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Coherence test on graphs constraints between hyperintervals

This paper proceeds to develop a model for representing and reasoning about time from the perspective of nonstandard analysis.

Introduction

The purpose of the temporal system about which we are going to speak is to allow the correct interpretation of expressions putting at stake various levels of granularity in a representation of time based on extended entities associated with several binary relations. It is important for at least two reasons. The first reason lies in the fact that a correct modelling of the temporal phenomena of the real world requires the consideration of various levels of granularity in the representation of time [START_REF] Euzenat | Time granularity In: Handbook of Temporal Reasoning in Artificial Intelligence[END_REF]. To model hybrid systems the behavior of which involves inevitably continuous and discrete constituents, the appeal to infinitesimal entities (hyperreals) associated with several binary relations (comparability, nearness, . . .) was often made [START_REF] Iwasaki | Modeling time in hybrid systems: how fast is "instantaneous"?[END_REF]. The second reason lies in the fact that a correct interpretation of what relates to time in natural languages requires the surpassing of the simple notion of temporal precedence between punctual entities as moments [START_REF] Bestougeff | Outils logiques pour le traitement du temps: de la linguistique à l'intelligence artificielle[END_REF]. To interpret statements corresponding to an activity which involves inevitably the existence of a beginning and an end, the appeal to extended entities (intervals) associated to several binary relations (strict precedence, overlapping, . . .) took an important development [START_REF] Van Beek | Approximation algorithms for temporal reasoning[END_REF].

Hyperreals and hyperintervals

In this paper, we shall be interested only in the set P H of all non-unlimited hyperreals. We can show that for all hyperreals a ∈ P H , there exists a real r a and an infinitesimal hyperreal a such that a = r a + a . r a is called standard part of a and a is called infinitesimal part of a. The writing of a as the addition of r a and a invites us to define on Let I H be the set of all hyperintervals. Among the relations which are possible between two hyperintervals, two are to be considered: the relation

= of direct meet such that [a, b] = [c, d] iff b = c and the relation -of shifted meet such that [a, b] -[c, d] iff b≺ inf c.
3 Hyperinterval algebra

Primitive relations

Let us notice that every hyperinterval

[b 1 , b 2 ] defines 9 zones in P H : Z 0 = {a ∈ P H : a≺ app b 1 }, Z 1-= {a ∈ P H : a≺ inf b 1 }, Z 1 = {b 1 }, Z 1+ = {a ∈ P H : b 1 ≺ inf a}, Z 2 = {a ∈ P H : b 1 ≺ app a and a≺ app b 2 }, Z 3-= {a ∈ P H : a≺ inf b 2 }, Z 3 = {b 2 }, Z 3+ = {a ∈ P H : b 2 ≺ inf a} and Z 4 = {a ∈ P H : b 2 ≺ app a}.
As regards the possible relative positions of two hyperintervals, we thus obtain 33 primitive relations, p, m -, m , m + , o, s -, s , s + , d, fi -, fi , fi + , eq -,-, eq -, , eq -,+ , eq ,-, eq , , eq ,+ , eq +,-, eq +, , eq +,+ , f -, f , f + , di, si -, si , si + , oi, mi -, mi , mi + and pi, among which one, eq , , is the identity. We shall denote the primitive relations by the letters A, B and C. In Fig. 1, for all primitive relations A, the value indicated at column "i A " is the unique element of {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} for which there exists hyperintervals

[a 1 , a 2 ], [b 1 , b 2 ] such that [a 1 , a 2 ] A [b 1 , b 2 ]
and a 1 belongs to the zone Z iA defined in P H by [b 1 , b 2 ] and the value indicated at column "j A " is the unique element of {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} for which there exists hyperintervals

[a 1 , a 2 ], [b 1 , b 2 ] such that [a 1 , a 2 ] A [b 1 , b 2 ]
and a 2 belongs to the zone Z jA defined in P H by [b 1 , b 2 ]. The column "Dimension of A" in Fig. 1 suggests to associate with every primitive relation A an element dim(A) in {0, 1, 2, 3, 4}. The column "Ordinal representation of A" in Fig. 1 suggests to associate with every primitive relation A a 2-tuple (i A , j A ) of elements in {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4}. Let dim(•) be the func- 

