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Abstract

The HUNTERS AND RABBIT game is played on a graph G where the Hunter player shoots
at k vertices in every round while the Rabbit player occupies an unknown vertex and, if
it is not shot, must move to a neighbouring vertex after each round. The Rabbit player
wins if it can ensure that its position is never shot. The Hunter player wins otherwise. The
hunter number h(G) of a graph G is the minimum integer k such that the Hunter player
has a winning strategy (i.e., allowing him to win whatever be the strategy of the Rabbit
player). This game has been studied in several graph classes, in particular in bipartite
graphs (grids, trees, hypercubes...), but the computational complexity of computing h(G)
remains open in general graphs and even in more restricted graph classes such as trees.
To progress further in this study, we propose a notion of monotonicity (a well-studied and
useful property in classical pursuit-evasion games such as graph searching games) for the
HUNTERS AND RABBIT game imposing that, roughly, a vertex that has already been shot
“must not host the rabbit anymore”. This allows us to obtain new results in various graph
classes.

More precisely, let the monotone hunter number mh(G) of a graph G be the minimum
integer k such that the Hunter player has a monotone winning strategy. We show that
pw(G) < mh(G) < pw(G) + 1 for any graph G with pathwidth pw(G), which implies that
computing mh(G), or even approximating mh(G) up to an additive constant, is NP-hard.
Then, we show that mh(G) can be computed in polynomial time in split graphs, interval
graphs, cographs and trees. These results go through structural characterisations which
allow us to relate the monotone hunter number with the pathwidth in some of these graph
classes. In all cases, this allows us to specify the hunter number or to show that there may
be an arbitrary gap between h and mh, i.e., that monotonicity does not help. In particular,
we show that, for every k > 3, there exists a tree T' with h(T) = 2 and mh(T) = k. We
conclude by proving that computing h (resp., mh) is FPT parameterised by the minimum
size of a vertex cover.

1 Introduction

The HUNTERS AND RABBIT game is played on a graph G and with a fixed integer &k (the number
of hunters), where the Hunter player shoots at k vertices in every round while the Rabbit player
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the Future (ANR-17-EURE-004) and the ANR Digraphs and ERC grant titled PARAPATH.



occupies an unknown vertex and, if it is not shot, must move to a neighbouring vertex after
each round. The Rabbit player wins if it can ensure that its position is never shot. The Hunter
player wins otherwise. The HUNTERS AND RABBIT game was first introduced in [§], in the case
k = 1, where it was shown that the Hunter player wins in a tree T if and only if 7" does not
contain as subgraph any tree obtained from a star with 3 leaves by subdividing each edges twice.
This result was also observed in [19], where the authors also consider the minimum number of
rounds needed for the Hunter player to win. The version where k£ > 1 was first considered
in [1]. Observe that, if £ = |V(G)| — 1, the Hunter player can win in any connected graph G
(in two rounds) by shooting twice a subset of k vertices of G. Hence, let the hunter number of
G, denoted by h(G), be the minimum integer k such that k& hunters can win in G whatever be
the rabbit strategy. The exact value of h(G) has been determined for several specific families of
graphs G. For any n > 2, h(P,) = 1 where P, is the path with n vertices [I] (because the rabbit
is forced to move at every round, h(P;) = 0). For any n > 3, h(C),) = 2 and h(K,) =n — 1,
where (), and K,, are the cycle and complete graph on n vertices respectively [I]. Moreover,
hGnxm) = LMJ + 1 [1] and A(Q™) =1+ E?;OQ(Li;2J) [6], where Gj,xm is the n x m grid
and @ is the hypercube with dimension n. By taking advantage of the bipartiteness of trees, it
was proven that, for any tree T, h(T) < [$logy(|V(T)[)] [16]. Surprisingly, the computational
complexity of the problem that takes a graph G and an integer k as inputs and aims at deciding
whether h(G) < k is still open, even if G is restricted to be a tree.

In this paper, we progress further in this research direction by exhibiting new classes of
graphs G where h(G) can be determined in polynomial time. We also define some monotone
variants of the game which allow us to get new results on the initial game.

Graph searching games. The HUNTERS AND RABBIT game takes place in the larger class
of Graph Searching games initially introduced in [7, 26]. In these pursuit-evasion games, one
player plays with a team of searchers (also called cops, hunters, etc.) that must track a fugi-
tive (or robber, rabbit, etc.) moving in a graph. There are many games that can fall under
this framework, each one specifying its own rules on, for example, the available moves of the
searchers, the speed of the fugitive, whether the fugitive is visible or not, and so on. Several
variations of graph searching games have been studied in the literature due to their numerous
applications in artificial intelligence [2I], robot motion planning [10], constraint satisfaction
problems and database theory [15], and distributed computing [25]. Graph Searching games
have mostly been studied for their significant implications in graph theory and algorithms. In
particular, many variants of these games provide algorithmic interpretations of several width
measures of graphs like treewidth [27], pathwidth [26], tree-depth [I4], hypertree-width [2],
cycle-rank [14], and directed tree-width [22]. The connection between Graph Searching games
and structural parameters, such as the treewidth or the pathwidth, is based on the notion of
monotonicity [4, 27, 24, 20]. In short, a searchers’ strategy is monotone if it ensures that the
fugitive can never “recontaminate” a vertex, i.e., it can never access a vertex that has already
been “visited” (or “searched”) by a searcher. The main question is then, given a game, whether
“recontamination does not help in this game” [23], i.e., whether there always exists, in this game,
an optimal (in terms of number of searchers) monotone winning strategy for the searchers. In
particular, the monotonicity played a central role in the proof that the minimum number of
searchers to capture an invisible (resp., visible) fugitive in the node-searching game played in a
graph G equals its pathwidth plus one [4] (resp., treewidth plus one [27]).

Not surprisingly, the HUNTERS AND RABBIT game has also a close relationship with the
pathwidth of graphs. Precisely, the hunter number of any graph is at most its pathwidth plus
one [1]. In this paper, we investigate further this relationship and, for this purpose, we define a
notion of monotonicity adapted to the HUNTERS AND RABBIT game and study the monotone
variant of the game.



Our contribution. In Section [2| we first give the main notation and definitions used through-
out this paper, and we prove (or recall from previous works) several basic properties of the hunter
number of graphs. In Section [3| we introduce the notion of monotonicity for the HUNTERS AND
RABBIT game. As discussed in Section some peculiar behaviours of the HUNTERS AND
RABBIT game makes the definition of monotone hunter strategies not as straightforward as
in classical Graph Searching games. We then prove, in Section [3.1] some technical properties
(used later) of the monotone hunter number mh(G) of a graph G, i.e., the minimum number
of hunters needed by a monotone strategy to win against the rabbit whatever it does in G.
In Section we prove that mh(G) € {pw(G),pw(G) + 1} in any graph G. This result has
interesting implications. Along with implying that it is NP-hard to compute mh(G) for a graph
G, it also implies that it is NP-hard to approximate mh(G) up to an additive error of |V (G)|¢,
for 0 < € < 1. On the positive side, we give polynomial-time algorithms to determine h(G)
and/or mh(G) in particular graph classes G in Section Precisely, in Section we show
that w(G) < h(G) < mh(G) < w(G)+1 in any split graph G with maximum clique of size w(G)
and precisely characterise when each bound is reached. We also precisely characterise mh(G)
for any interval graph G. In Section [4.2] we design a linear-time algorithm that computes
mh(G) for any cograph G and give bounds for h(G) in that case. In Section we adapt the
Parsons’ Lemma [26] to the case of the monotone HUNTERS AND RABBIT game which leads to
a polynomial-time algorithm that computes mh(T') for any tree T'. In Section |5 we investigate
the monotonicity property in the case of the “bipartite” variant of the HUNTERS AND RABBIT
game (see [I, [16]). In particular, this allows us to show that, for any k € N, there exist trees
T such that h(T) = 2 and mh(T') > k. That is, “recontamination helps a lot” in the HUNTERS
AND RABBIT game. Finally, in Section [0, we show as a general positive result that the problem
of deciding if h(G) < k, for some given integer k, is in FPT when parameterised by the ver-
tex cover number of G. This is done through kernelisation. We close our study by providing
directions for further research in Section [Tl

2 Preliminaries

Unless mentioned otherwise, in this paper we will always deal with graphs G = (V, E') that are
non empty, finite, undirected, connected and simple. For any two adjacent vertices z,y € V,
let zy € E denote the edge between x and y. Given a set S C V, let G[S] denote the subgraph
of G induced by (the vertices in) S and let G\ S denote the subgraph G[V \ S]. For any v € V
and X C V, let Nx(v) = {u € X | uv € E} be the open neighbourhood of v in X and let the
closed neighbourhood of v in X be Nx[v] = (Nx(v) U{v})NX. If X =V, we simply write
N(v) and Nv] respectively. For any S C V, let N(S) = J,cg N(v) \ S and N[S] = N(S)U S.
The degree d(v) = |N(v)| is the number of neighbours of v and let 6(G) = minyey d(v). An
independent set of a graph G = (V, E) is a subset I of V' such that, for every u,v € I, uv ¢ E.
A graph is bipartite if its vertex-set can be partitioned into two independent sets.

Hunters and Rabbit game. The HUNTERS AND RABBIT game is played between two
players, Hunter and Rabbit, on a non empty, finite, undirected, connected and simple graph
G = (V,E). Let k € N*. The Hunter player controls k& hunters and the Rabbit player controls
a single rabbit. First, the Rabbit player places the rabbit at a vertex ro € V. The rabbit
is inwvisible, that is, the position of the rabbit is not known to the hunters. Then, the game
proceeds in rounds. In each round ¢ > 1, first, the Hunter player selects a non empty subset
S; CV of at most k vertices of G (we say that the vertices in S; are shot at round 7). If the
current position r;_1 of the rabbit is shot, i.e., if r;_1 € S; (we say that the rabbit is shot), then
the Hunter player wins, and the game stops. Otherwise, the rabbit must move from its current



position r;_1 to a vertex r; € N(r;—1), and the next round starts. The Rabbit wins if it avoids
being shot forever.

A hunter strategy in G = (V, E) is a finite sequence S = (S1,...,S¢) of non empty subsets
of vertices of G. Let h(S) := max;<;<¢|S;| and let us say that S uses h(S) hunters. A rabbit
trajectory in G starting from W C V (W will always be assumed non empty) is any walk
(ro,...,re) starting from W, i.e., ro € W and r; € N(r;—1) for every 1 < i < £. A hunter
strategy is winning with respect to W if, for every rabbit trajectory (ro,...,7s) starting from
W, there exists 0 < j < £ such that r; € S;y1, that is, the rabbit is eventually shot whatever be
its trajectory starting from W. Given a hunter strategy S = (Si,...,S¢), a rabbit trajectory
(ro,...,re) starting from W is winning against S if r; ¢ S;11 for every 0 < i < £. A winning
hunter strategy is any winning hunter strategy with respect to V' and a rabbit trajectory is any
rabbit trajectory starting from V.

The hunter number of G = (V, E) with respect to W C V, denoted by hw(G), is the
minimum integer k such that there exists a winning hunter strategy with respect to W and
using k hunters. Let h(G) = hy(G) be the hunter number of G. Note that, for technical
reasons, for a single vertex graph G, we set h(G) = 0. This goes in accordance with “the
locating part” of the game since the rabbit is already located. The Rabbit player has a strategy
R starting from W C V against k > 1 hunters if, for every hunter strategy S using k£ hunters,
there exists a rabbit trajectory R(S) that is winning against S. Note that, if such a strategy
R exists, then hy (G) > k.

The following lemmas will be used throughout this paper. In [1], it is shown that the hunter
number is closed under taking subgraphs. We first show that this result trivially extends to the
case when the starting positions of the rabbit are restricted.

Lemma 1. Let G = (V, E) be any graph and let H be a subgraph of G, and let W C 'V with
WNV(H) #0. Then, hwrym)(H) < hw(G) < h(G).

Proof. By definition, hy(G) < h(G). Let us show the other inequality.

Let S = (S1,...,S¢) be a winning hunter strategy in G with respect to W. Let &’ =
(81,55,...,8;) be such that, for every 1 <i < ¢, 5] = S;NV(H)if ;N V(H) # 0 and S
consists of any vertex of V(H) otherwise. Then, &’ is a winning hunter strategy in H with
respect to W N V(H). Indeed, any rabbit trajectory (ro € WNV(H),r,...,re) in H is also
a trajectory starting from W in . Since § is winning w.r.t. W, there exists i < ¢ such that
r; € Sip1 NV(H) € Sy, and so S’ is winning w.r.t. W N V/(H). Moreover, h(S") < h(S). O

For any hunter strategy S = (S1,...,5¢), it will be convenient to identify the poten-
tial positions of a rabbit (starting in W C V) after each round. Precisely, let ZW(S) =
(ZW(8),...,Z}V(S)) be defined as follows. Let Z}V(S) = W and, for every 0 < i < ¢, let
ZW(S) be the set of vertices v such that there exists a rabbit trajectory (ro,r1,...,7: = v)
such that ro € W and, for every 0 < j < i, 7; ¢ Sj41. Formally, for any 1 < i < £, let
ZV(S) ={z e V(G) | 3y € (ZV,(S)\ Si) A (zy € E(G))}. Intuitively, Z!V(S) is the set of
vertices that the rabbit (starting from some vertex in W) can have reached at the end of the
round without having been shot. We will refer to the vertices in Z}V(S) as the contaminated
vertices after round ¢. Note that, if S is winning, then ZXV (S) = 0. In what follows, we write
Z; (vesp., Z;(S)) instead of Z}V(S) when S and W (resp., when W) are clear from the context.

We now show that we can only consider hunter strategies that consist only of “useful shots”.
A hunter strategy S = (S1,...,5¢) is said to be parsimonious if, for every 1 < i < ¢, S; C
Zi—1(S). Note that, if S is parsimonious, then Z; # () for every i < ¢. Note that if S is
parsimonious, then it can be retrieved only from the sequence Z(S) = (Zy,...,Zs) of the
contaminated sets. Indeed, for any 1 <i < /¢, S; ={w € Z;_; | 3z € N(w)\Z;}.



In the following lemma, we establish that we can hunt the rabbit in a parsimonious manner
without increasing the number of required hunters.

Lemma 2. For any graph G = (V, E) and any non empty subset W C V', there is a parsimo-
nious winning hunter strategy in G with respect to W and that uses hy (G) hunters.

Proof. Let S = (S1,...,S¢) be a winning hunter strategy with respect to W C V using at most
kE > 1 hunters. Let Z(S) = (Zo(S),..., Zi(S)) be the set of contaminated vertices for each
round of S. If there exists an integer ¢ < ¢ such that Zy(S) =), then S = (S1,...,S¢) is also
a winning hunter strategy with respect to W C V using at most k hunters. Hence, we may
assume that Z;(S) # () for every 0 < i < £.

Moreover, if there exists an integer 1 < ¢ < ¢ such that S; N Z;_1(S) = 0, let h be the
smallest such integer and let v € Z,_1(S). Then, 8’ = (S1,...,Sh—-1,{v}, Shy1,...,Sp) is also a
winning strategy with respect to W C V using at most k& > 1 hunters (since S, N Z,_1(S) = 0).
By repeating this process, we may assume that, for every 1 <i < /¢, S; N Z;_1(S) # 0.

Let 8" = (51,55, ...,5)) be such that, for every 1 < i < ¥, S; = 5; N Z;_1(S). It is easy
to see that, for every i < ¢/, Z;(S) = Z;(S’), and then S’ is parsimonious. Furthermore, S’ is
a winning hunter strategy with respect to W. Indeed, since S is winning w.r.t. W, for any

rabbit trajectory (ro,71,...,7¢), there exists an integer j < ¢ such that r; € Sj;1. Let i be
the smallest such integer. By definition, r; € Z; N Siy1 = S ; and so S’ is winning w.r.t. W.
Moreover, h(S’) < h(S). O

It must be noticed that there exist graphs G = (V, E) and hunter strategies (51,...,S)
that are winning in G without shooting to all vertices, i.e., such that V' \ |J,«;<,Si # 0. For
instance, in the graph G that consists of a single edge uv, the strategy ({u}, {u}) is a winning
hunter strategy using one hunter and without shooting at v. Note that, in that example, there
exists no winning parsimonious hunter strategy using one hunter and that shots to both v and
v. The next lemma, that characterises the set of such unshot vertices, will be used throughout
the paper.

Lemma 3. Let H be any non-empty connected subgraph of any graph G = (V,E). Let W CV
such that WNV(H) # 0. Let S = (S1,...,5¢) be any winning hunter strategy in G with respect
toW. If sNV(H) =0 for all1 <i </, then |V(H)| = 1.

Proof. Let z € V(H)NW. Towards a contradiction, assume that |V (H)| > 2. Let y € Ny(x) (it
exists since H is connected). Note that since $;NV (H) =0 forall 1 <i < £, {z, y}NU; ;<05 =
(). Thus, the rabbit can oscillate between x and y during the whole game without being shot.

That is, R = (ro = z,r1 = y,r2 = ,...,r¢) is a winning rabbit trajectory against S starting
from W N V(H). This contradicts that S is a winning hunter strategy in G with respect to
w. O]

In what follows, we will use the following result of [6]:
Lemma 4. [6] For any graph G, h(G) > 6(G).

The HUNTERS AND RABBIT game has been particularly studied in bipartite graphs [11 [6], [16]
and we continue this study in Section In what follows, bipartite graphs are referred to as
G = (V. UV, E) where (V;.,V,,) is implicitly a bipartition of V(&) such that V. and V,, are
independent sets respectively. We refer to the vertices in V, (resp., in V,,) as the red (resp.,
white) vertices.

In [1], it is shown that, in bipartite graphs, it is sufficient to consider winning hunter strate-
gies with respect to one of the independent sets of the bipartition. For completeness and to
further motivate some of our results, we briefly recall their result. Precisely:



Lemma 5. [1] For any bipartite graph G = (V, U V,,, E), h(G) = hy,(G) = hy, (G).

Proof. By definition, max{hy, (G), hy, (G)} < h(G). To show that h(G) < hy,(G) (resp.,
h(G) < hy,(G)), let S, = (S1,...,5¢) be a winning hunter strategy in G with respect to
V, (resp., w.r.t. Vi,). If ¢ is odd, then (Si,...,S¢, S1,...,S¢) is a winning hunter strategy,
and otherwise, (S1,...,Sp, {u},S1,...,S¢) where u is any arbitrary vertex is a winning hunter
strategy. O

Note that, in most of the paper, we will consider hunter strategies with respect to V, but
in section [5l More precisely, in Section [5, we will consider the HUNTERS AND RABBIT game in
bipartite graphs when the rabbit must start at some vertex of V.. We will refer to this variant
as the red variant of the game. The following remark will be widely used.

Remark. Let G = (V,UV,, F) be a bipartite graph and S, = (S1, ..., S¢) be a parsimonious
hunter strategy in G’ with respect to V,.. Then, for every 1 < i < [£/2], S9;—1 C Zo;—2 C V, and
(if 20 < 0) So; C Zyi—1 C V4. Indeed, in a bipartite graph, if the rabbit starts at a vertex in
V, (resp., Vi), it must occupy a vertex of V;. at the end of every even (resp., odd) round and a
vertex of V,, at the end of every odd (resp., even) round.

