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Hydrodynamic limit of the Schelling model with spontaneous
Glauber and Kawasaki dynamics

Florent BARRET * Niccoldo TORRI *

Abstract

In the present article we consider the Shelling model, an agent-based model describing a segregation
dynamics when we have a cohabitation of two social groups. As for several social models, the behavior of the
Shelling model was analyzed by exploiting theoretical physics tools and computer simulations. This approach
led to conjecture a phase diagram in which either different social groups were segregated in two large clusters
or they were mixed. As far as the authors know, this model has never been consider by the mathematical
community, a rigorous mathematical analysis of the model is one of the main novelties of the paper. We
describe the Shelling model as a particle system model and, adding a Glauber and Kawasaki dynamics to the
original Schelling dynamics, we prove the existence of an hydrodynamic limit described by a reaction-diffusion
equation with a discontinuous non-linear reaction term. The existence and uniqueness of the solution is non
trivial and the analysis of the limit PDE is interesting in its own. Based on our results, we conjecture the
existence of a phase diagram in which we have a mixed, a segregated and a metastable segregation phase.

2010 Mathematics Subject Classification: 60K35, 82C22, 82D99.
Keywords: Shelling model, particle systems, hydrodynamics limit, reaction-diffusion equation, Ising model.

1 Introduction

Schelling’s model of segregation was introduced by Thomas Schelling in 1971 |21, 22]. The original model is
defined on a square grid of N sites (or, more generally, on a regular graph with N sites) where agents (individuals)
belonging to two groups are randomly disposed. A local dynamic is defined by each agent, the agent located at
a site of the grid compares its group with the group of its neighbors. More precisely, we fix a tolerance threshold

€ [0,1]. We call r, the fraction of neighbors belonging to the agent’s group at site z and we say that the agent
is satisfied if r, > T. If the agent is unsatisfied, then he moves on a site that makes him satisfied. The dynamics
is not unique, we briefly discuss this point here below. The process ends when all the agents are either satisfied
or blocked (no move makes the agent satisfied). This model is thus characterized by a local dynamics which
generates a global dynamics of the system. The study of this model enters naturally in the field of statistical
physics which provides a large number of tools to study the properties of the model.

The parameters which characterize the model are

1) The size of the neighborhood,

2) The initial distribution of the agents,

3) The choice of the satisfaction condition,

(1)
(2)
3)
(4) The local dynamics between agents.

Several variants of Shelling’s model have been considered in the recent literature in order to study the behavior
of the model when the fundamental parameters are modified. We refer to [19] for a complete overview on the
subject. The common result of the considered variants is the existence of three stationary states separated by
two critical thresholds Ty and T, (a frozen state T < T}, a segregated state Ty < T < T. and a mized state
T > T.) towards which the system evolves, suggesting an universal behavior of the model. When the system is
open (agents can change the group) the behaviour of the system is expected to be symmetric with respect to
T =1/2, see [13].

In the present paper, we approach the model from a physical point of view, by interpreting the agent dynamics
as a particle systems in interaction. This approach was adopted by the physical community to study this model,
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see for instance [3, @ 12 13]. In particular we consider the setting where the points of the grid (a discrete
torus TY, := (Z/NZ)*, d > 1) are fully occupied and unsatisfied agents flip their state if it makes them satisfied
(Glauber dynamics). The size of the neighborhood taken into account to compute the fraction r,, grows at most
logarithmically with N. Moreover we introduce random perturbations, either by flipping a state of an agent
at rate 3 (spontaneous Glauber dynamics) or exchanging the position of two agents at rate aN? (accelerated
Kawasaki dynamics).

Our main result is to prove an hydrodynamic limit described by a reaction-diffusion equation for the system
and to give a complete description of the limit PDE that we get. In the case where the size of the neighborhood
stays finite in the limit, we obtain a classical reaction-diffusion equation, this is the case where the size of the
interaction term stays finite and thus microscopic. However, when the size of the neighborhood goes to infinity
we get a non-linearity (the reaction term) which is discontinuous at two points. In this case, the interaction of
the Schelling dynamics takes into account more and more agents but in the limit, the reaction term is still purely
local.

In this “mesoscopic” limit, the existence and uniqueness of the solution of the reaction-diffusion equation with
discontinuities is one of the major technical points of the paper. More precisely, the system does not have a
unique solution for some class of initial condition, and some values of 3, the parameter tuning the spontaneous
Glauber dynamics. Finally, we conjecture the existence of a rich phase diagram in which beyond a mixed and a
segregated phase there is a transition in between. In this phase, the system has the potential to show a metastable
segregation: the mixing phase should be the most stable one but symmetrical stable segregation phases also exist.
The critical points depend on the parameters 8 and T" but not on «, see Figure[ll A rigorous proof of the phase
diagram requires a delicate analysis of the local dynamics that goes beyond the techniques used in the present
paper.

Our method of proof is based on the technique of the relative entropy method in the framework developed by
Jara and Mezenes in [14], [15], and also used by Funaki and Tsunoda in [8]. However, in our setting, we needed
to adapt their proofs to cover the case where the number of particles in the interaction would be going to infinity.
We also prove existence and local uniqueness for a class of initial conditions of our limiting PDE, viewed as a
differential inclusion.

A detailed plan of the method of proof and the article is given at the end of Section [3] containing the main
result and assumptions. In the following Section, we define the model.
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2 The model

2.1 Configurations

For N € N = {1,2,3,...} we let T4, = (Z/NZ)? be the discrete torus and let Qy = {0,1}T% be the space of
all possible configurations. We call 17 € Qy a configuration and i € T4, a site. Let Vy = T%\{0} be a bounded
set. We say that two sites i, j € T4 are neighbors if i —j € Vy. We denote Ky = |Vy| its cardinality. For a
configuration n € Qx and a site i € T4, we let

1 1
ri(n) = EJ; L=y} and pi(n) = KiNﬂ; MNitj- (2.1)
J N J N

The quantity p;(n) is the mean field of 1 on the neighborhood Vy + i. Let us observe that p;(n) is independent
of n;. We note that

ri(n) = pi(M)Ly=1y + (1 = pi(n) L, =0}- (2.2)

For a given configuration, we now introduce the definition of stable, unstable and potentially stable site.

Definition 2.1. For a given site i, let us denote ' the configuration where we change n; to 1 — ;.
Let T € [0,1]. If ri(n) < T, the site i is said unstable for n, otherwise if r;(n) = T the site is said stable for
1. An unstable site i for n which is stable for n° is said potentially stable.

Note that r;(n*) = 1 — r;(n). Thus



1. a site ¢ is potentially stable if and only if r;(n) < T and r;(n) < 1 — T. In particular if T < 5 an unstable

site for 7 is automatically potentially stable.

1
2
2.if T >4 and 1 —T <r;(n) <T, we have r;(n") < T and the site 7 is unstable for 1 and n'.

2.2 Infinitesimal generator, construction of the process

Fix a > 0 and 8 > 0. Let us consider the following dynamics : starting from a configuration 7
1. if a site ¢ is potentially stable, we flip the value at ¢ with rate 1,
2. two nearest-neighbors i and j exchange their values with rate aN? (accelerated Kawasaki dynamics),
3. a site ¢ can change its value at rate 8 > 0 (spontaneous Glauber dynamics).

This dynamics defines an infinitesimal generator Ly defined for F' cylinder function on Qy by

LNF(m) = Y (F(') = F))(Lir,(y<rriim<i—1y + B) +aN> Y (F(n7) = F(n)), (2.3)
’iET‘Ii\, ivjET‘IlV
ji=71-1,

where 7%/ is the configuration where the values at site i and j have been exchanged.
The following proposition states that the process is well defined, since the state space is finite.

Proposition 2.1. Given an initial configuration ng, Ly s the infinitesimal generator of a Feller process, denoted
(™ (t))e=0-

We let 1 be the distribution of ™ (¢).

Remark 2.1. In this article we focus on the compact setting (torus) because a non compact framework, as R?,
presents technical problems for the convergence of the process, nevertheless the discrete model can be well defined

on Z% (cf. [2.3) and Proposition .

3 Main results

We let ul (i) :== E,., [7(0)], i € T4 be the initial distribution of our process, that is, n¥(0) is distributed as a
Bernoulli of parameter u} ().
For a vector v, |v| denotes its euclidean norm and |v]y, its uniform norm.

Assumption 1. Assumptions on Vy.

1
1. Let £y be the diameter of V. Then, {y, < 5(10g N) ¢ for some § > 0.
2. If d = 1, suppose that Vy < Z\N.
Assumption 2. Assumptions on ul) .

1. There exists € > 0 such that ¢ < u}) (i) < 1 — & uniformly on i € T4 and N € N.

2. There exists Co > 0 independent of N such that |Vud (i)|o < 52, where Vul) (i) = (ud’ (i +ex) —ud (1)){_;.
with e, € Z¢ the unit vector of direction k.

3. Let v’y = ®z‘e1r§{, B(u{) (7)) be the law of a sequence of independent Bernoulli of parameter ul (i). Suppose
0
that H(udl |UiVN(O)) = O(N9=20) for some g9 > 0 small, where H(u|v) is the relative entropy of u < v,

Hip|v) = f%bg (j’;)dv (3.1)

4. Let @l (z) be the linear interpolation on T¢ = (R/Z)¢, the d dimensional torus, of ul (i) such that
Y (i/N) = u}' (i). Then, there exists ug € C(T?) such that U} converges to ug in C(T9).

Remark 3.1. The assumption (2) is only technical and it could be removed by considering the dimension d = 1
separately from the rest of the dimensions, cf. Remark[{.3



Define 1
m = (n,dv) = N Z 1:(t)8

ied
i€TY,

(dv) (3.2)

A
N

the empirical measure associated to the Markov process 17 where the space is rescaled by %, which is a positive
measure on T%.
We now state our main result, which concerns the convergence of subsequences of the empirical measure.

Theorem 3.1. Under Assumptions and@ for every test function ¢ : T¢ — R and for every € > 0, there exists
7> 0 and an increasing sequence (N;) such that

lim uNi(‘<7rNi,<p>—<u7sO>‘>€> —0,  vie[o.].

1—+00

N

where (TN, @) and (u, @) denote the integral of p with respect to the measure ™ or u(x)dx respectively. The

function u = u(t,x) is a density solution of the following reaction-diffusion equation
{@u(t, z) = 20Au(t,z) + B(1 — 2u(t, x)) + go (u(t, x)), (3.3)

u(0, z) = ug(x),

on the torus T, with g (p) = (1 — P) L1 pamin(r,1-1)} — Plip<min(r,1—1)}- Moreover if ug (the limit of the
initial condition, according to Assumption @4} is such that

1. ug € CH(T?), with Vug Lipschitz,
2. Vuo(p) #0 for p=min(T,1 =T) and p=1—min(T,1 - T),

then the solution of Equation (3.3)) is unique on [0, 7] for some 7 > 0 and the convergence holds for the sequence
itself.

3.1 Organisation of the paper

To prove Theorem we first prove that the empirical measure is close to a discrete measure u’¥ which is a
solution of a discrete analogous of , this is Theorem Its proof is based on a entropy method approach
in which the relative entropy between pu¥ and ’UiVN, see Theorem u Even if this technique is quite standard in
the particle system theory, some new technical estimations arising from the geometry of the system are needed.
In Section |5 we discuss some central technical estimations about u!¥, in order to describe the behaviour of the
discrete model. Then, in Section |§| we discuss the existence and uniqueness of nd in Section [7| we show the
convergence of the " toward the density u by completing the proof of Theorem We stress that the proof of
the existence and uniqueness is not standard and the analysis of this PDE is interesting in its own.
In Section we state our conjecture on the phase diagram of the model.

3.2 Conjecture on the phase diagram

In this Section, we discuss the phase diagram that describes the mixed and segregated phases. We start by setting
the Equation (3.3) in a more convenient form. Set py(T') := min(7,1—T) € [0, ]. For p € [0, 1] we define

2
5( _;> +%(p2—po(T)2) for 0.<p < po(T),
Vo0,6(P) = | B ( - ;) for po(T) < p <1 —po(T), (3.4)
8(r-3) +5 (- -m@P)  dori-mD)<p<l

Our conjecture is based on the analysis of v, g and it is represented in Figure[I] We observe that v g is continuous
and satisfies yo,5(p) = Yo0,6(1 — p). For p # po(T),1 — po(T), we have that 77, 5(p) = —B(1 — 2p) — geo(p) and
(13.3) can be written as

dvu(t, z) = 20Au(t, ©) — vy 5lult, x)). (3.5)



Mixing Metastable Segregation
segregation

Figure 1: Representation of the different phases of the system as function of the parameter po(T") € [0, %] When
T is close to 0 or 1 (po(T) € (0, p)) we do not have segregation (red parts) and typical configurations are provided
by a mixing of 0 and 1. If T is close to 1/2 (po(T) € (p™, 3)) we have segregation (green parts): a very large
parts of the configuration are composed of 0 or 1. We have also intermediate values of T' (po(T) € (p%,p™)) for
which the segregation is metastable (yellow parts).

