

(log Tnt1 )m et

1 Tl 3rlog (1)
<exp< Kloglogr —r, [1— ———— ] lo + et
p{ e ( (log R(t))m) 55 ) oz

< exp{rlog( t) + K(loglogr) + 2r log (et) + 6r log (8) }

(log R(t))™ ~ (logr)™
Then, since m > p+1, r € [7(t), R(t)] and 7,11 € [37(t), R(t)] we have that logr, 1 > Llogr(t) > 3 logt Vn
provided that ¢ is sufficiently large, so it follows that
2rlog (L 6rlog (= t)(log )P+t
K (loglog ) + — O.g(et) rlog () _ 0 (r( )(log ) ) = o(r(t)),
(log R(t))™  (logrpi1)™ (logt)™
which establishes the result. O
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2.3 Time reversal for Feynman-Kac formula on T,

Here we record the following well-known straightforward proposition which will be useful for manipulating
the Feynman-Kac formula of .

Proposition 2.13 (Time reversal). For almost every realisation of Teo, it holds for all v € V(Ts) that

0 [exp{/otf(Xs) ds} 1{X, = v}] =E, {exp{/o £(X,) ds} 1{X, = o}} .

Proof. The proof is just a computation and applies to the Feynman-Kac formula on any locally finite graph.
Let 7(X}o,4) denote the path that consists of all the steps taken by the random walk (X),>¢ between times
0 and ¢. Note that

ofon{ [ et ds} 1= 0| = 3 ) (19)

vy:0—=v
where, if ~ denotes the path 0 = vg,...,v, = v, then (in what follows we cancelled IP’(W(X[OJ]) = 'y) =
T 01 m with the terms degv; in the density of each (s;);, H):
f(v,t) [GXP {/ (X 8} {7 (Xpo,) = ’V}}
t*Z:'L:ll Si n—l
&(vi)—degv;)s; / - (5(1}0) dcgv0)50]1 so > 0 8 < t dSo 6 &(vn)—deg vy, ) (t— 8i) dSz
ol 0 SR i

from 1 ton-—1

We apply the substitution s, =t — > /" 01 s =1t— Z? 11 s; — So to the integral over sy to deduce that the

1=
expression in the square brackets is equal to

=370 si n
/ e(f(vn)—degvn)sn]l {Sn >0, Zsi < t} ds,, - e({(vg)—degvo)(t—zz;l s,;)_
0 i=1

In other words, we can perfectly exchange the roles played by (v,,s,) and (vg, so) to deduce that, if ; is
the reversal of the path v, then f(v,t) = f(?, t), from which the result follows by (19). O

3 Potential estimates

3.1 Extremal values of the potential

The following lemma bounds the maximal potential on a ball.

Lemma 3.1. For any € > 0, there exists C' < oo such that for allr > 1 and A > 1,

P (sup E(v) > rd/a)\> < CA\~ "7 under Assumption
vEB,.

P (sup &(v) > 7"2/0‘)\> < ON (@9 ynder Assumption [1.3
vEB,

Proof. Set p = %. Using Proposition ( ), under Assumption [L.1{ we compute

. 12 dyp = dyp p—a p(B—1)(1—¢) 7M
P(JveB,: &) >rapT) STAP5(0)>7"&)\ + P (#B, > rAP) < NP7 4 e\ <CA
Under Assumption we instead take p = ¢ and choose K > as~! in Proposition i) to get

P (Elv € B, : £(v) > r%A) < r2APP (5(0) > T%A) + P (#B, > r2\P) < W7 4 AP < op(em9),
O
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Lemma 3.2. P-almost surely, we have for any € > 0 that

su v su v
m varﬁd(ﬂ) =0 under Assumption[.1] lim Lﬁ(ﬂ) = 0 under Assumption[I.3

=00 r%(logr) = r=00 13 (log 1) =

Proof. We give the proof under Assumption [L.I} the proof under Assumption [I.3]is identical. Let € > 0 be
arbitrary and set ¢/ = W > 0. Using Lemma we deduce

’

(log ) tvsl) < (logr)_l_%d

d
o

P (av € B, : £(v) >

This probability is summable along r,, = 2", and thus by Borel-Cantelli and monotonicity if r € [r,, rn4+1],
we deduce that P-almost surely

sup E(v su
m ——— v d(+ 2 <1, lim 75)”63 i&} <o
s (logry) e o0 ra(logr) e
Since €’ < ¢ this gives the result. O

Recall that B, = {v € B, : deg(v) < 4}. Given i > 0, let 5@ denote the i*" highest value of ¢ on B, and
£ denote the i** highest value of £ on B,.

Lemma 3.3. P-almost surely under Assumption[1.1}, for i =1,2,3 and any ¢ > 0,

K3
liminf( - & _(%_HE)) = o0, liminf< - i _(2[3_1“)) = o0.
"% \ra(loglogr) e-D "7 \ré (loglogr) e D

- - —(B+e)
Proof. Tt is sufficient to prove the result for £ only. By Lemma #B, > ri(loglogr) F-1 > for all
sufficiently large r P-almost surely. When this happens, we can stochastically dominate by the case #B, =

(
r4(loglog ) = to deduce that

—(B+e) —(B+¢)

d — ——T —(B+e)
P(&9 <riat) < (T (loglogr) - )(1—r—dv)'“d“°gl°g” T ey < eelloglosn) P A
(20)

28—1+4¢
Setting A\, = 2c¢~*(loglogr) «®-1 gives the result using Borel-Cantelli along the sequence r,, = 2" and using
monotonicity as in Lemma [3.2] O

3.2 Sites of high potential

It will also be useful to control some properties of the sites with atypically high potential.

Recall from the introduction that ¢ = ﬁ. Now we also set p =g+ 2,2z = % and C' = %d + z+ 1. Let
R(t) := r(t)(logt)?. We define the set

Qla

Fyi= {0 € By : €(v) 2 R(t) % (log )~ = a(t)(log )=+ 1}, (21)

Also let
E; :={v € Bp) \ F; : 3z € F; such that {(z) — deg(z) < {(v) — deg(v)}.

We now prove several estimates regarding these sets.

Proposition 3.4. Under Assumption it holds that:

(i) There exists D < oo such that #F; < (logt)? eventually P-almost surely.
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(ii) There exists B < 0o such that sup,cp,,r, degv < (logt

VB eventually P-almost surely.

Proof. (i) Define a related set

Fy = {v € V(Bag) : §(v) > %R(t)%(logt) C}
We have
#F, = Z 14&(v) > %R(t)d/a(logt) C}
vEV(BaRr(t))
Set
=P (£00) 2 JRO)" (10g1) € ) = 2°R() (g 1)

Since #V (Bar)) < R(t)%(log R(t))% eventually P-almost surely by Corollary , we (P-almost
s.d.

surely) have that #F; < Binomial(R(t)%(log R(t))%,pt) for all sufficiently large ¢. In this case, using
a Chernoff bound we compute

< oany?) < PR _ exp(R()*(log R0 ¥ 2° R~ (logt)* e ~ 1)
PO 2 1800 = o iog 1) exp((10 1)) |

and for D > aC'+ Hj the right hand side is for ¢ sufficiently large upper bounded by exp(—C’(logt)?).

Now for ¢,, := 2™ we have

<

> P(#F,, > (logt,)") < 0,

n=0
and thus by Borel-Cantelli, #Ftn < (logt,)P eventually P-almost surely. Finally, for t € [t,,t,11],
note that Iy C Fy, ., for all sufficiently large ¢, which implies the result.

Since the potential is independent of T4, it follows that, given T, each of the points in F} is uniform
on Bp). Now note that, if T is a finite tree and U a uniform vertex of 7', we have that

> degv=2(#V(T) - 1)
veV(T)

so that E[deg U] < 2. Therefore, letting deg,(v) = ZuEV(BR(t)) 1{u ~ v} and U; a uniform vertex of
Br(t), we have from Markov’s inequality that

P(deg,(U;) > ) < 227

Note that degv = deg, v unless v € dBp(;) U Blcz(t)‘ Therefore, if Z) denotes the size of generation r,

we can choose € > 0 small enough that we have from [CK08, Proposition 2.2] and Proposition uz)
that

P(deg(U) > @) < P(deg,(Uy) = @) + P(Zjy 2 R(TT) + P(V(Brgy) < R(t)")
4P (Ut € Ziw | Ziw < ROFTH,V(Bryy) > R(t)d*E)
<2271+ O(R(t))—sF-1=2), (22)

Recall the set F, defined in part (i), for which we proved that #Ftn < (logt,)P eventually almost
surely for t,, = 2™. Therefore, using this and , we can compute using a union bound that almost
surely, for all sufficiently large ¢:

P (sup degv > (logt)3/> < (logt)P (2(10gt)*B/ +C(R(t))75(ﬁ71—a))
veFy
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eventually almost surely. For B > D+ 1+¢, we can choose B’ € (D+1+¢, B) and the right hand side
is summable along ¢, = 2"; that is, by Borel-Cantelli sup, .z degv < (log t,)B eventually P-almost

surely, and for ¢ € [t,, tp1]

sup degv < sup degv < (logt, 1)? < C’(logt)B/ < (logt)5.
vEF} UGI:_}

n+1
If v € E}, there exists z € Fy such that £(v) — degv > £(z) — degz. But also £(z) > £(v), so that
degv < {(v) — &(2) + degz < deg z,

which proves the claim for v € E; as well.

O
We will also need to consider the following slightly bigger set. For fixed 0 < § < S%ﬁ, we define the
following set
d_
Gy = G4(6) := {v € V(Br() : £(v) > R(t)=°}. (23)

We can prove similar results for G; as we did for Fj;.
Lemma 3.5. Let Assumption hold. Then, eventually P-almost surely,

(i) #G4(8) < t2(a+1)s,

(ii) Gy is disconnected, i.e. if u € Gy then for all v € V(Bpg)) with v ~ u it holds v € G¢. (Consequently
the same is true for F}).

Proof. (i) Fix 6 > 0 and define a related set

—_

Gr = {v € V(Bry) : £(v) = SR ). (24)

1+€

~  s.d.
As in Proposition (z), we have that (P-almost surely) #G; =< Binomial(R(t)¢(log R(t))7~1,p;) for
all sufficiently large ¢, where here

pe =P (5(0) > R(t)i—5> = 20 R(t)~4+ad,

Using a Chernoff bound we compute

~ A o d iy —d+as(,
PG, > Lpatrsy o Elem#G)] _ exp2R(t)!(log R() 1 R(t)~**7(e ~ 1))
2 exp(§t2a(q+1)5) eXp(%tZO‘(‘H'l)é)

and the right hand side is for ¢ sufficiently large upper bounded by exp(fC’tQD‘(qH)‘s). Now for ¢, :=n
we have

= - 1
S PG, > L) < o
n=0

and thus by Borel-Cantelli #G, < %tia((”l)g eventually P-almost surely. Finally, for ¢ € [t,, tnt1],
note that Gy C éfﬂ for all sufficiently large ¢, which implies the result.

(ii) Fix some v € V(Bpg(), suppose that u € V(T ) satisfies v ~ u. Since the potentials at different
vertices are independent, we have that

P (S(v) NE(u) > ;}R(t)ifs) < ¢(R(t))~2(d=ad),
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The number of pairs of neighbouring vertices in Bp(;) is given by the number of edges in the ball,
which is upper bounded by the number of vertices, i.e. by #V (Bar()). Therefore, since #V (Bag(1)) <

R(t)¥(log t)% eventually P-almost surely by Corollary we get from a union bound that for all
such ¢, whenever § < %, we can choose ¢,&’ > 0 small enough that

P(Hvau € V(Briy) v~ u,[€(0) AE(w)] > ;Ru)i-&) < R(t)"(log 1) e(R(1)) =)

< C(T(t))2a6+57d < tfs'.
Taking ¢, = 2", and Gy as in (i), we obtain from Borel-Cantelli that
P (El(v,u) € V(Bap(t,)) :u~wv,u € Gy, v e Gy, i.o.) =0.

We can extend to all ¢ with G4 in place of G’t since Gy C éznogz +1 for all sufficiently large t, which
establishes the result.

O

3.3 Gap between highest values

To prove Theorems [I.5] and [I.6] we will also need to control the gap between the highest values of £ on a ball
of radius r. We therefore define

Zp, = arg.cp, max{§()},  gm, = €(Zp) — _max {5(2),

and

Zp, = arg,cp, max{¢(z) — deg(2)}, Jp, :=&(Zp,) —deg(Zp,) — max_ {£(2) — deg(2)}.
z€By,2#7Zp,.

Note that, since the law of £ is non-atomic, these are well-defined, almost surely.

Lemma 3.6. Under Assumption for any € > 0 there P-almost surely exists ¢ > 0 such that, for all

r>1,
d —(1+e)

(logr) =

gB, = cr

Moreover, gp, > r%(log )¢ with high P-probability as r — 0.