3 Monotonicity

In classical graph pursuit-evasion games, an important notion is that of monotonicity. Without
going into the details, in these games, a strategy is monotone if the area reachable by the fugitive
never increases. Said differently, in the particular case of graph searching games, a strategy is
monotone if, once a searcher is removed from one vertex, it is never necessary to occupy this
vertex during a subsequent round (note that, in some specific cases, for instance in directed
graphs, these two definitions are not rigorously equivalent [3]). Monotone strategies have been
widely studied [4, 29, 24] because, on the one hand, it is generally easier to design them and,
on the other hand, monotone strategies have length polynomial in the size of the graph and,
so, corresponding decision problems (is there a monotone strategy using k searchers?) can be
proven to be in NP.

It is clear that such a definition is not suitable to the HUNTERS AND RABBIT game. Indeed,
consider the graph that consists of a single edge uv: the hunter must shoot at some vertex,
say u, and, if the rabbit was at v, it will move to w, i.e., the vertex u is “recontaminated”.
Therefore, we propose to define monotonicity in the HUNTERS AND RABBIT game as follows
(see the formal definition below): once a vertex has been “cleared”, if the rabbit can access it
in a subsequent round, then the vertex must be shot immediately.

In classical graph searching games, a vertex being cleared at some round means that the
searchers’ strategy ensures that the fugitive cannot occupy this vertex at this round. Being
recontaminated can then be intuitively defined by the fact that a vertex can be reached by the
fugitive while having been cleared in a previous round. This intuitive definition does not make
any sense in the HUNTERS AND RABBIT game and, in particular, in its red variant in bipartite
graphs. Indeed, in such case, every red vertex is cleared at every odd round and so, looking
for a strategy without recontamination would be meaningless. To overcome this difficulty, we
propose to define the clearing of a vertex at some round by the fact that the actions of the
hunters ensure that this vertex cannot be occupied by the rabbit at this round.

A related difficulty comes from the fact that, contrary to classical graph searching games,
a vertex may be “cleared” without having been shot during the game. Recall, for instance,
our previous discussion for the graph consisting of a single edge. As a less trivial example,



(c) S2 = {d},
Z>» ={a,c,g}

(d) Ss = {c}, (e) Sa={f}, (f) S5 = {c},
Z3 =Ab, f} Zs={c,a} Zs = {b}

(g) Se = {b}, Z6 =0

Figure 1: Example of a bipartite graph (where V,, = {a, ¢, e, g} corresponds to the red part of
the bipartition, illustrated by the red vertices in the figures) and of a parsimonious winning
strategy with respect to V;., such that no vertex in {a, e, g} is ever shot. Each subfigure depicts
the situation at the end of the corresponding round. In round 0, the rabbit occupies any vertex
in {a,c,e,g}. Then, in round 1, the hunter shoots the vertex ¢ (depicted as the cross over the
corresponding vertex of subfigure (b)) and the rabbit moves to one of the vertices in {b,d, f}.
The game continues until the end of round 6 (subfigure (g)), at which point the hunter is
sure to shoot the rabbit in vertex b. Formally, we have S = ({c}, {d},{c},{f},{c}, {b}) and

Z(8) = ({a,c,e,9}.{b,d, f},{a, c}, {b},{a,c}, {b},0).

consider a star with three leaves whose edges have been subdivided once each. Then, assuming
that the leaves and the centre are red, in the red variant, it is possible for one hunter to win
without shooting any of the leaves (while any of the leaves may be occupied by the rabbit
initially). Indeed, consider the strategy for one hunter where on every odd round it shoots on
the centre and on every even round it shoots on an arbitrary neighbour of the centre that was
not previously shot. Figure [1]illustrates the above strategy.

Therefore, two actions of the hunters may clear a vertex: either a hunter shoots a vertex v



at round ¢ and does not shoot the rabbit (i.e. there is no rabbit trajectory, such that r;_1 = v,
that is winning against a strategy shooting at v at round i), or the hunters shoot at every
contaminated vertex in the neighbourhood of v. In this case, either v was occupied and the
rabbit has to leave v, or it was not and cannot be occupied after the move of the rabbit. In
both cases, v ¢ Z;. This discussion motivates the following definition for the monotonicity of
hunter strategies.

3.1 Definition of monotone strategies and first properties

Given a graph G, a winning hunter strategy S in G with respect to W C V., is monotone
if for every vertex v € V, once v has been “cleared”, then it is shot again every time the
rabbit can potentially reach v. Formally, we say that a vertex v is cleared at round ¢ if either
v e S;or Nw)NZi—y # 0 and N(v) N Z;—1 C S;. Note that, in the second condition, the
fact that we require that N(v) N Z;_1 # () comes from technicalities when W # V. A strategy
S = (51,...,8¢) is monotone if, for every vertex v € V, if there exists an i such that v is
cleared at round 4, then for every j > ¢ such that v € Zj, the strategy ensures that v € S; 1. A
vertex v is recontaminated at round j if there exists ¢ < j such that v is cleared at round ¢ and
v E Zj \ Sj+1.

The monotone hunter number of a graph G with respect to W C V(G), denoted by mhw (G),
is the minimum number k£ such that £ hunters have a monotone winning hunter strategy in G
with respect to W. Let us denote the monotone hunter number mhy (G) of G by mh(G). Note
that, by definition:

Proposition 1. For every graph G = (V,E) and W CV, hw(G) < mhw (G) < mh(G).

In this subsection, we prove some general properties of (non-)monotone strategies. Let us
start with two technical claims that will be used in several proofs below.

Proposition 2. Let S = (S1,...,S¢) be a hunter strategy in a graph G = (V,E). Letv € V
and 1 < i < (. If there exists a vertex uw € N(v) and a verter x € N(u) (possibly x = v) such
that u ¢ U;<; Sj and x ¢ U,; Sj, then v € Z, for each p < i.

Proof. This clearly holds if p = 0 since Zy = V. If p = 1, there exists a rabbit trajectory
(ro=wu¢€ N(v)\ Si,m71 =v) and so v € Z;. Hence, we assume that p > 1.
The rabbit can follow the following strategy depending on whether p is odd or even:

1. pisodd: The rabbit can follow the following trajectory: (ro = u,r1 = x, 12 = u,...,1p—2 =
x,Tp—1 = u,rp = v) where, for ¢ < p, ry = u if ¢ is even and r, = z if ¢ is odd.

2. piseven: The rabbit can follow the following trajectory: (ro = 2,71 =u,ro =x,...,rp_2 =
x,Tp—1 = u,Tp = v) where, for ¢ < p, ry =z if ¢ is even and r, = u if ¢ is odd.

In both cases, for every 0 < j < p, r; ¢ Sj41 since p < i, u ¢ Uj<i S; and = ¢ Uj<i S;.
Therefore, v € Z,,. O

The next lemma shows that, as expected, if the hunters follow a monotone strategy, the set
of potential positions for the rabbit cannot increase.

Lemma 6. Let G = (V, E) be a graph with at least two vertices. Let S = (S1,...,5¢) be a
monotone hunter strategy in G. For any 0 <p <i</{, Z; C Z,.



Proof. This clearly holds if p = 0 or ¢ = 1 since Zy = V. Hence, let us assume that p > 1 and
i > 1. Let v € Z;. Since v € Z;, there exists a rabbit trajectory R = (rg,...,ri—2 = x,r;—1 =
u,r; = v) such that, for any 0 < j <, r; ¢ Sj;1. By definition of a rabbit trajectory, u € N(v)
and z € N(u). Moreover, by monotonicity of S, since u € Z;_1 \ S; (resp. = € Z;_5 \ Si—1),
u ¢ U,<iSq (resp. @ & U,<; 1 Sq)- By Proposition 2, v € Z, for each p < i. O

The next lemma states that, for any non-monotone strategy, there must exist a vertex that
has been shot at some round and that is recontaminated later (recall that it is not trivial since
a vertex may be recontaminated without being previously shot).

Lemma 7. Let S = (S1,...,5¢) be a non-monotone winning hunter strategy in a graph G =

(V.E). Then, there exist a vertexv € V and 1 <4 < { such that v € Z;_1\ S; and v € {J,,; Sp.

Proof. Towards a contradiction, assume that the statement of the lemma is false, i.e., for every
vertex v € V and every 1 <1 < /{, if v € Z;—1 \ S; then v ¢ J,; Sp.

Since § is non-monotone and winning, there exists a vertex u such that w is cleared at a
round 1 < ¢ < ¢ — 2, and then recontaminated at a round j > ¢ (i.e., u € Z; \ Sj41). Moreover,
by our assumption, u is cleared by shooting each contaminated vertex in N(u) at round ¢, i.e.,
Zq_1 N N(u) - Sq.

Let us show that N(u) C [J,<, Sp- Let us assume that there exists a vertex x € N(u) such
that = ¢ J,.,Sp- Since both u,z ¢ J,., 5 and u € N(z), by Proposition [2, we get that
z € Zg—1. Therefore, x € Zg_1 N N(u) C Sy. Hence, N(u) CJ,<, Sp-

Since u € Z; then there exists w € (N (u) N Z;—1) \ Sj and w € {J,; Sp, L.e., w satisfies the
statement of the lemma, a contradiction. ]

Now, let us generalise Lemmas [1| and |2| to monotone strategies.

Lemma 8. For any non-empty connected subgraph H of a graph G = (V, E), mh(H) < mh(G).
More precisely, if there exists a monotone winning hunter strategy S = (S1,...,S¢) in G, then
there exists a monotone winning hunter strategy 8" in H using at most maxi<;<¢ |S; NV (H)|
hunters.

Proof. Let § = (S1,...,S¢) be a monotone winning hunter strategy for G.

If [V(H)| = 1, the result clearly holds since mh(H) = 0. Hence, let us assume that |V (H)| >
1. Let m be the minimum integer such that S,,, "V (H) # 0 and let u € S,,, NV (H) (by Lemmal3]
such an integer m exists because |V(H)| > 1). Let 8’ = (51,...,5;) be the hunter strategy,
such that for every 1 <1 </,

g {Si AV(H), if SNV (H) #0

{u}, otherwise

First, we have the following claim.
Claim 1. For every 0 < i < ¢ and for any vertex v € V(H), if v € Z;(S"), then v € Z;(S).

Proof of Claim. Let R = (ro,...,r; = v) be a rabbit trajectory in H such that for any 0 < j < i,
ririt1 € E(H), r; ¢ S}, and r; = v (such a trajectory exists since v € Z;(S’)). By construction
of &', for any 1 < j < ¢, S;NV(H) C Si. Therefore, R is also a rabbit trajectory in G' with
rj & Sjt1, for all 0 < j < 4. Thus, v € Z;(S). o

Let us show that &’ is a monotone winning hunter strategy in H. First, we show that S’
is indeed a winning hunter strategy in H. Towards a contradiction, assume that S’ is not a
winning strategy in H. This implies that Z,(S’) # (). Hence, Claim (1| implies that Z;(S) # 0,
contradicting the fact that S is a winning hunter strategy in G.



Thus, &’ is a winning strategy in H. Next, we establish that S’ is indeed monotone. Towards
a contradiction, let us assume that S’ is non-monotone. Hence, by Lemma there exist
veV(H)and 1 < g <i<{suchthat ve S and v € Z;(S')\ S, . By Claim (1| and because
v € Zi(S'), v e Zi(S). Since SNV (H) C S, for any 1 < p < £ and because v ¢ S;, 1, v & Sit1-

If v=u,74+1>m (since u € S}Q forall 1 < p <m) and so v € Sy, and in Z;(S) \ Si+1,
contradicting the monotonicity of S.

Otherwise, v # u. By construction of &', S\ {u} C S, for all 1 < p < . Hence, v € S, and
v € Zi(S) \ Si+1, contradicting the monotonicity of S.

Finally, the fact that h(S") < maxi<;<¢|S;i NV (H)| < h(S) completes the proof. O

Lemma 9. For a graph G = (V, E) and any k > mh(QG), there exists a parsimonious monotone
winning hunter strategy in G using at most k hunters.

Proof. Let S = (S1,...,S¢) be a monotone winning hunter strategy in G using at most k >
mh(G) hunters such that ¢ is minimum. If S is parsimonious, we are done. Otherwise, among
such strategies, let us consider S that maximizes the first round 1 < j < £ that makes S not
parsimonious. There are several cases to be considered.

o Let Z(S) = (Zo(S),...,Zi(S)) be the set of contaminated vertices for each round of S.
If there exists an integer ¢/ < ¢ such that Zy(S) = 0, then S = (S1,...,Sp) is also
a monotone winning hunter strategy in G using at most k hunters, contradicting the
minimality of £.

Hence, we may assume that Z;(S) # ) for every 0 <i < /.

e Let 1 < j </ be the smallest integer such that S;\ Z;—1(S) # 0 (if no such integer exists,
then S is parsimonious and we are done). If S;NZ;_1(S) # 0, replace S; by S;NZ;_1(S).
This leads to a winning monotone hunter strategy S’ (indeed, Z,(S) = Z,(S’) for all
1 < h < /) contradicting the maximality of j.

Hence, we may assume that S; N Z;_1(S) = (). Note that this implies that j < ¢ (since
otherwise, S would not be winning).

e If any, let 0 < ¢ be the minimum integer such that S;y; N Zj1-1(S) # 0. Let v €
Siti N Zj1i—1(S). Since v € Zj;-1(S), by Lemma@7 v € Zj_144(S) for every 0 <4 < i.
Then, for every 0 < i’ < i, replace Sj1y by {v}. Let us prove that this leads to a monotone
hunter strategy contradicting the maximality of j.

Let 8’ be the strategy obtained by the above modifications. First, note that, for any
0 < h<yj, Sy =25 and so Z,(S) = Zy(S’). By definition, Z;(S) = {z € V | Jy €
Zi—1(S)\ Sj A (zy € E)} and, since S; N Zj—1 = 0, we get Z;(S) = {x € V | Ty €
Zj-1(S) A (zy € E)}. On the other hand, Z;(S") ={z € V |y € Z;—1(S") \ Sj A (zy €
B}y ={r eV |3y Zi1(S)\ {v} A (zy € E)} since Z;_1(S’) = Z;-1(S) and S} = {v}.
Hence, Z;(S") € Z;(S). By induction on j < ¢’ < ¢ and using the same arguments, we
get that Z;(S") C Zy(S) for every j < i’ < (. Thus, &’ is a winning hunter strategy in G
using at most k > mh(G) hunters (because Zy(S") C Zy(S) = 0). It remains to show that
S’ is monotone.

For purpose of contradiction, let us assume that S’ is non-monotone. By Lemma (7] there
exists a vertex x and 1 < m < ¢ such that x € Z,,_1(S")\ S, and = € J,,_,,, S},-

If x # v, then by definition of &’ (for every 1 < r < ¢, either S. = S, or S. = {v}) and
because Z,.(S') C Z,(S) for all 1 < r < ¢, we get that z € |J,,.,,, Sp and © € Z,,,_1(S) \ Sim,
which contradicts the monotonicity of S. Hence, let us assume that z = v. Recall that
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we proved that v € Z;_1(S) \ Sj. Therefore, by monotonicity of S, v ¢ [J,; Sy which
implies that v ¢ (J,; S} Since v € S§-+i, for all 0 < ¢/ < i, we get that m > j + 4. This
means that v € Z,;,_1(S) \ Sy (because Z,(S') C Z,.(S) for all 1 <r </ and S| = S, for

all » > m > j +1i) and v € Sy, which contradicts the monotonicity of S.
Hence, we may assume that S N Zjy—1(S) =0 for all 0 <4’ such that j 4 i’ < 4.

e Let us recall that j < ¢ and that Z;_1(S) # 0. Thus, let v € Z;_1(S). So, there exists
w € N(v)NZj—2(S) \ Sj—1. Moreover, since w € Z;_2(S) \ Sj—1 (resp. v € Z;_1(S)\ 5;),
w ¢ Sy (resp. v ¢ S;) for any r < j (otherwise, it contradicts the monotonicity of S).
Let us recall that for any 0 < ¢’ such that j + i’ < ¢, Sj1y N Zj4y—1(S) = 0. Therefore,
w ¢ Sy and v ¢ S, for any r < £. By Proposition [2| v € Zy(S), which contradicts that S
is winning.

This completes the proof. ]

To conclude this subsection, we give an alternative point of view of Lemma[f] In particular,
we show that, if the hunters follow a monotone parsimonious strategy, after having shot at one
vertex, the hunters must always shoot at this vertex until it cannot be reached by the rabbit
anymore.

Lemma 10. Let G = (V,E) be a graph and S = (S1,...,Se) be a parsimonious monotone
winning hunter strategy in G.

o If there exist 1 <i < j </ such that v € S; N S;, then v € Sit1.
o If there exists an integer 1 <i < { such that v ¢ Z;_1, then v ¢ S; for every j > i.

Proof. First assume that v € 5; N.S;. Since S is parsimonious, it implies that v € Z; 1 N Z;_4.
By Lemma@and since v € Zj, v € Zy for all i/ < j. Sincev € S; and v € Zp—1 foralli <p <y,
by monotonicity of S, v € S}, for all ¢ <p < j.

For the second statement, the fact that v ¢ Z,_; and Lemma |§| imply that v ¢ Z; for all
j > 1. Since S is parsimonious, v ¢ S; for every j > i. O

Surprisingly, the above lemma is not a characterisation of monotone strategies. Indeed,
consider the path (a,b,c,d) on four vertices. It can be checked that the hunter strategy
({a},{b, c},{b, c}) is parsimonious and winning (with respect to V') and satisfies the condition
of the previous lemma, but this strategy is non-monotone (since a € S} and a € Z; \ S2).

3.2 Monotone Hunter Number and Pathwidth

In this subsection, we relate the monotone hunter number of a graph to its pathwidth. Our
result might be surprising since the pathwidth of a graph G is equivalent to the number of
searchers required to (monotonously) capture an arbitrary fast invisible fugitive [4] while, in
our case, the invisible rabbit seems much weaker than the fugitive: the rabbit is “slow” (it moves
only to neighbours) and constrained to move at every round. In this view, we might guess that
the monotone hunter number of a graph could be arbitrary smaller than its pathwidth. On the
contrary, we show that both parameters differ by at most one.

A path-decomposition of a graph G = (V, E) is a sequence P = (X1,...,X,) of subsets of
vertices, called bags, such that (1) U,c, Xi = V; (2) for every uv € E, there exists i < p with
{u,v} € X;; and (3): for every 1 < i < j < ¢ <p, X;N X, C X;. The width w(P) of P is
the size of a biggest bag of P, i.e., w(P) = max;<, |X;| — 1. The pathwidth pw(G) of G is the
minimum width of its path-decompositions. A path-decomposition of G of width pw(G) is said
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to be optimal. A path-decomposition is reduced if no bag is contained in another one. It is well
known that any graph admits an optimal reduced path-decomposition.

