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diagnosis of diseases [START_REF] Kim | A review of breath analysis for diagnosis of human health[END_REF] and in food quality control [START_REF] Wilson | Mid-infrared spectroscopy for food analysis: Recent new applications and relevant developments in sample presentation methods[END_REF]. Thanks to the strong absorption fingerprint of many important molecules, the mid-infrared (MIR, and the 3-13 µm band in particular) spectral region is particularly attractive for spectroscopic and sensing applications [START_REF] Popa | Towards integrated mid-infrared gas sensors[END_REF]. Despite its potential, commercial MIR technology is, for the moment, limited to bulky and expensive stand-alone devices. The integration of MIR photonic systems onto a group IV platform would enable us to leverage standard microfabrication technologies for the large-scale production of compact and cost-effective sensing devices. The last few years have witnessed a remarkable growth of research activity in integrated group IV MIR photonics [START_REF] Lin | Mid-infrared integrated photonics on silicon: A perspective[END_REF]- [START_REF] Mashanovich | Group IV mid-infrared photonics [ Invited[END_REF], which is starting to become a mature technology.

Integrated light sources are an important element of compact spectroscopic devices. In the MIR, the dominant technologies are quantum cascade lasers and interband cascade lasers [START_REF] Kapsalidis | Dual-wavelength DFB quantum cascade lasers: sources for multi-species trace gas spectroscopy[END_REF], [START_REF] Sterczewski | Mid-infrared dual-comb spectroscopy with interband cascade lasers[END_REF]. However, they are not widely tunable in wavelength, and an array of different lasers must be used to cover a wide spectral range [START_REF] Rouxel | Miniaturized differential Helmholtz resonators for photoacoustic trace gas detection[END_REF]. In addition, the number of emission lines is limited by the number of multiplexed lasers. In comparison, supercontinuum (SC) sources can cover a spectral band of more than one octave. SC sources are,
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T > REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) < therefore, ideal for high-resolution multi-species molecular spectroscopy [START_REF] Gaeta | Photonic-chip-based frequency combs[END_REF], [START_REF] Tagkoudi | Parallel gas spectroscopy using mid-infrared supercontinuum from a single Si3N4 waveguide[END_REF].

In recent years, there have been a few demonstrations of MIR SC generation in group IV waveguides [START_REF] Lau | Octave-spanning mid-infrared supercontinuum generation in silicon nanowaveguides[END_REF]- [START_REF] Della Torre | Mid-infrared supercontinuum generation in a low-loss germanium-on-silicon waveguide Mid-infrared supercontinuum generation in a low-loss germanium-on-silicon waveguide[END_REF]. The properties of the generated SC strongly depend on the group velocity dispersion profile of the underlying waveguide. The SC bandwidth is maximal in waveguides pumped in the anomalous dispersion region, but the generated spectrum typically suffers from low flatness and poor coherence [START_REF] Dudley | Supercontinuum generation in photonic crystal fiber[END_REF]. On the other hand, high spectral flatness and coherence can be achieved in all-normal dispersion (ANDi) waveguides with, however, a narrower spectral span [START_REF] Heidt | Coherent octave spanning near-infrared and visible supercontinuum generation in all-normal dispersion photonic crystal fibers[END_REF]. Our team has demonstrated SC generation up to 8.5 µm in a straight silicongermanium-on-silicon (SiGe/Si) waveguide operating in the anomalous dispersion regime [START_REF] Sinobad | Mid-infrared octave spanning supercontinuum generation to 8.5 μm in silicon-germanium waveguides[END_REF], as well as a narrower, but flat and fully coherent SC in a ANDi SiGe/Si straight waveguide [START_REF] Sinobad | Mid-infrared supercontinuum generation in silicon-germanium all-normal dispersion waveguides[END_REF]. Multi-species absorption spectroscopy would greatly benefit from a SC that combines high spectral flatness and a broad spectral coverage, i.e. from a design that overcomes this tradeoff.

