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Abstract

In this article, we investigate the summability of the formal power
series solutions in time of a certain class of inhomogeneous partial differ-
ential equations with a polynomial semilinearity, and with variable coef-
ficients. In particular, we give necessary and sufficient conditions for the
k-summability of the solutions in a given direction, where k is a positive
rational number entirely determined by the linear part of the equation.
These conditions generalize the ones given by the author for the linear case
[?,?] and for the semilinear heat equation [?]. In addition, we present some
technical results on the generalized binomial and multinomial coefficients,
which are needed for the proof our main theorem.

Summability, Inhomogeneous partial differential equation, Nonlinear
partial differential equation, Formal power series, Divergent power series
35C10, 35C20, 40B05

1 Declarations

Not applicable

2 Introduction

2.1 Setting the problem

The summation theory is a very powerful tool initially developed within the
framework of the analytic ordinary differential equations with an irregular sin-
gular point (see for instance [?,?]). In particular, it allows the construction of
explicit solutions from formal solutions.

For several years, various works have been done on the divergent solutions of
some classes of linear partial differential equations or integro-differential equa-
tions in two variables or more, allowing thus to formulate many results on Gevrey



properties, summability or multisummability (e.g. [?,7,?,7,7,2,2,2,2,2,2,2,7,
?,7,7?] and references inside).

In the case of the nonlinear partial differential equations, the situation is
much more complicated. The existing results concern mainly Gevrey proper-
ties, especially the convergence (e.g. [?,?7,7,2,2,2,2,2,2,2,2,2,7,7,?7] and
references inside), and there are very few results about the summation (see
[7,2,2,2,2,7]).

In this article, we are interested in the summability of the formal power series
solutions in time of the inhomogeneous semilinear partial differential equation

21) oru — a(t, x)oPu — P(u) = f(t, )
' afu(t,x)|t=0 =(x),j=0,...,6—1

in two variables (¢, z) € C2, where
e 1,p =1 are two positive integers;

o the coefficient a(¢, x) is analytic on a polydisc D,, x D,, centered at the
origin (0,0) of C? (D, denotes the disc with center 0 € C and radius p > 0)
and satisfies the condition a(0, z) # 0;

d
o P(X) = 2 b (t,2)X™ € O(D,, x D,,)[X] is a polynomial in X with
m=2

analytic coefficients on D,, x D, ;

e the inhomogeneity f(t,z) is a formal power series in ¢ with analytic coef-

ficients in D,, (we denote by f(t,z) € O(D,,)[[t]]) which may be smooth,
or not';

e the initial conditions ¢;(x) are analytic on D,, for all j =0,...,x — 1.

Equation (2.1) is fundamental in many physical, chemical, biological, and eco-
logical problems. For example: for (k,p) = (1,2), Eq. (2.1) arises in problems
involving diffusion and nonlinear growth such as heat and mass transfer, com-
bustion theory, and spread theory of animal or plant populations (nonlinear
heat equation); for (k,p) = (2,2), Eq. (2.1) describes the propagation of non-
linear waves in an inhomogeneous medium (nonlinear Klein-Gordon equation);
and, for (k,p) = (2,4), Eq. (2.1) describes the relationship between the beam’s
deflection and an applied lateral nonlinear force (nonlinear Bernoulli-Euler equa-
tion).

The work presented in this article is a natural extension of the work [?]
in which the nonlinearity P(u) is reduced to a term of the form b(x)u? and
(k,p) = (1,2) (see Eq. (2.2) just below). Before stating our main result (see
Theorem 3) making explicit a characterization of the summability of the formal
series solutions in time of Eq. (2.1), let us first start by recalling some known
results about these ones.

IWe denote fwith a tilde to emphasize the possible divergence of the series f~



2.2 Formal solutions and known results

First of all, we have the following.
Equation (2.1) admits a unique solution u(t,z) € O(D,,)[[t]]. Let us
write the coefficients a(t, x) and by, (¢, ) for m = 2, ..., d, and the inhomogeneity

~

f(t,z) in the form

a(t,z) = Z aj,*(x)%, bm(tax) = Z bm;j,*(x)%a f(tvx) = Z f],*(z)i

J
4!
§=0 §=0 §=0

with a; (), b« (2), fjx(x) € OD,,) for all j = 0 and all m = 2,...,d.
Looking for u(t, x) on the same type:

tJ
u(t,x) = Z u]*(x)ﬁ with u; . (z) € O(D,,) for all j = 0,

Jj=0

one easily checks that its coefficients u; 4(x) are uniquely determined for all
J = 0 by the recurrence relations

Ujr,x(X) = fia(x) + Z <Jjo> o5 () 0Py 5 (x)+

Jo=0

Zdl 2 ( ! )bm;jo,*(x)ujl,*(w)mujm,*(w)v

m=2 jo+ji1+...+jm=J JOsJ1s -5 Im

together with the initial conditions u; «(z) = ¢;(z) for j = 0,...,k — 1. The no-

tations <J ) and ( .. J . stand respectively for the binomial coefficients
0 J0, 155 Jm
and for the multinomial coefficients.

In a 1999 article [?], M. Miyake proved in the particular case of the equation
Ofu—0%u =0

that the formal solution %(t,x) is convergent when x > p and s-Gevrey with
s = p/k — 1 otherwise. This result was then generalized by the author, first of
all, to the inhomogeneous linear case P = 0 [?] and, afterwards, to the general
Eq. (2.1) [?,7]. In particular, he showed that the Gevrey regularity of u(t, x)
does not depend on the nonlinear term P(u), but only on &, p and f(t, x).

[[7,?]] Let s be the nonnegative rational number defined by s = max(0, p/x—
1). Then, the formal solution (¢, z) and the inhomogeneity f (t,x) are together
s-Gevrey.

