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STABILITY ESTIMATE IN THE INVERSE SCATTERING FOR A SINGLE QUANTUM
PARTICLE IN AN EXTERNAL SHORT-RANGE POTENTIAL

MOURAD BELLASSOUED AND LUC ROBBIANO

ABSTRACT. In this paper we consider the inverse scattering problem for the Schrodinger operator with short-
range electric potential. We prove in dimension n > 2 that the knowledge of the scattering operator determines
the electric potential and we establish Holder-type stability in determining the short range electric potential.

1. INTRODUCTION AND MAIN RESULTS

This paper concerns inverse scattering problems for a large class of Hamiltonian with short-range electric
potential. A single quantum particle in an external potential is described by the Hilbert space L?(R™) and
the family of Schrodinger Hamiltonian

1
H= —§A+V($), z e R"™ (1.1
We suppose that the electric potential V € C'(R",R), with the short-range condition
=
V(z)| < C(x) ™",
for some § > 1, where (z) = (1 + |«|)"/2. Then we define

Vi= Vel ®), V@l<C@™®, 5>1}.

Let Hy = %A be the free Hamiltonian. We consider two strongly continuous unitary groups: e~ **Ho

generate the free dynamic of the system and e ~#! a perturbation of this free dynamic. The state u € L?(R")
is said asymptotically free as ¢ — +c0 if there exists ¢4 € L?(R") such that

i ey — 7oy, | = 0. (1.2)

Here 1), is the outgoing (resp. incoming) asymptotic of the state w. The condition (I.2)) is equivalent to the
following two conditions

lim |[eHoe=tH,, =0 lim |e®H ¢—itHo —ul = 0.
i | yel=0, lim | be —ul
The fundamental direct problems of scattering theory are: (a) to determine the set of asymptotically free

states, i.e., the set of u € L?(IR™) such that

lim eitH()e—itHu _ ¢+
t—+w -
exist, (b) the condition of the scattering operator which maps the incoming _ into the corresponding

outgoing one . .
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Let V' be a short-range electric potential, by [[11], Theorem 14.4.6, the wave operators, defined by
Wi (H,Hy)u = tEToo etHe=itHoy 4 e L2(RM)
exist as strong limits, are isometric operators, they intertwine the free and full Hamiltonian H and H
Wy (H,Hy)Hy = HW4(H, Hy).

Their range is the projection of the space L?(R™) onto continuous spectrum. Moreover the wave operators
W (Hy, H) also exist and adjoints to W (H, Hy). The scattering operator Sy : 1) +— 1, is defined as

Sy =Wy (Ho, H)W_(H, Ho) = W4 (H, Hy)*W_(H, Ho).

It is well known that Sy, is a unitary operator on L?(R™). We call S as a mapping from Vs into the set of
bounded operators £(L?(R™)), S(V') = Sy, the scattering map.

For s > 0, introducing the space L!(R") be the weighted L' space in R™ with norm

HUHLg(Rn) = | <'>SU||L1(Rn)-

The following is the main result of this paper.

Theorem 1.1. Let M > 0, 6 > 1 and s € (0,1). There exist constants C > 0 and v € (0, 1) such that the
following stability estimate holds

HVl - V2HH*1(]R”) < C”SV1 - SVzHZ(LZ(Rn)) (13)
for every Vi, Vo € Vs such that (Vi — Vi) € L*(R") n LL(R") and
Vz2@ny + VI wny < M. (1.4)

In particularly the scattering map
S : Vs — L(L*(R™)), V +— Sy,

is locally injective.

We describe now some previous results related with our problem. Let S”~! be the unit sphere in R™.
Define the unitary operator

F: L*(R") — L2RY, LA(S™7Y),  Z(u)(w,\) = 272N 244(Vw),

where L2(R*, L?(S"~1)) denote the L2-space of functions defined on R* with value in L?(S"~1). The
spectral parameter A plays the role of the energy of a quantum particle. Then

F(Syu)(A) = Sy (A)F (u) ().

The unitary operator Sy (\) : L2(S™~!) — L2(S"~!) is called the scattering matrix at fixed energy A with
respect the electric potential V.

