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Abstract
The purpose of this paper is to introduce Hom-alternative rings, Hom-Lie rings and Hom-Jordan rings.
We study some of their properties and provide construction procedures using ordinary alternative rings or Lie
rings or Jordan rings. Also, we show that a polarization of Hom-associative ring leads to Hom-Lie ring or
Hom-Jordan ring.
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Introduction

The notion of Hom-Lie algebra first appeared in g-deformations of algebras of vector fields, such as Witt and
Virasoro algebras [1, 3, 5]. The concept of Hom-Lie algebras generalizes the one for Lie algebras where the Jacobi
identity is twisted by a homomorphism [7, 11]. Hom-associative algebras were introduced and studied in [14],
moreover Hom-alternative algebra and Hom-Jordan algebras were studied in [13, 16]. In the last years, many
classical algebraic concepts have been extended to the framework of Hom-structures. For examples the concept
of Hom-group [12],[8], [9] and Hom-Lie group [10, 15] were studied.

The definition of Hom-ring first introduced in [6]. In this work, Fregier-Gohr defined a Hom-ring as a set A
with two binary operations +: Ax A — Aand -: Ax A— A, aself-map §: A — A and a special element 0 € A
such that

e (A,+,0) is an abelian group.

e The multiplication is distributive on both sides.

e [ is an abelian group homomorphism.

e (3 and - satisfy the Hom-associativity condition; S(z) - (y - 2) = (x - y) - B(2).

Motivated by the concept of Hom-group, the authors of [4] modified the definition of Hom-ring. It is a more
general definition of Hom-ring, such that the Hom-rings defined by Fregier-Gohr will be a subclass of these
hom-rings.

The aim of this paper is to introduce Hom-alternative rings, Hom-Lie rings and Hom-Jordan rings which are
twisted version of the ordinary alternative rings, Lie rings and Jordan rings. We discuss some of their properties
and provide construction procedures using ordinary alternative rings or Lie rings or Jordan rings. Also, we show
that a polarization of a Hom-associative ring leads to a Hom-Lie ring or a Hom-Jordan ring.



The paper is organized as follows. In Section 1, we recall some basic definitions concerning Hom-group. Also,
we introduce the definition of Hom-multilinear maps. This notion will be used in some proofs of our work.
The Section 2 is devoted to remind the definition of Hom-ring introduced in [4]. A definition of Hom-algebra
over a commutative Hom-ring is also given in this section. In section 3, we introduce Hom-alternative rings,
study their properties and provide construction procedures using ordinary alternative rings. The last Section is
dedicated to Hom-Lie rings and Hom-Jordan rings. We introduce the notion of Hom-Lie rings and Hom-Jordan
rings and show that it fits with the Hom-associative structure, that is a Hom-associative ring leads to Hom-Lie
ring or Hom-Jordan ring by polarization. Also, we provide a way to construct a Hom-Lie ring (resp. Hom-Jordan
ring) starting from an ordinary Lie ring (resp. Jordan ring).

1 Hom-groups

Here we recall the definition of a Hom-group from [12], [8] and [9], and we will expose some properties of it. Also,
a notion of Hom-multilinear maps is introduced.

Definition 1.1. A Hom-group is a quadruplet (G, pu, e, ) consisting of a set G with a distinguished member e of
G, an operation i : G x G — G and a set map o : G — G, such that the following axioms are satisfied:

1. The product map p: G x G — G and the set map a : G — G satisfy the Hom-associativity property

p(ag), ph, k) = p(u(g, h), o(2)). (1.1)
For simplicity when there is no confusion we omit the multiplication sign p.
2. The map « is multiplicative, i.e., a(u(g, h)) = p(a(g), alh)).

3. The element e is called unit and it satisfies the Hom-unitarity condition

u(g,e) = ple, g) = alg), ale) =e. (1.2)
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4. The map g — g~ is an antimorphism; u(g,h)~! = u(h=t,g71).

5. For any g € G, there exists a natural number k satisfying the Hom-invertibility condition

a*(ulg,971) = a*ulg™! 9) =e. (1.3)
The smallest such k is called the invertibility index of g.

If « is invertible the relation (1.8) will be simplified to the following condition ;
For every element g € G, there exists an element g=* which u(g,g=*) = u(g=1,9) = e.
A Hom-group, such as « is invertible, is called a regular Hom-group [9, 10]. If moreover the product u is
commutative, we say that G is an abelian (commutative) Hom-group. In this case, the product p will be denoted
by + and the element e by 0. Therefore the multiplicativity aziom will change to a(g+h) = a(g)+a(h), Vg, h € G.
Remarks 1.2.

1. From the Hom-unitarity and the Hom-associativity conditions, we can show that the multiplicativity of the

map o is intuitive; a(u(g, h)) = ple, p(g, h)) = p(ale), ulg, h)) = p(ule, g), a(h)) = p(e(g), a(h).

1

2. Since we have the antimorphism g — g~ , therefore by the definition, inverse of any element g € G is
unique although different elements may have different invertibility index.

3. The inverse of the element e of a Hom-group is itself, because a(p(e,e)) = ale) = e.

4. For any Hom-group (G, u,e,a) we have a(g~1) = a(g)~! and if the invertibility index of g is k, then the
index invertibility of a(g) is k — 1.

Example 1.3. Let (G, u,e) be a group and o : G — G be a group homomorphism. We define a new product
o : G X G — G by
ta(g,h) = alp(g, h)) = pla(g), a(h)).

Then (G, pia, €, @) is a Hom-group and denote this by G. It is said the twisted group of G.



