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Abstract

For a connected reductive group G defined over F, and equipped with the
induced Frobenius endomorphism F', we study the relation among the following
three Z-algebras: (i) the Z-model E¢ of endomorphism algebras of Gelfand-Graev
representations of G¥'; (ii) the Grothendieck group Kg= of the category of repre-
sentations of G*I”" over F, (Deligne-Lusztig dual side); (iii) the ring Bgv of the
scheme (T ) W)F" over Z (Langlands dual side). The comparison between (i)
and (iii) is motivated by recent advances in the local Langlands program.
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0. Introduction and main results

0.1. The problem. — In this article, we would like to study the relation among
three algebras Eg, Ko« and Bgv coming from the group representation theory and from
the invariant theory. Let us now describe these algebras.

So let p be a prime number, let ¢ = p" for some r € N*, and fix an algebraic closure
E of the finite field F,. Let G be a connected reductive group defined over F,, and
let £ : G — G be the Frobenius endomorphism associated to the F, -structure of G.
We write G(F,) simply as G, so GF = {x € G : F(r) = z} is a finite group. Fix an
F-stable maximal torus T, and let W = N (T')/T be the Weyl group of (G, T); then
W is F-stable. Let (G*,T*, F*) be a Deligne-Lusztig dual (defined over F; see §0.7)
of (G, T, F), and let (G¥,T") be a Langlands dual (defined and split over Z; see §3.1)
of (G, T). The endomorphism F' induces an endomorphism F"V on the character group
X(TV) = Homae(TV, G,,) (§3.2). In addition, let Q be the field of algebraic numbers,
and let Z be the ring of algebraic integers. With this setup:

e E. is the Z-model of endomorphism algebras of Gelfand-Graev representations of
GT (see §§1.5-1.7).

e Kg- is the Grothendieck group of the category of finite-dimensional representa-
tions of G*f" over F, (§2.2); it is a Z-algebra whose multiplication comes from
the tensor product.

e Bgv is the ring of functions of the affine Z-scheme (TV J W)*" (§3.3); more
precisely, Bgv = Z[X(TV)]" /I where I is the ideal of Z[X(TV)]" generated by
the set {FVf — f: feZ[X(TV)]"}.

Our goal is to compare these three algebras over rational and integral coefficients.

0.2. Fuirst analysis. — In the case of @—coefﬁciegts, Curtis-Deligne-Lusztig’s theory
(8§ 1.3-1.6) and Brauer theory (§2.3) give us two Q-algebra isomorphisms:

(G*F*)SS/N *F*)

QEs ~Q and QKg» ~ @(G v/~ (0.2.1)

In (0.2.1), the first isomorphism only depends on a choice of identifications (Q/Z), =~

EX < Q", and the second only depends on a choice of embedding EX — Q. Via
(0.2.1), the natural maps of finite sets

(Gl ~) == (G /) — 515 @ W@ (022)

then induce the following Q-algebra homomorphisms:

3.5 — _
§— QBGV,red A QBGV, (023)

@KG* <;> @EG — (@BGV)red
where for a ring A we denote by A,.q the associated reduced ring.
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It is then natural to ask: when are the maps in (0.2.3) all isomorphisrrE? could we
change the Q-coefficients in (0.2.3) by A-coefficients with A a subring of Q, such that
we still have analogous A-algebra homomorphisms?

In [BoKe] (see also §§1.16-1.17), Bonnafé and Kessar have proved a “saturatedness
property” for the Curtis homomorphism, where they used a lemma on symmetrizing
forms to descend an equality of algebras over rational coefficients into an equality of
algebras over integral coefficients. This idea will be the start point of our present work.

0.3. MAIN RESULTS. — Keep the notation and assumptions introduced so far.

(a) [see §§2.9-2.10] The Q-algebra isomorphism QEg ~ QKg- in (0.2.3) descends to
a Z| |W|] -algebra isomorphism 7| |Wl]EG ~ 7| IWI]KG*

(b) [see §3.9 and §3.16] Bgv rea is a free Z-module of rank
ranky Bav rea = (T W)™ (Q)] = |(Go/ )"

moreover, if Gi,, (or equivalently Gy, ) is simply-connected, then Bgv is a reduced
ring (so Bav = Bgv rea), and the above rank (0.3.1) is also equal to |(G*" )/~ |.

(0.3.1)

(c) [see 8§8§3.21-3.22] The formal character isomorphism
ch : K(Repyiy(G)) = ZLX(TY)]

induces an inclusion of rings Bov rea — Kg= which is compatible with the identi-
fications in (0.2.3); moreover, if Gder is simply-connected, then this inclusion of
rings becomes a ring isomorphism: Bgv = Bgv rea =~ Kg».

We ezpect that (a) is true over Z[%] and that the ring Bgv in (b) is always reduced; at

the moment, they are achieved for the following special cases:
(d) [see §4.4 and §4.6] If G = GLy(F,) or PGLy(F,), the isomorphism Z[— -
Z|

]EG ~

p|W
p\w\]KG in (a) descends to a Z[ |-algebra isomorphism Z[}—?]EG o~ Z[%]

(e) [see §4.10] When G = SOq,(F,) (so G, = SOa,(F,) and GY,, = SOq, are not
simply-connected), Bgv is still a reduced ring (so Bgv = Bav rea) and is a free Z-
module of rank as described in (0.5.1); explicitly, rankz Bgv = 2¢™ —2¢" 1 +¢" 2.

0.4. Motivation. — The problem of comparison between E; and Bgv is a finite
group analogue of the “local Langlands correspondence in families” (LLIF) conjecture in
[DHKM], which asserts the existence of an isomorphism from the ring of functions of the
moduli stack of Langlands parameters of a p-adic reductive group to the endomorphism
ring of its Whittaker space. Note that the LLIF conjecture is implied by the Fargues-
Scholze conjecture in [FaSc, Conj. 1.10.2].

In the case of a reductive group G defined and split over a p-adic field F' whose
residue field is F, let Op be the ring of integers of F' and write G = G(IF,); then a
special case of the LLIF conjecture predicts a ring isomorphism

Oz ygv =~ End(c-Ind gggl)f‘g)
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which is compatible with the classical local Langlands conjectures; in the above,
zZl  ={(5,F) € G x GY: FsF ' =57}

is the moduli space of tame Langlands parameters for GV, Oz gv is the ring of

1
functions of Z, .

is (isomorphic to) the depth-zero part of the corresponding Whittaker space. The first
projection map GY x GY — GV induces a morphism Z.__ /G — (GY J GV)0)* ~
(T ) W)©* and hence a ring homomorphism Bgv — Oz jgv. We may thus draw
the following diagram:

/ GY, T'q is a Gelfand-Graev representation of G, and c¢-Ind gégl)f‘g

LLIF

Oz jgv = End(c- Ind )Fg)
Bgv --------- P Eq

If the center of G is connected, for an integral extension A D Z[%], the ring ABgv

(resp. AEg) should be thought as the integral closure of the scalars A in Oz v

(resp. in End(c-Ind ggg ['g)), so the LLIF conjecture should give us a A-algebra iso-

morphism

In [Hel] and [HeMo], the LLIF has been proved for G = GL,,(F'), and, as a corollary,
a A-algebra isomorphism (0.4.1) has also been deduced for G = GL, (F,) and for A being
the ring of Witt vectors of IF,. However, as (0.4.1) is basically a result of finite groups,
an argument without p-adic techniques (such as those used for the LLIF) is expected,
and the present article provides such an argument under some additional hypotheses:

THEOREM. (§0.3(a)(c), or §3.23) — If G, is simply-connected and if A is an
integral domain in which both p and |W| are invertible, then ABgv ~ AEq as A-algebras.

0.5. Plan of the article. — In Section 1, we review properties of endomorphism
algebras of a modular Gelfand-Graev representation, construct the Z-model Eg, and
study Curtis homomorphisms; in Section 2, we introduce the Grothendieck group K¢«
on the Deligne-Lusztig dual side, review the Brauer theory, and then compare Kg-
with the algebra Eg. In Section 3, using methods from the algebraic geometry, the
combinatorics of root datum and the algebraic representation theory, we turn to study
the algebra Bgv on the Langlands-dual side and then compare Bgv with Ko« and Eg.
In the final Section 4, we use examples to discuss possible improvements of the results
obtained in the previous three sections.

0.6. A graphical summary. — Let A be an integral domain such that Z[%] cAcCQ.
The following diagram, which will eventually be shown to be commutative (see §1.13
and § 3.21), summarizes the relations among the principal objects studied in this article.
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Notations used in the diagram: (G*'")y/ ~ (resp. (G*"),/ ~) denotes the set
of semisimple (resp. p-regular) conjugacy classes in G*f"; “Res” means the obvious
restriction maps; T, := 97 = ¢gTg ! is the F-stable maximal torus of G whose G*-
conjugacy class corresponds to w € W (so g € G and the image of g7 F(g) € Ng(T)
in W is w); recall that the G¥-conjugacy classes of F-stable tori in G are parametrized
by elements of W in this way.

0 @@w)*F* < Res ,@(G*F*>SS/~< ,@(TV//WWV(@)

weWw ~ % / N

2 ¢ Q@ I/~ ¢
~ o 4 N A B
QT,)F Qkg < - @B, red — QBgv
wew ) ~ x 2 / . ~
[T QK )~ < > QKg-
weWw Res ~
[T AT < e AEG —=== 7= mmmmmmee ABgv req $—— ABgv
weW % ur ~< 2. / N A~
] [T AKz,)- 4 AKe-
weWw Res ~
[T Z(Tw)" BGV, red $—— Bgv
weW % / N A
K x < > Ko
wle—[W (Tw) Res f
R
S| ZX@)Y = 2xr)V

K(Repy (G*)) P

0.7. Notation and convention. — The following notation and assumptions, as well
as those introduced so far, will be used throughout the article.

Root data. [Sp] — Fix an F-stable Borel subgroup B of G containing our F-stable
maximal torus 7. Let X (7') = Homg (7, G,,) (resp. Y (T') = Homayg (G, T')) be the
character group (resp. cocharacter group) of 7. Denote by R C X(T') and RY C Y(T)
(resp. A C X(T') and AY C Y(T')) the set of roots and the set of coroots (resp. the set
of simple roots and the set of simple coroots) determined by (G, T) (resp. by (G, T, B)).
Then (X (T),Y(T), R, RV) the root datum of (G, T). Recall that (G, T) is classified (up
to isomorphism) by its root datum.

Deligne-Lusztig dual. [DiMi] — Fix a Deligne-Lusztig dual (G*,T*, F*) of (G, T, F)
(all choices are isomorphic), in the sense that (G*,T*, F*) is defined over F, and is
obtained by assigning its character group (resp. cocharacter group, resp. set of roots,
resp. set of coroots) as Y (T') (resp. X(T), resp. RY, resp. R). In particular, we have the
identifications X (7T*) = Y(T) and Y (T*) = X(T), both of which are compatible with

the Frobenius actions. Again, we write G*(F,) simply as G*.
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Let (G*7)4 be the set of semisimple elements of G*/ | and let (G*'"),/~ be the
set of G*I"-conjugacy classes in (G*I")y; for each x € (G*I")y, we shall denote by
[z] € (G*F7)s/ ~ its G*I"-conjugacy class.

Finite group representation theory. [Sel][DeLu][DiMi] — Let A be a commutative
ring and let H be a finite group. The group ring A[H| will often be written as AH; an el-
ement f: H — A of AH is identified with the formal sum > f(h)h. Let Rep,(H) be

heH
the category of finite-dimensional representations of H over A, and let Irry (H) be the set

of isomorphism classes of simple objects in Rep, (H). For V1,V € Repg(H) whose char-
acters are x1, X2 respectively, their canonical pairings (Vi, Vo) i := dimg Homg;; (V1, V2)

and (x1,x2)g = |H|™* > x1(h7Y)x2(h) coincide. Ordinary induction functors like
heH

Indgi, ordinary restriction functors like Resg:;, and Deligne-Lusztig induction func-
tors like RY = R$_p, are defined in the usual way.

Dualities of tori. [DiMi] — We fix a group isomorphism ¢ : EX — (Q/Z),y (choices
of roots of unity) and an injective group homomorphism ) : (Q/Z), — Q". Then
K:i=j)oL: IETqX — @X enables us to identify EX as a subgroup of @X. For an F'-stable

maximal torus S of G, denote by S* the F-stable maximal torus of G* which is the
dual of S. Then ¢ identifies Irrg—(S") ~ S*", and (¢, ) identifies Trrg(S*) =~ S*7.

Acknowledgements. I would like to thank Professor Jean-Francois Dat for intro-
ducing me this subject and for having many stimulating discussions with me.