Theorem 1. For any graph G = (V, E), pw(G) < mh(G) < pw(G) + 1.

Proof. First, let P = (Xy,...,X/) be a reduced path-decomposition of G with width k. Then,
P is a monotone hunter strategy in G using k + 1 hunters. This directly comes from the well
known fact that, for every 1 <i < ¢, X;N X1 separates ;< <; Xj\ Xit1 from U, ;< X;\ X;,
and so Z; C ;. j<, X, for every 1 <14 < (. In particular, mh(G) < pw(G) + 1.

To show the other inequality, let S = (Si,...,S¢) be a parsimonious winning monotone
hunter strategy in G using at most k > mh(G) hunters (it exists by Lemma E[)

Claim 2. For every v € V' \ U;;<, Si, there exists 1 < j < such that N(v) C S;.

Proof of Claim. For the purpose of contradiction, let v ¢ | J; -, S; such that, for every 1 < i < ¢,
there exists u; € N(v) \ S;. Then, R = (rg = v,u1,v,u3, ..., U2—1,0,U2i+1,V ... ) is a winning
rabbit trajectory against S, contradicting the fact that S is a winning hunter strategy. o

Let us build a path-decomposition P of G as follows. Start with Py = 0 and let Yy =
V A\ Uj<i<sSi (Yo is the set of vertices that are never shot by §). Assume, by induction, that
the sequence P; and the set Y; have been built for some 0 < i < ¢. Let us define P;;; and
Yii1 as follows. Let H;y; = {u’i“,...,uijfl} ={veY;| Nw) C Siy1}. Let ® denote the
concatenation of two sequences. Let Piy1 = P; © (Sj41 U {ulfrl ey Si U {ufnﬁl}) and let
Y;‘_;_l = Y; \ Hi+1. Finally, let P = (Xl, ce ,XT) = Pg.

Note that, by construction, for every 1 <1i <r, |X;| < k+1, and so w(P) < k. Let us show
that P satisfies the three properties of a path-decomposition.

By construction, Ulgz’ge S; C Ulgz‘gr X;. Moreover, by Claim 2| Yy C Ulgz‘gr X;. Hence,
Uj<i<, Xi =V and the Property (1) of path-decomposition is satisfied.

"By construction, for every v € Yy, there exists a unique 1 < i < 7 such that v € X;. Now,
for any v € V'\ ¥y, let 1 < i < j < rsuch that v € X; N X;. Let 1 < i’ </ (resp., i’ < j <¥)
such that X; has been built from S; (resp., X; has been built from Sj/). By Lemma v € Sy
for all i < p’ < j'. Hence, by construction, v € X,, for all i < p < j. Therefore, Property (3) of
the path-decomposition is satisfied for every v € V.

Let wv € E. First, let us assume that u € Yy. By Claim v ¢ Yy Let 1 < j <r such that
u € Xj, then by construction, N(u) C X; and so u,v € X;. Second, assume that u,v € V'\ Yj.
For purpose of contradiction, let us assume that, for every 1 <i <r, |[{u,v}NX;| < 1. W.Lo.g.,
M=max{l1 <j<r|ueX;} <m=min{l <j<r|ve X;} (both integers m and M are
well defined since Properties (1) and (3) are satisfied). Let 1 < M’ < ¢ (resp., M’ < m/ < ()
such that X, has been built from Sy (resp., X;, has been built from S,,/). By definition of
P, u ¢ UppeiceSi and v € Sy \ Ujcjepy Si- Because S is parsimonious, v € Z,y_1(S) and
so, there exists a w € N(v) N Zyy—o(S) \ Spy—1. By monotonicity of S, w ¢ (J;<;—, Si- By
Proposition 2, u € Z,_1(S). Since u € (Zpy—1(S)NSm) \ Spy, the vertex u is recontaminated,
contradicting the monotonicity of §. Therefore, in all cases, for every uv € FE, there exists
1 < j <r such that u,v € X;. Hence, Property (2) of path-decompositions is satisfied.

Hence, P is a path-decomposition of width at most k. In particular, pw(G) < mh(G). O

Theorem [I| has important consequences.

Corollary 1. Given an n-node graph G and k € N, it is NP-hard to decide whether mh(G) < k.
Moreover, it is NP-hard to approzimate mh(G) up to an additive error of n®, for 0 < e < 1.

Proof. This comes from Theorem [T]and the fact that it is NP-hard to approximate the pathwidth
of a graph up to an additive error of n®, for 0 < e < 1 [5]. O
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Moreover, Theorem [T]implies that recontamination may help in the HUNTERS AND RABBIT
game.

Corollary 2. There exists € > 0 such that, for any k € N, there exists a tree T with h(T) > k
and mh(T) > (1 +¢e)h(T).

Proof. For any n € N, let T}, be the rooted tree defined as follows: Ty is a single node, and,
for any n > 0, T), is obtained from three copies of T;,_; and a new node r (the root of T},)
such that r is made adjacent to each of the three roots of the copies of T;,_1. We have that
\V(T,)| = % and, by the Parsons’ Lemma [26], pw(T,,) = n = ©(logz(V(T))). On the
other hand, it is shown in [I6] that, for any tree T', h(T) < [%] The result follows for

(1+¢e) =200 O

4 (Monotone) hunter number of some graph classes

In this section, we characterise the monotone hunter number of several graph classes such as
split graphs, interval graphs, cographs and trees. In particular, in all these cases, our results
lead to a polynomial time algorithm to compute the monotone hunter number.

4.1 Split and interval graphs

A graph G = (V, E) is a split graph if V.= C U I can be partitioned into a set C' inducing an
inclusion-maximal clique and a set I inducing an independent set. Note that given a split graph
G, a partition (C,I) of V(G) can be computed in linear time [I§]. In what follows, we denote
a split graph by G = (C' U I, E) where C' induces an inclusion-maximal clique and I induces an
independent set. Let us recall the following result on the pathwidth of split graphs:

Lemma 11. [17/ Let G = (C U, E) be a split graph. Then, |C| —1 < pw(G) < |C].
First, we have the following easy observation.
Proposition 3. Let G = (C U1, E) be a split graph. Then, |C| —1 < h(G) < mh(G) < |C].

Proof. By Lemma [l h(G) > h(G[C]), and by Lemma [g h(G[C]) > 6(G[C]) = |C| — 1. There-
fore, h(G) > |C|—1. Moreover, the hunter strategy that consists in shooting to all the vertices of
C' twice is clearly a monotone winning hunter strategy in G. Hence, h(G) < mh(G) < |C|. O

The following theorem fully characterises the hunter number of split graphs.

Theorem 2. Let G = (CUI, E) be a split graph. Then, h(G) = |C| if and only if for every two
distinct vertices x,y € C, there exists a vertex z € Ni(x) N Ni(y). Otherwise, h(G) = |C| — 1.

Proof. First we show that if, for every two distinct vertices x,y € C, there exists a vertex
z € I such that zz € FE and yz € E, then h(G) = |C|. We prove this by showing that
there exists a winning rabbit strategy against |C| — 1 hunters. That is, for any (fixed) hunter
strategy S = (S1,...,S¢) such that |S;] < |C| — 1 for every i > 1, we design a rabbit trajectory
R = (ro,71,...,7¢—1) such that for every i > 0, r; ¢ S;y;1. Since |S1| < |C| — 1, there is at least
one vertex, say, v € C, such that v ¢ S1. Let 79 = v. Hence the rabbit is safe for the first round
(since rg ¢ S1). Now, for i > 0, let us assume that we have built (rg,...,r;) such that r; ¢ Sj1q
for every 0 < j < i and r; € C. If there is at least one vertex u # r; in C' such that w is not
shot in round i 4+ 2 (i.e., u ¢ S;12), then let r;y; = u. Otherwise, S;;2 = C'\ {r;}. Moreover,
observe that there is at least one vertex w € C such that w ¢ S;y3 (since |S;y3| < |C|). We
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note here that w may be the same vertex as ;. Due to our assumptions, there exists a vertex
z € I such that wz,r;z € E. Let us set 1,41 = z and 7,39 = w. Observe that r; 11 ¢ S;12 (since
Siye = C\{r;} and z € I), ri12 ¢ Siys, and r;49 € C. Therefore, using the above strategy,
we can design R such that it is a winning trajectory against S. Therefore, h(G) > |C|. Since
h(G) < |C| (due to Proposition [3), we have that h(G) = |C].

To prove the reverse direction, we show that if there exist two distinct vertices x,y € C such
that N7(z)NNy(y) = 0 (i.e., there isno z € I such that 2z € F and yz € F), then h(G) < |C|—1
(and so h(G) = |C| — 1 by Proposition . We prove this by giving a (simple) winning hunter
strategy S using |C| — 1 hunters. Let S = (51, S2, S3, 54, S5) where S = S = S5 = C'\ {y} and
S3 =84 =C\{z}. Let R = (ro,...,74) be any rabbit trajectory. If the rabbit is not shot at
the first round, i.e., 7o ¢ S1, then either ro = y or ro € I. Accordingly, we consider both these
cases below to show that S is a winning hunter strategy.

Case 1. ro =y : In this case, assume r; ¢ Sy (otherwise, the rabbit will be shot). Note that
r1 € Ni(y). Since Ny(z) " Ni(y) =0, ro € C\ {z}. As S5 =C\ {z}, ro € S3, and therefore, S
is a winning hunter strategy.

Case 2. rg € I: In this case, if 1 ¢ Sy, then 7 = y. Now, assuming that ro ¢ Ss3, the rabbit
can either move to x (i.e, ro = x) or the rabbit can move to N;(y) (i.e., ro € Nr(y)). We have
the following two cases accordingly:

2.a ro € Ny(y) : This case is similar to Case 1. Since Ny(z) N Ni(y) =0, r3 € C\ {z}. As
Sy = C\ {z}, r3 € Sy, and therefore, S is a winning hunter strategy.

2.b ro = x: In this case, if r3 ¢ Sy, then r3 € Ny(zx). Therefore, similarly to previous
arguments, 74 € C'\ {y}. Since S5 = C'\ {y}, S is a winning hunter strategy.

This completes the proof. ]

The above characterisation allows us to show that the hunter number and the pathwidth of
split graphs coincide.

Corollary 3. For any split graph G = (CUI, E), h(G) = pw(G).

Proof. If |C| = 1 and I = (), then pw(G) = h(G) = 0. If |C] = 1 and I # 0, then pw(G) =
h(G) = 1. Let us now assume that |C| > 1.

Since pw(G),h(G) € {|C| — 1,|C|} by Lemma (11| and Proposition 3, let us assume first
that h(G) = |C|. By Theorem [2| for any two distinct vertices z,y € C, there exist z €
Ni(x) N Ni(y). For purpose of contradiction, let us assume that there exists a reduced optimal
path-decomposition P = (X1,...,Xy) of width |C| — 1. It is well known that there exists
1 <4 < /¢ with C C X;. Moreover, since P has width |C| — 1, X; = C. Let us prove now
that 1 < ¢ < ¢. Let us suppose by contradiction that ¢ = 1, i.e., X; = C (the case i = ¢ is
symmetric). Since P has width |C| — 1 and is reduced, let v € X; \ X3 and let z € Nj(v) (z
exists since |C| > 1 and any two distinct vertices of C' have a common neighbour in I). Since
v € Xy =C and v ¢ |J;;<, X, no bag contains both v an z, contradicting the definition of a
path-decomposition. Hence, 1 < i < £. Now, let z € C'\ X;_; and y € C'\ X, (z and y exists
since P is reduced and X; = C). Let z € Ny(z) N N;(y). If = y, no bag contains both = and
z (since x appears only in X; = C). If x # y, there must exist 1 < j < £ such that {y, 2z} C Xj.
Since y & U;cp<¢ Xn» j < i and since z € X;\ Xy, 2 € U, cp,<¢ Xn- Finally, since & (J;<j,; X,
there is no bag containing both z and z, contradicting the definition of a path-decomposition.

Second, let us assume that h(G) = |C| — 1. By Theorem [2| there exist distinct vertices
x,y € C such that Ny(z) N Ny(y) = 0. Let us prove that, in that case, pw(G) = |C| — 1.
Let Ni(z) = {z1,...,zm} and I \ Nr(z) = {y1,...,y}. Then, (z1 U (C\{y}),...,zm U(C\
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{9}),C,pn U(C\{z}),...,5: U(C\ {x})) is a path decomposition of G with width |C|—1 and,
since pw(G) > |C| — 1 by Lemma [L1] we get that pw(G) = |C| — 1. O

Next, let us characterise the monotone hunter number of split graphs. We start with the
following general lemma.

Lemma 12. Let G be a graph that contains a complete subgraph C such that N(v)\ C # 0 for
every v € C. Then, mh(G) > |C]|.

Proof. By Lemmas([l] [ and Proposition I, mh(G) > h(G) > h(C) > |C|—1. Let H = G[N|[C]].
We will show that mh(H) > |C| and so, the result will follow from Lemma

Let us assume by contradiction that mh(H) = |C| — 1. By Lemma [J] there exists a parsi-
monious monotone winning hunter strategy S = (S1,...,S¢) in H using |C| — 1 hunters.

There must be an index 1 < ¢ < ¢ such that |S; N C| = |C| — 1. Otherwise, (rg,...,7¢)
where 1o € C'\ S1 and r; € C\ (Sj41 U {rj_1}) for every 1 < j < [ is a winning rabbit
trajectory, contradicting the fact that S is winning. Hence, let ¢ be the smallest integer such
that |S; N C| = |C| -1, let {v} = C\ S; and let w € N(v) \ C (which exists by hypothesis).
Let us define a rabbit trajectory R = (ro,...,7—1 = v) such that r; € C'\ (Sj41 U {rj_1}) for
every 1 < j < i— 1, which is possible since [S; N C| < |C| —1 for all j <i. Thus v € Z;_1 \ S;.
Therefore, v ¢ (J;<;<; Sj since otherwise, v would have been recontaminated.

Let us show now that w ¢ {J;<;.;S;. Towards contradiction, let us assume that w ¢
Ui<j<i Sj- I w & Siyq, then let r; = w: this contradicts the monotonicity of S (since w €
Zi N U1<j<;i 5j) \ Si+1). Hence, w € Sjy1 and so there exists z € C'\ (Si41 U {v}). In this latter
case, let r; = z, contradicting the monotonicity of S (since z € Z; N S;) \ Si+1)-

Since w ¢ U1§j<i Sj, let 7 > i be the smallest integer such that w € §j, or, if w is never
shot, let j > i be the smallest integer such that v € S; (it must exists otherwise the rabbit
may oscillate between v and w without being never shot). In both cases, let z € C'\ (S; U{v}).
Thus, by Proposition |2, z € Z;_1 \ S;, contradicting the monotonicity of S. O

Recall that a vertex in a graph G is simplicial if its neighbourhood induces a clique. In
particular, in a split graph G = (CUI, E), a vertex v € C' is simplicial if and only if N(v)\C =
(recall that C' is supposed to be an inclusion-maximal clique).

Theorem 3. Let G = (C U I, E) be a split graph. Then, mh(G) = |C| — 1 if and only if there
exists a simplicial vertex in C. Otherwise, mh(G) = |C/|.

Proof. Note first that if there is no simplicial vertex in C, then by Lemma mh(G) > |C]
and so, by Proposition [3] mh(G) = |C|. Otherwise, if there exists a simplicial vertex v € C,
then S = (C'\ v,C \ v) is a monotone winning hunter strategy in G. O

Note that above results imply that there exist split graphs G for which mh(G) # h(G),
i.e., recontamination helps in split graphs. For instance, let G be the split graph obtained
from a clique C' and an independent set I by adding a perfect matching between C and I. By
Theorems [3[ and [2} we get that mh(G) =n and h(G) =n — 1.

To conclude this section, let us show another application of Lemma Recall that an
interval graph is the intersection graph of a set of intervals in the real line. It is well known
that, for any interval graph G, pw(G) = w(G) — 1 where w(G) is the maximum size of a clique
in G, and that G admits an optimal path-decomposition where each bag induces a complete
graph.

Theorem 4. Let G be an interval graph. Then, h(G) = mh(G) = w(G) — 1 if every mazimum
clique has a simplicial vertex. Otherwise, mh(G) = w(G).
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Proof. By Theorem [l pw(G) < mh(G) < pw(G) +1 = w(G). Moreover, by Lemma
h(G) > w(G) — 1. If there exists a clique of maximum size that does not contain any sim-
plicial vertex, then by Lemma mh(G) = w(G). Otherwise, let (Xi,...,Xy) be an op-
timal path-decomposition of G such that all bags induce a complete graph. For every 1 <
i < £, if X; contains a simplicial vertex v;, let Y; = {v;} and let Y; = () otherwise. Then,
(X3 \ Y1, X5\ V1, X0\ Yo, X0\ Yo, X3\ Vs,..., Xy \ Yy, X\ ¥p) is a monotone winning hunter
strategy using w(G) — 1 hunters. O

It follows that w(G) — 1 < h(G) < w(G). But, the question of deciding h(G) in interval
graph when some maximum clique has no simplicial vertex seems more challenging.

4.2 Cographs

The class of cographs can be defined recursively as follows [11]. One vertex is a cograph. Given
two cographs A and B, their disjoint union A U B is a cograph, and their join A x B (where
all edges between A and B are added) is a cograph. Note that a decomposition of a cograph
(i.e., a building sequence of unions and joins performed from single vertices) can be computed
in linear time [I1].

Theorem 5. mh(G) can be computed in linear time in the class of cographs.
Proof. Let A and B be two cographs. We prove that:

e mh(AU B) = max(mh(A),mh(B)), and

e mh(A x B) = min(mh(A) + |V(B)|,|V(A)| + mh(B)).

The result then follows from the linear time algorithm to compute the recursive decomposition
of cographs [11].

The first statement is obvious, so let us prove the second one. Let G = A x B and let
SA=(S{, ..., S’f) and 8P be two monotone winning hunter strategies for A and B and using
respectively mh(A) and mh(B) hunters. Note that SAUV(B) = (S{t UV (B),...,SAUV(B))
and SP U V(A) are both monotone winning hunter strategies in G. Therefore, mh(G) <
min(mh(A) + |V (B)|,|[V(A)| + mh(B)).

Let § = (S1,...,5¢) be a parsimonious monotone winning hunter strategy in G using at
most k& > mh(G) hunters (it exists by Lemma [9)) and such that ¢ is minimized among all such
strategies. If £ = 1, then k = [S1| = |V(G)| > min(mh(A) + |[V(B)|,|V(A)| + mh(B)). Hence,
let us assume that £ > 1. Let Z = (Zp, ... Zy) be the set of contaminated vertices with respect
to S. Note first that since ¢ is minimum, (Ss,...,S¢) is not a winning hunter strategy, and so
Zl#v Let’UEV\Zl.

Let us assume that v € V(A) (the case v € V(B) is symmetric). Since v ¢ Z; and
Zy =V, N(v) C S . Since B C N(v), we have that V(B) C S;. Moreover, V(B) C Z;.
Otherwise, there exists w € B such that N(w) C S; and since V(A) C N(w), we would have
S1=V(A)UV(B) =V(G), a contradiction to the fact that ¢ > 1.