Example 1.4. [4] Let (Z,+) be the additive group of integers. We have End(Z) ~ Z, i.e., any endomorphism
a € End(Z) is completely determined by the element a(1) € Z and for every q € Z there exists an endomorphism
a € End(Z) such that o(1) = q. In other words, the correspondence o — a(l) is an isomorphism between
End(Z) and Z. Then, for every q € Z, we can define a Hom-group denoted by (Z,+4,0, ) such as +, is defined
by n+4,m =q(n+m), Vn, m € Z and checks the following condition

qn +q (M +¢p) = (n+qm) +4qp = QQ(n +m+p), Vn, m, p € Z. (1.4)
The Hom-group (Z,+4,0, ) is called the q-additive group of integers.

Definition 1.5. Let (G, ug,eq,ac) and (H, pp,em,an) be two Hom-groups. A homomorphism of Hom-groups
is a map f: G — H such that

fluc(g,h) = pu(f(g), f(h), Vg, h€ G foag=ano f.
It said to be a weak homomorphism if f(uc(g,h)) = pu(f(g), f(h)), Yg, h € G.

Remark 1.6. Let f : G — H be a weak homomorphism of Hom-groups such that f(eg) = ey and g be an
element in G. Then, we have

flac(9)) = f(ralea: 9)) = pu(f(ec), f(9)) = pulen, f(9)) = au(f(9))-

So any weak homomorphism of Hom-groups f : (G, pa,eq,aq) = (H,um,em,an) such that f(eg) = ey is a
homomorphism.

Definition 1.7. Two Hom-groups (G, ug,ec,aq) and (H,pm,em,an) are called isomorphic if there exists a
bijective homomorphism of Hom-groups [ : (G, pg,eq,aq) = (H, g, e, ag).

Definition 1.8. Let (G, u,e,«) be a Hom-group. A nonempty subset H of the Hom-group G is a Hom-subgroup
of G if (H,u,e,a) is a Hom-group. We use the notation H < G to indicate that H is a Hom-subgroup of G.

If H is a Hom-subgroup, we see that e the identity for G is also the identity for H. Consequently the following
theorem is obvious:

Theorem 1.9. A subset H of the Hom-group (G, -, e, «) is a Hom-subgroup of G if and only if
1. e€ H,
2.he H=h"'ecH,
3. hi, ho e H=h;-ho € H.

Remarks 1.10. 1. From the third item of the previous theorem, one notes that if H is a Hom-subgroup of G
then a(h) =e-h € H for all h € H. Therefore o(H) C H.

2. Let (G,p,e,a) be a Hom-group and H be a subset of G. A Hom-group structure on H is defined by the
inclusion map.

Example 1.11. Let G be a group and o : G — G be a group homomorphism. If H is a subgroup of G which
o(H) C H, then H, is a Hom-subgroup of G.

Example 1.12. Let (G, pg,eq,aq) and (H,pg,en,an) be Hom-groups. If f : G — H is a Hom-group homo-
morphism such that f(eq) = em, then the reciprocal image of each Hom-subgroup of H is a Hom-subgroup of

G.
In what follows, we recall a property of in a Hom-group introduced in [4].

Proposition 1.13. Let (G, -, e,a) be a reqular abelian Hom-group. For all g, h, k and l in G, we have

(g-h)-(k-1)=(g-k)(h-1). (1.5)



Proof. For all g, h, k andl in G, we have

(g-h)- (k1) =alg) - (h-a~ (k1) = alg) - (a™*(h - k) - 1) = alg) - (a~ (k- h) - 1)
alg)- (k-a *(h-1) = (g- k) - (h-1).

Corollary 1.14. Let (G, -, e,a) be a regular abelian Hom-group. For all g € G, we have

((99)a(9) (g7 g Na(g™")) =e.

Proof. From Proposition 1.18, we have

((99)(9))((g7 g™ Nalg™) = ((99) (g g~ N((g)alg™ ")) = eafgg™) =e.

This completes the proof

So, one can show the following

Corollary 1.15. Let (G, -, e,a) be a regular abelian Hom-group. For all g € G, we have
(((99)(9)a*(9))a((g™ g Halg™)) = a*(9)-

1.1 Hom-multilinear maps

Definition 1.16. Let (A,+4,0,c4) be an abelian Hom-group and let A™ denote the n-fold Cartesian product
AXAx---x A. In other words, an element of A™ is an n-tuple (a1, -+ ,a,), where each a; € A, i =1,2,--- ,n.
If (B,+5,0,ap) is another abelian Hom-group, then a mapping f : A™ — B is said to be Hom-multilinear if

1. For eachi=1,2,--- ,n, we have
flaalar), -, a(aio1), @ + aj, ca(aivr), - ,aa(an)) = flar, -, aim1, 0, ai1,- - 5 an)
+5 flay, -, ai-1,07, a1, an),
for all a;, a} € A.
2. flaa(ar), - aalan)) = ap(flar, -+ ,an)).
In the case n = 2( n = 3), one speaks of a Hom-bilinear mapping (respectively, a Hom-trilinear mapping).

Lemma 1.17. Let (A,+4,0,a4) and (B,+p5,0,ap) be two abelian Hom-groups and f : A™ — B a Hom-

multilinear mapping. Then for eachi,j =1,2,--- ,n, j <1, we have
2 2 2 2 2 2
f(aA(a1)7 T ,OLA(aj_l),OlA(aj +a a;’)7aA(aj+1)a t aO‘A(a’i—l)7a(ai + CL;), aA(ai+1>7 T aaA(an))
= f(alv"' yAj—1, 05, Q541" >ai—1aaiaai+1van) +B f(ah'" aaj—lval'aaj+1>"' aai—lva'iaai—&-l;an)
J
+B (f(a/la e 7aj717aj7 a/j+1a e 7ai717a;7 41, an) +B f(ah e 7aj717 a;'7 aj+17 MR ¢ 7 af/i7ai+l7an)>7

for all a;, aj, a]

i a; €A
Proof. The proof is straightforward.