1. Endomorphism algebras of Gelfand-Graev representations

The Gelfand-Graev representation I';

1.1. Regular linear characters. [DLM, Sec. 2] — Denote by U, the subgroup of
U generated by the root subgroups of non-simple roots (roots in R — A); note that
Us = [U,U]. Let A/F be the set of F-orbits in A. For each i € A/F, let U; be
the product of root subgroups of (simple) roots in i. The quotient group U/U, is

canonically isomorphic to the product group [] U;, and this isomorphism is F-stable,
i€EA/F

so that UT/UF ~ [] U/ as abelian groups. Then a linear character 1 on U*" is called
i€AJF

regular if 4 is trivial (= 1) on U}" and is non-trivial on every U}" (i € A/F).

Let U be the set of Z " -valued regular linear characters of UT'; the group T acts on
¥ by adjoint action (for t € TF and 1) € W, tap := p(* "' (1)) = (¢t~ (-)t) € V). Let Z be
the center of G, so the adjoint group of G is Guq = G/Z. Let T,q = T/Z be the image
of T in Gaq; the group T also acts on ¥ by adjoint action (for x € T and ¢ € ¥,
choose a t € T such that x = tZ, and set “¢ := %)), and this T -action on V¥ is regular
(= free and transitive). Hence the first Galois cohomology group H'(F, Z), identified
with TE /TT | acts regularly on W/TF (the set of T"-orbits in ¥) by adjoint action.
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1.2. Gelfand-Graev representations. [DiMi, Ch. 14] — Let ¢ : UF — Z~ be a
regular linear character (so ¢ € ¥ in the notation of §1.1), and consider the primitive
central idempotent

1 _
Cy 1= Z Y(u M € Z[HUF (1.2.1)
|U |u€UF '
of ¥ (|U¥]| is a power of p). Let (Z[}%])w be the Z[i]UF—module Z[}%] on which U acts
by 1; we have (Z[%])w o~ Z[%]UFew = Z[%]ew as Z[%]UF—modules. Then
Loy = Indgi((Z[%])w) ~ Z[%]Gpew € Repz[%}(GF) (1.2.2)

is called a Gelfand-Graev representation of G; the character of I'g , is Indgiw.

All Tgy (¢ € W) are conjugate by elements of Tf: indeed, for any o,y € U,
there is a unique z € T} such that ¢’ = “¢» (§1.1); then e,y = “(ey), and thus, upon
identifying ' 4 = Z[%]GF% via (1.2.2),

Lo = Z[|G ey = *(Z]

1
p

1GFey) =*(Tg.y)- (1.2.3)

1
p

If the center Z of G is connected (that is, if H*(F,Z) = 0), then T, = T /Z¥ so all
'y are conjugate by elements of 7" and are thus all isomorphic in Repz1;(G™).

1.3. THEOREM. [DiMi, Thm. 14.49] — Let ¢y € W. Then the QG -module Ql'g
is multiplicity-free; more precisely, we have a QG -module decomposition

Qo= P row

[]€(G*F )ss/~

where for each [x] € (G )/ ~, pyu is an irreducible QGF -module whose character
lies in the rational Lusztig series E(GF | [x]).

1.4. LEMMA. — Let ¢,¢' € ¥, and suppose that x € Irr@(GF) is a common

irreducible character of the QG -modules QUg,, and QUg.. Then for the unique
y € TH such that ' =Y (§1.1), we have ¥x = x.

Proof. By §1.3, x lies in some rational Lusztig series £(G, [z]); in other words,
there is an F-stable maximal torus S and a 6 € Irrg(S") such that 6 corresponds to
[z] under the duality Irrg(S*™) ~ S*¥" (§0.7), and such that (x, Rg(6))cr # 0.

Let us show that ¥(R$(0)) = RS (0). Indeed, as y € TE, if we choose a t € T such
that y = tZ, then t ' F(t) € Z C S, so the Lang-Steinberg theorem enables us to write
t7'F(t) = sF(s)™! for some s € S; thus, upon setting = :=ts € G,

Y(RG(0)) = "(R§(0)) = RE('0) = R ("0) = *(R§(0)) = RG(0).



By the above discussion, we have

("x, R§(0))ar = ("X, "(RG(0)))ar = (x, RS (0))ar # 0.
On the other hand, with the aide of (1.2.3),

x, QLG p)ar = (X, "(Qlgy))ar = (X, QL y)ar # 0.

Therefore, v = x and v = Yy both verify (v, R$(6))qr # 0 and (v, QT )gr # 0; but
§ 1.3 tells us that there is at most one such y € Irrg(G"), so Yx and x must coincide. [

The endomorphism algebra of I';;, and its Z-model Eg

1.5. The endomorphism algebras Z[%]Eg’w and QEg,,. — By §1.2, all endomor-
phism algebras B
Z[})Ecy = Endgpior(Tay) (¥ € W)
are isomorphic as Z[%]—algebras. Later in § 1.7, we shall introduce a Z-algebra Eg which
is independent of ¢ and is such that Z[%]EG ~ Z[%]EGW for all ¢ € U.
Let QEg,, = @®Z[l] Z[%]ng. By §1.3 and Schur’s lemma, we may decompose the

Q-algebra QEg,,, as:
_E = E d* [©) _ (G *)SS/N
QE¢,y = Endger(Ql ) =~ H Endgor(py,2) = Q : (1.5.1)
[z]€(G*F" )ss /~
Thus @Egﬂp and Z[%]Ecﬂp are commutative reduced rings. In terms of algebraic variety,
(1.5.1) identifies Specm(QEg) (consisting of maximal ideals of QEg) with (G*F)y/ ~.

1.6. Structures of Z[%]Eng and @EGJ# via idempotents. — Using the identification

Ly = Z[%]GF% in (1.2.2), we shall identify

Z[,Ecy = eyZ[;)G ey C Z[IGT
as Z[%}—algebras: indeed, there is a Z[%]—algebra anti-isomorphism
Z[}]Ecy = Endgior (Z[]G ey) = ey Z[}]G ey, 6 — f(ey), (1.6.1)

but Z[%]Eg’w is a commutative ring (§1.5), so (1.6.1) is also an isomorphism.
(a) By [CuRe, Prop. 11.30], Z[%]EG#, = €¢Z[%]GF€¢ is a free Z[%]—module with
the following Z[%]—linear basis: let {z1, - ,7,} C G be a set of representatives of

UP\GT/UT (so G is the disjoint union of {UFz;U" :i=1,--- ,r}), and let
J={j:1<j<r Py =yon U N5 UM}
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for each z € G¥, define indz = Ut . vt n ZUF)] (which is a power of p); then
{(indz))eyaje, : j € J} is a Z[]-linear basis of Z[3|Eq.y-

(b) By [Cu, Sec. 3], QE¢, may be described via idempotents: for [z] € (G*F7 )/ ~,
denote by Xy, ) the character associated to the QG*-module py, [, in §1.3, and set

_ Xufa(1) oy w ' _
€h ] = GF| > Xow(g g € QG and €l = ef e € QEqy,
geG

which are respectively primitive central idempotents of QGF and of @Egﬂ/); then the
inclusions Qei’[m] C QEg,y induce a Q-algebra isomorphism

[2]€(G*F" )ss/~

Combining (1.5.1) and (1.6.2), we obtain Q-algebra isomorphisms

raY  E _(G*F*)SS/N
QEcyw~ [ Qefp~0Q ,

[2]€(G*F™ )/~
where each 65},[90] corresponds to the characteristic function 1)y on (G*F7)s/ ~.

1.7. Definition of the Z-algebra Eq. — The decomposition UF/UF = T[] UF
iEAJF
(§1.1) identifies each UF" as a subgroup of UF/UF. Consider the (left) ZU"-module

Fo=A{f:U"/U —Z: > f(x)=0foreachic A/F}

xGUiF

on which U acts by left translation: u - f := f(u™!(-)) (u € UF, f € Fy). The groups
TF and TE both acts on each U (i € A/F) by left adjoint action; this induces left

TF-actions and left T'f-actions on Fy, Indgi (Fo) and Endng(Indgi (Fo)). The center
of the Z-algebra Endzgp(lndgi (Fo)), denoted by Z (Endzgp(lndgi (]:0))>, is fixed by

the T -action on Endng(Indgi (Fo)) and thus admits an H'(F, Z)-action (recall that
HY(F,Z) ~TE/TF); we then set

HY(F,2)
Eq = 7 (Endzgr (Inds (7))

: (1.7.1)
which consists of elements of Z (Endzgp(lndgi (fo))> fixed by the H!(F,Z)-action.

This Eq is a Z-algebra and is also a free Z-module of finite rank.

After describing the Z[%]GF—module Indgi (Z[%]]—"O) in §1.8, we shall show in §1.9
that the Z-algebra E¢ in (1.7.1) is consistent with the definition of Z[%]EGW in §1.5.
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1.8. LEMMA. — Let A = Z[I%]. The natural inclusion Foy C ZUT gives an embedding

Indgi(A]:o) C AGF | under which the actions of T* and T on IndS (A]—"D) (§1.7) are
exactly the restrictions of their respective adjoint actions on AGF . Moreover, we have
a decomposition of AG¥-modules:

Indr (AFo) = P AGT e, = P Te.p € Repy (GF).

Pew PYew

Proof. The description of the actions of T and T} on Indgi(/\fo) is clear from
construction, so let us prove the decomposition formula directly.

(1) (Compare [DLM, (2.4.8)].) Each linear character ¢ : U* /U = ] UF — Z*
i€A/F
is decomposed as ¢ = [[ ¥ with ¥; = ¥|yr (i € A/F); such a v gives an element
ieA/F ‘
in U if and only if each ; is non-trivial.
(2) For each ¢ € ¥, let e, be its central primitive idempotent of AU as in (1.2.1).
Using (1) and the orthogonality of characters, one can check that {ey [ € ¥} is a
Q-linearly independent subset of QF,. By definition of F; and (1), we have

dimg(QF) = [ (U] -1) =19,
iEA/F
so {ey | € ¥} is in fact a @—linear basis of QF,; identifying QFy C QU¥, we have the
following decomposition of QFy:

QF, = @@ew; for f € QF, f = Z fey with each fe, € Qey. (1.8.1)

pevr PYew
As all e, (¢ € V) lie in AUF, the decomposition (1.8.1) also holds in A-coefficients,
from which the desired decomposition of Indgﬁ(A}"o) then follows. O

1.9. LEMMA. — Let A = Z[%]. For each ¢ € ¥, AEg ~ AEg,, as AGT -algebras.
Ezplicitly: upon identifying AEq ., = ey, AGFey via (1.6.1) and identifying analogously

Endpgr (Il’ldgf«: (A.Fo)) = @ €¢1AGF€¢ C AGF
Yp'ev

we have a A-algebra isomorphism

AEgy —— AEg, eyfey— > euy-Vf-euy (f € AGT).

F
yeTad

Proof. (1) An element in the center of Endygr (Indgi (AFp)) commutes with all ey,
(1 € U), so the orthogonality of idempotents implies that

7 (Endygr (di (AF)) ) € @D eshGre. (1.9.1)
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(2) Let y € TE. For 6 € EndAGz:(Indg; (AFp)), its image y - 6 under the action of y
on EndAGvF(Indgi(A]:o)) is given by (y-0)(p) = ¥(0(Y ' ¢)) (p € Indgi (AFo)). Then the
subring @@ e,AG¥ e, is invariant under this action of y: indeed, let § € €@ e, AG ey,

pevw PYew
and write § = >~ 60, where each 0, = eyfe, € e, AGFey; then it can be checked that
=
y-0 = > (y-0)y with each (y - 0)y =y - (0,-1,) = Y(0,-1,) € ey AGFey. We thus
=

deduce from (1.9.1) that

T
AEg C <@ ewAGFew) = A (192)

pew

(3) For each 0 € A, if we write § = > 0, with each 0, € e,AG" e, as in (2), then
pew
Oy = ¥(0,-1,) for all y € Tf; as T acts regularly on ¥ (§1.1), we see that for every

1 € U we have a ring isomorphism

AEGﬂ/J ;> Av €¢f€¢ — Z Cyq * yf * Cyy (f c AGF) (193)

F
yeTyy

(4) By virtue of (1.9.2) and (1.9.3), in order to complete the proof of lemma, it
remains to establish the inclusion

T
QA= (@ ew@GF%) cZ ( @ ewx@GFe¢> . (1.9.4)

pev P ew

For each ¢,¢" € W, §1.3 (with notations in §1.6) tells us that the space ewQGT ey,
is the direct sum of ey QGF eim ey for [x] ranging over a (possibly empty) subset of
(G*F7) g/ ~. To show (1.9.4), it then suffices to show that

ewfeg’[cc,]ew : eq/,ei[x]ew = €y¢(y€g7[$])€yw . ewfeg’[wqew (1.9.5)

for every ¢ € ¥, y € TE, [2], [¢'] € (G*)s/~ and f € QGF.