Shortly after the first demonstrations of SC generation in optical fibers, a number of experimental results showed that the flatness and bandwidth of the SC can be improved by varying the dispersion along the propagation direction. In 1997, J. W. Lou et al. used a fiber with decreasing dispersion and zerodispersion wavelength (ZDW) varying from 1538 to 1549 nm to generate a broader and smoother spectrum than in a fiber with constant dispersion [START_REF] Lou | Broader and flatter supercontinuum spectra in dispersiontailored fibers[END_REF]. Several demonstrations of SC generation in tapered fibers have been reported in the following years [START_REF] Mori | Flatly broadened supercontinuum spectrum generated[END_REF]- [START_REF] Chen | Coherent mid-infrared broadband generation in non-uniform ZBLAN fiber taper[END_REF]. Most often, the idea is to continuously shift the ZDW, which corresponds to a variation of the phase-matching condition for dispersive wave (DW) generation and Four-Wave Mixing, thereby enhancing the energy transfer to new wavelengths. Recently, advances in micro-fabrication technology have made it possible to leverage tapered designs in integrated platforms as well, and, potentially, with a higher degree of flexibility. The first experimental demonstration was achieved by Singh et al. in 2019 [37]. An octave spanning SC, extending from 1.2 to 2.4 μm, was generated in a horizontally tapered silicon-on-silica (SOI) rib waveguide buried in silica, in which the dispersion profile was varied by continuously changing the waveguide width along its length. Compared to straight waveguides of similar dimensions, the authors demonstrated a 400 nm broader SC in the tapered waveguide, as well as improved coherence thanks to the suppression of the modulation instability. Similar results have also been achieved in 2020 by Wei et al. in an air-clad SOI waveguide working in the near and short-wavelength infrared region [START_REF] Wei | Supercontinuum Generation Assisted by Wave Trapping in Dispersion-Managed Integrated Silicon Waveguides[END_REF].

In this work, we employed an air-clad SiGe/Si two-stage inverse-tapered waveguide to efficiently generate a MIR SC with enhanced spectral flatness and spectral coverage. A first short and narrow section was pumped at 3.9 µm in the anomalous dispersion regime for promoting efficient SC generation. Then, a second inverse-tapered section was employed to continuously shift the two ZDWs towards longer wavelengths. The experimentally generated SC extended from 2.4 to 5.5 µm, limited at the longer wavelengths by the detection limit of our spectrum analyzer. Numerical simulations predict a long wavelength SC extension up to 7.8 µm. As compared to straight waveguides, the particular design of our two stage dispersion varying waveguide improved the SC flatness, particularly in the 2.4-3 µm wavelength range, and increased its long-wavelength extension. We harnessed the enhanced quality of our SC for a proof-of-principle demonstration of multispecies gas spectroscopy. In particular, the improved SC flatness enables us to simultaneously measure the absorption spectrum of water and carbon dioxide at around 2.7 and 4.2 µm, respectively.

II. WAVEGUIDE DESIGN

Our main goal is to improve the flatness of the SC in the 2.5-3 µm and 4.2-4.3 µm spectral regions, which are of interest for the detection of water vapor and carbon dioxide. At the same time, we targeted a design that generates a broad SC with low input power. To maximize the efficiency of the SC generation process, it is preferable to employ a waveguide with a small cross-section, since a low modal effective area enhances the nonlinear transfer of energy towards new wavelengths [START_REF] Leuthold | Nonlinear silicon photonics[END_REF]. However, this would not be the optimal design to maximize the SC bandwidth. Indeed, an air-clad waveguide with a smallcross section area typically has a cutoff wavelength which is much shorter than would be expected for one with a large-cross section, strongly limiting the SC extension at the long wavelength side. For instance, in ref. [START_REF] Sinobad | Mid-infrared octave spanning supercontinuum generation to 8.5 μm in silicon-germanium waveguides[END_REF] we have shown that an air-clad SiGe/Si waveguide with a large cross-section (4.2 µm x 6 µm) could generate a SC extending beyond 8 μm, whereas a waveguide with a smaller cross-section (2.7 µm x 3.75 µm) introduced a cutoff at around 6 μm. Here, we employed an inverse-tapered waveguide to overcome this tradeoff and efficiently generate a broadband SC which also exhibits high spectral flatness. A tapered waveguide with two increasing ZDWs can lead to increased spectral flatness at both the short and long wavelengths sides, thanks to the continuous variation of the phase-matching condition for the generation of DWs. The continuous spectral shift of the blue DW fills the gap that is often present between the DW and the rest of the SC, whereas the shift of the red DW increases the SC extension to longer wavelengths. The final design thus consists of a two stage waveguide: a 3 mm long straight input section exhibits a small cross-section for efficient SC generation, whereas a second part with an increasingly larger cross-section extends the cutoff, and therefore the maximal SC extension, to longer wavelengths. The length of the first straight section was chosen to cause the generation of the DWs to start in the smaller cross-section part, to achieve most of the spectral broadening at the beginning of the waveguide. This should result in a flatter and slightly broader output spectrum.