Definition 1.18. A Hom-multilinear mapping f is called skew-symmetric if it changes sign when two of its
arguments are interchanged. That is, f is skew-symmetric if for each i,j =1,2,--+  n, we have

f(ah'" 7aj7"'aa’i7"' aa’n):_f(ah'" s Qgy o 7aj7"' 7an)'

Lemma 1.19. Let (A,+4,0,a4) and (B,+p5,0,ap) be two abelian Hom-groups and f : A™ — B a Hom-
multilinear mapping. Then f is skew-symmetric if and only if f takes the value O whenever at least two of the
x;’s are equal.



Proof. Suppose that for each i =1,2,--- ,n we have

f(alv"' s gyt n 3 Qgy v ot ,an) :07
and we will prove that
f(alv"’ y Ay sy Qgy vt aan) = 7f(a‘17"' s gy oy Qgy e 70%)'
From Lemma 1.17, we have
2 2 2 2 2 2
0= f(aA(al)"" 7aA(aj—1)’aA(a’i +a aj)7aA(aj+1)v"' ’aA(ai—l)va(ai +aj)’aA(ai+1)"" 7aA(an))
= (f(ah'" s j—1,y Qg Q41" " aaifhaiaaz#lyan) +B f(ah"' y Aj—1, 5, Qj41," " 7ai71>ai7ai+laan)>
+B (f(al,"' S0,y Q1,5 (i1, G, Qg 1, Gn) +B fat, -+ a;_1,a5,a41, - aaiflaajaai%»laan))‘
But
flar, -+ ,aj-1,a5, 0541, ,Qi—1, 03, Qig1,Qn) = 0,
and
f(ala"' s A —1,Q5,A541," 7a'i—17aj7ai+17an) = 0.
These give
0=ap (f(al,"' s A1,y A1, ,aif17ai,ai+17an)) +p ap (f(al,"' 2y 01, Qi Ojp1, " 7ai71aaj7ai+1aan))-

Since ag is bijective, the lemma holds.

2 Hom-rings

Definition 2.1. A Hom-ring of type (1) is a tuple (A,+,-,0,, 8) with a set A together two binary operations

+: Ax A— A (the addition) and - : Ax A — A ( the multiplication) and two set maps o, f : A — A, such
1. (A,+,0,«) is an abelain Hom-group.

2. B is an endomorphism of the abelian Hom-group (A,+,0,«), i.e., B(z +y) = B(x) + B(y), Vx, y€ A
aofl=pfoaq.

3. a and § are multiplicative maps , i.e, a(xy) = a(z)a(y) and B(xy) = B(x)B(y), for all x, y € A.

4. The map B and the product - satisfy the Hom-associativity condition;
Blx)-(y-2)=(z-y)- B(2).

5. The multiplication is Hom-distributive over the addition on both sides;

(¢)

a@)-(y+z)=z-y+a-z

(b)

(y+2) o) =y-z+z
forallx, y, z € A.
If (A, +,-,0,a, B) admits an unit element 1 € A salisfying the properties

1.
x-1=1-z=p(z), Vo € A,

that:

, and

(2.1)



the Hom-ring A is said to be unitary.

Remark 2.2. Note that if « = id, we automatically have the definition of Hom-ring in [6] and when o = 8 = id,
we have the definition of ring.

Example 2.3. Let (A, +,-,0) be an unitary ring. Suppose that r # 1 is a central idempotent element of A and
u € A is an invertible element. Then the maps . : A — A and B, : A — A defined respectively by «,.(x) = rz
and By(x) = uzu~! are two commuting endomorphisms of the ring A. In this case, we have a new addition
T:Ax A— A and a new multiplication™: A x A — A given by

o rty=a.(r+y) =r(+y),
o vy =B(x-y) =uryu!, for all z, y € A.
According to [4], (A,+,7,0, 0y, B,) is a Hom-ring of type (1). We denote this by Aq, g, .

Definition 2.4. A Hom-ring of type (2) is a tuple (A,+,-,0,, 3) with a set A together two binary operations
+:Ax A— A (the addition) and - : AX A — A ( the multiplication) and two set maps o, : A — A, such that:

1. (A,+,0,a) is an abelain Hom-group.

2. B is an endomorphism of the abelian Hom-group (A,+,0,«), i.e., B(x +y) = B(z) + B(y), Yz, y € A, and
aoff=foa.

3. « and B are multiplicative maps, i.e., a(zy) = a(z)a(y) end B(zy) = B(x)B(y), for all z, y € A.
4. The maps o, § and the product - satisfy B(o*(z)) - (B(a(y)) - B%(2)) = (a%(2) - Ba(y))) - B(a(2)).
5. The multiplication is Hom-distributive over the addition on both sides;
(a) a®(x) - By + 2) = a(z) - By) + a(z) - B(2),
(b) oy + 2) - a(B(x)) = aly) - B(x) + alz) - B(x),
forallz, y, z € A.
If (A, +,-,0,a, B) admits a unit element 1 € A satisfying the following properties
1. z-1=p0(z) and 1 -z = az), Vx € A,
2. a(l)=p(1) =1,
the Hom-ring A is said to be unitary.

Example 2.5. Let (A, +,-,0) be a unitary ring and C the set of all central idempotents of A. For any two elements
e and f in C, we define respectively the maps a. : A — A and 5y : A — A by a.(x) = ex and By(z) = fx. Then
ae and By are two commuting endomorphisms of the ring A. Defining a new addition F:AxA— A and a new
multiplication™: A x A — A given by

o aty =ac(r+y)=elz+y),
o vy = Bf(x) - ac(y) = efay, for allz, y € A,
then, from [4], (A, +,7,0, e, B) is a Hom-ring of type (2). We denote this by Ao, gy

Definition 2.6. e We say that a Hom-ring (A,+,-,0,a, ) is a Hom-nonassociative ring of type (1) (resp.
of type (2)) if the 4th property in Definition 2.1 (resp. Definition 2.4) is not satisfied for it.

e A Hom-ring (A,+,-,0,«, ) is called a commutative Hom-ring if for all x, y € A we have x -y = y - x.
Also, a Hom-ring is said to be reqular if the twisted maps o and [ are bijective. The inverse of an element
x in a Hom-ring (A, +,-,0,a, B) with respect to the addition will be named the additive inverse and will be
denoted by (—x).