Thereby, in the case Kk = p, Proposition 2.2 provides us a necessary and
sufficient condition for (¢, z) to be convergent, and, in the opposite case p > k,
it naturally leads us to the question of the k-summability (k = 1/s) of @(¢, z).

In the linear case, M. Miyake [?] and the author [?] gave necessary and
sufficient conditions for %(t, z) to be k-summable in a given direction arg(t) =



0. To do that, they used two different approaches: the first one based on
the definition of the k-summability in terms of the Borel transformation, and
the second one based on the definition of the k-summability in terms of the
successive derivatives.

More recently [?], the author considered Eq. (2.1) with (k,p,d) = (1,2,2)
and with constant coefficients in ¢, that is the semilinear heat equation
(2.2) oy — a(x)2u — b(x)u® = f(t,z)
' u(0,2) = ¢()

Using the same approach as the one developed in [?], he gave a necessary and
sufficient condition for @(¢, x) to be 1-summable, generalizing thus the condition
already proved in the linear case by W. Balser and M. Loday-Richaud [?]. In
particular, he showed, as for the Gevrey regularity (see Proposition 2.2), that

this condition is not affected by the nonlinear term u?.

In this article, we propose to extend all these results to the general Eq.
(2.1). In Section 3, we recall some basic definitions and properties about the
k-summable formal series. Then, we state our main result (Theorem 3) which
gives, under some various assumptions on the coefficient a(t, x), a necessary and
sufficient condition for (¢, z) to be k-summable in a given direction arg(t) = 6
with k = 1/s = k/(p — k). The proof of this result is developed in the next two
sections. In Section 4, it is detailed in the case of the first assumption, namely
a(0,0) # 0. Our approach is similar to the one presented in [?] for the linear
case. However, because of the variable coefficients and the nonlinear terms u,
the calculations are much more complicated and require some technical results
on the generalized binomial and multinomial coefficients, that is on the bino-
mial and multinomial coefficients with nonnegative real terms. These technical
results are all proved in Section 6, which can also be read independently of the
rest of the article, so as not to burden the main proof. In Section 5, we show
how to adapt the calculations of Section 4 within the framework of the other
assumptions on a(t, z).

3 k-summability of u(t, z)

All along the article, we consider t as the variable and « as a parameter. Thereby,
to define the notion of summability of formal power series in O(D,, )[[t]], one
extends the classical notion of summability of elements in C[[t]] to families
parametrized by x in requiring similar conditions, the estimates being how-
ever uniform with respect to x. Doing that, any formal power series (¢, x) €
O(D,,)[[t]] can be seen as a formal power series in ¢t with coefficients in a con-
venient Banach space defined as the space of functions that are holomorphic on
a disc D,, (0 <r; < p1) and continuous up to its boundary, equipped with the
usual supremum norm. For a general study of the series with coefficients in a
Banach space, we refer for instance to [?].



Among the many equivalent definitions of the k-summability in a given di-
rection arg(t) = 6 at t = 0, we choose in this article a generalization of Ramis’
definition which states that a formal series §(t) € C[[¢]] is kA-summable in direc-
tion @ if there exists a holomorphic function g which is 1/k-Gevrey asymptotic
to g in an open sector Yg - .5 bisected by ¢ and with opening larger than s
with s = 1/k [?, Def. 3.1]. To express the 1/k-Gevrey asymptotic, there also
exist various equivalent ways. We choose here the one which sets conditions on
the successive derivatives of g (see [?, p. 171] or [?, Thm. 2.4] for instance).

[k-summability] Let k > 0 and s = 1/k. A formal series (¢, z) € O(D,,)[[t]]
is said to be k-summable in the direction arg(t) = 0 if there exist a sector Xg > s,
a radius 0 < 71 < p; and a function u(t,z) called k-sum of u(t,x) in direction
0 such that

1. u is defined and holomorphic on ¥g ~rs X Dy, ;

2. For any = € D,,, the map ¢ — u(t, z) has u(t, x) Z uj «(x)— as Taylor
j=0
series at 0 on Xg > rs;

3. For any proper? subsector ¥ € Yg,>rs, there exist two positive constants
C > 0 and K > 0 such that, forall />0, allte ¥ and all z € D,

|6tu(t, z)| < CK'T(1+ (s + 1)f).

We denote by O(D,, ){t}r;s the subset of O(D,, )[[t]] made of all the k-summable
formal series in the direction arg(t) = 6.

Note that, for any fixed « € D,.,, the k-summability of u(¢, ) coincides with
the classical k-summability. Consequently, Watson’s lemma [?, Theorem 5.1.3]
implies the unicity of its k-sum, if any exists.

Note also that the k-sum of a k-summable formal series @(t, z) € O(Dp, ){t}k;0
may be analytic with respect to = on a disc D,, smaller than the common disc

D,, of analyticity of the coefficients u; . (z) of (¢, z).

Denote by 0; '@ (resp. 0, ') the anti-derivative of % with respect to t (resp.
x) which vanishes at ¢ = 0 (resp. = = 0). Proposition 3 below specifies the
algebraic structure of O(D,, ){t}i.s-

Let k > 0 and § € R/27Z. Then, (O(D,,){t}r0, 0, 05) is a C-differential
algebra stable under the anti-derivations ;' and 0.

We refer for instance to [?, Prop. 2] for a proof of this result.

With respect to ¢, the k-sum (¢, z) of a k-summable series @(t, z) € O(Dp, ){t}x;0
is analytic on an open sector for which there is no control on the angular open-
ing except that it must be larger than 7/k (hence, it contains a closed sector
Yg,x/k bisected by 6 and with opening 7/k) and no control on the radius except
that it must be positive. Thereby, the k-sum u(t, z) is well-defined as a section

2A subsector ¥ of a sector ¥/ is said to be a proper subsector and one denotes ¥ € X' if
its closure in C is contained in ¥’ U {0}.



of the sheaf of analytic functions in (t,x) on a germ of closed sector of opening
7/k (that is, a closed interval Iy ./ of length m/k on the circle ST of directions
issuing from 0; see [?, 1.1] or [?, 1.2]) times {0} (in the plane C of the variable
x). We denote by Ofe,ﬂ/kX{O} the space of such sections.