More specifically, the whole design consisted of a 2.3 cm long, 3.3 μm thick Si0.6Ge0.4/Si waveguide with varying width along its length (fig. 1a). The waveguide was designed to be pumped at 3.9 μm wavelength with TE polarization. The input side starts with a 3 mm long, 3.25 μm wide straight section, which has an anomalous dispersion region between 3.5 and 4.9 µm (fig. 1b, blue curve). This first section has a cutoff wavelength around 5.2 μm, and is single-mode at the pump wavelength. The waveguide width was then linearly increased up to 9 μm at the output. This change in the waveguide width corresponded to a continuous change of its dispersion, and the > REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) < two ZDWs shift towards longer wavelengths (fig. 1b). For a width of 6 µm, the two ZDW are at 4.67 and 6.1 µm (fig. 1b, purple curve). Above ~8 µm width, the waveguide has an ANDi profile (fig. 1b, green curve) and is around 5 mm long. Besides shifting the ZDWs, the increasing width of the waveguide also shifts the cutoff wavelength to beyond 9 μm. The γ parameter is equal to 1, 0.94, 0.88 and 0.82 (Wm) -1 for 3.25, 3.5, 3.75 and 4 μm wide waveguides, respectively. For waveguides wider than ~4 μm, the pump is in the normal dispersion regime and dispersive waves are not generated.

The shift of the ZDW implies a continuous variation of the phase-matching condition that sustains the generation of the DWs. The DWs are generated in the normal dispersion region by phase-matched transfer of energy from a soliton in the anomalous dispersion region. The phase mismatch 𝛥𝑘 between the DW and the soliton is approximately given by [START_REF] Dudley | Supercontinuum generation in photonic crystal fiber[END_REF]:

𝛥𝑘 = 𝛽(𝜔) -𝛽(𝜔 𝑠 ) -𝑣 𝑔 -1 (𝜔 -𝜔 𝑠 ) - 𝛾𝑃 2
where 𝛽 is the phase constant, 𝜔 𝑠 is the frequency of the soliton, 𝑣 𝑔 is the group velocity, P is the pulse peak power and 𝛾 is the waveguide nonlinear parameter. The first three terms on the right are also called integrated dispersion 𝛽 𝑖𝑛𝑡 . The DWs will be generated at the spectral positions for which ∆𝑘 = 𝛽 𝑖𝑛𝑡 -𝛾𝑃 2 = 0 ⁄ . Fig. 2 shows the phase mismatch for four selected waveguide widths considering a coupled peak power of 2.73 kW. These were calculated assuming a soliton frequency equal to the pump frequency. For each waveguide width, DWs are expected to be generated where the phase mismatch is zero. As expected, the change in the ZDWs due to the waveguide width variation results in an increase of the wavelengths at which the DW should be generated, both on the short and long wavelength sides.