Proof. We will start by proving the following: let (X;)?_; be i.i.d. Pareto random variables with parameter
a, and let m, = argmaxi<i<n Xi, gn = SUP1<;<p, Xi — SUD1<i<p itm, Xi- Lhen

Plgn <y) < (ny= @ +1)e 2 "y "(171), (25)
«

Recall that the distribution and density functions for the Pareto distribution are given by F(z) =1 —z~
and f(z) = az~ (Y, The maximum of X1,..., X, has density nf(z)F(z)*~!, so that

P << s [ nsorert 1 (Be)
ST /OO ang~ (@D [(1 —z )" - (1= (2 - y)‘a)n—l] dz

<=2y )" +ny *(1—(29)" )",

which implies . In particular, decays to zero as y,n — oo provided y = o(né). Also, if y =

iné (logn) = , then this probability is upper bounded by (14-4%logn)n=2" for all sufficiently large n, which
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is summable in n. Therefore, since the volumes of the sets (B, ),>1 are strictly increasing, we deduce from
Borel-Cantelli that

— 4
Since it also follows from Corollary that there exists ¢ > 0 such that

P (QB,,, < 1(#BT)§ log(#BT)_T1 i.o.) =0.

P(#BT < crﬁ%(loglog 7')_5%i i.o.) =0,

we deduce from Borel-Cantelli that for any € > 0

8 —(14e)
gp, > ra@=1 (logr)~ =

eventually P-almost surely. The high probability result follows similarly. O

Finally, the following lemma shows that eventually the maximisers Zp_ and 4 B, coincide.

Lemma 3.7. Take any € > 0. Under Assumption[1.1} it holds eventually P-almost surely that

~ N s —(14e)
ZBr :ZBM 9B, Z'ra(ﬂ*l) (logr) o

Proof. First note that it follows from Lemma (u) and Lemma that 2deg Zp, < gp, eventually almost
surely. This proves the first statement, since on this event we have for all z € B, with z # Zp, that

(6(Z5,) — deg(Zp,)] - [6(=) — deg 2] = [£(Z5,) — §(2)] - [deg(Zs,) - deg 2] > Z2x,

from which it follows that Zp, = Zp_ (uniquely) and §g, > 98 O

4 PAM on T,

It follows exactly as in [GM90, Section 2] for the Z¢ case that has a solution if and only if & > d. Roughly
speaking, this is because, for each fixed ¢t > 0, the rate of growth of the maximum potential attained on
the annulus By, \ B, as 7 — oo is less than the rate of decay for (1 times the log of) the probability of
reaching the annulus, so the solution given by the Feynman-Kac formula can’t blow up. Since the volume
fluctuations for B, are at most logarithmic in r (by Proposition , and since most vertices have degrees
of constant order, this does not affect the existence threshold obtained in the Z? case, and the arguments
carry through with minor adaptations.

Before proving the main localisation result, we prove some asymptotics for the total mass and the location
of the localisation site. We then show that the solution at any single site v can be well-approximated by
considering trajectories that spend most of their time at a nearby “good” site, and then jump to v just
before time t. The strategy to prove this approximation broadly follows that used to prove analogous results
for the Z% case in [OR16, Section 7], though we have to work harder to control the extra randomness in Th.
We work under Assumption for the whole of Section [4

4.1 Asymptotics: proof of Theorems [1.2] and
In this subsection we prove Theorems and Recall ¢; and Zt(l) as defined in and (6).

Proof of Theorems[1.9 and[1.7} Upper bounds. We start with the upper bound on U(¢) and then on
|Zt(1)|. First note that by Lemmaa we have for all ¢ > —1, A > 1,¢ > 0 that

1Aq_,r(t i 1Nq_,
P( sup  &(v) > 861227;5)(10gt))\> = P< sup  &(v) > 2! +a1)dr(t)2(/\)gq2l(1_g)_i/\(1_i)>

VEByit1,(4)x VEBit1,.(4)x 40

—(a=e)

< (0-20-2) 5

(26)
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Now for any A > 17t > 0let Ay, = {3 > —1: SUP e Byip1, 0)n Ev) > %2irg()—t)(logt))\} and By, =

{sup,ep. o £(v) > %a(t)A}. Now take some e € (0,a). By a union bound, P(A;) < cA~ (“7°1) for all

t> 0. Also, By C A>\ ¢ for all t > 0 by Lemmam Moreover, by Corollary- 2.11] it follows that, as T' — oo,

2= 1r(t)A 2= 1r(t)\ )
P(]P’(TgylrmAl < t) < exp {—5 log (et Vi>T,i>1,A>1)>1-o0(1).

Now take some T' > 0. For the rest of the proof we work on the high probability event above. By the
Feynman-Kac formula , we therefore have for all ¢ > T that

U(t) <exp{t sup &(v }—i—Z]E
’UGBT(,:)A i>1

<exp{t sup ¢&(v }+Ze><p{ sup f(v)}P(TBZHli < t).

vE€Br (1) i>1 v€Bsir(1)a

exp{ sup 5(1})} 1 {Qilr(t)/\ <sup |Xs| < 2ir(t))\}]

UEBQ/L',.“))\ s<t

Therefore, when the events Ai,t and B , additionally occur it follows that

U(t) < exp { } ;e { Lhg W(1ogt)} exp {— Qi_lg(m log <2i_1e7;(t)A) } < ctal®),

Also, since ¢1(v) < &(v) — % (1 og (M)) (by respectively taking p =0 and p = 1 in the two terms in (F])),
it additionally follows that on the event AS ,,

o (o) < sup{lqu é)(l £t 2ir§t)A (log <2ir(t)A)>}

VE By (4)x >0 et
q2'r(t)A q2'r(t)A
< — (1 ——— (1 <
< 3121%){ 20t dog?) 5, (g (tA)) r <0

Note that, P-almost surely, there exist at least two leaves vy, v2 € V(T ) with £(v;) > 1 for each i. Moreover,
if we choose v1 and v, to be the two closest such leaves to the root (breaking ties arbitrarily), then

P(’Ul,'UQ S Br(t))\) -1

as t — oo, uniformly over A > 1. Note also that by definition, ¥;(v;) > 0 for all sufficiently large ¢ for each

i = 1,2. Combining with the preceding calculation, it therefore follows that |Z; i)| < r(t)A for each i = 1,2
when the high probability events above occur. This establishes the upper bounds in Theorems [I.2] and [L.7] -

Lower bounds. Take some ¢ € (0,1) and A > 1. We first make two observations.

(a) We have from Lemma [3.1] that with probability at least 1 — cA == E)

sup  i(v) < sup €E(v) < S (r(1) Y OATVE

VEB, (1)x—1 VEB, (1A -1

pM»—‘

(b) Recall that B, = {v € B, : degv < 4}. Choose sorrie e>0 smjll enough that (1I§)d < i A % By t};e
same calculation as in (20)), instead using that #B, > r¢\73" with probability at least 1 — Ce= 7,

ed

we obtain that, with probability at least 1 — Ce=* ® |

~(2 (1+5)d
s 2O OAT
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(14e)d

Now suppose that the two events in (a) and (b) hold. If v € B,.(t),\_1/4 satisfies £(v) > r(t)¥*\ "4, then,
provided t is sufficiently large:

(1+a)d (1+s)d

—Used d(g+ 1)r(¢)

t
Ye(v) > r(t)¥NTTa —4—¥A—1/41 g(r)Y A" ) > rt)YANTw —4— ; A4 ogt
«
1 — £
> ir(t)’)\i(H =
> sup  (v).
veBr(t))\_l

This shows that, on the events in (a) and (b), Zt(l) as defined by (6] satisfies |ZAt(l)| > r(t)A\"1 for each i = 1,2.
Finally, for the lower bound on log U (t)7 again take such a v and note that from Lemma and Proposition

] r(H)ATH/ . ] . .
“deg ) < o4 < 1 below, there exists C' < oo such that it holds
8 t(r(t)d/eN " Ta  —4)

with probability 1 — o(1) as ¢ — oo that

2.10((i%), and taking p = tEW)

U) > sup (B(H, < pt, Xo =0 Vs € [H o (1= p)h exple)(1 = o))}

z swp {P(H, < pt) exp{—(1 — p)tdeg(v) + £(v)(1 - p)t}}

> exp {twt( )~ Clo| +0 <t+ |U|)}

We deduce that logU(t) > ita(t))\_(tf)d on these events, which proves the lower bound (i.e. by replacing
(142¢)d

A da with X for the latter event). O

4.2 Solution to the PAM: proof of Theorem

Let u(t,v) denote the solution to the PAM at vertex v € V(T) at time ¢. In this subsection we prove
Theorem [L.8l

Recall from (7)) that, analogously to [ORI6l Section 1.4], for v € V(T) we define

At v.) = #60) — degy)  Iyltog (L) ~ o= yl1og (1)

A(t,v) = sup A(t,v,y),
LISHASS

and set Ay (t,v) = A(¢,v) V0. We also fix some m € (g,00) and set

Y(t,v) =arg max  {\(t,v,9)}, Y(t,v) =arg max  {A(t,v,y) +tdegy}.
YE B (1) (log t)y™m YEB(t)(log t)ym

Since the law of ¢ is non-atomic, these are well-defined, P-almost surely.

Recall from Proposition that if the random walk (X;);>o starts at some point y € T, and 7 = |v — y|,
then

1 —r([logr—logt—1]v0)—O(t+%) lop r—log £

) <P,(H, <t) < 7([log r—log t—1]v0) 97

M @ ) DSy (H, <t <e 1)
uclly,v

We first state a couple of lemmas and then show how they can be used to prove Theorem

The first lemma is similar in flavour to some of the results in Section and allows us to control the location
and potential of Y (¢, v).

Lemma 4.1. (i) A(t,v,y)+tdegy < 0 whenever v € B ) togt)ys 0T Y € By . Consequently, Y (t,v)

~ r(t)(logt)?
and Y (t,v) are in By (4)(0g¢)s whenever A(t,v) > 0.
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(i) Ay (t,v) =0V sup,cp At,v,y) for all v € Byy(iogt)s -

r(t)(log )0

26

§(Y(t,0)) < a(t)(logt) .

(iv) logu(t,v) <0 for allv € B:(t)(logt)‘s'

(v) For allv e V(Tw), Eo [exp {fot &(Xs) ds} I{supg<s<; §(Xs) & Brt)togtym, X¢ = v}| < L.

(i) SUDLER, ) 10y 00

The second lemma allows us to control the degree of good vertices.

Lemma 4.2. Take any 6, > 0. Under Assumption[I-1] it holds with high P-probability as t — oo that

sup { {deg (17(75, v))} 1 {)\(tm, Y (t,v)) + tdeg (?(tm)) > O}} < (logt) & .

VEB, (1) (10g 1)

Remark 4.3. Note that deg (Y (t,v)) < deg (?(t,v)).

Finally, let £ = {u € T : degu = 1} denote the set of leaves in Ti,. The third lemma will be useful as we
will be able to lower bound the solution at a high degree vertex by considering trajectories that spend a lot
of a time at a neighbouring leaf and then jump to the high degree vertex just before time .

Lemma 4.4. Under Assumption it holds with high P-probability as t — oo that

P(ve B(t)(10g t)s : degv > af(t), Pu ~ v withu € L) — 0.

On the event that degv > a(t) and Ju ~ v with p(u) = v and u € L, let £(v) denote the leftmost such choice
of u amongst the children of v.

Proof of Theorem[I1.8, assuming Lemmas[{.1} and[{4} By Lemmal4.1{7) and (iv), it is sufficient to show
that
(ta(t)) " sup |log, (u(t,v)) — sup {At,v,y)vO}| =0
VEB, (1) (log )0 YEB, (1) (10g 1)
with high P-probability.

Upper bound. For all v € B, (4)(10g+)s, We deduce from Lemma v) then then Lemma 1) that

ws S Eo[ew] ex) ds 1 sup €(X.) = €00, X = )]

0<s<t
YEV (Too)\Br(t)(log t)™ ==

t
+ Z Eo [exp {/ §(Xs) ds} 1{ sup &(X;) =&(y), Xy = @}}
YEBy (1) (log t)ym 0 0<s<t

<1l+ Z exp{t§(y) }P(Hy < t)Py(H, <t)
YEB () (log t)ym

<1+ > exp{t&(y)}exp{—[y| (flog|y| — logt — 1] v 0) — [v — y| ([log |v — y| — logt — 1] V 0)}
YEBr(+)(log tym

<1+ #(Bryogym)  sup  exp{(A(t,v,y) +tdegy) Vv 0}.
YEB, (1) (10g 1)

)% with high probability as t — oo by Proposition 1), taking logarithms
hat with high P-probability as t — oo,

B+1
51

Since #(Br(t)(logt)m) S (T(t)
we get from Lemma [£.1]i) t

log(u(t,v)) < Ap(t,v) +tdeg Y (t,v) + log r(t),
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so that, by Lemma [1.2]
sup  (ta(t)) ™ (log, (u(t, v)) — Ay (t,0)) < (ra(t) " |t(logt) ¥+ + % log ()| - 0.

VEB, (1) (1og 1)8

Finally we can extend this to the supremum over all v € V(T,) using Lemma ).

