N

N

A recursive formula for the product of element orders of
finite abelian groups
Subhrajyoti Saha

» To cite this version:

Subhrajyoti Saha. A recursive formula for the product of element orders of finite abelian groups. 2023.
hal-03997516v1

HAL Id: hal-03997516
https://hal.science/hal-03997516v1
Preprint submitted on 20 Feb 2023 (v1), last revised 28 Mar 2023 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03997516v1
https://hal.archives-ouvertes.fr

Submitted to Journal
doi:...... ...

A RECURSIVE FORMULA FOR THE PRODUCT OF
ELEMENT ORDERS OF FINITE ABELIAN GROUPS

SUBHRAJYOTI SAHA

Abstract

Let G be a finite group and let (G) denote the sum of element orders of G; later this concept has been
used to define R(G) which is the product of the element orders of G. Motivated by the recursive formula
for Y/(G), we consider a finite abelian group G and obtain a similar formula for R(G).
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1. Introduction

Let G be a finite group. For any non-empty subset S of G, let ¥(S) denote the sum
of element orders of S. This has been introduced in [2] and later in [5], the notion
R(G) was introduced which stands for the product of element orders of G. In the same
paper, a formula for computing R(G) when G is a finite abelian group was obtained.
In [3, 6], an explicit recursive formula for computing (G) were obtained in case G is
abelian. Motivated by these results, in this paper, we obtain a similar recursive formula
for computing R(G) when G is a finite abelian group.

Throughout this paper, we let ¢(r) denote the Euler totient function of the positive
integer n and let p denote a prime number. A cyclic group of order n will be denoted
by C, whereas C;,r) will denote the elementary abelian p -group of rank . We always
assume G to be finite. For a group G and element x € G, the notation o(x) denotes the
order of x. For any group G, we take

R(G) = ]_[ o(x).
xeG

For a group G, the notation exp(G) denotes the exponent of G which is the smallest
positive integer z such that g* = 15 for all g € G where 15 is the identity element of
G; without any ambiguity we will denote this identity element as 1.

2. Explicit formulas for finite abelian groups

In this section, we obtain explicit recursive formula for R(G) where G is a finite
abelian group. We present this in different cases starting from a finite cyclic group.
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This format is inspired by [3, Section 2]. We will then consider the direct product
of a finite cyclic p-group and a (not necessarily abelian) p-group. Finally, we will
consider a the most general case of finite abelian groups. The proofs of our results in
this section are motivated by the methods used in [3]. We begin with the following
important preliminary results.

Tueorem 2.1. [5, Proposition 1.1] Let G, G, . . . , Gy, be finite groups having co-prime
orders and G = Gy X Gy X - -+ X Gy. Then

k k
RG)=[[R@Gy", where ni= [] |G].i=1,2... .k

i=1 j=1,j#i

Lemma 2.2, [3, Lemma 2.6] Let H = Cpri X Cpy X -+ - X Cp where 1 < ry < rj for all
jwith2 < j<n. Then foranyi € {1,...,r}, there are (pi)n - (pi‘l)n elements of H
of order p'

The following lemma, motivated by [3, Lemma 1.1], follows easily from the fact
that C,, has exactly ¢(d) elements of order d for each divisor d of n.

Lemma 2.3. Let n be any positive integer. Then ¢ (C,) = Y4, de(d) and R(C,) =
1 din 47D

2.1. Finite Cyclic Groups Let G be a cyclic group of order n. Then we know that
G =Cy X---XxXCy,, where my,...,my are co-prime to each other and n = m ... my.

