The unit value of a commodity that Michio Morishima's method and its variations enable to determine correctly, is the sum of the value of the commodities it contains (inputs) and the quantity of labor required for its production. However, goods are sold at their market production price only when they meet a solvent social need that involves the entire economy with its interconnections between the different industrial sectors. This condition gives full meaning to Marx's fundamental equalities, which derive from the law of value and constitute invariants that apply to the economy as a whole. These equalities are necessary to determine market production prices. We demonstrate that they also enable to solve the transformation problem for a simple reproduction system without fixed capital by starting from Morishima's formalism and returning to a formalism closer to that used by Marx.

Introduction

In The Capital volumes I, Marx explains that prices of a commodity oscillate around an average price, its value [START_REF] Marx | Capital -A Critique of Political Economy[END_REF]. Next, in volume III, the notion of market-price of production of a commodity is introduced. It is now around it (no longer around the value of the commodity) that the price of the commodity oscillates [START_REF] Marx | Capital -A Critique of Political Economy[END_REF]. At first sight the theory of value may seem to lose coherence. It becomes necessary to show how values are related to market-prices of production, i.e. what operation enables to transform one into the other. To illustrate the difference between values and market-production prices, Marx considers a model made of five branches, in each of which an identical value of capital of 100 monetary units is invested. In this example, the inputs are not transformed into production prices, Marx uses it to support an aspect of his theory: how surplus value is drawn preferentially towards most capital-intensive sectors and how this draw is masked in the real world where values are unknown. In this example, there is no question of simple reproduction and there is no interconnection between the different industries. These issues are addressed by Marx's law of value, which implies two fundamental equalities: equality between the sum of profits and the sum of surplus-values; and equality between the total invested capital in value and the total invested capital in price [START_REF] Ankri | From Marx's fundamental equalities to the solving of the transformation problem -Coherence of the model[END_REF]. These equalities, commonly referred to as invariants [START_REF] Basu | The Logic of Capital -An Introduction to Marxist Economic Theory -Chapter 7[END_REF], only make sense on the global scale, i.e. at the aggregate level. Now, on this global scale, the interconnections between sectors (branches) mean that the amount of capital allocated to them cannot be chosen arbitrarily, it must comply with demand. As previously explained, Marx's fundamental equalities are analogous to laws of conservation in the field of Physics (3) 1 , they rule the interconnection between values and prices.

An explanation on how values and production prices are connected is provided in the Capital volume III. But the underlying mathematical solving method to transform values into market-production prices is lacking. Yet, this incompleteness does not appear as a matter of concern for Marx, as if the underlying math was nothing more than a minor solvable problem [START_REF] Marx | Capital -A Critique of Political Economy[END_REF]. Since then, however, the so-called "transformation problem" has been the matter of a longlasting controversy and different formalisms have developed to address it, the input-output Morishima's formalism having gained influence by providing straight forward linear algebra methods [START_REF] Basu | The Logic of Capital -An Introduction to Marxist Economic Theory -Chapter 7[END_REF][START_REF] Leontief | Input-Output Economics[END_REF][START_REF] Morishima | Marx in the light of modern economic theory[END_REF].

Here, we show how these attempts have carried a systematic error by dealing with production only, and claiming that technical considerations were enough to determine the interdependence between the different industrial sectors. Surely, technological possibilities of an era are essential constraints, but another one is social and economic order. In a capitalist market, for a commodity to be sold with the current average rate of profit, it must meet a certain demand, which we have defined as the solvent social need (3). This condition is in fact implied by Marx's first fundamental equality. It follows that the condition of simple reproduction, to start with, cannot be validated by considering physical quantities of goods solely. Beforehand values of commodities must be considered. To comply with both Marx's fundamental equalities, we show how a transition can be made from Morishima's common input-output formalism, as clearly laid by Basu (4), to a formulation more faithful to Marx's original description that we detailed earlier [START_REF] Ankri | From Marx's fundamental equalities to the solving of the transformation problem -Coherence of the model[END_REF]. We first express the rational of this transition by using the three-branch example from Basu [START_REF] Basu | The Logic of Capital -An Introduction to Marxist Economic Theory -Chapter 7[END_REF], where two branches produce commodities that can be consumed by industries and humans (bread and meat) while the remaining branch produces a commodity used by industries solely (iron). A generalization to n branches is provided as an appendix.

Preliminary remark

We study an idealized steady state of the capitalist economy, i.e. a state where the unit price of a commodity in input and that of this commodity in output are the same and do not vary, where the value produced does not depreciate. This idealization is necessary to convey the coherence of Karl Marx's conceptualization of the functioning of the capitalist economy. Even if in reality, the state of the latter is not steady, but rather unstable, even chaotic, the idealization of its steady state enables a conceptualization analogous to the approach that prevails in the "hard" sciences and the identification of rules governing its state of equilibrium [START_REF] Rubin | Essays on Marx's Theory of Value[END_REF].