Let us prove by induction on i that, for every 1 < i < ¢, V(B) C Z; and V(B) C S;.
This statement holds for ¢ = 1 by the previous paragraph. By induction, let us assume that
V(B) C Z; and V(B) C S; for some 1 < i < ¢ — 1. Since S is monotone, V(B) C S;;1. Let
us assume that there exists b € V(B) such that b ¢ Z;11. It implies that V(A) N Z; C Sitq.
Therefore, Z; = (V(A)NZ;)U(V(B)NZ;) C Sit1, which implies that Z; 1 = ), contradicting the
minimality of £. Thus V(B) C Z;;+1 and the induction hypothesis holds for ¢ + 1. In particular,
V(B) C Z;—1 and so, by monotonicity, V(B) C Sy. Therefore, V(B) C S; for all 1 < i < £.
Since V(B) C S; for all 1 < i < ¢, the strategy SNV (A) = (S1NV(A4),...,S,NV(A)) is a
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monotone winning hunter strategy in G[A] using k— |V (B)| hunters. Hence, k—|V (B)| > mh(A)
which concludes the proof. O

Once again, the case of the hunter number seems more challenging. In particular, the
following lemma shows that recontamination may help in cographs.

Lemma 13. For every k > 2, there exists a cograph G such that h(G) > k and mh(G) >
3h(G) —1.
2

Proof. Let a > 1. Let A and B be two (isomorphic) cographs that consist of the disjoint union
of a complete graph with a vertices (denoted by K4 and Kp respectively) and a independent
vertices (so |[V(A)| = |[V(B)| = 2a). Let G = A x B. Clearly, h(A) = mh(A) = h(B) =
mh(B) = a — 1 and, by the proof of Theorem |5, mh(G) = 3a — 1. Note also that h(G) > 2a by
Lemma 4, Now, (A, K4 U Kp, Kp, A) is a (non-monotone) winning hunter strategy in G using
2a hunters and so h(G) = 2a. O

4.3 Trees

This section is devoted to showing that the monotone hunter number of trees can be computed
in polynomial time. Roughly, we show that a Parsons’ like lemma [26] holds for the monotone
hunter number in trees and then the algorithm follows the one for computing the pathwidth of
trees in [13].

Let us start with the easy case of paths.

Proposition 4. Let P be any path with at least 4 vertices. Then, 1 = h(P) < mh(P) = 2.

Proof. The fact that h(P) = 1 has been proven in [I], and the fact that mh(P) < 2 is easy.
Towards a contradiction, let us assume that there exists a winning monotone hunter strategy
in P using one hunter and let S = (S1,....Sy) be a shortest such strategy (i.e., minimizing /).
Let Z = (Zi,...,Z;) be the set of contaminated vertices with respect to S. Let w € V(P)
such that S; = {w}. Note that w € Z; and so, £ > 1. Since P has length at least 4, there
exist x,y € V(P) such that x € N(w) and y € N(x) \ {w}. We will prove by induction on 4
that S; = {w} for all 1 < i < ¢. The base case (i = 1) is already proven. Assume now that
for some 1 < g < ¢, it holds that S; = {w} for all 1 < j < ¢. Thus, z,y ¢ U1§qu S; and so,
by Proposition [2, w € Z,;. Hence, by the monotonicity of &, we have that w € Sy, showing
the step of the induction. Therefore, z,y ¢ Ulgjgz S; and so, by Proposition 2, w,z,y € Z,
contradicting the fact that S is a winning strategy in P. Therefore, mh(P) > 2. O

We then need the following two technical results.

Proposition 5. Let G = (V, E) be any connected graph and H be a connected subgraph of G.
Let S = (S1,...,S¢) be any parsimonious monotone winning hunter strategy in G. Moreover,
let 1 <i </ andx,y € V(H) such that x € Uj<2- Sj, y € Zi—1 and minimising the distance
between such x andy in H. If z,y ¢ S;, then xy € E(H).

Proof. Note first that = # y. Indeed, assuming otherwise would imply that S is not monotone
since y = = € (Uj<i S; N Zi—1) \ S;. Hence, we may assume that  # y. Let P be a shortest
path from z to y in H. Let a be the neighbour of z in P. If a = y, then {z,y} € E(G), and
the claim holds. Hence, we may assume that a # y. By minimality of the distance between
zand y, a ¢ Zi—1 and a ¢ (J;;5;. Let b # x be the other neighbour of a in P. We show
that b ¢ (J;;S;. If b # y, then, by minimality of the distance between z and y, b ¢ U;; 5j-
If b=y, since y € Z—1 \ S;, then y ¢ (J;; Sj, because otherwise this would contradict the
monotonicity of §. Therefore, by Proposition a € Zg for every q < i. In particular, a € Z;_1,
a contradiction. O
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Lemma 14. Let G = (V, E) be any graph and S = (S1,...,S¢) be a parsimonious monotone
winning hunter strategy in G that uses at most k hunters. Let H be a conmected subgraph of
G with |[V(H)| > 1. If SsNV(H) # 0 and S;NV(H) # 0 for some 1 < i < j < {, then
S.NV(H)#D for every i < z < j.

Proof. Let 2 < i+ 1 < j < £ be such that V(H)NS; # 0 and V(H)NS; # (. Towards a
contradiction, let us assume that there exists i < z < j such that S, NV (H) = (. Let X =
V(H)NU, <, Sq- Since V(H)NS; #  and i < 2, we get that X # (). Let Y = V(H)NZ,_1. Since
S;NV(H) # 0 and S is parsimonious, we have that Z; 1NV (H) # (. Let u € Z;_1NS; NV (H).
By Lemma@ u € Z, for every ¢ < j. In particular, u € Z,_; and so Y # (). Let x € X and
y € Y such that the distance bewteen = and y in H is minimum. By Proposition 5| zy € E.
Thus, since y € Z,_1\ S, we get that x € Z,. Therefore, since § is monotone and = € Uq<z Sq,
we must have x € S,1. By Lemma since x € Uq<z Sq and x € S,41, then z € S,. Hence,
V(H)N S, # 0, a contradiction. O

Let T be a tree and v € V(T'). A branch at v is any connected component of ' —v. A star
is any tree with at least two vertices and at most one vertex with degree at least two. Roughly
speaking, Parsons’ Lemma [20] states that, for any tree T and k € N, pw(T) > k + 1 if and
only if there exists a vertex v such that at least three branches at v have pathwidth at least k.
Here, we adapt this lemma in the case of the monotone hunter number of trees.

Lemma 15 (Parsons’ like lemma). Let T = (V, E) be any tree.
o mh(T') =0 if and only if |V| = 1;
e mh(T) =1 if and only if T is a star;

e mh(T) =2 if and only if T is not a star and contains a path P such that T\ P is a forest
of stars and isolated vertices;

o For every k > 3, mh(T) > k if and only if there exists a vertex v € V such that at least
three branches at v have monotone hunter number at least k — 1.

Proof. The first item is trivial. Then, if T"is a star, then shooting twice at the vertex of maximum
degree is a monotone winning hunter strategy using one hunter, and so, (since |V (T')| > 2),
mh(T) = 1. If T is not a star (and |V(T")| > 1), then it contains a path with at least 4 vertices
as a subgraph. By Proposition |4 and Lemma it follows that mh(T") > 2, which concludes the
proof of the second item. If T"is not reduced to a star and contains a path P such that 7"\ P is
a forest of stars and isolated vertices, it is easy to show that mh(T') < 2. Otherwise, T' contains
a vertex v such that at least three components of T'— v contain a path with 4 vertices. The “if”
statement of the fourth item then shows that mh(T) > 2 and concludes the proof of the third
item.

Let us prove the fourth item. Let k > 3.

Proof of <: Let us first assume that there exists some vertex v and three branches By, By and
Bs at v, such that mh(By), mh(Bz), mh(Bs) > k — 1. We will show that mh(T") > k. Towards
a contradiction, let us assume that mh(T) < k. By Lemma |§|, there exists a parsimonious
monotone strategy S = (S1,...,S¢) in T that uses at most k& — 1 hunters. Let Z = (Z1,...,Zy)
be the set of contaminated vertices with respect to S.

For j € {1,2,3}, let 1 <i; < £ be the minimum integer such that V(Bj) N Z;; = (). Note
that, by Lemma@, V(B;j)NZy =0 for all i; < ¢ < ¢, and since S is parsimonious, V(B;)NS, = ()
for all i; < ¢ < £. Note also that, since mh(Bj) > k —1 > 2, B; has at least two vertices.
Since Z;, 1 NV(B;) # 0 and Z;; N V(B;) = (), it implies that S;; N V(B;) # () (otherwise, let
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w € (Zi;—1 NV (By)) and u € N(w) NV (Bj), then u € Z;, NV (B;), a contradiction with the
definition of ;). W.l.o.g., let us assume that i; < iy < i3.

We will show that there exists a round jo during which all the £ — 1 hunters will have to
shoot on vertices of By, and that v € Zj,_1, which will lead to a contradiction.

For any 1 < ¢ < 3, let j; be an index such that |S;, N V(B;)| = k — 1. These indices
exist as, otherwise, by Lemma |8, mh(B;) < k — 1. We will first show that jo < i3, which
will be used to prove that v € Z;,_1. Observe that jo < ip < i3. Moreover, jo # i3 since
Sis NV(Bs) # 0, |Sj, NV(Bz)| = k— 1 and S uses at most k — 1 hunters. Hence, jo < 3.
Therefore, by Proposition 2] and Lemma V(B3) U{v} C Z, for all ¢ < jp. In particular,
v € Zj,—1. Moreover, since Sj, C V(Bz), v ¢ S;,. Hence, z € Z;, where z is the neighbour of v
in By, ie., Zj, N V(By) # 0.

Since Z;; NV(By) = 0, if i1 < jo, then there is a contradiction to Lemma @ Otherwise,
jo < i1 < iy (because jo # i1) and so either j; < jo < i1 or jo < j1 < ig (because j; # jo,
J1 <1 <y and j; # i2), both contradicting Lemma

Proof of =: Now let us assume that, for every v € V', at most two branches at v have monotone
hunter number at least £k — 1. Let us prove that there exists a parsimonious monotone winning
hunter strategy & in T' using at most k — 1 hunters.

First, let us assume that there exists a path P = (v1,...,vp) such that for any connected
component C' of T\ P, mh(C) < k—1. The following hunter strategy is parsimonious monotone
winning and uses at most k£ — 1 hunters. The strategy consists of p phases executed sequentially
from ¢ = 1 to p. Phase ¢ consists in shooting v; at each round, and in using the k — 2 remaining
shots to clear sequentially each connected component of 7'\ P that is adjacent to v; (this is
possible since each of these branches at v has monotone hunter number at most k —2). Finally,
the last round of Phase i (except for ¢ = p) consists in shooting to both v; and v; 41 (recall that
k—12>2).

Let us now show that a path P, defined as in the previous paragraph, exists. Let X be the
set of vertices v such that exactly two branches at v have monotone hunter number at least k—1.
First, let us assume that X # () and let us show that it induces a path. Let z,y € X and let z
be any internal vertex of the path between x and y. Let B (resp., B’) be the branch at z that
contains x (resp., that contains y). One branch B, at x with mh(B,) > k — 1 is a subgraph of
B and so, by Lemmal8] mh(B) > k — 1. Similarly, mh(B’) > k—1 and so, z € X and therefore
X induces a subtree of T'. If there exists a node w of degree at least three in T'[X], by similar
arguments, there are at least three branches at w with monotone hunter number at least k — 1,
a contradiction with the initial hypothesis. Hence, X induces a path (v2,...,vp—1). Let By be
the branch at ve not containing vs such that mh(B1) = k — 1 (if v3 does not exist, B; is any
branch at ve with mh(B;) > k — 1) and let v; be the neighbour of vy in B;. Symmetrically, let
B, be the branch at v,_; not containing v,_o such that mh(B,) =k —1 (if p—1 =2, let B,
be the branch at vg, distinct from By, and with mh(B,) > k — 1) and let v, be the neighbour

of v,—1 in By. Then, P = (v1,v2,...,vp—1,0p) satisfies the desired conditions.
Finally, if X = (), let v; be any vertex of T. We build the path P starting from v as follows.
Let us assume that a path (vi,...,v;) has already been built for some ¢ > 1. If there exists a

branch B at v;, not containing v;—; (if ¢ > 1), and with monotone hunter number at least k — 1
(if any, such a branch must be unique since X = {)), then, let v;11 be the neighbour of v; in
B. The process ends when no such branch B exists and the obtained path satisfies the desired
conditions.

This completes the proof. O

We design a dynamic programming algorithm to compute the monotone hunter number of
a tree T'. Let us first root T at any vertex r € V(T'). Let T'[u] denote the subtree of T induced
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by u € V(T) and all the descendent of u. For any z1,---,z, € V(T[u]), let T[u,x1,...,z,)
denote the subtree obtained from T'u] after the vertices of (J;, V(T'[z;]) have been removed.
Finally, for k > 2, a vertex € V(T) is k-critical if and only if mh(T'[z]) = k and there exist
two children v and vy of = in T such that mh(T[v1]) = mh(T[v2]) = k. In the case k = 1, we
will say that a vertex x is 1-critical if and only if mh(T'[x]) = 1 and there exists a unique child
v of x such that mh(T[v]) = 1.

Remark: Let us recall that mh(T[w]) > 1 if Tw] contains at least one edge, i.e., w has at
least one child. Therefore, if a vertex w is 1-critical in T'[w], then T[w] is a star centred in the
child w" of w such that mh(T[w']) = 1, i.e., w' is the only vertex of T[w] that has degree at
least 2. Moreover, if a vertex w is not 1l-critical and mh(T[w]) = 1, then T[w] is star rooted
in w, i.e., w is the only vertex that may have degree greater than 1 in T'[w] (w may also have
degree 1 when |V (T'[w])| = 2).

The next lemma is used through out the proof of Corollary 4] and Lemma

Lemma 16. Let T be any tree rooted in a vertex v € V(T). Let k = maxi<;<q{mh(T[vi]},
where vy, . ..,vq are the children of v in T. For any vertex w € V(T'), there is at most 1 branch
at w in T that has monotone hunter number k + 1. Moreover, mh(T) < k + 1.

Proof. Note first that, by definition of k, there is no branch at v that has monotone hunter
number k + 1. Hence, let w be any vertex V(T \ {v} and let us denote by z the child of v such
that w € V(T'[z]). By definition of k, mh(T[z]) < k. For any child z of w, T'[z] is a subtree
of T[x]. Thus, by Lemma (8 mh(T'[z]) < k and so there is at most 1 branch at w that has
monotone hunter number at least k£ + 1. To conclude, note that the hunter strategy consisting
in applying sequentially all the monotone winning hunter strategies for the branches at v, while
shooting continuously on v, is a monotone winning hunter strategy in 7" using at most k£ + 1
hunters, i.e., mh(T) < k + 1. O

The upcoming corollary, obtained from Lemmasand describes how to compute mh(T")
of a rooted tree T, bottom-up, from its leaves to the root, such that, for any u € V(T), mh(T'[u])
is computed from the values (mh(T[u;]))u; child of w and from the critical vertices the subtrees
T'[u;] contain.

Corollary 4. Let T be a rooted tree, w € V(T) and let uy,...,uq be the d children of u in T.
Let us order the children of u such that k = mh(T[u1]) > mh(T[ug]) > ... mh(T[ug]).

1. If d =0, then mh(T[u]) = 0;
If k=0 and d > 0, then mh(T'[u]) = 1;
If k=1, d =1 and the only child of u is not 1-critical, then mh(T[u]) = 1;

If k=1 and d =1 and the only child of u is 1-critical, then mh(T[u]) = 2;

SR

If k=1 and d > 2, then mh(T'[u]) = 2;

If k > 1 and mh(T'[us]) = k, then mh(T'[u]) =k + 1;

NS

If k > 1, mh(T[uz]) = k and (mh(T[us]) < k or d = 2), and T[ui] or T[ug] contains a
k-critical vertez, then mh(T[u]) = k + 1.

8 If k > 1, mh(T[uz]) = k and (mh(T[us]) < k or d = 2), and neither T[ui] nor T[us]
contains a k-critical vertez, then mh(T[u]) = k.
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9.

10.

11.

If k > 1, mh(T|w]) = k and (mh(T'uz]) < k ord=1), T[ui]| contains a k-critical vertex
x and mh(T[u,x]) = k, then mh(T[u]) =k + 1;

If k > 1, mh(Tu1]) = k and (mh(T[ug]) < k or d = 1) and T'[u1] contains a k-critical
verter = and mh(T'[u, z]) < k, then mh(T'[u]) = k;

If k > 1, mh(T[u1]) = k and (mh(T[u2]) < k or d = 1) and T'[u;] does not contain any
k-critical vertez, then mh(T[u]) = k.

Proof. Each statement can be proved using Lemma

1.

2.

If d = 0, then T[u] is a single vertex and by Lemma (15, mh(T'[u]) = 0.

If k=0 and d > 0, then there exists at least one child w of u such that mh(T[w]) = 0
and there is no child w’ of w such that mh(T[w']) > 0. Thus, T[u] contains at least one
edge and is a star graph centred in u. By Lemma we get that mh(T[u]) = 1.

. If k=1, d =1 and the only child of u is not 1-critical, i.e., u1 is the only child of v and

mh(T[u1]) = 1. Thus, T[u;] is a star centred at u;. Therefore, T'[u] is also a star centred
at u1, and so, by Lemma [L5 mh(T[u]) = 1.

If k =1, d = 1 and the only child of u is 1-critical, i.e., u; is the only child of w,
mh(T[u1]) = 1 and there exists a child w of u; such that mh(T[w]) = 1. By Lemma
T'[w] contains at least 1 edge. Let v be the child of w in T'[w]. Thus, T'[u] contains the
path (v,w,u1,u), and so, is not a star. Moreover, T[u] \ u is a forest of stars, and so, by
Lemma [15] mh(T[u]) = 2.

.If £k = 1 and d > 2, then u has at least two children. Thus, by Lemma T[u1]

contains at least one edge. Let w be a child of u; in T'[u;]. Note that T[u] contains the
path P = (ug,u,u1,w) as subgraph and that T'[u] \ u is a forest of stars. Therefore, by
Lemma [15, mh(T[u]) = 2.

. If k> 1 and mh(T[vs]) = k, then mh(T[u]) > k + 1 by Lemma Moreover, by

Lemma [16] we get that mh(T[u]) < k+ 1, and so mh(T[u]) = k + 1.

If £ > 1, mh(T[u1]) = mh(T[uz]) = k and (mh(T[vs]) < k or d = 2) and T'[u1] or T[us]
contains a k-critical vertex, let x be a k-critical vertex in T'[u]\ {u}. W.l.o.g., let us assume
that © € V(T'[u1]). Let us denote by y the parent of z in T'[u]. Note that y may be equal to
u. Let By and Bz denote the two branches at x in T'[z] such that mh(By) = mh(Bz) = k.
Let B, denote the branch at = in T'[u] that contains y. Note that B, contains T[us] as
subgraph. Thus, by Lemma (8 mh(By) > mh(T[ug]) = k. Therefore, since there are
3 branches at = with monotone hunter number at least k, by Lemma we get that
mh(T[u]) > k + 1. Finally, by Lemma [16] mh(T[u]) < k + 1, and so mh(T[u]) = k + 1.