Lemma 2.4. Let G be a cyclic group of order p" where p is a prime number and n is a
P2 (n+ 1)pt!
positive integer, then R(G) = p( Pe=h )

Proor. Using Lemma 2.3, we get R(G) = []™, p*?"" = pZ=1¢)" So we have
R(G) = p* where z = 3], r(p" = p'™") = (1 = ) X7, rp". Now the sum 3, rp”
is an arithmetic-geometric series with common difference 1 and common ration p.

n o p+np”+2—(n+l)p”+l . _ p+np”+2—(n+l)p"+]
Thus 7, rp" = o This shows that z = ——o-n So we get

prnp 2 —(nr)pt!
pp=1)

RG)=p |
Lemma 2.5. Let G be a cyclic group of order s = pq‘ ...p,:" where the p; are distinct

primes withr; > 1 fori=1,... k. Then
_(r +1)p ]n,‘ k

m”,p
[ pipi=1) . .
R(G)—]_[p s =P l]_[p;’-

Proor. We know that G = C, X X C, 1t and p; are all distinct primes. Hence we
can apply Theorem 2.1. Thus by Lemma 2 4 we arrive at the required result. |
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2.2. Direct product of a cyclic p-Group and a p-Group In this section, we obtain
a recursive formula for R(G) where G is a direct product of a finite cyclic p-group and
any p-group. We begin with the following lemma from [3, Lemma 2.3].

LEmmA 2.6. Let G = H X K where H and K are p-groups. Then for any (xi,x;) €
G, o((x1, x2)) = max {o(x1), o(x2)}

We now prove the following using techniques motivated by [3].

ProposiTion 2.7. Let G = C,r X H where r > 1, and H is a p-group with exp(H) > p".
Let N be the number of elements in H that have order p’. Then

_ A i1 NP P ;

R(G) — pp IR(H)‘D H,-zz( }:11(17' ])N]) ) lfl" > 1

PP R(H)?, ifr=1

Proor. Note that G is a finite group whose elements are of the form (x,y) where x €
C, and y € H. We now partition G based on the order of the elements in the first com-
ponent. In particular we have, G = (J;_, Fx wWhere Fj = {(xl, x) €G|o(x) = pk}.
Since the F; N F; = 0 for i # j, we have R(G) = [];_o R (Fi). Now let x; € C, with
o(x1) = pi for some i with 0 < i < r. For each such x, define F; ,, = {(x1,x2) | x, € H}.
Then we have F; = leecl,r,o(xl):pi Fiy, and R(F;) = nxlecpr,o(xl)=p"R(Fi,xl) for
i =0,1,...,r. There are (p' — p"!) elements of order p’ in C
As aresult, R(F;) =R (F,»,xl)("'_"l_l).

Taking i = 0, we have Fyy = Fy; and thus, R (Fy) = R(H). For i = 1, each element
(x1, x2) in Fy, has order same as o(x,) except for (x;, 1) which has order p. Thus
R(F\ ) = pR(H). So R(F1) = (pR(H))"™".

If = 1 then R(G) = R(Fo)R(F) = pP~'R(H)".

Now consider r > 1 and leti € {2,...,r}. For (x1,x2) € Fi,, with o(x;) = P/, we
have o((x1, xp)) = p' if j < iand o((x1, x2)) = p/ if j > i. If ¥ = exp(H) then

i-1 v
R(F,',x]) = l_l(pi)Nj H(pj)Nj
j=0 j=i
i1 ,/
=p [ ] o™
J=1 Jj=i
r i-1
=p l_[(pj)N’ l_[(pi—j)Nj
J=1 j=1

i-1
= PR [ |y
j=1

»r» see Lemma 2.2.

Thus [T}, R(F) = R [T, (T2 (%) and finally the result follows
from a direct calculation R(G) = R (Fo) R; (Fy) [1;_, R; (F)). m|
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2.3. Finite abelian groups We can now state how to compute R(G) for any finite
abelian group G. In view of Theorem 2.1, the following is a direct application of
Proposition 2.7 and Lemma 2.2.

TueoreM 2.8. Let G be a finite abelian group with G = H\ X - - - X Hy, where each H; is
an abelian p;-group and p; are distinct primes fori = 1,...,k. Then

R(G)=R(Hy)...R(Hy)
where R (H;) fori=1,...,k are computed as follows:
a) If H; = Cyy then
pi+np?+2*(n+|)p;'+l
i(pi=1
R(Hl) _ pi pi(pi=1)

b) IfH; = Cp_n XCP_Vz X---xCplrn,where 1< <rpandri+...4+r,=r
then R (H;) can be determined recursively as follows
i) If ry > 1 then

r z—1 . pl _pfil
R(H:) = p! ' R(Cpe x - x Cpy [ | ( (pf_])Nj]
1

=2 \ j=
n—1 i-1 n—1
where N; = ((pl’) - (p{ ) )
ii) Ifry = 1 then
R(H;) = pl"™'R(Cpj X -+ X Cp)".
3. Some Examples
In this final section we compute some examples using Theorem 2.8.

