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NEW LEADS IN SPECULATIVE BEHAVIOR

, Kahneman (2013) supports this claim even further. In fact, Basci (1999) has recognized this flaw, and therefore included a constant probability of 5% for taking a totally random action, within the optimizing classifier system framework. However, this gives rise to many questions such as why 5% instead of 0.5% or 15%, and why a randomization of possible actions is the appropriate way of handling irrationality.

Introduction

In the KW environment agents of three types exchange commodities in order to gain utility by consuming goods they desire. Recent studies have shown considerable interest in the KW model as explanatory to emergence of money in an economy, since goods become media of exchange. Starting with the original model constructed by [START_REF] Kahneman | Maps of bounded rationality: psychology for behavioral economics[END_REF], several important discoveries have been made, following in three major directions. The first is experimentally analyzing the trading 'game' between real agents, mainly [START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF] and Duffy & Ochs (1999). The second is a continued development of theoretical progress, which is based on the original analysis done by Kiyotaki & Wright themselves, such as Oberfield & Trachter (2012). The third is a vast field of numerical studies, where different interpretations of the KW model have been implemented and analyzed, such as Bonetto & Iacopetta (2013), [START_REF] Moran | Money Networks in Kiyotaki-Wright Model[END_REF] and many others which we will shortly introduce in greater detail.

The features of KW system offer a new perspective on rational decision making, since a major part of that system is the conditions which make agents determine whether to accept a loss in utility now for an increased chance of a higher profit later, which in the KW context is applied to bilateral trade.

In other words, when do people speculate? Exploring this deep question may expand understanding in other fields besides monetary theory.

The literature cited above deals with this matter from two main angles: experimental trials and agent-based simulations. Empirical evidence of [START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF] and Duffy & Ochs (1999) concludes that real agents tend to speculate less than what the rational expectations of Kiyotaki & Wright suggest, so that in the overall sense real agents adopt sub-optimal behavior. Attempts to model this behavior as proposed in Marimon et al (1990), [START_REF] Basci | Learning by imitation[END_REF], [START_REF] Moran | Money Networks in Kiyotaki-Wright Model[END_REF] are based on different versions of genetic algorithms usually optimizing a classifier system, or Duffy (2000), Rouchier (2003) that are based on a logistic regression of the empirical results of Duffy & Ochs (1999).

In the case of regression methods, it is evident that they offer little insight into human behavior on top of the empirical results upon which they themselves are based, and cannot be easily applied to similar problems, even in the context of a slightly modified KW system.

In the present work we first introduce a new real-agents experimental investigation of the KW model of money emergence. This investigation, based on Duffy and Ochs (1999a) and [START_REF] Duffy | Learning to Speculate: Experiments with artificial and real agents[END_REF], has been designed to explore further the agents' suboptimality in behaviors when interacting in a KW economy. Secondly, we introduce a new model for agents' behavior under the setting of this kind of economy. Our model, although conceptually based on ideas expressed by [START_REF] Basci | Learning by imitation[END_REF], is novel in the attempt to parametrize sub-optimality in decision making, which consists as a major feature of our approach. Essentially, we formulate an imitation model which is both heuristic and 'minimal' in the sense that only a single new parameter is included 1 . Now we define the environment of the original KW model as outlined in their 1989 paper. We will refer to this setting as the 'basic', or 'original' KW model throughout the other sections.

The model includes three types of agents: I, II and III. The original setting places an infinite amount of agents, and assumes that there are equal proportions between all agents' types.

Each individual agent may carry at any time-step (which is assumed to be discrete) one and only one good. The available types of goods, or commodities, are 1, 2 or 3.

Agent of type i consume only good i, and produce good i+1 modulo 3 (referred as model A).

Although there are no production costs, but in order for an agent to produce he must first consume.

Utility is gained through consumption and lost through 'paying' a storage cost for holding any good. Storage cost c i of good i depends on the type of good:
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. In the basic model, utility varies between agents of different types.

However, studies such as [START_REF] Moran | Money Networks in Kiyotaki-Wright Model[END_REF], Duffy & Ochs (1999) have conformed to relax that diversity and instead assume a uniform utility which is gained from consumption for all agents. This utility, u, must be 'sufficiently large' with respect to storage costs in order to become an economic drive of the entire system.

Kiyotaki and Wright introduce

  1 , 0   as a discount factor, which is used in calculating utility for future time steps.

At each time step, agents are paired randomly, which results in a trading encounter. A pair of agents may barter bilaterally for the goods each of them holds. When agent i receives good i which he desires, he will immediately consume it and receive a positive utility u, and at the same time step he will produce good i+1 (modulo 3) and pay its storage cost. Agents who have not consumed (and produced) during a time step only pay the storage cost for holding the good with which they are left at the end of that time step2 .

A 'strategy' is defined as  

k j i ,



, and is assumed to be 1 if agent of type i is willing to trade good j for good k. Trade occurs only through mutual agreement, namely that if agent i holding good j meets agent h with good k, they exchange their goods if and

only if     1 , ,   j k k j h i  
. To facilitate the discussion of this decision making process, the writers characterize by p ij (t) the proportion of agents of type i holding good j at time-step t.

Kiyotaki and Wright study the Nash equilibrium states in the ensuing system from a mathematical perspectivepersonal utility at the 'end of time'. Nash equilibrium in this context becomes a stationary inventory distribution among all agents, and stationary trading strategies. Explicitly, all p ij and all τ i (j,k) reach a steady state. From that steady state no single agent, in theory, may improve his own utility by adopting any other strategy, and thus equilibrium is reached. If so, each such equilibrium would be defined by: (a) the conditions enforcing it, (b) the strategies τ i (j,k) assumed by all agents and (c) the steady-state inventory distributions p ij . The writers prove that only two distinct equilibria exist: the Fundamental and Speculative equilibria.