To discuss the phase transition we can look at the structure of v, g(p). The function p — 3 (p - %)2 +

3 (p* — po(T)?) has a unique minimum at p = p* := % Therefore, if 0 < p* < po(T) < %, the function yx,3
has three regular minima : p¢ := %, pf and p" := 1 — p’. Note that
B po(T)?
V=0 d ") = ‘) = — .

Then we get that if po(T) < p™ = 4 /ﬁ, we have 7o 5(p°) < Yoo,5(p°) and if p™ < po(T), we have that
Yoo.5(P°) > Yoo (). If p* > po(T'), p° is the only minimum.

The two thresholds for py(T) are then p’ and p™, see Figure Since p* < p™, we have the following picture:
as T is close to 0 and below p’, we have a unique minimum of Yx0,8, S0 that typical configurations are close
to p = 1/2 which is of lowest energy v, . It means that, at equilibrium, we expect a configuration balanced
between 0 and 1 and we do not have segregation. Then, as T' goes above the threshold p® but stays below p™,
other minima at p = p® and p = p” appear, and these two configurations are metastable since their energy is
higher, so we can have segregation for a small proportion of the time. The next threshold is p™, at which the two
metastable configurations become stable and p = 1/2 is the metastable one so that we expect stable segregation.
For T above % the picture is symmetric.

Remark 3.2. The hydrodynamic limit (3.3) has, at least, two different formulations as a gradient flow :

1. in the classical L*>(T?) setting, with the potential F defined for u : T — [0,1]

Flu) = j ol Vul? + 7o5(u), (3.6)

Equation (6.2) can be written as dyu = —0F (u) where §F denotes the Fréchet derivative of F.

2. in a Wasserstein-like setting defined in [18] with the entropy potential H, for u : T —]0,1], and & : T —» R
(seen as an element in the tangent bundle)

Véo,ﬁ(“)
log(2u)

H(u) = %f@ulog(?u) —2u+1)=0, K@) = —2aV - (uVE) + g, (3.7)

Equation (3.3) can be written as
Oru = —IK(u)(6H).

Since 0H = log(2u) and K(u)(0H) = —2aAu + ’Y’g,ocm)'

Both formulations could be useful to establish a rigorous proof of the phase diagram given in Figure In
particular, along a gradient flow the potential is non-increasing, thus for all t > 0, along a solution u we have
F(u(t)) < F(u(t = 0)) and if u converges to a stationary solution v, it must be a stationary point of F (i.e.
0F(v)=0).

For the second formulation, note that

B
1+28

po(T)
1 —2po(T)

%o,,@(“)

1 T ¢ =
Tog (211 >0,u€]0,1] = po(T) <p

— 8> (3.8)



We are thus in the mizing phase of the diagram and K(u) is positive definite in the sense that

'Yéo ﬂ(u) 2
=12 24 P Ce2 5, .
| et - [ 2auve + 2 > 0 (39)
Then, one can prove that along a solution u, we get that :
d
&’H,(u) = f&tuéﬂ(u) < - f’yf}oﬁ(u) log(2u) < —cH(u) (3.10)

where ¢ =  — % > 0, and we get that H(u(t)) < H(u(0))e *. Thus H(u(t)) goes to 0 as t — o, this
entails that u converges to the only stationary point of H which is the constant % Heuristically, it suggests that
an ezponential relazation is taking place in the mizing phase of Figure [}

4 Relative entropy method

Using the relative entropy method, in this section we prove that the empirical measure 7™ (¢) is close to u™¥ (t) =
(u™(t,7))serq, the solution of a suitable discrete PDE.

In order to state the main result of this section, we observe that the generator Ly in can be written
as Ly = Gy + 2aN?Ky where Gy is the generator which describes the Glauber-Shelling dynamics and Ky the
generator which describes the Kawasaki dynamics, that is,

GNFM) = Y, (Lnm<rmm=iry +8) (Fn') = F(n)), (4.1)
i€Tg
KnFln) =5 3 (F@) ~ F(n). (12
i,5€TY,
li—jl=1

Let us stress that Gy can be written as follows
GNF(n) = ). (a(n) + B)(F(n') — F(n)), (4.3)
ieT%,
where ¢;(n) is a local function which describes the dynamics (Glauber-Schelling dynamics). To be more precise,
we write ¢;(n) = ¢o(7;m) where ¢ is the flipping rate of a particle at the origin, that is,
co(n) = ]l{ro(n)<T,r0(n)<1—T} (4.4)

and (7;m); = Mi+j, likewise 7; acts on u. Note that ¢y is a random variable and take the value 0 or 1.
We let
Ky = kin(T) i= min{[KNTJ - 1;[KN(1—T)J}. (4.5)

We observe that nl_i)rfoo 72 =min(7,1 —T). Since co(n) = ﬂ{ro(n)é%} = ]l{ro(n)s%\\’,,nozo} + l{ro(n)s%m:l},

we define
M) i=Lpyzrogy  and e (n) = Ly, cnny, (4.6)

so that co(n) = ¢f (7)(1 —n0) + c5 (7)n0, by ([2.2). The functions ¢* and ¢~ can be viewed as the rate of creation
and annihilation of a particle at i = 0 respectively.

For any function u = (u;)ere, we define

vu(dn) = v (dn) == &) B(us) (4.7)

i ed
€T

and we let ¢ (u) and ¢, (u) be the expectation of ¢j (1) and ¢y (1) under v,, that is,

cf (u) =Py, (po(n) >1- KN) and ¢y (u) =P, (po(n) < II{(N> (4.8)
N



We finally define
G(u) :=cf (u)(1 —ug) — g (Wug and G(i,u) = G(riu). (4.9)
Let u™ (t) = (u"(t,7));erq be the solution of

{&u( (t,i ; i 2aN?Aul (t, 1) + (1 — 2u (t,1)) + G(i, u™) (4.10)

ug) (i),

where Au™ (t,1) is the discrete Laplacian on the torus. Note that (4.10) can be interpreted as a discretized version

of (3.3).

In the following result we prove that the relative entropy of viVN
in time, if it is small at ¢ = 0.

) (cf. (4.7)) with respect to ul stays small

Theorem 4.1. Under Assumptions[1] and[4, with 6 > 0 sufficiently small, we have that for some € > 0 small
H(ur [vgn () = O(NT™9), Vie[0,7] (4.11)
with 7 = 7(8) > 0.
Theorem [4.1] implies Theorem [3.1| for u’V' defined in (4.10). More precisely, we consider uV as a measure on
T<, that is,
N (1, dv) i % ST N (k)0 (dv), (4.12)

P
i€Tg,

so that we can state the following result.

Theorem 4.2. Under Assumptions and@ for every test function ¢ : T — R and for every § > 0 there exists
7> 0 such that

Jm g <’<WN,90>—<HN,@>‘>5>—0, Vte[0,7].

Proof. We recall the entropy inequality stated for a set A and two measures v « pu, cf. A1.8.2 of [16] or Section
2.2 of [§],
log 2 + H(p|v)

< . 4.13
log (1 + U(A)) ( )

1

For a given test function ¢ and § > 0, we let

Ao = {neQn: |7V, o) — W, )| > 6}, (4.14)
so that the proof follows by Theorem and (4.13)) if

_ d
NN(t) (Aﬁsv,t,p) <em N (4.15)

Since u™¥ € (0,1) (cf. Proposition , the proof of (4.15)) is model independent and follows line by line the proof
of Proposition 2.2 in [§]. O

Remark 4.1. Let us note that cy can be expressed as a polynomial on the variables n;’s, as in relation (1.5) of
[8]. This remark will be useful in the sequel of the paper. For this purpose, let A € Vy, we denote :

i =1]0=m) [] w and o =[]n [] (—n)=cil—n) (4.16)
jeA jGAhVN jeA jEAr\VN

where 1 —n is the configuration with (1 —n); = 1 —n; since ro(n) = ro(1 —n). Note that

lifnj=0forje Aandnj=1forje AnV
+(>:{ if 1 for j € A and n; forje AnVy (4.17)

c
A 0 otherwise.
By an abuse of notation, for a function u = (u;);ere we let let also ch(u) = [Liea@ —uj) [ e any, uj and

accordingly for ¢, (u). By (4.6) we have that

KN
MOEDY Lo (=g o=y = (1 = 10) >, chm). (4.18)
k=0 AcCVyN
|Al<kn



Accordingly, we have

KN
= Z H{TO(U)=KL,770=1} =To Z 02(77)- (4.19)
k=0 N ACVn
[Al<kN

In the rest of this section we prove Theorem [£.1] The strategy that we use follows the one used to prove the
analogous result in [§] and [15], but some extra-technicality is required due to the geometry of our problem.

4.1 Proof of Theorem [4.1]
To make the notation lighter, for ¢ > 0, j € T%, p € (0,1) and uV the solution of ([.10)), we let

wi®) =V (L3),  x)i=p(l-p),  wy= T (4.20)
x(u;)
and, more generally, whenever the context is clear we omit the superscript N, so that Ui\fN(t) and p will be
denoted simply by v, ;) and u; respectively.
To compare y and v, we introduce
Ja(dn) :== (X) B(a) (4.21)

-
1€Tg,

be a sequence of independent Bernoulli of parameter o € (0,1) defined on the space of configurations. We define

du,
die g = 0

: . 4.22
dvu(t) d’t9a ( )

ft =

We let Hn(t) := H(pe|vye)) be the relative entropy of v,y with respect to u; cf. (3.1). We have all the
ingredients to state Yau’s inequality in our context (cf. proof Lemma A.1 in [15]).

Proposition 4.3. For any t > 0 we have that
OHN(t) < —J FN( ft(n)) Uu(e) (dn) + f ft(n) L3710, log wt] Uyey (dn), (4.23)

where Ly W s the adjoint of Ly with respect to the measure Vu(ty and Ty (h)(n) = Lyh?(n) — 2h(n)Lyh(n) is
the carré du champ operator.

Proof. Let us observe that

o) = [ 1) 1og (d‘”)<n>)vu<t><dn> - fft(m log (ft<n>)vu<t><dn>

dvy () dvy
~ [ o (D any. a2y

The forward Fokker-Plank equation tells us that f;¢; = —a(n) is solution of & (ftwt) = E’;,’a (ftwt), so that by
deriving in time (4.24) we obtain

o (®) = [ {8 () ) 1o (1)

(4.25)
LR (i) () = i n)e ()4 Tog (¥ (n)) } o ().
Since § LV (fioe) mPaldn) = § (firr) () Ln19a(dn) = 0 we get that the right term of equals
| 1m0 (1) = 108 (10) [ ) (4.26)

The result is then a consequence of the following inequality: for any a,b > 0,

a(log(b) — log(a)) < 2v/a(vh - va) = (b—a) — (Vb — v/a)™.



Indeed, if we write Lyh(n) = X, 7(n,1') (R(1) — h(n)), we get,

h(n)Lylog(h(n)) = > r(n, ) (log(h(n")) —log(h(n)))
7
<X r(n. [ (1)) = (VA7) = V/h)*| = Lah(n) ~ Ex (VR)().
/'7/
Appling this result to the first term of the integral in we get (4.23] - O

We define the current J, = JN (n) as
Ti = Ly O1 — 0, log by (4.27)
Our main goal is to estimate the current [J; to control the right hand side of . In particular we show that
oM (t) < OL (HN(t) + O(Nd*“)) (4.28)
with a € (0,1) if d > 2 and a € (0, 1) if d = 1. Gronwall’s inequality gives
Hu(t) < <’HN(O) + tO(Nd—a))eCf%t. (4.29)
Since eCt < NO9 by Assumption [1 the proof of Theorem |4.1|is complete.