The problem of identifying coefficients appearing in Schrédinger equation was treated very well and
there are many works that are relevant to this topic. In the case of a compactly supported electric potential
and in dimension n > 3 uniqueness for the fixed energy scattering problem was given in [17, 23] 26]]. In
the earlier paper [25] this was done for small potentials. It is well known that for compactly supported
potentials, knowledge of the scattering amplitude (or the scattering matrix) at fixed energy A is equivalent to
knowing the Dirichlet-to-Neumann map for the Schrodinger equation measured on the boundary of a large
ball containing the support of the potential (see [31]] for an account). Then the uniqueness result of Sylvester
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and Uhlmann [30] for the Dirichlet-to-Neumann map, based on special solution called complex geometrical
optics solutions, implies uniqueness at a fixed energy for compactly supported potentials. Melrose [16]]
proposed a related proof that uses the density of products of scattering solutions.

The uniqueness result with fixed energy was extended by Novikov to the case of exponentially decaying
potentials [24]. Another proof applying arguments similar to the ones used for studying the Dirichlet-to-
Neumann map was given in [32]. The fixed energy result for compactly supported potentials in the two-
dimensional case follows from the corresponding uniqueness result for the Dirichlet-to-Neumann map of
Bukhgeim [3]], and this result was recently extended to potentials decaying faster than any Gaussian in [9].

We note that in the absence of exponential decay for the potentials, there are counterexamples to unique-
ness for inverse scattering at fixed energy. In two dimensions Grinevich and Novikov [8] give a counterex-
ample involving V' in the Schwartz class, and in dimension three there are counterexamples with potentials
decaying like |3:|_3/ 2 [18] 28]. However, if the potentials have regular behavior at infinity (outside a ball
they are given by convergent asymptotic sums of homogeneous functions in the radial variable), one still
has uniqueness even in the magnetic case by the results of Weder and Yafaev [35}[36] (see also Joshi and S&
Barreto [13,14]).

In the case of two-body Schrodinger Hamiltonians H with V' short range, such a problem has been stud-
ied in [29] with high-frequency asymptotic methods. For short or long-range potentials, Enss and Weder
[6] have used a geometrical method. They show that the potential is uniquely recovred by the high-velocity
limit of the scattering operator. This method can be used to study Hamiltonians with electric and magnetic
potentials on L2(R"), the Dirac equation, [8] and the N-body case [[6]. In [21]], Nicoleau used a stationary
method to study Hamiltonians with smooth electric and magnetic potentials have to be C* functions with
stronger decay assumption on higher derivatives, based on the construction of suitable modified wave oper-
ators. This approach gives the complete asymptotic expansion of the Scattering operator at high energies. In
[13]] the author sees that the problem with obstacles can be treated in the same way by determining a class
of test functions which have negligible interaction with the obstacle.

All the mentioned papers are concerned only with uniqueness or reconstruction formula of the coeffi-
cients. Inspired by the work of Enss and Weder [6] and following the same strategy as in [6]], we prove in
this paper stability estimates in the recovery of the unknown coefficient V' via the scattering map.

The paper is organized as follows. In Section 2 we examine the scattering problem associated with (I.1)),
by using the geometric time-dependent method developed by Enss and Weder. In Section 3, we prove
some intermediate estimate of the X -ray transform of the potential V. In Section 4, we estimate the X -ray
transform and the Fourier transform of the potential, in terms of the scattering map and we proof Theorem

L1

2. SCATTERING MAP

Here we recall some basic definitions of the scattering theory used throughout the paper. The Fourier
transform on functions in R™ is defined by

¢ 1 —ix-
F©) 1= F0©) = oy | S wan
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and the inverse Fourier transform is
. 1 A
_ 1 _ ix-€
@) = FA@) = o |, A€

For s > 0, letting H*(R™) stand for the standard Sobolev space of those measurable functions f whose
Fourier transform f satisfies

X 1/2
Pl = ([ ©F FOPa) <o (=@l
For § > 0, introducing the Hilbert space L?(R™) be the weighted L*(R™) space in R" with norm

Jullpany = () ullpagany.