The operator of k-summation

Sk;9 : O(Dpl){t}k§9 - Oje,r/kx{o}
u(t, z) —  u(t,z)

is a homomorphism of differential C-algebras for the derivations ¢; and 0,.
Moreover, it commutes with the anti-derivations d; ' and d;!.

We are now able to state the main result in this article.

Let arg(t) = 6 € R/27Z be a direction issuing from 0.
Let us assume p > x and let us set k = x/(p — k).
Let us also assume that either a(0,0) s 0, or there exists g € {1,...,p — 1} such
that 0}a(t,z);—o =0 for alln = 0,...,¢ — 1, and d%a(0,0) # 0. Then,

1. The unique formal series solution @(t,z) € O(D,,)[[t]] of Eq. (2.1) is k-

summable in the direction 6 if and only if the inhomogeneity f(t, x) and
the formal series 0 t(t, z)|,—o € C[[t]] for n = 0,...,p — 1 are k-summable
in the direction 6.

2. Moreover, the k-sum u(t,z), if any exists, satisfies Eq. (2.1) in which

~

f(t,x) is replaced by its k-sum f(t,z) in the direction 6.

Observe that the necessary condition of the first point is straightforward

from Proposition 3 and that the second point stems obvious from Corollary 3.
Consequently, we are left to prove the sufficient condition of the first point.
This is the subject of the next two sections below. In the first one (Section 4),
we focus on the case a(0,0) # 0. In the second one (Section 5), we show how
the calculations made in Section 4 can be adapted within the framework of the
other assumptions on a(t, ).
_ From now on, we fix a direction # and we suppose that the inhomogeneity
f(t,x) and the formal power series 0%(t, z)z—o € C[[t]] for n = 0,...,p — 1 are
all k-summable in the direction 6. To prove that the formal solution u(t, z) is
also k-summable in this direction, we shall proceed through a fixed point method
similar to the ones already used by W. Balser and M. Loday-Richaud in [?] and
by the author in [?,7?,?,?]. However, as we shall see below, the calculations are
much more complicated because of the nonlinear terms u™.

4 Proof of the sufficient condition: the case a(0,0) #
0

All along this section, we assume that the coefficient a(t, z) satisfies a(0,0) % 0.
Before starting the calculations, let us first begin this proof with a preliminary
remark on the coefficients @y, (t) = Jyu(t, ),—¢ of U(t,x).



4.1 First step: a preliminary remark

Let us write the coefficients a(t, a:) and by, (¢, x) for m = 2,...,d in the form
Z Qe n > Z bm *, n
n=0 ! n=0

with @y n(t), bmssen(t) € O(D,,) for all n > 0 and all m = 2,...,d. Let us also
write the formal solution %(¢, ) and the inhomogeneity f(t, 33) in the same way:

}: u*fz fa }: f*n

n=0 n=0

Observe that the coefficients i, (t) and f*n(t) are divergent in general (hence,
the notation with the tilde). By identifying the terms in z™ in Eq. (2.1), we get
the identities

n

u1>c%awmmw@w+§](;)%wuwmmﬂamu>—@%&aw—ﬁw@>

TLO:l

d
n ~ ~
R Z Z (n07n17 "'7n’m>b7n;*’n0 (t)u*’nl (t)'"u*vnm (t)

m=2no+ni+...4+nm,=n

for all n > 0. By assumption, a,o(0) # 0; hence, 1/ay o(t) is well-defined in
C[[¢]] and, consequently, each coefficient @, ,, (¢) is uniquely determined from the
inhomogeneity ]?(t, x) and from the formal series @y /() with n’ =0,...,p — 1.
In particular, the same applies to (¢, z).

4.2 Second step: the associated equation

Let us set
p—1 2
D)= Y )
n=0
and U(t,x) = 0(t,x) + 0, Pw(t, z). With these notations, Eq. (2.1) becomes
d m m
(4.2) @ — A(t, )08, P + Z > (j)Bm(t,x)a “I(t, x) (0, Pw) = §(t, x)
m=2j=1
with

2

d
3(t,z) = At z) ( — 3 b (t, @)™ (t ) — f(t,@) ,

where A(t,z) and By, (¢, ) stand respectively for the functions

by (t, )
a(t,z)

A(t,z) = and B, (t,x) =

a(t, )



Observe that, thanks to the assumption a(0,0) # 0, these functions are all
well-defined and holomorphic on a common convenient polydisc D, x D, with
0 < pp < poand 0 < p) < p1.

_ According to our assumption on the k-summability of the inhomogeneity
f(t,z) and of the formal power series @ ,(t) for n = 0,...,p — 1, the formal
series ¥(t, ) and g(t, ) are both k-summable in the direction @ (see Proposition
3). Thereby, the identity (4.2) above tells us that it is sufficient to prove that
it is the same for the formal series w(t,z) € O(D,,)[[t]]. To do that, we shall
proceed as in [?,7,7,? 7] by using a fixed point method. Of course, as we shall
see below, our calculations will be much more complicated due to the presence
of the nonlinear terms B,, (¢, z)0™ 7 (t, z) (0, PW)’.

4.3 Third step: the fixed point procedure
Let us set w(t,z) = Z W, (t,z) and let us choose the solution of Eq. (4.2)

p=0
recursively determined for all 1 = 0 by the relations

(4.3) Wug1(t,x) = A(t,x)07 0, Pw, (¢, )

m=2j=1p1+...4+pj=p i'=1

together with the initial condition @y = §. Observe that @, (¢, z) € O(D, )[[t]]
for all 4 > 0. Observe also that the @, (¢, z)’s are of order O(aP*) in x for all
w = 0, and, consequently, the series w(t, x) itself makes sense as a formal series
in ¢t and z.

