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Abstract 
In this article, a mathematical model was developed to describe and optimize the configuration of the urea biosensor. 
The biosensor is based on interdigitated gold microelectrodes modified with a urease enzyme membrane. The model 
presented here focuses on the enzymatic reaction and/or diffusion phenomena that occur in the enzyme membrane and 
in the diffusion layer. Numerical resolution of differential equations was performed using the finite difference technique. 
The mathematical model was validated using experimental biosensor data. The responses of the biosensor to various 
conditions were simulated to guide experiments, improve analytical performance, and reduce development costs. 
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1. Introduction 
Urea is the breakdown product of nucleic acids and 
proteins into nitrogenous waste in the liver. It is eliminated 
from the body primarily through urine, but it is also 
secreted in bodily fluids such as blood and saliva [1]. 
Humans have a normal urea level of 0,25 to 0,6 mM in the 
blood and 155 to 390 mM in the urine thus providing key 
information on kidney function and in the diagnosis of 
various kidney disorders and hepatic [2]. Regarding the 
environment, urea is used in agriculture as a fertilizer, de-
icing agent, etc. However, these molecules lead to the 
acidification and eutrophication of fertile soil. Thus the 
contamination of surface water by runoff disrupts the 
ecosystem and causes the death of aquatic life [3]. 
Therefore, it becomes necessary to monitor urea levels in 
urine and blood and in different fields such as agriculture, 
food, pharmacy, etc. 
The use of enzymatic hydrolysis of urea by urease in the 
development of a urea biosensor has attracted considerable 
attention from biochemical and clinical analyzes [4]. 
Hydrolysis of urease in urea generates ionic products, such 
as NH4+, HCO3- and OH-. The ions produced are 
monitored by several techniques, such as an optical 
transducer [5,6], potentiometry [7,8], colorimetry [9,10], 
amperometry [11,12], and conductometry [13,14]. 
Conductometric biosensors have significant advantages, 
as they do not require the use of a reference electrode; they 
operate at an alternating voltage of low amplitude, they are 
insensitive to light; and they can be miniaturized and 
integrated easily [15]. The conductometric measurement 

method can be used in enzymatic catalysis involves either 
the consumption or the production of charged species, 
therefore, lead to an overall change in the ionic 
composition of the sample tested. The conductivity 
measured by the biosensor is easily modified by the 
presence of other ions or those produced by the enzymatic 
reaction, which affects the selectivity of the method. 
However, in the case of an integrated microbiosensor, this 
limitation can be overcome by using a differential 
measurement scheme which compensates for changes in 
the conductivity of the medium [16]. 
This article aims to investigate the problem of optimizing 
biosensor design using an interdisciplinary approach that 
combines mathematical and computational modeling with 
electrochemical and biochemical techniques. A 
mathematical model was developed to analyze the 
response of a conductometric enzyme biosensor for the 
detection of urea. The transducer is composed of 
interdigitated inert gold microelectrodes coated with a 
layer of urease enzyme. The main components of the 
biosensor are based on well-known physical processes 
such as diffusion as well as biological and electrochemical 
reactions. The finite difference method was used to solve 
partial differential equations coupling diffusive mass 
transfer to enzymatic kinetics. Experimental urea detection 
data were used to validate the mathematical model. The 
numerical results are compared with the experimental 
results and appear to be in good agreement. The responses 
of the biosensor to various conditions (such as the 
thickness of the diffusion layer, thickness of the enzyme 
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membrane, urea concentration, etc.) were simulated. This 
exploitation can guide experiments to improve analytical 
performance and reduce development costs. 

2. Materials and Methods 

2.1. Reagents and Apparatus 
Bovine serum albumin (BSA), Urease (Type III from Jack 
Beans), glutaraldehyde (25% aqueous solution), glycerol 
(>99%) and phosphate buffered saline (PBS) were 
obtained from Sigma-Aldrich. All aqueous solutions were 
prepared using ultrapure water.  
The conductometric transducers contain two identical 
pairs of gold interdigitated electrodes. The dimension of 
each interdigital space and digit was 20µm and the length 
of the digits was 1 mm. The area of each pair of electrodes 
was 1 mm². Measurements were performed at 23±2°C by 
applying to the differential pairs of electrodes an 
alternative voltage (10 mV amplitude, 100 kHz frequency) 
generated by a low-frequency wave form generator 
(SR830 lock-in amplifier from Stanford Research 
Systems). 