To prove (1.9.5), suppose that the element ey, fegv[x,} ey € Homggr (Qlyy, P ja]) 18
not zero (as the opposite case is trivial). Then xy 7] is a common irreducible character
of QI'vy, and QI'y, so §1.4 gives us ¥(Xy,2)) = Xy, and then yei[x,] = ei[x,]. We
may also suppose that [z] = [2'], for otherwise both side (1.9.5) are zero, using the
fact that the idempotents egvm are central and orthogonal in QG¥". Under the above
assumptions, the two sides of (1.9.5) are both ewaefj )€y; this justifies (1.9.5).

The equality (1.9.5) being proved, we obtain the inclusion (1.9.4) as well as the
equality AEg = A; thus (1.9.3) gives the desired A-algebra isomorphism. O
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1.10. The Galois action on QEg. — The Galois group Gal(Q/Q) acts on the Q-
coefficient of QE; this gives us an action of Gal(Q/Q) on QE¢, and this action coincide
with that induced by the identification

B r o \HY(F2)
QEq =72 <End@cp (Indgp (Q-FO))>

and by the action of Gal(Q/Q) on the Q-coefficient of QF.
In terms of idempotents, the above Galois action on QE is, upon fixing a 1) € ¥

and identify QEg = QEg = e¢@GFew (§1.9):
o € Gal(Q/Q), epfey € @EG,UJ (f€QGY) = 0o- (epfey) =€y - J(y‘;lf) - €y,

where vy, is the unique element in T such that o - ¢ = %9 € ¥ (o acts on 7" and
hence on ¥; then recall from §1.1 that TE acts regularly on \I/), and where, for each
h € QG”, o(h) denotes its image under the action of o on the Q-coefficient of QG*".

Curtis homomorphisms

1.11. The Curtis homomorphism Cur§. [Cu, Sec. 4] — Hereafter, fix a ¢ € V. For
S an F-stable maximal torus of GG, Curtis has constructed a Q-algebra homomorphism

Cur§ : QE¢, — QST

(which he called fs in his paper), which is the unique Q-algebra homomorphism from
QEg ., to QST such that, for every irreducible character 6 € Irr@(SF ) corresponding to
[z] € (G*F")ss/ ~ under the duality Irrg(S™) ~ S*F (§0.7), the following diagram of

Q-algebras commutes:

Xap,[x] | —
QEqy ———5 o Fay,
Cursl / (1.11.1)

The homomorphism Cur§ is determined by §1.6(a) and by the following formula:
Curtis” formula. For all n € G, Cur§ (eyney) = Z Cur§ (eyney)(s)s € QS* with

seSF
. - 1 1 1 Calsy® 1
Cus(eonen)(s) = 08 Tastor ORI TCGIT] 2=, W0 (om0

(qung=1')ss=s
In the above formula, Q¢ : GF — Z is the Green function, which is the function
supported on the set of unipotent elements of G defined by Q$(u) = R%(Id)(u) for
unipotent elements u of G¥* (see [DeLu, Def. 4.1]); Cq(s)° means the connected identity

component of the centralizer of s in G; for g € GF', g (resp. g,) denotes its semisimple
part (resp. unipotent part).
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1.12. LEMMA. — Let S be an F-stable mazimal torus of G.

(a) Cur§ is defined over Z[%] in the sense that Curg(Z[%]Eqw) C Z[%]SF.

(b) Identify Z[%]EG = Z[}J]EG#, (§1.9). Then Cur§ : QEg — QST is equivariant
under the action of Gal(Q/Q) (§1.10). Thus (with the aide of (a)) Cur§ is defined
over Z[%]: Curg(Z[%}Eg) C Z[%]SF.

Proof. (a) Using the Z[%]—linear basis of Z[i]EGﬂp in § 1.6(a), it suffices to show that
Cur§ (eyney) € Z[3]S" for every n € G*. In Curtis’ formula for Cur§ (eyney) (§1.11),
observe that (QS,Tg.y)ar = (RS(Id),Tgy)ar = £1 (§1.3) and that |UF| is a power of
p, so to prove this lemma it remains to show that the number

Ols)i= 0 3 (S ((gung™),)

o\F
G2
(qung™')ss=s
lies in Z|

we have

| for all s € ST, If (qung™)s = s (g,n € G, u € UY), for every ¢ € Cg(s)°
1

(cg)un(cg) s = s and ((cg)un(cg)™ )y = c.(gung=')u.c7, so
C(s) = > R ((gung ™)) €ZL).

9€(Ca(5)°)F\GF , ucU”
(qung=1)ss=s

T =

~—~

(b) We have to show that
o(Cur§ (eyney)(s)) = Curg (o - (eyney))(s) (1.12.1)

for every n € G, o € Gal(Q/Q) and s € S¥. Again, we apply Curtis’ formula: using
§1.10 and the notation therein, we have o - ¢ = Y79 with y, € Tk; choose a t € T such
that y, = tZ, and choose a ¢ € S such that 7 :=t"1c € G (see §1.4); then

(QS.Tu)ar lUT[[(Ca(s)°)T] - o(Cwr§ (egney)(s))
= Y o@u)REY ((gung ™))

geGF ueU¥
(gung™1)ss=s

_ Cr(s)° _
= Y ) ((gung™))
geGF ucU¥
(gung™1)ss=s
_ Cea(s)° —1 _
— 3 DS (e ((qube n.g))) (s s g s Y g)
geGF uecU¥

—1 -1
(gu¥o n.g=1)s=Yo s

= ) P QS (7 (gub n.g ™)) (g~ )

geGF ucU¥

—1 -1
((gu.vo ngTHss)=t s
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=S S (gt g Q) = QS see §1.4)
geGF uecU¥

—1
(gu.Yo n.g71)ss=s

= (QF. Taw)arlUTI(Ca(s)*) "] - Cur§ (o - (eyney))(s). —

1.13. LEMMA. — Let S be an F-stable mazimal torus of G. For z € S et
Z: ST — Q be its corresponding zrreduczble character of ST obtained from the duality

ST~ Trrg(ST) (§0.7), and let €2 \SF| Z Yt € QST be the primitive central

tesSr
idempotent associated to z. Then

Curg(ei’[x]) = Z e2 € QST for every [x] € (G*F g/~ . (1.13.1)

z€[z]NS*F*

Asa consequence Curs may be interpreted as a restriction map: using the identification
— — ___QxF*
QEq,y Q( Jeo/ (§1.6) as well as a similar Zdenmﬁeatwn QsF = @S (such
that €2 corresponds to the characteristic function 12y on S ) we have the following
commutative diagram of Q-algebras: (“Res” means the restriction map)

QEgy < Q0

Curgl lRes

_S*F

QsF +——= 50

The formula (1.1&.1) gives an equivalent definition of Curg: the unique Q-linear
map from QEq 4 to QST satisfying (1.13.1) makes the diagram (1.11.1) commute.

Proof of lemma. As we have fixed a ¢ € W, let us drop the subscript ¢ here. To

prove this lemma, it suffices to establish the equality Q(Curg(eﬁg])) =y > e§>
z€[x]NS*F*

for every [z] € (G*F")s/ ~ and every y € S*F". By the defining property of Cur§, we

have ’y\(Curg(er])) = X[y]<eFx}) (where [y] denotes the image of y in (G*f")y/~). The

orthogonality of irreducible characters tell us that geg] = X[a] (g)eg] for every g € GF,

SO geFm] = X[ (g)eEE] for every ¢ € G¥ and thus X[x](e@])ei] = efy]efm] = 5[$][y]efm] (here

O = 1 if (] = [y], and = 0 if [z] # [y]). Therefore X[y}(eﬁ;]) = 0lz)y)- In the same

way, one can show that < > e;f) = Oy O

2€[z]NS*F™*

1.14. COROLLARY (of §1.13; compare [BoKe, Prop. 3.2]). — If for each w € W
we choose an F-stable maximal torus T, of G whose G -conjugacy class corresponds to
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w (recall that the G -conjugacy classes of F-stable mazimal tori of G are parametrized
by elements of W ; see §0.6), then the product map

Cwr® := (Cwry Jwew : QEgy — H QT

weW
18 an injective Q-algebra homomorphism.

1.15. Symmetric algebras and symmetrizing forms. [Br, Sec. 2]— Let A be a com-
mutative ring with unity. By definition, a symmetric A-algebra is a pair (A, 7) where A
is a A-algebra and 7: A — A is a A-module homomorphism such that the conditions
(i) and (ii) below are satisfied:

(i) considered as a A-module, A is finitely generated and projective;

(ii) 7: A — A is central in the sense that 7(ab) = 7(ba) for all a,b € A; the map
T:A— Homy(A,A), a+~—[7(a): A— A, b+ 7(ab)]

is a A-module isomorphism. In this case, 7 is called a symmetrizing form on A.
Now let (A,7) be a symmetric algebra, let P be a finitely generated projective
A-module and let F = End4(P) be its endomorphism ring. Then 7 induces a sym-
metrizing form 75 : E — A via 7p = [E ~ Homy (P, A) ®4 P _natural pairing 4 T, Al,
so that (E, 7g) is a symmetric A-algebra.
Application to AEg . Let A be an integral domain containing Z[%]. The evaluation

at identity ev; : AGF — A is a symmetrizing form on AGY; the Gelfand-Graev
representation I'c 4 = AG% e, being a projective AGF-module, the previous discussion
implies that ev; induces a symmetrizing form 7 on AEg, = Endjgr(Ig.); under
the identification AEg, = e,AGFe, C AGF, the form 7 : AEg,, — A is just the
restriction of evy on AEq .

1.16. LEMMA. [BoKe, Lem. 3.8] — Let A be an integral domain and let K be its field
of fractions. Let (A, 1) be a symmetric A-algebra, and denote the K -linear extension of
T to KA again by 7 : KA — K. Suppose that A’ is a subring of KA such that A C A’
and T(A") C A. Then A= A"

1.17. THEOREM. [BoKe, Thm. 3.7] — Recall the injective Curtis homomorphism

Cur® = (Cur%lj)wew : QEgy — H Q(T,

weWw

in §1.14. The map Cwr® is saturated over A = Z[ ] (with respect to its field of
fractions Q) in the sense that

Cur(AEg,y) = Cur®(QEg,,) N (H )

w
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Remark. There are examples of G making Cur® not saturated over Z[%], such as
G = SLy(F,) or GLy(F,), both of which with g odd (see [BoKe, Rmk. 3.9] and §4.5).

For our later use, let us sketch a proof of this theorem. Consider the two A-algebras
A= Cur%(AEgy) and A" == Cur“(QEcp) N ([Tyew ATw)T); to prove that A = A,
the idea is to construct a symmetrizing form on A and then apply §1.16.

We have A C A’ since each Cur%u is defined over A (§1.12). As QA = Cur® (QEg.y),
we get the inclusions A ¢ A’ € QA. Consider

= ’UF|6V1GF : AEGﬂ/, — A (AEGV@/, = ed,AGFGw - AGF),

so that (AEg, ¢, 7F) is a symmetric A-algebra (§1.15). Denote the Q-linear extension of
7E again by 7F QEGU, — @, and set

P ﬁ Z Vi, r © P, H Q

weW weWw

which is a symmetrizing form on H Q(T,,)" and verifies the relation 78 = 7V o Cur®

- weW
on QE¢ (see [BoKe, Sec. 3.B]).

The last relation and the injectivity of Cur® together imply that (A,7"[4) is a
symmetric A-algebra; on the other hand, since || is invertible in A, the map 7" is in
fact defined over A and then we have 7 (A’) C A. So §1.16 implies that A = A’ and
this completes the proof of theorem.

1.18. COROLLARY (of §1.17 and § 1.12(b)) — Identify Z[}]Eq = Z[}]Eqy (§1.9).
Then the map Cur® is saturated over Z[]ﬁ] (with respect to its field of fractions Q):

CurG(Z[ﬁ]E(;) = Cur(QEg) N <H A —W ) .
weW

2. Grothendieck groups of representations over defining characteristic

The Grothendieck group Kg-

2.1. The p-regular elements. — Let (G*F” ) be the set of p-regular elements of G**;
recall that an element of G*F" is called p-regular if its order in G*¥" is not divided by p.
We have (G*7),, = (G*"")4 by the Jordan decomposition. Denote also by (G*),,/~
the set of G*""-conjugacy classes in (G*F"),; thus ((G*7),/~) = (G )/ ~).

2.2. Definition of the algebra Kg«. — Consider RepE(G*F "), the category of finite-
dimensional representations of the finite group G**~ over the field E, or equivalently, the
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category of finitely generated IF_'qG*F “-modules. We define K¢+ to be the Grothendieck
group of the category RepE(G*F ). The tensor product on RepE(G*F ") induces a
multiplication ® on Kg«, and then we shall consider Kg: = (Kg+, +, ®) as a Z-algebra.

Denote by [] : RepE(G*F ") — Kg~ the natural map, which descends to a map
[-] on the set of isomorphism classes in RepE(G*F*). Let IrrE(G*F*) be the set of
isomorphism classes of simple objects in RepE(G*F ). Then Kg- is a free Z-module
having the set {[M] € Ko+ : M € IrrE(G*F*)} as a basis (see [Sel, Sec. 14.1]).