Itk > 1, mA(T[uw]) = mh(Tug]) = k and (mh(T[vs]) < k or d = 2) and neither

T'[u1] nor T[ug] contains a k-critical vertex, then there do not exist three branches at
u having monotone hunter number at least k. Note that for any w € V(T[u1]) (resp.,
w € V(T[ug])), w is not k-critical, and so, there is at most 1 branch at w in T[w] that has
monotone hunter number at least k. Therefore, since every branch at w in T[u] is also a
branch at w in T[u1], except the one containing the parent of w, we get that there are
at most 2 branches at w that has monotone hunter number at least k. Finally, if d > 2,
for any 2 < j < d and any vertex w € V(T[u;]), let us denote by y the parent of w in
Tu;] U {u}. Note that for any vertex z € N(w) \ {y}, T[2] is a subgraph of T'[u;] and
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so, by Lemma |8, mh(T[z]) < mh(T[u;]) < k. Therefore, there is no vertex w € V(T'[u])
such that w has 3 branches that have monotone hunter number at least k. Hence, by
Lemma [15] mh(T[u]) < k. By Lemma [§| and because mh(T[w1]) = k, mh(T[u]) = k.

Ik > 1, mh(T[u1]) = k and (mh(T[uz]) < k or d = 1) and T'[u;] contains a k-critical

vertex x and mh(T'[u,z]) = k, then, x has 3 branches with monotone hunter number at
least k in Tfu]. Therefore, by Lemma mh(T[u]) > k + 1. Finally, by Lemma
mh(T[u]) < k+1 and so mh(T[u]) = k + 1.

If £ > 1, mh(T[u1]) = k and (mh(T[uz]) < k or d = 1) and T[u;] contains a k-critical
vertex x and mh(T[u, z]) < k, then, there do not exist three branches at v with monotone
hunter number at least k. Let w be any vertex of T[u] \ {u}. Let us assume first that w
is not k-critical. Thus, there is at most one branch at w in T[w] with monotone hunter
number k. Since there is only one other branch left for w in T'[u] (the one containing its
parent), there do not exist three branches at w in T'[u] with monotone hunter number at
least k.

Let us assume now that w is k-critical. Thus, w € V(T '[u1]) since mh(T'[u;]) < k for any
2 < j < d. Note that w = . Indeed, towards contradiction, let us assume that w # x.
Then, the branch at w containing its parent in 7T'[u1] contains T'[x] as a subgraph and/or
the branch at z containing its parent in T'[u;] contains T[w]. Thus, in every case, due
to Lemma |8 there exists a vertex in T'[u;] that has 3 branches having monotone hunter
number k, each. Therefore, by Lemma mh(T[u1]) = k + 1, which is a contradiction
to the definition of k. To sum up, for any vertex w € V(T[u]) \ {z}, there exist at
most two branches at w that require monotone hunter number at least k. Let us recall
that, by hypothesis, mh(T[u,x]) < k. Hence, there are only two branches at = that
have monotone hunter number at least k (otherwise, by Lemma [15 and Lemma [§ & <
mh(T[z]) < mh(T[u1]), a contradiction). Therefore, there is no vertex w in T'[u| such
that there exist at least 3 branches at w, each having monotone hunter number at least
k. Thus, by Lemma [15] mh(T[u]) < k and by Lemma 8] mh(T[u]) > mh(T[u]) > k.

If £ > 1, mh(T[w]) = k and (mh(T[v2]) < k or d = 1), and T[u1] does not contain any
k-critical vertex, then there is no vertex in 7'[u] that has 3 branches that require monotone
hunter number at least k (as in previous case). Therefore, by Lemma mh(T[u]) < k
and by Lemma [8) mh(T[u]) > mh(T[u1]) > k, and so, mh(T'[u]) = k.

O]

We need the following technical definition to finally describe our algorithm, which will
recursively build a “label” for each vertex from the labels of its children. Recall that, for any

U, Ty

,xp € V(T[u]), the tree T[u,x1,...,xp] denotes the subtree obtained from T'[u] after

the vertices of (J;,, V(T'[zi]) have been removed.

Definition 1. For any tree T'[u], the label A(u, T'[u]) of u is a list of integers (a1, ..., ap), where
ap > ag > -+ > ap > 0, possibly a, may be marked with a star, and there exists a set of vertices

{, ..

. Lp}, such that:

o mh(T[u]) = a;.

o Forl<i<p, mh(T[u,t1,...,0]) = air1 and¥; is an a;-critical vertex in Tu, b1, ..., 0;—1].

We will say that ¢; is associated to a;.

» = u. If a, is not marked with a star (x), then there is no a,-critical vertex in
Tlu,by,...,4p—1]. If ap is marked (with a star), then £, is an ap-critical vertex. In both
cases, T[u, lp) = Tu, u] is the empty tree.
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Figure 2: An example of the tree 717, described in the examples of Definition |1} such that
Aui, Ti[u1]) = (3,2,1). Observe that mh(T1[(}]) = 3 and that ¢} is 3-critical since there are two
branches attached to £1, both of monotone hunter number equal to 3. Similarly, mh(Ty[(3]) = 2
and /3 is 2-critical. Finally, the graph Ti[uy, £1, £3] is the star on 3 vertices, centred in u;. Adding
any number of leaves to attached to u; would result in a tree 77 such that A(v, T{[v]) = (3,2, 1).
Adding one leaf ug attached to v would result in a tree 75 such that A(usg, Ta[us]) = (3,2, 1%).
Adding a leaf v’ attached to ug would result in a tree Ty with \(v/, Tj[u']) = (4).

Examples. Let us exemplify the above definition. In the following examples, we start from
two trees T and T whose roots have “almost” the same labels and show that adding one vertex
adjacent to their root may lead to two new trees whose roots have “very different” labels. In
particular, this illustrates the importance of the presence of a star on the last integer of a label.

First, let T} be a tree rooted in a vertex u; with the label A(uq,T1) = (a1, a2,a3) = (3,2, 1).
In Figure |2 we provide an illustration of one such tree. Since a; = 3, then mh(Ti[u;]) = 3 and
there exists a vertex £} € Ty[uy] that is 3-critical. Moreover, mh(T1[u,f1]) = az = 2 and there
exists a vertex (1 € Ti[uy,f}] that is 2-critical. Finally, mh(Ti[u1, 1, 3]) = a3 = 1 and since
ag is not marked with a star, there is no 1-critical vertex in T} [u1, £1, £3]. By previous remarks,
Ti[u1, 61, 03] is a star centred in u; and £ = u; (moreover, the star contains at least 2 vertices
since mh (T} [uy, ¢}, %)) > 0).

Let T be the tree obtained from T} by adding a vertex u (the root of T7) adjacent to w;.
Note that, £ (vesp., £3) is still 3-critical (resp., 2-critical) in T{[u] (resp., in T{[u, £1]). Note also
that T7[u, £1, /3] is actually equal to the tree obtained from Ti[ui, 1, £3] by making u adjacent
to uy. Hence, T{[u, (1, 3] is a star (containing at least 3 vertices) centred in ui, and so w is
I-critical in TY[u, ¢}, ¢3]. Therefore, the label of u in T7 is (3,2, 1%).

Second, let Ty be a tree rooted at ug with the label A(ug,T2) = (a1, a2,a3) = (3,2,1%).
Similarly to the previous example, there exist ¢2 and 3 that are the 3-critical vertex of Th[us]
and the 2-critical vertex of Th [ul,ﬁf], respectively. Moreover, since as is marked with a star,
there exists a l-critical vertex £3 in Ta[ug, £2,¢3]. Let us recall that by definition of a label,
02 = uy, and so Thfug, (3, (3] is a star with at least 3 vertices centred in the only child of us.

Let T% be the tree obtained from T5 by adding a vertex v’ (the root of T4) adjacent to us. Note
that Th[u, (3, (3] is actually equal to the tree obtained from T5[us, £2, /3] by making u’ adjacent
to uz. Therefore, Th[u, (3, (3] contains a path with 4 vertices and so mh(Ts[u,£3,¢3]) > 1. It
follows that there exist three branches at 2 in Ty[u, 3] that have monotone hunter number at
least 2, and so, mh(T4[u, £3]) > 3. This implies that there exist three branches at £2 in Tj[u] that
have monotone hunter number at least 3. Hence, we get that mh(Ty[u]) > 4 and A\(v/, T3) = (4).

Claim 3. There ezists no tree T rooted in v € V(T) such that v has label (1,0) in T[v].

Proof. Towards contradiction, let us assume that there exists a tree T rooted in v € V(T') such
that v has label A = (a1,a2) = (1,0) in T'[v]. Then, by the definition of the labelling, there

23



exists a vertex ¢1 in T'[v] such that ¢; is 1-critical (because a; = 1) and moreover ¢; # v because
A # (a1). By the definition of a vertex being 1-critical, we get that ¢; has a child y such that
mh(T[y]) = 1. Since mh(T[y]) = 1, we get that T'[y| contains at least one edge and so there
exists z € N(y). Since T'[v] is connected, there exists a (¢1,v)-path P = (p1 = {1,...pg = v).
Thus, P’ = (z,y,p1 = 41,...,pq = v) is a path with at least 4 vertices. Hence, mh(T[v]) > 1
and which contradicts that A\(v) = (1,0) since a; = mh(T'[v]). O

The following notation is used in Algorithm and in its proof (Lemma. For any sequence
A= (a1,...,ap) and any integer a > ay, let a®\ = (a} = a,d =ay, ... 7%/—1 = ap,l,a;, = ap),
i.e., ® denotes the concatenation. Moreover, let pref(\) = (a1, ,ap—1) (the prefix of A) and
t(A\) = ap (the tail of ).

Lemma 17. Algom'thm takes a tree T' rooted at some vertex v € V(1) and the label of each
child of v as inputs and it returns the label of v in T[v].

Proof. Our goal is to prove that the algorithm returns the label of v in T[v], denoted as
A, Tv]) = (af,...,ap). Let dpp(v) = d. Let A9 be the value computed by Algorithm

Observe first that if d = 0, by Corollary 4l mh(T[v]) = 0, and so, by definition of a label,
A(v, T[v]) = (0). Note that Algorithm [1] returns (0) in line [2 Hence, A9 = (v, T[v]) = (0).

Thus let us assume that d > 0. Let vy,...v4 be the d children of v in T[v]. For any
1 <i<d, let \j = A(vi, T[vi]) = (al,...,ab,) be the label of v; in T'[v;]. W.Lo.g., let us assume
that aj >af > - > acll and let k = al = MaX;e (1.4} MAXge (1, |\ |} aé.

For each 1 <7 < d, let T,i = T[v;]. Also, for 0 < m <k, if m = a;- for any 1 < j < p;, let
T! _, be obtained from T}, by removing T [E;] where E} is the vertex associated to a§. Otherwise,
let T, =T, ie., T} = T[v] \ Uaj.e/\i,a;.>m T'aj]. Finally, for any 0 <m <k, let T}, be the

m—1 — *m»
subtree of T[v] induced by (J; ;<4 V (T%,). Intuitively, T,, is the subtree obtained from T[v] by
removing the substrees T'[w] for every vertex w # v such that mh(T[w]) > m + 1. Note that
Ty, = T'[v] =T and that mh(T,,) < m+ 1 for every m < k. Note also that Ty consists of v and,
possibly, some of its children.

Let us prove by induction on 0 < m < k that after the (m + 1)-th iteration of the loop of
the algorithm, the current value of A, the variable of Algorithm [I] denoted by A™, is equal to
the label A(v,T,,), i.e., the label of v in T},,. If this induction holds, then, when m = k, the
algorithm returns A% = \¥ = \(v,T}) = A(v, T[v]), which concludes the proof.

Let n(m) be the number of children w of v, such that m or m* is in the label of w.

The base case is for m = 0.

e Let us assume first that n(0) > 1. Recall that, by the definition of Tj, for any child w of
v in Ty, mh(Tp[w]) < 0, i.e., To[w] only contains w. Therefore, v is not 1-critical in Tp.
Thus, by Case 2 of Corollary {4 and by the definition of the labelling, mh(Ty) = 1 and
(v, Ty) = (1), which corresponds to A° (line |§| of Algorithm .

e Let us assume now that n(0) = 0, i.e. Tj only contains v. By Case 1 of Corollary
mh(Typ) = 0. Thus, A\(v,Ty) = (0). Moreover, since, n(m) = 0, A\’ = (0) (line [11] of
Algorithm .

Let us assume now that m = 1. It follows from the case m = 0 that A\° = A\(v,Tp). Before
analysing the several subcases for m = 1, let us recall that A(v, T),) cannot have label (1,0) by

Claim Bl

e Assume first that n(1) = 0. This implies that T} = Tp, and so, we get that A} = \0 =
Av,Th) = A(v,T1) (in this case, Algorithm 1| does nothing during the 2-nd iteration of
the loop).

24



Algorithm 1 Let T be a tree rooted in a vertex v. Let vy, ..., vg be the d children of v in T'[v]
and let Aq,..., Ay be their corresponding labels.

1: if d =0 then

2:  return (0);

3: end if

4: Let A = () and let k = max;eqy, gy MaXgeqq,. a3 Ais

5. for m from 0 to k do

6:  Let n(m) be the number of children with m or m™* in their label,
7. if m =0 then

8: if n(m) > 1 then

9: A+ (1);

10: else

11: A« (0);

12: end if

13:  else if m =1 then

14: //Case 3: one child of v has 1 in its label, its subtree does not contain any 1-critical vertex
and no child of v has 0 in its label

15: if n(m) =1,V1 <i<d, m¢pref(\;) and t(\;) # m* and A = (0) then

16: A< (17%);

17: //Case 4: v has a unique child, and moreover, this child is a 1-critical vertez, or

18: //Case 5: v has at least 2 children with at least one having 1 in its label

19: else if n(m) > 1 then
20: A<+ (2);
21: end if

22:  else if m > 1 then
23: // Invariant/intuition: at this step, X\ = A(v, Ty,—1) where Tp,—1 is the subtree obtained from
T by removing the substrees T'|w] such that w # v and mh(T[w]) > m.

24: //Case 6: at least three children of v have m or m* in their label

25: if n(m) > 3 then

26: A (m+1);

27: //Case 7: two children of v have m or m* in their label and at least one of their subtrees
contains a m-critical vertex

28: else if n(m) =2 and 31 <i < d, m € pref(\;) or t(\;) = m* then

29: A (m+1);

30: //Case 8: two children of v have m or m* in their label. Moreover, their subtrees do not
contain any m-critical vertex

31: else if n(m) =2 and, V1 <i <d, m ¢ pref(\;) and t(\;) # m* then

32: A+ (m*);

33: //Case 9: one child of v has m or m* in its label. Moreover, its subtree contains an m-critical
vertex and mh(T,—1) =m

34: else if n(m) =1, 31 <i < d, m € pref(\;) or t(\;) = m*, and A contains m or m*
then
35: A (m+1);

36: //Case 10: one child of v has m or m* in its label. Moreover, its subtree contains an
m-critical vertex and mh(Ty,—-1) < m

37: else if n(m) =1, 31 < i <d, m € pref(\;) or t(\;) = m*, and A contains neither m
nor m* then
38: A (m) O

39: //Case 11: one child of v has m or m* in its label. Moreover, its subtree does not contain
an m-critical vertex

40: else if n(m) =1and, V1 <i<d, m %goref()\i) and t(\;) # m* then

41: A (m);

42: end if
43:  end if
44: end for

45: return \;




e Assume next that n(1) = 1, and let v; be the child of v such that (1) or (1*) is in the label
of Vj.

— Let us first assume that we are in Case 3 (line [L6] of Algorithm [1]), i.e. 1 (not 1*)
is the last element of the label of v;, and A’ = (0). Recall that since \° = (0), and
by the case m = 0, T is a single vertex. Thus, v has only one child w in 77, and
mh(T1[w]) = 1 (because n(1) = 1), i.e., T} is a star centred in w (but rooted in v).
So, by Case 3 of Corollary 4 mh(Ty) = 1. Moreover, v is 1-critical in 7. Thus,
A(v,T1) = (1*), which correspond to A! (line [16{of Algorithm .

— Let us then assume that we are in Case 5 (line 20| of Algorithm [I), i.e. 1 (not 1*)
is the last element of the label of v;, and A = (1). Observe that if A\’ = (1), and
by the case m = 0, then T is a star centred (and rooted) in v. Thus, v has at least
2 children in Ty (since v; € V(T1) \ V(Tp)) but there is one child of v, v;, that is
not a leaf (i.e., v; is the root of a subtree with monotone hunter number 1). So, by
Case 5 of Corollary 4l mh(T7) = 2. By Lemma for any vertex w € 11, there is
at most 1 branch at w that has monotone hunter number at least 2 (so there are
no 2-critical vertices). Therefore, A\(v, T}) = (2), which corresponds to A! (line [20] of
Algorithm .

— Let us consider the Case 4 (line of Algorithm , i.e. the last element of the
label of v; is 1* and moreover, v; is the unique child of v. By Case 4 of Corollary
mh(T1) = 2. By Lemma for any vertex w € T, there is at most 1 branch at
w that has monotone hunter number at least 2 (so there are no 2-critical vertices).
Thus, A\(v, T1) = (2), which corresponds to A (line [20] of Algorithm [1]).

e Finally, assume that n(m) = n(1) > 2. Hence, in T3, v has at least two children which
are the roots of subtrees with monotone hunter number 1. By Case 5 of Corollary [4]
mh(T1) = 2 (recall that by definition of T, mh(T}) < 2). Moreover, by Lemma [16] for
any vertex w € 17, there is at most 1 branch at w that has monotone hunter number at
least 2 (so there are no 2-critical vertices). Therefore, A(v,T1) = (2), which corresponds
to Al (line [20] of Algorithm .