4.1.1 The current J¥

To control ET\,’U““"l we have to compute the adjoint of Ky and of Gy, cf. (4.1) ans (4.2). We follow the
computations done in [§]. By Lemma 2.4 of [§], we get

1

K}k\;vu(t)l = —5 Z (ui — uj)ijwi + Z (Au)iwi (430)
i,j€T%, €T,
li—jl=1

where (Au); = ZjETdN,Ii—jlzl(uj — u;) is the discrete Laplacian. Since ¢y satisfies the condition (1.5) of [8] (see
Remark [4.1), by Lemma 2.5 of [8] we get

GO = 3T (e = wi) = o (Mus + B — 2u;)) w;

€T,
= 3 ()~ @) )~ e ) = T ) W
+ Z u)(1 — ;) — ¢ (wu; + B(1 — 2u;)) w;.
i€T4,

In the second equality we centered the variables ¢ (n) c; (n) since under v,, ¢ (n) and ¢; () are Bernouilli
random variables with expectation ¢; (u) and c; (u) respectively. Finally, by Lemma 2.6 of [8] we get

dlogw(n) = > (Opus)w;. (4.32)

€T,
Summarizing, we obtain the following result.

Proposition 4.4. The current Ji(n) satisfies
Ji(m) = Y (=i + 2aN?(Au); + B(1 — 2u;)+G (i, u))w;
ieTd, (4.33)
- V(u7 7]) + V+ (U, T}) V- (ua 77)7



where G was defined in (4.9) and

VEum) = Y (6 ) = ¢f (w) (1= )i, (4.34)
i€T4,
V= (un) = Y (e () = ¢ (u)) wiws, (4.35)
i€T4,
V(u,n) = —aN? Z (u; — uj)wjw;. (4.36)
i,5€T%,
li—jl=1

In particular, if u satisfies (4.10) the current reduces to the second line.

In the rest of the section we provide estimates of V', V'~ and V.

4.1.2 Estimates of V' and V~
Let us denote {e1,ea,...,eq} the canonical basis of Z%. For ¢ : T4 — R and i € T% and k € {1,...,d}, let
V(i) = p(i + ex) — ¢(i). We denote |Vl = max;  |[Vie(i)].
We note that
Vﬁ(u/r]) = _V+(1 - u, 1- 77)7 (437)

so that the bound for V' can be transferred to V~, see Remark In the following we get an upper-bound for
V*. Denote 9] = ¢ (n) — ¢ff (u) and w]” = (1 — u;)w; = L4,
Then

V() = ) dfwf (4.38)

i ed
€Tg,

To bound V*(u,n) we follow the method used by Jara and Menezes [15] and by Funaki and Tsuneda [8]. For this
purpose let us observe that the carré du champ referred to the generator £y, namely, I'y(h) = Lyh? — 2hLyh
can be decomposed as

Cn(h) = T (h) + 2aN?TX (h), (4.39)

where T'Y(h) and T% (h) are the carré du champ related to the generator Gn and Ky respectively (cf. (1)) and

(4.2)). In particular,

DN =5 X ()~ hm)?. (440

i,j€T,
li—jl=1

In the next result we provide the control that we need for V.

Proposition 4.5. Under Assumption we have that for any u : T4 — [0, 1] such that
1. e 1= 1= [llulllo > 0 with ||jull|oo = min {[uloc, |1 ule },

2. |Vu(i)]o < & with Cy independent of N,

and for any density f with respect to v, we have that

f V(i) ()0 (d) < 6N f I (VF) () vu(dn) + CLEH(fu | 0) + CoN—, (4.41)

for any § > 0 and C; = 3%d(d + 1)6%(%—#-%), Cy = 66% for N > 25%

Remark 4.2. Note that if the estimate (4.41) holds, then it holds for V—. Indeed, using (4.37)), the fact that
|ullleo = |11 — wllloe = 1 — € and that, under vi_,(dn), 1 —n has for law v, we get

fV‘(w n)f(n)vu(dn) = — f VI —u,1—n)f(n)ve(dn) = JV+(1 —u,n) f(1 —n)vi_u(dn)
< ON? JF’]%(\/?)O — 1w (dn) + CLEH(F(1 = Y1y | v1_4) + Co NI

_SN? J I (VF) (m)va(dn) + CLEH(fuu |va) + CaNO=.

10



Proof of Proposition[{.5. The proof will proceed in several steps.
Note that, according to Hoeffeding Inequality (Lemma |[A.4), under the probability measure v, 9] is sub-
Gaussian with variance parameter ; and w; is sub-Gaussian with variance parameter 1.

As in Jara and Menezes [I5], we proceed to use an averaged version of V*. Let £ > 0 and consider Ay =
{0...,¢—1}" the cube of size £ starting at 0. Let pg(i) = £~ L;e,y and pe(i) = £~ e_p,; = pe(—i). Then for
¢ defined on T4, we set

D) =pexp(i) = Y. peli)e(k) = Y. peG)pli —5) = 7Y i — ) (4.42)
J+k=1 7 JEA,

Pl)=perpli)= Y, pe Zpg p(i—3) =07 (i+j). (4.43)
Jt+k=i JENA,

Let us denote g = py * pp. We have qu(i) = €724 Ay n (i — Ay)|. Thus, 0 < qo(i) < £~ and g,(i) = 0 if and
only if i ¢ Agy_o. All sum being finite, we get for ¢ and ¢ defined on T :

Zso i+ Dae(d) = Y, (@) + j)pe(k)pe(j — Zw i)pe )Zw(i + §)pe(j — k)

N

—Zso §)pe(k) (Pe * ) (k + 1) ZZ@ ipe(j — 1) (De * ) (5)

= Yl D))= )G = 3P0 )

J
£ . £ .

Thus let V4 = Ype 07w with 0" = 3wk qe(j). We have that

———>
D el e = ), 9wt (4.44)
i,jeTY, ieT%,
Then Proposition is proved with the following two estimates.
Lemma 4.6. Suppose that |||ul||c < 1 and let € =1 — |||ul]||so- Then for any £ > £y,

fVJ“er (d A N
u(dn) < O™ 07 { Hfvalva) + 7 ) - (4.45)

The constant C' depends only on the dimension, namely it can be taken as C = 392%/2+2,

Lemma 4.7. Suppose ¢ = 1 — |[|u|||x > 0 and |[Vu(i)|sw < S for some Co > 0 independent of N, where
Vu(i) = (Viu(i))i_,. Then, for any £ > by, with £ = N* for some k > 0, and § > 0

f (VF — V) fu(dy) < N2 f I (v/F) va(d)

ga(0) i Nd _
+ O (2+7") H(foulva) + 7 | + CaN"1 - (446)

£0.) + Cs) depends only on the dimension and gq(()
is defined in (4.50

where Cy = 350 (1 + ]2\,23) and C; = 3%d(d + 1) (% (
i
Indeed, we choose ¢ such that édg% < Cy: more precisely, for any dy € (0,1) we take
0=N30"%) for d=1, and £=Ni07%) for d>2. (4.47)

Since ¢§, has a log-growth (cf. Assumption , this choice of ¢ together with Lemmas and concludes the
proof of Proposition [£.5] O

We now prove Lemma [£.6] and Lemma [£.7]

11



Proof of Lemma[{.6. We start by recalling that V¢ = ZiGT}iv 9t ; wt ;. Note that, under v,,, using Lemma

—
wt ; is a sub-Gaussian variable with variance parameter Y}, s < jo77-

+

Since ¢/ (n) is a function of (1;4;)jevy, then for i and j such that |i — j|, > ¢y, ¥ and 19; are independent,

-
and sub-Gaussian with variance parameter i. Using Lemma |A.3] 971 ; is a sub-Gaussian variable with variance

el\if Ly d d—2 [\12
parameter 1 (1 + 7) <297 %

«— —

We note that all the sites involved in the averages 91 ; w™ ; arein i + Qe 240, Where Qp = {—m, ... ,m}?is
the d-dimensional cube centered at 0. In particular, for ¢ and j such that |i — j|oo > ¢y + 2¢, the corresponding
averages are independent (under v,). Then, we can take a partition of T% into independent sites by letting
i =j+ (fy + 20)k where j € Ay, 100 and k € Ay (s, 4+20)]- The entropy inequality (cf. (B.3) in [15]) gives

JVJr’ZfUu(dU) = Z [/ J+(ly+20)k w? j+(fv+2£)kfvu(d77)
JEAg, 420 Y KEAIN/(0y,+20)]
1 «— —
< 2 — | H(fvu|vu) + Z log Jexp {7 (AP TRUNEY A j+(€v+2€)k}vu(dn)
JEAey, +2¢ kENIN/(ey, +20)]
0y + 20)7 1 -
< (V’Y)’H(fvu | vy) + ; Z logjexp {'y 9T, wt i}vu(dn)

i€T4,
According to Lemma for y71 = 2d/2+2€_d5_1€$,/2, we have logfexp {7 It W i}vu(dn) < log 3. Thus

we obtain
+,0 d/2+2_—1yd/2 by ! N¢
Vi fo,(dn) <2 e 4y 2—1—? H(fvu|vu)+€—dlog3 :
O

Proof of Lemma[{.7. We first prove the Lemma by also assuming that Vy < ZA\N9, In Remark at the end
of the proof we show how to remove this assumption in dimension d > 1.
We then proceed as in Jara and Menezes [15]. We use the fact that

+ +. _ +(,,+ +,£
Vvt -V —Zﬂi(wi—wi )
ieT%,

3 vtw (Lo () — a()). (4.48)

i,j€TY,

We now use Lemma 3.2 in [15] stating that there exists a function ®, : Z¢ x Z% — R which is a flow connecting
the distribution 1oy to g, i.e :

o Oy(i,5) = —Dy(4,7)

® 2 jimgi=1 ®e(i,J) = Loy (1) — qe(i)

o Py(i,j) = 0fori,j ¢ Aoy

e there is a constant C' = C'(d) independent of ¢ such that

D1 1@e(i,§)I> < Cga(l)  and D1 (i g) < CL (4.49)
li—jl=1 li—j|=1
where
{ford=1
ga(l) = < log(¥) for d = 2 (4.50)
1ford>3

12



Using the flow ®, we therefore have

VE—vRE= N wfwl s YT (k)

i,5€T% k:|j—k|=1

d
Y Oy Y @i+ e) = @G — end) |

i,J€T% k=1
= Z Z 19 (I)K ] ] +€k)( H»] z+]+ek)
k=14,jeTq,
d
= Z D100+ e (Wi —wit,)
=1 jE’]I‘
d
=) hE(wi —wii,,) (4.51)
k=1 eT
where
hk = hfk 2 I ;@0(4,7 + ex) Z I ;@0(4,7 + ex). (4.52)
jeT, JEN20—1
To complete the result we need to estimate (4.51). We apply Lemma 3.5 of [§]. Note that the hypothesis of
Lemma 3.5 are satisfied in our case: u_ = ¢ and u; = 1 — & and h¥(n»"te*) = h¥(n) for any configuration 7

inasmuch h¥ is only a function of the sites Ni—j+s, for s € Yy, j € Aoy_1, so that it does not depend on 7n; and
Nite, since Vy < ZA\N?. Moreover, we observe that Lemmas 3.4 and 3.5 apply to our case replacing x(u;) by
u;. Therefore, for any o’ > 0 we have that

J hy (Wi = wif o) fou(dn) < J (VFmrer) — v/( ) vy (dn) + (’; f(hf)Q fuu(dn) + RY. (4.53)

with C1- = 2 (1 + %) and where the rest term R¥ is controlled as

R < Cac| Vs | [ 1) Fouctn). (454)

with, for e < 1, Ca. = 2 (1 + 253). We now take o’ = N2, with § > 0. We get (cf. ([{.40))

f(v v o) = Y th’“ P wh) fua(d)

k=1 ieT%

d
< ON? JF%(\/?) vy (dn) + 66’];; Z Z J (R)? fu,(dn) + Z . (4.55)

k=1 ieT%,

d
N
The first term is the same of (|4.46)), then to conclude the proof we have to upper bound the second and the third

term of | -

Let us start from the third one. Using that | Viyu,; | < $ and |hF| <1+ (hF)? in ([@54) we get

CoCh,e
RF < 70]\,2’ (1+ (h)?) fou(dn) .

So that, the last term of (4.55) is bounded by

CoCy. [ N9 4 NZ > [y roan

k=1 ieT%

Let us note that this last term dominates the second term of (4.55). To conclude the proof we need to upper-bound

Z thk fou(dn).

k=1 ieT4,
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As we noted above, h¥ depends only on the sites 7,_; s, for s € Vy and j € Ag_1, so that the random variables
hk and hY are independent if |i — 4’|, > (2¢ + £y)). We then decompose T% as a disjoint union of cubes of size
20 + ly, that is, we write i = j + (¢y + 2¢)z where j € Ay, 20 and z € Apyj,, 4200,

> Jhk foaldn) = ) > J( hE )% fou(dn).