2.3. The Brauer character. [Sel, Sec. 18] — Recall that we have fixed an inclusion of
multiplicative groups x : ]FTqX Q" (§0.7). Let M € RepE(G*F*) and g € (G*7), (a
p-regular element, see §2.1). Then the action g : M — M (considered as an E—linear
map) is diagonalizable with eigenvalues A\;,--- Ay € EX (here N := dimg- M), and
we set (br M)(g) := k(A1) +- - +x(Ay) € Q. We thus get amap br M : (G*F"), — Q
(the Brauer character of M), which descends to an element br M € @(G*F*)p//w.

The map M +—— br M then induces a ring homomorphism

. *F* ,/~
br:Kg — Q@

The unique Q-linear extension of the map br(-) is a Q-algebra isomorphism:
_ ~ _ ' )]~
br: QK. — Q% 7/~
Thus the rank of the free Z-module Kg- is

ranky Kg- = [Ing (G*7)| = [(G*7)y )~ | = (G )ss/ ~ |-

The above Brauer isomorphism and the canonical inclusion Kg« € QK- show that K-
I *F* )/~
is reduced and is injected into Q(G W/ by the Brauer map br(-).
. . . . - w F* e . L s *F*
2.4. Projective objects in Repg (G*). [Sel, III° partie] — Let Projg (G**) be

the category of projective F,G*F"-modules of finite dimension over F,, and let Pg- be
the Grothendieck group of the category ProjE(G*F*). For M € RepE(G*F*), denote

by Py € ProjE(G*F ") the projective cover of M (which is unique up to isomorphism).
Then Pg- is a free Z-module having {[Py] : M € Irrg—(G*"")} as a basis. (The image
of P e PrOjE(G*F*) in Pg- is denoted by [P].) Two objects P and P’ of ProjE(G*F*)
are isomorphic if and only if [P] = [P'] in Pg+. Furthermore:

(a) The pairing
(-, )Pk : Projp(G*) x Repg(G*") — Z, (P, m) — dimg; Homg.r- (P, 7)

descends to a Z-bilinear perfect pairing (-, -)pk : Per X Kgx —> Z, with {[Py] :
M € Tirg~(G**7)} and {[M] : M € Trrg_(G*)} being dual bases with each other.
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(b) Let ¢: Pg+ — Kg+ be the Cartan homomorphism, which is the natural map in-
duced by the inclusion Projz(G*"") C Repg(G*""). Then ¢(P¢-) D |G*[,Ke-,
the cokernel coker(c) = Kg«/c(Pg+) is a finite p-group, and c is an injective map.
We shall use this map c to identify Pg+ as an ideal of the ring Kg-.

Comparison between Z[ K¢+ and Z[;7]Eq

2.5. The identification QEg ~ QKg-. From now on, let us fix a v € ¥ and
then identify Z[%

|Ec = Z[%]Eg’w (§1.9). We shall then write the idempotent 65&[@“} (see
§1.6(b)) simply as eﬁc].

Using the Brauer isomorphism in § 2.3, the equality (G*7)py = (G*F")s as well as the
algebro-geometric interpretation of QE¢ in § 1.6, we obtain the following identifications
of Q-algebras:

_ _(G*F*)ss ~ _ G*F* //N _

{@EG = @ - @ 2 ke }
E - A .
e ¢ Ly = gy ¢ b (L)

When G = S is a torus, the identification QEg ~ QKg- is already true over Z:
indeed, we have Eg ~ ZS*', and the chosen duality S¥ ~ Irrg(S *7) (§0.7) induces a

canonical identification ZS¥ ~ Kg-.

In the general case, we first consider the coefficients Z[%] for the sake of the structure
theory of Z[%]Eg, and it is expected that we still have a Z[%]—algebra isomorphism
Z[%]EG ~ Z[%]KG*. The first idea is to reconstruct the expected isomorphism from the
above case of tori, with the aide of the following functoriality principle:

Let L be an F-stable Levi subgroup of G and consider the Curtis homomorphism

Curg : @EG — @EL defined by Curg(eﬁg) = Z egj for all [I] c (G*F*)SS/ -
[y]e(L*F*)ss/N

yelz]
(compare [BoKe, Sec. 2A] and §1.13); as in §1.13, Cury may be interpreted as the
- *F* ~ _ (T xF* ~ — J—
restriction map Q(G Sl Q(L Jeo! : then the isomorphisms QEs ~ QKg+ and

QE;, ~ QK- constructed above make the following diagram commutative:
QEq +=— QKg-
Curgl lResg:E:
QE;, «=— QK-

2.6. PROPOSITION. — Let 7K : @_KG* — @ be the Q-linear form induced by the
symmetrizing form 7% = |U|evy_, : QEg — Q (§1.17) via the canonical identifica-
tion QEg ~ QKg- in §2.5. Then, with the perfect pairing (-,-)px from §2.4(a),

1 *
™(n) = T Z <1,RGS(GTw)*F*7T>p7K (m € Kgx).

‘ ’ weWw
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Proof. Under the canonical identification QKg+ = QEg, m € Kg« corresponds to

Z (br W)(JZ)&I[Z] € QEg. With the aide of the formula 78 = 7V o Cur® (§1.17)
TE(G* " )ss [~
as well as §1.13, we have

1
) = S ORI = X S
[2]N(Tw)*F

weWw

so that

"m= 3 <bm><x>-TE<eio=ﬁ > oy oy b
W 2€[z]n(T,

w7 «F* wF* |(Tw) |
xE(G Jss/~ ze(GHF* )/~ WE N(Tw)

‘Z, 7 > Y (rm)(z)

weWw :l‘e G*F*)ss/"‘ zG[I]ﬂ( )*F*
S T o () = g 2 (LR e me .
weWw ZG(Tw)*F* wew

2.7. The Steinberg character. — Let Stg € Rep@(G*F*) be the Steinberg character
of G*F" and let Stg- € RepE(G*F*) be its image under the mod-p reduction map (the
decomposition map) Rep@(G*F ) — RepE(G*F "). Recall that Stg- is projective and
is isomorphic to its dual representation §é In addition:

(a) [DeLu, Cor. 7.15] In Z[ |Kg+, we have:

StG* |W| Z b(w) [IndG*F*F 1}

weWw

Ste-] @ [Ster] = ‘W’ 3 [IndG - 1}

weW
(1 is the trivial representation over F,; ¢(w) € N is the length of w € W.)
(b) [Lu] The map (-) ® [Stg+] : Kg= — Pg- is a Z-module isomorphism.
2.8. PROPOSITION. — Let 7K : QK+ — Q be the Q-linear form in §2.6.

(a) For every m € Kg+ we have 78 (nr) = ([Stg] @ [Sta+], 7)pk € Z. Thus 7% is defined
over 7, and we shall still denote the restriction of ™% to Kg« by 7K : Koo — Z.

(b) The Z-linear form 7% : Kg« — Z obtained in (a) induces a Z-bilinear form
Ko xKge — Z, BX(z,y) =@ ®y) (r,y € Kg).
The discriminant discb¥ of b¥ is then an integer and satisfies
|discb®| = |det [(-) ® [Stg+] : Kg» — Ka+]| = [Kg+ 1 ¢(Pg)] = p™

for somem € N. (Here ¢ : Pgx — Kg« is the Cartan homomorphism in § 2.4(b).)
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(c) T¢: Z[%]KG* — Z[zl)] (well-defined by (a)) is a symmetrizing form on Z[%]KG*,
50 (Z[%]KG*, ™) is a symmetric Z[%]-algebm.
Proof of proposition. (a) The formula of 7(r) follows from §2.6, Frobenius reci-
procity and §2.7(a): (we extend (-, -)pk Q-bilinearly)

1 «F* 1 <F*
TK(T(') = W Z <17RGS%5*F*W>P7K = W Z <Ind(GTj)*F* 1;7T>P,K

weW weW
1 *F* —_ —
= <W Z [Ind(GTw)*p* 1} ,7T> = ([Stg+] ® [Ste«], m)p k-
weW P,K

(b) By (a), adjunction and §2.7, for all z,y € Kg« we have
b (x,y) = 7(x ® y) = ([Ste+] @ [Stee], 2 @ y)pk = (& @ [Sta+],y ® [Ste-])p k-

Consider the basis § := {[z] : x € IrrE(G*F*)} (resp. Pg := {[P,] : x € IrrE(G*F*)})
for the free Z-module Kg+ (resp. Pg+); see §2.4). Using the matrices associated to
(bi-)linear forms, we have the decomposition

(0] s =X Y- Z

where:

Pg
B )
PB 7B ;

Z:=[() @ [Ste] - Kor — Ke] ).

X = [()V X [§G’*] : KG* — Pg*}
Y = [(, ->p7K : PG* X KG* — Z]

By §2.7(b), ()Y ®[Stg+] : Kgx — Pg- is invertible, so det X € Z* = {£1}; by §2.4(a),
detY = 1. We thus obtain:

dise b = det (1], ,) = *det Z = Hdet [(-) @ [Stg-] : Ko — Kee]

Recall that for a free Z-module A of finite rank and for a Z-module homomorphism
@: A— A, we have |det ¢| = [A : ¢(A)] (this can be deduced via the Smith normal
form of ¢). Using this fact, §2.7(b) and §2.4(b), we get, for some m € N,

’det [() & [gg*} : Kg* — KG'*] = [Kg* : C(Pg*)] :pm.

(c) By (b), discb¥ = £p™ is invertible in Z[%], and this is equivalent to saying that
™ Z[%]KG* — Z[%] is a symmetrizing form on Z[%]KG*. O
Remark. The equality

det [(1) ® [Ster] : Kgw — Kee] = £p™
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(a weaker version of (b) but will be sufficient for the proof of §2.9) can be directly
verified as follows: the map (-) ® [Stg+] : Kg+ — Kg- corresponds, under the Brauer
isomorphism br : QKg= — C((G*"),// ~)g (§2.3), to the diagonalizable endomor-
phism ) )

QT @ s e (r SR,
whose eigenvalues are all of the form (brStg-)(r) = Stg-(z) = %|(Cq(z)°)F|, with
x € (G*7)y; the desired equality then follows.

2.9. THEOREM. — Consider the following commutative diagram of Q-algebras in-
troduced in § 2.5:

@EG « ~ @KG*
Cur® = (Cur%ﬂ)wewj jRes = (ReS(CI;US*F*)weW (2.9.1)
IT o))" «= ] @K,

weW weW

Let A = Z[ﬁ]. Then the above diagram induces by restriction the following commu-
tative diagram of A-algebras:

AEs +—F— AKe-

Curgj jRes
[T A@n)" <= ] AKer)-

weWw weW

(By §1.12, Cur® is defined over A.) Moreover, the map Res : QKge — H QK (1)

weWw

is saturated over A: Res(AKg+) = Res(QKg-) (H AK(r, ) (compare §1.17).

weW

In order to display the symmetry between the E-side and the K-side, we shall give
two proofs of this theorem, in both of which the main idea is to use the symmetrizing
form lemma §1.16.

First proof. We first show that the map Res : QKg — H @K(Tw)* is saturated

weW
over A. So consider the map

|W|Z

weWw weW

w>Ind(C§qu**F* : (H AK(Tw)*> — AKgn,

which is well-defined because |WW| is invertible in A. Then the composition

AKge 2, (H AKz ) Ly AKge

weW
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coincide with [Stg-] @ () : AKg- — AKg~, since for every m € AKg- we have
(7 o Res)(m |W| Z e(“’)Ind( *F*Res F)F T

weWw
= _ 1\(w) G*F _ Q%
_ |W| S (-1) (Ind o 1) or=[Ste] @ (§2.7(a)).
weWw
§2.8(b) (or the remark of §2.8) then implies: for some m € N,
det(i o Res) = det [[ﬁg] ® (-): Z[%]KG* — Z[%]KG*] = +p™;

in particular det(i o Res) € A*. Thus Res : QKg- — H QK(r,,)- is saturated over A.
weW

The identifications in § 2.5 induce the following commutative diagram:

CurGj jRes

H A (—) H AK(Tw)* —> H @K(Tw)*

weW weWw weWw

The injective map AEg — QKg- in this diagram identifies AEg € QKg+. Using the
commutativity of the same diagram as well as the fact that the injective map Res :

QKo — H @K(Tw)* is saturated, we have AEg C AKg+. Therefore:
weW

(i) we have the inclusions of rings AEg C AKg- C QEg;
(ii) (AEg,7E) in the proof of §1.17 is a symmetric A-algebra;
(ifi) 7E(AKg:) C A (§2.8(a)).
Thus §1.16 implies that AEg = AKg- (under the identification QEg = QKg-). O

Second proof. This time we prove the A-algebra isomorphism AEg; ~ AKg« first.
The canonical identifications in §2.5 gives the following commutative diagram:

QEs < > AK g

Curcj jRes

[ T «— ] AMTW" == [] M-

weWw weWw weWw

We then identify AKg- € QEg. By the commutativity of this diagram and the fact
that the map Cur® is saturated over A (§1.17), we see that AKg- C AEg. Therefore:
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(i) we have the inclusions of rings AKg € AEq C QK
(i) (AKg+,7K) is a symmetric A-algebra (§2.8(c));
(iii) 7K(AEg) = TE(AEg) C A.
Thus §1.16 implies that AEg = AKg- (under the identification QE; = QKg-+), and we

also obtain the commutativity of the second diagram in the statement of the theorem.
Using the saturatedness of Cur® (§1.17) and the A-algebra isomorphism AEg ~ AKg-,

we see that the map Res : QKo — H @K(Tw)* is saturated over A. O
weW

2.10. COROLLARY (of §2.9 and §1.12(b)). — The commutative diagram (2.9.1)
is equivariant under the action of Gal(Q/Q) and induces by restriction the following

commutative diagram of L[ ‘W‘] -algebras:

ZlnlEe +——— ZmlKe-

Cur l lRes

11 Zm)(T)" == 11 Zlir K

weWw weW

. : 17,
Moreover, the map Res : QKg+ — H QK+ is saturated over Z[W]'
weWw

Res(Z[ﬁ}K@) Res(QKeg+) N <H VAR K(n,)*) )

weWw

3. Algebras from the invariant theory

Langlands dual groups

3.1. The Langlands dual. — Recall the data (G,T,F) and (X(T),R,Y(T),R")
from §0.7. By definition, a Langlands dual of (G,T) is a pair (GY,T") defined and
split over Z and obtained by assigning its character group (resp. cocharacter group,
resp. set of roots, resp. set of coroots) as Y(T') (resp. X(T'), resp. RY, resp. R). From
now on, we fix a such Langlands dual (G¥,T") (all choices are isomorphic).

