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It is shown that magnetotransport properties of bismuth cannot be interpreted without taking into account the
concomitant diamagnetic magnetostriction which implies a change of carrier density as well as a change of
symmetry. Here, we emphasize the lack of consistency of the usual phenomenological theory of magnetotrans-
port effects based on space–time symmetry restrictions, which implicitly assumes the conservation of crystal-
lographic symmetry under magnetic field. This is demonstrated by Hall voltage measurements exhibiting an
unexpected asymmetry when the magnetic field lies in the bisectrix direction.
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Transport properties of bismuth, which crystallizes in t

3̄m space group, have been intensively studied in the p1

because of its unique properties which belong to metals
well as to semiconductors; it is a semimetal. At all tempe
tures it contains a small equal number of electronsN and
holesP (N5P;331017 cm23 at 0 K!. Under a magnetic
field B, the commonly accepted structure of the magne
resistivity tensorr i j (B) is determined by the phenomen
logical transport theory based on the spatial symmetry op
tions ~Neuman principle! and the Onsager relationsr i j (B)
5r j i (2B), or briefly ‘‘space–time symmetry restrictions.’’2

The componentsr i j (B) can be expressed as the sum of
even and odd function ofB. Figure 1 describes the tenso
structure for Bi where indices 1, 2, 3 refer, respectively,
the binary, bisectrix, and trigonal direction. It appears t
the off-diagonal componentsr23(B1) as well asr32(B1) are
composed of an even and an odd part. This means tha
asymmetry in the Hall field occurs under sign reversal of
magnetic field only when it lies in the binary direction; this
the so-called Umkehr effect.3 The Umkehr is not specific to
R3̄m point group but to all conductive anisotropic crysta
Moreover, it can happen for different field directions f
lower symmetry point groups.2

From the microscopic point of view of the Boltzman
transport equation, this Umkehr effect, for Bi, is explain
by the particular shape of the Fermi surface depicted in F
2, which consists of a set of ellipsoids located at theL andT
points of the Brillouin zone: six half electron ellipsoids~L
points! and two half hole ellipsoids of revolution around th
trigonal axis~T point!. One can show that the tilt anglew of
the electron ellipsoids in the plane~2,3! is responsible for the
Umkehr effect.2

In a previous paper,4 the asymmetry of the Hall voltag
observed on polycrystalline Bi has been explained by
0163-1829/2004/69~18!/184418~4!/$22.50 69 1844
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Umkehr effect in grains randomly distributed. Oddly enoug
early experimental results never published and recently
viewed by one of the authors, clearly show the existence
an Umkehr effect for the magnetic field in the bisectrix d
rection. This is, in principle, in contradiction with the theor
In order to clarify this puzzling situation, it was essential
carefully measure the Hall voltage on well orientated sin
crystals. Moreover, still now, no systematic measurement
the Umkehr effect on single crystals have been performe

Hall voltages have been measured on two high purity

FIG. 1. Space–time symmetry-restricted form of the magneto

sistivity tensorr i j (B) for the trigonal class 3̄m ~from Akgöz and
Saunders—Ref. 2!. Key to notation:~•! zero component,~d! non-
zero component,~* ! equal component. The co-existence of ev
and odd terms inr23(B1) and r32(B1) gives rise to the Umkehr
effect ~the indices 1, 2, and 3 refer to the binary, bisectrix, a
trigonal axis, respectively!.
©2004 The American Physical Society18-1
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(6N) samples coming from an original long~20 mm! parall-
epipedic single crystal whose length is in the trigonal dir
tion and edges parallel to the binary and bisectrix directio
The parallelism was not ideal, but the deviation never
ceeds 5°. Current and potential probes were attached to
crystals with a low melting solder~60 °C!.

As Bi is known to have a high thermoelectric figure
merit, special care has been taken to realize electrical m
surements under strict isothermal conditions. The use o
alternating current, instead of a direct current, eliminates
problem of an undesirable thermomagnetic contribution
the voltage. An ac current of 40 Hz excitation frequency a
10 mA amplitude was used. The Hall voltages~five-wire
configuration! and the diagonal component of the resistiv
were measured by an ac transport measurement system
tion of the PPMS~Quantum Design! over the temperature
range of 5–300 K and with magnetic field ranging up to 7
The potentiometer was balanced with accuracy at room t
perature~where the resistance of the samples is the high!
in such a way that the ratio between the longitudinal volta
and the Hall voltage at null magnetic field was better th
102. The experiment was carried out with the cell immers
in helium gas to guarantee thermal stability.

