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Abstract

In this article, we investigate the Gevrey and summability properties of the formal power
series solutions of some inhomogeneous linear Cauchy-Goursat problems with analytic
coefficients in a neighborhood of (0, 0) € C2. In particular, we give necessary and sufficient
conditions under which these solutions are convergent or are k-summable, for a convenient
positive rational number k, in a given direction.
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1 Setting the Problem

For several years, various works have been done on the divergent solutions of some classes
of linear (see [1, 3-6, 8, 11, 17, 18, 27-34, 36, 42-45] etc.), nonlinear (see [12-14, 19,
20, 23, 24, 38] etc.), or singular (see [9, 10, 21, 22, 37] etc.) partial differential equations
or integro-differential equations in two variables or more, allowing thus to formulate many
results on Gevrey properties, summability, or multisummability.

In this paper, we are interested in the formal power series solutions of linear Cauchy-
Goursat problems of the form:

LU =G(t,x), L:=0fof =) Y tuaa®0( x)o "o}
ieKgeQ; (1.1)
U(t,x) —w(t,x) = O@{*xP),

where
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— the partial differential operator L satisfies conditions:

(C1) « = lisapositive integer and p > 0 is a nonnegative integer,

(C2) Kisasubsetof {0, ..., «} which contains at least one positive element and which
does not contain 0 if p = 0,

(C3) Qo is a non-empty subset of {0, ..., p — 1} if 0 € K,

(C4)  Q; is a non-empty finite subset of N (= the set of nonnegative integers) for all
iek,i#0,

(Cs)  viq = 0is a nonnegative integer and the coefficients a9 (¢, x) are holomor-
phic in the two variables ¢ and x in a polydisc D, x D,, centered at the origin
0,0) e C? (D, denotes the disc with center 0 and radius p; > 0) forall i € K and
q € Qi,

(Ce) a®P(0,x)£0foralli e Kandg € Q;.

— the inhomogeneity g (¢, x) € O(D,,)[[t]] I is a formal series in ¢ with coefficients in
O(D,,) which may be smooth, or not,
—  the Cauchy-Goursat data w(¢, x) is holomorphic in D,, x D,,.

Under more or less restrictive conditions on valuations v; 4, coefficients a9 (t, x), degrees
Q;, inhomogeneity g(z, x), and initial data w(z, x), problem (1.1) was already investigated
by many authors (see [1, 3-6, 8, 11, 17, 18, 32-34, 36, 42-45] etc.). Here, we consider the
very general problem of the form (1.1), where no generic assumption is made.

For both practical and notational conveniences, we now change the unknown function U
to u by:

U(t,x) = w(t,x) +3,%d, "u(t, x).
Then, problem (1.1) is equivalent to the following integro-differential equation
Du=f(t.x), D=1=Y Y 1"a®) x)o 0" (1.2)
iekqeQ;

where the inhomogeneity f(t, x) € O(D,,)[[1]] is defined by

F(t,x) :=q(t, x) — Lw(t, x).

t
Notation 8flu stands for the anti-derivative / u(s, x)ds of u with respect to ¢ which van-

0
ishes at t = 0. Recall that the Cauchy formula for repeated integration implies a;zu =

t (r— S)Zfl P [j tj+[
f u(s, x)—————ds for all £ > 1; hence, in particular, 9, <—> —— for all
0

-1 i) G+o
¢ > 1land j > 0. Itis the same for 3¢ with £ > 1.

Notation 1 For any series u(z, x) € O (Dy,)[[1], we denote in the sequel:

J n
B, x) = Zu,-,*m% =Y

j=0 o0

The organization of the paper is as follows. In Section 2, we prove that the linear integro-
differential Eq. (1.2) admits a unique formal series solution (¢, x) in O(D,,)[[#]] (Theorem
1) and we give a characterization of its coefficients in O(D,,). In Section 3, we introduce

IWe denote § with a tilde to emphasize the possible divergence of the series §.
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Gevrey Properties and Summability of Cauchy-Goursat Problems 71

the Newton polygon N; (D) of the operator D at t = 0 and we give some properties of this
one. In Section 4, we show that u(z, x) and the inhomogeneity f (¢, x) are together either
convergent or 1/k-Gevrey, where k denotes the smallest positive slope of N;(D) (Theorem
2). Then, in the latter case, and under four additional conditions on D, we investigate the
summability of #(¢, x). In particular, we prove in Section 5 (Theorem 3) a necessary and
sufficient condition under which (¢, x) is k-summable in a given direction arg(r) = 6,
generalizing thus the results already obtained by the author in [42, 43].

2 Formal Series Solutions

In this section, we shall be concerned with the formal series solutions in O(D,,)[[¢]] of the
linear integro-differential Eq. (1.2).

Let us first observe that the operator D is a linear operator acting inside O(D,,)[[]].
Indeed, (O(D,,)[[t]1], 9;, dx) is a C-differential algebra stable under anti-derivations 9, 1
and 8;1 and the coefficients a9 (¢, x) belong to O(D,, x D,,) C O(Dp,)[l[t]] for all i
and ¢. More precisely, we have the following.

Theorem 1 D is a linear automorphism of O(D,)[[t]].

Proof Let f(t x) € O(Dp)I[t]]. Then, a series u(t,x) = Zul *(x) is a solution of
J!
j=0
Du = f(t, x) if and only if its coefficients u j,+(x) satisfy, for all j > 0, the identities:

uj(x) = fj«(x)

j= Vig— i a(lq)(x)
m,* q-p . . .
+>0) Z G _m)! SO i) 221)
ieKqeQ; m=0

where, as usual, the third sumis 0 as soon as j < v; 4+i. Observe that the index j—v; 4 —i—
mis < j when (i, v; 4, m) # (0,0, 0) and is j otherwise. Thereby, some terms a;f“’u,-,*(x)
may occur in the right-hand side of (2.1) and this, only for the ¢ € Qy satisfying vp 4, = 0. In

particular, when terms Bfg_puj,*(x) occur, we ne~cessarily have g —p € {—p, ..., —1}. Then,
Lemma 1 below proves that equation D = f(t, x) admits a unique solution ¥#(, x) €

O(Dp,)[[t]1]. Hence, the bijectivity of D, which completes the proof. O

Lemma 1 The linear integro-differential equation
a1,y + 2032y 4 ap (03 "y = g (), 2.2)
whose coefficients ay(x) and inhomogeneity g(x) are holomorphic in D,,, possesses

exactly one solution y(x). Moreover, this solution is holomorphic in D,,.

Proof Let z = d¢ ”y. Then, y(x) is a solution of Eq. (2.2) if and only if z(x) is a solution
of the Cauchy problem:

24+ a1+ ) 4 a0z = ),
2(0) = 3,2(0) = ... = 9712 (0) = 0.

The result follows then from the Cauchy-Kovalevskaia theorem for the ordinary differential
equations. O
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72 Pascal Remy

As a direct consequence of Theorem 1, we deduce in particular that Eq. (1.2) is uniquely
solvable in O(D,,)[[¢]].

Corollary 1 The linear integro-differential Eq. (1.2) admits a unique formal series solu-
tion u(t,x) € O(Dp)It]l. Moreover, its coefficients uj «(x) € O(D,,) are recursively
determined for all j > 0 by identities (2.1).

Observe that the formal solution u(z, x) is divergent in general. In Section 4, we
shall investigate its Gevrey properties. We propose in particular to prove a necessary and
sufficient condition under which it is s-Gevrey with a convenient nonnegative rational number s.

Before stating our main result (see Theorem 2), let us first introduce the 7-Newton
polygon of the operator D.

3 Newton Polygon

As a definition of the 7-Newton polygon of the operator D (or Newton polygon of D with
respect to t), we choose the definition of M. Miyake [32] (see also A. Yonemura [45] or S.
Ouchi [36]) which is an analogue to the one given by J.-P. Ramis [41] for the linear ordinary
differential operators. Recall that H. Tahara and H. Yamazawa use in [44] a slightly different
one.

For any (a, b) € R2, we denote by C(a, b) the domain:

Cla,b) = {(x,y) e R* x <aandy > b).
Then, the r-Newton polygon of D is defined as follows.

Definition 1 One calls #-Newton polygon of D the convex hull N;(D) of the union of the
sets C(0,0) and C(g — p —i,vi g +i) fori € Kandg € Q;:

N(D)=CH [ CO.0U | JClg—p—ivig+i)|.
iek
q€Qi
where C H[-] denotes the convex hull of the elements in [-].

The following lemma specifies the geometric structure of N;(D).

Lemma2 LetS :={(i,q); i €K, g€ Q;andqg — p —i > 0} be.

1. Suppose S = (. Then, N;(D) = C(0,0). In particular, N;(D) has no side with a
positive slope.

2. Suppose S # . Then, N,(D) has (at least) one side with a positive slope. Moreover,
its smallest positive slope k is given by:

v; j
k = min (ﬁ) )
(.eS\q—p—i

Proof Point 1 is straightforward from the fact that condition § = @ implies C(g — p —
i,vi4+1i) C C(0,0) forall i and q. As for point 2, it suffices to remark, on one hand, that
Clg—p—ivig+1i) CC(0,0) forall (i,q) ¢ S and, on the other hand, that the segment
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Gevrey Properties and Summability of Cauchy-Goursat Problems 73

with two end points (0, 0) and (g — p — i, v; 4 + i) has, for all (i, ¢) € S, a positive slope
equal to (v; 4 +i)/(g — p — i) (the positivity stems from the fact that g — p < O for all
q € Qo; hence, (i, ¢) € S implies i > 1 and then v; 4 +i > 0). O

Notation 2 When S # @, we choose, and fix once and for all, one of the pairs (i, g) € S
such that the side of slope k of N;(D) is the segment with end points (0, 0) and (¢ — p —
i, v;4 +1) (see Fig. 1 below). In the sequel, we denote this pair by (i*, g*).

Vjx g+ 0¥

q*—p—i*
Lemma 2, we also have ¢* — p > i* > 1.

Remark 1 Of course, we have k = . Moreover, according to the proof of

Let us now turn to the Gevrey properties of #(z, x).