Note that the Deligne-Lusztig dual pair (G*,7*) (§0.7) may be obtained from
(GY,TY) through the base change Spec(F,) — Spec(Z). We have the identifications
X(TY) = X(T*) =Y(T) and Y(TV) = Y(T*) = X(T); moreover, the Weyl groups of
(GY,TV) and of (G*,T*) are both identified with the Weyl group W of (G,T).

3.2. The automorphism 7" and the endomorphism FY.— Let 7 be the auto-
morphism on X (7%) = Hom, (7™, G,,) induced by the arithmetic Frobenius endomor-
phisms ¢ on T* and G,,, more precisely 7(\) := ¢! o Ao ¢ for A € X(T*); via the
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identification X (TV) = X (T*) we obtain an automorphism 7¥ on X(7TV) and hence
on TV. Using the same identification X (7) = X (T*), the Frobenius endomorphism
F* on X(T™*) induces an endomorphism FY on X (7V) and then on 7V. We have the
following properties (compare [DiMi, Ch. 3 & 8]):

(a) On both X(TV) and TV, the endomorphisms 7¥o F¥ and F" o7 are equal; these
endomorphisms are ¢ (the multiplication by ¢) on X(7"V) and are (-)? on T".

(b) The following statements are equivalent: (i) G is split over F; (ii) G* is split over
F,; (iii) 7v =id on X(TV); (iv) F¥ =qon X(TV); (v) F¥ = ()2 on TV,

The algebra Bgv of the Z-scheme (TV ) W)F"

3.3. Definition of the algebra Bgv. — As X(TV) is an abelian group of finite rank,
the group ring Z[X (T")] is a finitely generated commutative Z-algebra, and we know
that TV = Spec(Z[X(T")]). The Weyl group W ~ Ngv(T")/T" acts on T" by conjuga-
tion and hence on Z[X (T"V)] (by adjoint action). The Z-algebra Z[X (TV)]", consisting
of elements of Z[X (T")] fixed by the W-action, is also finitely generated (see [Se2, pf. of
Prop. I11.18]). We then consider the categorical quotient TV /W := Spec(Z[X (TV)]V),
which is an affine Z-scheme.

The endomorphism FY on X(TV) induces an endomorphism FY on Z[X(TV)]"
(because FY(W) = W) and thus an FV-action on TV /W, so we have the fixed-point
subscheme (T / W), which is also an affine Z-scheme. We define Bgv as the ring of
functions of the affine scheme (T J W), so

(TV ) W) =Spec(Bev) and  Bgv = Z[X(TV)]V /1

where I is the ideal of Z[X (TV)]"" generated by the subset {FY f—f: f € Z[X(TV)]"};
then Bgv is a finitely generated commutative Z-algebra.

3.4. A reducedness problem and the algebra Bgv yeq. — In the algebro-geometric
viewpoint, we wish to know whether the scheme (T / W) is reduced or not; that
is, whether the Z-algebra Bgv is reduced or not. We shall see later (§3.16) that Bgv
is reduced when the derived subgroup Gy, of GV is simply-connected. It is expected
that Bgv is always reduced even if G, is not simply-connected, but so far we haven'’t
obtained a definitive answer on this (compare §4.10).

At the moment, let us denote by Bgv req the reduced ring derived from Bgv; we have
Bevred = Z[X(TY)W /VI, where VI = {f € ZIX(TV)]V : f™ € I for some m € N*}
is the radical of 1. So Bgv is reduced if and only if Bgv req is equal to Bgv. Besides,
BV red is also a finitely generated commutative Z-algebra (see §3.3).

3.5. Decompositions of the algebras kBgv and kBgv reqa. — Let k be an algebraically
closed field. The set of k-points of (TV J W)F" = Spec(Bgv) may be identified as:

(TY ) W)"" (k) = Speem(kBav) = (T(k)/W)" = ( U TV(k)“’FV> /W

weW
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(Notation: when a set X is equipped with a (left) W-action, we denote by X/W the set
of W-orbits in X.) As each TV (k)“*" (w € W) is a finite set, we see that Specm(kBgv)
is also a finite set, so kBgv is a finite-dimensional vector space over k and in particular
an artinian k-algebra. Therefore, if we denote by (kBgv)n the localization of kBgv at

the maximal ideal m € (TV /W) (k) = Specm(kBgv), then the map

kBgv — H (kBGV)m7 [— (f)mE(TV//W)Fv(k)
me(TV JW)FY (k)

is a k-algebra isomorphism, where each (kBgv)n =~ (kBgv)/m” as k-algebras for some
N € N* depending on m. We have the following equivalent conditions:

kBgv is reduced <= each (kBgv)m =~ (kBgv)/m = k as k-algebras
< kBgv ~ k;(Tv//W)Fv *) as k-algebras
= dimy(kBgv) = |(T¥ ) W) (k)|

The above discussion also applies to the reduced version (T /W)E ;| = Spec(Bav red)-

When k_: Q (or other fields of characteristic zero), the reducedness of Bgv, eq imply
that of QBgv yeq, so that:

(a) QBgv,rea @(TV//W)FV ©

(b) dim@(@BGV,red) - |(TV // W)FV (@)|
Remark. In general, kBgv eq need not be reduced. For example, let G¥Y =TV = G,
with FV = ()9, so Bgv = Z[X*!]/(X7! — 1) = Bgv, rea (X an indeterminate); if £ is a
prime number dividing ¢ — 1, then F/Bgv 1oq = E[Xil]/((X% —1)%) is not reduced.

as Q-algebras;

3.6. LEMMA. — Denote by GL,/ ~ the set of G*-conjugacy classes of semisimple

elements of G*, and define G¥(Q)ss/~ in a similar way. Then
(T W) (@) = (T W) | = [(GY @)/ )™ | = G/~
(As in our previous convention, we identify (T* )W) = (T* JW)F" (F,).)

Proof. These equalities come from the chosen embedding & : EX — Q" (§0.7) and
the following observations (stated for G* but also valid for GV(Q)): (i) Gz, is the union
of all maximal tori of G*; (ii) for z € T*, Wz € (T* W) if and only if 2 € T*"
for some w € W; (iii) elements of each T**¥" are of finite order prime to p; (iv) The
canonical bijection (GX/ ~) ~ T* / W induced by the diagonalization is compatible

with respect to F'* (compare [Th, Sec. 3.1 & App. B]). O

3.7. LEMMA. — The Z-module Bgv ea has no nonzero Z-torsion elements.

Proof. Let 0 # f € Bgv rea- As By rea is a finitely generated Z-algebra (§3.4), it is
a Jacobson ring, so its Jacobson radical (intersection of maximal ideals) is equal to its
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nilradical (intersection of prime ideals), which is zero because Bgv req is reduced. Thus
there is a maximal ideal m of Bgv yeq such that f € m. Consider the field k& = Bgv eqa/m,
which is a finite field because Bgv eq is a finitely-generated Z-algebra; then consider the
canonical quotient map t : Bgv ea — k, which represents a k-point of Spec(Bgv, red);
we then have f(t) = t(f) # 0 € k. We may and we shall replace k by its algebraic
closure, so we shall write k = F, for some prime number d.

Let us show that the Fy-point ¢ : Bav reda — F, can be canonically lifted to a
Zgpoint t' : Bav rea —> Zq. As t € Speem(FyBav 1ed) = (TV W)F'(F,), we may
write t = Ws where s € TV (F,)“F" for some w € W (see §3.5). Using the canonical
lifting i : F; " < Zg  of d-th roots of unity (Hensel’s lemma), our s € TV(F;) =
Hom(X (TV),F,") can be canonically lifted to some s’ € TV(Zg) = Hom (X (TV),Z4 ),
and it can be checked that s € TV(Zq)*"", so t' .= Ws' € (TV ) W)F"(Zy); this ¢’
is a Zg-point t' : Bav reda — Z4 lifting the Fy-point ¢ in the sense that the following
diagram is commutative (where r, is the standard reduction map):

Zq
% l’l”d
BGV,red T> IFéd

Now, for our nonzero element f € Bgv eq at the beginning of the proof, we have
seen that ¢(f) # 0 € Fy, so t'(f) # 0 € Zg thanks to the above lifting diagram. Suppose
that n - f = 0 € Bgv req for some n € Z. Then n-#(f) = t'(n- f) = 0 € Zy while
t'(f) # 0, whence n = 0. This shows that f is not a Z-torsion element of Bgv yeq. O

3.8. COROLLARY (of §3.7). — The natural map Bgv yea — @Bnged is injective;

_ Y V(O
combining this with the identification QBgv rea = @(T @ g, §3.5(a), we obtain a

—(TV V5
canonical injection of Bgv reqa into @(T /W) (Q).

3.9. PROPOSITION. — The Z-module Bgv req s free of rank

rankz Bov,red = [(TY / W' (Q)] = [(GZ/~)"|.

Remark. Having just seen that Bgv eq is without nonzero Z-torsion (§3.7), the
proposition will be proved once we have the finite-generacy of Bgv 1eq as a Z-module;
however, it seems difficult to prove this finite-generacy directly.

Proof of proposition, admitting §3.16. Let us admit for the moment the results
in §3.16, which says that this proposition is true when the derived group Gy, of GV
is simply-connected. By general theories of algebraic groups, our GV fits into an FV-
equivariant exact sequence of reductive groups over Z:

1—SY —>H —-G¥—1
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with HY,  simply-connected and with S¥ a torus (in particular, the Weyl group of HY
is also W). Let T} denote the maximal torus of HY, which maps onto 7. then the
induced morphism of reduced Z-schemes (T} J W)EL — (TV ) W)E | is surjective, so
that in the level of ring we obtain an inclusion of rings Bgv jea C Byvyea. As Hy,, is
simply-connected, §3.16 tells us that Byv eq is a free Z-module of finite rank; thus its
Z-submodule Bgv yeq is also free of finite rank. This obtained, the rank of Bgv yeq may

be calculated by §§3.5-3.6. n

On the reducedness of Bgv

3.10. The derived group Gae. (Compare [Her, App.].) — Denote by Gaer = [G, G]

the derived subgroup of G. We shall freely use the following properties of Gge:
(a) we have G = R(G).Gger with R(G) N Gyer being a finite set (here R(G) is the
reductive radical of G; it is the connected identity component of the center of G);

(b) Tyer := T'N Gqer is a maximal torus of Gger, and T := G /G e is a torus on which
the Weyl group W acts trivially;

(¢) we have a canonical exact sequence of tori 1 — Tgey —> T —> T — 1, which
induces the following exact sequences of groups:

F

1 — (The)"F — T T =T — 1 (we W),

0— X(T) — X(T) — X(T4er) — 0;
the last exact sequence gives the identifications X(T) = X (T)" = X°(T) where
XUT):={ e X(T): (\,a") =0 for all « € A}.
We shall mainly apply these results on the dual sides Gi,, = (G*)aer and GY,, =
(GY)der- Observe that G%., is simply-connected if and only if GY,, is.

3.11. THEOREM. [St1, pf. of Lem. 3.9][St2, Cor. 8.5] — If Gaer is simply-connected,
then the centralizer Cq(x) of every semisimple element x of G is connected.