III. SUPERCONTINUUM GENERATION

We fabricated the two-stage dispersion varying waveguide and a set of straight waveguides with different widths by the same method as in ref. [START_REF] Sinobad | Mid-infrared octave spanning supercontinuum generation to 8.5 μm in silicon-germanium waveguides[END_REF]. We performed linear and nonlinear measurements using a tunable Optical Parametric Amplifier (OPA, Hotlight Systems MIROPA-fs) delivering ≈200 fs pulses at 63 MHz repetition rate and with a tunable wavelength around 4 µm. We used a set of two polarizers and a half wave-plate to control the input power and polarization. Light was coupled to the waveguide and the output was collected with the help of two MIR lenses, a visible camera (Dino-lite) and a MIR camera (Lynred). The transmitted power was measured with a fast photodetector (Thorlabs PDAVJ10), and the generated SC spectrum was recorded using an Optical Spectrum Analyzer (OSA, Thorlabs OSA205) sensitive from <2 µm to 5.5 µm. We used a lock-in amplification scheme to reduce the impact of thermal noise. We measured the propagation loss in 3.25, 3.75 and 4 μm wide waveguides of constant width by probing spiral waveguides of different lengths under relatively low average powers (<1 mW), using the method described in ref. [START_REF] Della Torre | Mid-infrared supercontinuum generation in a low-loss germanium-on-silicon waveguide Mid-infrared supercontinuum generation in a low-loss germanium-on-silicon waveguide[END_REF]. The resulting losses in the 3.25-4.1 μm wavelength range were lower than 1 dB/cm for these widths and were as low as 0.12 dB/cm at 3.9 μm for the 4 μm wide waveguide (fig. 3). Waveguides wider than 4 µm exhibited even lower losses (due to lower interaction of the mode field with the waveguide sidewalls). The length difference between the waveguides was then too low to extract reliable propagation losses in that case. The SC spectra were generated by increasing the coupled peak (average) power up to 4.5 kW (30 mW). Fig. 4(a) shows a map of the experimental spectra. At high powers, the SC > REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) < extends from ≈2.4 μm up to the detection limit of the OSA at 5.5 μm. Simulated spectra (fig. 4b) were calculated by numerically solving the generalized nonlinear Schrödinger equation (GNLSE), which describes the propagation of short optical pulses in the waveguide [START_REF] Dudley | Supercontinuum generation in photonic crystal fiber[END_REF]. These extend well beyond the detection limit of the OSA, with a 1.6 octave spanning SC up to 7.8 μm at the maximum coupled peak power of 4.5 kW. The tapered waveguide section was modelled by solving the GNLSE in 256 ~90 µm long sections of constant widths (linearly increasing from 3.25 up to 9 µm) and using the calculated output from one section as the input for the following one. As a conservative estimate, the propagation losses were considered constant and equal to 0.3 dB/cm, i.e. the value at the pump wavelength for the input width (3.25 µm, fig. 3). We used the same nonlinear coefficients for the SiGe core material as in ref. [START_REF] Sinobad | Mid-infrared supercontinuum generation in silicon-germanium all-normal dispersion waveguides[END_REF], i.e. a Kerr index 𝑛 2 = 4 x 10 -18 m 2 /W and a fourphoton absorption coefficient 𝛼 4𝑃𝐴 = 1.16 x 10 -42 m 5 /W 3 , corresponding to γ=1 (Wm) -1 and γ=0.37 (Wm) -1 at the waveguide input and output, respectively. By measuring the insertion loss (equal to 11 dB) and assuming, as a conservative estimate, the same coupling losses at the input and output facets (~5.3 dB/facet), we can infer an on-chip SC average power higher than 3.5 mW for coupled peak powers greater than 2.5 kW. In