To simplify the notations for strategies, the notation of (τ 1 [START_REF] Bonneto | Dynamic Equilibria in the Kiyotaki-Wright Model[END_REF][START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF], τ 2 (3,1), τ 3 (1,2)) has been widely used, for example in Kiyotaki & Wright (1989) and Bonetto & Iacopetta (2013). It is sufficient in the sense that other possible strategies are predetermined by the system: in other instances agents will be asked whether to trade for the good they consume (always 'yes'), or to trade for the good they produce (always 'no'). The above set is then enough to represent the possible mix of strategies, and we may relax the other six parameters with that premise.

Let us first state the different aspects of these equilibria, and then offer a brief explanation. [START_REF] Kahneman | Maps of bounded rationality: psychology for behavioral economics[END_REF]. The last row is a repetition of the conditions after substituting the term (p 31 -p 21 ) with the respective values.

Fundamental Equilibrium Speculative Equilibrium

conditions   3 21 31 2 3       u p p c c   3 21 31 2 3       u p p c c Agent I τ 1 (2,3) 0 1 p 12 1 2 5 . 0 p 13 0 2 5 . 0 1 Agent II τ 2 (3,1) 1 1 p 21 0.5 2 2  p 23 0.5 1 2  Agent III τ 3 (1,2) 0 0 p 31 1 1 p 32 0 0 conditions (substitute p ij ) 6 2 3     u c c   3 1 2 2 3       u c c
In the Fundamental Equilibrium agents refuse to trade goods with low storage costs for goods with higher storage costs3 , and will always trade goods with a higher storage cost for goods with lower storage costs. Explicitly, this means that agents of type II trade the good they produce (3) for a good that they do not consume only because it is cheaper to store (1).

In the Speculative Equilibrium, besides maintaining the trading strategies for agents of type II, agents of type I trade a lower-storage good 2 for a higher-storage cost good 3. This could be viewed as 'speculation' from the side of agents I, since it is beneficial only when the marketability of good 3 is higher than difference in storage costs.

Namely, agents I will speculate when their chances of meeting agents III with good 1 are high with respect to their chances of meeting agents II with good 1.

In the intermediate region of values of c 3 -c 2 there is a mixed state of possible strategies, which do not constitute a steady state and therefore are not studied in [START_REF] Kahneman | Maps of bounded rationality: psychology for behavioral economics[END_REF].

Using an abbreviated notation of (τ 1 [START_REF] Bonneto | Dynamic Equilibria in the Kiyotaki-Wright Model[END_REF][START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF], τ 2 (3,1), τ 3 (1,2)), we may next refer to the Fundamental Equilibrium as (0,1,0) and to Speculative Equilibrium as (1,1,0). Both equilibria produce circumstances where goods are traded, although the accepting party may not utilize them (good 1 for agents II, good 3 for agents I). This phenomenon could be said to represent the emergence of money in an economy in terms of medium of exchange.

We should indicate here of our awareness to a major flaw in the KW setup: money is in fact put in 'by hand' into it in terms of consumption utility and storage costs. This apparent oversight is not dealt with in the scope of this paper.

This Work

First, we introduce a new real agents experiment meant to analyze individual behaviors and learning processes through the use money as a medium of exchange in a KW environment. This experiment allowed us to point to basic correlations between a few psychological variables and the likely emergence of speculative or fundamental equilibria in a KW setting. The results we obtained were aligned with the idea that some extent of bounded rationality and suboptimal behavior was compatible with the emergence of such equilibria, and triggered us to explore this fact more systematically through computer simulations of a similar setting. Next, we introduce a 'minimal' imitation model for a simulated version of the KW economy which on the one hand closely reproduces the analytic results of Kiyotaki & Wright (1989) as the emergence of two distinct equilibria under varying conditions. On the other hand, variations of a bounded rationality parameter for decision making makes the dynamics reach results closely resembling those of real agents, such as in [START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF], Duffy & Ochs (1999) and our own. The variation of agents' rationality permits the system to reach different equilibria associated with the emergence of different media of exchange, i.e. different money. The power of our model is both in its predictive-descriptive success, its simplicity of formulation, and its straightforward applicability to similar concerns in the decision-making scheme, even beyond the KW context and monetary theory.

Experimental Investigation

Our experimental preliminary study of the KW model has been primarily designed to explore speculative behavior and individual learning mechanisms at work behind them. We will briefly present the experimental setting along with the main results obtained regarding agents' bounded rationality. We found inter-individual differences between agents in their behavior and implementation of strategies in a KW environment; differences that correlate with external measures of strategic abilities.

Experimental Setting

Our experiment is based on Duffy (2001) 4 . As in the original experiment, our focus was on a set of parameters 5 for which the unique and pure Nash equilibrium strategy is the speculative one, so that the vector of strategies implied according to the above notation is (1,1,0). In this context, two media of exchange coexist, good 1 and good 3.

Our main focus was on the behavior of type I human players, who may use good 3 serving then as an endogenously determined medium of exchange despite its immediate disadvantage in terms of storage cost.