€T, JEA2040y, ZEN[IN/(£y,+20)]

We then apply the entropy inequality and we get

Z J (BF)2 fu,(dn) < S Z H(fou|va) +logJexp {7 Z (h§+z)2} Uy (dn)

i€T4, JEA2¢+ey, ZEA[N/ (01, +20)] (4 56)
20 + 0y)? 1
= B g (o) + 2 X 1o [0 {50892} e

P
i€Tg,

To conclude we use a concentration inequality. We have that h¥ is sub-Gaussian random variable, let o2 be its

variance parameter. By Proposition we have that for any v < ﬁ,

JeXp {v(hf)Q} vy (dn) <log3.

Moreover, to get an upper bound on the variance parameter, we use the same decomposition of the sum
into subsets which are independent (since 19+ is a function of 7;4;, for i € VN and is sub-Gaussian with variance
parameter 7) This is done in Lemma F. 12 in [15]. We then have that o? C’dﬂvgd(ﬁ), where C, is a constant
which depends only on the dimension. By getting v as large as possible, namely 7=t = (d+ 1)¢4, g4(¢) we obtain
that

d
> f (h9)2 fu, (dn) < (d + 1)£5 ga(£)0? ((2 + %") H(fou|va) + JZ—d log 3). (4.57)

ze']I‘d
To conclude the proof we have to remove the assumption Vy < Z4\N?. We show that in Remark O

Remark 4.3. By ([#.51) we recall that V¥ — V¢ Zk 1 ZZer hy(wi —wif,, ) where hY is defined in ([4.52).

We also observe that, by assumption, £ > fy,. Since h¥ is a function of the sites Ni—j+s, for s € VN, j € Agp—1,
whenever |j| > ¢y, then ﬁf_j does not depend on n; and 1;.,. Therefore we split h¥ into the sum of two functions
hl and hl. The first one is independent of n; and 1;4.,, while the second one depends on these sites,

Z 19+ (I)g J.g+ ek) and h;/ = Z 19+ (I)g 3. J+ ek) (4.58)
A A
= fi
In such a way
Vvt (VT —vHYY (vt —vhY” (4.59)
where
d d
(Vv —vHh Z ~wi,) and (VT VLY Z W (wi —wi,,) (4.60)
k=1 k=1 Td
N

We can apply the method used above to (V* — V1) obtaining that (A.57) holds. We control (V* — V)" by
showing that {(V* — VEH" fu,(dn) = O(N®2), for some e > 0. For this purpose we apply Cauchy-Swartz
inequality to the measure fu,(dn), which gives

[N
[

[ =t ouan < ([ poutam) " ( @ - whe, 2 rouan) (461)

14



Therefore

h/z’/(w;r - w;rek)fvu (dn)

[ —veyruan =3 ¥
k=1 ieT¢,
d 1 1
<30 3 ([ @rrrosam)” ([wr - whi)roudn)
k=1ieTd,
1
d d 2
<% % (Jonrroan) Y ¥ ([ -who P roam) |
k=1 ieT¢ =1eTd,
where in the last inequality we used again Cauchy-Swartz inequality.
We observe that (w;” —wj,, ) = (- Z;—;’i) = m(u% - uli%) + uii% (M — Nite,), SO that

[ w2 ontam <2 [ (2 -

< OVl + C. f(m piee 2 fou(dn) < C,

) Fouldn) +2 [ g = i Foa )

ui+€k i+ep

uniformly on i and N. So that,

d
> (J(w Wite,) fvu(dn)) < C'N*.
k=14eTd,

Therefore, by (4.62)), to conclude the proof it is enough to show that

2 Z J-h// fUu dn (Nd_a),

k=1 lETd

(4.62)

(4.63)

(4.64)

for some € > 0 small. For this purpose we have to look more carefully at the function ®,(j,j + ex) which defines
the flow. We recall (cf. Appendiz G of [15)]) that in the construction of the flow connecting 1oy and pe * pe, we

first define a flow W, connecting 1oy and py supported in A, which satisfies (4.49) and then we define

Ou(j,d +en) = >, Weli,i+ ex)pe(j — 1),

P
i€Tg,

therefore

DR +en)| < DD D] Wi+ ex)|pe(i — 1)

JE€A2,—1 JEN2e—1 i€TY,
[7]<28y l7]<2¢8y
gd
< D [ Weiten)] D5 pelG—i) <O
i€Td, jehor1

l71<26v

Ed

where we used that Y jen,, , pe(j — 1) < 7% uniformly on i and (4.49) applied to V,. We deduce that, since

l71<26v

6211

d
Z ( f (R)2fuu(dn)) < ON* o

Since £ = N* for some k > 0 and Z% grows logarithmically, the result follows (in dimension d = 2).

15



4.1.3 Estimate of V

We show that under the hypothesis of Proposition V(u,n) satisfies (4.41]).
For i€ T% and k € {1,...,d} we let

~k . 2 2
W = —alN*(u; — Uite, ) Wi-
In such a way we get

V(u,n) = —aN? Z (u; — uj)zwiwj

i,5€TY
li—jl=1
d
2 2 2

= —aN Z Z (Ui = Uigey ) Wiligey, T (Ui — Ui—e), ) Wikdi—e,,

k=1 ieT%
d
~k ~k
= Z Wi Witey, + Wi, Wi ¢ = 2 Z Wi e, Wi
k=14eTd, k=1ieTd,

For k€ {1,...,d} welet V¥ := 3 ieTd, ok Ekwi and Vk! = ZZ’ETE@ oF . ‘Wi . We estimate V4 and Vk — VE+
separately by showing that they satlsfy and (4.46) respectively.
2

a ~k » . . . . C,
For VF¢, by LemmaMwe have that wf is a sub-Gaussian random variable with variance parameter o7 < 2%

(we used the assumption on |Vju;| and that x(u) > §), while we recall that w; is a sub-Gaussian random

PR

variable with variance parameter =. Therefore, wk is a sub-Gaussian random variable with variance parameter

2 2
c — . . . . .
Dlich, ;;d < 7z and w; is also a sub-Gaussian random variable with variance parameter 46%.

Note that the averages &F Wi arein i+ Qq¢, so that for ¢ and j such that |i — j|o > 2¢, the corresponding
averages are independent (under v,). Then, we can partition T‘fv into independent blocks by letting i = j + (20)k

where j € Ayy and k € Afy 2. Therefore, as in the proof of Lemma the entropy inequality gives

d c P
- Hfoulva) + = 3 og [exp {78, W fuu(dn)

ied
i€TS,

f L fu(dn) <

where C' = C(a, ¢,d). So that, by taking y~! = 2§gd and using Lemma we get

Skt N¢
14 fvu(dn) <Cy H(fvu|vu)+ ZE

with Cy = C41(d,e,a) > 0. In particular V satisfies (4.45).
To control V* — VF4 we write the difference using the flow ®; to get

d
— vkt = 2 wz ep Wit Z (I)Z(.Lk) = Z Z ’;L;n(wi_wi+em)7

L i—k|= —1;cTd
i,jeTd, ki |j—k|=1 m=1eT4,

where

hm _ plkmo, _
hi _hi Z wz ek j ]+€m - Z wz er—J .7.7+€m)
JETY, JE€A20—1

We observe that we can apply Lemma 3.5 of [§] since ﬁ?’(ni’”em) = h™(n) (h]™ depends on n;—_c, —j, j € Aop—1),
obtaining that

d
[ =g =2 3 % [ - i) fosan)

m=1jeT,

d
cNQJF’C(\/f)Uu(dn N Z: % Jhm fou(dn) + N1,
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To conclude the proof, for m € {1,...,d}, we bound ZieT(Jiv S(ﬁ;")vau(dn). An application of the entropy in-
equality gives

3 f (h)? o (dn) < deﬂ(fvu |v.) +§ 3 log f exp {7(h")2} v ().

; d ; d
S i€Tg

By Lemma F.12 in [15] we then have that }Nz:” is a sub-Gaussian random variable with 02 < Cy.g4(¢). We can
take v~ = Cy.g4(¢) and conclude that

S (G2 foutan) < Caa@ (H(Fou ) + 2o 10g3),
12

ieT4,
in particular (4.46)) is satisfied. This implies that V(u,n) satisfies (4.41]).

4.1.4 Conclusion: Gronwall’s inequality (4.28)

We observe that since TN (v f) < Tn(V/f), cf. (4.39) and that the carré du champ operator is non-negative,
(4.28) is a consequence of Propositions and with u(t) = uN(t), the solutions of (4.10), f = %“&) if we
show that u” satisfies Assumption [2|for any ¢ € [0, 7]. This is one of the goal of the Section [5, see Propositions

E2 and 5.3

5 Estimates on the solutions (u") of (4.10)

Note that is a first order ordinary differential equation in RT~. By standard theory, we have a solution,
locally in time, starting from every initial condition.

We say that u is supersolution of if Opu; = 2aN?(Au); + B(1—2u;) + G(i,u) and that it is a subsolution
if Oyu; < 2aN?(Au); + B(1 — 2u;) + G(i, u).

Note that any solution is both a super- and a subsolution. We have a comparaison lemma between super and
subsolutions.

Proposition 5.1. Let u be a supersolution, and v be a subsolution such that u(0,7) = v(0,%) for all i € ']I‘?V.
Then, for allt > 0 and all i € TS, u(t,i) = v(t,q).

Proof. Since u and v have derivative in time they are continuous, consider ¢ and ¢ such that u(¢,i) = v(t,¢) and
u(t, j) = v(t,j). Then, we have G(i,u(t)) = G(i,v(t)) by Proposition and thus

(i) — (i t) =2aN? S (u(j,t) — v(j ) + GG, u(®)) — GG, v()) > 0. (5.1)
j7‘i_j‘:1
This proves that u stays above v at all time. O
From the two previous propositions we conclude :

Proposition 5.2. Let § = ﬁ and suppose 0 < § < 4%. Let also 46 < T <1—46 and 0 < ¢ < 2J. For all

Ky > %, and all N, consider the solution (u]\/(t,i))ieqp;zv of Equation (A.10) starting from ug € [e,1 — €],
then we have that u™ (t,i) € [e,1 —¢] for all i and t = 0.

Note that the proposition holds for ¢ = 0.

Proof. Let p € [0,1], and set u(z) = p, for all i. Using that gk, (p) = G(i,p), we have that
o if gx(p) + B(1 —2p) = 0, then w is a subsolution;
e if gy (p) + B(1 —2p) <0, then w is a supersolution.

Then, by using the result of Proposition on the analysis of g (p) close to p = 0 and p = 1, it is easy
to check that u(iz) = € is a subsolution and u(i) = 1 — ¢ is supersolution, for € satisfying the hypothesis of the
proposition.

In particular, for p = 1, gk, (1) = 0, we have a supersolution. For p = 0, gk, (0) = 0, we have a
subsolution. O
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In the next result, we show that if u solves (£.10) and |Vu(0,4)] < <, then |Vu(t,i)[s < CT‘/E for any ¢t > 0.

Proposition 5.3. Let u be a solution of (4.10) with w(0) = wg such that, there exists Co > 0 for which

|Vuols < 2. Then, there exists C' > 0 such that |Vu(t, )| < COJrTM for allt > 0.

