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3 Rue de la Chocolaterie, 41000 Blois, France
e-mail: jean-mathieu.mencik@insa-cvl.fr

Abstract
A finite element-based approach is proposed to compute the time response of infinite periodic structures with
local nonlinearities. Under the assumption that the excitation sources and the nonlinear effects are localized,
an infinite periodic structure can be modeled as a finite one with two left and right semi-infinite linear parts
which are described via appropriate absorbing boundary conditions (BCs) formulated in the time domain
using the wave finite element (WFE) method as recently proposed by the authors in [1]. The formulation of
the absorbing BCs involves the usual vectors of displacements, velocities and accelerations, as well as vectors
of supplementary variables. In this way, a classical second-order time differential equation for a nonlinear
finite periodic structure with absorbing BCs can be formulated and integrated into a Newmark’s algorithm for
the temporal variable and a Newton Raphson’s algorithm for the nonlinear equations. Numerical experiments
are proposed which highlight the relevance of the approach for several types and levels of nonlinearities.

1 Introduction

The time response of infinite straight periodic structures with local nonlinearities is addressed. Such struc-
tures are usually made up of cells/substructures of arbitrary shapes (e.g., 2D substructures) and are broadly
encountered in many engineering fields. Typical applications may concern railway tracks under dynamic
loadings (trains) which are likely to induce a nonlinear behavior of the pad and the foundation, or metama-
terial structures like beams with resonant devices which, when subjected to fast loadings of high amplitudes
(impacts, shocks), are likely to be locally nonlinear. Under the assumption that the excitation sources and
the nonlinear effects are localized, such infinite periodic structures can be modeled as a finite one with left
and right absorbing BCs. Thus, the problem turns out to be the time-domain finite element (FE) analysis of
a nonlinear finite periodic structure with absorbing BCs.

A formulation of absorbing BCs for linear periodic structures in the time domain has been recently proposed
in [1] and is extended here to the study of locally nonlinear periodic ones. The procedure invokes the WFE
method which is well suited for the modeling of periodic structures [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].
In the WFE framework, absorbing BCs can be straightforwardly expressed in the frequency domain in terms
of impedance matrices. These are obtained by analyzing the propagation of waves in structures and, as such,
are accurate and constitute good alternatives to the usual techniques like the perfectly matched layer (PML)
method [16, 17, 18, 19]. The strategy to express the absorbing BCs in the time domain can be summarized
as follows:

1. Estimating the WFE impedance matrices via rational functions expressed in terms of identified poles



and associated residues;

2. Expressing the resulting absorbing BCs in terms of polynomials of the frequency iω up to the order 2
using vectors of supplementary variables;

3. Expressing these polynomials in the time domain in order to obtain a classical dynamic equation with
associated mass, damping and stiffness matrices.

Following the FE procedure, a global matrix system for a nonlinear finite periodic structure subjected to ab-
sorbing BCs can be proposed which involves the usual vectors of displacements, velocities and accelerations,
and the vectors of supplementary variables. This yields a second-order time differential equation which can
be integrated into a Newmark’s algorithm for the temporal variable and a Newton Raphson’s algorithm for
the nonlinear equations.

The rest of the paper is organized as follows. In Sec. 2, some basics of the WFE method are given. In Sec. 3,
the strategy for expressing the absorbing BCs of a periodic structure in the time domain is detailed; also, the
nonlinear second-order differential equation for a nonlinear finite periodic structure with absorbing BCs is
formulated. In Sec. 4, the strategy for solving the nonlinear equation of the structure with absorbing BCs is
presented. Finally, in Sec. 5, numerical experiments are carried out concerning periodic structures made of
nonlinear materials.

2 WFE method

The WFE method is a numerical approach to predict the propagation of waves in 1D periodic (linear) struc-
tures [3, 5, 20]. An infinite 1D structure composed of identical substructures and subjected to harmonic
disturbance eiωt is shown in Fig. 1. Here, the FE models and FE meshes of the substructures are supposed
to be similar, which means that they have the same mass, damping and stiffness matrices M, C and K. The
related dynamic equilibrium equation, for a substructure s, is given by:

Dqs = Fs, (1)

where qs and Fs are the displacement and force vectors, respectively; also, D is the dynamic stiffness matrix
(similar for all the substructures) expressed by D = −ω2M + iωC + K.

Figure 1: Periodic structure of infinite length, and FE mesh of a substructure.