Our experiment differs from the original experiment in three main aspects: the automation of all agents except for one human player, the non-provision to subjects of prior strategic directions, i.e possible ways to play the game and their implications, and a new graphic interface. Since our goal was to explore the individual decision making and underlying learning processes, the human player was always given the role of type I agent, while types II and III were automized to always play in accordance with the pure strategies steady state speculative equilibrium, as also the rest of the type I agents besides the human participant. In our setting, we have coupled the human player with 7, 8, and 8 computerized agents of types I, II and III respectively. Namely, all automatized players calculate the expected utility at each round resulting from either fundamental or speculative behavior, and act in order to maximize it. Under the experimental parameter setting, this usually results in playing fundamental strategies for types II and III, and speculative strategy for type I.

Thereby, we analyze the learning process to speculate of one single agent placed in a perfect environment where the steady state equilibrium is considered to be achieved 6 .

As in Duffy and Ochs (1999a), we implemented a pseudo-randomly defined number of rounds in each game, both as a termination scheme and as a means of treating the elusive β parameter 7 . They chose that at each round there is a 90% chance that the game continues, in order to simulate an infinite time horizon. We reproduced this feature but with bringing this percentage to 95 in order to obtain an average number of rounds per game equal to 20 instead of 10 (for 90%). We consider this more appropriate for encountering more numerous speculation opportunities in each game.

The number of rounds per game was determined before the experiment in order to implement the same number of rounds for each subject 8 .

The game was played 8 times with each human player, by 36 subjects,18 females and 18 males, aged between 21 and 27 y.o. with the goal of calculating the speculation frequency of the human agent in each game iteration, from the decision he made each time he had the opportunity to adopt the relevant speculation option: to trade his production good 2 for the more costly good 3.

In addition to the main task, the experiment comprised four supplementary tasks meant to assess some strategic abilities of the subjects and to explore potential group differences concerning those abilities. The purpose was to associate speculative behavior in a KW economy to external psychological traits assessed by the aforementioned tasks (and represented by scores derived from them). The first task was a guessing-game (or beauty-contest task). There, each player had to choose a number between 0 and 100 which he deemed closest to the half of the mean 9 among all numbers chosen by the set of players. Subjects were asked to do so in two different settings: the first time with opponents described as computers choosing numbers 6 It is important to note that we keep in our automatized economy the same number of players (i.e. 24) than in the original experiment in order to be able to compare our results to the previous ones. In this condition, the proportion of each good circulating in the economy fluctuates all the time and consequently is not equal to the theoretical equilibrium proportion. 7 Since β is used in calculating lifetime utility, it is applied a new interpretation to this parameter. Since we do so correspondingly with Duffy and Ochs (1999), justification of this particular interpretation of β can be found there. 8 We also bounded the number of rounds per game between 15 and 25 for convenience. It permitted both to avoid extreme lengths of game that would have been either too long and inappropriate for participants, or too short and useless for the analysis, and to facilitate the comparison between games. 9 Classically two third of the mean is used as the number to guess. We chose the half of the mean in order to avoid math difficulty in the task and therefore only focus in on strategies implemented. randomly, and a second time with opponents described as human players. The purpose of this task was to characterize mentalizing abilities (or recursive thinking abilities) of the subjects, i.e. the consideration they give to other players' strategies in the construction of their own strategy. Our analysis of this task followed the methods previously used by Nagel (1995) Camerer, Ho and Chong (2004) and [START_REF] Coricelli | Neural correlates of depth of strategic reasoning in medial prefrontal cortex[END_REF], which focused on determining the levels of reasoning depth. In this context, level-0 players play the game by picking a number randomly, level-1 players are those who choose the best reply to strategy of level-0 players and so on: level-n players choose the best reply to level-n-1 players' strategy. Therefore, reasoning levels depend on both the number of reasoning iterations used to choose the best reply to opponents and by the subjects' evaluation about their opponents' level. To avoid the uncontrollable effect of subjects' personal beliefs and focus only on their implemented strategy, we either indicated the level of opponents (computerized opponents -setting 1) or analyzed subjects' answers considering levels 1 and higher as equal (human opponents -setting 2). Indeed, the crucial point in setting 2 was assessing the ability of the subjects to attribute to opponents' strategic abilities a similar potential to their own. More specifically, in the first setting, opponents were described as level-0 players so that subjects were expected to give the best reply to a random behavior and then to pick a number around the half of the mean of a set of randomly chosen numbers between 0 and 100, i.e. around 25. In the second setting, subjects were expected to consider opponents as having a reasoning level similar or higher to computerized opponents, and then to pick a number inferior or equal to their previous answer. We derived from this task a sub-score up to 2 points, being a part of a "strategic score", each question permitting to obtain one point. The second task was a variant of the Nim game, previously described by [START_REF] Mckinney | Estimating bounded rationality and pricing performance uncertainty[END_REF] as being ideally suited for the analysis of human bounded rationality, in which two players take turns removing objects from distinct heaps. In our version we employed a single heap from which subjects could remove one, two or three objects, by turn. The winner was the one who did not remove the last object. This part was conducted twice, for two different heap sizes, while the turn to play is given to the test subject.