4 Gevrey Order

The aim of this section is to investigate the Gevrey properties of the unique formal series
u(t, x) of Eq. (1.2) (see Corollary 1). In particular, we propose to give necessary and
sufficient conditions under which it is s-Gevrey for some s > 0.

Before stating our main result (see Theorem 2 below), let us first recall for the
convenience of the reader, some definitions and properties about the s-Gevrey formal series.

4.1 s-Gevrey Formal Series
All along the article, we consider ¢ as the variable and x as a parameter. Thereby, to define
the notion of Gevrey classes of formal power series in O(D,,)[[t]], one extends the classi-

cal notion of Gevrey classes of elements in C[[t]] to families parametrized by x in requiring
similar conditions, the estimates being however uniform with respect to x. Doing that, any

%
Vi g% +1

Fig. 1 Definition of the pair (i*, g*)
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74 Pascal Remy

formal power series of O(D,,)[[¢]] can be seen as a formal power series in ¢ with coeffi-
cients in a convenient Banach space defined as the space of functions that are holomorphic
on adisc D, (0 < p < p2) and continuous up to its boundary, equipped with the usual
supremum norm. For a general study of series with coefficients in a Banach space, we refer
for instance to [2].

Definition 2 (s-Gevrey formal series) Let s = 0 be.

t)

A formal series u(t, x) = Z uj,*(x)f'

j>0 J

(in short, s-Gevrey) if there exist three positive constants 0 < 15 < p2, C > 0and K > 0
such that the inequalities

€ O(D,,)[[1]] is said to be Gevrey of order s

sup uj .« (x)] < CKIT(1+ (s + 1)j)

[x|<r2

hold for all j > 0.

In other words, Definition 2 means that #(¢, x) is s-Gevrey in ¢, uniformly in x on a
neighborhood of x = 0.

We denote by O(D,,)[[]]; the set of all the formal series in O(D,,)[[¢]] which are s-
Gevrey. Observe that the set C{z, x} of germs of analytic functions at the origin (0, 0) € C?
coincides with the union Up>0 O(D)[lt]1lo; in particular, any element of O(D,,)[[]]o
is convergent and C{t, x} N O(Dp,)I[t]] = O(D,,)I[t]lo. Observe also that the sets
O(D)[t]]; are filtered as follows:

ODp)llt1lo € ODp)lt]ls € ODp)IIt]ly C O(Dpy)[[2]]

for all s and s’ satisfying 0 < s < s' < +o0.
Following Proposition 1 specifies the algebraic structure of the O(D,,)[[]];s.

Proposition 1 Let s > 0 be. Then, (O(D,,)[[t1];, 9;, 9x) is a C-differential algebra stable
under the anti-derivations 3, and a L

Proof See for instance [42, Prop. 1] or [2, p. 64]. O
4.2 Main Result

Let us first begin by observing that Proposition 1 implies the following.

Lemma 3 D(O(D,,)[[t]]s) € O(Dp)[t]]s for all s > 0.

Theorem 2 below specifies this statement by showing more especially that the operator
D is actually a linear automorphism of O(D,,)[[t]]s for some s > 0.

Theorem 2 Let S := {(i,q); i € K, q € Qiandq — p — i > 0} and s be the rational
number defined by:

=7_ﬁifs¢@

0 if S=9¢
s=31_4q¢ —-p
ko g + i
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Then, D is a linear automorphism of O(D,)[[t]]s.

In particular, Theorem 2 gives us the Gevrey properties of #(¢, x) in view of this section.
More precisely, it provides, in the case S = @, a necessary and sufficient condition under
which u(z, x) is convergent and, in the opposite case S # @, a necessary and sufficient
condition under which %(z, x) is s-Gevrey with s as above.

Corollary 2 Let S :={(i,q); i € K,q € Q;andgq — p —i > 0} be.

1. Assume S = (. Then, U(t, x) is convergent if and only if the inhomogeneity f (t,x) is
convergent.

2. Assume S # () and set s =

Ui*’q* + l*
inhomogeneity f(t, x) is s-Gevrey.

. Then, u(t, x) is s-Gevrey if and only if the

As a consequence of Corollary 2, we deduce in particular a result similar to the Maillet-
Ramis theorem for the ordinary linear differential equations [39, 41] (see also [16, Thm.
4.2.7]).

Corollary 3 Assume that the inhomogeneity ]7 (¢, x) is convergent. Then, u(t, x) is either
convergent or s-Gevrey, where k = 1/s is the smallest positive slope of the Newton polygon
N; (D) of D with respect to t.

4.3 Proof of Theorem 2

According to Theorem 1 and Lemma 3, the operator D is an injective linear operator acting
inside O(D,,)[[]]s. To prove the surjectivity of D, we shall use below an approach based
on Nagumo norms [7, 35] and majorant series; an approach which is similar to the ones
developed by W. Balser and M. Loday-Richaud in [4] and by the author in [42, 43] for some
classes of linear integro-differential equations.

4.3.1 Nagumo Norms

For the convenience of the reader, we recall in this section the definition of the Nagumo
norms and some of their properties which are needed in the sequel.

Definition 3 (Nagumo norms) Let f € O(D,),n > 0and 0 < r < p be. Let dy(x) =
r — |x| denote the Euclidian distance of x € D, to the boundary of the disc D,.. Then, the
Nagumo norm || f|,, , of f is defined by:

1l = sup | f () dr(x)"] .

Following Proposition 2 gives us some properties of the Nagumo norms.

Proposition 2 (Properties of Nagumo norms) Let f, g € O(Dp), n,n’ > 0and0 <r < p
be. Then,

L. Nl is a norm on O(D,).
2. Forallx € Dy, | fOI < I fl,y - dr ()™
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76 Pascal Remy

| fllo,, = sup | f(x)| is the usual sup-norm on D,.
|x|<r

||fg||n+n’,r < ”f”n,r ”g”n’,r‘
10f lnsr,r < e+ D) I1f Il
[071 f ] <7 0 N

AN

Proof Properties 1-4 are straightforward and are left to the reader.
To prove Property 5, we proceed as follows. Let x € D, and 0 < R < d,(x) be. Using
the Cauchy integral formula, we have
1 fah 1 /
0 = — ————dx'| < — max
197 (ol 27 ‘/x/—x|=R (x" —x)? o £l

and then,
1 _ 1 _
10f T < I flln.r & ‘X,Izlil‘X:Rdr(x’) "= fll, = (@@ —R) n
by applying Property 2. Let us now assume n > 0 and let us choose:
R— dr(X)_
n+1

1\ 1\"
Then, using the inequality (1 - —) = <l + 7> < e, we get
n+1 n

l —n
10 0 < N1l dr )" a4 1) <1 - m) <+ Dell flly, d- )™

hence, the result:

10f l1.r = sup |3 (), @) | < 014+ Del £,

|x|<r

For n = 0, we set

R 4™

c
with an arbitrary constant ¢ > 1; hence, the inequality

10f O < cll fllo. dr ()7
and then
3£y, = sup [3f (X)dr ()] < I fllo.y -

|x|<r
The result follows by choosing ¢ = e.
We are left to prove Property 6. Let x € D, be. Using Property 2, we obtain

Kl qu
<y [ @1

u)"

BRI ‘/0 Fdt

for all n > 0 and, consequently, the following discussion.

— Case n = 0. Due to inequality (4.1) above, we straightaway have

x|
07! )| < ||f||o,,f0 du = x| 1fllo, <7 1Sl

and then,

= sup
0,r lx|<r

Jo~7]

@] <71l
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—  Case n = 1. Using inequalities (4.1) and In(z) < ¢ for all > 0, we have

oty <urn, [ -2 <) ||1< ) paed I
fx\fl,r/() r_u_fl,rnd() flr'

Hence, the result:

Jo~7]

07 @ | < IfI -

= sup
T |x|<r

— Casen > 2. Since

/xl du 1 1 o1
0 =" =Dd)"T =D S d @y
inequality (4.1) implies

<Nl dr ) <7 N f Ly, -

Hence, the result again:

3 F O )| <7 N flly -

= sup
|x|<r

This achieves the proof of Proposition 2. O

Remark 2 Inequalities 4-6 are the most important properties. Observe that the same index
r occurs on both their sides, allowing thus to get estimates for the product fg in terms of
f and g, for the derivative 3f in terms of f and for the anti-derivative 8! f in terms of f
without having to shrink the disc D,.

Let us now turn to the proof of Theorem 2.
4.3.2 Proof of Theorem 2

< First step: a fundamental technical lemma Before starting the calculations, let us first
begin with the following technical lemma which will play a central role in our proof.

Lemma 4 Assume S # (. Then, the inequalities
(S + 1)(Ui,q + 1) 2 q—p + vi,q (42)
hold for alli € K and q € Q;.

Proof Inequalities (4.2) are clear when i = v; ; = 0 (indeed, ¢ — p < O for all ¢ € Q).
When (i, v; 4) # (0,0), we have v; 4 +i > 1 and the inequality

1 .

s=->1"P"1 43)

k Vig +1
which stems, on one hand, from the definition of k when (i, ¢) € S and, on the other hand,
from the fact that g — p — i < 0 when (i, ¢) ¢ S. Lemma 4 follows then by adding “+1”
to both sides of (4.3). (I

Remark 3 In fact, inequalities (4.2) still hold when S = . Indeed, we have s = 0 and

qg—p <iforalli € Kandgq € Q;. Nevertheless, we shall only use subsequently these
inequalities in the case where S # (. Hence, the statement of Lemma 4 as it is written.
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We are now able to prove Theorem 2.

< Second step: preliminaries As we said at the beginning of Section 4.3, we are left to
prove the surjectivity of the linear integro-differential operator D. To do that, let us fix

~ J
Fe.o=3%" f,-,*(x>’j—! e Ol

=20

and let us write the solution % (¢, x) € O(D,,)[[t]] of Eq. (1.2) in the same form:

J
ut,x) = Z uj,*(x)%.

j=z0
By assumption, the coefficients f; .(x) satisfy the following two conditions

- fix(x) € O(Dy,) forall j >0,
—  there exist three positive constants 0 < r» < p2, C > 0 and K > 0 such that
| £jw()] < CKIT( + (s + 1)) forall j > 0and |x| < r.