The three-branch example

The economy is defined as follows:

A: In value unit, we define Λ 𝒊 : Amount of labor embodied in each unit of commodity i, we have:

𝛬 𝒊 = ∑ 𝛬 𝑗 3 𝑗=1 𝑎 𝑗𝒊 + l 𝒊 𝑖, 𝑗 = 1,2,3 Let : 𝚲 = (𝛬 1 , 𝛬 2 , 𝛬 3 )
We have : 𝚲 = 𝚲𝐀 + 𝐥 I.e.

𝚲(𝐈 -𝐀) = 𝐥

Where I is the unit matrix.

If the Hawkins-Simon condition2 is fulfilled then the economy is said to be productive, that means it produces at least what it consumes, then the matrix (I-A) is invertible:

𝚲 = 𝐥. (𝐈 -𝐀) -1
(1) 𝚲 enables the calculation of the value of the wage basket obtained by the worker in exchange of one hour of work (𝚲𝐯), from which the exploitation rate e is derived:

𝑒 = 1 -𝚲𝐯 𝚲𝐯

Transition to traditional Marxist formalism

In order to obtain an equivalent formulation more faithful to Marx's formalism, we can convert the above formalism to represent value in terms of circulating capital C, variable capital V and surplus value PL.

We base our rational on the three branches model example provided by Basu (4) defined as follows.

Branch k 𝑖 (lowercase) defines the amount of capital invested in branch i to produce one unity of commodity i.

k 𝑖 = 𝑏 𝑖 + 𝑓 𝑖 + 𝑚 𝑖 𝐾 𝑖 (uppercase) is the amount of capital invested in branch i
𝑘 𝑝𝑖 (lowercase): Capital in price invested in branch i to produce one unit of commodity i.

k 𝑝𝑖 = 𝑥 1 𝑏 𝑖 + 𝑥 2 𝑓 𝑖 + 𝑥 3 𝑚 𝑖 𝑥 𝑖 being the transformation coefficient from value to price of commodity i 𝐾 𝑝𝑖 (uppercase) is the amount of capital invested in branch i, in price 𝑠 𝑗 : profit in price for the industry j.

𝑠 𝑗 = 𝑤 𝑗 𝑥 𝑗 -(𝑥 1 𝑏 𝑗 + 𝑥 2 𝑓 𝑗 + 𝑥 3 𝑚 𝑗 )
𝑘 𝑇 : Total committed capital for one unity of each commodity

𝑘 𝑇 = ∑ 𝑘 𝑖 𝑖 Marx's fundamental equality I: ∑ 𝑆 𝑗 = ∑ 𝑃𝑙 𝑗 𝑗 𝑗
The sum of the surplus values is equal to the sum of the profits.

Marx's fundamental equality II:

∑ 𝐾 𝑝𝑗 = ∑ 𝐾 𝑗 𝑗 𝑗
The sum of the capitals invested in values is equal to the sum of the capitals invested in prices.

These two laws of conservation [START_REF] Ankri | From Marx's fundamental equalities to the solving of the transformation problem -Coherence of the model[END_REF] or invariants (4) only make sense at the level of the global economy. The production of any commodity is determined by solvent social needs, otherwise it would make no contribution to the total value. Therefore, the amounts of capital allocated for each industry cannot be arbitrary. They must be balanced according solvent social needs. This balance is expressed by Marx's Equality I.

Transformation of values into production prices

The total invested capital 𝐾 𝑇 is defined by:

𝐾 𝑇 = ∑( 3 𝑖=1 𝑏 𝑖 + 𝑓 𝑖 + 𝑚 𝑖 )
The transformation implies finding together the three amounts of capital allocated to branches 1, 2 and 3 and the three coefficients of transformation 𝑥 1 , 𝑥 2 ,𝑥 3 of values into prices 𝑃 𝑖 [START_REF] Ankri | From Marx's fundamental equalities to the solving of the transformation problem -Coherence of the model[END_REF][START_REF] Harribey | La théorie de la valeur-travail à nouveau reformulée par Vincent Laure van Bambeke[END_REF]. The problem is bilinear in K and x.