We see that the Fourier transform F is a unitary transformation from H*(R") onto L2(R™), that is

lull L2gmy = 1 F (W)l 15 gy, Y€ S(R™). 2.1)
Let e~*Ho be the Schrodinger propagator, in term of the Fourier transform, this is given by
. L 1e2 1 . g2
e~ tHoy = ]-"*l(e*”’%}"(u))(x) = 7J em'ge*”%@(f)df. (2.2)
(2m)"/2 Jgn
We also record the following properties of the wave operators W
Wiwe =1, e ™MWy =Wye o, (2.3)
By Duhamel’s formula, we have
1o | .
Wy =1+ zj eHyemitHo gt (2.4)
0

The proof of proceeds by differentiation and subsequent integration: For u € Z(Hy) = 2(H) one has
the product rule
% (eitHefitHou) _ eitH,iHefitHou _ eitH,iHOefitHou
ety et oy,
This is now integrated to yield

¢
eitHefitHou —u=1 j eisHVefisHoud(%
0
from which (2.4) follows after taking the limit ¢ — 0.
Then from (2.4)), we find out that

0
Wy —W_o)u= zf ety e~ itHoy, gt (2.5)
—0Q0

for any state u € L*(R") for which the integral is well defined. We have a similar formula for W

0
Wi=TI+i f eitHoy =it gy
+o0

It follows from the definition of the scattering operators that

Sy —1 =Wy —W_)*W_.
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Then by Duhamel’s formula and the interwining relation (2.3), we have the following identity giving a
relation between the scattering operator Sy and the potential V'

+oo '
i(Sy — DNu = f etHOy W _emHoy . e L2(R™). (2.6)

—0Q0
We need some elementary facts about pseudo-differential operators defined by the equality

1 ,

— 3 )
o(D)ule) = o || ol Yue SE),
where the symbol a € C3°(R"™). It is then known that for any a € C(R"), a(D) is bounded operator on
L*(R™).
For p € R", we define the conjugate pseudo-differential operator a,(D) by
ap(D) = e~ 2a(D)e™? := a(D + o). (2.7)

The symbol of the operator a,(D) is given by a,(&) = a(€ + o). Indeed, using the fact that F (e %u)(£) =
alE — o), we get

ao(D)u(z) = W | e a@ite - e, vues@).
We define the linear unitary operator Eg from L2(R™) into itself by the integral representation
Ezu(:n) = e oDy (z) = W J § e le ety (6)de = u(x —to), YueSRM).
Hence, we obtain the following identity
E' ,wEu(z) = w(x + to)u(z), Yw, ue L*(R™). (2.8)

By a simple calculation, it is easy to see that
. . . e . )
e 0eitHo gizo _ o—itll EéeiZtHo, in L2(R"). (2.9)

Let us recall the following result proved in Reed and Simon [27], XI, page 39. The key of the proof is the
application of the stationary phase method.

Lemma 2.1. Let g € S(R™) be a function such that g has a compact support. Let O be an open set
containing the compact Supp(g). Let

1 ; -1 2
9:(@) = Gy fRn e te g (¢)de. (2.10)

Then, for any m € N, there exists C' > 0 depending on m, g and Supp(g) so that
g¢(@)| < C(L + || + )™,
forall x,t with xt~1 ¢ O.

In the sequel, for t € R* and ¢ € R", we denote by A; and A, the following sets

1 1
A= {lo—tal > 3t} 42 = {lol < Jleal | @

For a measurable set A — R"”, we denote by x4 the characteristic function of A.
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Lemma 2.2. Let 9 € R"™ such that |p| > 4, t € R*, and let consider the two measurable sets Ay and A,
given by @.11)). Then for any a € C{(B(0,1)), and all k € N there exists C such that

—itHy

|Kkae a—o(D)kayullp2wny < C (to) ™ |l L2 ®ny (2.12)

for any u € L*(R™). Here C depends only on k and n but not depends on o.