We shall now prove that the coefficients u ; 4 (x) satisfy similar conditions. The calculations
below are analogous to those detailed in [4, 42, 43], but are much more complicated because
of the terms 9, '3y ¥ withq — p € Z.

< Third step: some inequalities From identities (2.1), we obtain the relations

uj(x) _ i (x)
FrA+6+hj) TA+E+D))

J=vig—i

DIDIEDD JU a0 8 i ()
(—vig—m)! m! rd+G+1))

ieKqeQ;i m=0

forall j > O (as before, we use the classical convention that the third sumis 0if j < v; 4+i).

Notation 3 In the sequel, we denote by o the positive integer® defined by:

G:{U—I—K ifS=¢ “.4)

s+ Djxgc+i") ifS#0
where v is the nonnegative integer v := max{v; 4 ; i € Kandg € Q;}.

Let us now apply the Nagumo norm of indices (o j, ). From Property 4 of Proposition
2, we first obtain:

ZTRES] P e o1 jvig i
’ = : A'i m
FarGeD) STATGrn) T2 2 2 Avian

ieKgqeQi m

2See Remark 1.
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Gevrey Properties and Summability of Cauchy-Goursat Problems 79

with

|ati? o)

J! 0 (Vi gHitm) =82
Aj,i,q,m(x) = |
(J — vig —m)! m!
a,g_pujfv,gqfifm,*(x)

o (j—viqg—i—m)+84,r2
A+ (s+1j) ’
where §, is the nonnegative integer defined by

{0 iftg—p<0,
5y =

qg—p ifg—p=>0.
Then, Properties 5-6 of Proposition 2 imply the inequality

lujn,;,, e

F+G+h) STareenn T2 2 2 Bitan®

ieKgeQ; m=0

with

Ha;gi’,i) (x)

0 (v g+i+m)—=54.r2

Bj,i,q,m (x) = ﬂj,i,q,m

m!
X ”u-"*”"v‘i*"*m'*(x)”(r(j—v,-,q—i—m),rz >
where B ; 4.m is the nonnegative integer defined by
il
. gt : ifg - p <0,
(J—vig—mITA+(s+1)))
ﬂj,i,q,m = q—p—1
I T] eG=vig—i—my+qg—p—10)|el™?
=0
- - ifg—p>0.
(J = vig —m!TA+(s+ 1))

Remark 4 Norms ‘a,(,i’,‘i)(x)

o (Vi g+i+m),ra and ””j—v,-,q—i—m,*(x) ”U(j—vi.q—i—m),rz are both
lly(,i’,?k) (x) are well-defined too when g —
i 0 (i g+i+m)—(q—p),r2

p > 0. Indeed, in the case S = @, conditions x > 1,i > 0, viy 2 0and g — p < i imply

clearly well-defined. Norms ‘

oWigt+i+tm —(g—p)zoi—(@G—p) zki—(@—p)z2ki—i=ik—1)=20
and, in the opposite case S # ¢, Lemma 4 and conditions i* > 1 (see Remark 1) and
vi,¢ = 0imply
o (Vig+i+m —(q=p) > oig+i)—(g=p)
= (s + Djrg» + i) (ig +i) — (g — p)
(@ = p+vig)Wirgr +i%) = (g = p)
= (g — pP)Wixgx +i* — 1) + v g (vix o= + i)
0

WV

WV

Following the proposition allows us to bound the 8, ; 4.n’s.
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Proposition 3 Leti € K, q € Qi, j 2 vig +iandm € {0, ..., j — vi g — i} be. Then,
j! _ 1
(J —vig —m)IT(1+ (s + 1)) ST+ G+ DG - Vig —i—m))’

Moreover, if g — p > 0, we have

g—p—1
I ] eG=vig—i—-my+qg—p—20
£=0 < (v+K)i=rP
(= vig —mIT(L+ (s + 1)) ST+ s+ DG —vig—i—m)

Proof The first inequality stems from Lemma 5 (inequality (4.5)) and Lemma 6 and the
second one from Lemma 5 (inequality (4.6)) and Lemma 7. O

Remark 5 Observe that the second inequality of Proposition 3 may occur only wheni > 1.
Indeed, we have ¢ < p for all ¢ € Q¢ (see Condition (C3)).

Lemma5 Leti € K, g € Qi, j > vig+iandm € {0, .., j — v 4 — i} be. Then,
J! 1 < 1
(—vig—mITA+(+Dj) T+ + DG —vig—m)
Moreover, if i > 1, we also have:
j! 1 _ 1
(=vig—m!TA+(s+1Dj) T+ (s+DG —m)—vig)

4.5)

(4.6)

Proof Lemma 5 is clear when v; , + m = 0. Let us now suppose v; ;, +m > 1.

®  Proof of inequality (4.5). For (i, m) # (0, j — vo,4), let us write the two factors of the
left-hand side of inequality (4.5) as follows:

" Vi gt+m—1
J: ,
—_— = -0,
(= vig —m)! E) g
vigt+m—1
FrA+G+DH)=TA+E+1)j—viy—m) 1_[ (s+1j—40).
=0
Then,
U,‘_qﬁn—l ‘]_E
J! 1 _ =0 D=
(J=vig=—m!TA+6+1Dj)  TUA+(+1Dj—vig—m)
1

< - .
Frd+G6+1Dj—vg—m)
Observe that these relations make sense since the following inequalities

GHDj—L214+G+Dj—vig—m>1+sj+i>1
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hold for all £ € {0, ..., v; 4 +m — 1}. Inequality (4.5) follows then from the increase of
the Gamma function on [2, +oc[. Indeed, we have the inequalities

Il+G+Dj—vig—m21+G+D{G—vig—m=21+G+1Di=>2
for i > 1 and the inequalities
Il+G6+Dj—vg—m21+G+1D)({—vog—m)=22+s52>2

fori =0andm € {0, ..., j —vo 4 — 1}.

We are left to prove inequality (4.5) for (i, m) = (0, j — vg,4), that is the inequality

J! ra+j
FA+G+Dj) Ta+G+Dj)

This latter is clear for j = 0 and stems from the inequalities 1 + (s +1)j > 14+ j > 2
and from the increase of the Gamma function on [2, +oo[ for j > 1.

®  Proof of inequality (4.6). Leti > 1 be. From calculations above, we have
J! 1 < 1
(G—vig—mNTA++Dj)  TU+E+1Dj—vig—m)
Then, inequality (4.6) stems as previously from the increase of the Gamma function on
[2, +oo[ applied to the inequalities

I+G+Dj—vig—mZ21+G6+DG—m)—vig =21+ G+ 1Di+sv, =2

This ends the proof of Lemma 5. O

Lemma6 Leti e K, g€ Q;, j > vig+iandm € {0, ..., j — v 4 — i} be. Then,
1 < 1
FA+ 6+ DG —vig—m) ST+ s+ DG — Vig —i—m))

Proof Form < j —v; 4 —i — 1, we have
T+ G+ DG —vig—m) 21+ (G+D(—vig—i—m) >2+45>2
and Lemma 6 follows from the increase of the Gamma function on [2, +00[. For m =
J — Vi,q — i, we must prove the inequality
1

<1

L'+ s+ Di)
This latter is clear for i = 0 and stems again from the increase of the Gamma function on

[2, 400 for i > 1. Indeed, we have the inequalities 1 + (s + 1)i > 2 4+ s > 2; hence,
I'(1 4 (s + 1)i) > I'(2) = 1. This achieves the proof. O

Lemma?7 Leti € K, i # 0,3 q€Qi,j2vigt+iandm € {0, ..., j—v; 4 —1i} be. Assume
q — p > 0. Then,
q—p—1
[] G —-vig—i—m)+q—p-20
£=0 < (v+x)=?

T+ (s+ DG —m) —vig) ST A+ DG —vig—i—m)

3See Remark 5.
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Proof ® Let us first assume S = @ (hence, 0 = v + « and s = 0). From the relations
0 < g — p <i <k < v+« and from the identities

q-p-1

[] G -vig—i—m)+q—p-20
£=0
g—p—1 g—p—2
:(U+K)q_p elj!) (j—Ui’q—i—m‘f‘ﬁ)

and

PA+(s+DG —m)—vig) =T+ j—m—uvigy)
i—1
P+ j—vig—i=m][[G—vig—m—0

£=0
we deduce the inequality
q—p—
]T 0 —vig—i—m+q—p—20
=0 < (v+x)=?
L1+ (s + 1D —m) = vig) LA+ = vig —i—m)
. . q—p—t
g—pr=lj —vig—1—
]_[ J—Vig—i—m+ ——
s J—vig—m—{
X

i—1
[] G-vig—m—0
t=q—p

i—1
with the convention that the product 1_[ (j—vig—m—4£)is1wheng — p = 1.
l=q—p
Observe that j — v; y —m — £ > 1 for all £. Indeed, we have m < j —v; , — i and
¢ < i — 1. In particular, we obtain
i—1
[] G-vig—m=-0>1

l=q—

q—p
On the other hand, inequalitiess 0 < ¢ < g —p—1<i—1landg — p < v+ k imply

-/ —-p—1
(j—vi,q—i—m+ ) —m—E):—i—i-%—i-E
v+ K v+ kK
< -i+ 1270
<0
Thereby, the following inequality
—-p—1
q—p—lj—v,',q—i—m—f—iq b
l_[ vtk <1

=0 J—Vig—m—{
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holds; hence,

q—p—1
[] @G -vig—i—-m)+q—p-0
=0 < (v+K)i™r

T+ (s + D —m) — vig) ST+ —vig—i—m)
_ (w+K)=r
S TA+ DG —vig—i—m)’

which proves Lemma 7 for S = 0.

o o
e Let us now assume S # . Thanks to the relation s + 1 = — > , We
Vix gx + 1% v+K

have the following inequality:

g—p—1
[] 6G-vig—i—-m)+q-p-0
=0
g—p—1 g—p—t
<(w4r)i™? 1_[ ((s—i—l)(j—v,',q—i—m)—i-i). 4.7
=0 v+ K

Let us now write I'(1 + (s + 1)(j — m) — v; 4) in the form

FA+G+DG —m) —vig) =TA+(+ DG —m)—vig—(q—p)

g—p—1
< [] ts+DG=—m)—vig—0.  (48)