∀i, 𝑊 𝑖 = 𝐾 𝑖 𝑤 𝑖 ∑ 𝐾 𝑖 = 𝐾 𝑇 ∀i, 𝑃 𝑖 = 𝑥 𝑖 𝑊 𝑖 Depending on the size of the economy the total capital can be multiplied by any given factor which will also applies to all capitals Ki. We call r the rate of profit. The first following set of equations establishes the equality of this rate for the three industries:

𝑤 1 𝑥 1 = (1 + 𝑟)𝑏 1 𝑥 1 + (1 + 𝑟)𝑓 1 𝑥 2 + (1 + 𝑟)𝑚 1 𝑥 3 𝑤 2 𝑥 2 = (1 + 𝑟)𝑏 2 𝑥 1 + (1 + 𝑟)𝑓 2 𝑥 2 + (1 + 𝑟)𝑚 2 𝑥 3 𝑤 3 𝑥 3 = (1 + 𝑟)𝑏 3 𝑥 1 + (1 + 𝑟)𝑓 3 𝑥 2 + (1 + 𝑟)𝑚 3 𝑥 3
Hence the following eigenvalue equation:

[ b 1 /𝑤 1 f 1 /𝑤 1 m 1 /𝑤 1 b 2 /𝑤 2 f 2 /𝑤 2 m 2 /𝑤 2 b 3 /𝑤 3 f 3 /𝑤 3 m 3 /𝑤 3 ] ( 𝑥 1 𝑥 2 𝑥 3 ) = 1 (1 + 𝑟) ( 𝑥 1 𝑥 2 𝑥 3
)

By calling:

𝐌 = [ b 1 /𝑤 1 f 1 /𝑤 1 m 1 /𝑤 1 b 2 /𝑤 2 f 2 /𝑤 2 m 2 /𝑤 2 b 3 /𝑤 3 f 3 /𝑤 3 m 3 /𝑤 3 ]
That is :

𝐌 ( 𝑥 1 𝑥 2 𝑥 3 ) = 1 (1 + 𝑟) ( 𝑥 1 𝑥 2 𝑥 3 ) (2) 
Note that :

(𝑤 1 , 𝑤 2 , 𝑤 3 ) 𝐌 = 𝐀 + [𝐯. 𝐥] = 𝐀′ Provided [𝐯. 𝐥] is defined as :

[𝐯. 𝐥] = [ 𝑣 1 𝑙 1 𝑣 1 𝑙 2 𝑣 1 𝑙 3 𝑣 2 𝑙 1 𝑣 2 𝑙 2 𝑣 2 𝑙 3 𝑣 3 𝑙 1 𝑣 3 𝑙 2 𝑣 3 𝑙 3 ]
A' is called augmented matrix.

So:

𝑟 = 1 𝜆 -1
Where 𝜆 is the maximal eigenvalue of the matrix M.

And:

𝑋 * = 𝑞 ( 𝑥 1 * 𝑥 2 * 𝑥 3 * )
Where X* is the unit eigenvector of the matrix M associated with the eigenvalue 𝜆, and q a real number greater than 0.

The quantity 𝑙 𝑖 of labor necessary for the manufacture of one unit of commodity i is transformed into value only on the condition that this commodity is sold. This commodity must therefore correspond to a social need that has the capacity to buy (solvent social needs).

The rate of profit r determined from the eigenvalue of the matrix is a potential rate of profit that is realized only when commodities are sold, i.e. when solvent social needs are met.

The satisfaction of social needs is the compliance to Marx's fundamental equality I, which can be written (3):

𝑧 = 𝐾 1 [𝑥 1 (𝑤 1 -𝑏 1 ) -𝑥 2 𝑓 1 -𝑥 3 𝑚 1 -𝑝𝑙 1 ] + 𝐾 2 [𝑥 2 (𝑤 2 -𝑓 2 ) -𝑥 1 𝑏 2 -𝑥 3 𝑚 2 -𝑝𝑙 2 ] + 𝐾 3 [𝑥 3 (𝑤 3 -𝑚 3 ) -𝑥 1 𝑏 3 -𝑥 2 𝑓 3 -𝑝𝑙 3 ] = 0
Rearranging this equation and setting surplus values to zero, we get:

[𝐾 1 𝑤 1 -(𝐾 1 𝑏 1 + 𝐾 2 𝑏 2 + 𝐾 3 𝑏 3 )]𝑥 1 + [𝐾 2 𝑤 2 -(𝐾 1 𝑓 1 + 𝐾 2 𝑓 2 + 𝐾 3 𝑓 3 )]𝑥 2 + [𝐾 3 𝑤 3 -(𝐾 1 𝑚 1 + 𝐾 2 𝑚 2 + 𝐾 3 𝑚 3 )]𝑥 3 = 0 (3) 
Each of the factor of 𝑥 i having to be greater than or equal to zero (The economy is productive), the nullity of the complete equation is ensured only and only if each of these terms is null. This determines in this case a single solution for the triplet of Ki. Obviously, the equation ( 3) stipulates the condition of respect for social needs. A commodity can only be sold if Marx's equality is complied with, which implies a set of allowed values for capital employed.

When surplus value is non-zero there exists an infinity of solutions of the triplets which form a portion of a segment in the three-dimensional space K1, K2, K3.