Let us now respectively denote by wq(t,z) and v(t,x) the k-sums of wy
and ¥ in the direction # and, for all p > 0, let w,(¢,z) be determined by the
relations (4.3) in which 7 is replaced by v and all the w,, are replaced by w,.
By construction, all the functions w,(t,z) are defined and holomorphic on a
common domain ¥g » s X Dp/l/, where s = 1/k = p/k — 1, and where the radius
p6 of Xg ~rs and the radius pf of D,y can always be chosen so that 0 < 0 < ph
and 0 < pf < pf.

To end the proof, it remains to prove that the series Z wy(t, x) is convergent

n=0
and that its sum w(t, x) is the k-sum of w(¢, z) in the direction 6.

4.4 Fourth step: some estimates on the w,(t,z)’s

According to Definition 3, the k-summability of wy and ¥ implies that there
exists 0 < 71 < min(1, pY) such that, for any proper subsector ¥ € 3¢ >rs,
there exist two positive constants C, K > 0 such that, for all £ > 0 and all
(t,z) e X x D, , the functions wy and v satisfy the inequalities

(4.4) |ofwo(t,z)| < CK'T(1+(s+1)¢) and |dfv(t,z)| < CKT(1+(s+1)0).



Let us now fix a proper subsector ¥ € ¥y ~rs. Let r{, denote the radius
of 3 and let us choose for the constant K of the property above a constant

2 max 17ﬁ

0~ To
inequalities (4.4) still hold for any constant K’ > K. Observe also that the

quotient 1/(pg — r() makes sense since the definition of a proper subsector (see
Footnote 2) implies 0 < r{ < pj.
Proposition 4.4 below provides us some estimates on the derivatives ofw,,.
Let us denote by

. Observe that such a choice is already possible since the

e « (resp. S, for m = 2,...,d) the maximum of |A(t,x)| (vesp. |By,(t,z)|)
on the closed polydisc Dy x D, (D, denotes the closed disc with center
0 € C and radius p > 0);

o O, =5'(2+T(ss)), where s is the positive integer > 1 defined by

1 ifs>1
/!
5= {J—kl ifs<1

d m
o O = <ozC’S + 2 Z (?) ﬂmleC’;”C(p)j1> , where ( is the Riemann
m=2j=1

Zeta function:

(|z] stands for the floor of x € R);

® | =

1
((z) = Z - for all z € C,Re(z) > 1.

n=1
Then, the following inequalities
]

(pp)!

(4.5) |0fw,, (¢, z)| < COMK™HT(1 + (s + 1) (kp + €))

hold for all £, 1 > 0 and all (t,x) € X x D,/.

Observe that the constant ((p) is well-defined since p > 2.

The proof proceeds by recursion on p. The case p = 0 is straightforward
from the first inequality of (4.4). Let us now suppose that the inequalities (4.5)
hold for all the functions wj;(t,x) with j = 0,..., u for a certain p > 0.

According to the relations (4.3), we first derive from the generalized Leibniz
Formula the identities

Ly

- Zd: i (T) [ 2. 2 (zo,el,g...,em)afoBm(t’x)x

prt.Apij=plo+li+...+Ly, =L

(ﬁ oAt x>> (ﬁ A P, x>>]

=1

L
Ahantt) = X (g )t A 270007, 0,0
0

10



for all £ > 0 and all (¢,2) € ¥ x D, , with the classical convention that the first
product is 1 when j = m. '

Let us now apply the Cauchy Integral Formula to the function ¢/ A with
j = 0. Thanks to the definition of the radii r{, and r}, we have

| At 2)

J _ ’ ! g0

Al z) = 2z7r ﬁt *t|| Po To —t)iti(a — m)dt 4,
93 —T|= 1 1

for all (t,z) € ¥ x D, and so the estimates

, 1 Y .
oAt 2)| < jla ( - ) < jlak?
Po—To

by definition of the constant K. In the same way, we have

01 B (t,2)] < 1K

for all j >0, all m =2,...,d and all (t,x) € ¥ x D,/.

Thereby, using the second inequality of (4.4), the inequalities (4.5) applied
to the functions w; for j = 0,...,u, and the fact that 7} < 1 and K > 1, we
finally get the inequalities

(4.6)
(p+1)
Y k(p+1)+0 ||
|Ofwyi1(t,x)| < COPKP DT+ (s + 1) (k(p+ 1) + 6))7(])(;; ) X
(50 3 5 (1) e S50
m=2j=1

for all £ > 0 and all (¢,2) € ¥ x D,,, with, as the constants S, , and S;M .o
the constants respectively defined by

B S0\ (0= 0)T(1+ (s + 1) (kp + K + &)
SVESY <go) DL+ (s +1)(kp+ K+ 1))

Lo=0

and

14 +
;L.,z,m,j: Z 2 (50751,---, > (b p) x

J
p1Fe g =p Lo+l 4. ALy =L
e T o bt H piir + p)!

(WﬁJF (14 (s+1)¢ ><HF1+ (s + 1) (Kptir + Lo ]ﬂ)))

=1 1
T+ (s+ 1)(kp+r+4£))

11



where, as previously, the product on ¢ is 1 when 7 =m

The inequality (4.5) for w41 stems then from Lemmas 4.4 and 4.4 below
which allow to bound S, , and S;/t, ¢.m,j- This completes the proof of Proposition
4.4.

Let 1, £ > 0 be. Then, S, < Cs.