Proof. Leta € C(B(0,1)), Ay and Ay given by Z.I1). For u € S(R™), using 2.2)) and 2.10), we easily
see that

e Dhnale) = o [ e wale - 0P lna)(©)d¢
) (2717)" Jo, ¢t e ate o) | St

_ (1 j ay (2).a, (9)al (z — y)uly)dy

where the kernel a? is given by
af(z) = f e*Ce 2 a (g — g)de.
Therefore, we have

[kare™ " M0a o (D)kayul Fogny = R fRn ka, (@) fRn KA, (y)af (x — y)u(y)dy|*da

(fw K (7) <f rag(y)lag(z — y)|2dy> da;) a2 gy
o

o (2 (@ — z)dx) dz) 2,

. a8 PO, R ) ey @13)

N

Rn

A
= Q

_—
3

=N

1

O

S

where 74, (%) = Ka,(—x).
By a simple computation, we get
al(zr) = ol 0p—iglol? f ei@—to) € i3l g (¢)dg
= emeeislely, (z — tp). (2.14)

Thus, we arrive at

| Pt k)@ < [ P )+ to)ds

n

< - ‘dt(‘r)|2</€A1 * R(Angtg))(x)dx‘

Since, Supp(ka, * Fa,11p) < A1 — (A2 + to) = {|z| > 1|to|}, and
[kar * FaslLo@ny < K4y 1 rny < Cltal™,

the above, inserted in (2.13)) yields the following inequality

|4, e 00 o(D)kaulF2@ny < Cltol” (J{ |at(:v>|2dx> )32 gy (2.15)

|z|> [tel }
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Letr = i|t9|, In view of (2.14), we get from Lemma 2.1l for m € N, with 2m — k > 2n, that
|tg|"f (@) 2de < cr"f iy () 2
{lz=%tol} {lz|=r}

< C <T>_k <x>—2m+k+n dz,
R”
provided that r > |¢|, which satisfied if |o| > 4.

Combining (2.16) and (2.13), we immediately deduce 2.12).
This completes the proof.

Lemma 2.3. Let V € V5. Then for any a € C{(B(0,1)) and every o € R™, we have
[VemitHog_ (D)l pa(any = IV (@ + to)e 0 a(D)e= 2u] g
for any u € L*(R™).

Proof. By a density argument, it is enough to consider (2.17)) for u € S(R™). By (2.7)), we get
HVe*itHoa_Q(D)uHLz(Rn) = |VeitHo ei””'ga(D)e*im'QuHLz(Rn).
Using (2.8) and (2.9), we deduce that
HVe*itHOeim'ga(D)e*m'QuHLQ(Rn) = HVeix'QEée*Z:tHo (D e*?””'é’uHLz(Rn)
= HEt,QVEZe*”'HO (D)eiZ%'QUHLZ(Rn)
|V (x + tg)e_”HOa(D)e_”'QuHLz(Rn).

a
a

Thus we conclude the desired equality.

Lemma 2.4. Let V € V5. Then for any a € Ci°(B(0, 1)), and every p € R", |o| > 4, we have

[Ve oa_y(D)ul p2@ny = |V (x + to)e™ " a(D)e™ 2ul 2@y < C {t0) ™" [ul 2 @ms

for any u e L3(R").

(2.16)

2.17)

(2.18)

(2.19)

Proof. By a density argument, it is enough to consider (2.19) for u € S(R™). Let A; and A, are given by

@-11). Then, we obtain

Ve 00Dyl gy < [V ra e oa_ (D)l ey
+ ||V/{A§efitH0a

To estimate [7, note that

I < HV/fAle_itHOa_Q(D)nAzu\\Lz(Rn) + HV/iAle_itHOa_Q(D)/nguHLz(Rn).
Hence, by Lemma[2.2] we get
H’%z‘h e Ho a—Q(D)HAzuHLZ(R”)

-0

C (t0)™® [ulaqan-

H Vka, eiitHoa—Q<D)HA2uHL2 (Rn) S
<

Furthermore, for any v € S(R"™), one has
i -5
IVka,e ZtHO‘l—g(D)/ngUHLZ(Rn) < HHAgu”LQ(]R”) < C (to) HUHL§(Rn)-
Taking into account (2.20), (2.21)), we see that
-
I < C(to) " |ulpzmn)-

,Q(D)UHLz(Rn) =11 + I.