The second Marx's fundamental equality postulates that the sum of capitals committed in price (subscribe p) is equal to the sum of capitals committed in value. That is:

∑ 𝐾 𝑝𝑖 = ∑ 𝐾 𝑖
Taking into account this equality, Marx's second equality can be written:

𝐾 1 𝑤 1 (1 -𝑥 1 ) + 𝐾 2 𝑤 2 (1 -𝑥 2 ) + 𝐾 3 𝑤 3 (1 -𝑥 3 ) = 0 (4)

Simple Reproduction

In the chosen example, the production of branch 2 produces exactly the inputs for goods 2 in the three branches (in quantity, in price and in value).

𝐾 2 𝑤 2 𝑥 2 = (𝐾 1 𝑓 1 + 𝐾 2 𝑓 2 + 𝐾 3 𝑓 3 )𝑥 2 Or 𝐾 1 𝑓 1 + 𝐾 2 (𝑓 2 -𝑤 2 ) + 𝐾 3 𝑓 3 = 0

Resolution with iterations

This iterative method is required when the fixed capital is nonzero and the rate of profit cannot be found by solving the eigenvalue equation ( 3). In addition, as shown below, it can be used to illustrate the similarity of the cases with or without fixed capital.

The resolution proceeds in two stages which alternate to lead to the solution found by linear interpolation. The first step, called System in K, determines a candidate solution triplet (K1, K2, K3) (calculated with a certain value of q) for the capital invested. The second, called System in q, calculates the quantity z obtained with the solution (K1, K2, K3) found in step 1, these successive two steps constitute one iteration. The value of q is zero for the first iteration. After each iteration it is incremented by q, until the first negative value of z occurs.

1)

Step K, (system in K):

From the above we can now write the following system of three equations with three unknowns (the amounts of capital invested in each industry):

𝐾 1 + 𝐾 2 + 𝐾 3 = 𝐾 𝑇 𝐾 1 𝑤 1 (1 -𝑞𝑥 1 * ) + 𝐾 2 𝑤 2 (1 -𝑞𝑥 2 * ) + 𝐾 3 𝑤 3 (1 -𝑞𝑥 3 * ) = 0 𝐾 1 𝑓 1 + 𝐾 2 (𝑓 2 -𝑤 2 ) + 𝐾 3 𝑓 3 = 0 (5)
If the determinant is non-zero this system accepts a unique solution. For this step we accept negative values for 𝐾 𝑖 .

2)

Step q, (system in q): 𝑧 = 𝐾 1 {𝑞[𝑥 1 [START_REF] Morishima | Marx in the light of modern economic theory[END_REF] We still have to look for the particular value of q=q* so that the quantity z is zero, thus guaranteeing compliance with Marx's equality II. The value of q* makes it possible to pass from "relative prices" to "absolute prices".

3) Iterations:

The first iteration starts with q=0. At first glance, it could seem that the first value of z should be negative but this is not the case because the result of the coefficients Ki in step K can be negative. The function z is in fact positive for the values q < q* as we demonstrate in the chapter "variation of the z-function". As soon as the first negative value of z=z1 occurs, we keep the last positive value z0 of z and the solution q* that cancels z is somewhere between q (z0) and q (z1) so it can be specified by linear interpolation. The precision can be increased by restarting the iterations around the solution with a q step as small as required depending on the intended precision. This "zoom" effect around the value of q* can be repeated several times.

Direct Resolution

When fixed capital is zero, the rate of profit can be determined independently of the distribution of capital across branches. The latter can then be obtained by the direct resolution of a linear system:

𝐾 1 + 𝐾 2 + 𝐾 3 = 𝐾 𝑇 𝐾 1 𝑟 1 + 𝐾 2 𝑟 2 + 𝐾 3 𝑟 3 = 𝐾 𝑇 . 𝑟 𝐾 1 𝑓 1 + 𝐾 2 (𝑓 2 -𝑤 2 ) + 𝐾 3 𝑓 3 = 0
where:

𝑟 i = 𝑝𝑙 i = 𝑤 i -1 (𝑖 = 1,2,3)
The internal profit rate (or surplus value by unit of capital in value) for branch 𝑖 is 𝑟 i and 𝑟 is the general rate of profit determined from the eigenvalue of the matrix M.

Note that the second equation of the system is equivalent to the cancellation of 𝑧 (i.e., the satisfaction of social needs):

𝐾 1 (𝑥 1 (𝑤 1 -𝑒 1 ) -𝑥 2 𝑐 1 -𝑥 3 𝑣 1 ) + 𝐾 2 (𝑥 2 (𝑤 2 -𝑐 2 ) -𝑥 1 𝑒 2 -𝑥 3 𝑣 2 ) + 𝐾 3 (𝑥 3 (𝑤 3 -𝑣 3 ) -𝑥 1 𝑒 1 -𝑥 2 𝑐 2 ) = 𝐾 1 𝑟 1 + 𝐾 2 𝑟 2 + 𝐾 3 𝑟 3 = 𝐾 𝑇 . 𝑟
This system with three independent equations makes it possible to determine the three unknowns 𝐾 i (non-zero determinant).