=0

Observe that the term I' (1 + (s + 1) (j —m) —v; 4 — (¢ — p)) is already well-defined. Indeed,
condition m < j — v; 4 — i and Lemma 4 imply

I+G6+DG—m)—vig—(@—p)21+6+DWig+i)—(@—p+uvig 21

From relations (4.7) and (4.8), we obtain

q—p—1
[] €G—vig—i—m)+q—p-20
=0 < (v+k)I=?P
FA+ 6+ DG —m) —vig) ST+ G+DG —m) —vig—(g—p)
o . . qg—p—*t
g1+ D(j—vig—i—m)+——
« 1—[ : v+ K
2 G+DG —m) —vig — L

=0
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where the product on the right-hand side is < 1. Indeed, Lemma 4 and the conditions
f < q — pand v+« > 1imply relations

—p—4
<<s+1>(j—vi,q—i—m>+iq b >—((S+l)(j—m)—vi,q_€)
v+ K
L, ,a—-p—t
= _(S+1)(Ui,q+l)+ﬁ+vi,q +¢
g—p—¢
S—(q—P-i-Ui,q)-Fﬁ-i-vi,qﬁ-ﬁ

1
(q_P—£)<m—1>

<0

Let us now assume m < j — v 4 — i. Then, Lemma 7 follows from inequalities:

I+ +DG—m)—vig—(@q@—p) =1+6+D(G—m)—(q—p+vig)

z1+6+D0G—m)—(+Dig+10)
=1+G6+D( —vig—i—m)

> 2+s

>2

and from the increase of the Gamma function on [2, +o0o[. Observe that the first inequality
stems from Lemma 4 and that the second inequality stems from the condition m < j —
Vi,q — i. In particular, this latter inequality shows that the calculations above do not allow
proof of Lemma 7 when m = j — v; 4 — i, since it fails in this case.

To get around this problem, we shall proceed as follows. Let us first recall we must prove
the inequality:

g—p—1
[[]@-r-0
=0 < (w+1)™?

= q=pr
T+ + Dig +i)—vig) = T(1) (w+K)P,

From Lemma 4 and the condition ¢ — p > 0, we obtain

I+ +DWig+i)—vigz2l+q—p=2;
hence, applying the increase of the Gamma function on [2, +oo[, the relation

q—p—1
W1+@+4qu+0—vm)>rﬂ+q—Pﬁ=IT(q—P—@
£=0
and, consequently, the following inequality
q—p—1

[[]@-r-0
=0 <1

T+ (65 + Dig +1) —vig)

This achieves the proof since v + « > 1. O
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Let us now apply Proposition 3. We get

rp_q
ifg—p <O,
TA+G+DG —vig—i—my " 177F
ﬂj,i,q,m <
q—p
(e +©) ifg—p > 0.

FA+G+DG —vig—i—m)

Then, the following inequalities

||uf»*('x) ”aj,rz )
T+ s+ by %

J=vig—i ||Mj7u;_q7i7m,*(x)||

(7(./'—Ui,([—l'—m),72
1,q,m 49
L BD DD DRV vy S

ieKgqeQ; m=0

hold for all j > 0 with

g = 175+ g,
T4 (s 4+ 1)))
and
Har(ri’,(i)(x) o (Vi,g+i+m),r;
ry? m‘liq 2 ifg — p <0,
Yi,q.m = '
a,(,iﬁ)(x) o (vj g+i+m)—(g—p),r

(e(v +1))1P b P2 itg—p>o0.

m!

We now shall bound the Nagumo norms H uj(x) H i’ To do that, we shall proceed as in
[4, 42, 43] by using a technique of majorant series.

|| uj’*(x) ”(rj,rz
ra+ s+ 0y
side of inequalities (4.9). More precisely, such terms exist only for the ¢ € Qg such that
v0,4 = 0 and are obtained when (7, v; 4, m) = (0, 0, 0). Consequently, we suppose in the
sequel that the positive number r, €]0, p>[ has been chosen, so that

_ p—q | 0.9 ”
= r a X < 1.
E Y0,4.,0 E > ” 0. (%) o

q€Qo q€Qo
onq:() vo.q:O

Remark 6 Like in relation (2.1), some terms may occur in the right-hand

Observe that such a choice is already possible since p—g > 0 forall ¢ € Q¢ (see Condition

(Ca)).

< Fourth step: majorant series Let us consider the nonnegative numerical sequence (w ;)
defined for all j > 0 by the recurrence relations

jfvi.q —i

ieKgeQ; m=0
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where, as previously, the third sum is O when j < v; 4 +1i. Observe that the fact that w; > 0
for all j stems from the choice of r; (see Remark 6). Observe also we have

ool
ra+s+1j5
for all j > 0 by construction (proceed by induction on j). Let us now bound the w;’s. To
this end, we proceed as follows.
By assumption on the f; .’s (see the beginning of section 4.3.2), we have

Cli‘j(ll_‘i :‘ (s + I)J)r;] — C(Krg)j
s+ 1))

for all j > 0 and the series g(X) := Z g;iX T is thereby convergent.
Jjz0
On the other hand, all the terms a9 (¢, x) belong to O(D),){t}. Then, there exist two
positive constants C’, K’ > 0 such that |a,(,i:>qk)(x)| < C'K™m!foralli € {0, ...,«},q € Q;,
m > 0and x € D,,. Hence,
0< v, {C;(K’rg)m ifg —p <0,
SO = CUK g™ ifg—p >0,
. i
with C] = C’r;(v""’ﬂ)f(qu = # and, thereby, the series A; ,(X) =
(e(v+Kk))a=r
Z Vi,q.mX™ are convergent forall i € {0, ...,x} and g € Q;.
m=>=0
Consequently, since the series w(X) := Z w; X T satisfies the identity
jz0

1= "3 XUt A (X)) | w(X) = g(X),

iek qeQ;

it is convergent too. Indeed, since the constant term

1= ) Apg@=1- )" 140

q€Qo q€Q0
v0,4=0 v0,4=0

is not null by construction (see Remark 6), the series 1 — Z Z X”W“A,',q(X) is
iekgeQ;

invertible in C{X}. Therefore, there exist two positive constants C”, K” > 0 such that

w; < C"K" forall j > 0. Hence, the following inequalities

Jujn@)],,, < C"KTA+ s+ 1))

hold for all j > 0.

< Fifth step: conclusion We are left to prove similar estimates on the sup-norm of the
uj +(x)’s. To this end, we proceed by shrinking the domain D,,. Let 0 < ré < rp be. Then,
forall j > 0 and |x| < r}, we have

U] e dn @] i@,

()] = a4 (), ()7 dry ()77 | = (=151 T (rp =1y

@ Springer



Gevrey Properties and Summability of Cauchy-Goursat Problems 87

and, consequently,

K" J
sup |uj,*(x)’ <’ (W) I+ s+ 1Dj).
2

lx|<ry

This achieves the proof of Theorem 2.

5 Summability

In the previous §ection 4, we have shown that the formal series solution #(¢, x) and the
inhomogeneity f (¢, x) of Eq. (1.2) are together s-Gevrey for a convenient s > 0 (see Theo-
rem 2). In particular, when & = , that is when the Newton polygon N;(D) of the operator
D has no side of positive slope, this has allowed us to display a necessary and sufficient
condition under which %(z, x) is convergent (see Corollary 2).

In the present section, we are interested in the opposite case S # @, that is in the case
where N;(D) has at least one side of positive slope. As previously, we denote by k its
smallest positive slope and we set s = 1/k. For all i € IC, we also denote by p; the
maximum of the ¢ € Q;. Moreover, we assume from now on that Eq. (1.2) satisfies the four
following additional conditions:

(A1) p = 0; hence, K is a non-empty subset of {1, ..., x},
(A2) iy =0foralli € K,

(A3)  pi= > piforalli #i*,

(Ag)  aP(0,0) #0.

Observe that Assumptions (A1) — (A;) imply ¢* = p;» and, consequently,

*

k= —and s = I?i*
pix —i* i*

—1. (5.1)

Indeed, the domains C (g — i, v; 4 + i) are included in C(p; —i, i) foralli € Kand g € Q;
(see Definition 1 for the definition of N;(D) and page 4 for the definition of the domain
C(a, D)).

Observe also that Assumption (A3) tells us that k is the unique positive slope of the
Newton polygon N;(D).

The aim of this section is to answer to the following question:

Under Assumptions (A1) — (Ay), how to characterize the k-summability of (¢, x)?

A response to this question has already been done by the author in [43] when i* = « the
maximum of the i € K. In the present paper, we consider a much more general situation,
where the smallest slope k£ > 0 of N,(D) is given by some i* < « and, in particular, i* < k.
As we shall see in the sequel, our approach is similar to the one developed in [43], but the
calculations are much more complicated because of i* is not necessarily the maximum of
thei € K.

Before stating our main result (see Theorem 3), let us first begin with some recalls about
the k-summability of formal series in O(D),)[[¢]].

5.1 k-summability

Still considering ¢ as the variable and x as a parameter, one extends, in the similar way
as the s-Gevrey formal series (see Definition 2), the classical notion of k-summability of
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formal series in C[[#]] to the notion of k-summability of formal series in O(Dp,)[[t]] in
requiring similar conditions, the estimates being however uniform with respect to x. Among
the many equivalent definitions of the k-summability in a given direction arg(s) = 6 at
t = 0, we choose here a generalization of Ramis’ definition which states that a formal series
g(t) € C[[t]] is k-summable in the direction 6 if there exists a holomorphic function g
which is s-Gevrey asymptotic to g in an open sector %y - bisected by 6 and with opening
larger than s [40, Def. 3.1]. To express the s-Gevrey asymptotic, there also exist various
equivalent ways. We choose here the one which sets conditions on the successive derivatives
of g (see [25, p. 171] or [40, Thm. 2.4] for instance).4

Definition 4 (k-summability) A formal series u(¢,x) € O(D,,)[[t]] is said to be k-
summable in the direction arg(t) = 0 if there exist a sector Xy -y, aradius 0 < rp < p2,
and a function u (¢, x) called k-sum of u(t, x) in the direction 6 such that

1. u is defined and holomorphic on ¥g s X Dy, 4, for some & > 0;

2. forany |x| < rp,themapt +— u(z, x) hasu(t, x) = Z uj,*(x)tf]’ as Taylor series at 0
j>0 I
on Xy >xs;
3. for any proper5 subsector ¥ € Xy, -y, there exist two positive constants C > 0 and
K > Osuchthat, forall £ > 0Oandallt € X,

sup
lx|<r2

We denote by O(D,,){t}k;s the subset of O(D,,)[[¢]] made of all the k-summable formal
series in the direction arg(¢) = 6. Obviously, O (D, ){t}x;s is included in O(D,)[[#]];s.

afu(t,x)‘ < CKT( + (s + 1)0).