In what follows we will provide some calculation properties, the definition of Hom-ring homomorphism and
Hom-subring.



Proposition 2.7. [4] Let (A,+,-,0,«, ) be a unitary reqular Hom-ring of type (1) or of type (2).
1. Forallae A, we have a-0=0-a = 0.

2. Let a, b € A. Then , the additive inverse of (a-b) is (—a)-b = a-(=b) = —(a-b). One can notes that
a(—a) = —a(a).

Remark 2.8. In the proof of the above proposition, only the fact that o is bijective has been used.

2.1 Hom-algebra over commutative Hom-ring of type (1)

Definition 2.9. Let (A,+4,-,0,«, ) be a unitary Hom-ring of type (1) with unit 1 4. A left A-module M consists
of an abelian Hom-group (M, +r,7y) and an operation A\j : AQM — M such that for alla, b in A and m, my, ms
in M, we have:

Ai(a(a) ® (my +ar ma)) = Ni(a®@my) +p Mi(a @ my), (2.6)
Ai((a4+4b) @v(m1)) = N(a®@mq) +u N(b®my), (2.7)
M((@B) @ 7(m)) = M(B(a) @ M (b m), (28)

A(1a ®@ my) = y(mq). (2.9)

The operation of the Hom-ring on M is called scalar multiplication, and is usually written by am for a in A and
m in M. The notation 4 M indicates a left A-module M. If v is invertible, a such left module 4 M is said regular.
A right A-module M or My is defined similarly, except that the ring acts on the right; i.e., the operation takes
the form A : M @ A — M, and the above axioms are written with an scalar multiplication on the right.

Example 2.10. If A is a unitary Hom-ring, then we may consider A as either a left or right A-module, where
the action is given by the multiplication.

Proposition 2.11. Let (A,+4,-,0,,8) be a unitary Hom-ring. If A is commutative, then these left modules
are the same as Tight modules.

Proof. Let M be a right A-module, i.e., there exists A\, : M @ A — M by A\.(m ® a) = ma. Now, we define
AN A®M — M by \i(a®m) = ma. Using the commutativity of the Hom-ring A, we can verify that \; defines
a left module structure for M over A.

Definition 2.12. Let (A, +4,-4,04,04,84) be a commutative Hom-ring of type (1). An A-Hom-algebra is a
Hom-ring (B,+5,'5,05,a5,85) of type (1) such that the multiplication ”-g” satisfies

Ba(a)* (b1 - b2) = (a*xby) - Br(b2) = Pr(b1) - (a*xb2) Ya € A, by, by € B.

Remark 2.13. An Hom-algebra can be defined as a Hom-ring (B, +5,5,08,idg, Bg) of type (1) and a K-Hom-
algebra.

Remark 2.14. In the rest of this paper, the word Hom-ring refers to a Hom-ring of type (1).

3 Alternative-Hom-rings

Definition 3.1. Let (A,+,-,0,a,8) be a Hom-ring ( not necessarily Hom-associative). The Hom-commutator
[[]: Ax A— A and the B-associator asg : A x Ax A — A are defined by

[z,y] =2y —yz asp(z,y,2) = (zy)B(z) — B(x)(y2),
forallz, y, z € A.

Lemma 3.2. Let (A,+,-,0,a,8) be a Hom-ring ( not necessarily Hom-associative) such that « is bijective.
Then, the Hom-commutator is a skew-symmetric Hom-bilinear mapping, the (-associator is Hom-trilinear and
they verify the following identities

(lev. B:)) — ao Ba)ly. 21 ) = a([e, 2l Bw)) = (asale.y,2) — asp(x.2,9)) +alass(zxp). (31)

(ass(wa, By), B(2) = ass(B(w), 2y, B(2)) ) + alass(Bw), Blx),y2)) = o o B (w)a(ass(w,y, 2))
+ alasg(w, z,y))a? o %(2). (3.2)



Proof. The skew-symmetry of the Hom-commutator is straightforward. Let x, y, z, t € A. Then we have,
[z +y, a(2)] = (z +y)a(z) — a(z)(z +y).

But the multiplication is Hom-distributive over the addition on both sides, i.e., the multiplication and o satisfy
the equations (2.2) and (2.3). This gives

[z +y,a(z)] = (22 +yz) — (22 + 2y).
From the Proposition 1.13, we obtain
[ +y,a(2)] = (zz — zz) + (yz — zy) = [z, 2] + [y, 2].
According to the skew-symmetry of the Hom-commutator, we can also see that
[a(z),z +y] = [z, 2] + [2,4].

This shows that the Hom-commutator is a skew-symmetric Hom-bilinear mapping. Now we’re going show the
Hom-trilinearity of the B-associator:

ass(@ +y,a(2),a(t) = ((@ +y)a(2)) Bla(t) - B +y) ((@(z)a(®)).
By the equations (2.2),(2.3), the multiplicativity of o and the fact that oo 8 = B o a, we have
asg(z 4y, (2), at)) = (xz 4+ y2)a(B(t) — Bz + y)a(zt).
The fact Bz +y) = B(z) + Bly) gives
ass (@ +y,a(2), alt) = (z2 + y=)a(B(t) — (B(x) + Bly))al=t).
Using formerly the equations (2.2),(2.3), we find
ass(e +y,a(2),a(t) = ((@2)8(0) + w)8()) — (Bla)(=t) + Bly) (1) )

The Proposition 1.13 implies

ass(@ +y,al2),a(t) = ((@2)B() = Bl)(=0)) + ((w2)8(1) — Bly)(=1))
= asg(z,z,t) + asg(y, 2, 1).
Simlarly, we can show that
asg(a(z),y + z,a(t)) = asg(x,y, t) + asg(z, 2, 1),
and
asg(a(z), a(y), z + 1)) = asg(z,y, 2) + asg(z, y, t).