The FE mesh of a substructure is shown in Fig. 1, and involves left (L) and right (R) boundaries with the same
number n of degrees of freedom (DOFs) where coupling conditions with the other substructures are taken
into account (coupling forces Fs). After some manipulations, Eq. (1) can be rearranged into the following
equation:

us
R = Sus

L, (2)



where us
R and us

L are 2n× 1 state vectors expressed by:

us
R =

[
qs
R

Fs
R

]
, us

L =

[
qs
L

−Fs
L

]
. (3)

Also, S is a 2n× 2n symplectic matrix expressed by:

S =

[
−(D∗

LR)
−1D∗

LL −(D∗
LR)

−1

D∗
RL −D∗

RR(D
∗
LR)

−1D∗
LL −D∗

RR(D
∗
LR)

−1

]
, (4)

where D∗ is the condensed dynamic stiffness matrix [7]. Note that the coupling conditions between two
substructures s and s+ 1, or between two substructures s− 1 and s, write:

us
R = us+1

L or us−1
R = us

L. (5)

Then, from Eq. (2), the following transfer relations between two consecutive substructures can be obtained:

us+1
L = Sus

L or us
R = Sus−1

R , (6)

where S has the meaning of a transfer matrix. Since S is symplectic, it has paired eigensolutions (µj ,φj)
and (µ?j = 1/µj ,φ

?
j ) with |µj | < 1 (see [4] for further details about the computation of the eigensolutions of

S). Here, the eigenvalues of S – namely, µj and µ?j – represent wave parameters defined as µj = e−ikjd and
µ?j = eikjd (kj and d being the wavenumbers and the substructure length, respectively); also, the eigenvectors
φj and φ?

j represent wave shape vectors for the waves traveling to the right and left directions of the periodic
structure, respectively. These are vectors of size 2n× 1 and are expressed as follows:

φj =

[
φqj

φFj

]
, φ?

j =

[
φ?
qj

φ?
Fj

]
, (7)

where φqj and φ?
qj (resp. φFj and φ?

Fj) are n× 1 vectors involving displacement (resp. force) components.
The related n× n matrices of wave shapes – namely, Φq, Φ?

q, ΦF and Φ?
F – are given by:

Φq = [φq1 · · ·φqn] , Φ?
q = [φ?

q1 · · ·φ?
qn] , ΦF = [φF1 · · ·φFn] , Φ?

F = [φ?
F1 · · ·φ?

Fn]. (8)

3 Absorbing BCs

The analysis of a locally nonlinear infinite periodic structure can be undertaken by considering a periodic
structure of finite length (N substructures) containing nonlinear effects and time dependent forces, and en-
closed between two linear semi-infinite periodic structures which are described in terms of absorbing BCs. A
nonlinear periodic structure with a finite number N of substructures and subjected to time-dependent forces
(vector F(t)) is shown in Fig. 2.

Figure 2: Nonlinear periodic structure with N substructures subjected to time-dependent forces and absorb-
ing BCs.

The methodology to express the absorbing BCs of the nonlinear periodic structure in the time domain can



be summarized as follows [1]. The idea is that, far from the nonlinearities and the excitation sources, the
structure is linear and is weakly subjected to evanescent/complex fields emanating from singularities. First,
the impedance matrices (frequency domain) at the left (L) and right (R) ends of the periodic structure (N
substructures) are estimated via the WFE method as follows:

ZL = −Φ?
F(Φ

?
q)

−1 , ZR = ΦF(Φq)
−1. (9)

These impedance matrices are derived by expressing the displacement/force vectors in terms of wave shape
vectors [4], and by cancelling the amplitudes for the waves emanating from infinity. The second step of the
proposed approach is to estimate the impedance matrices ZL and ZR via rational approximations:

ZL =

Q∑
k=1

2
iω<{RL(2k)} − <{pL(2k)RL(2k)}
−ω2 − 2iω<{pL(2k)}+ |pL(2k)|2

+
P∑

k=2Q+1

RLk

iω − pLk
+ KL, (10)

ZR =

Q∑
k=1

2
iω<{RR(2k)} − <{pR(2k)RR(2k)}
−ω2 − 2iω<{pR(2k)}+ |pR(2k)|2

+
P∑

k=2Q+1

RRk

iω − pRk
+ KR, (11)

where (pLk, pRk) and (RLk,RRk) denote poles and matrices of residues (k = 1, . . . , P ), respectively. These
usually appear in conjugate pairs, e.g., Q pairs. Note that the absorbing BCs at the left and right end of the
periodic structure are expressed in the frequency domain as FL = ZLqL and FR = ZRqR. By considering
vectors of supplementary variables XLk and XRk in Eqs. (10) and (11), it can be shown that the absorbing
BCs can be alternatively written as follows:

FL =

Q∑
k=1

2
(
iω<{RL(2k)} − <{pL(2k)RL(2k)}

)
XLk +

P∑
k=2Q+1

RLk(iω)XL(k−Q) + KLqL, (12)

FR =

Q∑
k=1

2
(
iω<{RR(2k)} − <{pR(2k)RR(2k)}

)
XRk +

P∑
k=2Q+1

RRk(iω)XR(k−Q) + KRqR, (13)

where: (
−ω2 − 2iω<{pL(2k)}+ |pL(2k)|2

)
XLk = qL for k = 1, . . . , Q, (14)(

−ω2 − 2iω<{pR(2k)}+ |pR(2k)|2
)
XRk = qR for k = 1, . . . , Q, (15)

(−ω2 − iωpLk)XL(k−Q) = qL for k = (2Q+ 1), . . . , P, (16)

(−ω2 − iωpRk)XR(k−Q) = qR for k = (2Q+ 1), . . . , P. (17)

In Eqs. (12) and (13), the force vectors are described in terms of polynomials of iω of order 1. On the other
hand, Eqs. (14)-(17) express the relations between the displacement vectors and the vectors of supplementary
variables, which are described in terms of polynomials of iω too (up to order 2). By separating the terms of
identical powers of iω in Eqs. (12)-(17), and by invoking the classical time-frequency transforms q(ω) →
q(t), iωq → q̇, −ω2q → q̈ and X(ω) → X(t), iωX → Ẋ, −ω2X → Ẍ (where dot and double-dot
notations mean single and double time derivatives, respectively), the following second-order time differential
equations are obtained [1]:

ML

[
q̈L

ẌL

]
+ CL

[
q̇L

ẊL

]
+ KL

[
qL

XL

]
=

[
FL

0

]
, (18)

MR

[
q̈R

ẌR

]
+ CR

[
q̇R

ẊR

]
+ KR

[
qR

XR

]
=

[
FR

0

]
, (19)

where XL and XR are vectors built from XLk and XRk. Eqs. (18) and (19) can be simply integrated into the
FE model of the nonlinear periodic structure (N substructures). Indeed, the FE discretization of the nonlinear



structure can be classically expressed by:

Mq̈ + Cq̇ + FNL(q) = F, (20)

where M and C here represent the mass and damping matrices of the structure. Also, q and F are the vectors
of displacements and external forces expressed by:

q = q(t) =

 qI(t)
qL(t)
qR(t)

 , F = F(t) =

 FI(t)
FL(t)
FR(t)

 , (21)

where qI(t) and FI(t) denote the displacement vector and the force vector – i.e., the time loading applied
to the structure – for the internal DOFs (between the left and right ends). Also, in Eq. (20), FNL(q) is a
nonlinear vector-valued function whose expression relies upon the type of nonlinearities considered. By
considering the absorbing BCs, Eqs. (18) and (19), the dynamic equation of the nonlinear periodic structure,
Eq. (20), can be rewritten as follows:

Mtotÿ + Ctotẏ + FNL
tot(y) = Ftot, (22)

where

y = y(t) =


qI(t)
qL(t)
qR(t)
XL(t)
XR(t)

 , Ftot = Ftot(t) =


FI(t)

0
0
0
0

 . (23)

In Eq. (22), Mtot, Ctot and FNL
tot(y) are matrices/vector which are built by expressing FL and FR in Eq. (21)

via Eqs. (18) and (19).

4 Solution procedure

Eq. (22) is a nonlinear second-order time differential equation which can be solved with the Newmark
method. Then, let us denote by yn and yn+1 two solutions of Eq. (22) at two consecutive time steps tn
and tn+1 (time step ∆t). The Newmark algorithm can be detailed as follows:

ẏn+1 = ẏn + (1− γ)∆t ÿn + γ∆t ÿn+1 (24)

yn+1 = yn + ∆t ẏn +
∆t2

2

(
(1− 2β)ÿn + 2βÿn+1

)
(25)

Mtotÿ
n+1 + Ctotẏ

n+1 + FNL
tot(y

n+1) = Ftot(tn+1) (26)