Lower bound. We break the proof into two cases, depending on degwv.

a) Case 1: degv < a(t). By Lemma i), we can assume wlog that v € B, ((10gs)s- We obtain the
complementary lower bound from (27) by writing

t t t
tv)> s E S X =y Vs € [t - | Xy =
u(,v)_y€B§up O[eXp{/g } { Y= logt yree Logt 10gt} ! UH

r(t)(log )%

2t t t
> po =t Po(H, < —— X,=yVse |Hyt——| X,=v).
= en P ~eXp{< logt>£<y)} O( = logt vre [ v logt] ! U)

r(t)(log t)°
(28)

To bound the probability appearing here, we use the Markov property to write

t t
Po(H, < ' X,=yV¥se |Hyt— —| X =
O< y = lOgt, s Yy 5€|: Y 10gt:|’ t U)

¢ ¢ ¢
>Po(H, < —— P, (X.=yVse |0t ——— —H,| | H, < —— IP(X#:) 29
2 O( y_logt) y( Yy SE[ log y:|‘ y_logt) y ey v ( )

>Pol| H, < L ei(tiﬁ)ngy]}D H, < t e 1Ugtdogv
B !~ logt Y ~ logt

Combining these and using (27)), we deduce that u(t,v) is lower bounded by

2t ly| —tde
sup exp { (t - 1ogt) §(y)} exp — Z log(degu)| — |y <10g+ ( ) + log logt) e tdesy

r(t)(log )8 uwel[0,y]]

- t)(logt)®
X exp { — Z log(degu) | — v —y| <IOg‘+(|U y|)+1oglogt>+0<t+r()(og)) o~ 1ok deg v

te t
u€|[y,v]]

yeEB

Also recall from Lemma i) that on the event A(t,v) > 0, Y(t,v) € By(1)togt)s- (If A(t,v) < 0 then the
lower bound is trivial). In this case we can therefore write, conditioning on the high probability events
in Lemma [£.1}

Y v—Y ot
ogu(t,0) > sup  t€(y) — |y <log+ (' )) o —y <log+ (' ')) —tdegy — L ey)
YEB, (1) (log )0 te te logt

1 é
— Z log(degu) — Z log(degu) — % degv — (|y| + |[v — y|) loglogt — O (t + r(t)(togt)>
wello, yn wely. o] &
ta(t
> A(10) - V(D) - 3 logldegn)— 30 logldeu) — ) — O(r(1)log ) g log1)
u=Y (t,0) u€[[Y (t,0),0]]
25 ~ ta(t

> A\(t,v) — 2ta(t)(logt)= ~* — 4Br(t)(logt)® — 4(q + 1)Blogt — 1(2;2 — O(r(t)(log t)° loglog t).

Here the penultimate line follows by the assumption that degv < a(t), and the last line follows by Lemmas
and zzz) Since § < 1, the result then follows since

izg (r(t)(log t)° log log t)) —0

(ta(t))™" <2m(t)(1ogt)?fl +4Br(t)(logt)’ + 4(qg + 1)

as t — oo (note that ta(t) = r(t) logt).
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b) Case 2: degv > a(t). In this second case we lower bound u(¢, v) using a slightly different event. Again we
can assume wlog that v € B,.(;)(10g+)5- We again proceed as in and (29) but this time we observe that,
letting H = inf{s > Hy(,) : X, = v}, it follows from and Lemma [4.4] that with high P-probability

t t 2 t 1 t
>P, | Hypy < ——,HF € — , — X,=vVse |HT,
- y( “0) = Qlogt’ Y (logt degv’ logt degv> ve [ Y log })
t t 2 t 1 2
> Py, Hyp) < inf P 1 — -T — -T d
- y( o) = 2logt> {Te(éilégt) (exp( )€ <logt degv "logt degv ))} (exp( °gv) 2 degv)

>expq— | > log(degu)| — (jv—y|+1) <log+ (2(|U—y|+1)(logt))>+O<t+r(t)(ltogt)5) RN

e
/ 2d
u€l[y,v]] ¢ egv

Substituting back into the second line of and then the second line of , and then conditioning on
the event in Lemma i), we see that

2
logu(t,v) > sup (t ] tt> &(y) — Z log(degu) | + |y| <logJr (| ) +loglogt) —tdegy
YEB. (1) (10a )0 08 u€[[0.y])
2(lv — y| + 1)(log t 2t t)(logt)°
_ Z log(degu) | + (jv —y| +1) <10g+( (Jv—yl )(log ))) _ —O( r(t)(logt) >
te logt t
w€([y,v]]
> At,v) — @g(Y(t,v)) - Z log(degu) — Z log(degu) — —O(r(t)(logt)° loglog t)
w€l[[0,Y (¢t,v)]] we[[Y (t,v),v]]

> A(t,v) = O(ta(t)(log ) = ~') — O(r(t)(log )’ loglog ),

which implies the result as in a), since ¢ < 1. O

We therefore just need to prove Lemmas and

Proof of Lemmal[f.1l (i) Take some & > 0. Just as in , it follows from Lemma that for any ¢ > 1,

1Ag,r(t)
8 t

—e)

—(a
(1ogt)1+5> (2“1 >(1ogt)5<1—%>) T (30

P ( sup &(v) 2

VEBi41,(4) (log )6

Therefore, given v € B, (4)(10g¢)s and wlog assuming that € > 0 small enough that <= is positive, and
since |y| V [v — y| > L[| for all v,y € Tix,, we have that

P(3i >0,y € Baitir(t)(og ) \ Bain(t)(tog tys * Alt, v, 9) +tdegy > 0)

szp< ap €)= ézl(t)aogt)l”)

i>0 ”€B2i+1r(r)(1og )3

Ly(a—e) —s(1—2)(a—e)
< ZC2 d (10g t) d 9

>0

which vanishes as t — oo.
(ii) Follows from (7), since A(t,v,y) < A(t,y) for all v € V(T).
(iii) Follows from (i) and Lemma [3.1]
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(iv) Choose some ¢ € (0, m(a—d)—d) (by our choice of m, such an ¢ always exists). Note that by Corollary

Lemma and (30), we have whp as t — oo that

S ulte) <o [exp { / e(x,) ds} 1rp, s < t}]

VEB, (1) (10g 1)

< ) P(rp, <t)exp{t sup {(v)}

r>r(t)(logt)? veB,

< Z exp{—rlog (é) +0(r(t))}exp {%r(logt)}
r(t)(log t)® <r<r(t)(log t)™
+ Z exp{*%([logrflogt—1]\/0)}exp{t7,g(logr)%}’

r>r(t)(logt)™

d+e

The choice of € implies that m > ‘%" + “==, which is exactly what is required for this sum to vanish as

t — o0.

(v) The calculation in (iv) similarly gives (v) as well.

Proof of Lemma[{.3 Recall that
At v,y) = {t(§(y) — deg(y)) — lyl[log |y[ —logt — 1] — |v — y|[log |v — y| —logt — 1]},
and A(t,v) = sup,er._ A(t,v,y). We also define the set

Cre = {y € Br(t)tog s + t6(y) > er(t) log (r(tt)) } '

We will show that for any ' > 0, we can choose £ > 0 small enough so that for all sufficiently large ¢ we
have with probability at least 1 — §’ that

]-~ Ct,s 7é (Z);
2. {?(t,v) 1V € Br(t),)\(t,v,f/(t,v)) + tdeg (Y’(t,v)) > O} C Cie;

3. For any ¢’ > 0, the cardinality of the set C, . is upper bounded by (log t)d‘s'*“s/;

4. For any &’ > 0, sup,¢¢, . degv < (log t)%“,.
We deal with each of these four points in four separate steps below.
Step 1. To deal with the first point, choose some k < o and note from Proposition [2.3((#ii) that

P(Cre =0) < P(V(Byp) <fr)?) + P(Cre =0 | V(Brgy) > ¥r(t)?)

IOk
—(B—D)k a —(B—D)k
t 1
<e € P <1 o (t) e <1og <7‘(t ))) ) <e<€ ° exp{ 2€kaqa} ’

which clearly vanishes as € | 0.

Step 2. To deal with the second point: firstly, note that if Y (t,v) ¢ Beyty or v ¢ By, then it must be
that Y (t,v) € Cy .., since \(t,v,Y (t,v)) + t deg (f’(t,v)) > 0.

We will now show that, with high probability as ¢ — oo, for all v € B, ;) there exists y € Ba,(;) such that
A(t,v,y) > er(t)log (@) , which implies the result since t&(Y (t,v)) > SUPyep,, ., Mt v,9). To do this, we
first let Cr,t = B(rpt1)er(t) \ Aker(r) for 1 <k < le~1|, where A, is the connected component containing the
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root obtained by deleting s, from T, (recall that s, is the r** backbone vertex). Note that the definition

-1
of the set A, ensures that (C’k’t),&ilJ is a sequence of independent sets, each with law B, ;). Moreover, by
Lemma for each k > 4 we have for all sufficiently large ¢ that

p<av € Cip: 1(E(v) — degw) > ((2k + 4)e)r(1) log (u)))

t

> P<3v € Cry + degv < 4,€(v) > ((2k + 5)5)’“5%)1% (“?))

elr(t)d

> P (|{v € Bep(py : degv > 4} > e%r()?) |1 - <1 — ((2k +5)e) " r(t) "t (log (7,(;)))—&)

> C (1 — exp {—%((Qk + 5)5)*%‘1}) .

In particular, for 1 < k < =5 this is uniformly bounded below by a positive constant, so that

—(a—d) —(a=d)

P(sz <lem o |,v e Cry:t(§(v) —degv) > ((2k 4+ 4)e)r(¢) log (7“(5))) >1—-Ce = °

Moreover, if y € Cy, with t(&(y) — degy) > ((2k + 4)e)r(¢) log (%)) and v € B+ we have that [y| <

(k+ Der(t) and |v —y| < (k4 2)er(t) so that A(t,v,y) > er(t) log (T(tt)), which proves the claim.

Step 3. The third step is therefore to bound the cardinality of this set. Choose ¢o > dd and ¢; € (dd, ca),

set Ny = (log (@))q r(t)? and set p; = t=%r(t) "%~ *(log7(t))~®. We then have from Proposition 7,)

and a Chernoff bound that
P(|Ct.c| > (logt)*?) < P(V(Byt)ogt)s) = Ni) + P (Binomial(Ny, p;) > (logt)®?)
< (log t)—%(ﬁ—l)(cfdé) + exp{(e — 1) Nyp: — (logt)?}
= (logt) "z (B=Dle1=dd) 4 oy, {—(log ) (1 —2(logt)~ (271 (e — 1)6_0‘)} )
which clearly vanishes as ¢ — co.

Step 4. For the fourth point above, note that since the potential at each vertex in T, is independent of
the underlying tree structure, each vertex v in C . is a uniform point of B,.(;)(10g¢)s, SO Whp it satisfies (here
we additionally work on the event #B,.(;)(10g )5 > 7(t)% which occurs whp as t — oo by Proposition z))

r(t)(log t)?

0L o= 4 cp=F
r

P(degv >z) <c

for all 2 > 0. Therefore, by a union bound, and conditionally on |C; .| < (logt)®+<’

any M > 0):

, we have whp that (for

P( sup degv > (logt)M> < c(logt)dHEl_MB.
Uect,e

Conclusion. Therefore, to tie up, if we choose M > %‘S this ensures that we can choose &' small enough
that

IP’( sup  degY(t,v) > (logt)M> >1-2
veEDB

r(t)(log t)8

for all sufficiently large ¢. Since ¢’ was arbitrary, this proves the result. O

Proof of Lemma [ If degv > a(t), then P(fu ~ v with u € £) < (1 — pp)®® =1 < e=ca®. Therefore,
taking a union bound over all vertices in B,.(4)(10g )5, We obtain from Proposition 1) that

P(Jve B(#)(10g t)s : degv > af(t), Pu ~ v with p(u) =v,u € L) < P(V(Br(t)(logt)a) > T(t)Qd) + r(t)?%e=c® - 0

as t — oo. O
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5 The concentration sites: bounds on |Zt(z)|,¢t(ZAt(Z)) and zpt(ZAt(l)) —
wl(Z)

In this section we derive some asymptotics for the functional ¢; and the maximisers ZAt(l) and ZAt(Q) introduced

in and @

5.1 Maximisers of the functional ),

Recall from and @ the definition of the random functional ¢ : V(Tx) — R by

||

he(2) = |(€(2) — deg(z)) — " log (§(2) — deg(2)) | 1{t(&(2) — deg(2)) = |21},

and its maximisers Zt(l), Zt@) and Zt(g) defined by

Y(ZM) = max yu(z), w(ZP)=  max (), w(Z)= max
2€V(Two) 2€V(To)\{2{"} 2eV(Te)\{2", 27}

Pi(2). (31)

(We will show in Proposition that these are almost surely uniquely defined). In this section we establish
some elementary properties of these maximisers. We first prove the following.

Proposition 5.1. P-almost surely under Assumption we have for any € > 0 that for all sufficiently
large t, and 1 =1,2,3,

(i) r(t)(log t)~(/>+9) < |27,

(ii) a(t)(logt)~= < ("),

(iii) 27| < r(t)(logt)=7+%,

(iv) $:(2) < a(t)(logt)==a+e.

Under Assumption |1.1| we instead have that for any € > 0, whp:
() r(t)(logt)~= < |2,

(i) a(t)(logt)== < (),

(iid ) 12| < r(t)(logt)e,

(i) $:(2) < a(t)(log t)*.

Proof. Note that d = 2 under Assumption but we carry d through the proofs in order to make the high
probability extensions clearer.

(i) Let € > 0 and also let ¢ € (0,5). Let f(t) = (logt)~"%°, g(t) = (logt)~</16. We perform two
calculations.