The citations here address the case where G is simply-connected, while the case of
simply-connected G4 can be deduced as a corollary, with the aide of the following
observation: for every semisimple element © = zy € G with z € R(G) and y € Gyer

(§3.10), we have Cg(x) = R(G).Cgq,,, (v).

3.12. LEMMA. — Recall that G%,/ ~ denotes the set of G*-conjugacy classes of
semisimple elements of G* (§3.6). Then:

(a) [DiMi, Cor. 3.12] the map ((G*F" )/ ~) — (GL,/ ~)I" induced by the set inclu-
sion GiI" C (G*)ys is surjective.
(b) Assume that G, is simply-connected. Then the surjection in (a) is a bijection

(G )/ ~) = (G ~)™", and we have |(T* | W)F*| = g Ciee - T,
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Similar results hold for the Langlands dual side (GY(Q),TV(Q)).

Proof of (b). To prove the injectivity of the map ((G*")y/ ~) — (GL/ ~),
suppose that z,y € (G*")y are G*-conjugate, say y = gzg~! for some g € G*; then
g F*(g) € Co«(x); as G, is simply-connected, Cg«(x) is connected (§3.11), so the
Lang-Steinberg theorem gives us an h € Cg«(x) such that h=*F*(h) = g7 F*(g); thus
y = gh~tx(gh')~! with gh~! € G*F".

1 e
:WZ\T F

wew
groups 1 — (T}, )Y — T — T 51 for every w € W (§3.10), we get
| T*E" | = |(T5,)F - |T*F] for every w € W, so that the above formula of |(T* J W)~
gives the equality |(T* ) W) | = [(Tx, | W)F| - |T*F*|. As Gj,, is simply-connected,
we have |(T5, | W)E'| = [(GEE )/ ~ | = ¢ ¥ %er: the first equality comes from (a)
and § 3.6, and the second equality has been proved in [St1, Lem. 7.3]. O

By [St2, § 14.7], |(T* J W)E™ . From the exact sequences of finite

3.13. Combinatorics of root data. — Elements of X (TV) are also called weights;
inside X (T), we shall need the following two subsets:

XHTYy:={xe X(TY): (\,a”) >0 for all « € AV} (dominant weights);
XS(TY)={xeX(T):0< (N a") <qforalla € AV} (grestricted weights).

Note that X™(T") is identified with the space X (T")/W of W-orbits in X (7V), in
the way that every W-orbit in X (7") contains exactly one element of X+ (TV).

When GV is semisimple, AY is a Q-linear basis of X (7V)g = X(T) ®z Q, from
which we introduce two additional notions:

(a) let {w, : @ € AV} C X(TV)g be the set of fundamental weights of (GY, TV, BY),

1 ifta=p v.
0 ifa%ﬁ}foralloz,ﬁEA,

(b) let ht : X(TV) — Q be the height function with respect to AV, defined for every
A€ X(TY) by ht(\) = Z me where \ = Z mea with all m, € Q.

acAY aEAY

characterised by the relations (w,, 3") = {

3.14. LEMMA. — Suppose that GV is semisimple, so that we have the height func-
tion ht : X(TV) — Q with respect to AV (§3.13). Then:

(a) for every 0 # X € XT(TV) and every id # w € W, we have ht(wA) < ht(\);
(b) for every 0 #£ X € XtT(TV), we have ht(\) > 0.
Proof. (a) Choose a W-invariant inner product (+|-) on the R-vector space X (T )gr =

2
X(T)®zR. Set p:= Z ( Ta> € X(T")r. Then one can show that ht(u) = (u|p) for
acAY

every u € X(TV). For every p € X(TV), fix a 0, € W such that ht(o,u) = max ht(ow).
S
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Then o,u € XT(TV): for every o € AY, we have (o,p, @) > 0 because

- 2x

P i) = )~ (o).

(0u817) = (520,019) = (081527 = (7

Now let 0 # A € X (TV) and id # w € W. The previous discussion tells us that
ht(wA) < ht(oxA) and that o)A € XT(TV). As W contains exactly one element of
XH(TY), we get oaA = A, and then o, = id because A # 0. Hence ht(w)) < ht()).
But ht(wA) # ht(\), for otherwise wA € X+H(TV) N WA = {A\} and then w = id,
contradicting the hypothesis on w. Thus ht(w) < ht(\) as desired.

(b) Recall that {s, : @ € AV} determines a length function W — N. Let w, be
the longest element of W (which maximize the length function); then it is a fact that
the action —w, : X(TV) — X(TV) permutes the elements of AV, so in particular
ht(A) = ht(—w.A) = —ht(w,A) for every A € X (TV).

Now let 0 # A € XT(T"). Then we have just seen that ht(\) = —ht(w,\), while the
conclusion of (a) implies that ht(w,\) < ht(\) (w, # id), from which ht(\) > 0. O

3.15. The canonical Z-basis of Z|X (T)]". — For each A € X (T"), denote by e(\)
its image in the group algebra Z[X (T")]; thus e()) is identified with the characteristic
function 15y : X(TV) — Z, and {e(\) : A € X(TV)} is a Z-linear basis for Z[X (T")].
For A € X(TV), let WA C X(TV) be the W-orbit of /\ let W, C W be the stabilizer
of A under the W-action on X (7"), and set r( Z e(w) Z e(u); then

| weWw neEWA
each r(\) lies in Z[X(TV)]". The identification X(TV)/W = X (TV) implies that
{r(\) : A € XT(TV)} is a Z-linear basis for Z[X (TV)|"

Observe also that FY(r(\)) = r(FY\) for every A € X(TV) (because FY (W) = W).

3.16. THEOREM. — Suppose that G, is simply-connected. Let w!, € X1 (T}.,)
(a € AY) be the fundamental weights of GY.,, and choose a lifting of W, to w, € XT(T")
(a € AY) wvia the canonical surjection m : XH(TV) — XT(T.,) (so that m(wa) = W.).

Identify X(TV) C X(TY) (§5.10), and let A C X(TV) be a set of representatives of the
finite Z-module X(Tv)/(Fv —id)X(TV). Then Bgv = Z[X (TY)|W /1 is a free Z-module
having the set

S:: {T<M+ Z bawa)—f—]I/iGQl, bae{oala"'7q_1}(a€A\/)}’

aEAY

as its basis, and the rank of Bgv over Z is
rank Bov = [§] = ¢ e - [T(@)"| = (1Y ) W) @) = (G )ss/ ~ |-

Moreover, Bev is a reduced ring, so I = /I and Bgv = BGv, red-
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Remark. In the special case where GV is simply-connected (so that Gy, = GY),
we have 7 = id, T' = 1 and X(TV) = 0; we may choose w, = w.,, S0 {Wa}acav is
a Z-basis of X(TV); thus Bgv is a reduced ring and is also a free Z-module having
F=1{r(\) +1:X€ X (T")} as its Z-linear basis; the Z-rank of Bgv is gk e

Proof of theorem. (Compare [Hu, Sec. 5.6-5.7].) By definition, G, is semisimple, so
we have the height function ht : X(T}y,,) — Q. Let us still denote by ht : X(T") — Q
the composition htor : X(TV) — Q. For each f € Z[X(TV)]V, write f := f+1I € Bgv.

Then {r(\) : A € X (TV)} generates Bgv as a Z-module (§3.3). Moreover, in Bgv we
have (using §3.3, §3.15 and §3.2)

r(FYA) =r(A) and r(g\) =r(7V\) for every A € X(TV).

(1) Let us prove first that Bev is generated by {r(\) : A € X (TV)} as a Z-module.
Suppose that A € X*(TV) but A ¢ X (TV). Then there exists an a € AY such
that (\, ) > q. Set X := X\ — qw, € X(TV); by hypothesis on A, we have in fact
N e XHTY). In Z[X(TV)]W, the product r(\)r(qws) can be expanded as follows: let
()7 X(TY) — XT(TV) be the composition of the projection X (TV) — X(TV)/W
by the identification X (TV)/W ~ XT(T"), so WANXT(TV) = {A\T} for all A € X(T"V);
put Q = {(N + o(qw,))" : 0 € W} C XH(TV); then r(N)r(quwa) = Z c,r(p) for some

ne
constants ¢, € Z (u € Q). Using §3.14(a), one can show that ¢y = 1 and that
ht(p) < ht(A) for all A # pu € Q; thus we obtain:

r(W)r(qwa) = r(A) + Y eur(u) € ZIX(TV)]".
AAUEQ

Passing this relation into Bgv and using the relation r(qw,) = r(7Vw,) € Bgv, we get

r(N)r(tVws) =r(A) + Z CMW € Bgv.
AAUEQ

As 7Vw, € XT(TV) (§3.2), we can expand the product r(\)r(7Vw,) as in the case
r(N)r(qws) and get

rN)r(TVwe) = 1N + 7Vwa) + Z cr(v) e Z[X (T
NA+7TVwaAve)
where Q' 1= {(N 4+ 07wy)t 1 0 € W} and ¢, € Z (N + 7w, # v € Q). For
every N + 77w, # v € ', we have again ht(r) < ht(N + 7¥w,) (§3.14(a)), while
ht(N 4+ 7Vw,) < ht(A) (§3.14(b)). Thus we obtain the relation

r(A) =r(N +7Vw,) + Z crv) — Z c,r(p) € Bav,

N4V waAvet! AAUER
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which expresses () in terms of a Z-linear combination of some r(y) where v € X (T")
with ht(y) < ht(A). On the other hand, as X (T") is a free Z-module of finite rank, we
see that ht(X (7)) C h~'N for some h € N*. Thus we can repeat the above reduction

process of r(A), so that for every A € XT(TV), we can eventually express r(\) as a
Z-linear combination of those r(u) with p € X (TV), as desired.

(2) Let us use (1) to prove that Bgv is generated by § as a Z-module. From
the canonical exact sequence 0 —» X(T') — X(TV) —» X(Ty,) — 0 (§3.10),
each A\ € XF(TV) may be expressed as A = pu + Z bowa wWhere p € X(TV) and

a€AVY
each b, € {0,1,---,¢ — 1}. Furthermore, for each p € X(TV) C X(TV), we have
r(p) =e(p) € ZIX(TV))W and therefore e((FY —id)u) —1 = e(—pu)(e(F¥p) —e(pn)) € I.
These observations and (1) together imply that the Z-module is Bgv is generated by §.

(3) Let us now prove that Bgv is a free Z-module having § as its basis and having
the desired rank formulae. In (2) we have seen that § generates the Z-module Bgv, so
that § also generates the Q-linear vector space QBgv. By §3.5, we have

dim@@BGv > (T ) W)F(@Q);

on the other hand, we have (compare the part of duality of tori in §0.7)

7V . =V ==V o\ FY =V, =\ FV

A = [X(T) : (F —id)X(T")] = (T (@ )| = [T (@" |,
which implies, together with §3.12 and § 3.6, that
dimg QBev < [§] = g™ Cier - [T(@)""| = |(T¥ ) W)™ (@)] = [(G*" )as/ ~ .

Therefore, dimgQBgv = (T ) W)F "(Q)|, and § is in fact a basis for the Q-linear
vector space QBgv; it then follows that Bev is a free Z-module of basis §.

(4) Finally, let us prove the reducedness of Bgv. We have just proved in (3) that Bgv
is a free Z-module, and this implies that the natual map Bgv — QBgv is an inclusion.
In (3) we have also shown that dimgQBgv = [(T" /) W)F(Q)], so the discussion in

§3.5 implies that QBgv is a reduced ring. Hence Bgv is also reduced. O]

Comparison between B;v and Kg-

3.17. Algebraic representations and formal characters. [Ja, Ch. 1.2] — Denote by
Rep,,(G*) the category of G*-modules of finite dimension (over the defining field F,, of
G*); an object of Rep,;,(G*) is called an algebraic (or rational) representation of G*.
Let Ity (G*) be the set of isomorphism classes of simple objects in Rep,,(G*). We
shall also denote by K(Rep,,(G*)) the Grothendieck group of Rep,,(G*), which is a
ring with multiplication given by the tensor product.

For M € Rep,,(G~), its formal character ch M is defined as follows: M has a

weight space decomposition (relative to T%) M = @ M, where the weight spaces
AEX (T*)
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My, = {m € M : zm = Az)m for all z € T*} (we call A € X(T*) a weight of M

if My # {0}); then set chM := Y dimg My - e(\) € ZIX(T")]". (We have
NEX(T#)

Myn = wM), for every w € W, whence the W-invariance of ch M)

3.18. LEMMA. [Ja, Ch. I1.2] — Identify X (T*) = X(T"), so that for A € X(T*) we
may also define r(\) € Z|X(T*)]W as in §3.15. Let < be the standard partial ordering
on X(T*) = X(T") determined by AY. Then:

(a) every M € Irrn,(G*) admits a unique highest weight Ay with respect to the partial
ordering <; we have A\yy € XT(T™) and dimg; My, = 1; also, every weight
A€ X(T*) of M satisfies X\ < Ayr; as a result, for each M € Irry,(G*), we have
ch M e r(\y) + > Z.r(\);

AEXH(T*), A<Anr

(b) for every X\ € XT(T*), there is a unique M € Irry,(G*) which admits A as its

highest weight in the sense of (a); we shall denote this unique M by L(\);

(¢) the map M —— ch M introduced in § 3.17 induces a Z-algebra isomorphism
ch : K(Rep,, (G*)) — Z[X(T™)]".