The subject has to answer by allocating the number of object they would like to remove at this moment. The first game is akin to a simple "rules understanding" task, where subjects have to consider only one turn to play, while the second game is a full backward induction task involving the consideration of multiple turns from the end of the game to the current turn to play. Similarly, we derived from this task the second sub-score of up to 2 points of the more general "strategic score", each question permitting to obtain one point. Thirdly, we conducted a classical Holt and Laury risk aversion task [START_REF] Holt | Risk Aversion and Incentive Effects[END_REF]). In this task, subjects had to choose between two lotteries differing in their risk component, ten consecutive times. Each time, the lottery displayed on the left hand side was less risky than the one display on the right hand side. The difference was such that the first four lottery pairs gave an advantage in term of expected utility to the less risky lotteries, whereas in the following six pairs, more risky lotteries were more advantageous in terms of expected utility. The decision where the subject shifts from safer lotteries to the riskier ones characterizes his risk attitude and was then used as a risk aversion score in our analysis. Finally, we tasked the subjects with performing five mathematical operations 10 as a control task in order to verify that strategizing differences were not driven by mathematical abilities of subjects, generally put to use in both main and supplementary tasks. A score of up to 5 was derived from this task.

Results of the Empirical Testing

Although the conditions of the experiment should enforce speculative behavior (higher expected utility), our subjects speculated on average in 35.25 percent of the cases, a frequency relatively similar to those of previous studies [START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF], Duffy and Ochs (1999a). However, we found a very high variability of this frequency across subjects (std.dev = 0.38). This result implies that instead of having all of the subjects speculating homogenously in one third of the cases, they can rather be dichotomously regrouped into speculators who speculate in more than one half of the cases, and non-speculators who do not (Figure 1 (A)). Our findings on the average speculation frequencies and their associated standard deviations are reported in table 2.

Speculation Frequency Number of subjects

Groups

Standard deviation Average 0.12 0.09 23 Non-speculators 0.12 0.82 13 Speculators 10 For example: 20 + (20 x 2) or 50 / 3. These results have two direct implications: first, the applied strategy in the KW environment running at equilibrium varies among real subjects, and second, a significant majority of real subjects behaves in a sub-optimal way. The latter implication does not constitute a novelty per se despite the fact that it clarifies the origin of observed average speculation frequencies in former studies. On the other side, the former implication is both new in the literature and powerful by the possibility it gives to understand sub-optimality in most subjects. Indeed, newly defined and identified speculators and non-speculators can now be compared along different aspects, and this comparison may eventually shed light on the reasons why individuals express sub-optimal behavior in the monetary exchange task.

Consequently, this may lead to new directions in modeling agents' behaviors and decisions in monetary theory, and possibly beyond.

We conducted a preliminary analysis of this point by the means of the aforementioned specific tasks included in our experiment. We found that speculators and nonspeculators have significantly different strategic profiles (figure 1 (B)) on two over the three dimensions explored, namely the strategic and the risk aversion dimensions. However, we did not find any significant difference concerning the calculation dimension (or math ability) assessed by our control task.
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First of all, we found no difference concerning mathematic ability between speculators and non-speculators who obtained a similar calculation score. Secondly, speculators were found to be significantly less risk averse than non-speculators.

Furthermore, the risk aversion score correlates negatively and significantly with individual overall speculation frequency (ρ=-0.47, p-value<0.01). This negative relation between risk aversion and speculation is not surprising insofar as holding the speculative good involves higher storage costs, making the speculative strategy more risky in the short term than the fundamental one. Thirdly, speculators compared to non-speculators obtained a significantly higher strategic score and the latter positively and significantly correlated with the individual overall speculation frequency (ρ= 0.39, p-value=0.017). This positive relation is also straightforward to interpret as exchanging for the speculative good implies the consideration that principal holders of their consumption good would exchange it only against the speculative good (that those holders consume), consideration that we can relate to the mentalizing ability we were trying to measure with the guessing game. Also a similar story can be told to illustrate the role of backward induction in speculative behaviors. Indeed, the latter implies two steps, exchanging for the speculative good and then exchanging it for the consumption good. The initial intelligibility of this two-steps behavior is based on backward induction. "I want to obtain a type 1 good from the type 3 agent (first step), I need beforehand to obtain the type 3 good to give it to the type 3 agent (second step)".

In summary, we found speculators to be less risk averse than non-speculators and also better to take into account others strategies to elaborate their own and to derive a step by step strategy from the goal they need to achieve.

Besides permitting a more systematic understanding of past studies observations, these preliminary results pave the way to a new method for exploring individuals' behaviors in the KW environment in particular and in their use of money in general.

In the next section we will show how this information may address the implementation of sub-optimality in agent-based simulations. We will introduce a minimal model of bounded rationality as a core feature of simulated agents. This allows reproducing either the theoretical results of KW perfectly rational agents, or instead the empirical observations over the last fifteen years just by adjusting the rationality level attributed to agents.

Imitation Model

In this section we simulate and analyze the dynamics of the KW model, with some changes to the basic model as defined in the introduction. These changes follow in the direction established by Duffy (2000) but vary in several important aspects. Second, since the KW setting deals with a 'continuum of infinitely lived agents' it does not define the dynamics through which equilibria are reached, and does not prescribe initial conditions on trading strategies or inventories of real or simulated agents within the model. Therefore, any numerical or experimental attempt must assume these factors of its own accord. Given that, we thoroughly investigate the impact of initial conditions on the outcome of the dynamics. This allows analysis of the stability of equilibria reached by either Kiotaki & Wright or new phenomena which may materialize in a simulated environment.

Last, we employ an imitation based approach on the way agents alternate between different strategies, from an individualized perspective, first established by [START_REF] Basci | Learning by imitation[END_REF] in the KW environment. Instead of having all agents of the same type assume the optimal strategy according to the mathematics of Nash equilibria as in Kiyotaki & Wright (1989), in our simulation each agent evaluates the comparative benefits of each strategy according to a certain majority rule. As stated earlier, our model incorporates a variable degree of sub-optimality in agents' decision making protocols, thus allowing them to act contrary to maximizing personal profits.