(a) We have from Lemma [3.2) that eventually almost surely

sup (o) < sup E(v) < (r(F(0) Qog(r(t)£(1) T < Cya(t)(logt) />,
VEB.(1) (1) VEB (1) f(t)
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(b) We have from Lemma 3.3]that eventually almost surely, for any § > 0 there exist distinct u;, ua, us
in Br(t)g(t) such that

&(ug) — deg(u;) > (r(t)g(£) Y *(log(r(t)g(t)))~=*/%* > cqa(t)(logt)—<(1+9)/8e,

Consequently, provided ¢ is sufficiently large, and again using Lemma for an upper bound on

&(u;), and that o > 2, we can choose § > 0 small enough that

|
t

Wo(ui) = (€(us) — deg(ui) — = log(€(ui) — deg(uy)) > cqa(t)(logt)~=1F0/5 —cla(t)(logt) /¢

> %a(t)(logt)**f(l”)/é‘a.

Combining (a) and (b) and assuming that § < 3 we deduce that ¥ (u;) > sup,cp,,, ., ¥t(v) for each

i =1,2,3. Since uy,us, us are distinct, it follows that wt(ng)) enjoys the same lower bound, and that
|Z§Z)| > r(t) f(t) eventually almost surely.

(ii) For the lower bound on v, note that we can conclude from the proof of part (i) that for i = 1,2,3

G(Z{7) = min vi(u;) > a(t)(logt) ==,

(iii) Take b= L2 If x> r(t)(logt)®, then

Qla

1+e

(log )™

x
T < zlogt

for all sufficiently large ¢. Therefore, if v € V(T4,) is such that |[v| > r(t)(logt)?, then either &(v) —
deg(v) < t, in which case v # Z}w by part (i¢) (since E(Zfl)) - deg(Zt(Z)) > 1/%(2,51)))7 or otherwise we
have from Lemma [3.2] that

d lte v d lte v
u(0) < Il (log o) 5 — L tog((0) — des(w) < ol og o) ¥~ Piog < 0

by the computation above, so again v # ZAt(l) by part (i7).

(iv) From (7i7) and Lemma almost surely for all sufficiently large ¢ we have that

d

GZ) <t s ) < G (r®)(log)TTE) " (logt) = = r()F (log )™
vEBru)aog pa=ate
(i) This is the same as above but instead taking f(t) = (logt)~%, g(t) = (logt) /2.
(ii") Similarly follows from considering the largest value of £ on B4 ¢(:) as above.
(iii") This follows from the computation in (30).
v 1s also follows from the computation in .
(iv") This also follows f h putation in (30) O

Remark 5.2. Proposition also shows that Zt(l) is well-defined for each i = 1,2, 3.

The next lemma will be useful for converting bounds on wt(Zt(l)) along some subsequence to almost sure
bounds on wt(ZAt(l)) for all sufficiently large t.

Lemma 5.3. Let € > 0 be arbitrary. Under Assumption[I.3, we have for each i = 1,2,3 that eventually
P-almost surely:

(1) Pu Afj)) - wt(Z}“)) < "T_ta(u)(logu)ﬁ“, for all u > t,
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(ii) t — wt(Zt(i)) is increasing.

Proof. This follows exactly as in [KLMS09, Lemma 3.2(iv),(v)], using Proposition iit).
O

The third lemma will be useful for later running Borel-Cantelli arguments on the maximisers Zt(z) for each
1=1,2,3.

Lemma 5.4. Let t, = 2". Under Assumption we have for any € > 0 that P-almost surely for all
sufficiently large n and each i = 1,2 that

# {20 1 € [tn, tun] } < (logtn)".
Proof. Set r, = 2™, define the set
Noi={v € Br,y \ By, :6(v) > 270 (l0gr,) ¢ |

and set
pu =P (£(0) > 2741/ (log ) ) = 2% (log 7).

Note that, conditionally on T, #N,, ~ Binom(#(B,, ., \ B;,),pn). By Corollary almost surely for all
n large enough it holds that #(B,,,, \ By, ) < 7 (logr,,)*. Using a Chernoff bound we thus obtain that with
P-probability 1 — o(1) as N — oo, it holds for all n > N that

E #Nn B B < rd 1 € 2(14+a)e
P(#Nn > (10g7‘n)2(1+a)6) < [6 ‘ #( Tn+1 \ 7'71,) = Tn( ogrn) ] < e*C(logf‘n) (14a) '

= e(logry)2(Fo)e =

This probability is summable over n and thus by Borel Cantelli #N,, < (logr,)?1*®)¢ eventually almost
surely.

Now take t > 0 and set M; = |logy(r(t))]. We claim that Proposition implies that there exists a
deterministic ¢ < oo such that, almost surely for all sufficiently large n,

My, +c(loglogty)

{Zt(i) te [tn,tn+1]} c U N, (32)
k=M, —c(loglogty)

Combined with the bound on N, this readily implies the result since then

Mtn +C(10g 10g tn)

#{2 teltntunl} < Y #Ne < 2c(loglogty) log(r(ta) (log )% < (log t) %,
k=DM;, —c(loglogty,)

(Clearly, this proves the result since € > 0 was arbitrary).

All that remains is thus to prove (32]). Take n > 0 and some ¢ € [t,,t,+1]. First note that it follows from
Proposition i) and (i3) that we can choose ¢ < oo such that we almost surely have for all sufficiently

large n and all t € [t,,t,41] that Z(i) € Nﬁ”+q7 N whenever Z(i) < r(t). If instead t € [t,, tnt1
t k=M, —c(loglog t) t

and |Z§Z)| > r(t), then note that almost surely we must also have |ZAt(l)| < r(t)(log t)ﬁ provided n is large

enough by Proposition m) By Proposition ii), we also have that f(Zt(Z)) - deg(ZAt(i)) > a(t)(logt)—=.
Combining this again with Proposition i7) implies that

i) 2
o

log (1) > | 2"

(logt)~=.

Here the final inequality follows since ¥logt > y& precisely when y > r(t). Setting L; = Llog2(2ZAt(i)|)J,

this implies that ZAt(i) € Ni,. Provided that ¢ > m, the condition r(t) < \ZAt(l)| < r(t)(logt)==4 then
implies that M;, < L; < M;, + cloglogt. This completes the proof. O
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5.2 The gap between the highest values of 1

To prove the localisation result, it will be important to have a bound between the largest values of ¥;. We
start with a tail bound.

Lemma 5.5. Under Assumption[I.], for any k < oo and 0 < & < k, we have for all t large enough that

P(Z)) — o (Z) < alt)(logt) ") < da(logt) =2, (33)
P(Z7) — (2 < a(t)(logt) ") < 4a(logt)*=2), (34)

Proof. We just prove 1} (the proof of (34]) is identical). Fix k, e as above and note that it follows from the
proofs of Proposition [5.1] and Lemma [3.3] - that

P(v(2?) < a(t)(10g )~ ) + P(12V] < et) < (1og )=~

for all sufficiently large .
We can therefore write for all sufficiently large ¢t and any = > 0 that

P(Z)) =0 (28)) > )

> inf p( ZO0y s 44
_Z>a(t)(1]£)1gt)fa+l Y(Zy7) >z +z

- P(0(Z) < a(t)10g) ) - P12 < et)

> f inf nf ( ( (Z? 1 1, t)—l £)—t—2)
- SeuCT SUIP(S )= 1T1€nSoo gresz>a(t)(10gt) c+1 ¢t( ) ZEEE ¢t [Z Z} wt( ) -z ‘UI = (Og )

G ZP) € [ = 1,2, 6(27) = alt)(10g ), 2 > et)

7)( U >x+Z 10gt (k 6)

= su inf inf inf
Seo CTos: IE(SOC) 1 TESw |v|€T z>a(t )(logt) c+1 P( U >z — 1

(35)

(Here the condition that |v| > et is just for technical reasons later.) Our aim is therefore to bound the
quantity above. For v € V(T'),t > 0 we define the function

fo(y) =y — degv — @ log (y — deg(v)),

so that ¥ (v) = f,+(&(v))1{t(&(v) — deg(v)) > |v|}. Note that for y € I, := (|v|/t + deg(v), 00),
I
t y—deg(v)

that is, f, has a continuous, increasing inverse on the interval I, ;, which we denote by f, tl Also note
that for y € I,, we have that f,(y) € Jut := (Jv|/t — |v|/tlog(Jv|/t),00), and vice versa. We give two
preliminary claims.

d
@fﬂ,t(y) - > 07

e Claim 1: Let w > deg(v) + e and u > 0. If f“ft(u(H_)u) < 1_2(10g1t)_(k_5) then
w — deg(v) -
— = > 1—2(logt)”*79), 36
w + u — deg(v) (log?) (36)

Proof of Claim 1: We prove the contrapositive. Note that for y > e the function g(y) = los®) g
decreasing. Therefore, if does not hold then

for(w+u) =u+w— deg(v) — @ log(u + w — deg(v)) > w w — deg(v) — @ log(w — deg(v))
1
2 T 2(logt) oo /(W)

which proves the claim.
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e Claim 2: Set x; = a(t)(logt)~%. For all (deterministically) sufficiently large t and any z > a(t)(logt) ¢+
1

)

Ty + 2z < 1
z—1 ~1—2(logt)~(k=2)"

Proof of Claim 2: We can compute, provided ¢ is sufficiently large, that

1 logt)~F +1 1
xt+z:1+xt+ §1+a(t)(ogt) + 7
z—1 z—1 a(t)(logt)— 1 —2(logt)—(k—e)

which proves the claim.

Recall from the last line of that we are assuming the following:

o z>a(t)(logt) ¢ +1,
o |v| > et.

Together, these imply that z — 1 € J,;. Now set w = f;tl(z —1) and u = ;tl(z + ;) — w, so that

itz — % (Recall that x; = a(t)(logt)~*). Since z — 1 € J,; and |v| > et, it follows that w € I, ,
: 1

and in particular that w > deg(v) + e. Moreover, since f, ; is increasing on J,, ; it follows that u > 0.

Now note that, by Claim 2 and the assumption that z > a(t)(logt)™= + 1,

forlu+w) z+2 1

fot(w) z—1 1 —2(logt)=(k=2)"

It therefore follows from Claim 1 that

f{,tl(z_l)_ woo w — deg v
foilw+z) wtu wtu—degv

> 1—2(logt)~*=2), (37)

Also note that the final expression in can be written as (taking x = x;)

P(u(v) > xi+2) _ P(fr.(€(v)) > 2 + 2 and £(§(v) — deg(v)) > [v]) _ P(fro(£(v)) > 1 + 2)

Pi() > 2—1)  Plfunl() > 2 — 1 and HEw) — deg(0) > o) PUfunl€(®)) > 2 1)
Here, the final equality holds because of our restrictions on v and z; in particular, since z — 1 € J,; and
w = fv_tl(z — 1) > degv + e, the requirement that £(v) > fv_tl(z — 1) already implies that £(v) > degv + e,

so we deduce that necessarily
|v]

§(v) — degv — 5 = few(§(v)) > 0.

From and we thus obtain the bound

) . foiz=1)\"
P ZOY — (2P > 1) > su inf inf inf St ) (logt)” (9
(wt( ‘ ) ,l/}t( ! ) t) B SOOCTDO:I?(SOQ):I T€Soo \111)|€>,1;t z:z—1>a(t)(logt)—¢ f;tl(act + Z) ( & )

> (1 —2(logt)~ k=)™ — (log t)~*=2),
Recalling that 1 — e™* < 3z/2 for x < 2/3 we can conclude that for ¢ large enough
P 2) = 6u(2) < a®)(logt) ™) <1~ (1= 2(logt)~*9) + (log )=+
< 4a(logt)~F=9),

as required. O
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We can now use this to derive an almost sure lower bound on the gap of 1y between the maximiser and the
third maximiser.

Proposition 5.6. Take any k > 1+ ﬁ. Under Assumption eventually P-almost surely:

e(ZM) = 0(289) = a(t)(logt) 7.
Proof. Tt holds that

P(Z0) = (Z0)) < ) < P@n(Z8)) = u(23)) < 2,00(287) — (2 < )
= P((Z) = (2 < a|n(Z2) — pu(Z2)) < ) P(a(

O — (23 < ).

Note from the proof of Lemma that the estimate in does not depend on z/Jt(ZAt(g)). Thus we can use
the two estimates and to bound the probability above. That is, choosing some small € > 0 (to be
fixed precisely later), we obtain that

P(¢t(2§1>) — (2P < 2a(t)(1ogt)*k) < O(logt)~2—), (38)

Now, take t, = " for some ﬁ_@ <7y < m <1 (since k > 1+ ﬁ, we can always choose € > 0

small enough that this is possible). Then

3 P(zptn(z}(?) — 1, (28 < 2a(t,)(log tn)_k) <Y R <o, (39)

neN neN

so by Borel-Cantelli along the sequence t,, we have that eventually almost surely
Ui, (Z)) = 0, (25)) = 2a(t) (log t) ™.

Finally, for ¢ € [t,,tn11), since wt(ZAt(i)) is an increasing function for each i = 1,2,3, we compute invoking
Lemma [5.3] that

D(Z) = 0 (28) 2 [, (Z) = 00, (2N — Wt (22))) = 0, (28]
tnt1 — tn _1_4e
> 2a(t,)(log tn)~F — %a(tnﬂ)(log tn1)ad 2
> 2a(t,) (log t) ™" — (log t) "1™ Va(t 1) (log t,) 77+
> a(t)(logt) ™", N

Remark 5.7. Note that in the proof above it was essential for to have the 2 in the exponent in
coming from multiplying the probabilities for the gaps wt(Zt(l)) - wt(Zt(Z)) and wt(ZIEZ)) - wt(Zt(g)). For this
reason the argument above would not give an almost sure bound for the gap wt(ZAfFl)) — wt(ZAf@) (for which
we know the result is not true).