This shows the Hom-trilinearity of the [-associator. Now, taking into account Proposition 1.13, the equations
(2.2),(2.3), the multiplicativity of 8 and that (A, +,0, ) is reqular abelain Hom-group, we willp prove the identities
(3.1) and (3.2).



For identity (3.1):

= alass(z,9,2)) — (as(e,2,y) - as(z2,9)
(asﬁ z,y,2) —asg(x, z y)) + a(asp(z, z,y)).

For identity (3.2):

(GSB(ww, By). B(2)) - aSﬁ(ﬁ(w)mcyﬁ(Z))) + alasp(B(w), B(), y2))

w)(e)B(2) — B2(w)(B()(y2) )
w2, y)a(F(2)) + aa(B2(w)(ey)8(2) - B()(y2)))
)

= a? o B (w)a(ass(z,y, 2)) + alasg(w, z,y))a? o 2(2).

aasg

Definition 3.3. A Hom-alternative-ring is a Hom-nonassociative ring satisfying the condition

asg(z,z,y) = asp(y, z, x) = 0.

Remark 3.4. If a = 8 = id, we automatically have the definition of alternative ring.

(3.3)



Lemma 3.5. Let (A,+,-,0,a,3) be a Hom-alternative-ring such that « is bijective. Then, the (-associator is
skew-symmetric and we have

[zy, B(z)] = —avo B(z)[z, yl, (3-4)

[zy, B(y)] = [z,ylaro Bly), (3.5)
for all x,y € A.

Proof. Lemma 1.19 gives the skew-symmetry of the B-associator. Using Definition 3.3 in (3.1), it follows

a([zy. B(x)] — a0 Bla)ly.a]) = 0. (3.6)
Since a is bijective, (3.4) holds. In the similar way, we can obtain (3.5).

Now, we consider the (multilinear) function f(w,z,y,z) defined by

F(w,2,y,2) = alass(we, B(y), (=) — (a(B(x))ass(w,y, 2) + ass(@.y, 2)a(8(w)) ). (3.7)
If we write
3f(w,,9,2) = (fw,2,,2) + fw, 2, 2)) + alf(w, 2y, 2),
we have the following lemma.

Lemma 3.6. In a Hom-alternative ring (A,+,-,0,a, 8) such that a is bijective, the function f defined by (3.7)
is skew-symmetric and satisfies the identities

3f(w,2,.2) = a([a(B*(w)), ass (2,9, 2)] ~ [a(8*(2)), ass (w,y,2)]) (3.8)
+a([a(82(w), asp(z, w,2)] - [a(8%(=) . asp(w,z.y)]), (3.9)
Jw,2,y,2) = ass(fw,a], a(By). a(8())) + ass([y. 2], a(Aw)), a(B(x))): (3.10)

Proof. In all this proof we take into account the Proposition 1.13 and the fact that (A, +,0, @) is a regular abelian
Hom-group. By the skew-symmetry of the B-associator and from the equation (3.2), a(asg(wz, B(y), B(z))) can
be written as follows

afass(we, B). B() = (a0 B (w)alass(r.v.2)) + ass(w.z.y)a o 57() )
+ (asp(B(w).zy, B(2)) - ass(B(w), Bl@). y2)).
Substitution from (3.7) gives

(f(’lU,I,y,Z) - f(l’,y,Z,U/)) + oz(f(y,z,w,a?)) = F(w,x,y,z), (311)

where F(w,x,y,z) denotes the right-hand side of (3.8), and hence changes sign when w,x,y,z are permuted
cyclically. Thus, from (3.11), we get

0=F(w,z,y,2) + F(z,y,z,w) = a2(f(w,x,y,z) + f(z,w,:n,y)).
Since « is bijective, we find

f(w,x,y,z) = _f(Z7w;fan)~ (312)
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Hence f changes sign when its arguments are permuted cyclically (by (3.12)) and when the last two are interchanged
(by (3.7)), and therefore when any two are interchanged. So f is skew-symmetric. In particular, (3.11) reduces
to (3.8). Since f is skew-symmetric, and if we write 2f(w,x,y, z) = f(w,z,y,2) + f(w,z,y, z), we have

2f(w,x,y,z) = f(w,:v,y,z) - f(:mw,y,z)
a(ass([w, ], a(B(y)), a(B(2))

+ ([a(0®(w)), ass(z,y, 2)] - [a(bQ(x)),a85(w,y72)])- (3.13)
Therfore, one can find

a2(3f(w,x,y, Z)) = (2f(w7xayv Z) - QZ(QSB([w7x]’ a(/@(y))7a(5(z))>
+ (2/(w,2,9,2) = 0*(ass((y, 2], a(B(w), a(5(x)))).

According to the Hom-associativity of o and the addition "+, we obtain the identity (3.10). This completes the
proof.

From Lemma 3.6 we deduce a certain number of identities which appear in Hom-alternate rings:

Proposition 3.7. For all x, y, z of a Hom-alternative ring (A,+,-,0,, 8) such that « is bijective, we have

alasg(2?, B(y), B(2))) = ass(x,y, 2)a(B%(x)) + a(B%(x))ass(x, y, 2), where z* = zz, (3.14)
asp (ﬁ(m)v LY, ﬁ(z)) = aSﬁ(,B(.I), B(y)? CL‘Z) = a55(x, Y, z)a(ﬁz(x)), (315)
asp (ﬁ(x)v yz, 5(2)) = aSﬁ(ﬁ(l‘), 6(y)? ZJ?) = 04(52(.%‘))0,85(.%, Y, Z)’ (316)
and the Hom-Moufang identities
Blay)B(zz) = B2(z)((y2)B(2), (3.17)
((2y)B(2))52(2) = B*(2)(B(y)(z2)),  ((22)B(y))B*(x) = B*(2)(B(x)(ya)). (3.18)

Proof. Considering w = x in (5.7), we obtain

0= fl@,2,y.2) = alass (2%, B(y). B(=)) — (a(B())asa(z.y, ) + ass(@,y. 2)a(B(x))).