Simulation Setting

We will not repeat the entire framework of the KW model as presented in Kiyotaki & Wright (1985) and outlined in the introduction to this paper. Instead, we will describe the new assumptions, parameters and processes which form our simulated version of the KW model.

There is a total of N agents, while the proportions of agents of different types must not necessarily be equal, although in most present cases they are.

We remind that each agent of type i desires to consume good i which will in turn allow him to produce good i+1 (modulo 3), with a positive utility u and a lost storage cost c i+1 of the latter good, before applying the discount factor β.

We employ several viable assumptions on the initial inventories of the agents, and their starting trading strategies, similar to those given in previous works. Duffy & Ochs (1999) include two different initialization schemes in their experiment. In one, agents begin trading with the good they produce, and in the second with a distribution of inventories as prescribed by Speculative Equilibrium conditions of table 1. In Marimon et al (1990) a random distribution of inventories is employed. As we will show in this section, the initial conditions may affect the ensuing dynamics. The initialization settings we use are: a) Production Setting: each agent enters the simulation holding the good he produces. We assume the system to be in Fundamental Equilibrium settings regarding the trading strategies of the agents, namely (0,1,0). b) Fundamental Setting: each agent enters the simulation holding goods with the steady-state proportions p ij achieved in the Fundamental Equilibrium, as shown in table 1. Likewise, initial trading strategies of the agents are appropriately (0,1,0). c) Speculative Setting: each agent enters the simulation holding goods with the steady-state proportions p ij achieved in the Speculative Equilibrium, as shown in table 1. Correspondingly, initial trading strategies of the agents are (1,1,0) as befits Speculative Equilibrium. d) Random Setting: each agent enters the simulation holding random goods, other than the goods they consume. The initial trading strategies are random as well. The distributions we have used are uniform in both designating the stored goods and the trading strategies. Explicitly, there is a 50% probability for each agent to store each of the two goods he does not consume, and a 50% probability to adopt the trading strategy in question 11 .

Strategy Adoption through Imitation

Previous works in the field suggest several interesting designs for modeling agents' ways of deciding which strategy to play. [START_REF] Marimon | Money as a medium of exchange in an economy with artificially intelligent agents[END_REF], [START_REF] Basci | Learning by imitation[END_REF] are based on different versions of genetic algorithms usually optimizing a classifier system. In simpler terms, all possible rules (strategies) and conditions (inventories, trading decisions, etc.) are mapped out and then assigned relative strengths which develop throughout the dynamics, as agents gain 'experience'. Successful rules, which bring higher utility to agents gain higher strength and vice versa. At each time step each agent may switch strategies according to his personal set of strengths for each strategy. [START_REF] Moran | Money Networks in Kiyotaki-Wright Model[END_REF] offer a different genetic algorithm, where the least successful (lowest utility) agents are culled and replaced by replicas of the most successful. Also, Duffy (2000) and Rouchier (2003) propose a data-driven approach based on the important experiment of Duffy & Ochs (1999). Using logistic regression of the trading decisions assumed by real agents, they establish a function which interpolates the given data very closely. We should remind that the power of statistical analysis is limited, since it offers no causal rationalization 12 .

In his work, Basci (1999) also includes a random (5%) action as a means of introducing sub-optimality and to enhance the learning process of the algorithm. Also, he brings in the idea of learning by imitation in the KW setting. Namely, agents have a constant probability (usually 9%) to replace the strength of the relevant classifier with a 'social' effect, implemented as a weighted average on this classifier's strength between agents of the same type 13 . In simpler terms, with a given probability an agent will look over the experience gained by his peers throughout the game and will base his decision upon it.

What we propose in this work is a much simpler mechanism for choice making based on the concept of imitation, and implemented in a very transparent way. Similarly to the original KW model, we assume perfect information between agents, i.e. that each agent knows the exact state of inventories and strategies assumed by everyone 14 .

Then: a) For each type of agents (I, II, III) we classify them into two groups, according to their decision strategies at each time step, i.e. those who accept only the good they consume and those who also accept the good they neither consume nor produce. b) We calculate the average utility gained by agents of the same type in each of the two groups across the assumed memory span of the agents, which is limited, and compare them. c) Last, we assign a probability of converting each agent's decision strategy to that of the group with the higher average utility.

Basically, this procedure means that each agent evaluates the two strategies he may assume according to their average success across his peers, across several time steps.

We will now give a detailed description of this scheme.

For convenience, let us consider the mathematics involving strategy changes for agents of type I. For other agents the mechanics is the same, just with varying indices.

Agent i of type I will at each appointed time step consider the average utility gained (or lost) by agents of type I across a number of time steps, in two distinct instances: for those with τ 1 (2,3)=1 and for those with τ 1 (2,3)=0. This yields two different average utilities:

1   U and 0   U
. If we assume that agent i at this particular moment assumes τ 1 (2,3)=0, then he will adopt the other strategy only if the average utility gained by his peers for whom τ 1 (2,3)=1 is higher than for those with τ 1 (2,3)=0.

In other words, if

0 1      U U
. Now, this strategy change is not necessarily deterministic, and we allow agents to keep their old strategy with some probability.

Probability in this case stands for representing non-optimality in decision making, which is probably a closer representation of real traders rather than an abstractlyoptimal solution.