6 Spectral results

In this section we derive a concentration result for the principal eigenfunction of the Anderson Hamiltonian
H = A +¢ restricted to a suitable subset of V(T ). This will be our main tool for proving the concentration
result for u(t,-).

In Section we explain how eigenfunction localisation implies a similar localisation result for u(t,-), and
rephrase localisation of u(t, -) in terms of localisation of the principal eigenfunction (Lemma[6.1). In Sections
[6-2] and [6.3] we establish an almost sure version of this criterion under Assumption [I.3] and in Section 6.4
we establish an analogous high probability version under Assumption [T.1}
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6.1 Role of the principal eigenfunction

Take some finite, connected set A C V(T ), with O € A, and consider the equation restricted to A with
zero boundary condition. As before, there is a Feynman-Kac representation for the solution on A, namely

t
up(t,z) = Eo [exp {/ &(Xs) ds} X =z,7p > t}} , t>0,z€A.
0

Let )\5\1) > ... > AE\‘AD and (bg\l),...,ghf\w) be the respective eigenvalues and corresponding orthogonal
eigenfunctions of the Anderson Hamiltonian Hp restricted to the class of real-valued functions supported on
A Ify € A and ¢(A” is normalised so that gbg\l)(y) = 1, then (e.g. see [MP16, Proposition 3.3]; the same
proof applies in our setting) we have the representation

Hy
ﬁ%@Z&Fm{A @@g—&%d%n&@<mﬂ. (40)

We are interested in using when y is a “good” site, in order to show that the contribution from other
sites is negligible. In particular, suppose that 2 C A is a small set of good sites, and set

t
uoa(t,z) ==Eo {exp {/ &(Xs) ds} Xy =2z,7a >t,Hg < t}} , t>0,z€A. (41)
0
We also define the following gap

o = minle(2) - deg(2)] — max [€(z) — deg(2)]

For A C A also recall from page [21] that

Za = arg,c g max{(z) — deg()}, ga = &(Za) — deg(Za) — e {£(2) — deg(2)}-

We will use to show that the principal eigenfunction localises on (2, and transfer this result to via
the following lemma. Henceforth, the eigenfunction ¢4 will be normalised so that ¢4(Z4) = 1.

Lemma 6.1. (c¢f [KLMS09, Lemma 2.4]). If gaoa > 0, then for allv € V(T) and t > 0 we have

(i) uan(t,v) <32, cquanlt,y)lldmuml3omau (v),
Ly 2w uq, A (t,0)
(i) T < Y gea llbaoyum B Coena bavyog (v)-

Proof. Tt follows from an eigenvalue expansion exactly as in the lower bound of [dKd20, Lemma 2.1] that
for any y € €,

D (1)
uA 2 U
e "Mt g gyugyy (V) e’ mavtu}

lléav)ugyy! 13 ooz

Ey |:eXp {/ g(Xé) dS} ]I{Xt =Y, TA > t, HQ\{y} > t} >
0

(note that [dKd20l Lemma 2.1] is for the normalised eigenvectors, hence the extra renormalisation constant
in our case). Recall that we also established the time reversal property for the Feynman-Kac formula in
Proposition m The result therefore follows by exactly the same proof as in [KLMS09, Lemma 2.4], which
gives the corresponding statement on Z¢. O
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6.2 Choice of A,

To apply Lemma for each t > 0 we will need to make an appropriate choice of a set A. Following
[KLMS09, Section 5.1], recall that z = 2% under Assumption and let us define for 7 = 1,2 the sets

a—2

1y = {v e V(Tw) : o= 217+ minfJol, 121} < (14 (0g) =) 271},

i.e. the set of all points contained within a path of length (1 4 (logt)™ %) |Zt(2)| that also contains ZAt(Z) We
will make the following choices for A and € at time ¢:

Ay =T UT? and @, = {2V, 2},
Note that, on the event {go, s, > 0}

G =iy \ 70y G0 22y

We first show in Lemma [6.3| that for all € > 0, we have that o, A, > a(t)(logt)™¢ eventually almost surely.
Then we show in Lemma [6.6 that we can restrict to a direct path of (Xs)s>¢ to bound . Estimating
by the contribution by the direct path, we then show that the value of the eigenfunction summed over
points not in {ZAt(l)7 Zt@)} is negligible in Lemma Finally we use Lemma [6.1| to transfer this result back
to the solution of the PAM.

It will first be important to bound the volume of A;.

Lemma 6.2. Under Assumption for any 6 > 0, eventually P-almost surely, for each i =1,2:

i 1 5 (i 1 C(2—8) =2,
#Fg) < (logt)_(z_6)|Zt()|2§ (logt)~ 5)+a32r(t)2.

o |
o |

Proof. We just bound #Fgl) (the same argument works for #F?)). Note that d = 2 under Assumption
Fixt > 0, set R = |Z§1)|, set r = m@fl)h and let fy(ol)t denote the direct path from O to ZAt(l). Note

that, if v € ’yg_)t and ug, ..., Udegv—1 are the offspring of v, then
k
P(degv =k+1 ‘ v E 78%) = ,ukZP(ui = t(l) ‘ degv =k + 1) < k. (42)
i=1

We deduce that the offspring tails along the path 'yg )t independently satisfy a size-biased tail bound, which is

therefore also super-polynomial under Assumption Moreover, due to the Galton-Watson structure, the
subtrees rooted at each of the u; are independent Galton-Watson trees, of which one is conditioned to survive
to Zt(l), a second of which may be conditioned to survive forever, and the rest of which are unconditioned.

Let M = Zvev(l) (degv — 2) + 1 be the number of such subtrees attached to 'Yé)l)t (including at the final
O,t )
vertex Zt(l)). We deduce the following (working under Assumption [1.3| throughout).
(a) For any ¢ < oo, there exists ¢ < oo such that P(Zv@(l) degv > R)\1/2) < eA71 (e.g. by [Arc20, Lemma
O,t
A.2(iii)]).

(b) Conditionally on } e degv < RAY2, the number N of subtrees attached to fy(ol,)t with volume ex-

ceeding 7?2 is stochastically dominated by two more than a BinomiaI(R)\l/ 2, cr‘l) random variable (by

Lemma since = 2 under Assumption . Therefore P(N > 2(logt)*A!/2) < e—cllog )" A"/ (by a
Chernoff bound).

(c) Let (T;)M, be the subtrees attached to the path fy(ol,)t. Conditionally on N < 2(logt)*A*/?, we have by
[Arc20, Lemma A.1], Lemma [2.2] and a union bound that

M
P<Z HV(T){#V(T;) < 12} > (log t)zmﬂ) < 2(log t)* A 2=,
=1
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(d) Now consider #V (T;) for some Galton-Watson tree where #V (T;) > r2. If p; is the “root” of T}, we
then have for any ¢ < oo that P(#Br, (pi,r) > Ar?) < ¢cA~3? by Proposition (u) (Proposition u)
was written for T,, but applies to a finite GW tree by the same proof).

s.d.
(e) Tt follows from the previous point that Zf\il #Br, (pi, 1) I{#V(T;) > 12} =< r? (Y + Zfil XZ-> where

P(X; > )\) < A~ independently for each i, and P(Y > \) < eA737 too (Y is the sum of the volumes
of the balls of radius r in the two subtrees that may be conditioned to survive). Conditionally on
N < 2(logt)*AY/2 we therefore have from (d) and [Arc20, Lemma A.3(iii)] that for any ¢ < oo, there
exists ¢ < oo such that

M N
P(Z #Br, (pi,r)H{#V (T3) > r?} > rz(logt)z/\> < P(Y +Y Xi> ;NAW) <A

i=1 i=1

We combine the bounds in (a), (b), (c) and (e) above in the following union bound (to include the vertices

in fy(ol’)t we have simply replaced 2(logt)*Ar? with 4(logt)*\r? below):

P(#PP > 4(logt)zr2)\> <P| Y degv>RANY? | + P N >2(logt)*AV? | 3 degv < RAV?
1) (1)
VEVH V€Yt

M
+ P(Z #V(T){V(T;) < r*} > r*(logt)* A

i=1

N < 2(log t)z/\1/2>

M
+ P(Z #Br, (pi, ) H{V (T;) = r*}r*(log t)*A

i=1

N < 2(10gt)z)\1/2>
< 2(log t)z)\l/zefml/2 +CA 4

Taking A = (logt)° and recalling that r = mw}(l)\ we get for any ¢ > 0 that there exists C' < oo such
that R
P(#T(Y = 400g )77 2| Z{V|?) < C(logt) ™.

(Here we can replace dg by ¢ on the right-hand side since ¢ was arbitrary.) Therefore, taking ¢ > 1 and
€ < 1 — q, applying Markov’s inequality and using Lemma [5.4] we deduce that

P(#F,E” > 4(log t)2~*| 2V i.o.) <limsup Y P(#rg” > 4(1ogt)z+5*22\2§1>|2)
Tee tzT:Zf”;éZflj

< lim sup i Z C(logt)™1

N
% n=N te[an 2n+1]:
ZM#2®

< lim sup {0(1) + Z cngnq} =0.
n=N

N—oc0

The same bound holds for #I‘EQ) in place of #Fgl) by exactly the same arguments. Finally, since § > 0

was arbitrary, we can replace 4 with % in the statement of the result. The final upper bound follows from

applying Proposition 1it). O

As a consequence of Lemma [6.2] we deduce the following.

Lemma 6.3. P-almost surely under Assumption[1.3, we have for all sufficiently large t that
(i) SUD, e\ (20,22} ¢(v) < (logt)~walt),
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5 (1)

(Z’L) ZAt\{Zt(1>} = Zt(Q) and ZAt\{Zt(Q)} = Zt B

(i1i) For any e > 0 and each i = 1,2, gAt\{Zfi)} > a(t)(logt)~=.

Proof. (i) Choose some § < —25. We have from Lemma ﬂ that

#A, < (logt)~ G0+t p(1)2

eventually almost surely. On this event, since the potentials at different vertices are independent of
each other, and since conditioning on u # Zt(l), Zt(Q) can only (stochastically) reduce £(u), we have from
a union bound that on the event {#A; < (log 75)7(275)Jrﬁ r(t)%}, for any m > 0,

P( sup s<v>><logt>ma<t>><<logt><”>+a22r<t>2<1ogt>m°‘a<t>a<<1ogt>y,
veA (2,27}

where y = (2 —6) — =25 —ma > 1 when m = é by our choice of z. Then, by Lemmamwe can choose

a—2

€ > 0 small enough that

P( sup &(v) > (logt)™™al(t) i.o.) < limsup Z P( sup E(v) > (logt)_ma(t)>

veA N2, 2(V} T2 opz@pm  \veAN (2.2}
>T: 2 #2*

< limsup { o(1) + i Z (logt)™¥

N—o00 n=N t€[2n72n+1]:
52, 5 (2)
2P #2*
o0
< limsup 0(1)—&—5 enn™Y 5 =0.
N —o00 n=N

This gives the result.

(ii) Take some 0 < ¢ < m. It follows from (i) and Proposition i1) that eventually almost surely, for
each i = 1,2,

€28y — deg(27) > a(t)(logt) ™ > a(t)(logt)™> > sup  (£(v) — deg(v)).
veAN (2D 2

(iii) For 0 < & < m, the statement follows from () since {(ZAt(Z)) —deg ZAt(l) > 2a(t)(logt)~* eventually almost
surely by Proposition (zz) (clearly this implies the result for all £ > m as well).

O

We now use Lemma to control the paths contributing to , first defining some notation.

Given = € Ay, we define the set of all paths from z to ZAt(l) that stay in A; \ {ZAt(Q)} and end on the first hit
to Zt(l) as I‘gz Similarly, let 1“;22 denote the set of all paths from z to Zt(z) that stay in A;\ {Zt(l)} and end
on the first hit to ZAt@). Ifz e Fgl) U F£2) we denote the direct path from z to ZAt(l) (respectively ZAt@)) as 7;12
(respectively %(022) Given t > 0, we also introduce the notation 7(Xp,) to denote the path that consists of
all the steps taken by the random walk (X,)s>0 between times 0 and t.

For t > 0 and = € A4, we let

d
Fil,ibad) =<{7€ FS,Z : engl) T
ver\n () degv — [{(v) +deg Z; " —&§(Z; )]
(43)
i o {y e r). des =

ey degv —[€(v) +deg 27 —£(Z7)]
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Lemma 6.4. P-almost surely under Assumption[I.3, there exists to < oo such that for all t > to and all
ze AN {Z0 20 plited _ pCled _

x,t x,t

Proof. Tt follows exactly as in the proofs of Proposition (u) and (#i7) that eventually almost surely, for
allve A\ {21, 231,
§(v) < €(27) — deg 2,"

for each i = 1,2, which implies that each term in the products in is less than 1. 0O

Lemma 6.5. Fiz some constant Cy g. Under Assumption for any € > 0, #B(ZA,S(?),C%@) < (logt)®
eventually P-almost surely.

Proof. By very similar arguments to Proposition i1), it holds that there exists C' < oo such that
P(#B(Zt(z),Ca,g) > )\) < CA K for any K < oo and all A > 1. The proposition therefore follows by

choosing K > 21, setting A = (logt)® and applying Borel-Cantelli and Lemma similarly to the proofs
of Lemmas [6.2] and O

6.3 Bounds on eigenfunctions

In this section we apply the results on A; to bound gbf\l)\{z(l)} and d)fxl)\{Z(Q)}' In what follows we will assume
t t t t
that ¢E\1t)\{2t“’} is always normalised so that ¢§3t)\{2t<1>}(2t(2)) =1, and vice versa.