A i A j A Dim. of A Ord. rep. of A p 0 0 4 (0, 0) m - 0 1- 3 (0, 1-) m 0 1 2 (0, 1 ) m + 0 1+ 3 (0, 1+) o 0 2 4 (0, 2) fi - 0 3- 3 (0, 3-) fi 0 3 2 (0, 3 ) fi + 0 3+ 3 (0, 3+) di 0 4 4 (0, 4) s - 1- 2 3 (1-, 2) eq -,- 1- 3- 2 (1-, 3-) eq -, 1- 3 1 (1-, 3 ) eq -,+ 1- 3+ 2 (1-, 3+) si - 1- 4 3 (1-, 4) s 1 2 2 (1 , 2) eq ,- 1 3- 1 (1 , 3-) eq , 1 3 0 (1 , 3 ) eq ,+ 1 3+ 1 (1 , 3+) si 1 4 2 (1 , 4) s + 1+ 2 3 (1+, 2) eq +,- 1+ 3- 2 (1+, 3-) eq +, 1+ 3 1 (1+, 3 ) eq +,+ 1+ 3+ 2 (1+, 3+) si + 1+ 4 3 (1+, 4) d 2 2 4 (2, 2) f - 2 3- 3 (2, 3-) f 2 3 2 (2, 3 ) f + 2 3+ 3 (2, 3+) oi 2 4 4 (2, 4) mi - 3- 4 3 (3-, 4) mi 3 4 2 (3 , 4) mi + 3+ 4 
tion from {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} into {0, 1, 2}
defined by: for all n ∈ {0, 1, 2}, dim(2n) = 2 and for all n ∈ {1, 2}, dim((2n -1)-) = 1, dim((2n -1) ) = 0 and dim((2n -

1)+) = 1. Let ent(•) be the function from {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} into {0, 1, 2, 3, 4} defined by: for all n ∈ {0, 1, 2}, ent(2n) = 2n and for all n ∈ {1, 2}, ent((2n -1)-) = 2n -1, ent((2n -1) ) = 2n -1 and ent((2n -1)+) = 2n -1. Notice that for all primitive relations A, dim(A) = dim(i A ) + dim(j A ) and either i A is even or j A is even or ent(i A ) < ent(j A ).

Graphical representation

The columns "Dimension of A" and "Ordinal representation of A" suggests to represent every primitive relation A by Fig. • be the function from {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} into {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} defined by: for all n ∈ {0, 1, 2}, 2n = 2n and for all n ∈ {1, 2}, (2n -1)-= (2n -1)-, (2n -1) = (2n -1)and (2n -1)+ = (2n -1)and • be the function from {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} into {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} defined by: for all n ∈ {0, 1, 2}, 2n = 2n and for all n ∈ {1, 2}, (2n -1)-= (2n -1)+, (2n -1) = (2n -1)+ and (2n -1)+ = (2n -1)+. We shall say that an interval [i, j] of {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} is balanced iff either i and j are even or i = j or there exists n ∈ {1, 2} such that i = (2n -1)and j = (2n -1)+. For all intervals [i, j] of {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4}, we shall denote by [[i, j]] the greatest balanced interval of {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} contained in [i, j]. With every zone Z of the graphical representation of A, we associate a balanced interval int A (Z) of {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} as follows: 

int A (Z 0 ) = [[0, i A ]], int A (Z 1-) = [[ i A , i A ]], int A (Z 1 ) = {i A }, int A (Z 1+ ) = [[i A , i A ]], int A (Z 2 ) = [[i A , j A ]], int A (Z 3-) = [[ j A , j A ]], int A (Z 3 ) = {j A }, int A (Z 3+ ) = [[j A , j A ]] and int A (Z 4 ) = [[j A , 4]].