comparison, the on-chip SC power retrieved from integrating the power spectral density measured by the OSA is not higher than 2.3 mW. This tends to confirm that, at high input powers, the SC extends beyond the OSA detection limit. The difference between the SC power measured with the photodetector and the OSA is then due to the undetected signal beyond 5.5 µm in the latter case. The bandwidth of this SC is comparable to that reported in 2018 by our group in ref. [START_REF] Sinobad | Mid-infrared octave spanning supercontinuum generation to 8.5 μm in silicon-germanium waveguides[END_REF], i.e. the generation of a SC extending from 3 to 8.3 μm in a large cross-section SiGe/Si waveguide , but it is here achieved for lower pump power and more compact waveguides. Indeed, those prior results were obtained with a coupled peak power of 3.54 kW [START_REF] Sinobad | Mid-infrared octave spanning supercontinuum generation to 8.5 μm in silicon-germanium waveguides[END_REF]. Here, thanks to the smaller cross-section of the waveguide in its first part and the subsequent cutoff wavelength shift to beyond 9 μm, the coupled peak power necessary to reach the maximal spectral extension is reduced to ≈2 kW, i.e. more than 40% lower than in ref. [START_REF] Sinobad | Mid-infrared octave spanning supercontinuum generation to 8.5 μm in silicon-germanium waveguides[END_REF]. The SC flatness is also improved, in particular at the extreme parts of the spectrum (of ≈10 dB), and the waveguide length is highly reduced from 7 to 2.3 cm. We are now going to analyze, with the help of numerical simulations, how the DWs dynamics is crucial for the generation of our broad and flat SC. 2). First, we can notice that the position of the DWs is in relatively good agreement with the theory. The small difference with the theoretically predicted phase-matched wavelengths can be due to a slightly different central frequency of the soliton compared to the pump frequency used in the calculations. We can see how both the blue and red DWs shift towards longer wavelengths as the waveguide width increases (the red DW is visible only in the simulations, since it lies beyond the OSA detection limit). For waveguides wider than 4 μm, the pump wavelength is in the normal dispersion region (see fig. 1c). Dispersive waves are no longer generated then, and the SC bandwidth in the corresponding straight waveguides starts shrinking (see 4.25 μm wide waveguide), eventually reaching the flat and narrower spectra typical of SC generation in the ANDi regime (see the 8.5 μm wide waveguide). The continuous wavelength shift of the DWs results in the filling of the 2.4-3 μm and 6-7.8 μm spectral regions, leading to a flatter SC in the tapered than in the straight waveguide. In particular, the increased flatness at the blue end of the spectrum leads to better resolution of the dips around 2.7 μm that are due to the absorption from water vapor in the free-space path between the waveguide output and the OSA. Similar dips are also visible at around 4.2 μm due to the absorption from CO2. Finally, the second spectrum from the top in fig. 5 shows the SC measured when the waveguide is pumped from the wider side (i.e. the waveguide is rotated by 180°), to further emphasize the impact > REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) < of our two-stage dispersion varying waveguide design on the SC properties. As expected, the spectrum is much narrower in this case, since dispersive waves are generated only towards the end of the waveguide, where the propagating pulse has already spread in time and the peak power is lowered. The lower signal below 3 μm in the experimental spectrum as compared to the simulation is due to water vapor absorption.