Lemma 6.6. Eventually P-almost surely under Assumptz'on foreachi = 1,2 and each x € A4\ {ZAt(l), ZAt(2)},

degwv degv

and ¢E\1t)\{252)}(x) <

1)
d)At,\{ZAt(l)}(x) S

NN IO) Tr oy
ven?) TANZT veq () TAMEZT

Proof. The proof follows a similar strategy to [KLMS09, Lemma 2.3]. We only prove the first statement;
the proof of the second statement works analogously. Firstly, it follows from the Rayleigh-Ritz formula (e.g.
see [dKd20, Equation (2.7)]) for the principal eigenvalue of the Anderson Hamiltonian that

XD, oy =sup{{E+ AV ey : 1€ P(To)supp(f) € AA{ZD LI fll2 = 1}

> sup {((§+ Q)0 00 e )
€A N2V}

= sup  {&(z) —deg(z)} = f(ZAt\{Z(l)}) — deg(ZAt\{Z<1)}).
zeA {2V} ! k

Then, taking y = Zt(z) in (40) we have for z € Ay \ {Zt(l), ZAt(z)},
H, (2
o (z) = E, |exp (X)) = AW Yds p I{H @ <7y, 5005}
A2y v 0 T ANz 2 ™ TAN MY

H2)
Zy ~ ~
S ET [exp {/0 (g(Xg) — [g(ZAt\{Zfl)}) — degZAt\{ZAt(l)}]) ds} ]].{HZAt(2) < TAt\{Zfl)}} .

Now let (Tv)v ey denote a set of independent exponential random variables with respective parameters
x,t

(deg v)ve/(z). By Lemma 6.3{(ii), we can work on the event {Z = ZAt@)}. We therefore have eventually

AN{ZV}
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P-almost surely that
W Ha - (2) (2)
¢At\{2§1)}(x) < Eg|exp /0 (§(Xs) = [€(2,7) — deg 2,7]) ds ]l{HZAt@) < TAt\{Zfl)}}

< 3 P(Xou) =) [TE[ow {Tlet0) + a2 - 21}

ver®) veY
degv
< P(W(X[(LHA ) = 7) H P - :
a8 # 75 degv — [€(v) +deg 2, —£(2,7)

Note that every path v € I‘fz contains 7(2) as a subset. Applying Lemma and decomposing the product

x,t
. . . 2 . Lo 2
according to whether vertices are in %(Dt) or not (if some vertices in 73(52

repeat visits into the second product), we obtain that

are visited more than once, we put

¢(1) (z) < degv

A2V}

degv
P m(Xo,u, ])ZV) - -
% H@z deg — [€(v) + deg 2" — £(2,)]

g 5 (1)
ver®) TANMZTY Ler) ver\y 2

degv

< O

ver? Ay
Finally, we will need the following lemma to bound the function appearing in the statement of Lemma

Lemma 6.7. P-almost surely under Assumption we have the following.

(i) There exist deterministic D, E < oo such that for all sufficiently large t and each i = 1,2,

sup Z log(degv) — [Dlogt + E|fyg(f)t ] <o.

v€ANMZY ZP) | peq )

(i) Fiz any C < oo. Then for any § > 0, it holds for all sufficiently large t and each i = 1,2 that

sup Z log(degv) — dloglogt p < 0.
xe(At\{Zt(”,Z§2>})mV(B(2§i>,0)) ver ()
Proof. (i) The statement follows from Lemma [2.9) and Proposition 1it).
(ii) Fixi = 1ori= 2. Take any € > 0, and choose ¢ > 2(¢ +1)6 ! + 1. Working backwards along the path

’yg(f)t starting from ZAt(z) and ending at x, the degrees of the vertices independently satisfy the size-biased

tail bound of (by the same logic), so that A := log (supt>0 sup,, (0 E[(deg v)c]) < oo.
- x,t

Now let x € V(B(Zt(i), )\ {ZA,Sl)} We compute, using a Chernoff bound, that

P Z log(degv) > dloglogt | <E |exp | ¢ Z log(degv) | | exp(—cdloglogt)
venl’ verl),
< exp (Ahg(f)t\ — ¢dloglog t)

< e%logt) ™.
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Now for t > 0 let us define the event in question as

Ay = sup Z log(degv) — dloglogt » >0
ve (A2 2P} V(B(Z(7.0)) | eyt

Applying a union bound over all vertices in B (Zt(i), (') with the bound above and the bound in the
proof of Lemma [6.5] yields

P (A;) < (logt)*/2eAC log 1)~ + P(#B(Z{",C) > (logt)*/?) = e (log t)~=D%/2 4 ¢/ (log £) =
Combining with Lemma [5.4] and a union bound, we deduce that

P(A, i0.) = limsupP((At)t22N i.o.) < P(Eln >N #{Zt(“ te [2”,2”“]} (log t) ) + 3 0 P(4sn)

N—o00 n>N

1) + ' Z nen—(Qc—l)é/Q =0,
n>N

by our choice of ¢. This concludes the proof.

O
Lemma 6.8. Fventually P-almost surely under Assumption ast — o0
M 2 e)) (1) 2 (1)
||¢A \{Z<1)}||2 Z ¢At\{2t(1)}( v) + ||¢A \{Z(z)}Hz Z (bA \{Z(2>}(U)—>O. (44)

veA N2V, 2} veA N2, 2y
Proof. We start by bounding the first sum above. Take e € (0,5 — 1) and let ¢c:= 5 —1—¢ > 0. We set
(RS
’ q
and split the sum into two parts, summing separately over v € Uy := Ay \ ({Z(l) Z(z)} U B(Z; /(%) , Ca B)) and
ve W= (A \ {20, 2} N B2 Cusp).
We estimate the two parts separately in the following.

e Part 1: U;. Takesome d > 0,e > 0and E < oo asin Lemmai). Also let h(t) = 8(logt) ™=~ Dtats 27 (t)?
(as in Lemma [6.2). Define the event

By ={#A < h(H}N{ sup ¢ D log(dega) — 2E|H| p <0

veUs
zeq(?)

; - (1) degz (1) 5(2)
a0 oy 2 alll080) {00 (o) < H(z) m for all v € A, \ {2, 2}
e t

Note that F; holds eventually almost surely by Proposition i) and Lemmas [6.3((#47) and
[6-6] Almost surely, i.e. on the event Ej, we can therefore calculate for all sufficiently large ¢ that

> ¢§x1)\{z(1>}( v) <) exp| D [log(deg(s)) —log(gy 20yl

veUy veUy 1677(,22

< h(t) sup exp (=177 (glogt — Olloglog1)))
velU,
< exp (—(Ca,pq — 2(q + 1)) logt + O(loglogt)),

which converges to 0 as ¢ — 0o by our choice of Cy g.
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e Part 2: W;. We define the event
By =B, N {#B(Z?,C4p) < logt}.

By Lemma [6.5] and Part 1 above, it follows that E> holds eventually almost surely. We therefore
calculate similarly to the first part that almost surely for sufficiently large ¢, i.e. on the event Fj,

1 ~
ZW ¢E&3\{Zfl)}(v> < Z exp Z [log(deg(x)) — IOg(gAt\{Z,fl)})]
veWy

veWy 1671(32

< exp (2EC, g — qlogt + O(loglogt)),

which again goes to 0 as t — oo.

Combining these two calculations we deduce that ZveA,\{Z<1) 7y qﬁf\l)\{z(l)}(v) — 0 almost surely.

This also implies that ||¢§\1t)\{2t(1)}||§ < 2||¢§\1t) {Zt(1>}||1 < (1+ 0(1))? almost surely for all sufficiently large ¢,

so we deduce that the first term in goes to 0 almost surely as ¢ — oo. The proof for the second sum
works analogously. O

6.4 High probability spectral statements

To prove the single site localisation whp (Theorem [1.6)) we will have to prove localisation on a slightly bigger
set. The strategy is the same as in the previous subsections, except that the results hold whp rather than
almost surely. For this reason we do not give the full details of the proofs.

Define R; := |Z§1)| (1 + 1>. We will prove localisation on Bz, whp, for which we will need the

(log t)%(“'é)
following results.

Recall from Section [3.3] that

Zpy, = arg.cp, maxi€(2)}, Ty, = 018, max{€(z) — deg 2},
_ =¢(Zp. ) — max 2)}, ip. =&(Zp. ) —deg(Zp. ) — max z) —deg(z)}-
985, = £(ZBy,) cerm {6(2)} 985, = &(Zpy,) — deg(Zpy,) enn {£(2) —deg(2)}

Furthermore, we define the direct path from x € V(BE) to Z B, 85 Yai and we define the set of all paths
from z to ZBE that stay in BE and end on the first hit to ZBE as Iy ¢.

Lemma 6.9. [cf Lemmal[6.6]. Under Assumption

d
P g)f(x)g H gzgv forallz € V(Bg,) | =1 ast — oo.
, -

VEYx,t

Proof. Exactly as in Lemma

" deg B degv
¢B§t () < H JgB Z P(W(X[O’HZBM]) B W) H degv — [{(v) + deg ZBE - S(ZBE)].

VEYe,t Rt ~€lyt VEY\Va,t

Now recall from Proposition ’)’ Lemma u) and Lemma that Z Bg, = Z Bz, and deg Z Bz, <

(logt)? whp, and from Lemma [3.6/and Proposition (z’) that gp. . > 2a(t)(log t);(l;re) for all sufficiently

R(t) —

large ¢ whp. On these events, we have for all v # Z Bg, that

f(ZBEt) —deg ZBE —&(v) > 9Bpuy — deg ZBE >0,

which implies that the corresponding term in the product on the right-hand side above is at most 1. O
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We will also need the following lemma concerning the degrees of vertices in the direct path v, ;.

Lemma 6.10. [cf Lemma[6.7]. Under Assumption

(i) There exist constants D, E < oo such that

P | sup Z log(degv) — [Dlog Rt + E|vz4]] p <0 | — 1 as t — oo,

zeBﬁt -

(ii) Fiz any C < oo. Then for any § > 0,

P sup Z log(degv) — éloglog Ry p <0 | — 1 ast — oo.
IGV(B(ZBﬁt ’C))mBﬁt\ZBﬁt VEYg ¢

Proof. The proof is exactly the same as that of Lemmal6.7] except that some of the relevant events hold whp
but not almost surely. For part (ii) we adapt the proof slightly by taking some c € (0, 3—1) and considering
the event {#B(Z5,,C) > (log t)<0/2}. O

We are now able to show that the principal eigenfunction is concentrated in 4 By, -

Lemma 6.11. Under Assumption [1.1

H(;Sg; IE: Z g% (z) = 0 in P-probability as t — oo.

ZGBﬁt \ZBﬁt

Proof. The proof is exactly the same as that of Lemma except that some of the relevant events hold
whp but not almost surely, we use Proposition 2.3(i) and Proposition [5.1](i’), (#ii’) to consider the event

{#Bz, < Rf(logﬁt)s} in place of {#A; < h(t)}, and we instead take Cy g = (d+1)(gHl) O

q

7 Almost sure two site localisation

In this section we prove Theorem The strategy is a refined version of that of [KLMS09, Section 5] and
proceeds roughly as follows. Although this section is written under Assumption [[.3]in which case d = 2, we
write some proofs under Assumption [L.I]in order to use them later for the proof of Theorem

Recall from Section that R(t) = r(t)(logt)? where p = g + 2. Recall also that z = 4% C = %d +z+41,
and

Fy = {v € Bry : €(v) > R()* (log )™},
Ey = {v € Bg \ Fy : Ju € Fy such that {(u) — deg(u) < £(v) — deg(v)},

A= U {v €V(To) : [v—ZO| +minflol, |2} < (1+ (logt)~?) |Z}<i>|} _

i=1,2
Now, for each v € V(T ), we define
¢
up(t,v) :=Eq {exp {/ E(Xs)ds} I{X: = v}l{ra, > t’H{Zfl) Zt(g)} < t}] . (45)
o s

and set U (t) := X, ey (ry ur(t, v).
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Now take some € > 0, and also let .J; denote the number of jumps made by (X;)s>0 up until time ¢, and set

Jt = t%ﬂr(t). We also define the five following contributions which upper bound the remaining mass:

Uat) = Ea [ { ts(xs>ds}

]]-{TBR(t) >1,7A, < tﬂH{Zf(l)’Zf(@} < t,arg max [g(Xs) - deg(Xs)] € {Zt(l)a 2152)}’ Ji < ]t}:| ’

s€[0,t]
Us(t) = Eo exp{ / £(x }1{%“) < t}] ,
Ua(t) :=Eo |exp { / €(x } Ursy, > targ max [€(X,) — deg(Xo)) € (R U E)\{Z", 27}, < jt}] :
Us(t) :==Eq -exp{ } H7Bry >t Hr, > t}} ,
Us(t) = Eo [exp{ i £(X,)d } g, >t,Ji > jt}} ,

(46)

We will show in Proposition that u (¢, v) localises on {ZAt(l), 2,5(2)}, and in Propositions to that

[[]Ji((:)) — 0 foralli € {2,3,4,5,6}. This implies the result since u(¢, v) is non-negative and ZUEV(TOO) u(t,v) <

> ice Ui(t) for all t > 0,v € V(T).