To prove Proposition we follow [8] and the reference therein, in particular [7]. Using the notation of [7]
we let p(t,x, z) be the heat kernel of discrete Laplacian

Ault,i) = Y. alt,iyi+ j)[ult,i + §) — u(t,i)], (5.2)

jEZ4

with a(t,,j) = 1(;_jery and I' = {£e;, i = 1,...,d}, that is,

p('7i07i) = aiu(')a
atp(tvi()ai) = Ap(t’ioﬂ)

In this case (comments below (1.2) of [7]) we have that a*(¢,7,5) = a(t,i,7) so that p*(¢,4,5) = p(t,i,7). Let

Viu(t,i) = u(t,i + ex) — u(t, i), then since p is a uniform transitions function, there exist ¢, C' > 0 independent

of t, k such that (cf. (1.3) of [7])

p(ct,0,)
Vivt

We refer to [7], Section 4 and the reference therein for a proof. We stress that the delicate point is to extend the
classical theory of E. De Giorgi, J. Nash and J. Moser to discrete operators. The authors follow mainly [6], but
similar results can be also found in [I0] (Appendix B) and [23].

|Vip(t,0,i)| < C (5.3)

Proof of Proposition[5.3 Using Duhamel’s formula (i.e., variation of constant) we get that

ult,i) = Y w0, f)pw(t i, ) + fo ds > (B(1—2u) + Gj(w)pw(t = 5,4, ), (5.4)

JeTY, jeTe,

where py(t,1,5) = D o yza P(2aN?t,1, j + z) is the heat kernel of discrete Laplacian on the torus speeds up by a
factor 2aN? and p(t, i, j) is the heat kernel introduced above. We observe that (5.3) gives

. C PN (Ctv Oa 7’)
S =————. .
|VkpN(t7071)| N \/z (5 5)

For the first term, using that py(¢,4,5) = pn(t,i + z,j + z) for any i, j, 2 € T4 and the assumption on Vug (cf.
Assumptions [2)), an integration by parts gives

‘Vk{ 2 u(O,j)pN(t,iJ)}‘ = Z u(0,7) (pn (i + e, 5) —pN(t,i,j))’
JeTy jeTd,
= > w0, 5)pn(t,i g —ex) = ) u(O,j)pN(t,i7j)‘
jeT jeTd,
; : . C
= _% (U(O,] +er) — u(O,]))pN(t,z,])’ < ¥
jeTd,

By using that (8(1 — 2u;) + G;(u)) is bounded and (j5.5) we get that for any k =1,...,d,

‘Vk{ft ds D (B(1 = 2u;) + Gy(u))pn(t — SJ»J')}‘ < ]c\;f \/%ds = %\/5-

0 .
]E'JI‘?V

18



6 Existence and uniqueness of reaction-diffusion PDE

In Section [7, we prove that in the limit N — oo, the solution of the discretized Equation 4.10, with v’V (¢ = 0) =

ud) €0, I]T?V satisfying Assumption [2| converges to a solution of the scalar nonlinear reaction diffusion equation

e when Ky - K as N — o0 :

du(t, ) = 20Au(t,x) + B(1 — 2u(t, ) + gi (u(t, ), (6.1)
e when Ky > owas N — o0 :

duu(t, ) = 20Au(t, ) + B(1 — 2u(t, x)) + go (u(t, ). (6.2)

The main difference between the two equations is that in the first case (K < 4+), g is a C' function on [0, 1]
(thus Lipschitz) so the reaction diffusion equation (6.1)) is very classical, whereas for the second case (K = +0o0),
since g4 is not even continuous we need to consider (6.2)) as a subdifferential inclusion.

The main results of this section are
(i) Proposition which proves existence of a solution, in a suitable sense, for the equation (6.2)),

(ii) Proposition which proves local uniqueness of the solution, in a suitable sense, for the equation (6.2)),
starting from a suitable class of initial conditions,

(iii) and Theorem which proves that all accumulation points of (u”)y is a solution, in a suitable sense, for
the equation (6.2)).

In the rest of this section we change our notations and define v = 2u — 1. We center the solution around the
constant steady state u = % It simplifies the presentation and proofs of our results. The original form of our
equations can be retrieved by letting u = % (v + 1). In such a way (6.I) takes the form

ow(t,x) — 2aAv(t, z) + 26v — 29K (;(v + 1)) =0. (6.3)

6.1 Solution of (6.1)

Let us denote s(¢,x,y) the semigroup of the operator A on T¢, that is,

1 r—y—k|?
s(t,z,y) = 2t Z exp <—|gt|> . (6.4)

kezZd

Denote also so(t, z,y) the semigroup of the operator %A on R?,

1 xz —y?

Note that £ — so(t,0,&) is the density of d independent normal random variables with variance ¢.
Let us consider (S;"7) the semigroup on L'(T?) defined by, for f e L'(T%), A > 0 and v > 0

~

e Ms(yt,2,y) f(y)dy = JRd e Mso(vt, ) f(y)dy, (6.6)

S27 (@) = |

Td

where for a measurable function f on T¢, we denoted f its extension on R? defined by f(z) = f(z — |z]).
Another way to define St’\’"’ is to use the Brownian motion: denote by X a Brownian motion on R¢ starting

from z on some probability space (€, F,P,), indeed we have S;"7 f(z) = e ME,(f(X+t)), and for all A > 0, and

v >0, M is a Cp-contraction semigroup on LP(T?) for p € [1, +o0].
As we will look at (6.1)) in its mild form, the following result is crucial to study the regularity of the solution.
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Proposition 6.1. For vg € L*(T%) and g € L*([0,T] x T), define

t
o(t,x) == S vg(x) + J M7 (g(s, ) (x)ds. (6.7)
0
then v e C([0,T], T?). We have the following estimates, for all (t,x) € RT x T4,

_ 1 _ 1
[o(t, 2)| < e Mool + 3 (1= €M) glloo < [vofloo + S 9]0 (6.8)

and for all T > 0, there exists a constant C depending only on T,~v,\ and d, such that for all (t,z),(s,y) €
[1/T,T] x T¢ with s < t

[o(t, z) = v(s,y)| < C((t = s)[log(t = )| + [« = y[)(lg]0 + [vo]l0)- (6.9)

Remark 6.1. v is called a mild solution of the equation d,v — 3 Av + \v = g with initial value vo. The fact that
a mild solution is a classical solution if g is sufficiently regular is a result from Pazy ([20], Corollary 4.2.5).

Proof of Proposition[6.1, The fact that v € C([0,T],L*(T%)) is a consequence of the fact that S is a Cp
contraction semigroups on L*. For the first estimate (6.8), we have that :

[o(t, 2)] <187 vo(@)| + | | S0 (z)du

< e_)‘t||v0||oo J so(vt,x, z)dz + ||gHOOJ e ME—u) f so(y(t — u),x, z)dzdu
Rd 0 Rd

1
30— )lgl

For the estimate , we start by letting s < ¢, we have

i ) P

[o(t,2) — (s, )| < 15>Tv0(z) — S ()] + f S (g, )) () du — f " (g, ) ()du

0 0

< Dol + (T2 + Is)[ gl

where

TR
Rd

o)
0 JR4

¢
I3 = J f e Mg (y(t — u), x, 2)dzdu.
s JR4

e MW s (y(t —u), @, 2) — e AT so(y(s — ), y, 2)| dzdu,

We have that I3 <t —s. For I; and I, we use the fact that, fori=1...d

2
atSO(t707§) 7A§50(t 0 5) <|£| - d> SO(taovf)

t2 t
&
t

agiSO(t,O,g) = — So(t,o,f).

First for I, denote ¢1(r) =rt+ (1—r)sand co(r) =r(z—2z)+ (1 —=7r)(z—y)) =z — (re+ (1 —r)y) for r € [0,1],
We have that

Jea(r)12 |
Ye(r)? - ye(r)

so(yer(r),0,ca(r))

) so(yer(r), 0, ca(r))




Therefore

L = f !e_)‘tso('yuo, z—x) —e Mso(ys,0,2 — y)| dz
Rd
1
<[] A 50080, €m0

+ fRd J Z |02 a& SO(Pyta 07g))\t:m(r),&:cz(r”drdz

<hLig+ 11,2,

where we have, by applying Fubini and a change of variable

b [ [ ey 3 (el )
<(t—s) Ll [Ae‘“m + % (ff(g)z vcfl (r))]
s Ll [)\6_,\01@) + C:(lr)] dr — Lt ()\e_m + Z) du = e—/\s(l — e—A(t—s)) + dlog (z)

< ()\+i> (t—s).

For the term I; 2, we get, using Cauchy-Schwarz, Fubini and a change of variable

] so(ye1(r), 0, ca(r))drdz
d

3

e[ Ejlyz—-x|e-AC“T>“”f§ifo<vc10ﬂ,o,czoo>drdz

e~ (r) e~ (r)
<w—y0wML[@u%wmm@umw—xmf¢@wa

temAu qy (&
< Cilz -y — <
s VYut—s /s

where C is the expectation of the quadratic norm of X = (X3, Xs,...Xy) of d independent standard normal

|z =yl

variables : E(|X]) < E(|X[?)Y? = v/d (we also have C; = Ve 1‘11(2/12)/2 ~ V/d). We get that, for s > 1,
L ()\+ (t—s) 4/ H:U—yH (A+dT) (t — s) 4/ ||x—yH
For Iy, we make the same computatlons with ¢ (r rt—u)+ (1 —7r)(s—u) =rt+ (1 —r)s—u where

€ [0, s], we have, since ¢{(r) =t —

s pt—u t—u 7)\1) d
I < J f ()\e)‘” d> dvdu + C ||z — yHJ f USdu
0 Js—u

For the first integral, we have

s pt—u S s B
f f ()\e—)\v + d) dvdu = (1 — e A(t— 5))—[ e—A(s—u)du + dJ log (t u) du
0 Js—u v 0 0 s —u

%(1 — e MDY (1 — ™) 4 d[tlog(t) — slog(s) — (t — s) log(t — s)]
< As(t — ) + d[s(10g(t) — log(s)) + (¢ — 5)(10g(t) — log(t — )]
< As(t—s) +d(t —s) + d(t — s)(]log(t)] + | log(t — s))|)
< (As+d+|log(t)))(t —s) + d(t — s)|log(t — s)].

For the second integral, we get

f ft e Udvdu (t—s f \/’y(sli_u)du—(t—s)\/:is.
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Then we obtain, for 1/T <s<t<T

I, < (As+d+ |log(t)])(t — s) + d(t — s)|log(t — s)| + C1|z — y|\/2:5

< (AT +d+ |log(T)|)(t — s) + d(t — s)|log(t — s)| + MTTH:E -yl

At last, we get the following estimate

lv(t,z) —v(s,y)| < l(A +dT) (t —s) + ﬁlx - yl] lvolleo
+ [(AT + [log(T)| +d + 1)(t — s) + d(t — s)|log(t — s)| + \/Q%THJC - yll] lgco-

O

We modify a little our equation (6.1)), both in order to obtain a sharper estimate on the uniform norm of the
solution and to get a coherent notation with the solution of the limit equation when K — +oo0.
We define for g € [—1, 1],

3(g+1)

ri(q) = —J 4gx (s)ds. (6.10)
We have that
1
Fie(a) = —2gx (2<q " 1>) = (1= QPu[X < k(K.T)] + (14 QPus [X <h(K.T)]. (611
So we let hx be
—1for ¢ < —1
hi(q) = { —r'k(q) + q for g € [-1,1] (6.12)
1forg>1

Since (1) = 0 and 7% (—1) = 0, hg is continuous on R. We have that, for ¢ € [-1,1],
hic(@) = =% (@) + 4= (1= QP [X < 6(K,T)] = (1 + @)Prsa [X < K(K,T)] + 4.
We now solve the following equation
Oru(t, x) — 2aAv(t,x) + (26 + 1)v = hi(v(t, x)). (6.13)

Note that, this equation and (6.3)) are exactly the same with the term v added on both sides if |v], < 1, since for
q¢[-1,1], hx(q) # ¢g. Thus, a solution v of (6.3]) with |v|s, < 1 will also be a solution of (6.13]) and reciprocally.

Proposition 6.2. For vy € L®(T?) with |volls < 1, there exists a unique solution (v(t,z),t = 0,x € T?) to the
problem

e v is continuous from R* to L*(T?)

e v satisfies, for all t > 0 and x € T?
u(t, ) = S () + L t SPPIA g (u(s, )] (x)ds. (6.14)
We say that v is a mild solution to (6.13). We have also that |[v]|, <1 and v satisfies
v(t,x) = S g (x) — J: SEPI e (0(s, )] (@)ds (6.15)

and thus is a mild solution of (6.3).
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Proof. The first part of the proposition comes from a fixed point argument (see also Pazy [20], Theorem 6.1.2)
applied to the following functional let 7 > 0 and define the functional F' : C(]0,T], L*(T%)) — C(]0, T], L*(T%))
defined by

F(o)(t,z) := ST (z) + L SEP LA L ((s, )] (z)ds. (6.16)

We equip C(]0,T), L*(T9)) with the uniform topology on all compact subset. We can apply the Banach fixed
point Theorem to F' (see the proof of Pazy [20], Theorem 6.1.2. Moreover, the mapping vy — v is Lipschitz
continuous from L® to C(]0,T), L*(T%)).

An application of Proposition [6.1] proves that |v], < 1.