Fig. 6 shows the simulated spectral (a) and temporal (b) evolution along the waveguide length, calculated for 2.73 kW coupled peak power. Both the blue and red DWs shift towards longer wavelengths as the width of the waveguide gradually increases, filling the 2.4-3 and 6-7.8 μm spectral regions (blue and red shaded areas in the top plot of fig. 6a). After the initial shift of the ZDWs, the waveguide has, over the last 5 mm, an ANDi profile (see fig. 1c), which flattens the central part of the spectrum. In the time domain, we can clearly distinguish the signature of the blue (slower) and red (faster) DWs. We can also notice that dispersive waves start to be generated at the end of the first-stage 3 mm long narrow and straight section, indicated in fig. 6 by a white dashed line. This is in quite good agreement with the expected soliton fission length associated with the narrow entrance waveguide which, at this power, is around 5 mm. As typical in the SC generation in the anomalous dispersion regime, the soliton dynamics and dispersive waves generation results in a complex temporal profile at the waveguide output (fig. 6b,top).

As a final remark, fig. 7 shows the calculated spectral evolution along a 2.3 cm long similarly tapered waveguide simulated without the first-stage straight section at the input at 2.73 kW coupled peak power. We can notice that, as compared to the two-stage waveguide of fig. 5a,(i 

V. MULTI-SPECIES GAS SPECTROSCOPY

We have seen that dips are clearly visible in the experimental spectra and we attribute these to water vapor and CO2 absorption in the free-space path between the waveguide output and the OSA. Fig. 8a shows the SC measured out of the twostage dispersion varying waveguide for 2.73 kW coupled peak power. The shaded cyan and gray areas highlight the spectral bandwidths where water and CO2 strongly absorb. The former exactly corresponds to the band that was filled and flattened thanks to the particular design of our waveguide. The absorption lines observed in the spectrum correspond to the symmetric and asymmetric stretching of H2O and the bending of CO2 molecules. The fine structure of the absorption lines is given by the coupling of vibrational and rotational transitions [START_REF] Hollas | Modern Spectroscopy[END_REF]. Fig. 8b and8c show the absorbance of water and CO2 (respectively) in the spectral bands highlighted in fig. 7a, as retrieved from the measured spectrum (in blue) and from the HITRAN database (red) [START_REF] Rothman | The HITRAN 2012 Molecular Spectroscopic Database[END_REF]. We can notice that, in the case of CO2, we obtain the double branch absorption spectrum typical of roto-vibrational modes in linear molecules [START_REF] Hollas | Modern Spectroscopy[END_REF]. In the case of water, which is not a linear molecule, the absorption lines have a more complex pattern. The absorbance A is defined as:

𝐴 = 𝑙𝑜𝑔 10 ( 𝐼 0 𝐼 )
where 𝐼 0 is the initial intensity (at the output of the waveguide) and 𝐼 is the intensity of the recorded spectrum after a 55 cm long path in free space. To calculate 𝐼 0 , we numerically smoothed the recorded spectrum by calculating the first order derivative, and removing the points with magnitude greater than 0.01. The absorbance from the HITRAN database was obtained starting from the line-by-line intensity data, which give the absorption intensity for a single molecule per unit volume, and multiplying it by a concentration of 5.52x10 18 and 4x10 17 molecules/cm 3 for H2O and CO2, respectively, to match the magnitude of the absorbance retrieved from the experiments. This method enabled us to obtain a quantitative estimation of the concentration of water vapor and CO2 in the environment.

In the case of CO2, the absorption lines appear broader than those from HITRAN, due to the limited resolution of our OSA. The estimation of CO2 concentration is thus less accurate than for water vapor. The quality of these measurements could be easily improved using a gas cell, which would allow us to record a reference signal. 

VI. CONCLUSION

We experimentally demonstrated efficient MIR SC generation in a SiGe/Si two-stage dispersion varying waveguide. Our particular design combines a short and narrow section waveguide with an inverse-tapered section. This allows us to improve both the efficiency of SC generation, while the continuous spectral shift of the DWs led to the generation of a flatter SC extending from 2.4 to 7.8 µm. Due to the current limitations of our experimental setup, the long wavelength extension limit was predicted by numerical simulations. The simulated SC was, at shorter wavelengths, in good agreement with experimental results, while our combined experiments and simulations clearly demonstrated the added value of our twostage design against more commonly used straight waveguides. The enhanced bandwidth and spectral flatness of our MIR SC is of special interest for spectroscopic applications. As a proofof-principle demonstration, we performed free-space parallel > REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) < spectroscopy of water vapor and CO2 in the atmosphere. These measurements, which were in good agreement with reference absorption spectra from the high-resolution spectroscopy database HITRAN, enabled us to simultaneously estimate the concentration of both molecular species in the laboratory environment. 
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 1 Fig. 1. (a) Schematic of the two-stage dispersion varying SiGe/Si waveguide. (b) Top view of the tapered waveguide. (c) Dispersion profile (calculated in Lumerical MODE) for selected waveguide widths.
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 2 Fig. 2. (a) Calculated soliton-DW phase mismatch at 2.73 kW coupled peak power for straight waveguides of selected widths.The γ parameter is equal to 1, 0.94, 0.88 and 0.82 (Wm) -1 for 3.25, 3.5, 3.75 and 4 μm wide waveguides, respectively. For waveguides wider than ~4 μm, the pump is in the normal dispersion regime and dispersive waves are not generated.