While, from the following redundant equation ( 4):

𝐾 1 𝑤 1 (1 -𝑞 * 𝑥 1 * ) + 𝐾 2 𝑤 2 (1 -𝑞 * 𝑥 2 * ) + 𝐾 3 𝑤 3 (1 -𝑞 * 𝑥 3 * ) = 0
We get:

𝑞 * = ∑ 𝐾 𝑖 𝑤 𝑖 ∑ 𝑥 𝑖 * 𝐾 𝑖 𝑤 𝑖
So, both the amounts of capital 𝐾 i of the various industries and the production prices are determined.

Variation of the z function

We have defined the z-function as:

𝑧 = ∑ 𝑆 𝑖 -∑ 𝑃𝐿 𝑖 𝑖 𝑖 = ∑(𝑆 𝑖 𝑖 -𝑃𝐿 𝑖 )
Where the profit (in price) of the industry i is:

𝑆 𝑖 = 𝐾 i 𝑠 𝑖 = 𝐾 i (𝑤 i 𝑥 i -𝑥 1 𝑏 𝑖 -𝑥 2 𝑓 i -𝑥 3 𝑚 i )
In its first step our algorithm calculates the capitals in such a way as to comply with fundamental equality II, i.e.:

∑ 𝑊 𝑖 = 𝑖 ∑ 𝑊 𝑖 𝑖 𝑞𝑥 1 *
We consider a value of 𝑞 close enough 4 to 𝑞 * so that the provisional solutions for the 𝐾 𝑖 are all positive. We consider the three-branch case for clarity and without impairing generalization. By detailing each side of fundamental equality II we have: ∑(𝐵 𝑖 + 𝐹 𝑖 + 𝑀 𝑖 + 𝑃𝐿 𝑖 ) 𝑖 = ∑(𝐵 𝑖 𝑥 1 + 𝐹 𝑖 𝑥 2 + 𝑀 𝑖 𝑥 3 + 𝑆 𝑖 ) 𝑖 where:

𝐵 𝑖 = 𝐾 𝑖 𝑏 𝑖 , 𝐹 𝑖 = 𝐾 𝑖 𝑓 𝑖 , 𝑀 𝑖 = 𝐾 𝑖 𝑚 𝑖 , 𝑃𝐿 𝑖 = 𝐾 𝑖 𝑝𝑙 𝑖 , 𝑆 𝑖 = 𝐾 𝑖 𝑠 𝑖 When 𝑞 < 𝑞 * prices are lower than when 𝑞 = 𝑞 * , so:

∑(𝐵 𝑖 + 𝐹 𝑖 + 𝑀 𝑖 ) 𝑖 > ∑(𝐵 𝑖 𝑥 1 + 𝐹 𝑖 𝑥 2 + 𝑀 𝑖 𝑥 3 )
𝑖 Therefore, when 𝑞 < 𝑞 * , fundamental equality II can be complied with only for 𝑆 𝑖 > 𝑃𝐿 𝑖 , i.e. for 𝑧 > 0. We conclude that in the vicinity 5 of the solution 𝑞 * and for 𝑞 < 𝑞 * , 𝑧 > 0 Therefore, as illustrated in Figure 1, we define 𝑞 * as the first value that both cancels z and is such that:

[ 𝑑𝑧 𝑑𝑞 ] 𝑞 * < 0 Fig 1:

Physical quantities of commodities

In production, one must take into account the quantities of goods that the wages of workers allow them to purchase. Therefore, for quantities, the corresponding terms of the initial matrix must be increased accordingly: )

𝐀′ = (
If the wage consumption is composed only of goods of industries 1 (b) and 3 (m), only the prime terms of the matrix A' are increased.

𝑎′ 1𝑗 = (𝑎 1𝑗 Λ 1 + 𝑏 𝑗𝑉 )/ Λ 1 𝑎′ 3𝑗 = (𝑎 3𝑗 Λ 3 + 𝑚 𝑗𝑉 )/ Λ 3
Which leads to a new vector 𝚲′:

𝚲′ = 𝐥. (𝐈 -𝐀′) -1

In the case where the wage is zero (maximum rate of profit) we have: In terms of physical quantities, if we call 𝑔 𝑗 (gross output) the quantity of commodity j produced and 𝑦 𝑗 (net output) the quantity remaining after its consumption by the three industries, we have:

𝑦 𝑗 = 𝑔 𝑗 -(𝑎′ 𝑗1 𝑔 1 + 𝑎′ 𝑗2 𝑔 2 + 𝑎′ 𝑗3 𝑧𝑔 3 ) 𝐲 = 𝐠. (𝐈 -𝐀 ′ ) 𝐠 = ( 𝑔 1 𝑔 2 𝑔 3 ) 𝑎𝑛𝑑 𝐲 = ( 𝑦 1 𝑦 2 𝑦 3 )
The quantity 𝑦 𝑗 of commodity j is given by: The quantities calculated here are those that can be sold on the market (what any good market study can predict). If additional quantities are produced their values can only be zero.