(2.20)

(2.21)

(2.22)
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On the other hand, since A§ < {|z| > 1|to|} and V' € Vs, we also have that
Iy = [Viage ™ oa_y(Dyulpagny < Clte) e a_y( DYl pagee
< O (to) ™’ Jull p2(rny.- (2.23)
Hence, by combining (2.23) and (2.22)), we conclude the proof of the Lemma. O

Lemma 2.5. Assume that V € Vs. Then there exists C > 0 such that for any ® € S(R™) with Supp(®)
B(0,1), we have
|(We = De™ ™ 0@, 2@n) < Clol '[P L2 @)

o| > 4, and uniformly for t € R. Here ®, = e oP,

for any g € R,

Proof. Tt follows from Duhamel’s formula (2.3)) that

(Wi — De "o0p, = z'fooo ey sthe g, ds.
Take a € CZ(B(0,1)), such that a(¢ — 0)®(€ — o) = ®(€ — ), that is a_,(D)®, = ®,. Then by Lemma
we get

|(Wy — De ™0, || 2 gy < f Ve *Hoa_ (D), 12(gn)ds

—00

-5
< ([ toords) [0z
C ( J © s
T (r) " dr ) |9 2R,
lol \Jo Es )
and the Lemma follows for W_.. The proof for W_ is similar. O

3. STABILITY OF THE X-RAY TRANSFORM OF THE POTENTIAL

In this section we prove some estimate for the X -ray transform of the electric potential V. We start with
a preliminary properties of the X -ray transform which needed to prove the main result.

Let w € S*!, and w the hyperplane through the origin orthogonal to w. We parametrize a line £(w,y)
in R™ by specifying its direction w € S™~! and the point 3 € w where the line intersects the hyperpalne
w™. The X-ray transform of function f € L' (R™) is given by

X(f)(ew) = X)) = | fla+ rw)dr, ew
R
We see that X (f)(x,w) is the integral of f over the line £(w, y) parallel to w which passes through z € w*.
The following relation between the Fourier transform of X, (f) and f, called the Fourier slice theorem,
will be useful: we denote by F, . the Fourier transform on function in the hyperplan w. The Fourier slice
theorem is summarized in the following identity (see [2]):

For(Xu()() = (2m)0-m)2 f X (f) () da

wl

= (2m)(I—m)/2 f e_m'”f f(z + sw)ds dx
L R

— (2m)0m2 jR e (y)dy
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= V2rF(f)(n), newt. 3.1)

The main purpose here is to present a preliminary estimate, which relates the difference of the short range
potentials to the scattering map. As before, we let V;, V5 € Vs, 7 = 1, 2 be real valued potentials. We set

V:VI_‘/Qy

such that
V2@ < M.

We start with the following Lemma.

Lemma 3.1. Let V; € V5, j = 1,2. Then there exist C > 0, \g > 0 and v € (0,1) such that for any
we S and ®,V e S(R™) with Supp(®), Supp(¥) = B(0, 1), the following estimate holds true

| o X(V)(z,w)®(2)¥(z)dz] < OVA|Sy; — Sva[| @] p2gm | 2 an)

A2 (10 2y + 19z ) (I m2e + 19 2@n ) G2
forany A > X\g. Here V. =V} — Vs,

Proof. Let o = v/Aw with A\ > 0 and w € S"'. In what follows for ®, ¥ € S(R") with Supp(®), and

Supp(¥) < B(0,1) we denote
D, = TP, W, =T, 9=+ ).
From the identity (2.6) of the wave and scattering operators, it is easily seen that
VA (i(Sy, — 1)®,, ¥,) = fR 0i(T, A\ w)dr + Ri(A\w), j=1,2, 3.3)
where the leading /¢, is given by
47 A w) = (Ve g, e g )

and the remainder term 75, is given by

Rj(A w) —f

(W2 = peimX g, vieminh oy, ) ar.
R

At first, we estimate the remainder term R;. Let a € CP(B(0,1)) such that a(£)®(¢) = ®(¢), and