We first derive some bounds for the contribution to U(t) from a specific path. This will be particularly useful
for proving a lower bound on U(t) in Proposition since the strategy employed to prove the analogous
result in [KLMS09, Proposition 4.2] does not carry through in the variable degree setting.

Lemma 7.1. Let v = vy,...,v, be a path in T, and let i* = argmax; <, [{(v;) — deg(v;)] (taking i* to be
the index of the first visit to v« if v~ is visited more than once). Then:

()
1

t
o { [ 60xas | 147(0x10) = | < eriseto e
0

e [T+ [€(vir) — deg(vi)] — [£(vi) — deg(wi)]|’

()
1 — e £116(vir)—deg(vi=)]—[(v:) —deg(vy)]]

o t Nds - ) = et(g(ui*)—deg(m*)) -
Blow [ €0} o) =) > Y o o e e oy e e

If v is a direct path, the “+1” terms in the denominators are not necessary.

Proof. Exactly the same computation as in the proof of Proposition [2:13] but exchanging the roles of sy and
s+ (i.e. instead applying the substitution s, =t — Z:'_Ol 8; =1t — ) ;4 Si — Si to the integral over s;+),
shows that

E {eXp {/Ot £(Xs)d5} Hr(Xp,) = 7}}

= et(f(”i*)_deg”i*)/( : exp Z si ([€(vi) — deg ;] — [E(vi+) — degvi«]) p 1 Z si <t H ds;.
0,00)"

i i i
(i) To obtain the upper bound, we suppose instead that &(v;«) is replaced with £(v;«) + 1 only on the first

visit to v;=. This can only increase the expectation in question. We can then remove the indicator
function from the above integral and integrate over (0, 00)™ to obtain the stated upper bound.
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(ii) For the lower bound, we instead replace £(v;) with £(v;) — 1 for all ¢ such that v; = v;« but i # i*. We
then integrate each variable over the interval (0, ). O

We start by using this to give a lower bound for the total mass U ().

Proposition 7.2. (i) Set c={. Under Assumption we have for any € > 0 that

t
Ut) = E[exp { / f(Xs)dsH > exp{ten(Z") — ()t} > exp{—ta(t)(logt)~*}
0
eventually almost surely.
(i) Under Assumptz'on the same statement holds with high probability as t — oo.

Proof. (i) From Lemma ﬂ(ii), taking 7 to be the direct path from O to ZAt(l), in which case v;+ = Zt(l),
n= |ZAt(1)\ and wt(Zt(l ) > 0, we see that

E {eXp {/Ot £(Xs)ds} 7 (Xpo.) = 7}}

> etét)—desoi)) TT L2 L
i |[§(vix) — deg(vi-)]|
> eH(E(ven)—deg(vee))~lvis [logllE(ver ) ~des(vi)] TT (1 _ e—%us(vi*)—degm*)J—[avi)—deg(wm) '
ii*

Since v;x = ZAF), n= \Zt(l)| and ’(/Jt(Zt(l)) > 0, it follows from Proposition m) that eventually almost
surely,

qgnlogt

€(vi-) — deg(vi+) = 277

Therefore, additionally applying Lemma i) and Proposition i1) we deduce that eventually almost
surely for all 7 # ¢*

[(vix) — deg(vi-)] > < logt.

t
n

N

(wie) — deg(vie)] — [€(v1) — deg(u)]| 2

Therefore, the final line in above is lower bounded by
g 5 (1) 12V
! (8(vie) —den(vie)) —fvye [ NoglE(ves)—deg(ven)] TT (1 e i logt) — tee(2() (1 _ e—q(logt>/4) .
iFi*

Therefore we have for all sufficiently large ¢ that (using that log(1 — x) > —2x for |z| < 1/2 and then
Proposition [5.1)iii)),
¢
Blon { [ 0xds | 1m(00100) =] = e {1020 41280 10w (1 = mates) }
0
2 exp{tun(27) - 2|2 |06/}
2 exp{tun(Z) = r(fje 1 1E0/5},
The final lower bound then follows from Proposition [5.1](4).

(ii) We can modify the proof above, noting that for any € > 0, |v;«| = |Zt(1)| < r(t)(logt)® whp by Propo-
sition |5.1{(4i"). Moreover, the same proof as in Lemma [6.3(%) shows that inf; ;- |[£(vi-) — deg(v+)] —
[€(v;) —deg(v;)]| > clogt whp as t — oo, as above. The final lower bound then follows from Proposition

O
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Proposition 7.3. Under Assumption P-almost surely as t — oo

Lvev@onz®.20) MG Y)
— 0. (48)
U(t)
Proof. By the definition in , uq is of the form (41)) with A = A; and Q = {Z(l) 2(2)}. Moreover go a > 0
by Lemma [6.3{(ii). The result therefore follows dlrectly from Lemmas [6.1|(#4) and [6.8] O
Proposition 7.4. Under Assumption|l1.d, P-almost surely ast — oo
Us(t)
— 0.
U(t)

Proof. Recall the definition of F} from Section

The proof is similar to [KLMS09 Lemma 4. 1] Wlog we assume that §(ZAt(1))—deg(ZAt(1)) > §(ZAt(2)) —deg(2£2))
(otherwise we can just switch the roles of Z; 7 and Z )5

sets of paths:

in all that follows). We first consider the following

f‘gl) = {7 C Brg) : ZAt(l) €ev,v¢ Fgl),argrilg;df(v) — deg(v)] = Zt(l), lv] < jt} ;

[ = {v C Br : 27 €7.2," ¢ 7.7 ¢ T argmax(6(v) — deg(v)] = 2. ]| < jt} |

Furthermore, recall that 7( ) denotes the direct path from O to Zt(l). Now let v € f‘gl) with v = vg,v1, ..., v,
and let v* = arg,., max(&( ) —degv), i* = inf{j > 1:v; = v*}. From Lemma [T.1|7) we have that (note

that v;- = 2" for v € 1Y)

o t ) - 1) = et (1€ (vix ) —deg(v;+)) 1 .
leso { [/ 065} 1m0 = )] < 1 e T
(49)

Note that since ~ escapes F(l) and hits Z(l) we have that n > (1 + (logt)™* )|Z(1)\ by definition of Fgl).

Since v hits Z; M i rnust also contain ’y(())t as a subpath, which contains at least |Z, ( )| (logt)? vertices

in F¢ by Proposition [3.4(¢). Furthermore, for the excursions from the direct path we have by Proposition
n=| 27|

i7) and the fact that all excursions must have even length that at least vertices are in F. The
intuition behind the proof is that each of these vertices contributes a penalty term to , which reduces
the contribution from paths in f,ﬁ”.

1
1+€(2{")~deg(2(V) - R(®) & (log 1)=©
Moreover, for any § > 0, f(ZAt(l)) - deg(Zt(l)) > a(t)(log t)‘5 = R(t)d/o‘(log t)~(€=1=21+9) eventually almost
surely by Proposition [5.1)(i7). Incorporating this logic into , and using that log(1 — z) > —2z for all

Each term in the product above corresponding to a vertex in Fy is upper bounded by

sufficiently small z, we therefore deduce that E[exp {fo ds} H{7m(Xp,q) = ’y}} is upper bounded by

5 (1)
-1z | N
2 = (og 1)

162 —deg(2()) 1
+16(Z)) — deg(ZV)] - R(t) & (logt)~C

<exp 5(2‘”) deg<z<”>> 129 1og(6(2)) — deg(ZM)) + 1

20 5 (1) 4 —c
| (1) n+ 2,7 R(t)= (logt)™® —1
( ~ (log ) ) log(¢(Z") — deg(Z") - (2 - <1ogt>D> log (1 " o) - aenl Z£1>>>}

<e {twt ”"2 [logos(Zé”)—deg(ZS)))—2<logt>—“+z—6>}+2|Z§”|<logt>-<1+z-6>+0<t>}

\ /\

{tl/)t (n—|Z(1)|)10gt—|—3|Z(1)|(logt) (42— 5)}
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for example taking ¢, = 4 (in fact we can take any ¢, < ). Here we used that log(ﬁ(Zfl)) - deg(Zfl))) —

(logt)~(1+2=9) >3 24 og t eventually almost surely by Proposition zz)
Thus, defining U(T (1)) = E[exp{fo S)ds} H{7m(Xp,q) € fﬁl)}] and applying Lemma we deduce
from the final line above that for any € > 0, eventually almost surely:

log(U (1Y)

U(r
= log [exp {/ &(X } ]l{Tl’(X[O)t]) = 'y}]
(1+(log t)~ z)|Z<1)|<”<Jt yilvl= ,verm

¢
< sup { _max log (IE [exp{/ f(XS)ds} H7m(Xp,q) = ’7}]) +nre (0, Z( ))} + log (j¢)
(1+(10gt) 1z |<n vel(V:|y|=n 0

< sup {wt@g% +(n—12") <5 log(R()) + log (TZ“H) — ¢qlog t) +312Y|(log t)<1+zé>} :
n— |4

1+(logt)—= Z(l) <n
t

For all n > (1+ (log t)_z)|2t(1)|, the coefficient of n — |ZAt(1)| in the final line above is eventually almost surely
upper bounded by

1+ (logt)~*

—cqlogt + elog(R(t)) + log ( ) < —¢qlogt +elog(R(t)) + log ((logt)z> <—— logt

n
(1)
n—|Z;"|
provided we chose € > 0 sufficiently small, and moreover the coefficient becomes more negative as n increases.
This implies that the supremum above is attained at the minimal value of n. Therefore, we deduce that

- 5 5 c - _ _ - Cq 5 _
log(U (") < (2" — (n = 12" 5 logt + 312 (log t) "+ < 1 (2) = T12,"|(tog 1)!

Invoking Proposition 1) and Proposition thus yields that, almost surely,

A1) .
log (U[(JI;';) )> < —gqr(t)(logt)_z +7(t)t™¢ — —oo.

An identical argument shows that same result with f§2) in place of fil). This proves the result since
Ua(t) = UREY) + U, 0

Remark 7.5. In the proof above, if the € in the upper bound for nRit) (n, Zt) 1s replaced by a constant larger

than cq (as could be the case under Assumption see Remark this argument fails. Since we can take
d(g+1)
28

any cq < %, this in particular fails when
a>d.

> 4, which is in fact always the case under the assumption

Proposition 7.6. Under Assumption|1.1, P-almost surely as t — oo

Us(t)

0] — 0.

Proof. Recall that p = ¢ + 2. Since a > d, we can therefore choose £ > 0 small enough that

p>max{q+1 (¢g+1)= (d—i—a)} (50)

By Corollary and Corollary we have that P-almost surely for ¢ sufficiently large

Us(t) < > E [exp {t sup g(v)} 1 {sg) 1 X,| = rH < > )eXp {t sup g(v)}P(rB,,,l <t)

r>R(t) vEB, r>R(t veEDB,
< Y en{rttonier - Tog(L)),
r>r(t)(logt)? €
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Now note that for r > r(¢)(logt)P,

1
trg(log r)i(d“) < Erlog (é) . (51)

provided t is sufficiently large. Thus we have for all sufficiently large ¢ that
Us(t) < Z ex firlo (1> -0
s\ = P17 10" % e
r>r(t)(logt)?
as t — oo. Since U(t) > 1 eventually almost surely by Proposition the proof is complete. O
Proposition 7.7. Under Assumption P-almost surely as t — co

U4(t)

0 — 0.

Proof. We proceed similarly to the proof of Proposition For each w € (F; U Ey) \ {ZAt(l), ZAt(Q)}, let us
define the following set of paths:

F00) = {5 € By - avgmaie(o) - deg(o)] = o] <

(4 .
Now fix some v = vg,...,v, € Uue(FtUEt)\{Zt(l),Zt(z)}Fg )(u) Let v* = arg,., max({(v) — degv) and let
i* =inf{0 < j <n:v; = v*}. Take some § < W{H) and consider G; as defined in . Then, using again
and the fact that v contains at least W + |v4+ | — 220+ vertices in G§ by Lemma z'), (1), and
v+ € Br(y) by assumption, we can deduce exactly as in the proof of Proposition that

E[eXp {/Ot §(Xs)d8} Hm(Xpq) = 7}]

n+ |v-

n — |Uix
< exp {twvi*) - (2

Therefore, since we chose § < and log(l — x) < —z for « € (0,1), we have for any € > 0 that

1
20(q+1)

log(U4(t))

g 3 > % afee{ [ exn) i =)

v €(FUB)\{ZM, 2} [0ix [Sn<is n e (v;4):|y|=n

< sup sup {tw)(vix)
vir €(FUB)\{Z, 2} lvix|<n

_ (71—2') log(€(vs+) — deg(vi-)) + (n + [v-

VR + nig (n, >} o).

Since v;« € F; U E; the same argument as in the proof of Proposition [7.4] yields that the maximum in the
expression above is attained at the smallest possible value of n, provided that we choose £ > 0 small enough
when applying the upper bound in Lemma Therefore, substituting n = |v;«| we obtain that

log(Us(t)) < t(v;-) + O(R(t)'~3). (52)

Invoking Propositions [5.6] and therefore yields that almost surely,

_lat1)s
5 ) = —oq,

. (U4(t)> = v HWhe(vie) = e (Z1) + (D) + O(r ()t

U v €(RUB\{Z{", 2P}

as required. O
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Proposition 7.8. Under Assumption P-almost surely as t — oo

Us(t)

0 — 0.