First of all, let us observe that (£ — £y)! < I'(1 + (s + 1)(¢ — £p)) for all
Ly € {0,...,¢}. This is obvious when ¢y = ¢ and stems from the increasing of
the Gamma function on [2, + o[ otherwise. Thereby, using the notation of the
generalized binomial coefficients (see Section 6) and the fact that (s + 1)k = p,

we get
(4)

SO 2 ( s+1£+p(u+1)>

(s+1)lo +p(p+1)

Applying then the Vandermonde’s inequality (see Proposition 6, 1)

(o) > (o) (o) G ) = () )

we derive the following

and we conclude by Proposition 6, 1.

Let u,f >0 be, me {2 d} and j € {1,...,m}.
Then, S, ¢, ; < Cm(( )

* Let us start with the case j = 1. We must prove the inequality S}, ,,, ; <
C7*, where

4
!
Su,f,m,l = Z (g V4 ¢ X
Loyt = N0 Ly Em

4! <mﬁlr(1 + (s + 1)&)) T(1+ (s+ 1) (kp + L))

i=1

T+ (s+ 1)(kp+k+ L))

Using the inequalities £p! < T'(1 + (s + 1)) and T'(1 + (s + 1)(kp + £)) <
D1+ (s + 1)(k(u + 1) + £m)), and the fact that (s + 1)k = p, the sum S}, , |
can be first majorized in a similar way as the proof of Lemma 4.4 by means of

generalized multinomial coefficients (see Section 6):

l
/ 2 <‘€0;€17"°7€m)

<
wlm,1 =
Lot byt by =L My, tm,1
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with

+ 1)+ p(p+1
Mgt = (s+ 1)l +p(p+1) )

((s + D)o, (s+ 1)1,y (s + 1)lim—1, (s + 1)l + p( + 1)

Thereby, applying the Vandermonde’s inequality (see Proposition 6, 2)

M - sl 4 p(p+1)
Wbt Z X o, 801, oy b1, $bm ) \Lo, 01, oo b1, €m ) \0, 0, ..., 0, p(p + 1)

_ st 14
B 56075617"'75£m—135£m 607615'"5£m—17€m

1

!
wyl,m,1 < Z sl
ZO+€1+--«+€77L:€ ( )

sy, 81, .oy Sm_1, 8l

we get

and we conclude by Proposition 6, 2.
* Let us now assume j € {2,...,m} and let us first observe that

(pp+p)t 1 y (p(p+1))!
J il () (ppj—1)!(p(pj + 1))!
[ [owe+p) [ ]ws +1)-(pps +p)
=1 i'=1
B 1 ( p(p+1) )
izl P -y PRG—1, (15 + 1)
[T +1)7
=1
_ 1 ( p(p+1) )
i1 07 "'707p,u17 7plu‘j—1ap(:uj + 1) ,
[ [ +1)7
=1

where 0 occurs m — j times. Thereby, reasoning as in the case j = 1, we get

1
!
St < 2 .
p1t. i =p H( ) p
pir + 1)

i'=1
< ¢ )( p(p+1) )
ZOaély 7€m 07 "'707p//['17 7p/f[']—17p(/’[’] + 1)

b
Mul,myj

lo+li+...+ 0 =0

where M, ¢.m,; stands for the generalized multinomial coefficient

(s+1)l+p(p+1)
(s + 1), (s + 1)1, ..., (s + 1)lpp—j, (s + D) ly—js1 + ppa, ,
s (8 + D)lp—1 + ppj—1, (s + 1)y, + p(p; + 1)

13



and so

1 1
/
Spemd < 2 o, o
et =p (,Uz’ + 1)17 Lo+b1+... 4+l =2 <3Z o0 sl )
| | 0,81, ..y Sty

=1

1
<cr ) FE
M1t tpg=p H( ) P
i + 1)
i'=1

Lemma 4.4 follows then from the inequalities

1 s s 1

p1te b pi=p H(Mz" +1)P p1=0  p;_1=0 H(W +1)P

i'=1 =1
I 1 i1
- (,,20 (' + 1)P>
to g i—1
< R
u’zzzl ’u/p)
= ()

This completes the proof.

The following result, which provides the estimates on the w,’s in view in
this section, is a direct consequence of Proposition 4.4.

Let us set K1 = 2PK and ¢ = 2PC'K*. Then, the inequalities

yafwu(tw)! S CKIT(1 + (s + 1)0) (c|zP)"

hold for all £, 1 > 0 and all (t,x) € X x D,/.
Using the relation (s + 1)k = p, we first derive from the recurrence relation
I'(1 + z) = 2I'(2) applied py times the identity
i
T+ (s+1)(rp+0) =T(1+ (s + DO T [((s + 1)£ + ).
i=1
Next, applying the inequality s + 1 < p, we get the following relations:

T1+(s+1)(kp+0) <T(1+(s+ 1)) ﬁ(pé +1)

SLCRCERT] G [

< PP (pu)IT(1 + (s + 1)¢).

14



Proposition 4.4 stems then from the inequality (4.5).
We are now able to complete the proof of Theorem 3.

4.5 Fifth step: conclusion

Let us now choose for ¥ a sector containing a proper subsector ¥’ bisected by
the direction 6 and opening larger than ws = 7/k (such a choice is already
possible by definition of a proper subsector, see Footnote 2). Let us also choose
a radius 0 < r; < min(r}, c~/?) and let us set C; := C Z (er)* e RYE.
pn=0
Thanks to Proposition 4.4, the series 2 8f wy(t, ) are normally convergent
>0

on ¥ x D, for all £ > 0 and satisfy the il;lequalities

D lefwa(t, )] < CLET(1 + (s + 1)0)

p=0

for all (¢t,x) € ¥ x D,,. In particular, the sum w(t, x) of the series 2 wy(t, x)
1=0
is well-defined, holomorphic on ¥ x D, and satisfies the inequalities

ofw(t, z)] < CLE{T(1+ (s +1)0)

for all £ > 0 and all (t,z) € ¥ x D,,. Hence, Conditions 1 and 3 of Definition 3
hold, since ¥/ € X.