We are now ready to prove the induction step. Let m > 2 and let us assume that
A, Trn—1) = A1, We will prove that (v, Tp,) = A™.

e Case 6. We are in the case where n(m) > 3 (line [26) of Algorithm[I). Since n(m) > 3, in
Ty, v has at least 3 children v;, vy and v~ such that mh(T%) = mh(Tﬂ;) = mh(Tﬂ;/) =m
(and mh(T:,) < m for every 1 < i < d). Thus, we are in the Case 6 of Corollary 4} and
so, mh(T,,) = m + 1. Note also that, by Lemma [16| and for any vertex w € T,,, there
exists at most 1 branch B at w with mh(B) > m+ 1. Therefore, T;,, has no m + 1-critical
vertex, and so A(v,T,,) = (m + 1). To conclude, line 26| of Algorithm (1| precisely returns
A" = (m+ 1). Hence, ™ = (v, T}y,).

e Case 7. We are in the case where n(m) = 2 and there exists 1 < i < d such that
m € pref(\;) or t(\;) = m*, i.e., T contains an m-critical vertex (line [29|of Algorithm.
Let us denote by y; be the m-critical vertex in T . Since n(m) = 2, in T,, v has exactly 2
children v; and v; (and ¢ € {7,j'}) such that mh(T,) = mh(Tﬂ;) =m and mh(T},) <m
for every other child v, of v in T5,. Since y; is critical, we are in the Case 7 of Corollary
Thus, mh(T,,) = m + 1. Note also that, by Lemma for any vertex w € T,,, there
exists at most 1 branch B at w with mh(B) > m+ 1. Therefore, T,,, has no m + 1-critical
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vertex, and so A(v,T,,) = (m + 1). To conclude, line [29| of Algorithm [1| precisely returns
A" = (m+ 1). Hence, ™ = (v, T}y,).

e Case 8. We are in the case where n(m) = 2 and m ¢ pref(X\;) and t(\;) # m* for all
1 <i<d,ie., T, does not contain any m-critical vertex (line [32| of Algorithm ' Since
n(m) = 2, in Tm, v has exactly 2 children v; and v; such that mh(Ty,) = mh(T%) = m
and mh(Tq) < m for every other child v, of v in T},. Since v; and v are not m-critical,
we are in the Case 8 of Corollary |4 Thus, mh(T,,) = m. Since n(m) = 2, v is clearly an
m-critical vertex, and so A(v,T,,) = (m*). To conclude, line |32 of Algorithm [1| precisely
returns A = (m*). Hence, A" = (v, Tp,).

e Case 9. We are in the case where n(m) = 1, there exists 1 < i < d such that m € pref()\i),
or m* = t()\;) (i.e., there is an m-critical vertex in T7) and A,,_1 contains m or m*, i.e.,
mh(Tp—1) = m (hne of Algorithm |1 ' Let y; denote the m-critical vertex in T¢.
Since n(m) = 1, in T};,, v has exactly 1 child v; (and so, i = j) such that mh(T%) = m
and mh(T3%) < m for every other child v, of v in T),, and therefore T},,—1 = T}, [v, yl]
Thus, by definition of the labelling and since m € A1, mh(T,,,—1) = mh(Tp[v,y]) =
Therefore, we are in the Case 9 of Corollary Thus, mh(T,,) = m + 1. Note also
that, by Lemma for any vertex w € T,,, there exists at most 1 branch B at w with
mh(B) > m+ 1. Therefore, T,,, has no (m + 1)-critical vertex, and so A(v,T),) = (m+1).
To conclude, line 35 of Algorithm 1] precisely returns A™ = (m+1). Hence, \™ = A(v, T;y,).

e Case 10. We are in the case where n(m) = 1, there exists 1 < ¢ < d such that m €
pref(\;), or m* = t()\;) (i.e., there is an m-critical vertex in T}},), and m ¢ X! (lineof
Algorlthm. Let us denote by y; be the m-critical vertex in T7',. Since n(m) = 1, in Ty, v;
is the single child of v such that mh(T?,) = m and mh(T),) < m for every other child v, of
v in T),,. Therefore, T),,—1[v] = Tpn[v,y;]. Thus, by definition of the labelling and since m ¢
Al mh( m—1[v ]) mh(Ty[v, yi]) < m. Therefore, we are in the Case 10 of Corollaryl
Thus, mh(Ty,) = m. Let N ! = X\v,Tj—1) = (a1,...,a,). Recall that, there exist
vertices £1,0a,...,0,_1 such that ¢}, is ap-critical in Ty, —1[v, 01, -, €p—1] for every 1 <
h < p. Since Ty,—1[v] = Tim[v,yi], € is ap-critical in T),[v, y;, b1, -+, €p—1] for every 1 <
h < p. Moreover, for every 1 < h < p, Ty_1[v,l1,...,lh—1] = Tnlv,yi, l1, ..., lr—1], and
so mh(Tm[v,yi, b1, ..., lp—1]) = mh(Tp-1[v,l1,...,€h—1]) = ap. Therefore, A(v,T),) =
(m,ai,...,ap). To conclude, line [38| of Algorithm [1| precisely returns \™ = (m) ® A"~ 1.
Hence, \™ = A(v, T),).

e Case 11. Finally, we are in the case where n(m) =1 and m ¢ pref()\;) and t(\;) # m*
for all 1 <i < d, i.e., T, does not contain any m-critical vertex (line |41 of Algorithm .
Since n(m) = 1, in Ty, v has exactly 1 child v; such that mh(T,) = m and mh(T) < m
for every other child v, of v in T;,. Since, there is no m-critical vertex in T;,, we are in
the Case 11 of Corollary {4} Thus, mh(7,,) = m. Note also that v is not m-critical since
n(m) = 1. Therefore, T, has no m-critical vertex, and so A(v,T,,) = (m). To conclude,
line 41| of Algorithm |1| precisely returns A = (m). Hence, A" = (v, T},).

O]

The main result of this section follows:

Theorem 6. The monotone hunter number of any tree can be computed in polynomial time.
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5 Monotone hunter number in the red variant in trees

So far, we have investigated the HUNTERS AND RABBIT game with the additional monotonic-
ity property since monotone strategies are often easier to deal with. Previous works on the
HUNTERS AND RABBIT game in bipartite graphs G = (V, U V,,, E) have shown that studying
the red variant of the HUNTERS AND RABBIT game, i.e., when the rabbit is constrained to
start in a vertex in V,., could be very fruitful. For instance, recall Lemma [5| which states that
h(G) = hy.(G) for every bipartite graph G = (V; U V4, E) and which helped to get many
results on the HUNTERS AND RABBIT game [I}, [6l, [16]. Therefore, it is interesting to consider
the monotonicity constraint when restricted to the red variant of the HUNTERS AND RABBIT
game. This section is dedicated to this study in the case of trees. Recall that mhy, (G) denotes
the minimum number of hunters required to win against a rabbit starting at V,. in a bipartite
graph G = (V;, UV, E) and in a monotone way. It can be checked that, in [I6], it is actually
shown that, for any tree T', mhy, (T) < [W] (a monotone strategy with respect to V. is
described in [16]). Therefore, the proof of Corollary [2| actually shows that:

Corollary 5. There exists € > 0 such that, for any k € N, there ezists a tree T with mhy, (T') >
k and mh(T) > (1 + e)mhy, (T).

Therefore, Proposition [ and Corollary [f] already show that there exist graphs G for which
mhy, (G) < mh(G). The main result of this section is that there exists an infinite family of
trees T" such that the difference between mhy, (T') and hy, (T') is arbitrarily large. In particular,
this improves the result of Corollary [2] since mhy, (G) < mh(G) and hy, (G) = h(G) for any
graph G.

More precisely, this section is devoted to proving:

Theorem 7. For everyi > 3, there exists a tree T' such that mhy, (T) > i and hy, (T) = h(T) =
2.

Proof. In Section we define a family (7 9;)i>3 of trees such that hy, (Tj2;) = 2 for every
i > 3 (Lemma . Then, in Section Lemma proves that mhy, (T;2;) > i for every
1 > 3. O

In order to prove the Lemmas and below, we first need to adapt several technical
lemmas and propositions above in the case of the red variant in bipartite graphs. Since the
proofs of Proposition |§| and Lemma (in the red variant) share many similarities with the
previous, already proven, versions, we decided to postpone their proofs in the appendix.

Next proposition is an adaptation of Proposition [2|in the red variant of the game.

Proposition 6. Let S = (S1,...,5¢) be a hunter strategy in a bipartite graph G = (V, UV,,, E)
with respect to V,.. Let v € V. (resp. v € Vi) and 1 < i < {. If there exists a vertex u € N(v)
and a vertex x € N(u) (possibly x = v) such that u & U;<; Sj and x ¢ \J;; S, then v € Zy,
for every 2p < i (resp. v € Zapy1 for every 2p+1 <1i).

j<i

Next lemma adapts Lemma [6] in the red variant of the game.

Lemma 18. Let G = (V, UV, E) be a bipartite graph with at least two vertices. Let S =
(S1,...,50) be a monotone hunter strategy in G with respect to V,.. For any 0 <p <1i < [{/2],
Zo; C Zop and Zoiy1 € Zopi1-

Lemma is a direct adaptation, in the red variant of the game, of Lemma The only
difference in their proofs is that, in the case of Lemma Proposition [6] must be used instead
of Proposition [2| Therefore, we present the proof of Lemma [19| only in the appendix.
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Lemma 19. Let S = (S1,...,5¢) be a non-monotone winning hunter strategy in a bipartite
graph G = (V, U Vy,, E) with respect to V,.. Then, there exist a vertexv € V and 1 <1i < £ such
that v € Zi—1 \ S; and v € U,; Sp-

Lemma is a direct adaptation, in the red variant of the game, of Lemma The only
difference in their proofs is that, in the case of Lemma Proposition [6] and Lemma [T9] must
be used instead of Proposition 2] and of Lemmal[7} Therefore, we present the proof of Lemma
only in the appendix.

Lemma 20. For any non-empty connected subgraph H of a bipartite graph G = (V, UV,,, E),
mhy, vy (H) < mhy, (G). Moreover, if |V (H)| > 1, we get that, if there exists a monotone
winning hunter strateqgy S = (S1,...,S¢) in G with respect to V,, then there exists a monotone
winning hunter strategy S" in H with respect to V, NV (H) using at most maxi<i<¢ |S; NV (H)|
hunters.

Since the proofs of upcoming Lemmas 21| and (in the red variant) share many similarities
with the proofs of Lemmas [9] and [I0] respectively, we decided to postpone their proofs in the
appendix.

Lemma 21. For any bipartite graph G = (V, UV, E) and any k > mhy. (G), there ezists a
parsimonious monotone winning hunter strategy in G with respect to V,. and that uses k hunters.

Lemma 22. Let G = (V, UV, E) be a bipartite graph and S = (S1,...,S¢) be a parsimonious
momnotone winning hunter strateqy with respect to V.

o If there exist 1 <1 < j < { such that v € 5; N Sj, then v € Siya.

o IfveV, (resp., v € Vi) and there exists an odd (resp., even) integer 1 < i < £ such that
v ¢ Zi_1, thenv & S; for every j > i.

5.1 The family of trees (T} 4)i>3,4>6: definition and hunter number

In this section, we will prove that the gap between the hunter number and the monotone hunter
number in the red variant of the game may be arbitrary large. More precisely, we will design
an infinite family (7;);>3 of trees which exhibits this behaviour.

Let Sj 4 be the rooted tree obtained from ¢ > 6 paths of length & > 3 (with k& edges) by
identifying an endpoint of each path into a common vertex called the root of S , and denoted
by c. Equivalently, Sy 4 can be obtained from a star with root ¢ of degree ¢ by subdividing each
edge k — 1 times. From now on, let (V;,V,,) be the bipartition of V(S ,) and let us assume
that ¢ € V.

Lemma 23. For any k,q € N such that k > 3 and q > 6, it holds that h(Sk,q) = mhy, (Skq) = 2.

Proof. The fact that h(Sk4) > 1 comes from the characterisation of trees with hunter number
one in [§]. W.lo.g., let us suppose that the centre ¢ of Sy, is in V;. We now prove that
mhy, (Sk,q) < 2 and the result then follows from Lemma [5| and Proposition

The strategy S with respect to V, and using two hunters proceeds as follows. At every
odd round, the first hunter shoots at ¢. The second hunter considers sequentially each path
P = (v1,...,v) of Sk 4\ ¢ by iteratively shooting at vi,ve,...,v; (starting by shooting vy at
an even round).

Formally, let P!, ..., P4 be the g branches of ¢ in Sk,q» and let Pi=(vi,... ,v,i) for every 1 <
i < g where v¢ is the neighbour of ¢ in P’. Then, the strategy S equals ({c}, {vi}, {c,vd}, {vi},

29



{e,v1}, ... {v}_ h{e v {0} {c, 03}, . . ., {U§—1}’ {c, v§ o {e vl ifk ‘is even, and 'S equals
({eh {ol} e oab {vgh {evi}s o e op oy b Avph {eh {ofh e 3, {7 {eh {ol}

Ao vhd, v b {e vl {of}) i E s odd,
Clearly, this is a monotone winning hunter strategy in Sy , with respect to V. O

Let us denote the strategy described in the previous proof by &1 and let ¢1 be the smallest
even integer greater or equal to the length of S; (this length equals to 1 + ¢k if k is even and
to q(k + 1) otherwise).

The construction of the tree T; ;. Forevery i > 2 and g > 6, let T} ;, be the tree recursively
built as follows. First, T} ; = S34. Then, for i > 1, let us assume that T;_; , has been defined
recursively and that there exists a winning hunter strategy, of length ¢;_1, using 2 hunters in
the red variant in Tj_ 4 (this holds for i — 1 = 1 from the previous lemma and it will be proven
to hold for every ¢ > 2 in the next lemma). Let T;, be obtained from ¢ vertex disjoint copies
Th ... , T of T;,_1 4 and from a vertex ¢;, the root of T;,. Then, for every 1 < j < ¢, add a
path Pij of length p{ (defined below) between the root CZ of Tij and ¢; (that is, ¢; and CZ are at
distance p;'» in T; 4).

The lengths pﬁ are defined recursively as follows. Let p} = 2 and, for every 1 < 5 < ¢, let
pg be the minimum even integer greater or equal to ¢;_1 + Zlg k< p¥ (it will be shown in the

next lemma that ¢; equals the smallest even integer greater or equal to gf;—1 + > ;- i<q jpz ).

Finally, let us assume that ¢; € V, and note that, since pg is even, this implies that

C, c%, el cg all belong to V.

Lemma 24. For any i € N* and ¢ > 6, hy, (T;4) = 2.

Proof. The fact that hy, (T;4) > 2 follows from Lemmas [23| and 1| and since T}, contains S3 4
as a subgraph.

We prove that hy, (T;4) < 2 by induction on i. More precisely, we prove that there exists
a winning hunter strategy S; = (S1,...,95,) for T; 4, with respect to V., using 2 hunters and
such that, for any j > 1, if the root ¢; of T; 4 is in Zj, then ¢; € Sj41. This holds for i = 1
by Lemma Let ¢ > 1 and let us assume by induction that such a strategy S;—1 has already
been defined for T;_1 4.

Recall that, for all 1 < j < ¢, c{ denotes the root of the copy Tij of T;_1 4 linked to the root
¢; of T; by a path Pij of length at least ¢;_1 + El§k<j pf. Moreover, recall that ¢; € V.

Let us define the strategy S; as follows. It proceeds in ¢ phases and ensures that, at every
round h, if ¢; € Zy, then ¢; € Sj, 41 and that, for every round h arising after the j** phase,
(Zp\ c)N ngj(V(Tik) U V(PF)) = 0. This implies that, at the round ¢;, if the rabbit is still
alive, it has to be on ¢;. But during the last phase, we ensured that the rabbit cannot reach c¢;.
Thus, §; is a winning strategy.

Let1 < j <g,let ié be the last round of phase j (ig = 0) and assume by induction on j that i%
is even. Let us moreover assume by induction on j that (ZZ.%_1 \ci)ﬂngjfl(V(Tik)UV(Pf)) = 0.
The j*" phase proceeds into two sub-phases as follows.

Very informally, in the first sub-phase, the hunters “push” the rabbit toward the subtrees
T/, then Tiq_1 until the subtree Tij . Then, in the second sub-phase, the two hunters clear the
subtree Tij (without the rabbit being able to leave Tij if it was there). The lengths of the paths
linking the roots of the subtrees to ¢; (illustrated in Figure|3)) guarantee that the rabbit cannot
reach ¢; before T/ has been cleared.

Formally, during the first sub-phase, the first hunter shoots at ¢; at every odd round. Hence,
the rabbit cannot leave the component of T; ; \ ¢; that it was occupying at the end of the (j— 1)th
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5
PS>+ > o, PF

Figure 3: The graph T; 6. The labels on the edges are used to represent their respective lengths.
In particular, for every 2 < j < 6, we have that p] > Z1gk§jf1pi‘€ + ¢;_1, where p! = 2 and
¢;_1 is equal to the number of rounds needed to clear any copy of the T;_1 ¢ graph.

phase. During the same first sub-phase, the second hunter sequentially shoots the vertices of
2 ' PZJ in this order and from the neighbours of ¢; to the vertices ¢, ¢} Lol

?
More pre(nsely, for every j < k < ¢, let PF = (v} = cz,vf,...,vg,? = ch). The second

hunter starts at round i% + 2 by shooting v{ and then sequentially shoots vg,vg, e ,vgg =

. U(f*l, Ugil, ces ’UZ‘;ll = Cgil, viﬁQ, ey CZ Note that, after the round when the second hunter
shoots at ¢!, if the rabbit was occupying a vertex in 7 U P{ at the beginning of the j* phase,
then it must occupy a vertex at distance at least p] from ¢;. Similarly, after the round when
the second hunter shoots at cg_l, if the rabbit was occupying a vertex in Tl-q_1 U Pz-q_1 at the
beginning of the j** phase, then it must occupy a vertex at distance at least pg_l from ¢;.
Moreover, if the rabbit was occupying a vertex in Tl-q U Pl-q at the beginning of the j** phase,
then it must occupy a vertex at distance at least p! — pg_l from ¢; (since there have been p]~
rounds between the shots of ¢! and of cg_l). With similar arguments, and by the definition of
pf for j < k < g, after the round when the second hunter shoots at 07 the rabbit must be at
distance at least ¢;_; from ¢; if it was occupying a vertex of . i<k<q Tk U Pk at the end of the
(j—1)" phase. Moreover, the rabbit cannot occupy any vertex in | J k<j1 (V(Tf YUV (PF)) since
the first hunter is always shooting ¢; during the odd rounds. Finally, the rabbit cannot occupy
a vertex in Pj since the second hunter has just shot sequentially the vertices ’U{, vg, e g = c’
Then, the second sub-phase of phase j starts, during which both hunters execute the strategy
S;—1 in the subtree Tj (the shot of cj by the second hunter during the first sub-phase, i.e., the
last round of the ﬁrst sub-phase, may be used as the first round of S; _1). By the mductlon
hypothesis, the strategy S;—1 ensures that the rabbit cannot reach the root 07 of Tj without

being shot immediately (if 67 is in Zj, for some round h, then 67 € Sh+1). Thus, if the rabbit was
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occupying a vertex of Tij at the beginning of the second sub-phase, then the rabbit cannot leave
this subtree and it is eventually shot. Otherwise, because S;_1 has length at most ¢;_1, the rabbit
cannot reach ¢; before the last shots of the hunters in Tij . Let ié be the last round of the phase.
Note that z% is even since p? and £}, are even for all 1 < h < ¢, and ié_l is even by induction.
Then, the j** phase ends after the (even) round ié and with the desired property: the rabbit can
only occupy a vertex in ¢; U Uj<k§q(V(Tf) UV (PF)), ie., (Zzg \¢ci)N ngj(V(ﬂk) UV (PF)) = 0.

To conclude, note that S; is winning in at most ¢f;—1+ >, <i<q jpg rounds since each phase
Jj proceeds in €1 + 3o, p¥ rounds. O

Theorem 8. For any tree T, there exists a subdivision T' of T such that h(T") < 2.