Since hy is differentiable, then, if vg € C?(T4), vy is in the domain of A and thus v is classical solution of
(6.13) (Theorem 6.1.5 [20]). Thus v is a classical solution of since |v]» < 1 and a mild solution of (6.3).
Now consider an approximating sequence (vg,,) in C%(T%) of vy € L®, and (v,) the sequence of mild solutions
with initial value v, and v the mild solution of (6.13) with initial value v. Then, since vy — v is Lipschitz
continuous, by the dominated convergence theorem, we get that, uniformly on [to, T'] x T¢ for all o > 0, the right
hand side of

on(t,x) = SF 0 0 (2) — J S2BA (v (s, )] (x)ds (6.17)
0

converges to 5274y (z) — S S84t (u(s,-))](x)ds, whereas the left hand side converges to v. So we obtain
that v is a mild solution of (6.3)). O

6.2 Solution of (6.2)
6.2.1 Existence of a solution

We use the same transform as before, and let ho, be the pointwise limit of hx. The equation (6.2)) is now formally
ou(t, z) — 2aAu(t,x) + (28 + 1)v = ho(v(t, 2)). (6.18)

For the limiting equation, we prove first that the family (vi)x of solutions associated to hx with common
initial value vg € L®(T%) in C(Rf x T) is compact (with uniform norm on all compact subset). Then, by taking
the limit, any accumulation point v, of the sequence satisfy the mild formulation of the limiting equation relaxed
as a subdifferential inclusion.

In order to prove this, we set some notations :

3(g+1)

roo(q) == — Jl 49 (s)ds (6.19)
3
hoo, the pointwise limit of hg, is the function on R
1+¢
heo(q) = 2940 5 +q=—1g<—2p + ql2p<q<2p + Lg>2p. (6.20)

Then hg, is non-decreasing and is the left-derivative of the convex function H,

2
Ho(q) == —ro(q) + % (6.21)

2 L, 2
= [_q +2p+2p ]]]-{qé—Qp} + §q 1{—2p<q$2p} + [q —2p+2p ]]]-{2p<q}
The subdifferential of Hy, at q is defined as
0H(q) = {p € R, Ho(q') — Hxo(q) = p(¢' — q), for all ¢’ € [-1,1]}.

In particular we have,

{—1} for ¢ < —2p,
[-1,-2p] for g = —2p,
0Hoy(q) = 1 {a} for —2p < ¢ < 2p, (6.22)
20,1]  forg—2p,
{1} for ¢ > 2p.
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We adopt the following definition for a solution of the equation :
ow(t,x) —2aAv(t,z) + (28 + 1)v e 6Hoo(v(t,x)). (6.23)
Definition 6.1. We say that v is a mild solution of Equation (6.23) if it satisfies

ot @) = Sy ( J S2PFA (5. Y] (2)ds. (6.24)

where w € L2([0,T] x T9), with w(t,x) € 0Huy(v(t,r)) almost everywhere.

Proposition 6.3. For vy € L*(T?), any accumulation point (in C(R*% x T9) equipped with uniform norm on
each compact set), of the sequence (vi) of solutions given by Pmposition is a mild solution of (6.23)).

As a consequence of the proposition, there exists (v(t,z),t > 0,2 € T¢) a mild solution of such that v
is continuous from R¥ to L*(T¢), and |jv]s < 1.

The existence of a solution for a given initial condition v is not difficult and can be prove in different ways (see
remark. Here we adopt some kind of regularization procedure, since we have a natural family of differentiable
functions (namely the (hg)) approximating ho and we use the convergence of the sequence (vk) in the next
section to prove the convergence of the stochastic process. In the appendix, we present another construction
of solution(s) using the monotonicity of ho which is interesting since it gives an insight on the problem of
non-uniqueness.

Proof. For each K, we have a mild solution vk from Proposition [6.2] From Proposition [6.1} we have that each
solution is uniformly bounded, uniformly continuous on [1/7, T] x T, and the modulus of continuity only depends
on T > 1 (since the others parameters are fixed).

Therefore, by the Arzela-Ascoli Theorem, the sequence (v )x is compact on C([1/T,T] x R?) and we can
extract a subsequence converging uniformly in C([1/7,T] x R?), and then by a diagonal argument, a sequence
converging to a limit v, in C(]0, 00[ xRY), uniformly on each compact. Note that since |vg| < 1 for all K, we
also have |vy| < 1. We show that vy, satisfies (6.18).

Let us assume that p > 0. Denote for any s > 0, A,(s) := {y € R%: |uy(s,y) = 2p| = 0}. Note that since hq, is
uniformly continuous on [—1, —2p[, | —2p, 2p[ and ]2p, 1], we have that for any y ¢ A,(s), limg e hx (v (s,y)) =
ho(ves(s,y)). Let y € Ay(s) and assume vy (s,y) = 2p without loss of generality, since vi(s,y) converges to
Voo (8, y), for all € > 0 such that 2p — e > 0, there exists K, such that for all K > Ky, 2p —e¢ < vg(s,y) < 2p+e.
Thus, using Lemma [B.5] we have that, for all K > Ky, 2p — 2¢ < hx(vk(s,y)) < 1. Then taking the limits in K
and € — 0, we get

hao(2p) = 2p < hmlnf hi(vi(s,9)) < limsup hx (vi(s,y)) < 1= ho(2p7). (6.25)
K—w

For p = 0, we have the same inequality since then hy,(0) = —1 and hy(0+) = 1.

Therefore, let wy(s,y) = limsupy_,, hrx(vk(s,y)) and w_(s,y) = liminfx_, hx(vK(s,y)), we have that
for all (s,y) €]0, +oo[xT:

hoo (Voo (8,9)) < w—(5,9) < w4 (5,y) < hoo(ven(s,9) 7). (6.26)

Since hx (vg) is bounded, by the Banach Alaoglu Theorem, the sequence is weakly compact in L?(]0, T[xT?),
and we have a subsequence of (hi(vk))x converging weakly to w € L2 (]0,+0o[xT?). Since the density of the
semigroup S2#*+14e is in L2(]0,T] x R9) for all T > 0, we have as K — +o0,

Vo (t, ) = S2P Ay ( J SEAFLA (s, ) (2)ds. (6.27)

Moreover, w_ and w, are bounded and therefore in L?(]0,T] x T%). Let ¢ € L?(]0,T] x T¢) and ¢ > 0, by the
Fatou Lemma we get

0= J liminf(hg(vk) — w_)p < liminf (hx(vig) —w_)p = f (w—w_)ep. (6.28)
10,7]x T K—+0 K—+0 J10,7]x T4 10,7] x T

We also have

0= J liminf(ws — hi(vK))p hmmff (wy — hx(vK))e = J (wy —w)ep. (6.29)
10,T] xTd K=+ K=+ Jj0,7]x T4 10,T] x T

Thus, almost everywhere on ]0, +o0[xT?, we have that
hoo (V) K w— < w < wy < hoo (V). (6.30)

Therefore, w € 0Hqy(vy) a.e. O
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6.2.2 Uniqueness of solution of (6.23))
The main problem concerns the uniqueness of a solution.

Remark 6.2. We prove first that, we do not have uniqueness for a constant initial condition vo(x) = 2p when
2p < ﬁ, so we are in the case of segregation or metastable segragation described by Figure . We describe
three possible solutions starting from this initial condition.

Note that

GPr Aoy, () = ‘[ e~ BV (¢, 2, y)2pdy = 2pe™ BATV, (6.31)
Rd
Suppose that v does not depend on x, v(t,x) = c(t) for all x € T¢, we have

Lt SP2 T heo (v(s, )] (2)ds = f fes))e™ 0= (6:32)

0

Let us consider the functions
vl(t,z) = ! (t) = 2pe2P! (6.33)

1 1
2 — 2(t) = 92pe— 2B+t _ — (1 _ (2841t} _ 9 - 9 1— —(25+1)t) ) 34
ve(t,x) = c“(t) = 2pe +1+25 e ) p+ 1525 p < e (6.34)

Since, c'(t) € [0,2p], for t > 0, we have hy(c'(t)) = c'(t) and then

¢ t
J oo (' (5))e~2OFDE=8) g — J 2pe s (2= qg — 2pe~(2BHDE (et _ 1), (6.35)
0 0
Therefore
SfBHAO‘ J S2ﬁ+1 4a heo (vt (s, )] (x)ds = 2pe~ (2Bt 4 2pe_(2B+1)t(et —1) = 2pe 2t = p1(t, z).
(6.36)
Since 2p < 1+25, c2(t) €]2p, 1], for t > 0, we have ho(c?(t)) = 1 and then by the same computation,
t
_ s 1 _
fo oo (c2(s5))e~FDE=3) 45 — T 23(1 — e (2841, (6.37)
Therefore, we also have
§20 Iy J SPEA (02 (5, )] ()ds = v (2, 7). (6.39)

Thus, both v' and v? are mild solutions to (6.18) and thus to (6.23)) with the same initial conditions. Note that
at t = 0, we have v'(0,z) = v*(0,2) = 2p and

0wt (0,2) = —4Bp = —(2B8+1)20 +2p = —(28 + 1)2p + hop(2p7) (6.39)
0?(0,2) = —2p(2B + 1) +1 = —(28 + 1)2p + hx(2p™). (6.40)

We see that non uniqueness really comes from the fact that at t = 0, where v(t,x) = 2p, we have two choices for
the derivative due to the fact that ho is not continuous. Therefore, we cannot expect uniqueness for this problem
for all initial condition, we have to impose some condition on the initial condition if we want a unique solution.

Note that if we consider the mild solution to the subdiffrential inclusion , then we have at least a third
solution : v3(t,z) = 2p. We consider w(t,z) = 2p(28 + 1), we have

¢ ¢
SEATLA (1) + f SEBFLA (s, )] (2)ds = 2pe” PPHVE £ 9528 + 1) f e~ (2B+1(=9) g (6.41)
0 0
= 2p.
Since, 2p < ﬁ, we have that 2p < 2p(20 + 1) <1 so w(t,x) € dHy(2p).
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In the literature, we can find different conditions ensuring that the solution of Equation (6.23) is unique.
Following [II] and [4], we prove that the regularity of the initial condition at the levels where the non-linearity
H, is not differentiable is sufficient.

Definition 6.2. A function v : T — [—1,1] in C*(T?) is regular at level q €] — 1, 1[ if for all x € T?, such that
vo(x) = p, we have Vuy(x) # 0.

Proposition 6.4. Forvg € C1(T?), such that Vvy is Lipschitz on T? and regular at levels 2p and —2p, the solution
v to Equation (6.23) is locally unique. Moreover, the Lebesgue measure of the set A,(s) := {y € R%: |u(s,y)+2p| =
0} is zero.

We adapt two arguments by [1I] and [4].

Lemma 6.5. If v is a mild solution of (6.23) with vy € C*(T?), and such that Vvq is Lipschitz on T, then, for
all T > 0, there exists a constant C' > 0 such that, for all t € [0,T]

|o(t) — volw < CtY2, Vo (t) — V| < CtY2 (6.42)

Proof. Since v is a mild solution of (6.23) there exists w € L2, ([0 + 00[xT?) with |w|s < 1 since w € 0Hq(v).
Thus we get

o(t) — vo = SPPTAg — vy + f S2P LAY, (5)ds. (6.43)

Then, we have for the last integral

J 52B+1 40( )dS

t
<J e~ @BHD(t=9)qg < ¢,
e} 0

We have also

1S7 A% 0 (2) — v (2)] < 6_(2ﬂ+1)tf s(4at, x,y)|vo(y) — vo(z)|dy
’]l‘d

< Le (20411 j soldat, z,4)ly — lady
Rd
< Le~ @BVt /uatd < LV 4adt'?

where L is the Lipschitz constant of vy and the third inequality comes from the computation of the upper bound
of the quadratic norm of d independent random variables with common variance 4at. Therefore we obtain

lo(t) — volle < (LV4ad + VT2 (6.44)
For the second bound, we use the fact that d%iSO(t’ z,y) = —ﬁso(t, x,y), thus we have, using an integration by
parts

g, SEOTHAX () = SFTLA (5 0). (6.45)

Then, we have
t
aquv(t) - aﬂ;i'UO = S§ﬁ+174a(awi1}0) - (aa:iv()) + f f e_(2ﬁ+1)(t_s)am30(4a(t - 5)7 €T, y)w(57 y)dyds (646)
0 JRrd
We can treat both integrals as before, for the last integral :

e~ (2B8+1)(t—s)
e 0. Soda(t — s),x,y)w(s s| < _ z; — Yilso(da(t —s),x S
(DI, so(dalt - 5), 2, y)w(s,y)dyd f f i = yilso(4a(t — 5), 2, y)dyd
0 Rd

R4 da(t — s)
t o—(28+1)(t—s) 5 .
< | —F— t—
fo da(t — s) alt —s)ds
J —(28+1)u? du < \/%
\/2a V2a'
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For the first integral, we have the same estimates as before
|SPTLAY (0 wo) () — O, v0(2)] < L'VAadt'? (6.47)

where L’ is the maximum of the Lipschitz constants of (0,,v9);. Thus, we get

|Vu(t) — Vugle < (L’\/m + \/127(1) /2 (6.48)
O

We now prove Proposition
Proof. Let us assume that we have two solutions, v1 and vy and let e(t) = |v1 — va| o ([o4)xre). Note that the

previous Lemma entails that, for all T > 0, there exists C, such that for t < T, we have e(t) < C/t.