(𝑊 1 -∑ 𝑏 𝑖 )/𝑤 1 = 𝑦 1 3 
If the economy is in state of simple reproduction in which all iron (fer, j=2) is used in production, we have:

𝑦 2 = 0
This condition has already been imposed at the level of capital in value. In contrast to what has been assumed by previous authors (4), the approach detailed here clearly shows that one cannot decide freely on all the components of the vector y. Its components are linked together, on the one hand by the need for technical production and on the other hand by the balance between the capitals allocated to each industry according to solvent social needs.

The vector v components which determine the structure of workers' consumption, do not impact on the rate of exploitation if the amount of socially necessary labor contained in these commodities is the same (𝚲. 𝐯 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡). However, even in the latter case, the modification of its components changes the rate of profit by modifying the M matrix and the organic composition of the branch traditionally denoted V. This is in line with the Marxist conception, and contrary to Duménil6 or Lipietz 7 conclusions that prices should not be based on workers consumption [START_REF] Duménil | Une approche fonctionnelle du théorème marxien fondamental d'Okishio-Morishima[END_REF][START_REF] Lipietz | Retour au problème de la "transformation des valeurs en prix de production[END_REF]. Actually, in the real world, the wage is monetary and the worker spends it as he wants. The structure of the vector v must be understood as the result of a working standard of consumption which is continuously established according to the class struggle.

If this standard vector is oriented towards a consumption of goods produced by industries with a low organic composition, it tends to increase the rate of profit r. However, capitalists are in competition with each other, so there is no possible consensus on r. Besides, some goods obligatorily require processes of production which are capitalistic (regardless of the competition). Furthermore, when such goods fulfill an actual demand and can be produced by capital-intensive industries, the competition between branches would disadvantages those producing the same goods with lower organic composition. There is no consensus to influence consumption in such a way as to increase the rate of profit. Nevertheless, the importation of goods from industries with a lower organic composition of the third countries is certainly a factor in raising the rate of profit.

Numerical Results

To illustrate the method, we are using the exact same numerical example as the one chosen by D. Basu (4), except alors, selon le choix des salariés, un ou des paniers de consommation d... qui pourraient alors servir de base de renégociation de w. » for the vector y which cannot be chosen arbitrarily as demonstrated above. The sum of invested capital expressed in value or price is

𝐀

(um)

The sum of surplus value is equal to the sum of profit and is 0.43938 (um)

The system is of simple reproduction; i.e., both Marx's fundamental equalities are complied with: the sum of the profits equals the sum of the surplus values (invariant 1) and the sum of the values equals the sum of the prices (invariant 2).

None of the previous approaches (4) managed to combine invariants 1 and 2, which led to the awkward situation where there was no relevant reason to choose one invariant over the other.

Quantities can be determined using the augmented matrix: The sum of invested capital expressed in value or price is:

Conclusion

We solved the problem of transformation simply by following the logic impelled by Marx's conceptualization. The path chosen by previous authors, applying an astray materialism that only takes into account the technological aspect of production, starts by an arbitrary choice of net quantities of goods (vector y) produced in each branch. However, in a capitalist market, the quantities of goods depend on their values, which determine their selling in accordance to solvent social needs. Therefore, vector y depends on the economy at the aggregate level. In contrast, decreeing a net product for an economy would rather be in line with a planned economy.

Research in economy most often assesses the quantity of goods likely to be sold. In a troublesome way, the conceptual error of decreeing a net product in order to solve the transformation problem is likely to have led some to consider the notion of value as superfluous. A consistent materialism must start from the overall structure of capitalism and the possibilities it imposes on the sphere of production and not from the idea that physical conditions are the sole determinant of the market.

Since the profit rates are obtained from the maximum eigenvalue of the matrix M, they are identical to those calculated by previous approaches (4). However, D. Basu displays several possibilities of market production prices. This lack of unicity of the solution results from the various possible choice of invariants which is lengthily discussed (4). As we show, as soon as the capital allocation is part of the solution (an implicit consequence of considering the economy as a whole), the solution is unique (in the case of simple reproduction) and differs from the previously suggested ones.

APPENDIX: generalization to n branches:

The economy has n sectors, each producing a single commodity using labor and all commodities. The non-negative matrix A is productive which means that each good is produced in a quantity at least equal to its consumption by the whole economy. Where 𝜆 is the maximal eigenvalue of the matrix M.