As « is bijective, we deduce (3.14). Again by (3.7), we have

0= f(z,y,2,2) = alaspg(zy, B(2), B(x)) — (a(ﬁz(y))a55(x,z,x) + asa(y, z,x)a(ﬂz(x))).

Since [ is skew-symmetric, we find

0= O‘(asﬂ(ﬂ(x)a rY, 5(2)) - Ck(aSg(.’E, Y, Z)Ol(ﬁ2(.’t)))

Therefore, the bijectivity of a gives asg(B(x), xy, B(2)) = asp(x,y, z)a(B2(x)). Similarly, by (3.7), we have

0= fl@.2,y.2) = alass(02,B(y). A2)) — (a(82(=))ass @,y 2) + ass(z,y. 2)a(8%(x))).
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As « is bijective and f is skew-symmetric, we deduce asg(B(z), B(y),z2) = asg(z,y,2)a(B?(x)). So the identity
(8.15) is well shown, similarly for (3.16). Using (3.16), we get (3.17) as follows:

o?(B(xy)B(2x)) = asp(B(x), By), z2) + (5 (2)(B(y)(22)))
= a(B*(x))ass(@,y, 2) + (5 (2)(B(y) (22)))-

Writing the expression of asg(x,y, z) in the definition of B-associator and using (2.2) and the fact that (A, +,0, a)
1s a reqular abelian Hom-group, we find

o®(B(zy)B(2z)) = a*(8%(2)((y2)B(2)))-
As « is bijective, we deduce (3.17). The first equation of (3.18) comes by
a®(((zy)B(x))52(2)) = alass(zy, B(z), B(2))) + o®(B(zy)(xz2))
— a2(8%(x)(B(y) (22))) + (ass(B(x), By), w2) — asa(B(), oy, B(2)) )

= a’(8*(2)(B(y)(22)))-
Similarly, we find the second equation of (3.18).
The following proposition gives new identities for a Hom-alternative ring.

Proposition 3.8. For all x, y, z of a Hom-alternative ring (A, +,-,0,«, 8) such that « is bijective, we have

asp(asp(z,y, 2), o(f(2)), (B () = [a(5*(2)), a(B* ()] Blass(x,y, 2)))
= —a(B(ass(x,y, 2)))[a(B%(x)), (B ()], (3.19)

ass(ass(z,y, )% a(8(2)), a5 W) = 0. (3.20)

Proof. Proposition 3.7 gives us

alass (B(2), B2(y), B(=y))) = (a(B2(W)ass(z.y, ) ) a(F(x)) + a(8*(@)) (a(F (W) ass(z, . 2) )
and

alass (B(s2), B2(y), B(=4))) = (B () (ass(z. 9, 2)a(82(2)) ) + a(8*(w)) (a(B2(c)asp(z, 5, 2)).
By subtraction and using (1.13), we have

0 = ass(ass(z, . 2), a(B(2)), a(F () + (a(F (@) (a(B2W))ass(z,y, 2))
— (B () (e ass(..2) ) ).
But as(a(5(2)), a(82(y), ass(w,y, 2)) = —ass(a(82(y), a(82(x)), ass(z.y, ). This gives
a6 (@) (a(B2())ass (@, . 2) ) — (B W) (a(B(Q)ass(@,y. 2)) = ~[a(8%(2)), alB*(W)a(Blass (@, y, 2))).

So, we can see that

asg(asp(,y, 2),o(5% (1)), a(B*(y))) = [a(B*(x)), (B> (y)]e(Blass (@, y, 2)))-

]
Similarly, by applying the Proposition 3.7 in two ways to a(asz(B(z?), B%(y), B(yz))), we can show that

asp(asp(z,y, ), o(5(2)), (B () = —a(Blasp (@, y, 2)))[a(B* (), (B> (y))]-
This proves (3.19). (3.20) proves in the following way:

asglass(z,y,2)%, a(8* (@), a8 () = asp(ass @,y 2), a(B(@)), alB* () a(F(ass(, . 2)))

+ (B (asa(, y, 2)))asp(ass (w,9, 2), a(82(2)), a(B(y))

= (= a(Blass(z, g, 2))[a(B (@), a(B2 W) ) a(8(ass (., )
+a(B(ass (. y,2))) ([0(82(@), a(B2(m)]a(Blass(z, . 2)))

(
= —asp(a(Blass(,y, 2))), [a(B*(x)), a(B>(y))], a(Blass(x,y, 2))))
=0.
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The following lemma helps to to get a result for Hom-alternative ring:

Lemma 3.9. In a Hom-alternative ring (A,+,-,0,a,8) such that « is bijective, the (multilinear) function
g(u,v,w,z,y), defined for all u, v, w, z, y € A by

a2(f(m)7 Bw). B(x). Bly))) = ((az(ﬁ?’(u))f(v’ w,z,y) + flu,w,z, y)a2(53(v))>
+ az(ﬂ(aspa(uvIay)))az(ﬂ%[v’w})))

+ (a2(8 ([, w))a® (Blass (v,2.))) + g(u, v, w,2. 1)), (3:21)

1s skew-symmetric in u, v,w and in z, y. Fquivalently,
fuv, B(u), B(x), B(y)) = (B (w)) f(v,u, 2,y) + a(Blass(u, z,y)))a(B([v, u))), (3.22)
fuv, B(v), B(x), B(y)) = f(u,v,2,y)a*(6(v)) + a(62([u, v]))(B(ass (v, 2, 1)), (3.23)

for allu, v, z, y € A.