Transposition and composition

, if i C ∈ int B (Z iA ) and j C ∈ int B (Z jA ) then C is in A • B.
A set of primitive relations is called a relation. We shall denote the relations by the letters R, S and T . For all relations R, S, we define:

0 = ∅, -R = {p, . . . , pi} \ R, R S = R ∪ S, id = {eq , }, R -1 = {A -1 : A ∈ R} and R • S = {A • B: A ∈ R and B ∈ S}.
Let R 33 be the set of all relations. With every relation R of R 33 , we associate a relation η(R) on I H as follows: a η(R) b iff there exists a primitive relation A such that A ∈ R and a A b. As the reader is asked to show, η(•) is an isomorphism from (R 33 , 0, -, , id, -1 , •) into a subalgebra of relations of the set of all relations on I H . Consequently,

Proposition 3 (R 33 , 0, -, , id, -1 , •) is a representable algebra of relations.
For all relations R, we define: dim(R) = max{dim(A): A ∈ R}. 

Convex relations

p m p m + p o p fi - p fi p fi + p di p s - p eq -,-
p eq -, p eq -,+ p si - p s p eq ,- p eq , p eq ,+ p si p s + p eq +,- p eq +, I are such that the set of all primitive relations is a lattice. Obviously, for all relations R, R ⊆ I(R). Moreover, if R and S are relations such that R ⊆ S then I(R) ⊆ I(S). A relation R is said to be convex iff I(R) ⊆ R. For example, {eq ,+ , eq +,+ , f + , si , si + , oi} is convex.

p eq +,+ p si + p d p f - p f p f + p oi p mi -p mi p mi + p pi

We write A

I R if for all primitive relations C, if C is in R then A I C and R I B if for all primitive relations C, if C is in R then C I B. [A, B]
Proposition 4 Let R, S be relations. If R and S are convex then R S is convex. Proposition 5 Let R, S be relations. If R and S are convex then R • S is convex. Obviously, I(R) is convex. Moreover, Proposition 6 Let R, S be relations. 1. I(R -1 ) = I(R) -1 .

I(R • S) ⊆ I(R) • I(S).

Preconvex relations

Let C be the least order on {0, 1-, 1 , 1+, 2, 3-, 3 , 3+, 4} such that 0 C 1-, 1-C 1 , 1+ C 1 , 2 C 1+, 2 C 3-, 3-C 3 , 3+ C 3 and 4 C 3+.
The order C between primitive relations represented in Fig. 4 is definable as follows:

A C B iff i A C i B and j A C j B . C (A) will designate the p 0 p 1- p 1 p 1+ p 2 p 3- p 3 p 3+ p 4 p 0 p 1- p 1 p 1+ p 2 p 3- p 3 p 3+ p 4 p p p m - p m p m + p o p fi - p fi p fi + p di p s - p eq -,-
p eq -, p eq -,+ p si - p s p eq ,- p eq , p eq ,+ p si p s + p eq +,- p eq +, p eq +,+ set of all primitive relations B such that A C B. For all relations R, let CL(R) = { C (A): A ∈ R}. Obviously, for all relations R, R ⊆ CL(R). Moreover, if R and S are relations such that R ⊆ S then CL(R) ⊆ CL(S). We will say that a relation R is weakly preconvex if I(R) ⊆ CL(R). For example, {eq +,+ , f + , si , oi} is weakly preconvex.

p si + p d p f - p f p f + p oi p mi -p mi p mi + p pi
Proposition 7 Let R be a relation. dim(CL(R) \ R) < dim(R). Proposition 8 Let R be a relation. If R is weakly preconvex then dim(I(R) \ R) < dim(R).
We will say that a relation R is strongly preconvex if for all relations S, if S is convex then R S is weakly preconvex. For example, {eq +,+ , f + , si , si + , oi} is strongly preconvex. Obviously, if R is strongly preconvex then R is weakly preconvex. Moreover, Proposition 9 Let R, S be relations. If R is strongly preconvex and S is convex then R S is strongly preconvex.