We define I, = {(s,y),s <t,|vi(s,y) — 2p| < e(t)} and I, = {(s,y),s < t,|vi(s,y) + 2p| < e(t)}.

Since v1 and vy are solutions of , there exists wy and ws such that wy € 0Hy (v1) a.e. and wy € 0Hqy (v2).
We can decompose each w; as w;(t,z) = fo(vi(t,2)) + gi(t, x) where fo, is the continuous part of 0Hy :

—2p for g € [—1,—2p]
fo(q) = q for q € [-2p,2p] (6.49)
2p for q € [2p,1]
and g;(t,x) = w;(t,x) — foo(vi(t,x)). Note that
gi(t,x) = =1+ 2p a.e. on {(t,z),v;(t,x) < —2p},
gi(t,z) =0 ae. on {(t,z), —2p < v;(t,z) < 2p}, (6.50)
gi(t,z) =1—2p ae. on {(t,x),v;(t,z) > 2p},
since w; = hy(v;) a.e. on {(t,z),|v;(t, z)| = 2p}.
As a consequence we have that, up to a negligible set, {(s,y),s < t,91(s,y) # g2(s,9)} < IS, U I since,
91(8,9) # ga(s,y) entails that one of the following inequalities is true va(s,y) < 2p < v1(s,y) or va(s,y) < —2p <

v1(8,y) or v1(s,y) < 2p < va(s,y) or vi(s,y) < —2p < va(s,y). For each case, the inclusion is true : for the first
one for example, if s <t and va(s,y) < 2p < v1(s,y)

e(t) = vi(s,y) —va(s,y) = vi(s,y) —2p + 2p — va(s,y) = vi(s,y) —2p =0 (6.51)

thus (s,y) € I7,. The same is true for the other cases.
Therefore we obtain the following expression for the difference v; — va:

t
nltia) —valtia) = [ [ e @O sale = 5)m,)(Fulor(5,9) — Folvals ))dyds
0 JTd
t (6.52)
+f J e~ IV 5(4a(t — 5),2,9)(g1(5,y) — ga(s, y))dyds.
0 Jit, oI,
For the first integral in (6.52)) we note that fy is 1-Lipschitz, thus

[ [ @ e staae = ) (oo 5.9)) = Folnlo)dads

¢
< J J e~ ZBHNE=8) g (40 (t — ), z,y)e(t)dyds < te(t).
0 Jra

For the second integral in (6.52) we note that |g;| < 1 — 2p, then we first have

t
f J e” GOV s(da(t — 5),,y) (91 (s, y) — ga(s,y))dyds
0 I;ftvlgt

¢
< 2(1—2p) J J e~ BN g(4a(t — 5), 2, y)dyds.
0 Jrt, oI,
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Let s < t, since vy is regular on the level set {vg = 2p} which is compact (since T¢ is) and Vg is a Lipschitz
function, we can find §,7 > 0 such that on {vg = 2p} + Bs(0), |Vvo(z)| > n. Using the second part of Lemma
6.5, and since e(t) < C’\/f, there exists 7' > 0 such that for s <t < T, I, < {vo = 2p} + B5(0) and on I,
Vui(s)| > n/2.

Since I, is compact and Vv (s) # 0, by the implicit function theorem, we can find a finite cover by open
balls (B;)1<i<n centered on points on I, such that locally on each ball B;, the level set {v1(s,y) = 2p} is the
graph of a function, e.g y1 = ©(y2,...y4). Note that since {vg = 2p} is compact, N is uniform in s < T, since by
the lemma, we can make the cover of open balls on {vy = 2p} and take their traces on {vi(s,y) = 2p}.

By the mean value theorem on the first coordinate y; of vy (s), we have I, " B; < [—2e(t) /v, 2e(t)/v] x 11 (B),
where I, is the projection along the first coordinate. Thus,

¢
J j e~ BHNE=3) g(40(t — s), 2, y)dyds
If,.nB

¢ de(t
< J 67(25+1)(t75)¢ S(40[(t - S)a Oa (07 Y2, ... yd))dy2 o dydds
0

vy/da(t —s) Jimy ()

< Jt o~ (2B+1)(t—s) 2e(t) ds < 26@)“/2.

S

0 nalt—s)  wa

Thus
t 1/2
_ _ 2Ne(t)t
@EHDE=9) s (40 (t — dyds < ——~——. 6.53
|| e s(dalt = s). . p)dyds < 22K (6.53)
Since the same holds for I}, we obtain, that for some constant C' > 0, and all t <T
o1 (t, ) — va(t, )] < (t + CtY?)e(t) < (T + CTY?)e(T). (6.54)

Then e(T) < (T + CT'?)e(T), and taking T small enough, we obtain e(T) = 0 thus v; = vy on [0,T] x T¢. [

Remark 6.3. Maxzimal and minimal solutions. Another approach to 1s to use a monotone construction
of solutions, which arises from a comparison principle close to the one developed in Proposition |5.1 This was
done initially in [2] and also in [5] Define ho, the right continuous version of he (Equatzonu by

E(Q) = _]lq<—2p + q]l—2p<q<2p + ]1q>2p- (655)

Note that hy, and hy are non decreasing (recall that 2p € [0,1]). Recall that (S;) is the semigroup on L*(T?)
associated to —2a\, we denote

t

F(v)(t,z) := e~ PG00 () + f e~ @D G, [hoo(v(s,-))](x)ds (6.56)
0

F)(t,z) = e~ DG, 00 () + Jt e~ @BV G, [hoo (v(s,-))](x)ds. (6.57)
0

Then, fixed points of the maps above are mild solutions of these two formulations of our subdifferential inclusion:

o(t,x) — 2aAv(t,x) + (28 + Dv(t, z) = ho (v(t, ) (6.58)
opv(t, ) — 2aAv(t,z) + (28 + 1)v(t, z) = he (v(t, z)) (6.59)

Since hy (resp. he) is non decreasing and that hey(p) < ho(p) for all p € [—1,1], we have that, for u,v two
functions such that -1 <v<u<1,

1. F(u)(t,z) < E(u)(t, )
2.
3.
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We define the sequences (V™),, and (W™),, of functions on R* x T¢ : VO(t,z) = 1, WO(t,z) = —1 and for all
n=1

t

VRt ) = e” PG 0 (2) + J e~ @ATVE=s) g, [F(V"1(s,-))](z)ds (6.60)
0

W (t,z) = e~ PTG 00 () + Jt e~ BFNE= G, [F(W"=1(s,))](x)ds. (6.61)
0

Thus, for —1 < vo(z) < 1, we can prove by induction that the sequences (V™) and (W™) satisfy, for all n
—“I<WHSW2 . s WV << V2V L (6.62)

By a compactness and monotony argument, one can prove that (W™) and (V™) converge to functions w and w
which are mild solutions of the subdifferential inclusion. These are the minimal and mazimal solutions of the
subdifferential inclusion, in the sense that any other solution (Definition must be bounded below by w and
above by v. Uniqueness follows if one can prove that w = v.

7 Convergence of the discrete PDE
In analogy with the continuous setting, we define vV = 2u" — 1 where u”V is the solution of the discretized

Equation (4.10) and H (i,v") = 2G (i, ”N2+1) + ¥
In such a way (4.10) becomes

ol (¢, ) 2aN2Au (t,3) — (28 + 1)oN(t,i) + H(i,vY)
(7.1)
v (t1) = 2uf’ — 1(3),
We main goal of this section is to prove the following result which states the convergence of v".
Theorem 7.1. Let vV be the solution of (7.1). Then there exists a sub-sequence kx such that
Hm [0 — vy |lpa o, 4o0f = 0 (7.2)

N—+w0

where v is a solution of and |[vN — Voo||Td xJ0,400] Means the uniform norm on all compact sets of
T x]0, +ool.

In particular, whenever the solution of is a.e. unique, vy s also (the) mild solution of and the
whole sequence v converges to vy, uniformly on all compact sets of T¢x]0, +oof.

To prove Theorem we need some technical results. Let consider the semigroup of the discrete Laplacian
N2AN on T and Z?, denoted by sV (¢, 4, j) and s{) (1,1, j) respectively. In particular we have that s™ (¢, j) =
pn(t,i,7), where py(t,4,7) is heat kernel of discrete Laplacian on the discrete torus, cf. (5.2)).

For any A,y >0 and f: + Td — R, we let (SN . ") be the semigroup defined by

R R S TR VL VS
vex T

where, as in (6.6), f is the periodic extension of f on +-Z¢.

In the remaining part of this article we will consider S:V'»7 f(z) with f € C(T?). In that case we mean that
the function f is restricted on ;T4 < T¢, whlch is equivalent to consider fV(z) := f(|Nx]/N). We observe that
if f is also Lipschitz, then | f — V| pa < & for some ¢ > 0 and |f™|pa < | f]pa. Then, with the same extension
to T? for s we can write, for any x € T¢

S f(a) = J e MNN (1, N, Ny) fN (y)dy. (7-4)
Td

By a slight abuse of notation, we still denote by vV the linear interpolation on T? such that v™ (¢, ﬁ) = v (t).
We also redefine the function H on the torus T¢ by the linear interpolation such that H(N7 Ny = H(i,v") and
we define HY as f in (7.4).
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Definition 7.1. Let N € N and v} € L*(T4). We say that (v (t,z),t = 0,7 € T?) is a mild solution of (7.1) if
o for any N, vV is continuous from R* to L*(T%),

o forallt >0 and x € T¢

2 t 2
oV (t,z) = SN (N ) () 4 f SN2 N (0N (s,)) | (2)ds (7.5)

Let " be the unique solution of ([4.10)), so that vV = 2u’ — 1 satisfies (7.1). Of course, for any N the
solution vV of (7.5) exists and it is unique.
The proof of Theoremis based on the representation of v"V as in (7.5)). We define 7V as a slight modification

of (7.5), that is,

t
W (t,2) = SO o)) + [ S H (0N (5, ). (7.6)
0
Lemma 7.2. For any T >0
Nliriloo |5 — ™77y xma = 0. (7.7)
Proof. Let T > 0, then
sup NV (t, ) — o (e, x)‘ < sup StN’)"N%v(])V(x) — S?’Vvo(x)‘

te[ 4,7, zeT te[&,T], zeT4

+ sup j:{Sﬁiﬂ“’“"‘a[ﬂN(-,vN(s,~>>]<x>—s?le’“[H(wN(s,~>>]<x>}ds\. (7.8)

te[ 4,17, zeT?

We show that the right hand side of converges to 0. We detail the convergence of the second term, which
is more delicate. The argument can be adapted to the first term by using Assumption [2| which ensures that v}’
converges to vg in C(T9).

We fix € € (0, 1) and we get that

il SN [ oV (5,0)|(@) = S22 1 0% ) )|

< Uots StN_’i/3+1,4N2@[HN(-’UN(3, .))](3;) _ g2h+14a [H(-,vN(s, -))](x)ds‘ +Ce, (7.9)

where we used that Lemma which implies that H(-,v") is bounded by 1 uniformly on N. The integral on
the right hand side of (7.9) is bounded from above by

t—e
f e~ (2B+1)(—5)
0

Ld (NdsN(4N2a(t — ), Nz, Ny) — s(da(t — s), z,y))HN(y,vN(s, y)) dy ‘ ds

t—e
+ J e~ (2B+1)(t—s) de s(4a(t — s), z, y)‘HN(y,UN(&y)) — H(y,UN(s,y))‘ dyds. (7.10)
0

Since supg= yerd ‘HN(y,vN(s,y)) - H(y,vN(s,y))‘ < %, the second integral is smaller than “%2. For the first

integral, we first use that H(-,v"V) is bounded by 1 uniformly on N and then we operate the change of variable
u =t — s which gives that it is bounded from above by

i
f o~ (28+1)u f
€ Td

We now use the local central limit theorem (cf. Theorem 2.1.1 and (2.5) in [I7]): let p be the Gaussian Kernel
and p(u, z,y) = uTlpp(%), then

N4sN (4N2qu, Nz, Ny) — s(4au, z, y)‘ dy du (7.11)

e N = sup
uele,T], ye 24

Ndp(uNQ,Nx,Ny)—p(u,z,y)’ M)O (712)
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We also observe that by symmetry the supremium in (7.12) is independent of z. Moreover, by Proposition 2.4.6
in [I7] we have that there exist ¢1,ce > 0 independent of z, y, u such that

—ull2
€1 _¢ lo=yl

INp(uN?, N, Ny) = plu,,y)| < e300 (7.13)
2

u

In such a way, for any M > 0 fixed we write T¢ = B, (M) u B,(M)¢ and we get that (7.11)) is smaller than

t 4 1
—(28+1)u (Md Ol ey MZ ) ds< C (Md 7) 7.14
CdL e UNeT + Vs s d UNeT + 7))’ (7.14)
where ¢4, Cy > 0 are two positive constants that depend only on the dimension d.