And:

𝑋 * = 𝑞 ( 𝑥 1 * . . 𝑥 𝑛 * )
Where X* is the unit eigenvector of the matrix M associated with the eigenvalue λ and q a real number greater than 0.

There are n-2 equations translating the simple reproduction constraint. It will be assumed that all goods produced by sectors number 2 to n-1 are entirely consumed. Let n equations for n unknowns 𝐾 𝑖 (𝑖 = 1,2 … 𝑛). The nonzero determinant, because the system is productive, implies one and only one solution ( 𝐾 1 … 𝐾 𝑛 ).

  Both invariant principles implied by Marx's law of value are necessary and sufficient to solve the transformation problem through Morishima's formalism Norbert Ankri & Païkan Marcaggi UNIS, INSERM, Aix-Marseille Université, France 2023-03-20

  𝐀 and 𝚲 ′ = 𝚲

)

  The line vector of direct labor inputs is:𝐥 = (𝑙 1 ; 𝑙 2 … 𝑙 𝑛 )The line vector of values is:𝚲 = 𝐥(𝐈 -𝐀) -1𝑐 𝑖𝑗 = 𝑎 𝑖𝑗 Λ 𝑖 is the value of commodity i used in industry j. (𝑤 1 , 𝑤 2 , … 𝑤 n ) 𝐌 = 𝐀 + [𝐯. 𝐥] Where M is the augmented matrix 𝐯 = (𝑣 1 … 𝑣 𝑛 ) T The exponent T indicates the transposed vector [𝐯. 𝐥] = [

𝐾 1

 1 𝑐 11 -𝐾 2 (𝑐 12 -𝑤 2 ) + 𝐾 3 𝑐 13 + ⋯ 𝐾 𝑛 𝑐 1𝑛 = 0 𝐾 1 𝑐 11 + 𝐾 2 𝑐 12 -𝐾 3 (𝑐 13 -𝑤 3 ) + ⋯ 𝐾 𝑛 𝑐 1𝑛 = 0 …………………………………………………………………..𝐾 1 𝑐 11 + 𝐾 2 𝑐 12 + ⋯ -𝐾 𝑛-1 (𝑐 1,𝑛-1 -𝑤 𝑛-1 ) + 𝐾 𝑛 𝑐 1𝑛 = 0And the two additional equations:𝐾 1 + 𝐾 2 + 𝐾 3 + ⋯ 𝐾 𝑛 = 𝐾 𝑇 𝐾 1 𝑤 1 (1 -𝑞𝑥 1 * ) + ⋯ 𝐾 𝑛 𝑤 n (1 -𝑞𝑥 n * ) = 0

  Labor vector that gives the amount of labor required to production. 𝑙 𝑖 : Labor input requirement for the production of one unit of commodity i. It is use value.

	𝑎 𝑖𝑗 : Amount of commodity i (number of units) required to
	product one unit of commodity j.
	𝐯: Wage vector that gives the amount of goods v1, v2 and v3
	(basket) that a worker (regardless of the industry he belongs)
	gets in one hour of his labor.	
			𝑣 1
		𝐯 = (	𝑣 2	)
			𝑣 3
	𝐥: 𝐥 = (𝑙 1 ; 𝑙 2 ; 𝑙 3 )		
	Matrix of social-technical coefficients
		𝑎 11 𝑎 12 𝑎 13
	𝐀 = (	𝑎 21 𝑎 22 𝑎 23	)
		𝑎 31 𝑎 32 𝑎 33

1: Bread B, Branch 2: Iron (fer) F, Branch3: Meat M

  𝑤 𝑗 = 𝑏 𝑗 + 𝑓 𝑗 + 𝑚 𝑗 + 𝑝𝑙 𝑗 Subscript V (used for 𝑏 𝑗𝑉 and 𝑚 𝑗𝑉 ) indicates that these values are a part of the variable capital. Subscript C (used for 𝑏 𝑗𝐶 and 𝑚 𝑗𝐶 ) indicates that these values are a part of the circulating capital.