3.19. LEMMA. — Let A € XT(T*). Consider the Frobenius twist L(\)F"1: it
is the G*-module whose underlying set is L(\) and whose G*-action is given by the

composition G* Ny SN GL(L(\)) where p denotes the G*-action on L(\). Then
L(F*X) ~ LMY in Rep,,(G¥).

Proof. The G*-module L(\)F"] is irreducible by [St1, Thm. 5.1]; since the highest
weight of L(A\)F1is F*\, we see from §3.18 that L(F*\) ~ L(A\)!F as G*-modules. [

3.20. LEMMA. [St1l, Thm. 7.4][Her, Thm. 3.10] — If G}, is simply-connected, then
every M € IrrE(G*F*) comes from the restriction of some L(X) € Irr,.(G*) with

A€ X (T*), so that the restriction map ResS.p- K(Rep,(G*)) — Kg~ is surjective.

The first reference establishes the case where G* is simply-connected, which is gen-
eralized in the second reference to the case where G7,, is simply-connected.

3.21. PROPOSITION. — Identify X (T*) = X (TV) and let 7 : Z| X (T*)]"Y — Bgv red
be the induced quotient map. Observe that the maps

(T W)™ (@ 55 G5/~ g (6Tl ~) 5 (E ) /~)

induce an injection of Q-algebras

TV )W) (@) =G~

7:Q —Q
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Then there is an injective Z-algebra homomorphism 7 : Bav 1ea = Kg+ making the
following diagram commutative:

K(Repag(G*)) —s Z[X (7))

Ko ¢ Bav red (3.21.1)

Proof. (1) Let A € X™(T*). Then L(F*X) ~ L(A)¥" in Rep,,(G*) (§3.19). As
F* acts trivially on G*", we have Res&.p- (L(A)E7) = ResG.p« (L())) in RepE(G*F*),
so Res&,p- L(F*\) = Res&.p-L()\) in RepE(G*F*). Therefore, if we denote by J the
ideal of Z[X (T*)]"W generated by {ch L(F*\) —ch L(\) : X € X*(T™*)}, then J lies in
the kernel of the composition v := Res&,p o ch™ : Z[X(T*)]V — Kg+. As Kg- is
reduced (§2.3), v descends to 7 : Z[X (T*)]" /v/J — Kg-, and we obtain the following
commutative diagram of Z-algebras:

K(Repy, (GF) —D Z[X (T)]W

ResgIF*l lﬂ (3.21.2)

Kg+ = ZIX(TNY VT

(2) We now show that under the identification Z[X (T*)|" = Z[X(T")]" (induced
by the identification X (T*) = X(TV)), the ideal J C Z[X(T*)]" corresponds to the
ideal I C Z[X(T")]" appearing in the definition of Bav yeq = Z[X(TY)]W /VI (§3.4).
By §3.3 and §3.15, the ideal I is generated by {r(FYA) —r(\) : A € X (TV)}. For
A € XH(T*), by §3.18 we may write ch L(\) = r(\) + Z ¢, (1) where only a

PEXH(T*), p<A
finite number of ¢, is not zero. Then ch L(F*)\) = r(F*)\) + Z c,r(F*p): in
PEXF(T*), p<A
fact, again by §3.19 we have L(F*X) ~ L(A\)*") in Rep,,(G*), thus all the weights of
L(F*)\) is of the form F™*p where p is a weight of L(\), and moreover L(F*X) g+, >~ L(\),
for all p € X(T™), whence the desired expression for ch L(F*\). We thus have:

W L(F*N)—ch L(A) = (r(FN) —r(\)+ Y cu(r(Fu)—r(n) (A€ XT(T7).
PEXT(T*), <A

This implies that the transition matrix from {ch L(F*A) — ch L(\) : A € X (T*)} to
{r(F*\) —r(A\) : A € XT(T")} is triangular with all diagonal elements being 1 (with
respect to the partial ordering < on X*(7™)), whence J = I.
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(3) The equality J = I established in (2) implies that Z[X (T*)]" /v/J = Bav. req un-
der the identification X (7™*) = X(T"V), so (3.21.2) is exactly the upper part of (3.21.1),
where we still need to show the injectivity of 7.

(4) To establish (3.21.1) (in particular the injectivity of 7), it remains to prove that
the outermost rectangle diagram in (3.21.1) commutes, that is to prove the commuta-
tivity of the following diagram:

* h *
K(Rep,,(G*)) —< Z[X(T)]"
br o Resg:F*l lcanonical (3-21-3)
—(G*F") [~ (T W) ET
Q( )pt/ J @( W)
(We have identified (TV J W)*'(Q) = (T* J W)¥".) To do this, we need the help of
the following properties:

(i) (G*F), = (G*f")4 is the union of all S* where S* runs through elements of
T := {F*-stable maximal tori of G*};

(ii) (T* J W) is the set of W-orbits in U T+,
weW

(iii) there is a canonical bijection
{S7 . S e T*} « == [T 1w e W
indeed, for each F*-stable maximal torus S* of G*, there is a ¢g* € G* such that

g*S*(g*)~! = T*, so that the map z* — g*x*(¢g*)~! establishes an isomorphism
ST T where w € W is the quotient image of ¢*F*(g*)~! € Ng-(T*).

These properties enable us to integrate (3.21.3) into the following cubic diagram:

[I K®Repau(57) —F— ][ ZIX(5)

S*ET* S* GT*
e e
br o Res (iii)
K(Repalg(G*)) ;1 l ” Z[X(T*)]W canonical
_S*F* _S*F*
bro Resg:F* H Q H Q
S*ET* S* 67‘*
RV canonical /
v ¥ (iii)
=G J (T JW)F”
Q7 > Q
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(Here “Res” means the natural restriction maps, and the maps “(iii)” on the right
face are the natural maps induced by the bijection in (iii) above.) In the above cubic
diagram, it can be checked that all the five faces other than the front face (3.21.3) are
commutative diagrams; thus the front face (3.21.3) is also commutative. [

3.22. THEOREM. — If G}, 1s simply-connected, then the formal character isomor-
phism ch : K(Rep,(G*)) — Z[X(T*)|" (§3.18) and the bijection of finite varieties
(G*F) ) ) = (TY JWHF(Q) (§2.1, §5.6 and §3.12) both induce, via the commuta-
tive diagram in § 3.21, the same Z-algebra isomorphism Bgv ~ Kgs.

Proof The simple-connectedness of Gj,, has two consequences: (i) the restriction
map Resf.r« : K(Rep,s(G*)) — Kg- is surjective (§3.20), so the injective map 7 :
Bav rea — Kg+ in §3.21 is also surjective and therefore a Z-algebra isomorphism;
(ii) Bev = Bgv rea (§3.16). Thus the map 7, coming from the formal character map,
establishes a Z-algebra isomorphism Bgv ~ Kgs. O]

3.23. COROLLARY (of §2.10 and §3.22). — The maps

; . 3.6 V=
(G )ss/ ~) = ((G*")y/~) %» (TV ) W)F(Q)
induce Q-algebra homomorphisms
QEg <= QKg+ +— (QBg)rea S35 QBgv rea «—— QBgv

which descends to Z[W]—algebm homomorphisms:

LB« 2l Kae < Z[t]Bov rea «—— Zlz]Bev.  (3.23.1)

If G¥., is simply-connected, all maps in (3.25.1) are Z[ ] algebra isomorphisms:
Z[p|w|]EG = Z[p\w\]KG* = Z{ﬁ]BGV,red = Z[p|W|]BGv (3.23.2)

3.24. Remark on toric graduations. — Recall from the proof of § 3.9 that a general
connected reductive group GV (over Z) fits into an FV-equivariant exact sequence of
reductive groups over 7Z,

1— S —H — G —1,

for a torus SV and a reductive group HY with Hj,  simply-connected. Denote by

GY | GV be the categorical quotient induced by the adjoint action of GV on itself; note

that G¥ JGY ~ TV JW by Chevalley’s restriction theorem. The multiplication action of

SVE on (HY JHY)F" = Spec(Byv) induces an SV -action on Byv, from which the ring

Byv admits an X (SYF")-graded decomposition Byv = @ (Bgv)x. Observe that
AEX(SVEY)
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(Byv)o = (BH\/)SVFV, so the canonical surjection (HY J HV)F" ) SVE" — (G ) G¥)F'
induces an inclusion of rings Bgv rea < (Bav)o-

We have analogous discussion on the K-side: as S*/ lies in the center of H*F",
the map associating a character of H*f" to its central character induces an X (S*f")-
graded decomposition Kgy+ = @ (Kg+)x, while this time we have canonical ring

AEX (S*F*)
isomorphisms (K)o =~ Kg-. With the identification X (SYF") ~ X (S*"), the ring
isomorphism Byv ~ Ky« established in § 3.22 respects the above graded structures and
restricts to a ring isomorphism (Bgv)o =~ (Kg+)o.

In summary, we have the following commutative diagram of rings:

BGVred —> (BHV)O —> BHv
§3.21£ Iz 2| graded (§3.22)

~

Kg* — (KH*)O — KH*

4. Further discussions by examples
On the identification Z[%]EG ~ Z[%]BGV
4.1. Curtis homomorphisms on the B-side. — Suppose that G, is simply-connected.
Then Bgv = Z[X(TV)]" /I is a reduced ring (§3.16), and § 3.23 gives us a Q-algebra iso-
morphism QEg ~ QBgv. This isomorphism, the Curtis homomorphism Cur® and the
canonical isomorphisms (7,,)" ~ T%" (w € W) together define the map ® = (®,,)wew :
QBov — H QT™F in the way that the following diagram is commutative:

weW
QEs +—=—— QB¢v
Cw® = (Curf,) e[ [® = @u)wew (4.1.1)
H @(Tw)F PEAIEN H @TwF
weW weW

Note that ® is an injective Q-algebra homomorphism as Cur® is.

The diagram (4.1.1) (“E-B diagram”) is similar to (2.9.1) (“E-K diagram”), the map
® here being the counterpart of the restriction map on the K-side. The E-K diagram
was well-studied in § 2.9, however it wouldn’t be the case for the E-B diagram, since a
general study of the map ® on the B-side would involve complicated combinatorics.

It is however not difficult to prove that (recall that Bgv = Z[X (TV)]" /1)

Ou(r(N)+1) =) IVIlf (Z«m) T*wF*,?>T*wF*>t

teTwF ’\’ cEW
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=S | S (0N E e | t € 2T

teTwF \oeW,\W

for each w € W and for each A\ € X(TV) (compare §2.6). In the above formula, for
each t € TF, [ s @X is its corresponding element under the chosen duality

TYF ~ Trrg(T***7); also, each X € X(TV) is identified with a map A : T* — Q" via
the chosen identifications TV(F,) = T* and « : F,” < Q" (§0.7). As a consequence:
(a) the map ® is in fact defined over Z:

® = (Dy)wew : Bov — [ 27" (4.1.2)
weW

the commutative diagram (4.1.1) 1s equivariant under the action of Ga Q

b) th ive di 4.1.1) i ivari der th i f Gal(Q/Q
(using (a) and § 1.12(b)) and hence induces by restriction a commutative diagram
of Q-algebras, obtained by replacing all Q-coefficients in (4.1.1) by Q-coefficients.

We now study the E-B diagram for G = GLy(F,) and PGLy(F,), in which case
the combinatorics will be tolerable and we will be able to establish a Z[%]-algebra
isomorphism Z[%]EG ~ Z[%]BGV.

4.2. PROPOSITION. — Let G = GLy(TF,), let T be the diagonal mazimal torus of G,
and let W = {1, s} be the Weyl group of G (where s is the image of [ (1) (1) } € Ng(T)
in W), so that the map ® in (4.1.2) is

d = (0, d,) : Bgv — ZTF x 2T

Denote again the linear extensions of this map by ®. Let Z be the center of G, so that
ZF =TFENTF. Let A be an integral domain and let K be the field of fractions of A.
Then ® is saturated over A (with respect to K ):

®(ABgv) = ®(KBgv) N{(f1, fs) € ATF x AT*F . fi| ¢ — folzr € 2027},

Sketch of proof. Let us prove (b) directly. Note first that TV is also the diagonal
maximal torus of G¥ = GLy, and X(TV) = Ze; @ Zey where

;. TV — Gm, gi(diag(tl, tg)) =1 (’L =1, 2)
By §3.16, the Z-module Bgv = Z[X (TV)]" /I is free of rank q(q— 1) and admits a basis

F={ri =r(@+je+je)+1:4,jeN, 0<i<qg—1,0<j<qg-—2}
Let us now calculate the coefficients

Bo(re)() L ST (ol + )i+ 5=2)

B ‘W(i+j)€1+j€2 | W

TrwF* %\>T*MF* < Z
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for0<i<g—1land 0<j<qg—2 (see §4.1).