Let us now refer to the possible prospects of agent i as two distinct states. For each of these two 'states', we may assign the average utility of the appropriate peers as a measure of 'energy' corresponding with the state. In this jargon, we find ourselves in a problem from statistical physics. In a thermal equilibrium of non-interacting particles, it is common knowledge that the probability distribution of particles in each energy state is given by the distribution:

    kT E state f state / exp  
where E state is the state's energy, k is the Boltzmann constant and T is the temperature. More useful is the ratio of probability distributions between two states, given by

      kT E state f state f / exp 1 2    where ΔE=E 2 -E 1 .
Back in our economic system, the application of Boltzmann distribution to adoption of strategies would assume that average utilities act as energies corresponding to the strategy groups from which they were derived. Explicitly, the said agent i will switch from τ 1 (2,3)=0 to τ 1 (2,3)=1 with a probability:

    I T U U I e P / 1 0 | 0 1 1           
where T I is a measure of 'temperature', governing the rate by which successful strategies are adopted by agents of type I. For convenience, we may also include the condition of

0 1      U U
into the probability equation:

Equation 1:     2 / 1 1 0 1 0 1 / 1 0 | 0 1                      τ τ τ τ T U U I U U U U e P I  
In this particular application of Boltzmann distribution, lower temperature increases the probability that agents will shift to the beneficial strategy. Additionally, as the difference in the average utilities decreases, so does the probability for agents to change their strategies, up to zero probability when the averages are equal. This effect reinforces the stability of Nash equilibrium: when inventories and strategies of all agents correspond with those of the equilibrium, a single agent would not be able to increase his utility by assuming a different strategy.

However, the memory span of agents has a major impact on the efficiency with which they adopt strategies. If memory is short so that agents may memorize only a few trading encounters, then optimality is improbable. On the other hand, extremely long memories do not seem feasible from the human perspective. Therefore, we will limit our agents with a memory cutoff, dissimilar to [START_REF] Marimon | Money as a medium of exchange in an economy with artificially intelligent agents[END_REF] and [START_REF] Basci | Learning by imitation[END_REF].

To complete the model we must consider a state where all agents assume the same strategy, hence denying a possibility of comparing their relative success. In this case the only reasonable solution is to introduce a default utility for each strategy, in order to help the ensuing economy reach optimal stages rather than the worst. The default values we have used are simply the storage costs for the goods appointed by the adoption of each strategy, this being a reasonable 'first order' option.

Moreover, the discount factor, β, poses many problems outside of the original and purely mathematical context. It is used to reduce the value of future utility (gained or lost) when calculating the aggregate utility at infinite time. In Duffy & Ochs (1999), where real agents play a finite game, the writers interpret β as a probability of continuing the game in the next step. In our model, multiplying utilities by a factor would change the difference of average utilities by the same factor, and therefore would be similar to changing the temperature, or 'heating' the system. Consequently, this framework is in fact sensitive only to the joined variable of T i •β at each time step, and hence we will usually work with β as unity and will vary the temperature alone, or leave it constant for convenience.

An interesting behavior which may transpire in this setting is that an average utility gained by a faction adopting a single strategy may be extreme (either positive or negative), and not a valid representative of that strategy. This effect is strong when there are only few adopters of one strategy, whereas the great majority assumes the reciprocal strategy. This effect may cause all, or most, agents of the same type to make a choice which would in fact yield lower utility than the opposite. Of course, a sensible argument is that this effect is cardinal rather than freak, and that indeed economies may enter unfavorable conditions due to following 'false prophets'. However, from our analytical perspective, such effects will either wear out statistically or may be contained with added conditions on size of the group in question. Therefore, we will not deal with these phenomena hereafter.

The probability of changing strategies from τ 1 (2,3)=1 to τ 1 (2,3)=0 it is easily derived from equation 1 by changing all zeros to ones and all ones to zeros in the indices of U τ . We remind that although we have described in detail the mathematics regarding agents of type I, similar treatment is easy to deduce from the above paragraph.

This concludes the construction of the major differences of our model to that of previous works. Let us remind that memory and temperature are the main features which we introduce into the well researched KW framework at this stage.

We now turn to discussing the preliminary results of this simulated environment.

Preliminary Results

We include several types of results in this section: single runs of an economical system in the framework of the KW implementation we have designed under varying conditions, and aggregate statistics of many runs under different parameter settings.

Let us begin the demonstration of the ensuing dynamics in a single run, for a system initialized with each agent holding the good he produces and playing only Fundamental strategies, i.e. (0,1,0), or what we termed earlier the Production Setting.

The chosen parameter combination is the one used in Duffy & Ochs (1999) 15 , although with a larger number of agents, in order for the average utility to be a representative value of the success of the appropriate strategy. According to analytical predictions of [START_REF] Kahneman | Maps of bounded rationality: psychology for behavioral economics[END_REF], this setting should ensue in a Speculative Equilibrium:

INSERT FIGURE 2 From figure 2 we see that although inventory proportions are close to their equilibrium values, the state is not 'steady' but rather oscillating around the mean. In the instance of trading strategies the behavior is very smooth and all agents immediately reach the equilibrium strategies (1,1,0) without oscillating. However, this is mainly due to the choice of a very low temperature T I =T II =T III =0.001, which effectively disables 'mistakes' such as adopting a losing strategy. If we increase temperature, a more interesting pattern in the dynamics of decision making follows:

INSERT FIGURE 3 In this case, temperature is of the order of average differences of utilities, that are by choice lower than 100 and larger than 3, according to the parameter choice above.