To prove the second condition of Definition 3, we proceed as follows. The
removable singularities theorem implies the existence of %51(1) ofw(t,r) for all

tex’
x € D,, and, thereby, the existence of the Taylor series of w at 0 on ¥’ for

all © € D,, (see for instance [?, Cor. 1.1.3.3]; see also [?, Prop. 1.1.11]). On
the other hand, considering recurrence relations (4.3) with w,(¢,2) and the k-
sums v(t,x) and g(t,z) instead of W, (t,z), ¥(¢t,x) and §(t,z), it is clear that
w(t, x) satisfies equation (4.2) with v(¢, z) in place of (¢, x) and right-hand side
g(t, z) in place of §(¢, x) and, consequently, so does its Taylor series. Then, since
equation (4.2) has a unique formal series solution w(¢, z), we then conclude that
the Taylor expansion of w(t,z) is w(t,x). Hence, Condition 2 of Definition 3
holds.

This achieves the proof of the k-summability of @w(t, 2) and, thereby, the fact
that the condition is sufficient when a(0,0) # 0.

5 Proof of the sufficient condition: the other
cases

In this section, we assume that there exists ¢ € {1, ..., p—1} such that dya(t, z) ;-0 =
0foraln=0,..,q9—1, and 02a(0,0) # 0.

15



Let us first observe that, under this assumption, the identities (4.1) become
(5:1) O Thsn(t) = Frn(®)
d
_ 3 " Bt g (D) my (£)oeiem, () = 0
no,nl,---,nm y®, 10 ERLDE sTtm

m=2no+ni+...4+nm,m=n

for all n < ¢ — 1, and

(52) (’;)a*,q<t>a*,n+p_q<t>+ 3 (et minenat) = 2t

n
n0=q+1 0

d
n ~ ~
- f* n Z Z (TL(),TH,~~~7nm>bm;*,no(t)u*,n1 (t)'"u*,nm,(t)

=2no+ni+...4+nm=n

for all n > ¢, with a4 4(0) # 0. In particular, the identities (5.2) tell us, as
in the case a(0,0) # 0, that each coefficient Uy ,,(¢) (hence, the formal solution
f(t, z) too) is uniquely determined from the inhomogeneity f(t, ) and from the
formal series Uy s (t) with n’ =0,...,p — 1.

Observe also that our assumption allows us to write the function a(¢, x) in
the form a(t, ) = x%q(t, ) with a4(0,0) # 0. Thereby, the functions

b (¢, )
aq(t, x)

with m = 2, ..., d, are all well-defined and holomorphic on a convenient common
polydisc centered at the origin (0,0) € C2, say Dy x D,y with 0 < py < po and
0 < p}i < p1 to use the same notations as the case a(0,0) # 0.

Setting as before u(t, z) = ¥(t,z) + d;Pw(¢t, z) with

p—1
~ ~ x
o(t,x) = Z Use,n (£) —
n=0

Ayt x) = and By,4(t,x) =

aq(t, x)

Eq. (2.1) becomes now
(5.3)

d m
Aullot) v + 2 Z < )Mﬁm%t,x)(af@)j — §i(t, z)

where

14

d
Z b (t, 2)0™ (L, x) — f(t, )
g}(t,a:) = Aq(tax) m=2

x4
is again a formal power series in ¢t and z. Indeed, due to the identities (5.1), the

term 4
— 3 b (t, )0 (t, ) — f(t, )

m=2

16



is of order O(z?) in x. Assuming then ¥(¢,z) and §(¢,2) to be k-summable
in the direction 6, we can prove as in the case a(0,0) % 0 that @(¢,x) is also
k-summable in the direction 6. The proof being similar to the one developed in
Section 4, we give below only the key points to modify. In particular, we keep
all the notations on the choices of the sectors ¥ and ¥/, and on the choices of
the various radii.

First of all, let us start by observing that the @, (¢, z)’s are now recursively
determined for all p > 0 by the relations

~ A t7 KA—D ~
(5.4) Bppa(t,z) = %at 0P, (t, x)

53 [0 ()

m=2j=1p1+...+p;= =1

~ ~ . 1
together with the initial condition wy = ¢. In particular, the operator —q&; p
x

in place of 0,7 implies that the @, (t,z)’s are of order O(z(P~9#) in z for all
w = 0, instead of O(aP*) as in the case a(0,0) # 0. Still, W(¢,z) is again a
formal power series in ¢ and in z since p — g > 1

In doing so, the estimates on the derivatives (9fwu given in Proposition 4.4
are modified as follows.

For all 4,1 > 0 and all (t,z) € X x D,

|z| (r—q)p

o 2)| < I gk s K VR VY7 WY
[Otwn(t, )| < COMRE™HD(L+ (s + 1)( O e = g

with
C/ = <aqc + Z Z < )/Bm,qcm 1Cm<( ) 1)3
m=2j=1

where o (resp. fBm; for m = 2,...,d) stands for the maximum of |A,(¢, x)]
(resp. |Bum:q(t, x)|) on the closed polydisc Epg X Dy

We proceed as in the proof of Proposition 4.4 by replacing the inequality
(4.6) by the inequality

(5.5)
COM KR 4 (54 1) (k(p + 1) + £)) 2] P~ 00+

o z)| < x
[0t (8, 2)] < ((,u+1)')‘1((p*Q)(M+1))!