Here, γ and β represent the Newmark parameters which are chosen as γ = 1/2 and β = 1/4 in accordance
with the average constant acceleration rule. Eq. (26) is nonlinear and must be solved at each time step. Here,
the Newton-Raphson algorithm is used. This first consists in introducing the following predictors defined at
time tn+1 and depending on the solutions at time tn:

ỹn+1 = yn + ∆tẏn + (
1

2
− β)∆t2ÿn (27)

˙̃yn+1 = ẏn + (1− γ)∆t ÿn (28)



Then the following initial guesses at time tn+1, for the Newton-Raphson iteration step k = 0, can be pro-
posed:

yn+1
0 = ỹn+1 (29)

ẏn+1
0 = ˙̃yn+1 (30)

Rn+1
0 = Ftot(tn+1)−Ctotẏ

n+1
0 − FNL

tot(y
n+1
0 ) (31)

The Newton-Raphson iteration scheme can be detailed as follows (step k):

∆ÿn+1
k+1 =

(
Mtot + γ∆tCtot + β∆t2Kn+1

k

)−1
Rn+1

k (32)

ÿn+1
k+1 = ÿn+1

k + ∆ÿn+1
k+1 (33)

ẏn+1
k+1 = ẏn+1

k + γ∆t∆ÿn+1
k+1 (34)

yn+1
k+1 = yn+1

k + β∆t2∆ÿn+1
k+1 (35)

Rn+1
k+1 = F(tn+1)−Mtotÿ

n+1
k+1 −Ctotẏ

n+1
k+1 − FNL

tot(y
n+1
k+1) (36)

The algorithm iterates until the norm of the residue ‖Rn+1
k+1‖ becomes sufficiently small. The final value of k

is denoted by kn+1 and yields the solutions of Eq. (22) at time tn+1:

yn+1 = yn+1
kn+1

(37)

ẏn+1 = ẏn+1
kn+1

(38)

ÿn+1 = ÿn+1
kn+1

(39)

In Eq. (32), Kn+1
k is the tangent stiffness matrix which is given by:

Kn+1
k =

∂FNL
tot

∂y
(yn+1

k ). (40)

Also, in Eq. (36), FNL
tot(y

n+1
k+1) is the nonlinear term which can be evaluated from the stress tensor at the

Gauss points of the elements of the structure. The stress tensor is obtained from the constitutive relations
which, for hyperelastic materials with an elastic potential Ψ(F ), are such that the first Piola–Kirchhoff stress
tensor (namely, P ) verifies:

P =
∂Ψ

∂F
, (41)

where F is the gradient of the transformation. In this framework, the Cauchy stress tensor is given by:

σ =
1

J

∂Ψ

∂F
.F T , (42)

where J = det(F ).

5 Numerical results

Numerical experiments are carried out concerning periodic structures with two types of nonlinearities (Neo-
Hookean material and Mooney-Rivlin material). For each case, the time response of the infinite structure is
estimated using the proposed approach and compared with a reference FE solution. The reference solution
involves computing the time response for a structure with many substructures which is supposed to behave
like an infinite one. On the other hand, the proposed approach involves considering a structure with a
small number of substructures, and adding absorbing BCs via the WFE method, see Sec. 2 and Sec. 3.
Concerning the numerical methodology, the wave parameters µj and µ?j , the wave shape vectors φj and
φ?
j , the impedance matrices ZL and ZR, and the matrices ML,MR,CL,CR,KL,KR in Eqs. (18) and (19) are

obtained using Matlab and Gmsh (substructure FE mesh). Afterwards, the matrices in Eqs. (18) and (19)



are implemented on FEniCS to model a nonlinear periodic structure with time-domain absorbing BCs. This
allows an easy consideration of the nonlinear part of a structure from an elastic potential. Several examples
are presented below.

5.1 Uniform substructures with a homogeneous Neo-Hookean material

Let us consider a locally nonlinear infinite structure with uniform substructures of size Lx ×Ly = 2× 2 m2

in the (x, y)-plane as shown in Fig. 3. 2D substructures of thickness e = 0.005 m which are meshed with
plane stress triangular elements are considered. The linear material properties considered here are: Young’s
modulus E = 70 × 109 Pa, Poisson’s ratio ν = 0.35, density ρ = 2700 kg/m3. The whole structure is
supposed to lie on an elastic foundation (rigidity of 0.5× 107 N/m) which is modeled by means of equally-
spaced identical linear springs at the bottom nodes of the FE mesh. Nonlinear effects are taken into account
and are supposed to be restricted to a region encompassing 20 consecutive substructures in the center of
which – i.e., for the two central substructures – a lineic harmonic force of magnitude 2 × 107 N/m and
frequency 100 Hz – i.e., 2× 107 cos(2π100t) N/m – is suddenly applied at t = 0 s.