Observe that, for any fixed x, the k-summability of #(z, x) coincides with the classical
k-summability. Consequently, Watson’s lemma implies the unicity of its k-sum, if any exists.

Observe also that the k-sum of a k-summable formal series % (¢, x) € O(Dp,){t}r:¢ may
be analytic with respect to x on a disc smaller than the common disc D,, of analyticity of
the coefficients u . (x) of i (z, x).

Proposition 4 ([43, Prop. 2]) (O(Dy,){t}k:0, . 0x) is a C-differential algebra stable
under anti-derivations 0, Vand al.

With respect to ¢, the k-sum u (¢, x) of a k-summable series (7, x) € O(Dp,){t}ip is
analytic on an open sector for which there is no control on the angular opening except that
it must be larger than ms (hence, it contains a closed sector fg,,, s bisected by 6 and with
opening 7rs) and no control on the radius except that it must be positive. Thereby, the k-sum
u(t, x) is well-defined as a section of the sheaf of analytic functions in (¢, x) on a germ of
closed sector of opening 7s (that is, a closed interval I . of length s on the circle S' of
directions issuing from 0; see [26, 1.1] or [15, 1.2]) times {0} (in the plane C of the variable
x). We denote by 079.n5>< 10} the space of such sections.

4In Appendix page 32, we present various results of the general theory of the Gevrey asymptotic expansions
in the framework of the formal power series in O(D,)[[¢]].

5 A subsector ¥ of a sector X/ is said to be a proper subsector and one denotes & € ¥’ if its closure in C is
contained in ¥’ U {0}.
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Corollary 4 The operator of k-summation
Sio : ODp){the — O7, 0
u(t, x) —> u(t, x)
is a homomorphism of C-differential algebras for the derivations d; and dy. Moreover, it
commutes with the anti-derivations 8,_1 and 0 1
Let us now turn to the study of our formal series solution u(z, x).
5.2 Main Result
5.2.1 APreliminary Remark
Before stating the main result of this section, let us first begin with a preliminary remark

on the series u(t, x). According to Notation 1, let us write the coefficients a®D (¢, x) on

. . xn .
the form a9 (¢, x) = Zai{f)(t)—‘ with ai{};{)(t) € O(Dy,) foralli € K, q € Q; and
n!
n=0
n > 0. Then, an identification of the powers in x in the equation

D Zﬁ*,n(z)% =Zﬁ,n<r>%

n=0 n=0

provides for all n > O the recurrence relations

al s" 0 W pye (1) = Taon (1) = Fron (D)

n
o\ (i* p=) —i*~
- } (m)a*.mp’* (t)at ! U n—m+p;= ()
m=1

n
- Z Z Z <:1>tvivqai{,’z)(Z)at_i’“v*,n_mﬂ[(t)

ek geQ; m=0

where the Q;s are defined by Q;+ = Q;+\{pi+} and Q; = Q; if i # i*. In particular, these
relations tell us that each u, ¢(r) (hence, u(z, x) too) is uniquely determined from f(z, x)
and from the u, ,(t) with n = 0, ..., p;+ — 1. Indeed, Assumption (A3) implies g < p;»
foralli € K and g € Q;, and Assumption (A4) implies that the quotient 1/aif0’pi*)(t) is
well-defined in C[[#]].

5.2.2 Main Result
We are now able to state the main result in view of this section.

Theorem 3 Let a direction arg(t) = 0 issuing from 0 be given. Then,

1. The formal series u(t, x) €. O(D )] is k-summable in the direction 0 if and
only if the inhomogeneity f(t,x) and the pix coefficients Us,(t) € C[[t]] with
n € {0, ..., pi» — 1} are k-summable in the direction 6.

2. Moreover, the k-sum u(t, x) in the direction 0, if any exists, satisfies Eq. (1.2) in which
f(t, x) is replaced by its k-sum f(t, x) in the direction 6.
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Remark 7 The necessary condition of Point 1 is straigthforward from Proposition 4. Indeed,
we have Uy, () = 87u(t, x);x=0 and f = Du. Moreover, Point 2 stems obviously from
Corollary 4. Thereby, we are left to prove the sufficient condition of Point 1.

Remark 8 Theorem 3 generalizes the results of summability already proved by W. Balser
and M. Loday-Richaud in [4] and by the author in [42, 43].

5.3 Proof of Theorem 3

As we said in Remark 7 just above, it remains to prove the sufficient condition of Point
1. Consequently, we fix from now on a direction ¢ and we suppose that the inhomogene-
ity f(z, x) and the coefficients Uy ,(¢) for n € {0, ..., pi*—1} are all k-summable in this
direction.

< First step: the associated equation. .
Let us first begin by introducing the functions @9 (¢, x) defined, for all i € X and
q € Q;, by:

1
a(l‘*spi’l‘)(z, x)
tYiaa-9 (¢, x)
al.pi)(t, x)

Thanks to Assumption (A4), all these functions are holomorphic on a common domain
Dy x Dy of (0, 0) € C? for two suitable radiuses P}, 05 > 0.
Let us now write (¢, x) on the form

, if (i, ¢) = (i*, piv),
b (1, x) =
if (i, q) # (", pi*).

pix—1 o
Wx) = ) W)+ 8 x)
n:.
n=0

with 9(z, x) € O(D,)[[t]] and let us set W := Bt_i*U. Then, Eq. (1.2) becomes
AW =g(t, x), (5.2)
where A is the linear integro-differential operator
A=1=b0P0 @)ool + Y bV, xyal Tl
ek geQ;
and where the inhomogeneity g(z, x) is defined by
pix—1 n
!

2, x) = bPP (1, x) X:(:) ’J*,n(t)% — ft.x)

pix—1—q n
z

— Z Z Z b(iyq)(t’ x)i*,nJrq ([));T

ieKgeQ; n=0

Indeed, we have a;'*—" Bt_i* = 9, foralli € K. The sets Q; are the sets introduced in the
preliminary remark of Section 5.2: Q;+ = Q;+\{p;+} and Q; = Q; if i # i*.

According to our assumption (see the beginning of Section 5.3) and Proposition 4, the
inhomogeneity g(z, x) of Eq. (5.2) is k-summable in the direction 6. Thereby, to prove our
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result, it suffices to prove that the formal power series W(z, x) € O(D,,)[[t]] is also k-
summable in the direction 6. To do that, we shall proceed similarly as in [4, 42, 43] by using
a standard fixed point procedure.

< Second step: the fixed point procedure Let us set w(t, x) = Z Wy (¢, x) and let us
m>=0

consider the solution of Eq. (5.2), where the w,, (¢, x)’s belong to O(D,)[[]] for a suitable

common p > 0 and are recursively determined, for all m > 0, by the relations

o = g,
W1 = b P (2, )0 O] Wy — Y Y BV, )] T . (53)
iek qeQ;

Observe that, for all m > 0, the formal series w,, (¢, x) are of order O (x™) in x and, con-
sequently, the series w(z, x) itself makes sense as a formal series in 7 and x. Indeed, the
definition of the Q;’s and Assumption (A3) imply ¢ — p;+ < Oforalli € K and g € Q;.

Let us now denote by wq(z, x) the k-sum of Wy = g in the direction 6 and, for all m > 0,
let wy, (¢, x) be determined as the solution of system (5.3) in which all the @, are replaced
by w,,. By construction, all the w,, (¢, x) are defined and holomorphic on a common domain
29 oms X ng’ where the radius p{ of g - and the radius p/ of ng can always be
chosen so that 0 < p{ < min(1, p}) and 0 < p < min(l, p2, P5).

To end the proof, it remains to prove that the series Z wp, (, x) is convergent and that
m>=0
its sum w(z, x) is the k-sum of w(z, x) in the direction 6.

< Third step: some estimations on wp,(t, x) According to Definition 4, the k-summability
of Wy = g implies that there exists a radius 0 < r» < p with the following property: for
any proper subsector ¥ € Xy ~rs, there exist two positive constants C > 0 and K > 0
such that, for all £ > 0 and all (¢, x) € ¥ x D,,, the function wy satisfies the conditions

afwo(r,x). < CK'T(1+ (s + 1)O). (5.4)

Let us now fix a proper subsector ¥ € Xy ~xs. Let r; denote the radius of ¥ and let

[ —n
Observe that such a choice is already possible since conditions (5.4) still hold for any con-
stant K’ > K. Observe also that the quotient 1/(p{ — r1) makes sense since the definition
of a proper subsector (see Footnote 5) implies 0 < r; < pi/ .

1
us choose for the constant K of the previous property a constant > max (1, ,7)
0

Proposition S5 Let us denote by

K
- 1= L—*J where | -] denotes the lower integer part of -,
i

— B :=max max b9 (s, x)‘ the maximum of the functions |b(i’q)(t, x)| on
iek (t,x)eD nxD n
q€Qi e

5/){/ x D oy where 5p denotes the closed disc with center 0 and radius p > 0,
- B =&+ DUTi*+1)B.
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Let (P, (x)) be the sequence of polynomials in R [x] recursively determined by
Po(x) =1,

(mpj+) _
Pui1(x) = |8, 7" +§ § = —lr )’a/ Pn(x) form >0,
ieK’ geQ) Pi* T Pi

with K':={i € K; p; > 1} and Q] := {max(p;« — p;, 1), ..., pi» — 1}. Then, the following
inequalities

< CB™KT™HT(1 4 (s + 1)*m + £)) Py(lx]) (-5

hold for all m, £ > 0 and all (t, x) € ¥ X D,,.

Remark 9 Since 1 < i* < «,wehave 1 < I <« and Ii* > 1. More precisely, and thanks
to the definition of the lower integer part, we have Ii* > x — i*.