Therefore, a significant 'noise' is due, since the Boltzmann distribution does neither go to unity nor to zero. Indeed, we witness unpredictable behavior of τ 3 (1,2) and of τ 1 [START_REF] Bonneto | Dynamic Equilibria in the Kiyotaki-Wright Model[END_REF][START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF], instead of settling on a stable strategy distribution such as the prescribed Speculative Equilibrium of (1,1,0). The interesting part of these results is their correlation with the empirical tests of Duffy & Ochs (1999), who found that indeed, under these parameters, agents I's frequency of speculation is around 0.19-0.68, and agent III's frequency is between 0.09-0.55. We should state that due to this high temperature, random runs under the same parameters often create different results than what we show above, though not qualitatively. However, in the experiments of Duffy & Ochs there is also large variation in these frequencies of adopted strategies between games, so that perhaps this erratic behavior could be somewhat representative. Moreover, as formerly stated in our empirical findings, this behavior can be attributed to the non-speculative feature of the agents, as classified by the 'temperature' (i.e. level of rationality) of the agents.

For temperature higher than the range of expected utility, behavior will be smoother than that seen in figure 3, but will not necessarily result in the equilibrium values. We chose to show a longer run of a simulation initialized under the Production setting, so that the dynamics and strategy variation could be examined on a longer time scale:

INSERT FIGURE 4

From figure 4 we see that almost immediately agents of type I and III begin adopting speculative behavior, whereas agents of type II usually remain in the vicinity of their 'rational' option of trading good 3 for good 1. And yet, the features of equilibriumseeking are apparent as agents of type I slowly increase their speculation proportions, while agents of type III slowly decrease it. The jumps in speculator fractions are a product of the parameter setting, although the major impact in this case is of the memory span, which was chosen as the least possible value. For instance, increasing memory by four time steps would result in a different pattern, reaching values closer to the equilibrium form, converging faster and with less variation: FIGURE 5 From these figures we see that agents' behavior is not only random, and does not necessarily converge to the theoretically predicted states. Rather, we see that the temperature and memory parameters classify distinctly different agents with respect to rationality. These results correlate with our empirical discovery, that real people may be categorized into different groups with regard to speculation, or to optimal decision making in general.

Next, we study the effects of different parameter combinations and starting positions on the terminal stages of the system. Stages are characterized by the strategies assumed by agents of all types. This is done in principle to both validate and examine the particulars of our specific implementation as related to the theoretical prediction of Kiyotaki & Wright (1989).

Assuming initial inventory distributions and strategies according to the Fundamental Equilibrium, we fix all parameters to some nominal values and then examine the resulting terminal phases of the ensuing dynamics with respect to other parameters.

Since the conditions of Fundamental and Speculative equilibria are termed in c 3 and c 2 , it is natural to check the system's sensitivity to the ratios of c 3 /c 1 and c 2 /c 1 .

The set of nominal parameters we employ to study the ensuing dynamics is given by table 3: In the next graphs we will show the terminal outcome of the dynamics ensuing under different initial conditions:

Parameter Nominal Value c 1 1 u 3 β 1 T I =T II =T III 0.001

Memory span 5 Number of time steps 50

INSERT FIGURE 6 We see that agents' behavior as apparent in our simulation follows very strictly the rules developed by Kiyotaki & Wright, for most of the values of c 3 /c 1 and c 2 /c 1 . We even witness the transition around the intermediate area between the two diagonal orange lines as the area where no equilibrium exists, validating this prediction. However, as the values of c 2 /c 1 approach unity, agents of type III adopt a speculative strategy of trading good 1 for good 2, with contrast to Kiyotaki & Wright (1989).

Similarly, even for the new phase we have found the separation of the fundamental and speculative strategies of agents of type I is still governed by the analytical prediction, although in this case no intermediate area of instability is evident.

A similar output may be generated for a system initialized under the conditions of the Speculative Setting: INSERT FIGURE 7 Although the intermediate region between the two distinct phases seems somewhat wider than theoretical predictions allow, otherwise the behavior of the dynamics satisfies those of the original KW model. Interestingly, starting the simulation under the Random Setting reproduces closely the results of the Fundamental Setting with minor variations, while Production Setting is similar to the Speculative Setting. Therefore, we will not encumber the reader with more similar plots, and instead add more informative results.

For instance, the impact of temperature could be examined in the following figures.

Starting the simulation under the Speculative Settings, which produced the 'cleanest' results as witnessed in figure 6, we increase the temperature to a value of the order of u and c i for all i. As seen in figure 3, speculation frequency may not stabilize or even gravitate around a semi-stable value, therefore we expect to find a 'noisy' pattern:

INSERT FIGURE 8 First, we show only the fraction of agents I who speculate. Agents of type II and III assume their equilibrium strategy in most instances 16 : τ 2 (3,1)0.98 and τ 3 (1,2)0.08, and therefore are less informing on the system's state than agents of type I. Even through the noise, it is apparent that as the values of c 3 decrease and of c 2 increase, the fraction of speculators increases as well.

For a higher temperature still, the noise would be reduced, but behavior at equilibrium would not necessarily be achieved, as can be witnessed in the following figure :   INSERT FIGURE 9 In this case we see that the average τ 1 (2,3) moves towards a linear function of c 2 and c 3 , and it approaches unity around the values prescribed by theoretical predictions.