Recall the chosen group isomorphism ¢ : F,” = (Q/Z), (§0.7). Set & := (o)

which is a primitive (q2 — 1)-st root of unity generating the multiplicative group IF;,

and set ¢ = ¢ H(- a+1 which is a primitive (¢ — 1)-st root of unity generating the
q— q—1 y g g

multiplicatlve group qu . Then we have the following group isomorphisms:

0,:72/)(q—1)Z xZ)(qg—1)Z — TF, (a,b) — 01(a,b) = [Ca 0 } :

0 ¢
6, : /(¢ — 1)Z == TF, ¢ — 0,(c) = { 50 536 i |

With these preparations, one can deduce the following calculations of coefficients:
(for m € Z, we write m:=m+ (¢—1)Z € Z/(q— 1)Z)

(i) w=1,t=0y(a,b) €T

L ((i,4) = (0,a)):
if a=0bcZ/(q=1)2: O:(ri;)(01(a,0)) = 2 ((:7) = (¢ = 1,a));
0 (otherwise);

ifa#be€Z/(q—1)Z: ®1(ri;)(01(a,b)) = { [1) E(()Zt’ife)rv:ms(g)_ b,b) or (b—a,a));

(i) w = s, t = O,(c) € T: for every ¢ € Z/(¢*> — 1)Z, lift it to ¢ € Z with
0 < ¢ < ¢*—2 (¢ is uniquely determined by c¢), write ¢ = (¢ + 1)@ + © where
U, € Z with 0 <9 < gand 0 <4 < g— 2 (division of ¢ by (¢ + 1)); set also
u=1u+(q—1)2ZecZ/(g—1)Z and v =0 + (¢ — 1)Z € Z/(q — 1)Z; then:

if 0 = 0: y(ri,)(0s(c)) = { 1 ((,5) = (0,));

0 (otherwise);

if v =1orq Dy(r;;)(0s(c)) = { (1) E(gi’lfgm:vis;)’;u»;

1 ((4,5) = (L,w)or (g+1—1,u+v—1);

if 2 <0< q— 1 Dy(riy)(0s(c)) = { 0 (otherwise).

These calculations will lead to the desired equalities; we omit the details here. O

4.3. PROPOSITION. — Let G = GLy(F,). Let T and W = {1,s} be as in §4.2, so
that the Curtis homomorphism of G is

Cwr® = (Cwr¥, Cwf) : QB¢ — QT x Q(T.,)".
Let Z be the center of G (so Z¥ =TT N (T,)F). Then

Cur(Z[}]Eq) = Cur®(QEc)N{(f1, fo) € ZTTXZLIT)" : filzr—filzr € 22127}
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Sketch of proof. As in the proof of §4.2, the idea is again to choose a Z[i]—linear
basis of Z[%]Eg, calculate their image under the Curtis homomorphism and then invert
the resulting system. Let B be the upper-triangular Borel subgroup of G, so that its

unipotent radical U is also upper-triangular. Let vy : F, — Z[%]X be a non-trivial
linear character, which induces, by the canonical additive group isomorphism U¥ ~ F,

a nondegenerate linear character ¢ : U — Z[%]X. By §1.5, a Z[%]—linear basis of

Z[%]EG is

{ca = eynaey :a € iy U{c,, = qeyng ey - a,b € F}
where n, = 8 2 } and n;, = [ _2,1 8
(§1.11) and reasoning as in [Cu, Sec. 5], one may obtain the following formulae:
. G 1 (t=na);
(i) Curg(ca)(t) = { 0 (otherwise);

Cuf (0 = { e (00 =)

1. With the aide of Curtis’ formula

(ii) Cur%(ca)(t) - { (1) Eit?lezsgi;se).

Cusl (e ) = { —dola-tr(t)  (det(t) = det(n ):

ab 0 (otherwise).

Again, these formulae will lead to the desired equality, and we omit the details here. []

4.4. COROLLARY (of §§4.1-4.3). — For G = GLy(F,), the Z[-+=]-algebra iso-

pIW|
morphisms Z[IW]EG ~ Z[pBav = Zl]Ke in (3.25.2) induce (by restriction)
Z[%]—algebm isomorphisms Z[%]EG ~ Z[%]Bgv ~ Z[i]KG*.

4.5. On the non-saturation of Curtis homomorphisms. — Still consider the case of
G = GLy(F,) (so that |IW| = 2) and suppose that ¢ is odd. In this case, Cur® and

® are both not saturated over Z[%} (with respect to Q): indeed, by the Z[%]-algebra
isomorphism Z[%]EG ~ Z[%]Bgv in §4.4 and the E-B commutative diagram in §4.1, it
suffices it suffices to show that ® is not saturated over Z[%]; using the notation in the
proof of §4.2, if we consider the element f = Z” fijrij € QBgv (the sum is over
0<i<g—1land0<j<qg—2)where f;; =1/2ifi=2,4,6,--- ,¢g—1and f;; =0

otherwise, then the calculations made in the proof of §4.2 will show that

f ¢Z[§]BGV but (I)(f) c H Z[%]T“’F;

weW

thus @ is not saturated over Z[%]. The same argument also shows that neither ® nor

Cur® is saturated over Z[%] (with respect to Q).
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4.6. The evample G = PGLy(F,). — For G = PGLy(F,), we know that its dual
is G* = SLQ(E), which is already simply-connected. Using a similar discussion as in
the previous GLsy-case, it can be shown that the conclusions of §§4.2-4.4 all hold for
G = PGLy(F,); we omit the details here.

On the structure of Bgv for general GV

4.7. The problem. — When GY,, is simply-connected, in § 3.16 we have shown that
Bev is a reduced ring and is a free Z-module with an explicit Z-basis §. We would like
to see what can we say about the Z-module structure of Bgv in the case where Gy, is
not simply-connected; we haven’t obtained a general theory so far, and here we limit
ourself to the case of G = SOy, (F,) (with n > 4): in this case, GV and GY,, are both
isomorphic to SO, which is not simply-connected; nevertheless, we can still show that
the Bgv here is a reduced ring and is a free Z-module with an explicit Z-basis.

1
4.8. The group G = SO,,(F,). — Let n > 4 and J = € GLy,(F,).
1

Consider the special orthogonal group G = SO, (F,) = {A € GLy,(F,) |[tA-J- A = J},
equipped with the Frobenius action F' : G — G which is the restriction of the
standard Frobenius action (g;;)i; — (¢%)i; on GLon(Fy); then (G, F) is split over
F,. The diagonal matrices (resp. the upper-triangular matrices) in G form an F-
stable maximal torus 7' (resp. an F-stable Borel subgroup B). The Langlands dual
of (G,T,B) is (GY,TV,BY) with G¥ = SO,,, TV = {diagonal elements in G"} and

BY = {upper-triangular elements in G¥}. An explicit description of elements of T is:

TV ={0(z,- ,2,) :=diag (21, -, 2, 2, " s ) |2,z € Gy ~ G

n y e

For 1 <i < n, consider the following two morphisms:
gi: TV — Gy, 0(z1, 0+, 20) — 2
ni:Gyp — T, z2—0(1,--- ,z,---,1) (z at the i-th position).
Then X (TV) (resp. Y(TV)) is a free Z-module with basis {e1, -+ ,&,} (resp. {n1, -+ , 7 }),
and the canonical perfect pairing (-,-) : X(TV) x Y(TV) — Z verifies (g;,1;) = d;;
(Kronecker delta) for all 4, j.

The set of simple roots determined by (G, TV, BY)is AY = {ay, -+ ,a,} C X(TV)
where o; = ¢; — ;11 (1 <i<n-—1)and o, = &,_1 + &,. The root system of GV is of
type D,,. The Z-lattice generated by A" has index 2 in X (T"), so G is not semisimple
and hence not simply-connected. We also have G, = G".

The Weyl group W = Ngv(TV)/TV of (GY,TV) may be described as follows: let
Sstey, +e,) be the symmetric group on the set {#£e1,--+,£en}, and consider the fol-
lowing two group inclusions:

116, — 6{:|:€17...’:|:€n}’ o — (:i:EZ — :|:€g(i) (1 <1 < n)),
g : {:l:l}n — 6{:‘:517...7:‘:5”}, (jl, cee ,jn) — (:l:éfz — :l:jzéfl (1 <1< n)),
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set also D = {(j1,+-,jn) € {£1}"|(—1) appears an even times in jy,--- ,j,}; then
we may identify W = i1(6,,).i2(D) C Sic, ... 1e,y (it is an inner semidirect product),
and we have |W| =|6,|-|D| =n!-2""1

4.9. PROPOSITION. — Let G = SOy, (F,) and keep the notations in §4.8. Let
Yi=r(e1+-+e) € ZX(TVW forie{l,--- ,n} and X!, =r(e;++ - +e,1—6n) €
ZIX(T)W. Then ZIX(TV)]" = Z[S, -+, Sn, 2.

Sketch of proof. The proof is similar to the reduction process in the proof of § 3.16,
but here we don’t have the height function for induction and we need to introduce new
quantities to play the role of the height function.

For all A € X*(TV), either (i) A = a1e1 + - - - + ane, where (ay,--- ,a,) € Z" with

ag > >a,>0,0r (ii) A\ =a1e1 4+ +a,_164_1 — ane, where (ay,- - ,a,) € Z" with
a; > -+ > a, > 0. In either case, we define h(\) =a; € N, {(\) = #{i € {1,--- ,n}:
a; = h(\)} € N* and d(\) = D (a; — 1) € N.
1€{l(N\)+1,---,n},a;>1
‘)\:a1€1+-"+am5m‘ ‘)\:a151+~~+an_1€n_1—anan‘
(alz...:az>a€+1 ZzamZO) (al:...:a€>ag+12...2an>0)

Lo
L
| | 871
6 1 1
n €1 ... Ep€py1 an,la
n

The goal is to prove that r(\) € Z[Xy, -+, %, %] for all A € XT(TV) (recall from
§ 3.15 that these r(\) form a Z-basis for Z[X (TV)]"). The reduction proceeds as follows:

e The case /(A\) = 1: if X is of type (i) as described above, expand the product
r(A —e1) - X1 to reduce h(A); if A is of type (ii), expand instead the product
r(A—(e1+---+en_1—¢n)) 2 toreduce h(\) (in case that h()) is not reduced,
h(\) remains the same while d(\) is reduced).

e The case £(\) > 1: if X is of type (i), expand r(X — (g1 + - -+ + €gn))) - Ve(n) toO
reduce h(A) or £(N); if A is of type (ii), expand (A — (1 + -+ + 1 — €5)) - 2,
to reduce h(A) or £(\) (in case that h(A) and ¢()\) are not reduced, they remain
the same while d(\) is reduced). O

4.10. PROPOSITION. — Let G = SO,,(F,) and keep the notations in §4.8, and let
I be the ideal of Z[X (TV)|W appearing in the definition Bgv = Z[X (TV)|"W /1. Then:
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(a) [(TV(Q) W) | = (T f W) [ =2¢" = 24" " + ¢ %
(b) Bav = ZIX(TY)|W /I is a reduced ring and is also a free Z-module of rank
(TV(Q) ) W)F'| having the set S = Sy LI Sy U S} as a Z-basis, where:
e Sy consists of those r(aie1+ -+ ane,) +1 € Bgv where a; € N (1 <i < n),
0<a;,—a;11<q(1<i<n-—1)and0<a, <gq;

e S, consists of those r(ajeq + -+ + ap_16n-1 — ney) + I € Bgv where a; € N
(1<i<n),0<ag;—ai1<q(1<i<n—=2)and0<a, <a,1<gq;

o S, consists of those r(ajer + -+ + ap_16n—1 — aney) + I € Bgv where a; € N
(1<i<n),0<a;,—a1<q(1<i<n—2)and0<a, <a,1—q<4q.
Observe that |Si| = ¢, [Sa] = ¢" 72+ (%) and |Ss| = "2 (¢ — 1+ (")), so
S| = [Si] + [Sa| + [S5] = 2¢" — 2¢" " + ¢" 2.
Sketch of proof. (a) The first equality has been seen in § 3.6, so it suffices to establish
the second equality |(T* /W) | = 2¢" —2¢" ' +¢"2; to do this, consider the surjection

monic one-variable
T (T* ) W)F" — (Ter, /) &) = polynomials over F,
of degree n
O(z1,- ,2,) + diag(z +27% 20+ 270

monic characteristic
z —>

polynomial of z

and calculate |(T* J W) | as the sum of the size of each fiber of 7.

(b) The proof is a refined version of the proof of §4.9 and uses again techniques
from the proofs of §3.16 (in particular one proves first that S generates the Z-module
Bgv), but involves no new insights otherwise; we thus omit the details here. O
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