Remark 10 The constant B is Well-defined since the functions 5@9) (¢, x) are all holomor-
phic on DP{ X ng and the radiuses ,0 ! satisfy 0 < ,oj < ,oj for j =1,2.

Remark 11 The set K’ already contains i* and, therefore, is never empty. We have indeed
the inequalities p;+ > i* > 1.

Proof The proof proceeds by recursion on m > 0.

The case m = 0 is straightforward from inequality (5.4). Let us now suppose that
inequalities (5.5) hold for a certain m > 0.

From identities (5.3) and the Leibniz formula, we first derive the inequalities

4
¢ o g b
8fwm+1(t,x)‘ < Z (]) ‘af Tp ’Pi*)(t,x)‘ ’3x Di att 'me(t,x)‘
j=0

935 35 3{ oy [T [

ieK geQ; j=0

forall ¢ > 0 and (f,x) € £ x D,,. On the other hand, foralli € K, g € Q;, k > 0 and
(t, x) € ¥ x Dy,, the Cauchy integral formula allows us to write the derivative 8,kb("‘1) (t, x)
on the form

k! bED (| x")
Qi) i —sj=py—r @' = DFFI (X = x)

¥/ —x|=py—r2

kpED (1, x) = dr'dx’'

(we have indeed 0 < r; < p{ and 0 < rp < pj), which yields the estimates

‘Btl‘b(i'q)(t,x)‘ <k'B ( :

k
: ) < k!BK*.
Py —nN

Hence, according to the fact that 0 < r; < 1 and K > 1, the following inequalities: for all
£>0and (¢,x) € ¥ x D,,

3fwm+1(t,x)’<CBB””K"*('"+1)+Z Do | Siem Y G PxD |
ieKU{0} qeQ;
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where we set Qp := {po = 0} and where S; ¢ 5, is the sum defined by:

—  Casei €{0, ...,i*}:

14
o
Siem =Y =TA+ s+ DG m+i* =i+ j).
— !
j=0
— Caseie{i*+1,..,k}:
Tiixe o) [/ 0
Siem =y =T+ G+Di*m)+ Y =T+ + D0 m+i* =i+ ),
=0 /- j=di g1 Y

with J; j+ ¢ = min(i — i* — 1, £). Of course, the second sum is O as soon as J; ;= ¢ = £,
thatis £ <i —i* — 1.

Applying then Lemma 8 below, we get

8fwm+1(r,x)] < CUi* + I)BB/mK"*“"*””r(l + (s + DE*m + 1) + 0)

x 33 P aepe p )

v
iekU{0} e Q; (mpix —|—p)

and inequalities (5.5) follow by observing that the double-sum of the right-hand side
satisfies

Y oy P O P (D) < (e D@ P ()

ieKU{0} geQ; (m mpix + ’
(mpix) —q
+ (3 Pi)(x1]);
l;(; Z (mpl Pi) "

hence,
(mp —pix
> X o P P al) < 6 D P ().
iekul0) g, P

Indeed, K C {1, ..., k}, the coefficients of the polynomial P,, are positive and the quotients
(mpi=)!/(mpi= + p,)‘ are < 1 for all i € K. This ends the proof of Proposition 5. O

Lemma 8 Leti € K U{0}, £ > 0and m > 0 be. Then,

S. < % (mpi*)- L%
iem S ([TI"+1)—————T A+ (s+ D@E"(m + 1) + £)). (5.6)
(mpi= + pi)!

This technical lemma will be proved later in Section 5.4. For the moment, let us end the
proof of Theorem 3.
The following proposition, already proved in [43], allows to bound the P, (|x|)’s.

Proposition 6 ([43, Prop. 51) Let m > 0 be. Then,

(kpie2?* (14 pyyPe—1)"
(mpi)!

m

P (lx]) <

x|

forallx € D,,.
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Letus set B” := B'K! «p;+2P* (14 p;)P* . Then, Propositions 5 and 6 imply, for all
£ >0and (t,x) € ¥ x D,,, the inequalities
(B" [x])™

8wy (1 x)‘ < CK'TA + (s + D(*m + )0
(mpjx)!

hence, the inequalities

B,Zwm(t, x)‘ < CQRPFK)'TA + (s + DO)Q2P* B” |x|)™. 5.7)
Indeed, the conditions (s + 1)i* = p;x and s + 1 < p;+ (see relations (5.1)) imply
FA+ G+ D@ m+£) =T+ (s + 1D+ mp;)

mp;x*

T+ 6 +DO ]+ De+j)
j=1

mpjx

ST+ 6+ Do [] @i+ )

j=1

(Lpix + mpj»)!
(pix)!

T(1+ (s + 1)&)

and, consequently,
T+ s+ D@E*m+£))
(mpix)!

l i * i*
<F(1+(s+1)z)(p +m”>

mpi
L 2P MR (] 4 (s + 1)0).

We are now able to complete the proof of Theorem 3.

< Fourth step: conclusion Let us choose for ¥ a sector containing a proper subsector X’
bisected by the direction 6 and opening larger than 75 (such a choice is already possible by
definition of a proper subsector, see Footnote 5).

Let us also choose r, ¢ > Osothat 0 < r < r + ¢ < min(rp, 27 P* /B”) and let us set
C':=CY " B'r)" eR" and K’ := 2P" K.

m2=0
Thanks to inequalities (5.7), the series Z Bf wp (t, x) are normally convergent on ¥ x
m=>=0

D, for all £ > 0 and satisfy the inequalities

2

m=>=0

8wy (. x)‘ < C'K'T( + (s + Do)

for all (#,x) € X X Dyy.. In particular, the sum w(¢, x) of the series Z wy, (f, x) is
m=>=0
well-defined, holomorphic on ¥ x D, and satisfies the inequalities

3fw(t, x)| < C'K'*T(1 4 (s + 1)€)

forall £ > 0 and (¢, x) € £ x D;4+.. Hence, Conditions 1 and 3 of Definition 4 hold.
To prove the second condition of Definition 4, we proceed as follows. The removable

singularities theorem implies the existence of liII(l) 8fw(t, x) for all x € D, and, thereby,
—

tex’
the existence of the Taylor series of w at 0 on ¥’ for all x € D, (see for instance [25, Cor.
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1.1.3.3]; see also [16, Prop. 1.1.11]). On the other hand, considering recurrence relations
(5.3) with w,, and the k-sum g(¢, x) instead of w,, and g(z, x), it is clear that w(z, x)
satisfies Eq. (5.2) with right-hand side g (¢, x) in place of g(¢, x) and, consequently, so does
its Taylor series. Then, since Eq. (5.2) has a unique formal series solution w(z, x) (proceed
similarly as Theorem 1 by exchanging the roles of x and ¢), we then conclude that the Taylor
expansion of w(z, x) is w(t, x). Hence, Condition 2 of Definition 4 holds.

This achieves the proof of the k-summability of w(r, x) and, thereby, the sufficient
condition of point 1 of Theorem 3.

5.4 Proof of Lemmas8

We are left to prove the technical Lemma 8. Before starting the calculations, let us first
recall a classical result on the Gamma function which will be useful in the sequel.

Lemma 9 Let a and b be two nonnegative numbers satisfying b > max(2, 1 + a).
Then, U (1 4+ a) < T'(b).

Proof Lemma 9 stems from the increase of the Gamma function on [2, +oo[ and from the
factthatI'(c) < 1 =TI'(2) forall ¢ € [1, 2]. Indeed, we have the inequalities 2 < 1+a < b
for all @ > 1 and the inequalities 1 < 1+a <2 < bforalla € [0, 1]. O

Let us also recall that, according to our assumptions (Aj) and (A>), Lemma 4 implies
the following inequalities:

(s+1Di>p; foralliek. (5.8)

Observe that these latter still hold when i = 0 since pg = 0.
As we shall see below, inequalities (5.8) will play a crucial role in our proof.
Let us now prove Lemma 8.

<Firstcase Wheni € {0, ..., i*}, inequalities (5.6) are a consequence of the three following
lemmas.

Lemma 10 Let £ >0, j € {0, ..., £} and m > 0 be. Then,

2
Fr(1+(s+1)(i*m+i*—i+j)) KTA+G+DEm+i*—i+j)+£— ).

Proof Lemma 10 is clear when j = £ and stems obvious from the inequality

l—j l=j

o

0= [TG+m <JJW+ D@ m+i* =i+ j)+n)
’ n=1 n=1

and from the relation
FTA4+G+DEFm+i*—i+j)+L—))
—j
=T+ 6+ D@m+i* =i+ ) [ [+ DEm+i* =i+ j)+n)

n=1

when j < £. O
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Lemma 11 Let € > 0 and m > 0 be. Then,

<Lif+1. (5.9)

2(:1"(1+(S+1)(i*rn+i*—i+j)+€—j)
s FA+ G+ D@m+i*—i+4£)

Proof ® Letus first suppose ¢ < [i*. Inequality (5.9) is clear when (£, m, i) = (0, 0, i*).
Otherwise, we have

I+ G+ DEm+i* =i+ +L—j=1+G6+DEm+i"—i)+L+s)

>0

KI+G+DEEm+i*—i+0)
>2

forall j € {0, ..., £}, and inequality (5.9) stems from Lemma 9:

él"(]+(s+l)(i*m+i*—i+j)+€—j)

14
<N l=¢+1<i*+1.
FUF G+ DEm =30 S l

e Letus now suppose £ > Ii* and let us write the sum of (5.9) on the form

L—1i*

Z( )= Z( )+ Z (.- (5.10)

j=t—Ii*+1
Similarly to the previous case, we get

t 4

Z (.) < Z 1 =1Ii*

j=t—1i*41 J=t—Ti*+1

On the other hand, we have the inequalities

2 < 1+1Ii*
I+G+DEm+i"—i+j)H)+L—j
I+ G+ DEFm+i*—i+40) —sli*
L+ G+ DEm+i*—i+6 -1
forall j € {0, ..., £ — Ii*}. Indeed, the relation (s 4+ 1)i* = p;* (see (5.1)) and the definition
of i* (see Remark 1) imply

F=I((s4 Di*— i) =1(pi —i*) > 1> 1.