2.2. Preparation of the urea biosensor 
The suspension system contains 6% of BSA, 4% of urease 
and 10% of glycerol dispersing in 5 ml of phosphate buffer 
with a concentration of 20 mM (pH 7,3). The mixture was 
mixed for 1 hour. 0,2 µL of this solution was deposited 
onto interdigitated microelectrodes.  For the preparation of 
the reference microelectrode, the same steps previously 
were followed, but in the absence of the urease in the initial 
mixture. The interdigitated microbiosensors were then 
placed in saturated glutaraldehyde vapours for 30 min. 
Finally, the biosensors were dried at room temperature for 
30 min and stored at 4 °C before the experiments [17]. 

2.3. Conductometric measurements 
Interdigitated microelectrodes modified by urease film 
were placed in a glass cell filled with 5 mL of PBS with a 
concentration of 5 mM (pH 7.3±0.1). The solution was 
stirred vigorously. Measurements were performed by 
applying to the differential pairs of electrodes an 
alternative voltage with the amplitude of 10mV and a 
frequency of 100 kHz generated by the generator. The 
measurements were repeated after adding urea to the PBS 
solution in a range of 1x10-8 to 3x10-6 mol/cm3. 
Experiments were carried out at ambient temperature. 

3. Conductometric biosensor model 

3.1. Description of the system 
Urea in the bulk analyte solution diffuses through a 
diffusion boundary layer to the enzyme membrane, where 
its hydrolysis is catalyzed by urease. The ions formed by 
the reaction increase the electrical conductivity of the 
solution at the surface of the sensor. This change in 

conductivity is detected by a change in the electrical 
conductance of the array of interdigitated electrodes, 
which depends on the conductivity of the solution near the 
sensor surface. The concentrations of ionic products were 
used to calculate the spatial and temporal distribution of 
electrical conductivity. 
The operation of the conductometric urea sensor was 
modeled by solving the coupled problem of mass transport 
and enzymatic reaction to determine the concentration of 
ionic products at the surface of the electrode. 
The structure of the conductometric urea biosensor is 
illustrated schematically in Figure 1.For the development 
of a mathematical model it is assumed that, the geometry 
of the electrode is symmetrical. The enzyme membrane is 
uniform with a homogeneous distribution. It is also 
assumed that the transport process of all species is defined 
in a one-dimensional spatial domain. 
The structure of the biosensor is divided into two zones; 
the diffusion layer from δm to δd where the bulk solution 
substrate diffuses without reaction, and the porous 
enzymatic membrane from 0 to δm where the substrate is 
hydrolyzed by urease immobilized to the electrode surface 
during diffusion.   

 
Figure 1. Scheme of principal structure of conductometric 
biosensor for urea detection. S: urea, positive and negative 
charges: product ions of the enzymatic reaction.  

3.2. Enzymatic reaction 
The detection principle due to ions generated by the 
hydrolysis of the urea catalysis by urease according to the 
reaction [4]:  

𝐶𝐶𝐶𝐶(𝑁𝑁𝑁𝑁2)2 +  3𝐻𝐻2𝑂𝑂 
𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈
�⎯⎯⎯�  2𝑁𝑁𝑁𝑁4+ + 𝐻𝐻𝐻𝐻𝐻𝐻3− +  𝑂𝑂𝑂𝑂−   Eq.1                                                                                                                         

The enzymatic rate depends only on urea concentration; 
therefore the speed of the urease reaction can calculate 
according to the Michaelis-Menten mechanism [18]: 

𝑉𝑉 =  𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚.𝑆𝑆
𝐾𝐾𝑚𝑚+𝑆𝑆

                   Eq.2 

Where Vmax is the maximum of catalysis speed, Km is 
Michaelis-Menten constant and S is the urea concentration 
at the sensor surface.  
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In the experiments conducted for this study, enzyme was 
immobilized only at the sensor surface, so the term V will 
be zero except at the sensor surface.  

3.3. The kinetic paramaters of the enzymatic reaction 
Figure 2 shows the graphic presentation of the 
linearization from the Michaelis-Menten equation:  
 
1
𝑉𝑉

= 𝐾𝐾𝑚𝑚
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

1
𝑆𝑆

+ 1
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

                             Eq. 3    

The enzymatic speed corresponds to the slope of tangent 
at the origin [19]. The conductivity values at 120 s are 
considered to estimate the kinetic parameters of the urease 
enzyme immobilized to the sensor. 
The linear equation found is y = 7.72*10-7 x + 0.406 with 
a correlation coefficient R² = 0.998. This linearization 
method gives the maximum of catalysis speed Vmax = 2.46 
µS cm-1.s-1 and the constant Km = 19.01*10-7 mol/cm3. 