Linear Nonlinear Linear

Absorbing
boundary

Absorbing
boundary

Nonlinear

Load

Figure 3: Schematic of a locally nonlinear structure with uniform substructures and absorbing BCs, and FE
mesh of a substructure.

Within the framework of the proposed approach, a finite periodic structure with 30 substructures is consid-
ered which here concern the aforementioned 20 nonlinear substructures and 5 additional linear substructures
on the left and right sides. Absorbing BCs at the left and right ends are obtained via the strategy proposed in
Sec. 3.

For modeling the nonlinear substructures, a compressible Neo-Hookean material is considered with an elastic
potential Ψ given by:

Ψ =
µ

2
(Ic − 2)− µln(J) +

λ

2
ln(J)2, (43)

where:

Ic = Tr(F TF ), (44)
J = det(F ). (45)

Here, F represents the gradient of the transformation. Also, λ = 6.04 × 1010 Pa and µ = 2.60 × 1010 Pa.
These parameters are such that, for small strains, the behavior of the material is the same as the linear
substructures.

The total simulation time is 0.1 s with a time step of ∆t = 5 × 10−4 s. For computing the absorbing
BCs, the WFE-based impedance matrices ZL and ZR are estimated between 5 Hz and 300 Hz using 1000
frequency points, and are then approximated via Eqs. (10) and (11) with 30 poles. The space variation of



the displacement modulus of the nonlinear structure at t = 0.1 s is shown in Fig. 4 where, for the sake
of clarity, only 10 substructures are displayed. Also, the displacement solution for the equivalent purely
linear structure is highlighted. These results show that, under high loading, nonlinear effects are present and
provide displacement fields which cannot be predicted by the linear model. Besides the difference between
the linear and nonlinear solutions can be further highlighted in Fig. 4, see bottom figure. Also, the space
variations of the strain field exx for the nonlinear and the linear cases, as well as the difference between the
two solutions, can be computed as shown in Fig. 5. Again, the nonlinear solution appears to be significantly
different from the linear one.

Figure 4: Modulus of the displacements for the nonlinear structure with a Neo-Hookean material (top) and
the equivalent linear structure (middle); modulus of the difference in displacements between the two models
(bottom).

Finally, Fig. 6 shows the time history for the x- and y-displacement components at point (2Lx, Ly/2) (here,
the origin of the (x, y)-plane corresponds to the center of the loaded area, see Fig. 3). Again, locally nonlin-
ear and purely linear structures with absorbing BCs are considered. Also, for comparison purposes, reference
solutions involving structures with a large number of substructures are analyzed (see comments at the be-
ginning of Sec. 5). These reference structures are built from 300 substructures – i.e., 20 nonlinear or linear
substructures with 140 extra linear substructures on each side – which are considered to prevent wave reflec-
tion effects from infinity within the time band analyzed. For each (nonlinear or linear) case, the proposed
solution correctly agrees with the reference one over the whole time period. This fully validates the proposed
approach. On the other hand, the difference between the nonlinear solution and the linear one is very clear
regarding the x-displacement component, although less pronounced in the case of the y-displacement.

5.2 Substructures with holes and a homogeneous Mooney-Rivlin material

Let us consider now the case of a locally nonlinear infinite periodic structure involving square substructures
with holes as shown in Fig. 7. 2D substructures under plane stress behavior, with global dimensions Lx ×



Figure 5: Modulus of the strains exx for the nonlinear structure with a Neo-Hookean material (top) and the
equivalent linear structure (middle); modulus of the difference in strains between the two models (bottom).

Figure 6: Time history for the x-displacement component (left) and the y-displacement component (right)
of the nonlinear (Neo-Hookean material) and linear structures. Comparisons between the proposed solutions
(ABC) and the reference ones (large).

Ly = 2 × 2 m2 (thickness e = 0.005m) and a central hole of radius R = 0.4 m, are considered. Again,
the whole structure is supposed to lie on an elastic foundation (rigidity of 0.5 × 107 N/m) and is subjected
to a localized lineic force (magnitude of 2 × 107 N/m, frequency of 100 Hz) in the same way as Sec. 5.1.
Again, a finite periodic structure consisting of 20 nonlinear substructures and 5 linear substructures on the
left and right sides is considered as shown in Fig. 3, where the material properties of the linear substructures
are similar to those in Sec. 5.1.