Consequently, by applying Lemma 9, the first sum of the right-hand side of (5.10) is
bounded as follows:

N

NN

—Ii*

Z( ) < (E_Ii*+1)F(1+(s+1)(i*m+i*—i+£)—sli*)
s L+ s+ DE*m+i*—i+40)
L—TIi*+1 rAd+G6¢+DE*m+i*—i+£)—sli*)
= X
(s + D(@i*m +i* —i +£) P+ (s+ D@*m+i*—i+€)—1)
L—Ti*+1

< .
(s + D(*m +i* —i +£)
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Inequality (5.9) follows then by observing that
L —Ii*
i*+1 < 1 <
+DH@iFm+ix—i+4)  s+1
for all £ > Ii*. This ends the proof of Lemma 11. O

Lemma 12 Let £ > 0 and m > 0 be. Then,

(mpi-)! T+ (s + D@ + 1) +0)).

Frl+G+DE*m+i*—i+0)) < ————
(mpi= + pi)!

Proof Thanks to the relations (5.8), we have the inequalities:
I+ G6+DEEm+D+0 =14+ 6+DEFm+i*—i+£€) + (s+ 1)i
>2

21+ G+ DEm+i*—i+0+ pi.

>0

Hence, the inequalities

FA+G+DEEMm+D+O)>TA+ G+ DFm+i*—i+0)+ p)

by applying Lemma 9. Lemma 12 is then proved when p; = 0 and follows from the identity

FTA+ G+ DEEm+i*—i+£)+ pi)

pi
=T+ 6+ DEm+i*—i+0) [[(+ DG m+i* =i+ 0 +n)

n=1
and from the relations
Pi pi
[+ D@m+i* =i+ +n) = [J(s+Di*m+n) (sincei* —i >0)
n=1 n=1
Pi
= [[onpi= +n) (since (s + 1)i* = pix)
n=1
_ (mpj* + pi)!
(mpj=)!
when p; > 1.

< Second case Wheni € {i* +1,.., /(},6 Lemma 8 is proved in a similar way as the
previous case. However, the calculations are much more complicated because of the term

Jii=.e = min(i — i* — 1, £) and of the fact that i* — i is negative.

Lemma 13 Let £ >0, j € {0, ..., £} and m > 0 be. Then,

O

|
%m + (s 4 Di*m) ST+ (s + DA*m + j) + £ — j). (5.11)

60f course, this case occurs if and only if i* < «.
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Moreover, ifi —i* < j < 4, then

2!
FF(I +GE+DEm+i*—i+)))

KSTA+G+DEEm+i*—i+j)+L—j+i—i". (5.12)

Proof Lemma 13 is proved in a similar way as Lemma 10 by respectively using the relation
LA+ 4+ Di'm) ST+ (s + D@ m + j))
for inequality (5.11) and the relations
o o e—j
aeloem =Tle —itj+ntizi
n=1 n=1 >0 -0
C—j4i—i*
- ]_[ (*—i+j+n)
n=1+i—i*
C—j+i—i*
[ @=i+j+n
n=1
C—jti—i*
< J] GH+DEm+it—i+ j)+n)

n=1

/A

for inequality (5.12). Observe that the two conditions j > i —i* and i —i* > 0 play a key
role in these various calculations. O

Lemma 14 Let £ > 0 and m > 0 be. Then,

Jii* e

Z1“(1+(s+1)(i*m+j)+i—j><l-_l-* (5.13)
T+ G hEmto) S ’

Jj=0
Moreover, if € > i —i* (hence, Jijx ¢ =i —i* — 1), then

XZ: T+ G+ D m+i*—i+j)+l—j+i—i%

L+ s+ D@*m + £))

<Ii*+i*—i+1. (5.14)

j=i—it

Proof ® Inequality (5.13) is clear when m = £ = 0 (we have indeed J; ;= = 0; hence,
Jj = 0too) and stems from the relations

T+ G+ DEEm+ ) +e—j=1+G6+Di*m+0+sj <1+ (s +DG*m+20)
>0 >2

and Lemma 9 otherwise. Indeed, we have in this case

Jiix e

Z FrA+G+D@Fm+j)+£L—j
T+ (s + DG*m +0)

Jiix 0

) < Yo l=Jise+1<i—i%
j=0

j=0
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e Let us now prove inequality (5.14) and let us suppose for the moment that £ € {i —
i*, ..., Ii*}.7 Then, the condition £ >i —i* > 0 implies
I+G+DEm+i* —i+j)+He—j+i—i* = 1+ (+Di*m+ L+ 50" — i+ j)
————
>0 <<t
ST+ G+DEm+0)

>2

forall j € {i —i*, ..., £} and inequality (5.14) follows from Lemma 9:
J

Z‘: DO+ s+ D@ m4i* =it ) +E—j+i=i" _ 2‘3: |

L T(1+ (s + D(@*m + £)) oL

j=i—i j=i—i
=L0+i*—i+1

<TIi*4+i*—i+1.

When £ > Ii*, we proceed similarly as in Lemma 11 by writing the sum of (5.14) on the
form

14 C—Ti*+i—i* V4
Yo=Y o+ > .)
j=i—it j=i—i* J=C—Ti*+i—i*+1

and by observing that the two sums of the right-hand side can be respectively bounded as
follows:

C—1i*+i—i* J4
> (<1 and > () < Tif+i* —i.
j=i—i* j=t—Ii*+i—i*+1

The first inequality is proved as in Lemma 11 by using Lemma 9 and the relations

2 < 1+ 1i*
l+G+DGm+i*—i+j)+0—j+i—i*
I+ G+ Di"m+C+s@* —i+])
I+ G+ D@E*m+ ) —sli*
I+ G+D0Em+0)—1
forall j € {i —i*, ..., — Ii* +i —i*}. As for the second inequality, it stems from Lemma
9 and the relation
I+ G6+DEFm+i*—i+H+e—j+i—i*<1+G+DE"m+0)

proved just above. This ends the proof of Lemma 14. O

<
<

NN

Let us now apply Lemmas 13 and 14:
— Casel <i—1i*—1.Then,
Siem < —iOTA 4 (s + DEm 4 0) < (Ti* + DTA + (s + D m + £)).

Indeed, the second sum of S; ;s is O (we have J; ;» ¢ = £) and Remark 9 implies
Ii* >k —i*>i—i*

TThis set makes sense since, thanks to Remark 9, we have Ii* > k —i* > i —i*.
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— Casel >1i—1i* Then,
Siewm < G —i*+1*—i+i*+ DI+ (s + D@E*m + £))
= (I + DA+ (s + D@E*m + 0).

Thereby, to end the proof of Lemma 8, we are left to prove the following.
Lemma 15 Let £ > 0 and m > 0 be. Then,

!
WP P (14 (5 4+ 1)+ 1)+ 0).

I'(1 DG* {—F
A+ G+DE"m+0) mpre 4 po)!

Proof Using the relation (s 4+ 1)i* = p;= (see (5.1)) and the fact that p;« is the maximum
of the p; (see Assumption (A3)), we successively have

I+ (+DEm+1D)+0) =1+ 6+ D0Em+€) + pi-

>2

214+ 6+D0EFm+0+ pi

>0

and the inequalities
P+ 6+ DEm+D+6) 2T+ s+ DGE'm+E) + pi)

by applying Lemma 9. Then, we conclude as in Lemma 12. O

Appendix: Gevrey asymptotic

In this Appendix, we present various results of the general theory of the Gevrey asymptotic
expansions in the framework of the formal power series in O(D,,)[[]].

s-Gevrey asymptotic

Still considering ¢ as the variable and x as a parameter, one extends, in the similar way as
the s-Gevrey formal series (see Definition 2), the classical notion of Gevrey asymptotic to a
formal series in C[[t]] to the one of Gevrey asymptotic to a formal series in O(D,,)[[t]] in
requiring similar conditions, the estimates being however uniform with respect to x.

Definition 5 (s-Gevrey asymptotic) Lets > 0 and ¥ be an open sector with vertex 0 € C.
A function u(#, x) holomorphic on a domain ¥ x D, for some p > 0 is said to be Gevrey
td
asymptotic of order s (in short, s-Gevrey asymptotic) to a formal series Z u j,*(x)f' €
Jjz0 ’
O(Dp)[t]] on X if there exists 0 < ro < min(p, p2) such that, for any proper subsector
Y’ € X, there exist two positive constants C > 0 and K > 0 such that, for all J > 1 and
allt € X

J—1 P
1/

sup u(:,x)—} uj(x)—| <CK'TU+sa)t]”. 1)
lxI<r2 s J!

A series which is the s-Gevrey asymptotic expansion of a function is said to be an s-Gevrey
asymptotic series on X.
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Remark 12 1f any exists, the s-Gevrey asymptotic series is unique.

Proposition 7 Lets > 0 be. Then, a s-Gevrey asymptotic series on a sector X is a s-Gevrey
series.

~ t) L
Proof Let u(t,x) = Z uj,*(x)f' € O(D,,)[[t]] be a s-Gevrey asymptotic series of a
. J:
j=0
function u(¢, x) on X. We want to prove that there exist positive constants 0 < ré’ < p2,
C” > 0and K” > 0 such that, for all J > 0,

us (] < KT+ (s + 1)), @

sup
[x|<ry

Let 5 > 0 be as in Definition 5 and let us choose ¥’ € X a proper subsector of X. For any

J > 1, we derive from condition (1) applied twice to the relation

J J—1 j J j

t t t

uJ,*(x)ﬁ = | u(t,x)— E u,/,*(x)ﬁ —|u@, x)— E u,/,*(x)ﬁ
j=0 j=0

the following inequality

sup [ug+(x)| < CK/TA+sN)J! 4+ CK/T'TA +5(J +1)JIR,

[x|<r2

where R > 0 denotes the radius of ¥’. Applying then the relation between the Gamma and
the Beta functionsto '(1 + sJ)J! =T +sJ)'(1 + J), we get

1
T +sDI=TQ+ (s + 1)J)f 71 =0)7dt <T@+ (s + DJ);
0
hence, the inequalities

FrA+sHIN<A+GE+DHNHIA+G+1DJ) <e (es"'])J Frad+6+1J).