 

Figure 2. Lineweaver-Burk plot of urease kinetic for 
different urea concentrations.   

3.4. Governing equations 
For x ϵ] δm, δd [: 
In the diffusion layer, concentrations of urea and products 
of enzymatic reaction depend on the time and position. The 
equations governing the system are based on the principle 
of conservation of mass. They can be described according 
to the second Fick’s law by the following equations:  

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑠𝑠𝑠𝑠
𝜕𝜕²𝑆𝑆
𝜕𝜕𝜕𝜕²

                                  Eq.4 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑝𝑝𝑝𝑝
𝜕𝜕²𝑃𝑃
𝜕𝜕𝜕𝜕²

                                  Eq.5 

Where S: is the concentration of urea, P: is the 
concentration of the products of enzymatic reaction (NH4+; 
HCO3- ; OH-), t: is the time, x: is the position and Dsd/Dpd: 
is Diffusivity of the substrate/products in the diffusion 
layer.  

For x ϵ] 0, δm [: 
In the enzymatic membrane, concentrations of urea and 
products of enzymatic reaction depend on the time, 
position and the rate of the enzymatic reaction. This 
system is described by the following mass balance 
equations: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑠𝑠𝑠𝑠
𝜕𝜕²𝑆𝑆
𝜕𝜕𝜕𝜕²

−  𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 .  𝑆𝑆
K𝑚𝑚+𝑆𝑆

                                 Eq.6 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝑝𝑝𝑝𝑝
𝜕𝜕²𝑃𝑃
𝜕𝜕𝜕𝜕²

+ 𝜐𝜐𝑝𝑝  𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉 .  𝑆𝑆
K𝑚𝑚+𝑆𝑆

                 Eq. 7 

Where υp: stoichiometric coefficients of the ion. 

Initial conditions: 
Initial conditions assume spatially uniform concentrations 
of all species; the initial conditions are as follows: 

S(δm+δd, 0)=S0                                                          Eq.8
                                                                                                                                                             
S(x,0)=0                        Eq. 9                                                                                                                          
P(x,0)=0                         Eq.10                                                                                                                       

Where S0 is the concentration of urea in bulk solution.  

Boundary conditions:  
At the diffusion layer-bulk solution interface (x= δm+ δd), 
the concentrations of the substrate and the products are 
equal to the bulk solution values during the biosensor 
operation:  

S(δm+δd,t)=S0                                 Eq.11                                                                                                                                                          
P(δm+δd,t)=0                       Eq.12                                                                                                                

At the enzymatic membrane-diffusion layer interface (x= 
δm), the flux of substrate and products passing from one 
layer to another are assumed to be equal. This is defined 
by the following conditions (t> 0): 

𝐷𝐷𝑠𝑠𝑠𝑠
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑥𝑥=δm

= 𝐷𝐷𝑠𝑠𝑠𝑠
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑥𝑥=δm

                 Eq.13 

𝐷𝐷𝑝𝑝𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕
�
𝑥𝑥=δm

= 𝐷𝐷𝑝𝑝𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑥𝑥=δm

                 Eq.14 

At the electrode surface (x=0), the substrate is electro-
inactive substance, and the concentration of the products 
at the sensor surface is being permanently reduced to zero 
due to the polarization of the electrode (t> 0) [18,20]: 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑥𝑥=0

= 0                   Eq.15 

P(0,t)=0                        Eq.16                                                                                                                       
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The conductivity response of the biosensor was calculated 
using equation 17 below [21]: 

𝜎𝜎𝑖𝑖
𝑗𝑗 = ∑ |𝑍𝑍𝑛𝑛|𝑛𝑛 ℷ𝑛𝑛𝑃𝑃𝑛𝑛𝑛𝑛

𝑗𝑗                   Eq.17 

Where σij: is the conductivity of the ith layer at the jth time 
(µS.cm-1), Zn: is the charge of ion n, ℷn: is the equivalent 
ionic molar conductivity of the ion n (µS.cm².mol-1), Pnij: 
is the concentration of the ion n in the ith layer at the jth 
time (mol.cm-3). 