In the present case, the nonlinear substructures are modeled using a compressible Mooney-Rivlin material
with the following elastic potential:

Ψ = C10(I1 − 2) + C01(I2 − 2) +D(J − 1)2. (46)



Figure 7: Schematic of a locally nonlinear periodic structure with heterogeneous substructures (squares with
holes) and absorbing BCs, and FE mesh of a substructure.

Here:

I1 =
1

J2/3
(Tr(B) + 1), (47)

I2 =
1

2J4/3
((Tr(B))2 − Tr(BB) + 2Tr(B)), (48)

B = FF T , (49)
J = det(F), (50)

where C10 = 8.97 × 109 Pa, C01 = 4.00 × 109 Pa and D = 3.89 × 1010 Pa. The implementation of this
hyperelastic model on FEniCS is straightforward and does not required significant efforts, i.e., to move from
the previous case to the present one. Indeed, the relevant parameter to change is the elastic potential.

Figure 8: Modulus of the displacements for the nonlinear periodic structure with a Mooney-Rivlin material
(top) and the equivalent linear periodic structure (middle); modulus of the difference in displacements be-
tween the two models (bottom).



For modeling the absorbing BCs of the finite periodic structure, the strategy proposed in Sec. 3 is used in the
same way as Sec. 5.1. The displacement fields for the locally nonlinear structure and the equivalent purely
linear one at t = 0.1 s, and the related difference, are shown in Fig. 8. Again, the nonlinear effects are
highlighted in the sense that the magnitudes of the displacement fields issued from the nonlinear and linear
models are significantly different in the vicinity of the excitation source. The analysis of the strain fields, not
shown here, leads to similar conclusions, see Sec. 5.1.

Fig. 9 shows the time history for the x- and y-displacement components at point (2Lx, Ly/2), in a similar
way as in Sec. 5.1. Here, similar trends can be observed, i.e., the fact that overall the time response of the
structure is strongly affected by the nonlinearities.

Figure 9: Time history for the x-displacement component (left) and the y-displacement component (right) of
the nonlinear (Mooney-Rivlin material) and linear structures. Comparisons between the proposed solutions
(ABC) and reference solutions (large).

Finally, a sensitivity analysis of the proposed approach can be proposed. The idea is to see whether the
consideration of a periodic structure with 20 nonlinear substructures and 2× 5 linear substructures, as in the
present case, is relevant to approximate a nonlinear structure which should be totally described, in theory,
with nonlinear substructures, i.e., 30 nonlinear substructures without linear ones. The underlying issue is
to show that, far from the excitation sources, nonlinear substructures can be described from a linear model.
Results are shown in Fig. 10. No significant differences can be detected. Besides this is the fact that the
nonlinear behavior of the substructures, when they are considered close to the boundaries (absorbing BCs),
does not affect the proposed approach as long as the nonlinearities are small in these regions.

Figure 10: Time history for the x-displacement component (left) and the y-displacement component (right)
of the nonlinear (Mooney-Rivlin material) and linear structures. Comparisons between a structure model
with 20 nonlinear substructures (with 2×5 extra linear substructures) and a structure model with 30 nonlinear
substructures (without linear substructures).



6 Conclusion

A finite element-based approach has been proposed for computing the time response of locally nonlinear
infinite periodic structures. In this framework, an infinite periodic structure is described from a nonlinear pe-
riodic structure of finite length with appropriate absorbing BCs. Under the assumption that the boundaries of
the finite structure are far enough from the excitation sources and the nonlinearities (about five substructures),
the absorbing BCs can be expressed using the WFE method. The proposed absorbing BCs are formulated in
the time domain using vectors of supplementary variables, and can be simply integrated into the FE model
of a nonlinear periodic structure. Numerical results have been proposed concerning periodic structures with
homogeneous substructures or more complex substructures subjected to several types of nonlinearities (Neo-
Hookean and Mooney-Rivlin materials). For each case, the nonlinear behavior of the structure has been
highlighted through comparisons with a linear analysis. Also, the accuracy of the proposed approach has
been fully demonstrated. Follow-on works could include the analysis of locally nonlinear metamaterial
structures, e.g., including resonant substructures with a nonlinear material.
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