We conclude that the right hand side of (7.9) is bounded by %2 +cM %)y o 1+ 357 + Ce, uniformly on z € T¢
and t € [+, T]. Therefore, by taking the limit on N — +00 and then on M — +o0 and € — 0 we conclude the
proof. O

Proof of Theorem[7.d. We control 7V to get the convergence of v"V. We observe that since H(-,v™(s,-)) is
uniformly bounded so that by Proposition 9V is uniformly bounded in N, uniformly continuous on [1/T,T] x
T?, and the modulus of continuity only depends on 7' > 1. By the Ascoli-Arzela Theorem, the sequence (V) y is
compact on C([1/T,T] x R%) and we can extract (by a diagonal argument) a subsequence converging uniformly to
a limit vy, in C(]0, o[ xR?), uniformly on each compact. By Lemma we get that vV admits a sub-sequence
converging to vep.

Using Corollary we can adapt the argument used in the proof of Proposition to get that
Vg 18 a mild solution of , we omit the details. O]

7.1 Proof of Theorem [3.1]
Theorem [3.1]is now a consequence of Theorems [4.2] and

A Concentration inequalities

We follow the definitions in Jara and Menezes [15] and [14] and Boucheron, Lugosi, Massart [I], Section 2.3. We
omit the proofs since there are present in the references.

Definition A.1 ([I5] and [I], Section 2.3). Let X be a real random variable. X is said to be sub-Gaussian with
variance parameter o2 if, for allt € R
212

P¥x(t) :=logE(exp(tX)) <o 5 (A.1)

We denote G(o?) the set of real sub-Gaussian random variables with variance parameter 2.

Proposition A.1. [[1] and [T], Proposition F.7] The following statements are equivalent :

1. X eG(a?)
2. P(|1X| > t) < 2exp(—525)
3. E(exp(yX?)) <3 for all 0 < < 1%

Let us complete our family of inequality :

Lemma A.2. [[T]|], Proposition F.8] Let X € G(c?) and Y € G(03), then for all 0 < y < -

40’10’2 ’

E(exp(vXY)) <3
Lemma A.3. [[1]|, Proposition F.12] Let X1,...,X,, be random variables with X; € G(c2), such that there is

a partition of K subsets Py,..., Pk each containing L variables that ¥y = o(X;,i € Py) are independent o-
algebra then, for all real oy, ..., o, the random variable Y = Y. o; X; is sub-Gaussian with variance parameter
LY, alo?.

Note that if L = 1, the variables are independent.

Lemma A.4 (Hoeffeding Inequality, [I], Section 2.3). Let X be a bounded random variable with X € [a,b], then
X-Exeg (0.
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B Controls for the non-linearities

In this section, we collect some results about the specifics of our model. Recall the notations: for 7 € {0, 1}T7v

() . ~(n) := :
o (1) := Lipo(m=>1-fa 1 co (1) = Lipom<iitys

SEN

and ky = kn(T) := min{[KNTJ—l; [KN(l—T)J}. For any function u = (u;)erq , we define vy (dn) = ol (dn) =
®iery, B(u;) where B(u;) denote a Bernoulli distribution with parameter u;. and we let ¢ (u) and ¢; (u) be the

expectations of c¢j (n) and ¢y (1) under v,,. We set (7,17); = ni4;, and likewise 7; acts on u. Then,

Glu) 1= (1 — uo)e (u) — ocy (u) = (1 — uo)Py, [Po(’?) >1- Kﬂ ~uP,, [PO(W) < Kﬂ (B.1)

and G(i,u) := G(r;u). We start with some results on the non linearity G :
Proposition B.1. Let u,v € [0, I]T?V such that u; = v; for all i€ Vn and ug = vg. Then G(0,u) = G(0,v).

Proof. We construct a coupling between v,, and v,: let (U;) be independent and identically distributed random
variables uniform on [0,1]. Define 1; = 1y, <y} and 7; = Ly, <,,3- We have n; > n; for all i € Vy, therefore

po(n) = po(1’). This proves that cg (u) = cd (v) and c; (u) < g (v). The results follows since ug = vo. O

For pe [0,1], T € [0,1], K € N* we let x(K,T) = min{[KT] —1;|K(1— T)J} < K/2, and we define g (p)
gk (p) = (1 = p)Py[X > K — k(K,T)] — pPp[X < (K, T)]

where X is a random variable with binomial distribution with parameter (X, p) under P,. In particular, we have
that gry (p) = G(i,u) for u(t,i) = p for all i € T¢. Note that gx is C*([0, 1]). We also have

9 (p) = (1= p)P1 [ X < K(K,T)| — pPp[ X < k(K,T)]

r(K,T)—1 <K K

B.2
k;) [(1 - p)k+1pK—k . pkH(l _ p)K—k] . (H(K, T))pm(K,T)H(l _p)K—N(K,T). (B.2)

k=0

We recall goo(p) := (1 — p) 11— pepo(r)} — Plip<po(1)}s Where po(T) = min(7,1 - T).
The following proposition estimates the convergence of gx to g4, in particular we prove that close to p =0
(resp. p = 1), gk is negative (resp. positive).

Proposition B.2. For all K € N* U {0}, we have gx(0) = gk (1) = 0. For all K € N* and p € [0, 1], we have,
for |p —po(T)| > % and |(1 = p) —po(T)| >

|95 (P) — 90 ()| < 2e exp(—2K (po(T) — p)?) + 2e exp(—2K (po(T) — (1 — p))?) (B.3)

In particular, for any 0 < 6 < ﬁ, T € [40,1—40], and K > %, we have that i (20) < —6 and g (1—20) > 6.

Proof. We consider g written as in (B.2]). Then, the values at p = 0 and p = 1 are obvious.
Note that, under P,, % — p converges to 0 (in L?(Q2y)) and is sub-Gaussian with variance parameter
thus, for any ¢t > 0,

1
1K

X
P, ()K —p‘ > t) < 2exp(—2Kt%).

We also have that

K(K,T) 1
< T < —.
0 < po(7T) K K
Then, for p > po(T),
X k(K,T X
Po[X < k(K,T)] =P, |p— T > p—po(T) + po(T) — (K)] <P, [p— 174 >p—po(T)]

< 2exp(—2K (p — po(T))?),
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and for p < po(T) — %,

1

po(THpo(T)p] <P, {§p2po(T)pK

PB,[X > w(K,T)] = B, [i . n(f[((,T)
exp(—2K (po(T) — p — 1/K)?) < 2P0 1)=P) exp(—2K (po(T) — p)?)

eexp(—2K (po(T) — p)?).

<2
<2
Thus, we have the following, for |p — po(T)| > %,

|IP’p[X < k(K,T)]— 1{p<po(T)}| < 2eexp(—2K (po(T) — p)Q).

The results follows with the same estimates with (1 — p) instead of p. This prove (B.3).
Let 6 > 0 and set p = 20, and T' € [46, 1 — 46], then |20 — po(T)| < 26 for K > 55 and we have the same for
1—p=1-2§. Applying the result, we have

|95 (26) — 9:0(26)| = |gx (26) + 28] < 4eexp(—8K6?)

Then, if 4eexp(—8K6?) < &, we get the result. This happens if exp(—8Kd2) < §% and § < é, which gives the

condition on K. O

Proposition B.3. Let v : T — [0,1] be a continuous fized density on the torus. For any i € ’]T‘}V we let
u; = vy n. Then as i/N — x, we have that u; converges to v,. Let v, = ®i€T§lv B(uz) Then, po(n) converges to
vo in probability.

Proof. We use the coupling introduced in Lemma we let (U;) be i.i.d uniform random variables on [0, 1] so
that under v, we have that po(n) and K%\J Yiicvy Lvi<u;y are equal in law. By the Tchebychev inequality, we
have that for any € > 0

P ’ZiEVN 1{U1<ui} . ZiEVN Ui -
Ky Ky

1
< —.
5) AK ye?
Moreover, the sequence K;,l ZieVN u; converges to vy because for any i € Vy, i/N — 0. O
We have the following corollary.

Corollary B.4. Let u = (ui);crs, as in Proposition Then, G(u) and gx, (vo) converge both to gu(vo) as
N — +oo0.

Recall that, for ¢ € [-1,1],
1
hi(q) = 29 <2(q + 1)) +q =1 =Py [X <r(K,T)] = (1 + q)Pra [X < (K, T)] +4q.

Recall the critical parameter p := p(T) = |T — 3| = 3 — po(T) € [0, 5]. Note that h converges pointwise to the

function he(q) = 2900 (%) +q=—1g<—2p + ql_2p<q<2p + 1g>2,. The points ¢ = +2p are the discontinuities

of he, and compare the Lemma to the fact that 2p = hy(2p7) and 1 = he(2pT). A similar estimate holds at
q= —2p.

Lemma B.5. For all ¢ € [—1,1], |hx(q)| < 1. Moreover, for all ¢ > 0 such that 2p — ¢ > 0, there is Ky > 0
such that for K >0,

2p—2e =hy(2p7) — 2e <hg(q)

<hg(207) =1 for qe[2p—¢€,2p + €]
1= hun(~207) <hicla) <

h
hoo(—2pT) +2e = —2p + 2¢ forqe [—2p—e,—2p + €]

Proof. We start by observing that for all ¢ € [—1,1], Pig [X < w(K,T)] = PPEJ[X > K — k(K,T)]. We also
have that

1= Pﬂ[X < H(K,T)] +]P>1+Tq[m(K,T) <X<K- n(K,T)] +}P%q [X > K — I{(K,T)].
2
Thus, using the definiton of hx, we get

hic(q) = —Pria[X < w(K,T)] + qPria[K(K, T) < X < K = 5(K,T)] + Pra [X > K — 5(K,T)].
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This gives us the result. Indeed, for g € [0, 1], we have
hic(q) < qPrsa [R(K,T) < X < K = k(K. T)] + Pisa [X > K — 5(K,T)]
<Pu [w(K,T) < X] <1
and
hie(q) > —Pua [X < /(K T)] + Pusa[X > K — 5(K,T)]
> P [X <K(K,T)] = Prea [X < 6(K,T)] 2 ~Prsu [X = 6(K,T)].

The last inequality comes form the fact that, by a coupling argument, p — P, [X < k(K, T)] is decreasing on

[0,1], and since ¢ > 0, 1;2‘1 < %_

In particular, for g € [2p — ¢, 2p + €] such that 2p —e > 0, we have the same upper bound as before for hx(q),
and for the lower bound:
hic(q) = —Prsa [X < 6(K, T)] + qPrsa [ X > 5(K, T)]
“Pisa [X < A(K,T)] + (29— 2) (1= Pasa[X < k(K T)])
>2p—e— 2P [X < w(K,T)].
From the proof of Proposition we have that, for K > Kj:
Proo [X < (K, T)] < 2exp (—K(q + 2p)?/2) < 27207

Choosing Ky large enough such that the right hand side is less than £/2, we get the result.
For g € [—1,0], the proof is completely similar.

_ ) . ) _ _ . . . d
Lemma B.6. Let u = (u;);cra , with u; € [0,1] and let v =2u — 1. Then, |H(i,v)| < 1, uniformly on i€ TY.

Proof. We recall ([£9), in particular that G(i,u) = G(ru). So that we only prove that |H(v)| < 1, where
H(v) = G((v +1)/2) + vg. The proof is similar to Lemma Indeed, again by (#.9) we have that

1 1 1
2G< v >+v0—co <U+ >(11}0)05<U+ >(1+v0)+v0
2 2 2
v+1 _(v+1 v+1 _(v+1
“i () e () e (e () o ()

We observe that, by definition, 1 — ¢ (“FL) — ¢y (“51) > 0. This implies that —1 < H(v) < 1. 0O
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