However, where it is more optimal to reject speculation, now more than 50% of the agents assume speculative behavior. In fact, we see an increase in the average τ 1 [START_REF] Bonneto | Dynamic Equilibria in the Kiyotaki-Wright Model[END_REF][START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF] in comparison with figure 7, where it was around 30% at its lowers. As before, agents of type II and III assume their equilibrium strategy in most instances: τ 2 (3,1)0.98 and τ 3 (1,2)0.04, unless c 2 ~c3 ~1 where these average values are more divergent. If we would increase temperature further, the above structure would not change its pattern, only the intermediate values of the mean and minimal fractions of τ 1 [START_REF] Bonneto | Dynamic Equilibria in the Kiyotaki-Wright Model[END_REF][START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF], up to the point where speculation would be complete for the entire parameter space. 16 When c 2 ~c3 ~1, τ 2 (3,1) may reach as low as 0.7 and τ 3 [START_REF] Basci | Learning by imitation[END_REF][START_REF] Bonneto | Dynamic Equilibria in the Kiyotaki-Wright Model[END_REF] as high as 0.22.

In physical terms, we in fact witness two distinct phase transitions as temperature is changed. This assertion is visually challenging, since each of the figures 6-8 also includes a parameter space partitioned into different phases with respect to the adopted strategies. And yet, we claim that an important aspect of the system is in the , noise enters the system. We may call this as the 'Perturbed Phase'. For higher temperatures still, i.e. when 0 /  T U , although sub-optimality persists, the system adopts a much more structured configuration. This is another phase of the system, which we define as the 'Structured Suboptimal Phase'.

The transition of the economy from one phase to the next has a great impact on the ensuing dynamics. In the Optimal Phase, strategic behavior usually allots maximum utility to all agents. In the Perturbed Phase, strong randomness is introduced which affects optimal choice-making, to the point where speculation may be more likely in parts of the parameter space where it is less beneficial, and vice versa. In the Structured Suboptimal Phase, speculation is apparent in the entire parameter space, in degrees varying smoothly as the other parameters are changed, disallowing the randomness which is apparent in the previous phase.

To conclude this section, we claim to have developed and implemented a model for choice-making in the context of the KW economy, which parametrizes behavior optimality by two variables: temperature, which corresponds to randomness in adopting strategies, and memory, which determines the level of information de-facto available to the agents while making their choices. These parameters produce a rich dynamics, and different systemic phases emerge.

First, we utilize

  a fully individualized agent-based model, based on[START_REF] Marimon | Money as a medium of exchange in an economy with artificially intelligent agents[END_REF],[START_REF] Basci | Learning by imitation[END_REF],Duffy (2000) and others.

  structuring of each such figure as a function of temperature, and not only on the spatial distribution of speculation as a function of c 2 , c 3 or other parameters. For low temperatures, i.e. when   T U / , the system behaves in the matter closely correspondent with that prescribed by Kiyotaki & Wright's theoretic work in 1989. Let us define this as the 'Optimal Phase'. As temperature reaches values in the vicinity of the average utilities of the agents, i.e. when 1 /  T U

Table 1 :

 1 Characteristics of Fundamental Equilibrium and Speculative Equilibrium according to the conditions, strategies and inventory distributions as developed by

Table 2 :

 2 Average speculation frequency of both groups, speculators and non-speculators, over the whole experiment

Table 3 :

 3 Nominal parameters for simulation runs.

Kiyotaki & Wright (KW) Model Environment[START_REF] Basci | Learning by imitation[END_REF] Or three parameters, in case for some reason one wishes to introduce varying degrees or suboptimality to agents of different types.

Agents of type i may exchange good i+1 for good i+2.

A reminder: agents may never store the goods they consume.

Particularly on the second treatment presented in the latter: "eliminating noise" that we adapted to explore learning mechanisms behind speculative behaviors.

We employed the following parameters: utility of consumption is 100, storage costs are 1, 4 and 9 for goods of types 1, 2 and 3 respectively, and beta parameter is set to 0.95.

τ 1[START_REF] Bonneto | Dynamic Equilibria in the Kiyotaki-Wright Model[END_REF][START_REF] Brown | Experimental evidence on money as a medium of exchange[END_REF] for agents of type I, τ 2 (3,1) for agents of type II, and τ 3 (1,2)) for agents of type III.

Moreover, applying this function to a different model, even slightly from that which was used to produce the regression is far from trivial, and in most cases basically impossible.

For greater detail on the implementation see: E. Basci, Learning by Imitation, Journal of Economic Dynamics and Control, 23 (1999) p. 1577.

In experimental settings ofDuffy & Ochs (1999) this information is not given to the players.

We remind that in our instance β is in fact coupled to the temperature.

Discussion

In the present work we have delivered two innovations to the Kiyotaki and Wright's framework of emerging money as a medium of exchange.

The first, derived empirically, was the classification of the real agents into two distinct groups with respect to frequency of speculation, where theoretically rational agents should have fully adopted the speculative behavior. Since its apparent significance, we suggest that further studies in the field take it into account.

Likewise, our second result was a modeling of this phenomenon under a numerical analysis, introducing peer imitation as possible rule for adopting successful strategies. The success of our model in reproducing either the perfectly-rational theoretical predictions or the empirically observed sub-optimal behavior in the same context, together with its simplicity, prove its usefulness in modeling agents in the KW environment.

Since the model arbitrates between binary choices (whether to speculate) whence one is optimal and the other is not, through collecting data of previous encounters, decisions and their payoffs along a time-series with a specific memory span, we suggest that the same approach may be extended beyond KW to any problem which may be reduced to a similar formalism.

Further, perhaps deviation from sub-optimality (such as the temperature in our model) and memory are the key elements in describing rationality, risk aversion, or both. This neutral labeling perhaps could be one day extended into a score, much like IQ only with different applications.