A

a(€)U(€) = (€) Lemma 24 gives uniformly in A the integral bound
oy —1/2 _i\—1/2
[Viem ™ Hod | = [Viem ™ T ey (D),
= Vi + rw)e™ ™ P a(D)0| < C (7)™ | 2y (B4)

Similarly, we get
—ir\—1/2 5
[Vie™ ™ 0w, | < O (r) 70 9] L3 geny - (3.5)
By Lemmal[2.5]and (3.3)), we obtain

: —irA—L/2 —irAT L2 a
IRj(\w)| < CJRH(W]—I)G AN ||[Vem T T |l dr < \ﬁ\@”L%(Rn)H‘I’HLE(Rn)'
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Thus R;(\,w) satisfies the remainder estimate in (3.2)).
We consider now the leading term ¢;. Taking into account (2.8)), (2.9) a simple calculation gives

Grnw) = (Vi + e Vo, o=im i)

and therefore

i(r A w) = (Vi(a + 7w)@, @) = 69 (7,2, w) + 67 (7, A, w)

where
(2 w) = (Vilw + rw)e ™0, (=m0 g,
and
(DA w) = ((e*m*””fo —1)®,Vj(z + Tw)\I/) .

Since ¥ has compact support, we obtain
T/VX T/VX
(emm 0 — 1) w = f Y (itog) gy —z'f " it o
ds ’
0 0
Therefore, we have
—ira—l/2 7| 7|
[(e= ™ — D)W oy < \T)\HHO\I’HB(R") < \F”\I’HHQ(R")
and using the fact that
i1/
[(e= ™ THO — D)W ey < 2] F||p2(gnys
we deduce the following estimation

H@”A“%—nwm@w<c(m>WWme (3.6)
vV

for all v € (0,1). Then by (3.6) and (3.4), we find

C (6
69 (7,0, @) < 5 (1) [0 g | @] 2 ey

\7/2
Hence, by selecting « small such that 6 — v > 1, it follow that
1 C
|1 x )l dr < Wl 19l e @)

Moreover, we have
J Vj(x + tw) ¥ (x)2dr < C’J (z + 7w) "2 |0 (z)Pda
n |x+Tw|> |T\}
+ f (x + Tw>725 | (z)|?dx
{\x-‘r'rw\ 2\7’|}

<c (<T>—25f e s+ ()7 |

Then we show as the proof of (3.7) that

m%mem)<cm2w@pw)

n

2) _ZT 1/2
f|e< (7. A, w)|dr f NV HO )| pa gy |V (& + 7w0) U g2y

< sz ([0 ar) 1l 9100
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Then, we easily see that
1 2 C
|1 x| 162 wldr < 375 (19l ®l) + 191w Wi ) - G3)
From (3.8)) and (3.3)), we deduce that
VA ((Syi = Sv,) D, 0,) = j (61 = L)(m, A w)dr + (Ri — Ra) (A, w) = j 0(m, \w)dr + RO\ w),
R R

where the leading and remainder terms, respectively, satisfy

2
|fR (b(r, 0 w) — (V( + rw)®, 9)) dr| < 3 fR (1690 A, )| + 162 (. 2, 0))) dr
j=1

C
<R <||\I’HH2(R")||(I)”L§(R") + ||‘I)||H2(R7L)H‘If||L§(Rn)> ;
and 0
[R(A,w)| < [Ri(Aw)] + [Ra(A, w)| < \T)\HCI)HLg(R”)H\IIHLg(R”)'
This completes the proof of Lemma[3.1l O

4. PROOF OF THE STABILITY ESTIMATE

In this section, we complete the proof of Theorem [LII We are going to use the estimate proved in the
previous section; this will provide information on the X-ray transform of the difference of short range
electric potentials.