Proof. Since f is multilinear, so is g. Also, g is zero for y = x, hence skew-symmetric in x, y. Considering
G(u,v,w) = g(u,v,w,z,y) for fived x, y, from (3.22) and (3.23), we deduce that G is skew-symmetric in u, v,w.
To prove (3.22), note that

f(vu, B(w), B(x), B(y)) = ass(fvu, Bu)], a(5*(2)), a(B(y)) + ass([8(x), By)], a(B(vu)), a(B*(w))),
by (3.10). From (3.16), we get

asa([8(z), B(y)], a(Bvw)), a(B%(w))) = a*(8(w))ass([z,y], a(B(v), a(B(w))).
Also (8.5) implies
ass([vu, B(w)], a(B2()), a(82(W))) = ass ([v, ula(B(w)), a(F (@), a(B(y))-
Moreover, (3.7) implies
£ ([, ul, a(B(w)), a(B(x)), a(B)) = alass([v,ula(B(w), a(#(x)), al5* 1))
= (ass(@(Bw), a(8(x)), a(Bw))a(B([v, u]))
+ (8% (w))asp([v,u], a(B()),alB)) )
So, we get
o (as([ou, Bu)], a(82(2)), a(82(w))) = /(v ul, a(B(w)), a(B()), a(B())
+a(ass(@(Bw), a(8(x)), a(Bw))a(B([v, u]))
+a2(8*(w)asp([v,ul, a(B(2)),alB)) ) (3:24)

Using (2.2) and the fact that (A,+,0, ) is a reqular abelian Hom-group and replacing (3.24) in the expression of
o’ (f(vu, Bu), B(), B(y))), we obtain

@’ (f(vu, B(u), B(x), B(y))) = a(f([v,u], a(B(u)), a(B(2)), a(B(y))))
+ a0 (B () f (v, u, 2, y) + 0 (Blasp(u,2,9))a* (B([v, ) )
The Hom-multilinearity of f gives

o (f(vu, Bu), B(@), By))) = a(f (vu, Bu), B(x), By))) — (alf (uv, Blu), B(@), B)))
— (0* (B () f (v, u, 2, y) + a*(Blasp(u,,y)))a* (B([v,u])) ) ).

So, we can see that

0= fluv, Bu), B, B(y)) — (o*(8*(W) f (v, u,2,y) + a(Blasy(u, 2, y)a (8 (v, u])) ).
This completes the proof of (3.22). To prove (3.23), we operate similarly on f(vu,5(v),B(x), B(y)).
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Definition 3.10. Let (A, +,-,0,a,3) be a Hom-ring. A non-zero element a in A is called a left (resp., right)
zero-divisor if there exists a non-zero element b such that

ab=0 (ba=0).

Proposition 3.11. Let z, y, z be any elements of a Hom-alternative ring (A, +,-,0, «, 8) such that « is bijective.
If (asg(z,y, 2)) is not a divisor of zero and f is injective, then

B ((ass(w,y,2)%, a8 (@))) =
Proof. Consider u = asg(z,y,2), v=uu=1u? and w = f(a(B%(x)),a(B3()), a(B3(2)),v). (3.21) gives us
o (f(a(8* (@), a8 (), a8 (2)), a(54(2)))
= ((0*(B°@) (v, a(B° (1)), (8 (@), a(B%(2)))
+ fa(B (@), a8 (W), a8 (@), a5 (2

0. (3.25)

Since asg(v, a(B3(z)),a(B3(2))) = 0, we find

A2(f(a(B* (@), a5 (1), a(B* (@), a(B*(2))) = o (a*(8° (@) )w)
+a(g(a(F (@), v, a(B(y)), a(F(2)), a(8*(2)))).
But
F(a(B @))v, a(B' (), a(8' (@), a(5'(2) = = fla(5*(@))v, a (8 (), a(8* (), a(5*(2)).
Now, from (3.22), we get

Fa(B%())v, a(B(x)), a(B4(y)), a(B4(2)) = o (B%(2)) f (v, a(B° (@), (8% (), (6% (2)))

+a®(B4(asp(x,y, 2))) (B ([v, a(5°(2))]))
= —a’(8%(2))w + a*(B* (w)a (B ([v, a(5°(2))]))-

Therefore

g(a(B%(2)),v,a(B%(y)), a(B°(2)), a(B°(2))) = —a® (B (u)a? (B ([v, (6% (2))])).- (3.26)
If we operate similarly on f(va(B3(x)), a(B4(y)), a(B4(x)), a(B4(2)), we can prove that

9(a(B%(x)),v,a(B%(y)), a(B(2)), a(B%(2))) = o®(B*([v, a(8%(2))])) e (B (w)). (3.27)
So

a(B(u) B[, a(8°(@))]) = =B ([v, (8% (@) (B () (3.28)

(8.7) implies
F(@(B* @), a(B* W), a(8* (@), a(84(2))) = alass(a(3*(wy)), By), A=)
— (a(B*@)ass(w, . 2) + asa(w, 3, 2)a(F(w)) ).
Using (3.7),(3.15) and (3.20), one can shows that
(B ()5 (o, a((@))]) = 0 = B([v, a(5*(@))])a(B" (). (3.29)

Since « s bijective and B is injective, we deduce the proposition.
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Remark 3.12. Seiting o = 8 = id, one recovers all identities in [2].

Now we have introduced the concept of Hom-aletrnative rings, it’s natural to provide a way for constructing
them.

Proposition 3.13. Let (A, +,-,0) be an alternative ring and o, 5 : A — A be two ring endomorphisms such that
aof=pfoa. Then (A, +4,8,0,a,B) is a Hom-alternative ring, where

r+oy=alz+y), x-5y=_PH(xy).

Proof. The B-associator is defined by
asp(2,9.2) = a((z 59) 5 B() — Bla) -5 (45 2)) = a0 Plas(a,y, ),

where as(x,y, z) = (vy)z—x(yz). As (A, +,-,0) is an alternative ring, i.e., as(z,z,y) = 0= as(y, z,x), we deduce
the proposition.