3.5. Numerical method 
Finite difference method was used to solve simultaneously 
equations (4)-(16), to predict the response of the 
conductometric biosensor as a function of time.  
In order to simplify the modeling: The diffusion 
coefficients of the ionic species in each diffusion layer are 
equal. The time step (Δt) and the space step (Δx) are the 
same in the two diffusion layers.  
The approximation of the equations of substrate (S) and 
products (P) in diffusion layer and enzymatic layer were 
given as follows, respectively:  
For xϵ] δm, δd [   

−𝐷𝐷𝑠𝑠𝑠𝑠
∆𝑡𝑡
∆𝑥𝑥2

𝑆𝑆𝑖𝑖−1
𝑗𝑗+1 + (1 + 2𝐷𝐷𝑠𝑠𝑠𝑠

∆𝑡𝑡
∆𝑥𝑥2

)𝑆𝑆𝑖𝑖
𝑗𝑗+1 − 𝐷𝐷𝑠𝑠𝑠𝑠

∆𝑡𝑡
∆𝑥𝑥2

𝑆𝑆𝑖𝑖+1
𝑗𝑗+1 =

𝑆𝑆𝑖𝑖
𝑗𝑗                                                                              Eq. 18 

−𝐷𝐷𝑝𝑝𝑝𝑝
∆𝑡𝑡
∆𝑥𝑥2

𝑃𝑃𝑖𝑖−1
𝑗𝑗+1 + (1 + 2𝐷𝐷𝑝𝑝𝑝𝑝

∆𝑡𝑡
∆𝑥𝑥2

)𝑃𝑃𝑖𝑖
𝑗𝑗+1 − 𝐷𝐷𝑝𝑝𝑝𝑝

∆𝑡𝑡
∆𝑥𝑥2

𝑃𝑃𝑖𝑖+1
𝑗𝑗+1 =

𝑃𝑃𝑖𝑖
𝑗𝑗                                                                              Eq. 19 

For xϵ] 0, δm [   

−𝑫𝑫𝒔𝒔𝒔𝒔
∆𝒕𝒕
∆𝒙𝒙𝟐𝟐

𝑺𝑺𝒊𝒊−𝟏𝟏
𝒋𝒋+𝟏𝟏 + (𝟏𝟏+ 𝟐𝟐𝟐𝟐𝒔𝒔𝒔𝒔

∆𝒕𝒕
∆𝒙𝒙𝟐𝟐

)𝑺𝑺𝒊𝒊
𝒋𝒋+𝟏𝟏 − 𝑫𝑫𝒔𝒔𝒔𝒔

∆𝒕𝒕
∆𝒙𝒙𝟐𝟐

𝑺𝑺𝒊𝒊+𝟏𝟏
𝒋𝒋+𝟏𝟏 =

𝑺𝑺𝒊𝒊
𝒋𝒋 − 𝑽𝑽𝒎𝒎𝒎𝒎𝒎𝒎𝑺𝑺𝒊𝒊

𝒋𝒋

𝑲𝑲𝒎𝒎+𝑺𝑺𝒊𝒊
𝒋𝒋                                                               Eq. 20 

−𝑫𝑫𝒑𝒑𝒑𝒑
∆𝒕𝒕
∆𝒙𝒙𝟐𝟐

𝑷𝑷𝒊𝒊−𝟏𝟏
𝒋𝒋+𝟏𝟏 + �𝟏𝟏+ 𝟐𝟐𝟐𝟐𝒑𝒑𝒑𝒑

∆𝒕𝒕
∆𝒙𝒙𝟐𝟐
�𝑷𝑷𝒊𝒊

𝒋𝒋+𝟏𝟏 −

𝑫𝑫𝒑𝒑𝒑𝒑
∆𝒕𝒕
∆𝒙𝒙𝟐𝟐

𝑷𝑷𝒊𝒊+𝟏𝟏
𝒋𝒋+𝟏𝟏 = 𝑷𝑷𝒊𝒊

𝒋𝒋 + 𝝊𝝊𝒑𝒑
𝑽𝑽𝒎𝒎𝒎𝒎𝒎𝒎𝑺𝑺𝒊𝒊

𝒋𝒋

𝑲𝑲𝒎𝒎+𝑺𝑺𝒊𝒊
𝒋𝒋                                Eq. 21 

The initial and boundary conditions are approximated as 
follows: 
For t = 0 

𝑺𝑺𝒆𝒆𝒆𝒆𝒆𝒆𝟎𝟎 = 𝑺𝑺𝟎𝟎                  Eq. 22 

𝑺𝑺𝒊𝒊𝟎𝟎 = 𝟎𝟎                                Eq. 23 

𝑷𝑷𝒊𝒊𝟎𝟎 = 𝟎𝟎                                Eq. 24 

For x = 0  

𝑺𝑺𝟎𝟎
𝒋𝒋 = 𝑺𝑺𝟏𝟏

𝒋𝒋                                            Eq. 25 

𝑷𝑷𝟎𝟎
𝒋𝒋 = 𝟎𝟎                                                                       Eq.26 