Proof. Let g be the maximum degree of T'. Let r be any vertex of T', and let ¢ be the eccentricity
of r (i.e., the largest distance between r and some vertex of T'). Then, there exists a subdivision
T’ of T', that is a subgraph of T} max{6,q} (€ach vertex of T being “mapped” to a vertex of degree
at least 3 of T} ax(6,q and r being “mapped” to the root of T; .xf643)- By Lemmas

O

and 24 h(T") < 2.

Corollary 6. For every £ > 0, there exists a tree T and a subdivision T' of T such that
MT)—h(T") > ¢.

5.2 Non monotonicity of the red variant in trees

Before proving Lemma we need some additional results. Note that the next lemma is the
adaptation of Proposition [5| for the red variant of the game.

Lemma 25. Let G = (V. UV, E) be any bipartite graph and H be a connected subgraph of G.
Let S = (51,...,S¢) be any parsimonious monotone winning hunter strategy in G with respect
toV,. Let 1 <i</{andx,y € V(H) such that x € J;; S; and y € Z;_1 and minimising the
distance between such x and y in H. If x,y ¢ S;, then xy € E(H).

Proof. Note first that if = y, then S is non-monotone since y = = € (U;; 5 N Zi—1) \ Si.
Hence, we may assume that = # y. Let P be a shortest path from z to y in H (it exists since
H is connected). Let us assume that S; C V, and so ¢ is odd (the case when S; C V,, and 7 is
even is similar). Since y € Z;_; and S; C Z;_1 (since S is parsimonious), y € V,.. Let a be the
neighbour of z in P.

Towards a contradiction, let us assume that ¢ # y. By the minimality of the distance
between x and y, a ¢ Z;—1 and a ¢ (J,;; S;j. Let b # x be the other neighbour of a in P. If
b # y, then by the minimality of the distance between x and y, b ¢ Z;—1 and b ¢ |J;; S;.
Therefore, by Proposition |§|, if a € V., then a € Z; and if b € V,. then b € Z;. In both cases,
there is a contradiction with the fact that P minimises the distance between z and .

Therefore, we may assume that b = y. This implies that € V,.. Note also that y ¢ S; for
all j < i. Indeed, assuming otherwise would contradict the fact that S is monotone, since y ¢ S;
and y € Z;_1. Thus, by Proposition |§|, and since a,y ¢ Ujgi_1 S;, we have that « € Z;_. This
contradicts the monotonicity of S since z ¢ S; and z € |J;; S;. O

Before we prove the next lemma, we introduce an extra definition. Let G = (V| E) be any
graph and S = (S1,...,Sy) be any winning hunter strategy in G with respect to X C V. We
say that W C V' is definitively cleaned at the round i if W N Z;(S) = 0 and W N S = 0 for
every i < j < /.

Informally, the following lemma says that if the degree of the root r of a tree T is large
enough, compared to the number of hunters, then, when a first branch of r is definitively
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cleaned according to any monotone hunter strategy, there must be some other branches of r
whose vertices have never been shot.

Lemma 26. Let T = (V, UV, E) be a tree rooted in some vertex ¢ € V, with neighbours
N(c) =A{v1,...,vq}, d > 2k. For every 1 < i < d, let B; be the branch at ¢ containing v; and
assume that |V (B;)| > 2. Let S = (S1...,S¢) be any parsimonious monotone winning hunter
strategy in T with respect to V, using at most k — 1 hunters. Let 1 < j < £ be the smallest
index such that there exists an 1 < o < d such that V(By) is definitively cleaned at the round
j. Then, there exist 1 < B < v < d, a ¢ {B,7}, such that (U;<;<;5:) NV (Bg) = 0 and

(U1§i§j Si)NV(By) = 0.

Proof. Let j and a be defined as in the statement and, w.l.o.g., let us assume that o = 1. That
is, the branch Bj is definitively cleaned at round j, and no other branch has been definitively
cleaned before round j.

Claim 4. For any vertex v € V(T') such that there exist a least 3 branches at v with at least
two wvertices, let q be the minimum index such that such a branch B is definitively cleaned at

round q. Then, SqNV(B) # 0.

Proof of Claim. By the minimality of ¢, either Z,_; N V(B) # 0 or S, NV (B) # 0. If
Sq NV (B) # 0, then the statement holds. Thus, let us assume that S, N V(B) = (. Then
Zg—1 NV (B) # 0, as otherwise B would have been definitively cleaned at round prior to ¢. Let
x € Zg1 NV (B). Since x ¢ Sy, Np(z) C Z,. Since B is connected and contains at least two
vertices, we have that Np(z) # (0. Thus Z, NV (B) # 0, which contradicts that B is definitively
cleaned at round q. o

It follows by Claim {4] that V(B;) N'S; # (. Thus, since |S;| < k — 1, there are at most
k — 2 branches at ¢, other than Bj, which can be shot during the round j. W..o.g., let us
assume that B, ..., B_1 are the branches at ¢ that are also shot during round j. That is,
S; € e} Ulicner V(Bn)-

For purpose of contradiction, let us assume that there exists at most one branch, w.l.o.g.,
say By, such that U1§i§j S; NV (By) = (0. Hence, we assume that for every k < h < d, there
exists jp, < j and z, € V(By) N Sj,.

For any k < h < d, let us denote by j; the minimum index such that B, is definitively cleaned
at round j;. By Claim {4} for any k < h < d, Sj: N V(By,) # (0. Thus, since V(By) N S; =
for every k < h < d, we have that j; # j for every k < h < d. In particular, it follows by the
minimality of j that j; > j.

Let us prove that, for some k < h < d, there exists a vertex y, € Z;_1 NV (By,). Towards
a contradiction, let us assume that for every k < h < d, we have Z;_; N V(By,) = 0. Recall
that Sjx NV (By,) # 0, and let z € Sjx N V(By,) (for some k < h < d). Since S is parsimonious,
z € Zj:—1. Thus, there exists a rabbit trajectory (ro, . - STyl = z) such that r, ¢ Sqqq for
every 0 < g < j;—1. Moreover, rj_1 ¢ V(By,), since Z;_1NV (By,) = 0. Since a rabbit trajectory
is a walk, and any walk between a vertex from V' \ V(Bjy) to a vertex of V(Bjy,) contains ¢, there
exists j —1 < m < j; — 1 such that r,, = ¢. Since r,, ¢ Sp1, it follows that v; € Zp,41,
where v is the neighbour of ¢ in By. This contradicts that Bp is definitively cleaned at round
j. Hence, there exists some vertex yp, € Zj_1 NV (By).

Finally, for every k < h < d, let us choose the vertices xj and yp, such that xp € V(Bp) N
U1§i<j S; and yp, € Zj_1 NV (By,) and the distance between zj, and yj is minimised. Note
that yp ¢ U1§i<j S, since, otherwise, S would not be monotone as y, € Z;_1 \ S;j. Since
S; NV(Bp) = 0 and by Lemma we obtain that zpy, € E(Bp). Thus, z;, € Z; for every
k < h < d. Since S is a monotone strategy, x, € Sj, N Z; (with j, < j), that z;, € Sj1; for
every k < h < d. However, d > 2k and so [Sj+1]| > k, a contradiction. O
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V2i

2i—1
B2

27
B2

Figure 4: A representation of the tree Ty; 4 illustrating the notation used throughout the proof
of Lemma Wiggly edges are used to represent paths whose internal vertices have degree 2.
The branch B’ is the first branch of T5;.q at 7y2; that is definitively cleaned, and this happens
during the round ja;. No vertex of the branches B3 and B3' has been shot until the round ja;.
Among the branches B3 and B, the first branch that is definitively cleaned is B3, and this
happens at the round j}, > jo;. The colour grey is used on the small triangles to denote that we
do not know the state of the corresponding branches at the same level as B that are different
from B3’ and Bgi. Observe that B3 contains a copy of Tt hi—1,d, Tooted at 7yg;_1. Since B3 is
definitively cleaned at round jj,, we can iterate the same arguments, and define B%i_l to be the
first branch of T5;_1,d at ~9;_1 that is definitively cleaned, and this happens during the round
J2i < joai—1 < jb;, and so on, until we have reached the leaves of B3'.

Finally, we will need an extra definition: For any tree T' = (V, U V,,, F), and any vertex
v € V(T), let B be any branch at v such that |V(B)| > 1. For any strategy S = (S1,...,5)
in T with respect to V., let m be the minimum integer such that S,, N V(B) # () and let
u € Sp, NV(B) (by Lemma [3] such an integer m exists because [V (B)| > 1 and B is connected,
which implies that V., N V(B) # 0). Let the restriction Sp of S be the hunter strategy, such
that for every 1 <i </,

%

g S;NV(B), it S;NV(B) # )
{u}, otherwise
Recall that, h(Sp) < max;<i<¢S; NV (B) by Lemma
Lemma 27. For any i € N*, i > 3 and d > 2i, we have that mhy, (T; q4) > i.

Proof. Let ~o; denote the root of Tp; 4. For purpose of contradiction, let us assume that
mhy, (T q4) < i. By Lemma there exists a parsimonious monotone winning hunter strategy
with respect to V. using at most i — 1 hunters; let that strategy be So; = (ST, ..., Sgi).
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Let 1 < jo; < £ be the smallest index such that some branch at vo;, w.l.o.g., B3, is definitively
cleaned at round j2;. By Lemma there exist two branches at y2;, w.l.o.g., B2' and B2, such
that (Ulgquzi S,) NV (B3) = and (Ulgqgm S,) NV (B3) = .

Let 1 < jb. < £ be the smallest index such that at least one branch B3 or B2! is definitively
cleaned.

Note that B3’ (resp., B3) is connected and has at least two vertices with at least one in V..
Therefore, by Lemma [3, at least one vertex of B3* (resp., B3') must be shot before the branch
is definitively cleaned . Hence, jo; < jy;. W.l.o.g., assume that B2 is definitively cleaned at
round jb, (possibly, B3' may also be definitively cleaned at round jb;).

We now prove by induction on 0 < h < 27 , that there exist 1 < jo; < joi—1 < -+ < Joj_p <
Joien < Jhiipar <o < i < Jg; < £ and {B%i_s,Bgi_s,Bgi_s}ogsgh such that, for every
0<s<h:

L (Ui<g<jni . Sa) N V(By~*) =0 and (Ui<g<jo;_. Sa) N V(B3®) =0;

2. B%FS, B%ifs and Bgifs are vertex disjoint branches at the root ya;_s of the copy of Th;_s 4

contained in Bgi_(s_l) (with Bg”l = Ty; 4 for s = 0), each containing a copy of T (s4+1),d
(with Ty g = 0 for s = h = 2i — 1);

3. Bfi_s is definitively cleaned at round J2i—s (not before, i.e., for every z < jo;_s, B%i_s
is not definitively cleaned at round x), BSZ_S is definitively cleaned at round jj, . (not
before), B3"~* is definitively cleaned at some round x > jb, . (not before).

See Figure [4 for an illustration of the above notation.

We have already proven that the induction hypothesis holds for h = 0. Let us assume
that it holds for some 0 < h < 2¢ — 1 and let us show it holds for h + 1. Let F' be the
copy of Toi_(h41),a (rooted at va;_(p41)) contained in B2~ and let 1 < J2i—(h41) < Joi_n
be the smallest integer such that some branch B of F' at 79;_(p41) is definitively cleaned.
Note that each branch of F' at 7g;_(x41) is connected and has at least two vertices with at
least one in V.. Therefore, by Lemma |3, at least one vertex of B must be shot before it is
definitively cleaned. Hence, jo;—p < joi—(h41)- Let B = sz_(hﬂ). Let Spi—(n41) denote the
restriction of Sg;_p on F. By Lemma considering the strategy Sp;_(p41) on F', there exist

at least two branches at yg;_(541), let us denote them by B;i_(hﬂ) and Bgi_(hﬂ), such that
2i—(h+1 2i—(h+1 .
(Ui<qssn. rn) Sa) 0 V(B3 (1Y = ¢ and (Ui<qsins grony Sa) NV (B3 )Y = 0. Also, it

follows by Lemmathat J2i—(ht1) < jéze(hﬂ)' Finally, B%l_(h’ﬂ), Bgz_(hﬂ) and Bgz_(hﬂ) are
all contained in By;_; and, thus, max(jgi_(hﬂ),j;ii(hﬂ)) = jéii(hﬂ) < jb;_p- This finishes
the proof of the induction step.

For every 1 < s < 2i, let Hg be the subgraph induced by Bj and Bj and 75 (so Hy is
connected and the subgraphs Hs and Hy are vertex disjoint for any s # s'). Since Bj has been
definitively cleaned at round js, has at least two vertices and by Lemma[3] there exists a vertex
a, € V(BY) NUi<q<in, Sa-

Note that B3 is connected and has at least two vertices with at least one in V.. Therefore,
by Lemma [3| at least one vertex of Bj must be shot before the branch is definitively cleaned.
Thus, since Bj is definitely cleaned at round z, > ji, but not definitely cleaned at a previous
round, S,, NV (Bj) # (. Moreover, since S; is parsimonious, any vertex v € S,, N V(Bj) is
such that v € Z,,_;. It follows that (N(v)NZ,,_2)\ Sz.—1 # 0. Let ws € (N(v)NZ,,—2)\ Sz.—1
and note that ws € N[V(B§)] = V(B5) U {7s}. Since Sy; is monotone, we get that ws ¢ S; for
every j < zs and that N(ws) € S; for every j < z,, i.e. w, has not been shot before round
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zs. Note also that if ws = 7, , then the neighbour of 7, in By is in Z,,_1, a contradiction since
zs > j1 and By is definitively cleaned at round js < j;. Hence, wy # s and so w, € V(B3).

Similarly, there exists a vertex w, € N(ws) N Z,,_3 \ S;,—2 such that w/ has not been
cleaned before round z; — 1. Hence, we have two adjacent vertices ws and w/, in N[Bj] that
have never been shot before the round z; — 1. Thus, since {ws,w,} NV, # (), there exists
a rabbit trajectory (..., ws, wl, ws, wl,...) consisting in oscillating between w, and w/, which
implies that {ws,w,} N Z; # 0 for all j < z,. In particular, since j; — 1 < z,, there exists a
vertex y, € N[B3] N Zj,_1.

For every 1 < s < 2i, let x5 and ys be two vertices in V(H,) such that z; € V(H,) N
Ui<q<jy Sq» Ys € V(Hs) N Zj,—1 and the distance between zs and y, is minimised. Let P = {s |
1<s<2i,y, €85, USj410ras €85 USj 41}, ie. Pis the set of indices s such that at least
one of ys or x4 is shot during the round j; or j; + 1. Since Ss; uses at most ¢ — 1 hunters, we
have that |P| < 2(i — 1). Thus, let 1 < s* < 2i such that s* ¢ P, ie., xg,ys ¢ S5 USj 41
It follows from Lemma 25| that zsye € E(T5;4). Since ys € Zj,—1 \ Sj,, we have that that
xg € Zj,. However, x4 € Ulgqgjl Sq \ Sji+1 and so, x is recontaminated, contradicting the
monotonicity of Sa;. O

6 Kernelization by vertex cover

Let us first remind some of the basic definitions regarding parameterised complexity. An instance
of a parameterised version II, of a decision problem II is a pair (I,t), where I is an instance
of II and t is a non-negative integer, called a parameter, associated with /. We say that II,
is fized-parameter tractable (FPT) if there exists an algorithm (called as FPT algorithm) that,
given an instance (I,t) of II,, solves it in time f(t)-|I|(1), where f is any computable function
of t.

Definition 2 (Equivalent Instances). Let Iy and Iy be two parameterised problems. Two
instances, (I,t) € II; and (I',t') € Iy, are equivalent when (1,t) is a Yes-instance if and only
if (I',t') is a Yes-instance.

A parameterised (decision) problem II, admits a kernel of size f(t), for some function f
that depends only on ¢, if the following is true: there exists an algorithm (called a kernelization
algorithm) that, given as input an instance (I,t) of II,, runs in (|7 +¢)°) time and outputs
an equivalent instance (I’,t') of II, such that |[I'| < f(¢t) and ¢’ < ¢t. If the function f is
polynomial, then the problem is said to admit a polynomial kernel. 1t is well-known that a
decidable parameterised problem is FPT if and only if it admits a kernel [12].

Recall that a wvertex cover of a graph G is any set U C V(G) such that for every edge
wv € E(G), UN{u,v} # 0. The order of a minimum size vertex cover of G is usually referred
to as the vertex cover number of G and denoted by vc(G). In what follows, we consider the
HUNTERS AND RABBIT Problem parameterised by the vertex cover number. That is, an instance
((G, k),t) is defined by an input (G, k) where the problem aims at deciding whether h(G) < k
and the parameter ¢ is any upper bound on ve(G).

First, we have the following observation.

Proposition 7. For any connected graph G, h(G) < mh(G) < ve(G).

Proof. Let U be a vertex cover in G and I be the independent set V(G) \ U. The hunter player
can win simply by shooting all the vertices of U twice. If the rabbit starts at a vertex u € U,
then it gets shot in the first round. Otherwise, the rabbit was on a vertex v € I, and then it has
to move to a vertex in U (since I is an independent set) that is, Z; = U and then, the rabbit
is shot by a hunter in the next round. Finally, note that this strategy is also monotone. O
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Let U be a vertex cover of size t > ve(G) of G and I be the independent set V(G) \ U. For
each subset S C U, we define the following equivalence class: Cg = {v |v € I and N(v) = S}.
Next, we have the following crucial lemma.

Lemma 28. Let G = (V, E) be a connected graph, U CV be a vertex cover of G, k > 1 and let
S C U be such that |Cg| > k+ 1. Let Cg = {v1,...,v4}. Then, h(G) < k (resp., mh(G) < k) if
and only if W(G[V \ {vk42,...,v4}]) < k (resp., mh(G[V \ {vgy2,...,v4}]) < k).

Proof. By Lemma (I} h(G[V \ {vk+2,...,v}]) < h(G). Similarly, due to Lemma 8 mh(G[V \
{vk+2,...,94}]) < mh(G). So, it only remains to prove that, if h(G) > k (resp., mh(G) > k),
then h(G[V \ {vkt2,...,v4}]) > k (vesp., mh(G[V \ {vkyo,...,v4}]) > k). Let H = G[V \
{vkt2,...,vq}] and let X = {v1,..., 0541} (le., X =V(H)NCs).

In the following we show that if A(G) > k (resp., mh(G) > k), then h(H) > k (resp.,
mh(H) > k). To this end, we establish that if the rabbit has a winning strategy in G against
k hunters, then the rabbit has a winning strategy in H against k hunters.