(O‘q wlg T Z Z ( >5m qcmls//hf,mj,q)’

m=2j=1

where the constants S, ¢, and S

1.0m,j,q are respectively defined by

14
Sﬂlq: Z <£>(g—g())!].—‘(].+(S+1)(I€M+/€+€(]))Fﬂzq

o \bo D(1+ (s +1)(kp+r+10))
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and

l
S;/L,l,m,j,q = Z Z <<€07 gl, ~~~7£m) FI;,Z,LQ X

pitopj=p Lo+l +.. ALy =L

(ﬁJF (14 (s+1)¢ ><HF1+ (s + 1) (Kptir + Lo ]ﬂ)))

=1 1
T+ (s+ 1)(kp+r+4£))

with

Foyo= (e + )N ((p — @) (p + 1))
PR ()2 (e — (e — @)+ 1)-.((p — )+ p)

and

’ (e +1D)DN((p— @) (p +1))!

Fm&j,q

Hw (p— Qi) ((p — Qi + 1)...((p — Q)i + 1)

As previously, the product on 7 in S/ is 1 when j =m

w,l,m,j,q
Observe that F) , | . = Fj, 14 Observe also that the term F}, s 4 is obvious
< 1. Indeed, the inequalities p > p — ¢ = 1 imply
((u+1)Y* BR(CERDN

Ful,q =

(W —p+p—a+1).((p—ap+p) ~ (u)o(u+ 1)
Thereby, Lemmas 4.4 and 4.4 provide us the inequalities
SH%(I < SHVZ < CS and SM £,m,1,q < S:L,Z,m,l < O;n = C;nC(p)O

By reasoning in the same way for F 0, When j =2, we first have
(p+ DY (P —g)(p+1))!

J
[ T((ue + Y0 — @) (ir +1))!
=1

< p+1 )( (p—@)(u+1) >
Py eeey fj—1, 5 + 1 (p - Q)Nla ) (p - Q)Nj—lv (p - Q)(Mj + 1)

j—1

H (e + 1) ((p — @i + 1)oe.((p — @)t + p — q)

< g1 )( (p—a)(u+1) >
1y ooy j—1, b5 + 1 (P - Q)/le ) (p - Q)Mjfh (p - q)(Mj + 1) )

J—1

H (pir + 1)P

=1

!
FM,Z,M =

N

18



Applying then the calculations made in the proof of Lemma 4.4, we finally get

1 1
/
Sul,mu’?q < Z j—1 Z st
1t =p | | (Mi/ n 1)17 Lotly+...+lm=L < S€m>

V=1

< G Cpy

sly, slq, ...

which ends the proof of Proposition 5.
Using now the inequality

D1+ (s + 1)(kp + £)) < 2PTPH(pu)IT(1 + (s + 1)¢)

proved in the proof of Proposition 4.4, Proposition 5 leads us to the inequality

olw, (t,2)| < C(2PK)Y(2PC' K™ 2P~ )T (1 + (s + 1)¢ x( PH )
ot (1,0)| < COPRY @OK T+ s+ 00 (P

where p occurs ¢ times in the multinomial coefficient. Hence, the following
Let us set K7 = 2PK and ¢ = (2¢ + 2)PC'K*".
Then, the inequalities

|0fw,.(t, 2)] < CK{T(1 + (s + 1)0) (c \x|P—q)u

hold for all £, > 0 and all (¢,2) € ¥ x D,/.
The end of the proof is similar to the one of the case ¢(0,0) # 0 and is left
to the reader. This completes the proof of Theorem 3.

6 Some technical results on the generalized bi-
nomial and multinomial coefficients

n
In combinatorial analysis, the binomial coefficients < ) and the multinomial
m

coefficients ( ) are defined for any nonnegative integers 0 < m < n and

N1, ..., Mg
any tuples (n,nq,...,ny) of nonnegative integers satisfying ¢ > 2 and nq + ... +
ng = n by the relations

ny\ n! and n B n!
m)  kl(n—k)! ni,.ng)  mpleng!

They respectively denote the number of ways of choosing m objects from a
collection of n distinct objects without regard to order, and the number of ways
of putting n = n; + ... + n, different objects into ¢ different boxes with n; in
the i-th box for all i =1, ..., ¢.
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Using the fact that n! = T'(1+n) for any integer n > 0, one can easily extend
the definitions of these coefficients to the case where their terms are no longer
necessarily integers by setting

a I'(l+a)
6.1 =
(6-1) (b) N1+l +a—0b)
for any nonnegative real numbers 0 < b < a and

a I'(1+ a) L(1+a)
(6.2) = = -
(al, .,aq) I +ap)..I'(1+ ay) HI‘(l tap)

=1

for any tuples (a,a,...,aq) of nonnegative real numbers satisfying ¢ > 2 and
a1 + ... + a; = a. Observe that all these coeflicients are positive. Observe also
that one has the following decomposition

(6.3) < a >=ﬁ<a1+...+?i).
A1, ..ey Qg il ai + ...+ a;—1

The four propositions below extend to the generalized binomial coefficients
(6.1) and the generalized multinomial coefficients (6.2) some well-known results
in combinatorial analysis.

In the proof of Theorem 3 (see Sections 4 and 5), we essentially used the
inequalities stated in Propositions 6 and 6. The result of Proposition 6 is useful
for the proof of Proposition 6 and the one of Proposition 6 is used in the proof
of Proposition 6.

[Pascal’s formula] Let 0 < b < @ be two nonnegative real numbers and
1 < m < n two nonnegative integers. Then,

a+n+1 a+n a+mn
A4 = .
(6.4) ( b+m > <b+m>+<b+ml)
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We compute:

atn) ( atn \ _ I'l+a+n)
b+m b+m—1) TA+b+mT(1+a—b+n—m)

I'l+a+n)

+I‘(1+b-¢—m—1)11(14—a—b-l—n—m+1)
(a=b+n—m+1)T(1+a+n)

Frt+bv+mI'l+a—b+n—m+1)

N bG+m)IT'(1+a+mn)

FrA+b+mI(l+a—b+n—m+1)

(a+n+1I'Q+a+n)

F1+b+mIT'l+a—b+n—m+1)

F'l+a+n+1)
Frt+bv+mI'l+a—b+n—m+1)

_fa+n+1\
U b+m )’
hence, the identity (6.4).