4 Hom-Lie rings and Hom-Jordan rings

Definition 4.1. A Hom-Lie ring is a sextuplet (A, +,[,],0, «, 5) with a set A together two operations + : Ax A —
A (the addition) and [,] : AxA — A (‘the Hom-Lie bracket) and two set maps o, §: A — A, such that (A, +,0, «)
s a reqular abelain Hom-group, the map B is an homomorphism of abelian Hom-group, and the following properties
are satisfied:

Hom-Additive in left coordinate: [x + vy, a(2)] = [z, 2] + [y, 2],

Hom-Additive in right coordinate: [a(z),x + y] = [z, 2] + [2, Y],

Skew symmetry: [x,y] + [y, x] =0,

Alternation: [z,x] =0,

Hom-Jacobi Identity:

(fovo B2, [y 21] + [0 By, [2,]]) + allero B(2), [, 9]]) = (e B(a), [y, 2])
+ (a0 B(y). [2:2]) + [0 B(=), . )
=0. (4.1)
A Hom-Lie ring (A, +,[,],0,a, B) is called a regular Hom-Lie ring if 8 is an invertible map.
Remark 4.2. A Hom-Lie ring (A, +,[,],0,, 8) with o = 8 = id is a Lie-ring.

Proposition 4.3. Let (A,+,-,0,a,8) be a Hom-ring such that the map « is invertible. Then (A, +,[,],0,«, )
is a Hom-Lie ring, where
[z,y] = 2y —yz, Vz, y € A.

Proof. Let z, y and z in A. One can shows that
[z +y,a(2)] = (z +y)alz) — a(z)(x +y) = (22 + y2) — (zx + 2y) = (22 — 22) + (yz — 2y) = [2,2] + [y, 2].

Also, we get
[a(z),z+y] = a(2)(z +y) — (z + y)a(z) = [z, 2] + [2,9].

The proof of skew symmetry and alternation conditions is obvious. Moreover, we have the Hom-Jacobi Identity
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as follows:

alle B(2), lz.yl]) = (a0 B(=), ay - yal)
= a([8(2), a9 ~ [3(2), ya))
= a(B(=)(@y) — (@y)B(2)) - a(B=)wa) — (y0)B(2))

— —

lyz, B(x)] — [2y, B(z
= [ly, 2], aOﬂ( )+ [z, 2], 00 B(y))-

Proposition 4.4. Let (A,+,[,]1) be a Lie ring and o, 8 two homomorphism of Lie rings such that « is invertible
and ao =B oa. Then (A, +,[,)ur,0,a,8) is a Hom-Lie ring, where the addition + and the bracket [,|pr are
given by:

e 2Ty —a(o+y),
o [z,ylur =[aop(z), a0 B(y)lL, for al z, y € A.

Proof. We are interested in showing the Hom-Additive in left coordinate condition and the Hom-Jacobi identity.
Let x, y and z in A. Then we have

1. [pFy, (s = [BoaP(z-+y), Boa*(2)]1 = a[aoB(x), a0B(2)] L+ aoB(y), aoB(:)]L ) = o, 2urFly, 2lne
2.
(lov0 B@). Iy, Al s Flao Bw). [ almeli) Fallao B), o, ylmslin)
= a(la 0 §%(x), 0 0 B[y, a1 + [0 0 B*(y), 0 0 B[z, a]]1)
+02([o% 0 52(2),0% 0 B[z, 9] 1)

=t o 82 ([oly, lule + [y: =, 2li]i) + a* 0 B2((z, [, o
=0.

In the similar way we can prove the following:

Proposition 4.5. Let (A, +,-) be a ring and o, 8 : A — A be two homomorphisms of ring such that « is invertible
and oo B =Loa. Then (A,+,],],0,a,8) is a Hom-Lie ring, where the addition + and the bracket [,] are given
by:

o rty= alz +y),
e [0,9] = a0 Blay — ya), for allz, y € A.

Definition 4.6. A Hom-Jordan ring is a commutative Hom-nonassociative ring (A, +,.,0,0, B) that respects the
Hom-Jordan identity:

a?(B%(x))(a(y) (zx)) = a((B(x)y)B(wx)). (4.2)
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Remark 4.7. Note if « = 8 = id, we have the definition of Jordan ring.

Proposition 4.8. To any Hom-associative ring (A,+,-,0,a, ) such that o is bijective, one may associate a
Hom-Jordan ring (A, +,0,0,a, 8), where the multiplication 7o0” is defined for all x, y € A by

roy=uxy+yr.

N

Proof. The commutativity of 70" is obvious. Let x, y € A, we will prove a?(5%(x)) o (a(y) o (z o x)) =
a((B(x)oy) o B(xzox)). Using (2.2),(2.3) and (1.13), we find

a((B(x) oy) o Bz o x)) = ((B)y)B(e2) + (B)y)Bwa)) + (y5(2)B(z2) + (B()y)B(wa)))
+ ((B(z2) (B(x)y) + Blez) (B2)y)) + (Blaw)(yB(x)) + Blaw) (yB(x))) )-

The Hom-associativity condition (2.1) gives

(Bx)y)B(zz) = B*(x)(y(zz)),
(yB(2))B(zx) = By)(B(x)(zx)) = By)((z2)B(x)) = (y(zx))B(x),
Blaz)(B(x)y) = ((w2)B(2))B(y) = (B(x)(x2))B(y) = B (z)((z2)y), Blzz)(yB(x)) = ((w)y)B*(x).

Using these identities and using again (2.2),(2.3) and (1.18), we deduce the proposition.

Proposition 4.9. Let (A, +,-) be a Jordan ring and o, B : A — A be two ring endomorphisms. Then (A, +q, 5,0, a, 5)
is a Hom-Jordan ring, where

ttay=alz+y), z-py=>L(zy)
Proof. The demonstration is left for the reader.

Remark 4.10. From the Remark 2.13, all results of this article will be true for Hom-algebras.
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