ExawmpLE 3.1. We compute R(C;,r) X Cn) where n and r are positive integers. By part
a) of Theorem 2.8 we have

n+2

(p+np —(+1)p"t! )
R(Cpn) = p =1 .
Then by part b) of Theorem 2.8 we have

prnp™ 2 - p™ ) ((p—1)2 +(prnp 2 e D) )

R(C, X Cp) = Pﬂ—lpp( -1 =D
Similarly

=12 +p)+p(pnp™ 2=+ p*1)
(p-1)

R(CyxCpXxCp)=p

Thus inductively it is easy to show that

(p-D2A+pt..tp" D p" L panp™ 22—+ Dp* ) )

R(CY X Cpr) = p< D

Thus we have

O=D@"=D+p! 7 (prnp 2 pH) )

R(CY x Cp) = p( »=D)
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The next example is an application of Theorem 2.8 in the case where r| > 1.

ExampLe 3.2, In this example we compute R(C > X Cn) where n is a positive integers.
By part a) of Theorem 2.8 we have

p+np”+27(n+l)/7"+] )

R(Cpn) — P( p(p=1)
Then by part b) of Theorem 2.8 we have

2( pnp™2 -+ 1)p

n+1
R(Cp X Cp) = pp—lpl’ T)pp(p—l)(p"'l—l)_

This gives

=D+ 1=pytp(penp™ 2 D) )

R(Cpp X Cp) = p( P

In the following example we compute R(C;’) X C 2 XC ) where n and r are positive
integers with n > 2.

ExampLe 3.3. In example 3.2 we have computed R(Cj> X Cpn). Then by part b) of
Theorem 2.8 we have

) [J( (p-l)z(p"+l—p)+p(p+np"+2—(n+1)p"”)))
— P p-1
R(CPXCPZXCPH)—p p .
This gives
( =D p=p>p™ e p? (prnp 2 - 1)p™ ) ))
p-1

R(Cy,XCpp XxCp)=p

Then inductively one can show that

(=12 U pt.ctp’ —p" e pH 4 (panp2 — (e D+ ))

RICY X CppxCp)=p (
where n and r are integers with n > 2.

Note that formulas obtained in Examples 3.1, 3.2 and 3.3 are straightforward to
compute even when n and r are large. For any finite abelian p-group, an explicit
formula for computing R(G) was obtained in [5, Theorem 1.1]. By expanding
and simplifying the formula obtained in [5, Theorem 1.1] one can compare the
computations for R(Cﬁ,r) X Cp2 X Cp); the recursive formula used in Example 3.3

provides a more efficient method for obtaining R(Cg) X Cp2 X Cpr).

References

[1]  Amiri, H., Amiri, S.M.J.: Sum of element orders on finite groups of the same order. J. Algebra
Appl. 10(2), 187-190 (2011)

[2] Amiri, H., Jafarian Amiri, S.M., Isaacs, .LM.: Sums of element orders in finite groups. Comm.
Algebra 37(9), 2978-2980 (2009)

[3] Chew, C.Y., Chin, A.Y.M., Lim, C.S.: A recursive formula for the sum of element orders of finite
abelian groups. Results Math. 72(4), 1897-1905 (2017)

[4] Térnauceanu, M.: A note on the product of element orders of finite abelian groups. Bull. Malays.
Math. Sci. Soc. (2) 36(4), 1123-1126 (2013)



6 S. Saha

[5] Saha, S.: Sum of the Powers of the Orders of Elements in Finite Abelian Groups. Adv. Group
Theory Appl. To appear

Subhrajyoti Saha, Monash University
e-mail: subhrajyotimath@gmail.com