[Vandermonde’s inequality]

1. (Binomial case) Let 0 < b < a be two nonnegative real numbers and
0 < m < n two nonnegative integers. Then,

o o) = ()0

2. (Multinomial case) Let ¢ > 2 be an integer, (a,a1,...,aq4) a tuple of non-
negative real numbers and (n,nq,...,n,) a tuple of nonnegative integers
such that a; + ... + a; = @ and ny + ... + ng = n. Then,

a+n a n
o0 )7 (o) o )
ay +ni,...,aq + Ng A1y -eey Qg N1y .ees Ng

* First point. The inequality (6.5) is clear for n = m = 0. Let us now fix
0 < b < a and let us prove by induction on n > 1 the property

(Pn) : Vm e {0,...,n}, (;i:l) g (Z) (72)
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A direct calculation gives us the property (P;):

(a> CTA+al(1+0)I(1+a+1-b) a+1-b"

a+1
< b )_F(1+a+l)F(1+b)F(1+a—b) a+1 _1
(1)
b

(Zii):F(1+a+1)1“(1+b)1“(1+a—b):a+1>1_(1>
(Z) Fl+a)l(1+b+1)(1+a-b) b+1~  \1)°

Assuming now the property (P,) for a certain n > 1, let us prove the
property (P,+1). As for the property (P), the sought inequality stems from a
direct calculation when m =0 and m =n + 1:

n+1
a+n+1 a+k
( b )_F(1+a+n+1)F(1+b)F(1+a—b)_ ,l:[l( +H)
(a) S T(A+a)l(1+0)I(1+a+n+1-0b) ntl
b (CL+k*b)
k=1
n+1
S-(13)
4l n+1
a n a k
(b+n+1) _F(1+a+n+1)1“(1+b)1“(1+a—b)_,Hl< +H)
a ST+ a)l(L+b+n+1)I(1+a—0b) n+l
(b) (b+k)

>
Il

1

n+1
>1= .
n+1

When m € {1,...,n}, it stems from Proposition 6 and the property (P,) as
follows:

i B e R i BT TGS Y (A TOR
() () ()
-G

This ends the induction and proves the first point of Proposition 6.
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* Second point. Let us apply the relation (6.3) and the inequality (6.5) to
each factor of the product. We get

a+n _li[ a+ .. ta;+ni+ ... +n;
a1 +ni,...,aq + Ng i ay +...+a;—1+ny+...+n;_1
>1i[ ar + ... +a n+...+n;
- 5 \01 + ... ta;—1 ny+...+n;_1

2

B ﬁ ay + ... +a; ﬁ ny 4 ... +n;
izs \01 + ...t a;— i\ + .o+ ni '
The inequality (6.6) follows then by applying again the relation (6.3), which

ends the proof of the second point of Proposition 6.
Let s,a > 0 be. Then, the function

B, :be0,a] —> <ZZ>

.. . a . a
is increasing on [O, f] and decreasing on [5, a,].
In particular, B,(b) = 1 for all b € [0, a].
The derivative of B, is defined for all b € [0, a] by

B! (b) = sBa(b)(¥(1 + s(a — b)) — U(1 + sb)),

where U = I"/T" is the Psi (or Digamma) function. The latter being increasing
on [0,a] (the function InT is indeed convex on ]0, +o0[), Proposition 6 follows
from Lagrange Theorem.

[Sum of the inverses of binomial and multinomial coefficients] Let s > 0 be
and let us set Cs = s'(2 4+ I'(ss’)), where s is the positive integer > 1 defined
by

1 ifs>1

=<1 ) ;
—-[+1 ifs<1
s
where |z] stands for the floor of z € R.

1. (Binomial case) The following inequality holds for all integers n > 0:
1
o (sn
sm
2. (Multinomial case) The following inequality holds for all integers ¢ > 2
and n = 0:

NgE

(6.7) <C..

(6.8) S <o

sn
nit...+ng=n
SNy, ..., SNy
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* First point. The inequality (6.7) is straightforward from Proposition 6
when n < 2s’ since we have the relations

< 1
>, <n+1<2¢ <C..
o (sn
(o)
Let us now assume n > 25’ and let us write the left hand-side of (6.7) in the
form

n 1 s'—1 1 n—s’ 1 n 1
mZ:O sn B 7n2:30 sn ! mgs’ sn m=;s’+1 sn\
() ) () = ()

Applying Proposition 6, the first and the third sums of the right hand-side are

sn
both < s’. Moreover, all the terms of the second sum are > ( ,>. This brings

ss
us to the following relations:

Zn] 1 n—2s +1 5 ,Jr(n72$’+1)F(1+ss’)F(1+snfss’))
=2s

*m— T(1 + sn)

n—2s +10(1 + sn — ss)

= 2¢' + s'T(ss')

n I'l+sn—1)
(1 + sn —ss)
<28 + §T(s8')————2.
o + 5 T(ss) I'(l1+4sn—1)

The inequality (6.7) follows then from the increasing of the Gamma function on
[2, +00[. Indeed, the inequality ss’ > 1 implies 2 < 1+ sn — ss’ <1+ sn — 1,
I'(1+ sn—ss)

<1
I'(l1+sn—1)

and thereby

* Second point. Applying the relation (6.3) and setting nj = nq + ... + ng
forall k =1,...,q — 1, we first get the identities

SN, .eny SNy ny+ ...+ ng1 SNy
’ ’
n Ng—1 g 1
DI IR i e wow e
n,_lzonl_2:0 nll: < >< q_1> < 2>
q q /! / /
SMg_q SMg_g SNy

The inequality (6.8) stems then from the inequality (6.7) which we apply ¢ — 1
times. This completes the proof.
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