For x = δm  

𝑺𝑺𝒊𝒊
𝒋𝒋 = 𝑫𝑫𝒔𝒔𝒔𝒔𝑺𝑺𝒊𝒊−𝟏𝟏

𝒋𝒋 +𝑫𝑫𝒔𝒔𝒔𝒔𝑺𝑺𝒊𝒊+𝟏𝟏
𝒋𝒋

𝑫𝑫𝒔𝒔𝒔𝒔+𝑫𝑫𝒔𝒔𝒔𝒔
                              Eq. 27 

𝑷𝑷𝒊𝒊
𝒋𝒋 = 𝑫𝑫𝒑𝒑𝒑𝒑𝑷𝑷𝒊𝒊−𝟏𝟏

𝒋𝒋 +𝑫𝑫𝒑𝒑𝒑𝒑𝑷𝑷𝒊𝒊+𝟏𝟏
𝒋𝒋

𝑫𝑫𝒑𝒑𝒑𝒑+𝑫𝑫𝒑𝒑𝒑𝒑
                              Eq. 28 

For x = δm+δd  

𝑷𝑷𝒆𝒆𝒆𝒆𝒆𝒆
𝒋𝒋 = 𝑺𝑺𝟎𝟎                                                                Eq. 29 

𝑷𝑷𝒆𝒆𝒆𝒆𝒆𝒆
𝒋𝒋 = 𝟎𝟎                  Eq. 30 

Where: i ranging from 0 to (δm+δd)/Δx, and j ranging 
from 0 to final time/Δt.  

3.6. Numerical simulation 

At each time step, discretized version of different 
equations was solved applying Thomas algorithm [22]. 
The numerical simulation of the biosensor responses has 
been carried out using Matlab software.  The unknown 
parameters (δm, δd, Dsd, Dsm, Dpd, Dpm) are determined by 
minimizing the error between the experimental and the 
theoretical values of the conductivity. This error is 
calculated according to the following relationship. 
 
𝑒𝑒 = ∑ �σ𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒−σ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

σ𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
�               Eq. 31 

 
The general algorithm of the simulation is represented in 
Figure 3, and the parameters used during this simulation 
are gathered in Table 1.  
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Figure 3. Simulation algorithm of the mathematical 
model. 
 

4.  Results and Discussion 
 
4.1. Model Validation 
 
The various parameters of the conductometric biosensor 
determined by the model for the different concentrations 
of urea are gathered in Table 2. The diffusion layer and the 
thickness of the enzymatic membrane are estimated at 
0.0022 cm and 0.0211 cm, respectively. The values of 
diffusion coefficient of the substrate in the diffusion layer 
(Dsd) was between 1.40 10-8 and 2.23 10-8cm²/s (Dsd 
medium = 2.23 10-8cm²/s). The diffusivity of urea in the 
enzymatic layer was estimated between 9.50 10-7 and 4.12 
10-7 cm²/s (Dsm medium = 6.81 10-7cm²/s). For the 
products, the diffusion coefficient in the enzymatic 
membrane is approximated to a value between 4.20 10-8 

and 7.10 10-8 cm²/s (Dpm medium = 5.65 10-8cm²/s). While, 
the diffusivity value of the products in the diffusion layer 
is negligible (Dpd <10-22cm²/s).  
The numerical simulation of the mathematical model 
previously described was successfully applied to calibrate 
the response of the urea biosensor. Figure 4.a shows that a 
better fit is achieved between the experimental and 
theoretical data with an adjustment error less than 10-3. 
Considering the steady state conductivity, a good linear 
relationship between the experimental and theoretical 
conductivity as a function of the urea concentration is 
achieved (Fig.4.b). The regression equations are σ = 
0.107*108 [urea] + 19,4; R²=0.96 and σ = 0.106*108 [urea] 
+ 21.4; R²=0.97; respectively with a 1.80% relative 
standard deviation. 

 
 
Table 1. Parameters and variables used in the numerical simulation. 
 

Parameters/Variables  Dimensional parameters   Value/Variation range  
Time t, s  0-630  
Diffusion layer thickness δd, cm 0.0001-0,01 
Enzymatic layer thickness δm, cm 0.0001-0,01 
Initial concentration of urea S0, mol/cm3 1*10-8-3*10-6 
Michaelis-Menten constant Km, mol/cm3 19.01*10-7 

Maximum of catalysis speed Vmax, µS/cm.s 2,46 
Diffusivity of the substrate in the 
diffusion layer. 