(1) h(G) >k = h(H) > k: Let S = (51,59,...,5¢) be any hunter strategy (not neces-
sarily winning) in H using at most k& hunters. Then, § is a hunter strategy (not necessarily
winning) in G using at most k hunters. Since h(G) > k, there exists a rabbit-trajectory
R' = (ry,7h,...,7,_1) in G such that r; ¢ S;1; for every 0 < i < {. Let R = (ro,...,r¢—1) be
such that, for every 0 < i < ¢, let r; = r} if r} € V(H) and, otherwise, let r; be any vertex
of X \ Sit1 (such a vertex exists since |Si41| < k and |X| > k). Note that r; # r; only if
r; ¢ V(H) and therefore rj € Cg. This implies that, if 7; ¢ V(H), then r{_,,rj,; € S C V(H)
(since N (r;) = S). Therefore, r; 1 =rj_; and riy1 = i and 71,741 € Ng(r;) (since r; € X
and so Ng(ri) = Ng(r;) = 5). Therefore, R is a rabbit trajectory in H and, by construction,
r; ¢ Si+1 for every 0 < i < {. Hence, S is not a winning hunter strategy. Therefore, h(H) > k.

(2) mh(G) >k = mh(H) > k: Let S = (51,S52,...,5¢) be any hunter strategy (not
necessarily winning) in H using at most k£ hunters. Then, S is a hunter strategy (not necessarily
winning) in G using at most k hunters. Since mh(G) > k, for every hunter strategy S in G using
at most k hunters, there is a rabbit trajectory R’ that either is a winning rabbit trajectory (the
rabbit never gets shot) or recontaminates a vertex (rabbit may be shot at a later round). Now,
let R be built from R’ similarly to the previous case. If the rabbit never gets shot in R’, then
due to the arguments presented in (1), the rabbit evades getting shot in R as well. Hence, we
assume that the rabbit gets shot in R’, during, say, a round p, but recontaminates a vertex, say
x, during a round p’ < p. Since only vertices of H can be shot in the hunter strategy S, only
the vertices of H can be recontaminated by R’ (recall Lemma 7). Hence x € V(H). Therefore,
x gets recontaminated by R in H as well. Thus, mh(H) > k. O

Finally, we present our kernelization result.

Theorem 9. The problem that takes an n-node connected graph G and an integer k > 1 as
inputs and decides whether h(G) < k (resp., mh(G) < k), parameterised by any upper bound t
on ve(G), admits a kernel of size at most 4'(t + 1) 4+ 2t. Moreover, this problem can be solved
in FPT time (44(t + 1) + 2t)1 . nO),

Proof. The kernelization proceeds as follows. First, if & > ¢, then answer that h(G) < mh(G) <
k (this is correct by Proposition . Otherwise, let U be a vertex cover of size at most 2¢ of
G (which can be computed in time O(tn) by classical 2-approximation for vertex cover using
maximal matching [28]). Let H be the graph obtained from G as follows. For every S C U, if
ICs| > k + 1, then remove |Cg| — (k + 1) vertices from Cg. By Lemma [28| (applied iteratively
for each S C U), h(G) < k (resp., mh(G) < k) if and only if h(H) < k (resp., mh(H) < k).
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Moreover, |V (H)| = |U|+ Y gcy [CsNV (H)| < 2t+2%(k+1) < 4%(t+1)+2¢ (the last inequality
holds by Proposition . Hence, the above algorithm is the desired kernelization algorithm.
Finally, applying the XP-algorithm [I], it can be decided in time |V (H)|**! whether h(H) <
k. Since, by Proposition (7} k < t, this gives the FPT algorithm that decides whether h(G) < k
(resp., mh(G) < k) in time (4%(¢ + 1) + 2t)1+1 4+ pOM), O

7 Some Future Directions

In this paper, we studied the HUNTERS AND RABBIT game by defining the notion of mono-
tonicity for this game. Using this notion of monotonicity, we characterised the monotone hunter
number for various classes of graphs. Moreover, we established that, unlike several graph search-
ing games, the monotonicity helps in this game, i.e., the h(G) can be arbitrary smaller than
mh(G). Furthermore, our results also establish that the monotonic hunter number does not
behave “nicely” with taking minors and subdivisions, unlike its other counterparts such as
pathwidth and treewidth.

There are still several challenging open questions in this area. The most important among
them is the computational complexity of HUNTERS AND RABBIT. Although our results establish
that computing mh(G) is NP-hard, the computational complexity of computing/deciding h(G)
remains open, even if G is restricted to be a tree graph.

We also established that both HUNTERS AND RABBIT, as well as its monotone variant, are
FPT parameterised by ve(G) by designing exponential kernels. It is not difficult to see that
both of these variants admit AND Composition parameterised by the solution size (by taking
the disjoint union of the instances). Thus, since computing mh(G) is NP-hard and pw(G) <
mh(G) < pw(G) + 1, it is unlikely for MONOTONE HUNTERS AND RABBIT parameterised by
k 4+ pw(G) to admit a polynomial compression. Note that the same cannot be argued about
HUNTERS AND RABBIT since it is not yet proved to be NP-hard. Moreover, since mh(G) is
closely related to pw(G) and pathwidth admits a polynomial kernel with respect to ve(G) [9],
it might be interesting to see if deciding mh(G) < k (resp., h(G) < k) also admits a polynomial
kernel when parameterised by vc(G). Moreover, another interesting research direction is to
study the parameterised complexity of both these games by considering parameters such as
solution size, treewidth, and pathwidth.

Finally, we propose some open questions concerning the computation of h(G) for various
graph classes including trees, cographs, and interval graphs. Specifically, it will be interesting
to design a polynomial time algorithm, similar to Algorithm [1} to compute h(T") for a tree T', a
question that was already proposed in [1]. The natural way that one could tackle this question is
through the notion of monotonicity, which we defined and studied in this paper. Unfortunately,
Theorem [7] implies that such an approach will not work. This means that a positive answer to
this question (if any) would require the introduction of new tools and techniques. Moreover, it
would be interesting to know the monotone hunter number of grids.
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A Appendix

Proposition 6. Let S = (S1,...,5¢) be a hunter strategy in a bipartite graph G = (V, UV,,, E)
with respect to V.. Let v € V. (resp. v € Vi) and 1 < i < {. If there exists a vertex u € N(v)
and a vertex x € N(u) (possibly x = v) such that u ¢ |J;; S; and x ¢ J;; Sj, then v € Zy,
for every 2p <i (resp. v € Zypi1 for every 2p+1 <i).

Proof. This clearly holds if p = 0 (i.e., when v € V}) since Zp = V;.. If p =1 (i.e., when v € V),
there exists a rabbit trajectory (ro = v € N(v) NV, \ S1,71 = v) and so v € Z;. Hence, we
assume that p > 1.

The rabbit can follow the following strategy depending on whether p is odd or even:

Jj<i

1. pis odd (and so v € V,,): The rabbit can follow the following trajectory: (ro = u,r =
x,...,rp—1 = u,r, =v) where, for ¢ < p, ry = u if ¢ is even and r, = z if ¢ is odd.

2. pis even (and so, v € V;.): The rabbit can follow the following trajectory: (rg = x,r; =
U,...,Tp—1 = U, 1, = v) Where, for ¢ < p, rq =z if ¢ is even and r, = u if ¢ is odd.

In both cases, for every 0 < j < p, r; ¢ Sj41 since p < i and z,u ¢ Uj@» S;. Therefore,
v E Zp. O

Lemma 18. Let G = (V, UV, E) be a bipartite graph with at least two vertices. Let & =
(S1,...,5¢) be a monotone hunter strategy in G with respect to V.. For any 0 <p < i< [{/2],
Z9i C Zap and Zaiy1 € Zopi1-

Proof. Let us recall that for any hunter strategy in G with respect to V,, if ¢ is even, then
Zy C V. and Z; C V,, otherwise. Thus ,if p=0orifi =2, Z; C Z,. Also, if i = 1, then
Z; = Z,. Hence, let us assume that p > 1 and 7 > 2. Let v € Z;. Since v € Z;, there exists a
rabbit trajectory R = (ro,...,ri—2 = x,ri—1 = u,7; = v) such that, for any 0 < j < ¢, r; ¢ Sj11.
By definition of a rabbit trajectory, u € N(v) and € N(u). Moreover, by monotonicity of S,
since u € Z;—1\ S (vesp. @ € Zi—2\Si—1), u ¢ U,<; Sq (vesp. x ¢ U,<;,_1 Sq¢)- By Proposition@
v € Zp for each p < ¢ such that p and 4 has the same parity. L]

Lemma 19. Let S = (S1,...,5¢) be a non-monotone winning hunter strategy in a bipartite
graph G = (V, U Vy,, E) with respect to V,.. Then, there exist a vertexv € V and 1 <1i < ¢ such
that v € Zi—1 \ S; and v € U,; Sp-

Proof. Towards a contradiction, assume that the statement of the lemma is false, i.e., for every
vertex v € V and every 1 <i < /(, if v € Z;_1\ S; then v ¢ U,; Sp.

Since S is non-monotone and winning, there exists a vertex u such that w is cleared at a
round 1 < ¢ </ —2, and then recontaminated at a round j > ¢ (i.e., v € Z; \ Sj41). Moreover,
by our assumption, u is cleared by shooting each contaminated vertex in N(u) at round g, i.e.,
Zy—1NN(u) €S, W.lo.g., let us assume that u € V.. Therefore, N(u) C V,, and ¢ — 1 is odd.

Let us show that N(u) C UJ,<,Sp. Let us assume that there exists a vertex z € N(u)
such that = ¢ J,, Sp. Since both u,z ¢ (J,., S5 v € N(z), ¢ — 1 is odd and = € Vi, by
Proposition|§|7 we get that z € Zy_1. Therefore, z € Z;_1NN(u) C Sq. Hence, N(u) C <, Sp-

Since v € Z; then there exists w € (N (u) N Z;—1) \ Sj and w € {J,; Sp, i.e., w satisfies the
statement of the lemma, a contradiction. O

Lemma 20. For any non-empty connected subgraph H of a bipartite graph G = (V, UV,,, E),
mhy, vy (H) < mhy, (G). Moreover, if |V (H)| > 1, we get that, if there exists a monotone
winning hunter strateqy S = (S1,...,S¢) in G with respect to V,, then there exists a monotone
winning hunter strategy 8" in H with respect to V, NV (H) using at most maxi<i<¢ |S; NV (H)|
hunters.
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Proof. Let § = (S1,...,S¢) be a monotone winning hunter strategy for G with respect to V;.
If |[V(H)| = 1, the result clearly holds since mh(H) = 0. Hence, let us assume that |V (H)| >
1. Let m be the minimum integer such that S,, " V(H) # 0 and let v € S, N V(H) (by
Lemma(3] such an integer m exists because |V(H)| > 1 and H is connected, which implies that
V,NV(H) #0). Let &' = (51,...,5)) be the hunter strategy, such that for every 1 <i <,

{u}, otherwise

g {SmV(H), it S; N V(H) # 0

First, we have the following claim.
Claim 5. For every 0 < i < /¢ and for any vertex v € V(H), if v € Z;(S"), then v € Z;(S).

Proof of Claim. Let R = (ro,...,r; = v) be a rabbit trajectory in H such that for any 0 < j < 1,
ririt1 € E(H), r; ¢ S, and r; = v (such a trajectory exists since v € Z;(S’)). By construction
of &', for any 1 < j < ¢, S;NV(H) C Si. Therefore, R is also a rabbit trajectory in G' with
rj & Sjy1, for all 0 < j < 4. Thus, v € Z;(S). o

Let us show that S’ is a monotone winning hunter strategy in H with respect to V, NV (H).
First, we show that S’ is indeed a winning hunter strategy in H with respect to V., N V(H).
Towards a contradiction, assume that S’ is not a winning strategy in H w.r.t. V., NV (H). This
implies that Z,(S’) # 0. Hence, Claim 5| implies that Z,;(S) # (), contradicting the fact that S
is a winning hunter strategy in G with respect to V..

Thus, &’ is a winning strategy in H with respect to V;, N V(H). Next, we establish that &’
is indeed monotone. Towards a contradiction, let us assume that S’ is non-monotone. Hence,
by Lemma |19} there exist v € V(H) and 1 < ¢ <4 < £ such that v € S; and v € Z;(S') \ S},
By Claim |5 and because v € Z;(S'), v € Z;(S). Since S, NV(H) C S, for any 1 < p < £ and
because v ¢ S, |, v € Siy1.

Ifv=w,i+1>m (sinceu € S, forall 1l <p<m)andsowv € Sy, and in Z;(S)\ Sit1,
contradicting the monotonicity of S.

Otherwise, v # u. By construction of &', S}, \ {u} C S, for all 1 < p < /. Hence, v € S, and
v € Z;(S) \ Sit+1, contradicting the monotonicity of S.

Finally, the fact that h(S") < max;<,</|S;i NV (H)| < h(S) completes the proof. O

Lemma 21. For any bipartite graph G = (V, U Vy,, E) and any k > mhy, (G), there exists a
parsimonious monotone winning hunter strategy in G with respect to V, and that uses k hunters.

Proof. Let & = (S1,...,S¢) be a monotone winning hunter strategy with respect to V. using
at most k& > mhy, (G) hunters such that ¢ is minimum. If S is parsimonious, we are done.
Otherwise, among such strategies, Let us consider S that maximizes the first round 1 < j < ¢
that makes S not parsimonious. There are several cases to be considered.

o Let Z(S) = (Zo(S), ..., Zi(S)) be the set of contaminated vertices for each round of S. If
there exists an integer ¢ < ¢ such that Zy(S) = 0, then S = (51, ..., S¢) is also a winning

hunter strategy with respect to V,. using at most k& hunters, contradicting the minimality
of /.

Hence, we may assume that Z;(S) # 0 for every 0 <i < /.
e Let 1 < j < be the smallest integer such that S;\ Z;_1(S) # 0 (if no such integer exists,
then S is parsimonious and we are done). If S;NZ;_1(S) # 0, replace S; by S;NZ;_1(S).

This leads to a winning monotone hunter strategy &’ (indeed, Z,(S) = Z,(S’) for all
1 < h < /) contradicting the maximality of j.

42



Hence, we may assume that S; N Z;_1(S) = 0. Note that this implies that j < ¢ (since
otherwise, S would not be winning).

e If any, let 0 < i be the minimum integer such that Sji9; N Zj12i-1(S) # 0. Let v €
Sit+2iN Zjt2i-1(S). Since b € Zj19;—1(S), by Lemma v € Zj_149 for every 0 < ¢’ <.

Then, for every 0 < i’ < 4, replace Sjio7 by {v}. Let us prove that this leads to a
monotone hunter strategy contradicting the maximality of j.

Let 8’ be the strategy obtained by the above modifications. First, note that, for any
0 < h<yj, Sy =25, and so Z,(S) = Zy(S’). By definition, Z;(S) = {z € V | Jy €
Z;—1(S)\ Sj A (xy € E)} and, since S; N Zj—1 = 0, we get Z;(S) = {x € V | Ty €
Zj-1(8) A (zy € E)}. On the other hand, Z;(S") = {z € V |y € Z;—1(S') \ Sj A (zy €
B}y ={r eV |3ye Zi1(S)\ {v} A (zy € E)} since Z;_1(S’) = Z;-1(S) and S} = {v}.
Hence, Z;(S") C Z;(S). By induction on j < ¢ < ¢ and using the same arguments, we get
that Z;(S") C Zy(S) for every j < i’ < /. Thus, &’ is a winning hunter strategyin G with
respect to W C V, using at most k > mhy, (G) hunters (because Z;(S') C Z,(S) = 0). It
remains to show that S’ is monotone.

For purpose of contradiction, let us assume that S’ is non-monotone. By Lemma there
exists a vertex x and 1 < m < ¢ such that x € Z,,_1(S") \ S, and = € J,,_,,, S},-

If x # v, then by definition of &’ (for every 1 < r < ¢, either S. = S, or S. = {v}) and
because Z,.(S') C Z,(S) for all 1 < r < ¢, we get that z € |J,,.,,, Sp and = € Z,,,_1(S) \ S
which contradicts the monotonicity of S. Hence, let us assume that x = v.

Recall that we proved that v € Z;_1(S) \ S;. Therefore, by monotonicity of S and by the
definition of i above, v ¢ |J, ;9; Sr which implies that v ¢ (J,; S;. Since v € 5% ,,, for
all 0 < i’ < i and, because v € Zj 19,1 and by parity, v ¢ Z; 9, (S’) for all 0 < ¢/ < 4,
we get that m > j + 2i. This means that v € Z,,_1(S) \ Sm (because Z,.(S") C Z,.(S) for
all1 <r <{and S, =S, for all r > m > j + 2i) and v € Sj}9;, which contradicts the
monotonicity of S.

Hence, we may assume that S 9; N Zj197-1(S) = 0 for all 0 <4’ such that j + 2i’ <.

o If Z;11(S) = Z;—1(S), then remove S; and Sj1; from S. Let S’ be the obtained strategy.
We have that Z,.(S) = Z,(S') and S, = S, for all » < j and Z,12(S) = Z,(S') and S,12 =
S, for all j <r < {¢—2. Hence, S’ is winning since Z;_o(S") = 0. Moreover, if S’ is non-
monotone, then, by Lemma (7] there exists z and 1 < m < ¢ such that x € Z,,_1(S") \ S,
and = € U, Sy, If m < j, this implies that 2 € Z,,_1(S) \ Sy and = € U<, Sn
contradicting the monotonicity of §. Otherwise (m > j), x € Z;4+1(S) \ Sm42 and
* € Up<maa Shy also contradicting the monotonicity of S.

Hence, we may assume that Z;1(S) # Z;-1(S).
e Note first that by Lemma [18] Z;11(S) C Z;_1(S). Thus, Z;;1(S) \ Z;-1(S) = 0. Hence,
since Zj+1 (S) 7& ijl(S), we get that ijl(S) \ Zj+1(8) 75 @

Hence, there exists v € Z;_1(S) \ Z;4+1(S). Let S’ be obtained by replacing S; by {v}.
By arguments similar to the ones of the third item of this proof, we can prove that &' is
a monotone hunter strategy contradicting the maximality of j.

This completes the proof. O

Lemma 22. Let G = (V, UV, E) be a bipartite graph and S = (S1,...,S¢) be a parsimonious
monotone winning hunter strategy with respect to V.
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o If there exist 1 <1 < j <L such that v € 5; N Sj, then v € Siya.

o IfveV, (resp., v eVy) and there exists an odd (resp., even) integer 1 < i < ¢ such that
v ¢ Zi_1, thenv & S; for every j > i.

Proof. First, for purpose of contradiction, let us assume that v € S; N S; and v ¢ S with
i < j. Note that, since G is bipartite, that S is a parsimonious strategy with respect to V, and
S;NS; # 0, thus ¢ and j must have the same parity and so, j > ¢ + 4 (because v ¢ S;;2).
Since S is parsimonious, v € Z;_1 N Z;_1. Thus, by Lemma v € Zig1 \ Sit2 and v € S,
contradicting the monotonicity of S. Hence, the first statement holds.

Let us now prove the second statement. Let us assume now that v € V. (the case v € V,, can
be handled similarly). If v ¢ Z;_; for any odd 1 <i < ¢, then v ¢ Z;_; for any odd i < j < { by
Lemma Therefore, since S is parsimonious, v ¢ S; for any odd ¢ < j < £. Moreover, since
G is bipartite and that S is a parsimonious strategy with respect to V,., for any even 1 < j < ¢,
v ¢ Sj‘ O
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