Figure 3 displays the behavior of the Hall voltages forB
lying in the binary and bisectrix direction at selected te
peratures~5, 80, 300 K! versus magnetic fields. Note that
the representation of the graphs the opposite of the Hall v
age was used for positive magnetic fields. While the shap
the three curves looks quite different, it varies continuou
versus temperature. An Umkehr effect is well observed foB
lying in the binary direction@Fig. 3~a!# in accordance with
the phenomenological theory but an unexpected Umkehr
fect is evidenced whenB lies in the bisectrix direction@Fig.
3~b!#. In both cases, the Umkehr is more and more p
nounced as temperature decreases because the even c
nent of the total Hall voltage becomes dominant in suc
way that the sign of the Hall voltage does not change un
reversal ofB. Of course, at low temperatures quantum os
lations are superimposed. It was verified that the diago

FIG. 2. Fermi surfaces of bismuth in the Brillouin zone fro
Issi ~Ref. 1!. Electrons are located atL points and holes atT points.
Axes 1, 2, and 3 are parallel to the binary, bisectrix, and trigo
axes, respectively.w is the tilt angle of the electron ellipsoids.
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component of the resistivity was an even function of the fi
whatever the temperature in agreement with the structur
r i j (B) reported in Fig. 1.

The main point to emphasize is the occurrence of
Umkehr effect forB lying in the bisectrix direction, confirm-
ing early unpublished data. This anomalous behavior can
explained, quite simply, by the phenomenon of diamagn
magnetostriction, which modifies the crystallographic sy
metry as well as the distribution of carriers in the Fer
pockets. While this magnetostriction is known for a lon
time, it is never taken into account in the interpretation
magnetotransport measurements.

Kapitza5 discovered the magnetostriction of Bi in 193
for temperatures ranging from 77 to 300 K. Oscillatory ma
netostriction, at low temperature, has been observed late6–8

proving the essential role of free carriers in this diamagne
magnetostriction. From thermodynamic arguments, it f
lows that magnetostriction is directly related to the stre
dependence of the magnetic susceptibility and that it is
hanced if many valleys or bands are present, like in Bi or
degenerate semiconductors like Si or Ge.9 Owing to their
different magnetic susceptibilities, some bands or valle
will have higher magnetization energies and a strain is
duced, in a magnetic field, in order to shift the valley e
trema and redistribute the carriers until the minimization
the free energy is reached. This thermodynamic theory
magnetostriction leads to the conclusion that the indu
strain is proportional to the change of carrier densityDN and
DP.10 It is valid in the whole range of fields. The detaile
tensorial expression of the magnetostrictive strain can
found in Michenaudet al.8 It is worth emphasizing that the
total change of the electron density is shared between
three ellipsoids~which is equivalent to the six half ellipsoid
described previously!:

DN5(
i 51

3

DNi , ~1!

and the conditionDN5DP must be respected. Due to th
small carrier density in Bi,DN/N ~or DP/P) is far from
being negligible. Then, the magnetostrictive strain induce
drastic effect on magnetotransport properties.

Owing to the 120° layout of the electron Fermi ellipsoi
it is clear that the magnetic field applied in the binary dire
tion (B1) does not produce the same magnetization as w
applied in the bisectrix one (B2). ForB1 , we can distinguish
two effective cyclotron masses called ‘‘light binary~LBN!’’
and ‘‘heavy binary~HBN!’’ and for B2 , ‘‘light bisectrix
~LBX !’’ and ‘‘heavy bisectrix ~HBX!’’ following the desig-
nation of Vecchiet al.11 as illustrated in Fig. 4. It obviously
implies a loss of symmetry of the electron Fermi surfa
because the magnetic energy is not equivalent in the th
ellipsoids. With increasing field, in the range of high fiel
(mB@1 wherem is the carrier mobility!, the electron density
is more and more unequally shared between the Fe
pockets.8 When the magnetic field is along the trigonal ax
the symmetry is not broken and the change in electron d
sity is equally shared.
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FIG. 3. Hall voltage vs mag-
netic field lying ~a! in the binary
direction and~b! in the bisectrix
direction at different temperatures
Note that for positive magnetic
fields it is the opposite of the Hal
voltage which is represented.
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FIG. 4. 120° layout of the electron Fermi surfaces in the trigo
plane showing the different effective cyclotron masses forB lying
~a! in the binary and~b! in the bisectrix direction. The others sym
bols are explained in the text.
18441
In fact, this broken symmetry is already implicitly con
tained in Vecchiet al.11 without reference to magnetostric
tion. In this paper, the authors show, from magnetoreflect
experiments, that the carrier density varies versus field.
similarity between these results and the behavior of the m
netostriction was first pointed out by Michenaudet al.7

Coming back to magnetotransport properties of Bi, as
symmetry is not conserved, we can assert that the struc
of r i j (B) ~Fig. 1! is not suitable because space–time sy
metry restrictions implicitly assume that the symmetry do
not change under field. The unexpected Umkehr effect foB
lying in the bisectrix direction is thus to be attributed to th
loss of symmetry.

In summary, the Hall voltage data of Bi single crysta
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clearly show an Umkehr effect forbidden by the space–ti
symmetry restriction theory. It is due to the broken symme
induced by the field itself while the usual phenomenologi
theory implies the conservation of the symmetry.

A last comment concerns the measurement of the H
effect. The usual method of averaging the Hall voltage d
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of the Hall constants.
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