Dsd, cm²/s  
 

10-6-10-9 

Diffusivity of the products in the 
diffusion layer. 

Dpd, cm²/s  
 

10-6-10-9 

Diffusivity of the substrate in the 
enzymatic layer. 

Dsm, cm²/s 
 

10-6-10-9 

Diffusivity of the products in the 
enzymatic layer. 

Dpm, cm²/s 
 

10-6-10-9 

Equivalent ionic molar 
conductivity of NH4+/HCO3-/OH- 

ℷ, µS.cm²/mol 7350/4450/19800 

Experimental conductivity σ, µS/cm / 
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Table 2. Different parameters of the conductometric biosensor estimated by the model for different concentrations of 
urea. 

 
Concentration 
(mol/cm3) 

Dsd (cm²/s)  Dsm (cm²/s) Dpm (cm²/s) δd (cm) δm (cm) error 

1x10-8 
6x10-8 
1x10-7 
2,5x10-7 
5x10-7 
1x10-6 
3x10-6 

2.23 10-8 

1.65 10-8 

1.50 10-8 

1.90 10-8 

1.40 10-8 

1.60 10-8 

1.80 10-8 

9.50 10-7 

6.05 10-7 

5.75 10-7 

5.05 10-7 

5.25 10-7 

4.65 10-7 

4.12 10-7 

4.20 10-8 

4.50 10-8 

4.80 10-8 

5.30 10-8 

6.10 10-8 

6.50 10-8 

7.10 10-8 

0.0022 
0.0022 
0.0022 
0.0022 
0.0022 
0.0022 
0.0022 

0.0211 
0.0211 
0.0211 
0.0211 
0.0211 
0.0211 
0.0211 

3.12 10-4 

1.75 10-4 

3.66 10-4 

1.78 10-4 

5.76 10-4 

4.32 10-4 

1.42 10-4 
       

 

 

 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 
Figure 4. a) Theoretical results and the experimental data of the conductometric biosensor response for different 
concentrations of urea. b) Experimental and numerical calibration curves of the conductometric urea biosensor

4.2. Model exploitation 
 

4.2.2. Concentration and conductivity profiles 

By using the mathematical model developed, it is possible 
to determine the concentrations of the substrate and the 
products as a function of time in the vicinity of the 
electrodes.  
Figure 5 shows the variation of the concentration of urea 
in the diffusion layer and the enzymatic membrane for a 
concentration of urea in solution equal to S0= 3*10-6. The 
concentration of urea at x= δm+ δd equal to S0. At x= δm+ 
9/10 δd, the concentration of urea in steady state (2.279*10-

7 mol/cm3) is 13.16 times weaker than S0. Urea 
concentration continues to decrease, at x= δm the steady-
state concentration equal to 4.294*10-8 mol/cm3, this value 
is 69.86 times weaker than S0.  
In the enzyme membrane, at x= 9/10 δm the concentration 
of urea in steady state equal to 2.377*10-8 mol/cm3, it is 
128.21 times weaker than S0 and 1.8 times weaker than the 

value at x= δm. The urea concentration is lower and lower 
for an x close to zero, at x=0 it is equal to 1.897*10-10 

mol/cm3, that is to say it is 15814.4 more weaker than S0. 
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Figure 5. a) Urea concentration profiles in the diffusion 
layer and in the enzyme membrane for S0=3x10-6 mol/cm3. 
b) Enlargement of figure 5.a. 

In another side, the figure 6.a represents the concentration 
profiles of HCO3- and OH-, and the figure 6.b represents 
the concentration profiles of the NH4+ in the enzyme 
membrane. This difference is due to the stoichiometric 
coefficients. The concentrations of the products of the 
enzymatic reaction in steady state are maximum for x = δm, 
such that [HCO3-] = [OH-]  = 0.5824 mol/cm3 and [NH4+]  
= 1.1647 mol/cm3. These concentrations decrease as they 
approach the surface of the electrode. They are 3.3 more 
weaker at x = 2/3 δm, 18.4 more weaker at x = 1/3 δm and 
69.3 more weaker at the electrode surface.  
 

 

 

 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 

 
Figure 6. a) HCO3- and OH- concentration profiles b) 
NH4+ concentration profiles: in the enzyme membrane for 
S0=3*10-6 mol/cm3.  
 