Fig. 3 .

 3 Fig. 3. Propagation loss of the fundamental TE mode at different wavelengths measured in straight 3.25 (blue squares), 3.75 (green circles), and 4 (red diamond) µm wide waveguides.

Fig. 4 .

 4 Fig. 4. Experimental (a) and simulated (b) SC generation in the tapered waveguide for increasing coupled peak power.IV. DISCUSSION Fig.5shows the experimental (a) and simulated (b) SCs generated at 2.73 kW coupled peak power in the 2.3 cm long two-stage dispersion varying waveguide, as well as in 2.2 cm long straight waveguides with different constant widths. The shaded areas indicate the spectral positions of the DWs as expected from the phase-matching condition for each waveguide width (fig.2). First, we can notice that the position of the DWs is in relatively good agreement with the theory. The small difference with the theoretically predicted phase-matched wavelengths can be due to a slightly different central frequency of the soliton compared to the pump frequency used in the calculations. We can see how both the blue and red DWs shift towards longer wavelengths as the waveguide width increases (the red DW is visible only in the simulations, since it lies beyond the OSA detection limit). For waveguides wider than 4 μm, the pump wavelength is in the normal dispersion region (see fig.1c). Dispersive waves are no longer generated then, and the SC bandwidth in the corresponding straight waveguides starts shrinking (see 4.25 μm wide waveguide), eventually reaching the flat and narrower spectra typical of SC generation in the ANDi regime (see the 8.5 μm wide waveguide). The continuous wavelength shift of the DWs results in the filling of the 2.4-3 μm and 6-7.8 μm spectral regions, leading to a flatter SC in the tapered than in the straight waveguide. In particular, the increased flatness at the blue end of the spectrum leads to better resolution of the dips around 2.7 μm that are due to the absorption from water vapor in the free-space path between the waveguide output and the OSA. Similar dips are also visible at around 4.2 μm due to the absorption from CO2. Finally, the second spectrum from the top in fig.5shows the SC measured when the waveguide is pumped from the wider side (i.e. the waveguide is rotated by 180°), to further emphasize the impact

  ) the spectrum is roughly 300 nm narrower at the short wavelength side (because dispersive waves are not yet generated in the initial part of the waveguide) and (ii) the overall spectral flatness is degraded. This highlights the added value of the first-stage straight section to improve the quality of the SC in terms of bandwidth and flatness.

Fig. 6 .

 6 Fig. 6. (a) Bottom: spectral evolution at different distances along the two stage dispersion varying waveguide and

Fig. 5 .

 5 Fig. 5. Experimental (a) and simulated (b) SC generated at 2.73 kW coupled peak power in the two-stage dispersion varying waveguide (pumped from the narrow side, top, and from the wide side, second from top) and in waveguides of different constant widths. The shaded areas indicate 200 nm wide spectral regions around the wavelengths that satisfy the soliton-dispersive wave phase-matching condition (dashed lines). The rise of the experimental spectra at around 5.5 µm is due to the increased noise floor of the OSA (red spectrum in the top plot of fig. (a)).

Fig. 7 .

 7 Fig. 7. Spectral evolution simulated in the 2.3 cm long tapered waveguide without the first stage narrow straight section at the input for 2.75 kW coupled peak power. Bottom: spectral evolution at different distances along the tapered waveguide, and corresponding wavelength shift of the dispersive waves. Top: Spectrum at the output of the waveguide.

Fig. 8 .

 8 Fig. 8. (a) Spectrum measured at the output of the two-stage dispersion varying waveguide for 2.73 kW coupled peak power. The cyan and gray shaded areas highlight the spectral bandwidths where H2O and CO2 strongly absorb. (b) Blue: absorbance of water retrieved from the absorption deeps in the measured spectrum. Red: absorbance calculated from data taken from HITRAN database. (c) Same as (b) for CO2.
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