Constraint satisfaction problems

The 3 previous sections naturally suggest us to consider the problem of the coherence of graphs constraints between hyperintervals. A graph G = (n, C) of constraints between hyperintervals consists of a positive integer n and a function C(•, •) from {1, . . . , n} × {1, . . . , n} into R 33 . We will say that G is nonempty if for all i, j ∈ {1, . . . , n}, Card(C(i, j)) ≥ 1. G is said to be coherent if there exists hyperintervals a 1 , . . . , a n such that for all i, j ∈ {1, . . . , n}, there exists a primitive relation A such that A ∈ C(i, j) and a i A a j . The problem of the coherence of graphs constraints between hyperintervals is the following: given a graph G = (n, C) of constraints between hyperintervals, determine whether G is coherent or not. We will say that G is atomic if for all i, j ∈ {1, . . . , n}, Card(C(i, j)) ≤ 1.

Proposition 10 The problem of the coherence of atomic graphs constraints between hyperintervals is in P .

Hence, The problem of the coherence of graphs constraints between hyperintervals is in NP . The trouble is that The problem of the coherence of graphs constraints between hyperintervals is NP -hard. The 2 following notions (convexity and path-coherence) have been considered together within the context of interval algebra [START_REF] Van Beek | Approximation algorithms for temporal reasoning[END_REF]. G is said to be convex if for all i, j ∈ {1, . . . , n}, C(i, j) is convex. We will say that G is path-coherent if for all i, j, k ∈ {1, . . . , n}, C(i, j) ⊆ C(i, k) • C(k, j). Let G = (n, C) be a convex graph constraints between hyperintervals. It can be proved that if G is nonempty and path-coherent then G is coherent. Thus, Proposition 11 The problem of the coherence of convex graphs constraints between hyperintervals is in P .

The 2 following notions (strong preconvexity and weak path-coherence) have been considered together within the context of rectangle algebra [START_REF] Balbiani | A new tractable subclass of the rectangle algebra[END_REF]. G is said to be strongly preconvex if for all i, j ∈ {1, . . . , n}, C(i, j) is strongly preconvex. We will say that G is weakly path-coherent if for all i, j, k ∈ {1, . . . , n}, C(i, j) ⊆ I(C(i, k) • C(k, j)). Let G = (n, C) be a strongly preconvex graph constraints between hyperintervals. It can be proved that if G is nonempty and weakly path-coherent then G is coherent. Thus, Proposition 12 The problem of the coherence of strongly preconvex graphs constraints between hyperintervals is in P .

Conclusion

Much remains to be done. At the level of the problem of the coherence of graphs constraints between hyperintervals, for example, we do not know if it is possible to consider sets of relations greater than the set of all strongly preconvex relations and for which the problem of the coherence of graphs constraints between hyperintervals remains feasible in polynomial time. In other respect, there is the question of the development for the hyperreals of a qualitative approach à la Ligozat [START_REF] Ligozat | On generalized interval calculi[END_REF]. For the moment, we know nothing of the feasibility of the problem of the coherence of graphs constraints between generalized hyperintervals that such a development would arouse.
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  H the relations ≺ inf and ≺ app by: a≺ inf b iff r a = r b and a ≺ b and a≺ app b iff r a ≺r b . Hyperreals a, b ∈ P H such that a≺ app b define an hyperinterval, denoted by [a, b].
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 12 A be a primitive relation. As the reader is asked to show, there exists a unique primitive relation, denoted by A -1 and called the transposition of A, such that there exists hyperintervals a, b such that a A -1 b and b A a. Moreover, there exists hyperintervals a, b such that a A -1 b and bA a iff 1 ∈ int A (Z i A -1 ) and 3 ∈ int A (Z j A -1 ). Consequently, Let A be a primitive relation. The transposition A -1 of A is the unique primitive relation such that 1 ∈ int A (Z i A -1 ) and 3 ∈ int A (Z j A -1 ).Let A, B be primitive relations. As the reader is asked to show, there exists a least set of primitive relations, denoted by A • B and called the composition of A and B, such that for all primitive relations C, if there exists hyperintervals a, b, c such that a C b, a A c and c B b then C is in A • B. Moreover, there exists hyperintervals a, b, c such that a C b, a A c and c B b iff i C ∈ int B (Z iA ) and j C ∈ int B (Z jA ). Consequently, Let A, B be primitive relations. The composition A•B of A and B is the least set of primitive relations such that for all primitive relations C
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  will designate the set of all primitive relations C such that A I C and C I B. For all relations R, let I(R) = {[A, B]: A I R and R I B}.
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