The concentration profiles made it possible to see how 
conductivity varies as a function of time and distance x. 
Figure 7 represents the conductivity at different points in 
the enzyme membrane. The conductivity in steady state is 
maximum at x = δm (σ = 27241 µS/cm). Conductivity 
values decrease as they approach the surface of the 
electrode. In steady state, it takes a value of 6967.4 µS/cm 
at x = 2/3 δm, 1226.3 µS/cm at x = 2/3 δm and 327,975 
µS/cm at the surface of the electrode.  

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 7. Conductivity profiles in the enzyme membrane 
for S0=3*10-6 mol/cm3.  
 
4.2.2. Influence of diffusion layer and enzyme membrane 
thicknesses 
The study of the conductivity in function of time was 
performed using different values of diffusion layer 
thickness (δd) (from 2 to 40 µm) for S0= 3*10-6 mol/cm3, 
δm=0.02cm, Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-

22 cm²/s and Dpm=7*10-8 cm²/s (Fig.8.a). For small values 
of diffusion layer thickness, the conductivity of the 
biosensor is bigger and increases rapidly until to reach the 
steady state condition. For greater value of diffusion layer 
thickness, the conductivity of the biosensor decrease, and 
the time required to establish the steady state increases. 
This behavior because the concentration gradient that is 
established in the diffusion layer is greater for greater 
thicknesses. Based on these observations, it is 
recommended to keep the detection enclosure stirred. It is 
preferable to use maximum agitation possible in order to 
further reduce the thickness of the diffusion layer. This 
agitation should not be greater in order to avoid affecting 
the enzyme membrane. 
In addition to the diffusion layer effect, the thickness of 
the enzyme membrane can also affect the response of the 
biosensor. Figure 8.b represents the study of the 
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conductivity in function of time using different values of 
enzyme membrane thickness (δm) (from 100 to 300 µm) 
for δd=0,002cm, Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, 
Dpd=10-22 cm²/s and Dpm=7*10-8 cm²/s. The conductivity 
is inversely proportional to the thickness of the enzyme 
membrane. It is larger with a thinner enzymatic membrane 
and it is weak with a thicker enzyme membrane. For the 
thick films, the effect of the resistance to mass transfer in 
the membrane enzyme becomes important, and then the 
resistance to mass transfer in the enzyme membrane 
decreases with the decrease in the thickness of the 
membrane.  
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. a) The effect of diffusion layer on the 
conductometric response of the biosensor for S0= 3*10-6 
mol/cm3, Vmax=2.46 µS/cm.s, Km=19.01*10-7 mol/cm3, 
δm=0.02cm, Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-

22 cm²/s and Dpm=7*10-8 cm²/s. b) The effect of enzyme 
membrane on the conductometric response of the 
biosensor for S0= 3*10-6 mol/cm3, Vmax=2.46 µS/cm.s, 
Km=19.01*10-7 mol/cm3, δd=0.002cm, Dsd=2*10-8 cm²/s, 
Dsm=4*10-7 cm²/s, Dpd=10-22 cm²/s and Dpm=7*10-8 cm²/s. 
 
4.2.3. Influence of urea concentration (S0) 
In figure 9 is shown the conductometric response of the 
biosensor for different values of the concentration of urea 
in solution from 10-9 to 3 mol/cm3 for δd=0.002cm, 

δm=0.02cm, Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-

22 cm²/s and Dpm=7*10-8 cm²/s. It is observable that for the 
lowest concentrations (<10-8 mol/cm3) the conductivity is 
almost zero. With increasing concentration from 10-8 to 1 
mol/cm3, conductivity significantly increases and the time 
required to establish the steady state decreases. Then, for 
higher concentrations (>1 mol/cm3) the conductivity is 
maximum and almost without variation.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. The effect urea concentration on the 
conductometric response of the biosensor for Vmax=2.46 
µS/cm.s, Km=19.01*10-7 mol/cm3, δd=0.002cm, 
δm=0.02cm, Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-

22 cm²/s and Dpm=7*10-8 cm²/s. 
 
For the highest concentrations of urea in solution, figure 
10.a shows the concentration profiles of urea and figure 
10.b shows the concentration profiles of OH- in the 
enzyme membrane determined by the mathematical model 
using two high concentrations of urea in solution 2 and 3 
mol/cm3 for δd=0.002cm, δm=0,02cm, Dsd=2*10-8 cm²/s, 
Dsm=4*10-7 cm²/s, Dpd=10-22 cm²/s and Dpm=7*10-8 cm²/s.  
At each position of x, the urea concentration is large if S0 
is large (fig.10.a). This indicates that the substrate is 
present in the enzyme membrane and its concentration is 
proportional to S0. 
But the concentrations of OH- are the same for each 
position in the enzymatic membrane whatever the S0 
concentration in solution (fig 10.b). This indicates that the 
enzyme is saturated and its activity is maximum. It is for 
this reason that the conductivity of passes varies with the 
large concentrations S0. In this case to significantly detect 
large concentrations it is recommended to use a higher 
enzyme concentration. 
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Figure 10. a) Urea concentration profiles b) OH- 