Proof. Clearly, Us(t) < exp{tsup,cpe {(u)}. Taking C as in and taking ¢ = 1(C — %d) in Proposition
[7.2[i), we deduce that

log ([é?((tt))) < ta(t)[(logt) "€~ %) — (logt) 5] — —o0

as required. O

Proposition 7.9. Under Assumption[I.3, P-almost surely as t — oo,

Us(t)
U(?)

— 0.

d+ £
Proof. Note that, for any & > 0, sup,cp, deg(v) < t77  eventually almost surely by Lemma (z)
Therefore,

P(Jt > t%ﬂr(t)) < P(Poi (td?“) > tdgsﬂr(t)) < e—etir®)
for all sufficiently large t. Therefore, again applying Proposition we deduce that
Eo {exp {/Ot §(Xs)ds} Hrpry, >t Je > tdzfﬂr(t)}} < exp{t Es}gp E(v) —ctir(t)} < exp{r(t)ts —ctir(t)}.
vE€BR)
The result then follows from Proposition [7.2] similarly to the other cases. O

Proof of Theorem[1.5 Since U(t) — Ui (t) < Z?:z Ui (t), the theorem is a direct consequence of Propositions
[(.SH7. 8] O

8 High probability single site localisation

Unlike in [KLMS09], we cannot directly read off a single site localisation result from the almost sure result
because stronger analogues of Propositions [7.4] and [7.7] for Uy and Us do not necessarily hold with high
probability under Assumption In particular since the number of paths through a given vertex of length
n grows fairly fast (cf Lemma we cannot write high probability analogues of these results since we cannot
justify the restriction to paths that are “as direct as possible”.

Instead we give a somewhat modified version of the proof, which nevertheless follows a similar structure to
that used in [KMS06]. For this we keep p = ¢ + 2 and define

_ 1
R(t) = r(t)(logt)?, R, = |z <1+11>.
() = r(t)log =120 (14 o

Note that R; < R(t) with high probability as ¢ — oo, by Proposition [5.1| (i’).

For ease of notation we define hy = (logt)~2(1+) for the rest of this section. Similar to Section [7| we define
r ¢
1 (t,v) = Eo exp{/ §(Xs)ds ¢ I{X; = v}l{Tp, >t} 1{H 0 < t}] ,
L 0 ! ¢
r t

}

§(Xs)ds} 1{rp,, <475y, > t}} ,
}
|

f(Xﬁ)dS ]I{TBE, > t}]l{HZ(n > t}:l .
0 ‘ ¢
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We show that u; localises on ZAt(l) whp, and that Uy, Us and U, are asymptotically negligible whp. For this
we define a modified functional

o) = €(0) Sl 1og (). (53)

t et
Although 1), is “less precise” than 1);, the advantage of working with 1), is that it is easier to use it to
give upper bounds on u(¢,v) for different v. It is less of a natural lower bound for u(¢,v) since we did not
incorporate p as in (5, but in order to show that exp{t@t(ZAt(l))} is almost a lower bound for u(t, Zél)) one
only has to condition on certain high probability events at the single site Zt(l). It would be harder to show
that exp{ti:(v)} is an asymptotic upper bound for any v # Zt(l), since this involves conditioning on certain

events occurring for all other v # Zfl), which is much harder (and already we saw that the upper bounds in
Propositions and do not carry through in the high probability setting).

Proposition 8.1. Take any € > 0. Under Assumption[1.1}, it holds with high P-probability as t — oo that

logU(t) > t9y(Z{") + o <(10tgag?e> :

Proof. By Proposition i1), it is enough to show that

. ) W S0 des(70)
0 (2Y) = u(2V) = deg(2{V) + 121 ; | log <(£( . ) |Zt(1€;g( ! ))t6> =0 ((lo(glgtt))l—€>

whp as t — co. This is immediate from Proposition ), (44i") and Lemma [3.1| since whp we have:

123 (20 —deg(Z)te\ _ r(t)(logt)=/2 [a(t)tlogt)  alt)
; log< 20 < : log< @) > log((logt)?).

(log t)1—</2
A similar result holds for deg(Zt(l)) by Proposition u) and since ZAt(l) € F; whp by Proposition m’) O

We will need the following result to complete the localisation proof for ;.
Lemma 8.2. Under Assumption|1.]
(i) imyoo P(ZY) = 25 = Zp
(i) P(ZAt(l) is also the global mazimiser of @t) — 1.

Proof. (i) By Lemma it is sufficient just to establish the first equality. Since z/Jt(Zt(l)) > (Z BE) by
definition, we can rearrange to deduce that /

£(Zs,,) — €27

5(1) |ZB§t | |
< deg(Zpy, ) —deg(Z, ) + — log(§(ZBy, ) — deg(Zy, ) —

Z5s | 127
t t

< deg(ZBE) + ( ) log(é-(ZBﬁt) - deg(ZBﬁt)) +

Now take any € € (0, 8%) and note that:
e By Proposition ii’) and Lemma ii), deg(ZBﬁt) < (logt)? whp as t — .
e By Proposition iii’), |Z§1)| < r(t)(logt)® = ta(t)(logt)*~! whp as t — oco.

e Since R; < R(t) whp as t — oo and by Lemma applied to B, it follows that £<ZB§t) —
deg(Zpy,) < R(t)¥*(logt)® < a(t)(logt)P*® whp as t — oo.
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e By Proposition ii’), E(ZAt(l)) - deg(Zt(l)) > a(t)(logt)~¢ whp as t — oc.

Substituting these bounds above, and using the fact that we chose ¢ < i,

t — oo (also using that a > 2):

we deduce that, whp as

€(Zp, ) — &(2Y) < (log1)® + a(t)(log 1)*"2 %) + (p + 2¢)a(t) (log t)*~* loglog t
< (24 p+26)a(t)(logt)s2(+a)
< a(t)(logt)¥ 3.
By Lemmaand Proposition i’), we also have that 9By, > (Ry) & (log(ﬁt))_(é‘*‘e) > a(t)(log t)_(é‘*‘%)
whp as t — oo.

Combining these two calculations, we deduce that £(Z Bg, )—¢& (Zt(l)) < 9By, whp, which in turn implies
that ZBE, = ZAt(l) whp.

(ii) By part (2), it follows that Et(ZAt(l)) > 1, (v) for all v € Bz, \BlZAt(l)‘

ﬂ(zz’) and Lemma it follows that @t(ZAt(l)) > 1, (v) for all v € By (t)(logt)-<- Finally, by the
same proof used to prove the upper bound in Theorem it follows that the maximiser of v, is in
By(t)(10g t)= -

whp. Additionally, by Proposition

Now suppose that both v is in B\Z“H \ By (t)(og t)—= and v # Zt(l). If v € F}, then we have that

By (v) — (2"
< 0u(0) — (20" + Loy

et(€(v) - degv)) 12, (et@(éﬁ”) — deg(2"

o t 2] >)> ) a2

< () — (2D 20 g ( 129(6(v) — degv)

t [ol(6(Z;") - deg(Zt“)))) )

Take ¢ € (0, 5). By Lemma and Proposition ii’), we can assume that 5(2,5(1)) - deg(ZA]fl)) >
(£(v) — degv)(logt)3€, and since v € Brtylog t)e \ Br(t)(log t)~= Whp, we can also assume tha
(logt)? and |v| < r(t)(logt)® by Proposition [5.1{(iii’"). Moreover, by Lemma we can assume that

P (v) — wt(ZAt(l)) < —af(t)(logt)~c. Assuming these and applying Proposition |3.4{(i), we therefore have
that

r ogt)3®
B0) = B2) < (o) — 0u(Z47) + "B doglog 1 (1ogt)” < a(t)logt) + a(t)logt)** <0,

as required.

If v ¢ F, then 1,(v) < £(v) < a(t)(logt)~+) and also 1,(Z") > v (ZM) > a(t)(logt)~! whp by
Proposition (#4"). Combining these gives the same result.

O

Additionally, exactly the same proof as in Lemma gives the following (note that Lemma was written
only under Assumption and since 1, (v) > ¢(v) for all v the same almost sure lower bounds hold for

1,(v)). Note also that by Lemma [8.2[ we can assume that Zt(l) is also the maximiser of the functional 1.

Lemma 8.3. Take any D > 0. Under Assumption[I.1}, for any 0 < K < D, we have for all t large enough
that

p(wt@g”) — sup ¥,(v) < a(t)(logt)_D> < da(logt) . (54)
v#Zt(l)
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Proposition 8.4. Under Assumption[I.1

Z’UEV(TOO)\{Zt(l)} U1 (t’ U) N O (55)
U(t)
in P-probability as t — oo.
Proof. This follows from Lemmas and O
s . Ua(t
Proposition 8.5. Under Assumption Uz((t)) — 0 whp.
Proof. We will show that
- _ 5 — R ta(t
log (Ug(t)> <max<{t sup wt(v),tf(Zt(l)) — Rylog (;) +o (la()) (56)
vtz e ogt

whp as ¢ — oo. To do this, first note that by the definition of U, and Lemma we have with high
probability that

log (Ug(t)) < log Z exp {t sup f(v)} P(rp,_, <t)

re[Re,r(t)(l0g 1)7] veb

T T ta(t))
<t max su v) — —log ( — +o0 .
re[Re,r(t)(log )7] {uegf( ) T <6t)} (10gt

Let #(t) denote the 7 for which the maximum is attained, and 9(t) = argmax{sup§(v) : v € By} If
o(t) = ZAt(l), then

t max { sup &(v) — i log (T>} < t{(ZAgl)) — R;log (Z) .

re(Ry.r(t)(log t)7] et
- (1)
If o(t) # Z, ", then

o {sup €0~ 106 () } = retot0) - oy 10s (") < 00~ oo 1os (1)
<t sup ¥,(v).
vt 2D

This establishes . To complete the proof, we invoke Proposition which implies that, for any € > 0,
we have with high probability as ¢ — oo,

Ga(t) exp < max sup ¥, (v) — ,(ZV 7M1 1o ‘Zt(l)| —R:lo E o _ta®)
i) < P{ {t<v;ﬁz}f)”wt() Vi (Z; )>>|Zt |lg< ot Rt1g<6t) + ((logt)le) :

e To deal with the first term in the maximum above, take ¢ = % and note from Lemma that for
ne = (logt)~2 we have that P (Et(ZAt(l)) —sup, ;) P, (v) < mea(t)) — 0 as t — oo. Therefore,

‘ ( sup (v) - m(%”)) +o ((l’;i’;)/) R

'u;ﬁZt(l)

in probability as t — oc.
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e To deal with the second term in the maximum above, recall that R; = |Zt(1)\(1 + h:) where hy =
L and choose ¢ small enough such that h; > (log t)*(l’%). We then have by Proposition

log ¢ 3(1+35)7
i’ ) that, with high probability as t — oo

G AN, 120 ta(t) ) (1)|
B 14 71 el ) s
R, log (et > |Z; | log o +o0 Qogt) <)~ |Z; " |hi log logt 1 c

>C|Zt |htlogt+0( alt) >

(logt)'e
(log t) ta(t)
2 Ctalt) g pyi—se +0 ((logt)l‘> ’

which diverges as t — o0.

This completes the proof.

Proposition 8.6. Under Assumption %3(%) — 0 whp.

Proof. This holds by Proposition (note that we proved it under the weaker assumption), since we chose
the same value of p when defining R(t), and in particular p > ¢ + 1. O

Proposition 8.7. Under Assumptwn U((t)) — 0 whp.

Proof. We split the sum into two parts by writing,
t
Us(t) <E [exp {/0 §(X5)ds} ]l{HZf” > t}]l{TBE > t}]
t
< Z E [exp {/ f(Xs)ds} 1{H ) > t}1{sup |X,| = r}]
- 0 t s<t
r<R -

- [exp {/ §(X }H{Hzgn > t}]l{ilélt>|Xs| = 7“}}

7"<7"(t)(10gt) 1
t
+ > E [exp {/ f(Xs)ds} 1{H a0 > t}1{sup|X,| = r}] . (57)
_ 0 t s<t
r(t)(logt)~1<r<R, -

We now bound the two sums appearing here.

e By Lemma it holds with high P-probability as ¢t — oo that the logarithm of the first sum in
is upper bounded by

t sup £(v) +log(r(t)(loglogt)™!) = o (&%) .

VEB (1) (1og )~ 1

¢ By Lemma it holds whp that the logarithm of the second sum in is upper bounded by

max t sup &) +log(P(rp,_, <t))p + log(r(t)(log(t))?)
o o)
r ogt)P t

< max 3t sup &) —rlog () +o(r(t) |+ log(r(t)(1og(t)") <t sup B, (v) +o(r(t)):
refrintosn) L veB (2} P
r(t)(log t)? t t
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Combining these two calculations and applying Proposition [8.1] (with ¢ = 1/2) and then Lemma [8.3] shows
that whp as t — oo,

Us(t) ") 5 ta(t) ta(t) ta(t) ta(t)
log ( U?(t) ) <t sup {wt(v) - '(/)t(Ztl )} +o ((logt)d/% +7“(t) + (logt)l/2> < —W “+ o0 <(10gt)d/26¥>

v;éZAgl)

— —00,

as required. O

Proof of Theorem[1.6 Since U(t) — 2vev(Ta) W (t,v) < Z?:z ;(t), the theorem is a direct consequence of

Propositions [8-4}8:7} O
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