In the same way, and using besides the increase of the Gamma function on [2, +o00[, we
have

FrA4+s(J+MHNKTRH+GE+DI+s)<KTQH++DJ+S5),
where S is an integer > s; hence,

S+1
FA+s(+D)H)JISTA+ G+ 1D)J) n((s +1)J+6) <AB'TU+ G+ 1DJ)
=1

with convenient constants A, B > 0 independent of J. Consequently, there exist C’, K’ > 0
such that the following inequalities

sup |uy ()| < C'K'T(1+ (s + 1DJ)

[x|<r2
hold for all J > 1. Condition (2) follows then by choosing
ry =ry, C" =max | C’, sup |uo,*(x)| and K" = K'.
[x|<r2

This ends the proof. O
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Following Proposition 8 gives us a characterization of the s-Gevrey asymptotic in terms
of conditions on the successive derivatives 3; u of the function u with respect to ¢.

Proposition 8 Let s > 0 and ¥ be an open sector with vertex O € C. Then, a function
u(t, x) holomorphic on a domain ¥ x D, for some p > 0 is s-Gevrey asymptotic to a

~ !
formal series u(t, x) = Z uj,*(x)ﬁ € O(Dy)I[t]] on X if and only if there exists 0 <
j=0 )
ry < min(p, pp) such that

1. Forany |x| < ry, the map t — u(t, x) has u(t, x) as Taylor series at 0 on T,
2. For any proper subsector ©' € X, there exist two positive constants C > 0 and K > 0
such that, forall J > 0 and allt € ¥/,

sup
[x|<r2

3/ u(t, 0| < CKIT U+ (5 4+ 1),

Proof < Necessary condition. Let us suppose that u(z, x) is s-Gevrey asymptotic to u(z, x)
on X and let us prove Conditions 1 and 2 of Proposition 8.

Due to Definition 5, Condition 1 is straightforward. To prove Condition 2, we consider
0 < rp < min(p, pp) as in Definition 5 and a proper subsector ¥’ € T and we choose a
radius 0 < r) < ra,asector £” such that &’ € £” € X and a positive constant § > 0 small
enough so that, for all € X', the closed disc centered at ¢ with radius |7] § be contained in
%", Then, the Cauchy integral formula implies

J! u(t', x")
olu(t, x) = —— dt'dx’'
) = iy [Mzma @ — 0 —x

T
[x"—x|=ra—ry

J! ., Nz dt'dx’'
= — l‘, — . _
(2im)? /puz\:ma u(e, x) Zu/’*(x ) jl] @ =)/ —x)

j=0

J-1 ,

Il !
[x"—x|=ra—ry

forall J > 0,allr € ¥’ and all |x| < r}. Indeed, the sum is O when J = 0 and the J-th
derivative of a polynomial of degree J — 1 is 0 too when J > 1. Hence,

e (1 +8)7
1|7 87

< CK’'T+ G+ DJ)

o/u(t,x)| < CKIT( 45071

1
with C’ = eC and K’ = et K (1 + g> Indeed, we have previously seen in the proof of

Proposition 7 that I'(1 + sJ)J! < e t6+DI(1 4 (s + 1)J). This proves Condition 2 and,
consequently, the necessary condition.

< Sufficient condition. Let us now suppose that Conditions 1 and 2 are satisfied and let us
prove condition (1) of Definition 5. To do that, let us consider a proper subsector =’ € X.
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For any fixed |x| < r», the map ¢t — u(¢, x) admits the Taylor expansion with integral
remainder

J—-1

3] — J J la]
(e, x) - Z—(o, e /(t e 3
Jj=

EYY

9/ u
forall J > 1,allt € " and all 1y € ¥'. Due to Condition 1, hm a—j(to, x) exists for all

t()EE’
J =2 0and is equal to u; (x). Therefore, the limits of the left-hand and of the right-hand
sides of (3) both exist when #y) — 0 and we have

(1 - z)flaf gy
u(t, x) — Zuj*(x) / D a7 D

forall J > 1,all7 € ¥’ and all |x| < rp. Hence, applying Condition 2:

J
t ra 1J
sup |u(r, x) — Zu]*(x) < sup S (', x) 17 g/ LAFGH DDy
IxI<r2 -0 ! teZ’ Jr J!
/= xI<r2

forall J > 1 and all r € ¥’. Condition (3) follows then from the inequality
Cad+6+DJ)
J!
which stems from the relations

<25 PA45)) .SeN,S>s

J J
TA+ 6+ DN =TA+s)[[6T+)H<TA+sDH[]ST+1)
j=1 j=1
and
J
[Ts7+0
(S+1)J
j=1 _(S+DTY Z S+ DI\ _ 5407
J! N J = k N '
k=0
This proves the sufficient condition; hence, Proposition 8. O

In the sequel, we denote by

- Az, D,,) the set of all the functions which are s-Gevrey asymptotic on X to a formal
series of O(D))[[t]];

- TS;);’D/J2 t Ag(Z, Dyy) —> O(Dy)[[t]]s the map which assigns to each u(t, x) €
Ay (2, D,,) its s-Gevrey asymptotic series.

Observe that Ty.x, Dy, is well-defined due to Remark 12 and Proposition 8. Following

Proposition 9 specifies the algebraic properties of A (%, D,,) and Ty. 5, Dy,

Proposition 9 Let s > 0 and X be an open sector with vertex 0 € C.

1. (ZS(E, D,,), 9, 0x) is a C-differential algebra stable under the anti-derivations Bt_l
and 37"
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2. The map Ts;):,ppz : XS(E,DM) — ODp)IIt]ls is a homomorphism of C-
differential algebras for the derivations 9, and dx. Moreover, it commutes with the
anti-derivations 8,_1 and 8;1.

Proof The proof is the same that the one given in [43, Prop. 2]. O
The s-Gevrey Borel-Ritt Theorem

Theorem 4 Supposing that ¥ has opening < ms. Then, the map Ts.x p s, LS onto.

Proof 1t is sufficient to consider a sector £ with opening 7s. Moreover, by means of a
rotation, we can besides assume that X is bisected by the direction # = 0. We denote by R
its radius.
~ t/
o letu(t,x)= Z uj,*(x)f’ € O(D,,)l[1]s a s-Gevrey formal series. By assumption,
; J:
jz0
the coefficients u j 4 (x) satisfy the following two conditions:
- uj«(x) € O(Dp,) forall j >0,

—  Thereexist0 < r < p2, C > 0and K > 0 such that |u .(x)| < CK/T'(1+
(s+1)j)forall j > 0and |x]| < 7.

Therefore, the series u(t, x) = Z M converges for all (z,x) € D, x D,
il ’ ]>0 F(l +Sj)j! ) P s
ra 1)j .
where p is the radius of convergence of Z M (Kt)/.
o T+t

e Letusnow fix b € D,, b > 0, and let us consider the holomorphic function u(¢, x) €
O(Z x Dy,) defined by

bk
—~ 1
u(t,x) = t_k/ u(és,x)e_s/’kd%‘, where s = X and & = ¥,
0

We shall prove below that u(z, x) is s-Gevrey asymptotic to #(z, x) on .
b4
e LetO<r)<r.Forany0 <8 < ) and 0 < R’ < R, we denote by X the proper
subsector of X defined by

5
55 = {t € C; lare(1)] < ;—k — L and 0 < 1] < R’}.

LetJ > 1and (f,x) € X5 X Erﬁ be. From the relation

i k +o0 Esj ek ]
=1t e j >0
o Td+s))
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(see [2, pp. 78-79] for instance), we first have
u(t x)_ZM. (x)ﬁ — 7k /bk ZM?’:S}@*E/I]‘ dE
' BT o \ ST+

J-1 . + s
—Z—“”’f(x)r"‘/ T8 et
0 r'a+sj)

]
=0
Since

) %n(k) )
E‘Yjefé/tk S mzk < b]

teSs=|arg(t)| < % = R() > 0= =Ele”

uj*(x)
¢« T +s))J!

Therefore, we can permute the sum and the integral. Hence,

for all £ € [0, b¥], the series Z sj g=8/1" converges normally on [0, b¥].

J—1 i k
t/ uj s (x) k/b si sk
u(t,x) — Ui (x)— = — L ¢ sjg=E/T" g
(t,x) ;) T jZF(Hsm! ¢ 3
Z ) ‘k/mss/e—f/”ds.
o DA +s))! b

Let us now observe that the inequalities (£/6%)% < (£/b%)”* hold both when & < b* and
j > Jand when & > b¥ and j < J. This brings us then to the following:

J—1 ; i—J s
t/ b |uj ()|, §
1x)— . Blg Js - 5T ,—ERA/1)
u(t, x) jgo”/,*(x)j! -§>1 NOESTT 7] /0 e &

J— 1

+Z |”J *(x)“ |k /+Oog_.sje—éﬂi(l/tk)ds
j:O ra+sjj! bk

ujs(x)| [T e (1 /K
_ Z ‘ Jo* | | | k/ ESJ@ ENA/t )dg
(1 +s/))! 0

+00 .
< Z ‘u,*(x)|| 1~ / sslefésm(ﬁ)/\tlk)dg,
I +sj)j!

Observe that the last inequality stems from the fact that # € X5 implies

1 cos (ar (tk)) cos (z _5> in(8)
m<f>= ), Ay ) _sin

> - .
ik |£]* |71 |t
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& sin(§)

> we obtain
|1

Setting then u =

J—1 j j—J J
i b= i ()] |t +0o0
u(t, x) — Zuj,*(x)f < Z ’ ]*( il |~J+1 / ute " du
— J! — I'(1 4 5j)j!(sin(8))* 0
Jj=0 j=0
b Juja ()]

=2 T+ 57)j!(sin(8))s 7+

=20

L +shel’,

where, according to the choice of b (see the beginning of the proof), we have

3 b fuj)| _ ¢y LG+

< Kb)/ )
Tl +s)))! T 1)1 Kb <o0

jz0 j20

Consequently, we finally get

J—1 ;
t !t J J
u(z,x)—zuj,*(x)ﬁ <CKITA 45D,

j=0
C ra 1)j . 1
with ¢ = — Z A+ + ,)]) (Kb)! and K’ = ——————. The constants C’ and
sin(§) >0 ra+sjj! b(sin(8))*
K’ depend on X énd on the choice of b, but are independent of ¢ and x. This achieves the
proof. O
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