concentration profiles: in the enzyme membrane with S0=2 
mol/cm3 and S0=3 mol/cm3 for Vmax=2.46 µS/cm.s, 
Km=19.01*10-7 mol/cm3, δd=0.002cm, δm=0.02cm, 
Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-22 cm²/s and 
Dpm=7*10-8 cm²/s.   

 
The substrate and product concentration profiles were 
studied in order to understand why the conductivity is 
almost zero with low concentrations and why it does not 
vary with high concentrations.  
Figure 11.a shows the concentration profiles of urea and 
figure 11.b shows the concentration profiles of OH- in the 
enzyme membrane determined by the mathematical model 
using two low concentrations of urea in solution 10-8 and 
10-9 mol/cm3 for δd=0,002cm, δm=0.02cm, Dsd=2*10-8 
cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-22 cm²/s and Dpm=7*10-8 
cm²/s.  
With low concentrations S0 in solution, the concentration 
of urea (fig.11.a) and products (fig.11.b) at x=0 is almost 
negligible which explains the absence of the 
conductometric response. But at the same position of x 
close to δm, the urea and product concentrations for S0= 10-

8 mol/cm3 are greater than that for S0= 10-9 mol/cm3. 
Therefore to have a significant signal and to move towards 

the detection of very low concentrations, it is 
recommended to use a thin enzymatic membrane. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 11. a) Urea concentration profiles b) OH- 

concentration profiles: in the enzyme membrane with 
S0=10-8  mol/cm3 and S0=10-9 mol/cm3 for Vmax=2.46 
µS/cm.s, Km=19.01*10-7 mol/cm3, δd=0.002cm, 
δm=0.02cm, Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-

22 cm²/s and Dpm=7*10-8 cm²/s.   
 
4.2.4. Effects of the maximum enzymatic rate Vmax 
 
Figure 12 shows the variation in conductivity as a function 
of the maximum enzymatic rate. This study shows that the 
conductivity is proportional to Vmax. Such that more than 
Vmax is large, the sensitivity of the sensor is stronger. 
Practically, it is possible to accelerate the rate of the 
reaction by increasing the concentration of the enzyme in 
the membrane or else by increasing the temperature on 
condition that it does not go beyond the denaturation 
temperature [23].  
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Figure 12. The effect of the maximum enzymatic rate 
(Vmax)  on the conductometric response of the biosensor 
for Km=19.01*10-7 mol/cm3, δd=0.002 cm, δm=0.02 cm, 
Dsd=2*10-8 cm²/s, Dsm=4*10-7 cm²/s, Dpd=10-22 cm²/s and 
Dpm=7*10-8 cm²/s. 
 
4.2.5. Effects of the kinetic constant Km 
The response of the sensor also depends on the value of 
the kinetic constant. Figure 13 summarizes the 
conductometric responses for different values of the 
kinetic constant, where conductivity is plotted against 
time. For higher values of Km, the conductivity increases 
only slightly. This generally reflects a low sensitivity to 
urea. For lower values of K the signal rises higher. This 
shows that the sensitivity of the sensor for urea is very 
high. The kinetic constant is a parameter which can, in 
practice, be difficult to modify substantially [20] 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 13. The effect of the kinetic constant (Km) on the 
conductometric response of the biosensor for Vmax=2.46 
µS/cm.s, δd=0.002cm, δm=0.02cm, Dsd=2*10-8 cm²/s, 
Dsm=4*10-7 cm²/s, Dpd=10-22 cm²/s and Dpm=7*10-8 cm²/s. 
 
 
 

5. Conclusion  
In this paper, a mathematical model was developed to 
simulate the response of the conductometric biosensor for 
the detection of urea. It is based on an interdisciplinary 
approach which combines the law of diffusion, the 
enzymatic kinetics of Michaelis-Menten, numerical 
methods, electrochemistry and computer science. The 
model has been successfully applied to describe the 
enzymatic reaction/diffusion system of the urea biosensor. 
The presented study demonstrates that the model 
developed could also be used to predict the 
conductometric response as a function of the various 
parameters which allows to guide the experiments, and to 
optimize the biosensor by improving these analytical 
characteristics and reducing development costs. 
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