Letw e S* ! and V € V5. We denote

Then f satisfies the following estimate

F@)] = |fa—(w-aw)| < C fR (2= (w- )+ tw) 0 dt

< — .Cw)w>‘5‘1 fR )0 dt, VYreR"

In particularly, we have f € L'(w').
For any ®, ¥ with Supp(®) < B(0,1) and Supp(¥) < B(0,1), we have by (3.2)
| o F(2)®(x)¥(x)dz| < VAISv; = Sva[| @] 2 (m | L2 an)

+ OV (@) 2y + 12 3em) ) (1902 + 19 z2my) -

Let 1) € w' be fixed and let ¥ e L2(R™) such that Supp(¥) c B(1/2,1). Denote by U, 0 = "= 1/2Y, then

Supp(V,,2) = B(0,1). Applying the last inequality with ¥ = W, 5, we find

IJRH (@) @(2)T(2)dz| < VA[Svy = Sva | 2 (en) | V] 22y
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+C ) 3 (I m2eny + 1@l 2 ) (192 + 192y ) @D
where f_,» = e w2

Lemma 4.1. Let V; € Vs, j = 1,2. Then there exist C > 0, \g > 0, vy € (0,1) and 0 > n/2 + ~ and such
that for any w € S*~! and ® € S(R™) such that Supp(®) = B(0,1), the following estimate holds true

IF(F®) ()] < VNS = S 1@ L2y
+ C ()t \T2gmn/26 <H<I>HH2(R") + ||‘I)||L§(Rn)) + C(|®|| p2 mr)
forany A > \o, n € whand ¢ € (0,1).
Proof. Let ¢ € Ci°(B(0, 1)), with [[tho| 1 (rny = 1, we define

Ye(€) = e "ol (€ —n/2)), Supp(¢) € B(n/2,¢) < B(n/2,1),
and let U, = F~1(1).). By Plancherel formula, we get

| rp@0@Tan = | F( @) 2
Taking into account (4.2)) and applying (@.1) with ¥ = ¥, we obtain

[ B0l < VRIS = Sall®lan 9 e

+ O A2 (|0l 2y + 190z ) (19l + 19elz@n ) - @3

Furthermore there exists C' > 0 such that
ouldaeny == [ (@)l < ce (4.4
and
A fRn () e (§)Pdg = e fw ) e E—n/2)Pde < e ()t @)

Using the fact that
F(:)(y) = e (ey)
and 2.1), we get
19elz2@ny = l%el mrsmny < Ce /70, (4.6)

Then, by (@.3), @.4), £.3) and (4.6), one gets
[ B0l < VA28 = SulI@l e

+C ()t A2 /26 (H‘I’HHZ(Rn) + H(I)HLg(]R”)> '

Moreover, we have
Flf-p®/2) = | F(E-p®)O.le)de
w ] FUp®0/2) - F ) v
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Furthermore, for any v € (0, 1), there exists C = C(-y) > 0 such that
F(op @)/ = FUya®)@] < Cle=n/20 | (o) 10@)lds
1/2
<l ([ @) @l

for some o > v + n/2. We deduce that

|f F(fya®)(1/2) — F(fya®)(€)) -(€)de]

< Ol®] Lz mn) jR /2 = &7 [¥e(§)|dE < C7|[ P r2 (rn),
which imply
[FR)I| = |F(fyp®)(0/2)] < e *VAIS1; = Sy | 2 mn)
+ () AT Remn/20 <H<I>HH2(Rn) + H<1>HL§(R”)> + Ce|[ @ 12 (rn)-

This completes the proof of the Lemma. O

We give now the following Lemma to be used later
Lemma 4.2. Let 0 € C{°((—3%,3)) and p € C{ (w* n B(0, 3)). Putting
®(y) = Fo (O)(y ) F L)y~ (y-ww), yeR",
where J denote the Fourier transform on function in R. Then we have Supp(@) c B(0,1) and
B(€) = 0w - Op(§ — (w-Ew), VEER™
Moreover, for all s = 0, we have
[ @ s rmy < 101l L2w) Il 22 (002 )-
Finally, for any § > 0, there exists C > 0 such that
|2 L2mny < Cllelmsry

Here C depends on norms of 6.

The next step in the proof is to deduce an estimate that links the Fourier transform of the unknown
coefficient to the measurement Sy, — Sy,.

Lemma 4.3. Let Vj € V5, j = 1,2. Then there exist C > 0, \g > 0, v € (0,1) and o; > 0, j = 1,2,3,
such that for any w € S*~ the following estimate holds true

[Fut (] < Ce™VN[Sv, = Sv | +A7%e702 () + Ce, 4.7)
forany A > \g, n € whand e € (0,1).
Proof. Let 6 € CF(—1/4,1/4) and ¢ € CF(wt n B(0,1/2)). Putting
O(y) = Fo ' (O)(y - w)F L)y — (y-ww), yeR™
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We assume further #(0) = 1. Then we have by Lemma £.2] Supp((f) c B(0,1). The change of variable
=1y + tw e wt @ Rw, de = dydt yields, after noting that 7 € w'

FfB)m) = (2m)02 f e E w)f;l«o)(:c—(x-w)w)f(x)dx
= e | R OO Wy

= @n VR [ )0 )y

= T (fF @) () = Fur (f) = o(n), 4.8)

where we have used f(y — tw) = f(y) for any ¢ € R. Taking account (8] and applying Lemma .2l one
gets

|f For (N — O)de] < e2VAISv, — Suallel 2o

+ A2 (ol gony + Ielmsn) ) + CE I loqr): (49)

Now, we specify the choice of the function . Let g € CF(wt n B(0,1/2)) with lpollLrwey = 1, we
define, for h small

on(€) = h " lpo(h71E), Eewh
Applying (@.9) with ¢ = ), we get

|| R ©Oentn - 1) < = VRIS = Sullenl o

+ C () A 2gmn/20 <H<PhHLg(wi) + H‘PhHHJ(wL)> + Ce™|onl gty

Since
lenlzz@ey = Aol 2y, I#nlr2gory < CRO2 g0l pagony
and,
lonll e iy < CR™7H 72 g o ),
we obtain

| | Far (NEpn(n = )de] < e VAR5, — Sy |
+C <,'7>4 )\—7/2€—n/2—6h—6+(1—n)/2 + Ce’yh—a+(l—n)/2‘
Moreover

— [ R ©entn - 9t~ | (Fos (DO = Fur ()it - ).

Using the fact that,

PO = Fur D] < € [ e = e (o)l do
< Clg—al | @) f@)ds
< C|§—77|WIHVHLi,(Rn)=
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with v/ > 0 sufficiently small. We deduce that

IL(fwi(f)(é)—wa(f)(n))soh(n—E)dﬁl < CMJL|§_77|M|SDh(77_£)|d§
< CMAK.

We obtain, for any 7 € w'

[Fut (M) < eV |Sy — Sy, | 4 AT12em20 ()t pmor (o)
+CT o2 4 opY'
Selecting A such that YA~ T(1=)/2 — 7' we obtain
[For ()] < e VASv, = Si|| + A77%e72 () 4 Ce.
This completes the proof of the Lemma. O

We return now to the proof of Theorem[L.1l Since w is arbitrary, we deduce from (.7) and (3.1)
IF(V)(n)] < e VA|Sy, — Svy | + A7 272 () 4 Ce,  ¥ne R™ (4.10)

In light of the above reasoning and decomposing the H~*(R™) norm of V' as
V121 oy = f )2 |F (V) (n)|2dn + j ()~ |F (V) (n)[2dn
[n|<R In|>R
then, by (4.10), we get

—a _ —a o M?
HV||§{71(R") <C <Rn(6 1\F>‘HSV1 - SVQH + A 7/25 2R? + Ce 3) + ﬁ) .

The next step is to choose in such away €* R" = R~2. In this case we get

1
VI < C <R51\/XHSV1 — Sy, | + ATY2R%2 4 ﬁ> .

Now we choose R > 0 in such that away A\~"/2R? = R~2. In this case we get
IV Iy < C (W Sws = Suall + A7)

for some positive constants i1, po. Finally, minimizing the right hand side with respect to A we obtain the
desired estimate of Theorem [T.1]
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