	𝛼 = 𝑚 𝑗𝑉 : Value of meat content of workers' wage basket of the 𝛬 1 𝑣 1 𝛬 1 𝑣 1 + 𝛬 2 𝑣 2 + 𝛬 3 𝑣 3 𝛬 1 𝑣 1 = 𝚲𝐯 industry j, which is part of the variable capital.
	All the following values in lowercase letters (b,f,m) are given 𝑚 𝑗𝑉 = (1 -𝛼). 𝑙 𝑗 1 + 𝑒 = Λ 3 𝑣 3 𝑙 𝑗
	for one unit of commodity. 𝑚 𝑗 : Total meat used for the industry j.
		𝐹𝑜𝑟 𝑗 = 1,2,3 𝑚 𝑗 = 𝑚 𝑗𝐶 + 𝑚 𝑗𝑉
	𝑏 𝑗𝐶 : Value of bread input to commodity j, which is part of the 𝑝𝑙 𝑗 : Surplus-value generated in industry j.
	circulating capital.	𝑏 𝑗𝐶 = 𝑎 1𝑗 𝛬 1 𝑒. 𝑙 𝑗 𝑝𝑙 𝑗 = 1 + 𝑒
	𝑏 𝑗𝑉 : Value of bread content of workers' wage basket of the 𝑤 𝑗 : Total output value of the industry j for one commodity j.
	industry j, which is part of the variable capital.
		𝑏 𝑗𝑉 =	𝛼. 𝑙 𝑗 1 + 𝑒	= Λ 1 𝑣 1 𝑙 𝑗
	(Note that the worker's wage value (𝑣 𝑗 ) is lower than the value
	created by work (𝑙 𝑗 ): 𝑙 𝑗 = (1 + e)𝑣 𝑖 . Hence the (1 + 𝑒)
	denominator)		
	𝑏 𝑗 : Total value of bread used for the industry j.
	In this model, the workers' consumption is only made of bread 𝑏 𝑗 = 𝑏 𝑗𝐶 + 𝑏 𝑗𝑉
	and meat in a certain value proportion  (= means only 𝑓 𝑗 : Total value of iron (fer) input to commodity j. bread if v 2 = 0 ) 3 . 𝑓 𝑗 = 𝑎 2𝑗 𝛬 2
	𝑚 𝑗𝐶 : Value of meat input to commodity j, which is part of the
	circulating capital.		
		𝑚 𝑗𝐶 = 𝑎 3𝑗 𝛬 3

For each industry, socially necessary human labor adds value to the capital invested. Economic crises or wars destroy value, so we have to explain what we mean by conservation of value. In our conception the space of values is interconnected with the space of prices. There is conservation insofar as the profit of an economic sector (in price) cannot result from anything else than the surplus value (in value) of this sector and/or the displacement of surplus value from or to other sectors. In our value tables exhibiting capital distribution across branches accounting for the production meeting solvent social needs, when surplus value is zero, the value produced by one sector corresponds precisely to the needs of the whole economy. When there is surplus value, all of it is distributed to all industries, with no loss. This is the faithful application of Marx's fundamental equality II.

David Hawkins (1948). Some Conditions of Macroeconomic Stability. London: Econometrica, Vol. 16, No. 4 (Oct., 1948), pp.

309-322.[START_REF] Ankri | From Marx's fundamental equalities to the solving of the transformation problem -Coherence of the model[END_REF] Note that this consumption is given in quantity proportion in[START_REF] Basu | The Logic of Capital -An Introduction to Marxist Economic Theory -Chapter 7[END_REF].

Without fixed capital, the function z is monotonically decreasing and it is not necessary to restrict itself to the neighborhood as it is the case with fixed capital

.idem

« Si cette théorie était juste, elle conférerait à la structure de la consommation ouvrière une importance décisive. L'orientation de cette consommation, par la publicité notamment, devrait permettre au système capitaliste de maximiser son taux de profit sur la base d'un taux de la plus-value déterminé. Cette analyse ne se trouve pas dans Le Capital, où seule intervient la valeur de la force de travail qui fixe le taux de la plus-value. Dans l'analyse de K. Marx, la structure de la consommation ouvrière possède une influence sur la valeur de la force de travail, mais tous les « paniers de biens » de même valeur aboutissent au même taux de profit -alors que dans le système de Morishima, pour une même valeur de la force de travail, la structure de la consommation ouvrière détermine le taux de profit. »

« Ces prix devraient alors être déterminés indépendamment de la consommation ouvrière, mais, comme chez Marx, en fonction de e, de la composition et de la répartition y du capital dans les branches. Il en résulterait

* (𝑤

The correct solution that satisfies the social needs is found exactly according to the procedure described for n=3 with the following z function.

Or Direct resolution: 𝐾 1 𝑐 11 -𝐾 2 (𝑐 12 -𝑤 2 ) + 𝐾 3 𝑐 13 + ⋯ 𝐾 𝑛 𝑐 1𝑛 = 0 𝐾 1 𝑐 11 + 𝐾 2 𝑐 12 -𝐾 3 (𝑐 13 -𝑤 3 ) + ⋯ 𝐾 𝑛 𝑐 1𝑛 = 0 ………………………………………………………………….. 𝐾 1 𝑐 11 + 𝐾 2 𝑐 12 + ⋯ -𝐾 𝑛-1 (𝑐 1,𝑛-1 -𝑤 𝑛-1 ) + 𝐾 𝑛 𝑐 1𝑛 = 0 And the two additional equations: