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2-positive contractive projections on
noncommutative [’-spaces

Cédric Arhancet - Yves Raynaud

Abstract

We prove the first theorem on projections on general noncommutative LP-spaces asso-
ciated with non-type I von Neumann algebras where 1 < p < co. This is the first progress
on this topic since the seminal work of Arazy and Friedman [Memoirs AMS 1992] where
the problem of the description of contractively complemented subspaces of noncommutative
LP-spaces is explicitly raised. We show that the range of a 2-positive contractive projection
on an arbitrary noncommutative LP-space is completely order and completely isometrically
isomorphic to some noncommutative LP-space. This result is sharp and is even new for
Schatten spaces SP. Our approach relies on non tracial Haagerup’s noncommutative LP-
spaces in an essential way, even in the case of a projection acting on a Schatten space and
is unrelated to the methods of Arazy and Friedman.
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1 Introduction

The study of projections and complemented subspaces has been at the heart of the study of
Banach spaces since the inception of the field, see [Rand] and [Mos1] for surveys. Recall that a
projection P on a Banach space X is a bounded operator P: X — X such that P2 = P and
that a complemented subspace Y of X is the range of a bounded linear projection P. If the
projection is contractive, we say that Y is contractively complemented.

Suppose 1 < p < oo. A classical result from seventies essentialy due to Ando [And],
and completed by [Tza, Bel] tells that a subspace Y of a classical (=commutative) LP-space
LP(Q) is contractively complemented if and only if YV is isometrically isomorphic to an LP-space
LP(QY) (see also [Doul, [HoT], [Ray2], [See]). Moreover, Y is the range of a positive contractive
projection if and only if there exists a isometrical order isomorphism from Y onto some LP-space
LP(€Y), see [Rand, Theorem 4.10] and [AbA, Problem 5.4.1]. A positive contractive projection
on LP(Q), 1 < p < 0o, p # 2, acts in the band generated by its range as a weighted conditional
expectation [Bel]. This last result was extended later to a larger class of Banach function
spaces [DHAP].

It is natural to examine the case of noncommutative LP-spaces associated to von Neumann
algebras. Schatten spaces are the most basic examples of noncommutative LP-spaces, these

are the spaces SP of all operators z: 2 — ¢? such that ||z, = (Tr(|x|p))% is finite. Tt is
known from a long time that the range of a contractive projection P: SP — SP on a Schatten
space SP is not necessarily isometric to a Schatten space. It is a striking difference with the
world of commutative LP-spaces of mesure spaces. Indeed, in their remarkable memoirs [ArF1]
and [ArF2], Arazy and Friedman have succeeded in establishing a complete classification of
contractively complemented subspaces of SP. Building blocks of contractively complemented
subspaces of SP are the so called Cartan factors.

The description of general contractively complemented subspaces of noncommutative LP-
spaces is an open problem raised explicitly in [ArF2, page 99]. If p = 1, Friedman and Russo
[FrB] have given a description of the ranges of contractive projections on preduals (=noncom-
mutative L'-spaces) of von Neumann algebras. Such a subspace is isometric to the predual of a
JW*-triple, that is a weak* closed subspace of the space B(H, K') of bounded operators between
Hilbert spaces H and K which is closed under the triple product xy*z + zy*z. Actually, the
Friedman-Russo result is valid for projections acting on the predual of a JW*-triple, not just
on the predual of a von Neumann algebra.

Since Pisier’s work [Pis1] [Pis2], we can consider noncommutative LP-spaces and their com-
plemented subspaces in the framework of operator spaces and completely bounded maps. Using
Arazy-Friedman Theorem, Le Merdy, Ricard and Roydor [LRR, Th. 1.1] characterized the com-
pletely 1-complemented subspaces of SP. They turn out to be the direct sums of spaces of the
form SP(H, K), where H and K are Hilbert spaces. The strategy of their proof is to examine
individually each case provided by Arazy-Friedman Theorem. See also [NO], [NeR] for related
results.

Recall that a map T': LP(M) — LP(M) is n-positive for some integer n if the linear map
Idgr @ T': SE(LP(M)) — SE(LP(M)) is a positive map. In particular such a map is positive.
Our main result is the following theorem which implies that the range of a 2-positive contractive
projection P: LP(M) — LP(M) on some noncommutative LP-space L?(M) is completely order
and completely isometrically isomorphic to some noncommutative LP-space LP(N).

Theorem 1.1 (Main Theorem) Suppose 1 < p < oo. Let P: LP(M) — LP(M) be a 2-
positive contractive projection.

1. There is a projection s(P) € M, a von Neumann subalgebra N of s(P)Ms(P), a normal



semifinite faithful weight v on s(P)Ms(P) and a normal faithful conditional expectation
E: s(P)Ms(P) — s(P)Ms(P) with range N leaving 1 invariant such that

(a) P(LP(M)) = s(P)P(LP(M))s(P) = P(s(P)L?(M)s(P)),

(b) the restriction of the projection P on LP(s(P)Ms(P)) identifies with the conditional
expectation Ey, ,: LP(s(P)Ms(P)) — LP(s(P)Ms(P)) naturally associated with E
and the weight i,

(¢) the projection P is N-bimodular on s(P)LP(M)s(P), that is
P(zhy) = zP(h)y, z,y€ N,h e s(P)LP(M)s(P),

In particular, the range P(LP(M)) is a N-module.

(d) the range P(LP(M)) is completely isometric and completely order N-bimodular iso-
morphic to LP(N).

2. Moreover, the o-finite projections in N are exactly the (left or right) supports of the
elements of P(LP(M)).

3. Finally, if 1 < p < oo then for any x € LP(M) we have P(x) = P(s(P)xs(P)).

The maps Ey, that we call “conditional expectations” (on noncommutative LP spaces)
appear in the literature of noncommutative probability, in association with a normal state 1,
see e.g. the works [Gol, HT, JX, HJX, AcC]. The most achieved one is probably that of [JX].
We cannot limit ourselves to this ‘probabilistic’ frame, since the von Neumann algebras we are
dealing with are not necessarily countably decomposable, and thus may not support a faithful
normal state. For this reason we give a definition of theses maps which differs from those of
these authors, but follows a very classical scheme in commutative probability, and then verify
the coherence of the new definition with that of [JX] in the ‘probabilistic case’.

The result stated in the Main Theorem is even new for Schatten spaces SP. The assumption
of 2-positivity cannot be dropped. Indeed, if o: S? — SP, [x;;] — [z;;] denotes the transpose

map then the map P def %(Idsp +0): SP — SP is a positive contractive projection on the space
{z € S? : o(x) = x} of symmetric matrices. The more general case of positive contractive
projections will be investigated in a companion paper [Arh2]. Tt should also be noted that the
use of non-tracial Haagerup’s noncommutative LP-spaces is necessary for the case of tracial
noncommutative LP-spaces. The paper [Arhl, Th. 5.4] contains an application of this result.
Finally, we refer to [PiX] and [HRS] for more information on the structure of noncommutative
LP-spaces.

The paper is organized as follows. Section 2 gives a brief presentation of Haagerup non-
commutative LP-spaces, followed by a presentation of conditional expectation on LP-space in a
general formulation which makes sense for non o-finite von Neumann algebras, then some pre-
liminary well-known facts on positive projections in von Neumann algebras and positive linear
maps between LP-spaces are presented or recalled, that are at the root of our results. Finally,
Section 3 contains a proof of Theorem 1.1. It is divided in four subsections, the first one gives
a local description of the action of a contractive, 2-positive projection. The second subsection
presents a short handling of the passage from local to global description in the case where
the von-Neumann algebra is o-finite, while the third subsection presents the more elaborated
treatment of the general case. At this stage the two first points in Main Theorem are proven.
The last point of the Main Theorem is a consequence of the general result presented in the last
subsection of section 3.



2 Preliminaries

The readers are referred to [ER], [Pau] and [Pisl] for details on operator spaces and completely
bounded maps and to the surveys [[Kos1], [PiX], [Terp] and [Ray1] for noncommutative LP-spaces
and references therein.

2.1 Haagerup’s noncommutative L”-spaces.

It is well-known by now that there are several equivalent constructions of noncommutative
LP-spaces associated with a von Neumann algebra. In this paper, we will use Haagerup’s
noncommutative LP-spaces introduced in [Haa5] and presented in a more detailed way in [Terp].
M will denote a general von Neumann algebra acting on a Hilbert space H and we denote by
si(z) and s,.(x) the left support and the right support of an operator x. If x is a positive
operator then s;(x) = s,.(z) is called the support of 2 and denoted by s(z).

If M is equipped with a normal semifinite faithful trace, then the topological x-algebra
of all (unbounded) 7-measurable operators z affiliated with M is denoted by L°(M, 7). If
a,b € LO(M, 7)., we have

(2.1) a<b < domb? C doma? and ||a%§||H < ||b%§||H, for any & € dom b?.
If a,b € LO(M, 7), we have
(2.2) ab=0= s,(a)b =0 and as;(b) = 0.

In the sequel, we fix a normal semifinite faithful weight ¢ on M and 0% = (¢} )ter denote
the one-parameter modular automorphisms group associated with ¢ [Tak2, page 92].

For 1 < p < oo, the spaces LP(M) are constructed as spaces of measurable operators
relative not to M but to some semifinite bigger von Neumann algebra, namely, the crossed

product M e Xy R of M by one of its modular automorphisms groups, that is, the von
Neumann subalgebra of B(L2(R, H)) generated by the operators 7(z) and )y, where x € M
and s € R, defined by

def def

(m(2)€) (t) = 0%,(x)(E(t) and A (E(t) = &(t—s), teR, €€ LX(R,H).
For any s € R, let W (s) be the unitary operator on L?(R, H) defined by

def _jg
(W()E)(t) = e7¢(t), € € L*(R, H).
The dual action 6: R — B(M) on M [Tak2, page 260] is given by

det

(2.3) os(x) = W(s)aW(s)", xe M, scR.

Then, by [Haal, Lemma 3.6] or [Tak2, page 259], (M) is the fixed subalgebra of M under the
family of automorphisms o:

(2.4) T(M)={zeM : 54(z) =z foralls€R}.

We identify M with the subalgebra m(M) in M. If v is a normal semifinite weight on M, we
denote by 1Z its Takesaki’s dual weight on the crossed product M, see the introduction of [[Haal]
for a simple definition using the theory of operator valued weights. This dual weight satisfies
the o-invariance relation ¢ o ¢ = 1), see [Terp, (10) page 26]. In fact, Haagerup introduces an



operator valued weight 7: Mt — M* with values in the extended positive part’ M+ of M
and formally defined by

(2.5) T() = /R ba(z) ds

and shows that for a normal semifinite weight v on M, its dual weight is

(2.6) D poT
where 1) denotes the natural extension of the normal weight v to the whole of ]\Z[ +.

By [Str, page 301] [Haa4, Th. 3.7] [Terp, Chap. II, Lemma 1], the map 1) — v is a bijection
from the set of normal semifinite weights on M onto the set of normal semifinite o-invariant
weights on M.

Recall that by [Haa2, Lemma 5.2 and Remark page 343] and [Haal, Th. 1.1 (c)] the crossed
product M is semifinite and there is a unique normal semifinite faithful trace 7 = 7, on M
satisfying (D@ : D7)y = A\ for any ¢ € R where (D@ : D7); denotes the Radon-Nikodym cocycle
[Str, page 48] [Tak2, page 111] of the dual weight @ with respect to 7. Moreover, T satisfies the
relative invariance 7 0 4, = e~ *7 for any s € R by [Haa2, Lemma 5.2].

If v is a normal semifinite weight on M, we denote by h, the Radon-Nikodym derivative of
the dual weight {b\ with respect to 7 given by [Str, Theorem 4.10]. By [Str, Corollary 4.8], note
that the relation of h, with the Radon-Nikodym cocycle of @Z is

(2.7) (D : D7)y = ki, teR.

By [Terp, Chap. II, Prop. 4], the mapping ¢ — hy, gives a bijective correspondence between
the set of all normal semifinite weights on M and the set of positive self-adjoint operators h
affiliated with M satisfying

(2.8) os(h) =e°h, seR

Moreover, by [Terp, Chap. II, Cor. 6], w belongs to M if and only if h,, belongs to LO(M, 7).
One may extend by linearity the map w ~ h,, to the whole of M,. The Haagerup space L (M, )
is defined as the set {h,, : w € M,}, i.e. the range of the previous map. This is a closed linear
subspace of L%(M, 7), characterized by the conditions (2.8).

By [Terp, Chap. II, Th. 7], the mapping w +— h,, M. — LY(M,¢) is a linear order
isomorphism which preserves the conjugation, the module, and the left and right actions of M.
Then L!(M, ¢) may be equipped with a continuous linear functional Tr: L'(M) — C defined
by

(2.9) Trh, € w(l), we M,

[Terp, Chap. II, Def. 13]. A norm on L!(M, ¢) may be defined by |/A|1 e Tr(|h|) for every
h € LY(M, ). By [Terp, Chap. II, Prop. 15|, the map M, — L'(M, ), w +— h,, is a surjective
isometry.

More generally for 1 < p < oo, the Haagerup LP-space LP(M, ¢) associated with the normal
faithful semifinite weight ¢ is defined [Terp, Chap. II, Def. 9] as the subset of the topological
x-algebra LO(M, 1) of all (unbounded) 7-measurable operators z affiliated with M satisfying
for any s € R the condition

(2.10) Go(x)=c vz ifp<oo and G,(z)=z ifp=oo

1. If M = L>°(Q), M identifies to the set of equivalence classes of measurable functions Q — [0, oo].



where 7,: LO(M, 1) — LY(M, 7) is here the continuous x-automorphism obtained by a natural
extension of the dual action (2.3) on M. By (2.4), the space L (M, ¢) coincides with 7w(M) that
we identify with M. The spaces L?(M, ¢) are closed self-adjoint linear subspaces of L°(M, 7).
They are closed under left and right multiplications by elements of M. If h = u|h| is the polar
decomposition of h € L(M, 7) then by [Terp, Chap. II, Prop. 12] we have

helP(M,p) <= ue M and |h| € LP(M, ).

Suppose 1 < p < co. By [Terp, Chap. II, Prop. 12] and its proof, for any h € LO(M, 7).,
we have h? € LO(M7 7)+. Moreover, an element h € L°(M, 7) belongs to LP(M, ) if and only if
|h|P belongs to L(M, ). A norm on LP(M, ) is then defined by the formula

def 1
(2.11) [hllp = (Tr[h[P)?

if 1 < p < ooand by |||l o ||h||M, see [Terp, Chap. II, Def. 14].

Let p,p* € [1,00] with 1 S+ p* = 1. By [Terp, Chap. II, Prop. 21], for any h € LP(M, ¢)
and any k € LP" (M, o) we have hk, kh € L*(M, o) and the tracial property Tr(hk) = Tr(kh).

If 1 < p < oo, by [Terp, Ch. II, Th. 32] the bilinear form LP(M, ¢) x LP (M,p) — C,
(h, k) — Tr(hk) defines a duality bracket between LP(M, ¢) and LP™ (M, ¢), for which L™ (M, )
is (isometrically) the dual of LP(M, ).

On the other hand, if the weight ¢ is tracial, i.e. p(z*x) = @(xzz*) for all € M, then the
Haagerup space LP(M, o) isometrically coincides with Dixmier’s classical tracial noncommuta-
tive LP-space, see [Terp, page 62].

It is essentially proved in [Terp, page 59] that LP(M,¢) is independent of ¢ up to an
isometric isomorphism preserving the order and modular structure of LP(M, ¢), as well as the
external products and Mazur maps. In fact given two normal semifinite faithful weights 01, P2

on M there is a x-isomorphism xk: M; — Mas between the crossed products M, v Xge R
preserving M, as well as the dual actions and pushing the trace on M; onto the trace on ./\/lg,
that is

(2.12) To=kKom, Os0k=kKkod; and To =T 0K

Furthermore, s extends naturally to a topological *-isomorphism &: LO(My, 1) — L%(Ma, 72)
between the algebras of measurable operators, which restricts to isometric *-isomorphisms be-
tween the respective LP(M;, ¢;), preserving the M-bimodule structures.

Moreover it turns out also that for every normal semifinite faithful weight ¢ on M, the dual
weights @[Jl corresponds through x, that is ¢2 oK = ¢1 It follows that if w € M, the corresponding
Radon-Nikodym derivatives must verify hy o = &(hy,1). In particular if w € M, we have

(2.13) Tey hot 2 w(1) B Trp by o = Trs (ko).

Hence 4: LY(M, 1) — LY (M, p3) preserves the functionals Tr:
(2.14) Try = Try ok.

Since & preserves the p-powers operations, i.e. K(h?) = (/%(h))p for any h € L°(M), it induces
an isometry from LP (M, 1) onto LP(M, ¢2). It is not hard to see that this isometry is completely
positive and completely isometric, a fact which is of first importance for our study.

This independence allows us to consider LP (M, @) as a particular realization of an abstract
space LP(M). The M-bimodule structure and the norm of LP(M) are defined unambiguously



by those of any of its particular realization, as well as the trace functional of L!(M) and the
bilinear products L?(M)xL4(M) — L"(M), £ = %—l—%, and the Mazur maps L% (M) — L! (M),

h +— hP (and their inverses). An element h € L!(M) identifies with the linear form ¢ € M,
defined by the conditions ¢ (x) = Tr(zh), x € M, and the positive part L¥ (M) may be seen as

the cone of p-roots 1&% of positive elements of M,.

A key fact for our analysis of positive contractions on noncommutative LP-spaces is that
for every projection e in M the linear subspace eL?(M)e := {ehe : h € LP(M)} is completely
positively isometric to LP(eMe), the LP-space of the reduced von Neumann algebra eMe. This
fact is not evident from a given realization of LP(M, ¢), since the restriction o, of ¢ to eMe
may not be semifinite, or the crossed product R X,+. eMe not be a reduct of R x5, M.

Recall that the centralizer [Str, page 38] of a normal semifinite faithful weight is the sub-von
Neumann algebra M? = {& € M : of(z) = z for all t € R}. If z € M, we have by [Str, (2)
page 39]

(2.15) reM? < azm, Cmg,, myx C m, and p(zy) = p(yz) for any y € m,.

If e belongs to the centralizer of ¢, it is well-known that we can identify LP(eMe) with the
subspace eL?(M)e of LP (M) ([GoLa, Lemma 4.3], [Watl, page 508]). Let us give some details.

Let ¢ be a faithful normal semifinite weight on a von Neumann algebra M on a Hilbert
space H. For each projection e in M¥, let . be the restriction of ¢ on eMe. It results from
(2.15) that the weight . is still semi-finite. From the KMS-condition, it is easy to see that
0% = g¥|leMe, and it follows that eMe X,0. R coincides with e(M x,» R)e, where e is the
canonical image of e in M, in fact € = e ® Idg(2(r)). From (2.5) and (2.6) it is clear that the
dual weights to ¢ and ¢, are linked by the equation

o~

Pe = (D)e

Let 7 = 7, be the canonical trace on M = M xq¢ R, and h, = %@. Note that hg =\

1
commutes with €, and so does hj; morover eh,, is a positive self-adjoint operator affiliated with
eMe. Then for x € eMe:

P(z) = T(h3wh2) = 7(hY2eweh?) = 72 ((ehy) z(ehy,)?)
where 7; is the reduced (normal, semifinite) trace on eMe. Hence by [Str, Theorem 4.10]
(DPe : D7e) = (ehy,)" = ehll = el

Since e)\; is the translation operator on eMe it follows by uniqueness that 7z coincides with
the canonical trace on eMe X,+. R. Then it becomes clear that the *-algebra of Tz-measurable
operators on eMe is realized as a LC-closed *-subalgebra of LO(M,7), namely eL%(M,7)e,
either abstractly by completing the respective von Neumann algebras in their L°-topologies, or
concretely by representing them as *-subalgebras of (unbounded) closed operators on L?(R, e H)
and L2(R, H) respectively if M is given as a von Neumann subalgebra of some B(H). Indeed,
a (closed, unbounded) operator with dense domain a on L?(R,eH) may be trivially extended
to an operator @ on L?(R, H) by setting

a¢ = aef, V¢ € doma=doma®L*(R,(1—e)H).

Since the dual action of o%< is the restriction of that of 0¥ to e(M s+ R)e, it is not difficult
to show that the mapping a — ebe gives a topological *-isomorphism between L°(eMe, 7.) and
eL’(M, 7)e, sending LP(eMe) onto eLP(M)e for every 1 < p < oo.



If ¢ € (eMe); is a normal positive bounded linear form on eMe, we may consider its natural
extension it to M (ietp(x) = ¢(exe), x € M). Using (2.5) and (2.6) it is clear that

Yz € M i (z) = i(ewe)

We have {)(€x€) = 72 (hy/ *evehy/?) = r(e(h)/*eweh)/*e)) = 7(h/*xh)/?) (since hy € ELO(M, 7)e).
It is then clear by unicity of the Radon-Nikodym derivative that

Rigp = hyp.
It follows that the Haagerup trace Tr,, restricts to Tr,, on L!(eMe). Indeed
TI‘Lp hl}ﬂb = idﬁ(l) = ¢(€) = Trcpe hw

It follows at once that the inclusions LP(eMe) C LP(M) are isometric and preserve duality.
Let e € M be a projection. Let us construct a n.s.f. weight on M with centralizer containing

e. Choosing with [Str, 10.10] [[KaR2, Exercise 7.6.46] two normal semifinite faithful weights ¢

and oy on eMe and et Met. We can define a normal semifinite faithful weight ¢ on M by

(2.16) o(x) et o1 (exe) + po(etzet), xe M,

With (2.15), it is easy to check that e belongs to the centralizer of . In fact it is not hard to
see that this example is generic.
We will use the following classical lemma. We add the uniqueness part in part 1.

Lemma 2.1 Let M be a (semifinite) von Neumann algebra equipped with a faithful normal
semifinite trace T.

1. Let a,b € L°(M, )" satisfy a < b. Then there exists a unique x € M such that a? = zb?
and xs(b) = x. Moreover, we have necessarily ||x]|o < 1.

2. If a <bin LOM,T)sa and if z € LO(M,T) then z*azx < z*ba.

Proof : 1. Suppose that M acts on a Hilbert H. If = satisfies the properties then z is obviously
null on the subspace (1 — s(b))H. Moreover, the restriction of  on the subspace s(b)H is given
by z|s(b)H = a2b~2 where b~ 2: s(b)H — s(b)H. We conclude that z is uniquely determined.
The proof of the existence is given in [DeJ1, Remark 2.3] and shows the relation zs(b) = z. H

The second is an easy observation.

Lemma 2.2 Let M be a von Neumann algebra and 1 < p < co. Let h be a positive element of
LP(M).
1. The map s(h)Ms(h) — LP(M), x — hzzh? is injective.
2. Suppose 1 < p < co. The subspace hz2 Mh= is dense in s(h)LP(M)s(h) for the topology of
LP(M).
Proof : 1) If hzzhz = 0 then s(h)zs(h) = 0 by using (2.2) twice. Since z € s(h)Ms(h), we
conclude that « = s(h)zs(h) = 0.

2) Suppose that i € L?" (M) belongs to the annihilator (h%Mh%)J' of the subspace hz Mhz
of LP(M). For any z € M, we have Tr (h%xh%y) =0, ie Tr (xh%yh%) = 0. Since hzyh? €
L'(M), we deduce that hzyh? = 0. We infer that s(h)ys(k) = 0. It follows immediately that
that y belongs to the annihilator (s(h)Lp(M)s(h))J'. The proof is complete. [ |

The following is a variant of [Sch, Lemma 2.2 (d)]. Our approach is probably more trans-
parent. See [PeT1] and [Kos3, Prop. 3.1] for related facts.



Lemma 2.3 Let M be a von Neumann algebra. Suppose 1 < p < oo. If a,b € LP(M)y wverify
a < b then there exists a unique z € s(b)Ms(b) such that a = b2zb%. Moreover, we have
0 <z < s(b).

Proof : Let LP(M, ) be a realization of L?(M) in M = M X,. R. By Lemma 2.1 there exists
a unique z € M such that a* = zb* and zs(b) = z. Note that a2,b2 € L2°(M). Then for any

seR
8O0 (03) = 64 (0b3) = 6u(2)6. (b)) P2 b (w)e TbE

&
e 2r

S

Hence a? = 6,(2)bz. On the other hand, since z = zs(b) and s(b) € M, we have

R . e (2.10)
Gs(x) = 65(ws(b)) = 65(2)05(s(b)) =" &5(x)s(b).
Thus by uniqueness of x we get 65(x) = x for every s € R. That is x € M by (2.4). By Lemma
one has necessarily ||z|| < 1.
From a? = zb% and ||zs < 1 it follows readily that a = b2z*zb? and that 0 < z*z <

lz*2]|0o = [lz]|% < 1 where we use [Dix, 1.6.9] in the second inequality. If we set z et
s(b)z*zs(b) then we have z € s(b)Ms(b). Moreover, since s(b2) = s(b), we have b2zb? =
bz s(b)ax*ws(b)b? = b2z zb? = a and 0 < z < s(b).

The uniqueness of = follows from Lemma 2.2. [ |

2.2 Conditional expectations on [”-spaces.

Recall that a positive map T: A — A on a C*-algebra A is said faithful if T'(z) = 0 for some
x € Ay implies x = 0.

Let B be a C*-subalgebra of a C*-algebra A. A map E: A — A is called a conditional
expectation on B if it is a positive projection [Str, §9.1] of range B which is B-bimodular, that
is

E(zyz) = 2E(y)z, y€ Ax,z€ B,

Such a map is completely positive [Str, Prop. page 118].
Now, suppose that A = M is a von Neumann algebra, that B = N is a von Neumann
subalgebra and that there exists a faithful normal conditional expectation E: M — M from M

onto N, and that v is a normal semifinite faithful weight on N. Then by [Con, Lemme 1.4.3],

© def 1 o E is a normal semifinite faithful weight on M and the automorphisms groups of the

two weights are linked by the relation
(2.17) Eoof =0/ oE, teR.

This implies that N is invariant under o, i.c. of (N) C N for all t € R, and that o/ : N — N

is the restriction of of : M — M to N.

Then the crossed product N et N Xy R is a x-subalgebra of M e pr Xse R, and the

natural representation of N in A is the restriction of that of M in M. It is clear that the dual
action 6% of R on M restricts to ¢ on N.

Let now E be the restriction to M of ldg(r2(r)) ®E, when M is considered as a von Neumann
subalgebra of B(L2(R))@M. Note that [ is normal and faithful since Id ® E is ([Tom1, Th.
2]). Since E preserves the operators Ay, s € R and sends w(M) onto 7(N) (due to relation
(2.17)) it sends M onto A/. The M-bimodularity of £ results from the fact that Idg(r2r)) @ E
is B(L2(R))®N-bimodular. We obtain therefore a normal faithful conditional expectation R
from M onto N.



Lemma 2.4 The dual weights @, b on M, resp. N to the weights , ¢ satisfy the relation
(2.18) p=polk.

Proof : It is easy to see that each automorphism &, commutes with E. It follows from (2.5)
that the operator valued weights Th( and T verify the relation

(2.19) Tn o =EoTwy

where E: M+ — N* is the natural extension of the operator E: M+ — N*. Let us also denote
by w the natural extension to M4 of any normal weight w on M [Haa2, Prop 1.10]. Then

6% 60Ty =FoRoTy=doBoTh "2 goTy ol 2 do k.

Let 7 be the canonical trace on the crossed product N. Using [Con, Lemme 1.4.4] in the
second equality, we obtain

A

(D¢ : D(ry o &), “2¥ (D(o &) : D(rw o B)), = (D : Dry), = A = (D@ : D), tER.

By [Str, page 49], we deduce that 7ar o [ is the canonical trace 7o¢ on the crossed product M.
In particular, 7ar is the restriction of 7. From now on, we set 7 = 7uq, and 7or = 7|nr

It follows that the inclusion N' C M extends to a topological linear embedding LO(N, 7xr) C
LY(M,7p) (which respects the operations of x-algebras). Using the characterization (2.10) of
Haagerup LP-spaces, it is easy to see that for 1 < p < oo,

(2.20) LP(N, ¢) = LP(M,p) N LN, 7).

Note that the external products and Mazur maps in the scale (LP(V, ¢)) are inherited from the
scale (LP(M, ¢)) and that the inclusion i, of LP(N, ¢) into L”(M, ¢) is automatically isometric,
in virtue of the formula N

[1Allp = 7 (X(1,+00) (1A])7)

(see [Terp, Ch. II, Lemma 5] for the case p = 1). The map 1, is also positive since
LP(N,¢)+ = LP(N, o)L (N, 7)1 = LP(M, )L (N, 7) 4 C LP(M, )L (M, 7)1 = LP(M, ¢)+

In fact i), is completely isometric and completely positive, since for each n € N, the map
idgr ® ip: SE(LP(N,¢)) — SE(LP(M,p)) identifies to the inclusion map LP(M,(N),¢,) C
LP(M,, (M), ¢,) where ¢, = Tr,, ®¢, v, = Tr,, ®p (Tr,, being the ordinary trace on the algebra
M,, of n X n matrices).

On the other hand there is a natural isometric linear injection of N, into M,, namely the
map E,: w+— wokE. It turns out that in the identification of preduals with L'-spaces, this maps
becomes exactly the inclusion map of L(N, ¢) into L*(M, ¢), that is
(2.21) h$ = h?

wolE

for every w € N,. Indeed, using [Con, Lemme 1.4.4] in the third equality, we have

(h2o5)" &) (DGR : D7), = (D@0 ) : D(rlw o B)), = (D& : Drly), = (he)".
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It follows easily that the functional Tr, on L'(M, ¢) and Tr, on L*(NV, ¢) coincide on LY(N, ¢):
(2.22) Tr, [LY(N, ¢) = Trg .

Similarly the restriction map R: M, — N,,w — w‘N, identifies to the map E;: L*(M, ) —
LY(N, ¢) defined by

E1(hg) = him =hiex
for every w € M,, which means that
(2.23) Tr (E1(h)z) = Tr (hE(z)), heLY(M,p),z € M

that is, E is conjugate to E; in the duality of the trace functional Tr. Note that in particular
Tr = TroE; (take x = I). It is also easy to see that E; is N-bimodular, that is

Ei(zhy) = 2B (h)y, =,y € N,h € LY (M, ).

Now for 1 < p < oo and h € LP(M, ¢) we define E,(h) as the unique element of LP(N, ¢)
such that

(2.24) Tr (E,(h)k) = Tr(hk), k€L (N,9)

where % + 1% = 1. That E,(h) exists and is unique stems directly from the fact that LP(N) is

the conjugate space to LP (N). It is then easy to see that E, is a contractive linear projection
in LP(M, ), which is positive (since the positive cone in LP" (M) is polar to that in L?(M),
[Terp, Ch. II, Prop. 33]). For h € LP?(M, ), k € LP" (M, ¢) we have

Tr (Ep(h)k) = Tr (Ey(h)Ep- (k) = Tr (R Ep- (k)

thus the conjugate of E,, viewed as a map from LP(M,¢) into itself, is E,~. Moreover if
% + % =1<1, helP(M, ) and k € LY(N, ¢) it is easily seen that

(2.25) E,(hk) =E,(h)k and E,(kh) = kE,(h).

In particular with ¢ = co we get that [, is N-bimodular.

Let us point a more abstract way to characterize E,. For 1 < p < oo let ip,: LP(N) — LP(M)
be the embedding associated with the weight ¢ and the @p-invariant conditional expectation E.
Then for 1 < p < 0o we have

(2.26) E, =i o (ip)* if 1< p< oo, By =iy o (ir).
where (i)« means the preconjugate of is.

Remark 2.5 In the case where ¢ is a normal bounded linear functional, the above defined
conditional expectations K, verify the formula:

i L L
(2.27) E,(hZ zhg’) = hg E(z)h, € M.

In particular if ¢ is a normal state, they coincide with the conditional expectations &, defined
in [JX, sec. 2].

11



Proof : In this case the ‘density operators’ h, and hg associated with the weights ¢, resp. ¢
belong respectively to L' (M, ) and L*(IV, ¢); moreover by (2.21) they coincide trivially modulo
the embedding of L!(N,¢) into L'(M,¢) described above (2.20). Thus hy, € L'(N,¢), hence

1
hZ € L?(N, ¢) and the equation (2.27) is then an immediate consequence of the bimodularity
1 1

property (2.25). The map &, in [JX, sec. 2] coincides thus with E, on the subspace hZX MhZ",
which is dense in LP(M, ¢) by Lemma 2.2. These maps are both linear and contractive (as for
Ep see [JX, Lemma 2.2]), they coincide thus everywhere. [ |

It is well known, at least in the ‘probabilistic’ case, that the maps E, are completely positive
and completely contractive, see e.g. [JRX, p. 92]. The proof there is by the usual tensorisation
argument, and it works as well with our definition of [E, in the general case. But in our context
these properties may be derived directly from the relations (2.26) and the complete positivity
and isometry of the maps i,.

2.3 Projections on von Neumann algebras

Let A be a C*-algebra. Recall that a linear map T: A — A is a Schwarz map if T'(x)*T'(z) <
T(x*z) for any x € A [Pal2, Definition 9.9.5]. Note that a Schwarz map is positive. By [Sto2,
Corollary 1.3.2], each 2-positive contraction T: A — A on a unital C*-algebra A is a Schwarz
map. By [Sto2, Theorem 2.2.2 (2)], if P: A — A is a faithful projection map which is a Schwarz
map then Ran A is a C*-subalgebra of A.

Proposition 2.6 Let M be a von Neumann algebra. If P: M — M is a normal faithful unital
projection which is a Schwarz map, then P is a conditional expectation and Ran P is a von
Neumann subalgebra.

Proof : By the above result, the range Ran A is a (unital) C*-subalgebra of A. Since P is
normal, Ran P = ker(Idy; — P) is weak* closed and thus Ran P is a von Neumann subalgebra
of M. Note that ||P|| = ||[P(1)|| = ||1|| = 1 since P is positive. Using Tomiyama’s theorem [Str,
Theorem page 116], we conclude that P is a (normal faithful) conditional expectation. [ |

2.4 Positive linear maps between noncommutative LP-spaces

Our main tool will be the following extension of [JRX, Theorem 3.1]. The above lemmas allows
us to remove some assumptions in [JRX, Theorem 3.1]. Since the proof of [JRX, Theorem 3.1]
contains some gaps and misleading points? and since this result is fundamental for the sequel,
we give full details.

Theorem 2.7 Let M and N be von Neuman algebras. Suppose 1 < p < oo. Let T: LP(M) —
LP(N) be a positive linear map. Let h be a positive element of LP(M). Then there exists a
unique linear map v: M — s(T'(h))Ns(T(h)) such that

(2.28) T(h*zh?) = T(h)Tv(x)T ()3,  x€ M.

Moreover, this map v is unital, contractive, and normal. If T is n-positive (1 < n < 00), then
v 1s also n-positive.

2. The complete positivity is not proved. The argument for the contractivity is ineffective.
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Proof : We let e o s(T'(h)) be the support projection of the element T'(h) of LP(N). For any

z € My, since 0 < 2 < ||#/|oe, we have by the part 2 of Lemma 2.1 that 0 < hzzh? < ||#]/sch-
Using the positivity of T', we obtain that

0 < T(h*azh?) < |z]T(h).

If  # 0, note that s(||z||T(h)) = s(T'(h)) = e. By Lemma 2.3, for any x € M, there exists
a unique element z(x) € eNe satisfying

T(h¥axh?) = (o]l T(R))? 2(2) (|l] e T(R)) 2.

Moreover, we have 0 < z(x) < e. Note that z(1) = e since e = s((T'(h))%). For any = € M,

z
def
we let v(z) = [|2]looz(2). So [[v(@)]leo < [[2]looll2(#)lloc < [[#llocllelloc < [|#]|oo- Furthermore,
we have

(2.29) T(h%xh?) = T(h)v(z)T(h)*

and v(1) = e. Let us show that v: M, — (eNe), is additive. For any x,y € M, we have

T(h) (e +y)T(R)? "2 T(h3 (x + y)h?) = T(hbah?) + T (h¥yh?)
C2 T (h)su(@)T(h) + T(R)3o(y)T(R)? = T(h)? (v(x) + v(y)) T(h)?.

We conclude with Lemma 2.2 that v(z + y) = v(z) + v(y). By a standard reasoning, see e.g.
[AIT, Lemma 1.26], the map v extends uniquely to a real linear positive map v: Mg, — (e Né€)sa.
We may extend it to a positive complex linear map from M into eNe by letting v(z + iy) =
v(x) +iv(y). As a positive and unital map (v(1) = e) between C*-algebras, v is contractive by
[Pau, Corollary 2.9]. The equation (2.28) follows by linearity from the case x > 0.

The uniqueness of v is a consequence of part 1 of Lemma 2.2 applied with T'(h) and N
instead of h and M.

Now, we prove that v is normal. Since 1 < p < 0o, we may consider T*: LP" (N) — LP" (M).

We define the element k T(h)P of LY(M), and define a linear map w: k2 Nkz — L1(M) on
the dense subspace k2 Nk2 of L!(eNe) (Lemma 2.2) by

(2.30) wkiyk?) € RIT (k% yk™ )h?, ye N.

If x € M, we have

1

C20 Iy (AT (kT kB ) hEa) = Tr (T (k37 yh™ ) hiah )

Tr (w(k?yk?)z)
(2.31) = Tr (k7= ykw T(hdah?)) P27 Tr (k57 ykwe T ()3 o(2)T(h)3) = Tr (K3 ykto(x)).
It follows that

T (w(kdyht)a)| = | T (kEkto@) | < [Eukb ]| o) o < B2 gk? | oo

Therefore w extends to a contraction from L'(eNe) into L'(M). Furthermore, by (2.31) we
conclude that w* = v. Hence v is normal.

Assume that T is n-positive. Using (2.28) with the positive operator 7" = Idgr ®
T: SP(LP(M)) — SP(LP(N)) and by replacing h with I, ® h whose projection support is

13



s(In @ h) = s(I,) ® s(h) =1, ® e, we see that there exists a unique normal completely positive
contraction vy, : My, (M) — (I, ® )M, (N)(I, ® e) = My, (eNe) such that for any [z;;] € M, (M)

we have

T® (1 © ) o)L & 1)) = (T @ 1) 2o (fig]) (T 0 1)) .

Note that
1 1
h 2 11 T1in h 2
T (1 @ )3 gl @ ) ) =T :
h Tnl Tnn h
hixy1hz -+ hizinh? T(hzzy1hz) - T(h2zy,h?)
=70 : : = : :
h2xn h? -+ h¥ap,h? T(hiznih?) -+ T(h2z,,h?)
T(h)2v(z1)T(h)z - T(h)2v(zy,)T(h)?
T(h)2v(n1 )T ()2 T(h)2v(z9nn)T (h)2
1 1
T(h) 2 [o(z11) v(z1n) | [T(R) :
T(h) v(Xn1) o v(Tan) T(h)
= (T™)(L, ® b)) Fv, (fzi;]) (T (1, @ b)) ?.
Consequently, by unicity, we conclude that Idy, ® v = v,,. Hence v is n-positive. [ ]

Let M be a von Neumann algebra equipped with a normal faithful state ¢. Let h, the
density operator associated with ¢. If 1 < p < oo, note that by Lemma 2.2 (see also [JX,
1

o
Lemma 1.1] and [Watl, Corollary 4]), he? MhZP is a dense subspace of LP(M). Suppose that
N is another von Neumann algebra equipped with a normal faithful state ¢. Consider a unital
positive map T: M — N and assume that (T (x)) = ¢(x) for any x € M. Given 1 < p < 00
define

L L L L
T,: h¥MhZT —  hZ¥NhZ

(2.:32) o = %

he'zhg”  —  hy'T(x)hy”
By [HJX, Theorem 5.1], the map T}, above extends to a contractive map from LP(M) into
LP(N).

3 Projections in noncommutative [’-spaces

3.1 A local description of contractive 2-positive projections.

Suppose 1 < p < co. Let ¢ be a normal semifinite faithful weight on M. Let P: LP(M) —
LP(M) be a nontrivial 2-positive contractive projection. First consider a non-zero element h of
P(LP(M)4). We have P(h) = hand h € LP(M)4. Moreover if 0 < k < h, k € LP(M), then 0 <

Pk < Ph = h. By linearity it follows that the linear subspace Z(h) et Span {k € LP(M),0 <

14



k < h} = h2 Mh? is preserved by P, and by continuity, so is its closure Z(h) = s(h)L?(M)s(h).
Thus

(3.1) P(s(h)LP(M)s(h))) C s(h)LP(M)s(h)

Hence, the restriction P|s)ie(arys(n) is a projection from s(h)LP(M)s(h) into s(h)LP(M)s(h).
Recall that s(h)LP(M)s(h) may be identified to the space LP(Mj}), the LP-space of the reduced
von Neumann algebra Mj, = s(h)Ms(h). In the sequel, we will show that we can identify the
range of this restriction with the noncommutative LP-space of a suitable von Neumann subal-
gebra Ny, of My, which is the range of a conditional expectation Ej,. Thus P(s(h)LF(M)s(h))
will be a completely order and completely isometric copy of LP(N},) in LP(Mj). Moreover the
restriction of P will be identified to the conditional expectation E , associated to E and a
suitable weight ¥ on Mj,.

By applying Theorem 2.7 to P and the positive element h of LP (M), we see that there exists
a unique linear map Ej: M}, — s(P(h))Ms(P(h)) = M), such that

(3.2) P(hizh?) = h3Ey(2)h%,  x € M.

Moreover, this map E; is unital, contractive, normal and 2-positive. Below, we will show that
Ep: My — My, is a conditional expectation onto a von Neumann subalgebra of Mj,.

Lemma 3.1 The map Ep: My — My, is faithful.

Proof : Recall that for 1 < p < oo, the space LP(M) is uniformly convex by [PiX, Cor. 5.2],
hence strictly convex by [Megl, Prop. 5.2.6]. It is easy to deduce that the LP-norm is strictly
monotone®. This fact remains trivially true in the case p = 1. Now, we will show that if
0 < k< hand P(k) =0 then k = 0. Indeed, from

h=P(h) = P(h) — P(k) = P(h — k)

we deduce that ||h]|, = [|[P(h — k)|l, < ||h — k||, by the fact that P is contractive. Since
0 < h— k < h we infer that |||, = ||h — k||, and finally & = 0 by strict monotonicity of the
LP-norm.

It results at once that Ej, is faithful. Indeed, if z € M, and E;(x) = 0 we have

W=

P(rtan?) ) him, ()0t = 0.

Since hzzh? < ||z]|lsoh by [Dix, 1.6.9] we see that h2zhz = 0 by the first part of the proof.
Since M), = s(h)Ms(h), we conclude that x = 0 by Lemma 2.2. [ |

Lemma 3.2 The map Ep: My, — My, is a normal conditional expectation onto a von Neumann
subalgebra Ny, of Mj,.

Proof : For any x € M}, we have

1

P(hah}) = P2(hant) ) P(h3E, (2)h?) D n3ER ()t

Using the unicity of Ej, given by Theorem 2.7, we infer that E? = [, i.e. Ej is a projection.
Moreover Ej, is unital (since Ph = h). Since E; is in addition a 2-positive contraction, we

3. Suppose 0 < z < y. If  # y then we have ||z|p < ||yllp-
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deduce by Proposition 2.6 that Nj 4f Ran E;, is a sub-von Neumann algebra of M}, and that
Ey, is a conditional expectation from M) onto Np,. |
Note that kP belongs to L(M), thus the map x — Tr(hPz) defines a normal positive linear
form on M with support s(h) (a normal state if ||hl|, = 1). Let 15, be its restriction to the
algebra Mjy,.
Now, we prove that E; is v¢p-invariant. This property will allows us to extend E; in a
compatible way to all L9(Mj), 1 < g < 0o, as explained in section 2.2.

Lemma 3.3 We have iy, o Ej, = 9y,

Proof : Let p* be the exponent conjugate to p. Consider first the case where 1 < p < co. Using
the contractive dual map P*: LP (M) — LP (M), we see that

1hfE P2 Te(h?) = Te(hhP=1) = Tr (P(h)APY) = Tr (hP* (hP~1))
<Al PR~ H],. < IBlpIRP e = 1215,

Thus [|[P*(h*~") |y = [|W?7}|p+ and Tr (RP*(hP7Y)) = ||A|pl|hP~||p=. By [PiX, Cor. 5.2], the
Banach space LP(M},) is smooth. Hence, by unicity of the norming functional of h (see [Megl,
Cor. 5.4.3]) we obtain

(3.3) P*(h?~Y) = L.

For any k € LP(M), it follows that
(3.4) Te (W~ P(k)) = Tr (P (i~ ))k) ) Te(hr k).
In particular, for every z € M}, we have
Tr (b~ (W3 B (2)h3)) 2 T (o= P(r3ah¥)) &) e (= (hFan))

that is Tr (h?E(2)) = Tr(hPz) hence vy (Ep(z)) = ¥p ().
In the case p = 1, using the contractivity of P*: M — M, we note that by [Dix, 1.6.9]

0< P*(s(h)) < [|[P*(s(h))]| .1 < lIs(h)llo < 1.
Hence 0 < s(h)P*(s(h))s(h) < s(h). Tt follows that
(3.5) b3 P*(s(h))h? = h? s(h)P*(s(h))s(h)h* < h3s(h)h? = h

However . .
Tr (hfP*(s(h))hE) =Tr(hP*(s(h))) = Tr(P(h)s(h)) = Tr(h)

hence
| — h% P*(s(R))h% ||, = Tr (b — h? P*(s(h))h%) =0
and the inequality in (3.5) is in fact an equality, which implies by Lemma 2.2
(3.6) s(h)P*(s(h))s(h) = s(h).
Then for every k € s(h)L!(M)s(h) we have
Te(P(K)) = Te(s(h) P(K)) = Te(P*(s(h))k) = Te(P*(s(h))s(h)ks(h))

— Tr(s(h) P*(s(h))s(h)k) & Te(s(h)k) = Tr(k).
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If k= h%yh%, with y € My, we obtain:
Un(Eny) = Tr (h*Eyy h?) = Te(P(hiyh?)) = Te(h2yh?) = Tr(hy) = Yn(y)-

We deduce that 1y, o E, = 4, also in this case. |

Consider a normal semifinite faithful weight x on M such that s(h) belongs to the centralizer
of x and such that the reduced weight x) (see subsection 2.1) on Mj, = s(h)Ms(h) coincides
with 1. Then

(3.7) Yn(s(h)xs(h)) = Tr,(hPx) = Try (k(h)Pz), e M

where R: LP(M,p) — LP(M,x) is the canonical map. Note that &(s(h)LP(M,)s(h)) =
s(h)Lp(M, x)s(h) = LP(Mp,vy) (since s(i(h)) = &(s(h)) = s(h) by (2.12)) and the result-
ing identification of the subspace s(h)LP(M)s(h) of LP(M) with the noncommutative LP-space
LP(Mjy) is completely order preserving and completely isometric.

In the sequel, we will use the density operator hy, € L'(Mjy,xs,) associated with . We
have

(3.8) Ty, (b, @) = (@) 2 T (R(0)7 @) = Try, (507 2), @ € My
(recall that the traces coincide on L!(s(h)Ms(h))). We conclude that
(3.9) hy, = R(h)P.

Let Eyp, p,: LP(M},) — LP(Mj,) be the conditional expectation on LP(s(h)Ms(h)) associated with
the conditional expectation E and the weight v,. Recall that (by equation (2.27))

L L L L
Eh,p (hi}ixhif};) = h;}p Eh(x)hif;l, x € My,.

h

For any x € M}, we have

R T )
Pi = (h2 2h? ) 2 Pat (a(h)Bai(h)?) = P(hiaht) B iR, (0)ht
(3.9) . _ 1 1 15 35y (227) . = &
="K 1(hwh)2th(x)/<; 1(hwh)2p =i 1(h;}hEh( )h;}h) 20 & 1]Eh7p(h5,hxhi,})
Hence, by density,
(3.10) Pi~ (k) = A7 'Ep (k)

for all k € LP(Mp,1yp,); we conclude that we have the following commutative diagram:

LP (M, p)C £ LP(M, o)
)%71 .‘%71
LP(M, x) LP(M, x)

\J E U

s(W)LP (M, x)s(h) = L (Mp, ) ———=— L (Mp, tbn) = s(h)LP (M, x)s(h)

Thus P(LP(My))

= P(s(h)LP(M)s(h)) is completely order and completely isometrically iso-
morphic to LP(Np,).
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Since LP(N},) is a Np,-bimodule in LP(Mj},), and the identification of LP (Mj},) with s(h)LP(M)s(h)

respects the actions of My, then P(s(h)LP(M)s(h)) is a Np-bimodule. Moreover P is Np-
bimodular, that is

P(zky) = xP(k)y, x,y € Np, k€ s(h)LP(M)s(h).

This results simply from the Nj-bimodularity of Ey, ;.

Note that the left supports s¢(k), o¢(k) of k € LP(N},), viewed either as an element of LP (M)

or as an element of LP(Ny), do coincide. Indeed we have clearly o¢(k) > s¢(k). Moreover if

r € 5y(k) — se(k), then 0 < Ep(r) < ou(k) and Ey,(r)k = By, (rk) = 0, which imply Ej, (r) = 0

and thus r = 0 since Ey, is faithful on s(h)Ms(h). The same coincidence occurs of course for
right supports.

Note that the projections of a o-finite von Neumann algebra M are exactly the right (or left)
supports of elements of LP(M). Hence N}, is the von Neumann subalgebra of M generated by
the right (resp. left) supports of the elements of P(s(h)LP(M)s(h)). In particular N}, depends
only on s(h), i.e. s(h1) = s(ha) implies N}, = Np,.

3.2 From local to global: the o-finite case.

Suppose 1 < p < oo. Let M be a o-finite (= countaby decomposable) von Neumann algebra
and P: LP(M) — LP(M) be a positive contractive projection. We define the support s(P) of
Ran P as the supremum in M of the supports of the positive elements in Ran P:

(3.11) s(P)=\/ s(h).
heRan P,h>0

Proposition 3.4 Suppose 1 < p < oo. Let M be a o-finite von Neumann algebra and

P:LP(M) — LP(M) be a positive contractive projection. Then there exists a positive element
h of Ran P such that s(h) = s(P).

Proof : We note first that for every at most countable family (h;);er of positive elements in
Ran P there is a positive element h in Ran P such that s(h) > s(h;) for all i € I. Indeed

assuming ||h;l|, < 1 for all 4, take simply h = > 27%h;. By [KaR2, Exercice 7.6.46], we can
il
consider a normal faithful state ) on M. We introduce the positive real number

a® sup {¢(s(h)) : h € Ran P,h > 0}.

This supremum is attained. Indeed, consider a positive sequence (h,,) of positive elements in
Ran P such that ¢(s(hy)) T @, then any positive element h € Ran P such that s(h) > s(h,,) for
all n satisfies ¥ (s(h)) = a.

Fix such an element A € Ran(P) with & > 0 such that ¢(s(h)) = a. We have s(h) < s(P).
If s(h) # s(P), there exists h’ € Ran P with A’ > 0 such that s(h') € s(h). This implies that

s(h+nh") = s(h)Vs(h') > s(h).

Hence ¥ (s(h + h')) > 9(s(h)) which is impossible by maximality of ¢(s(h)). Thus s(h) = s(P)
as desired. [ ]
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Proof of parts 1) and 2) of Theorem 1.1 in the o-finite case : Let ¢ be a normal state on M.
We can suppose ||h|| = 1. Clearly Ran P = s(P) Ran Ps(P) since® P is positive. So we have

Ran P = P(Ran P) = P(s(P) Ran P s(P)) C P(s(P)L”(M)s(P)) C Ran P.
Finally, we obtain
Ran P = P(s(P)LP(M)s(P)) = P(s(h)L”(M)s(h)).
Note that the map s(h)Ms(h) — C, s(h)zs(h) — Try(hPx) is a faithful normal state on
s(h)Ms(h). Using the procedure (2.16), we can consider a normal faithful state x;, on M
such that s(h) belongs to the centralizer of x5, and the reduced weight vy, def (Xn)s(n) on

M, s(h)Ms(h) satisfies

(3.12) Yn(s(h)xs(h)) = Tr,(hPx), x € M.
If #: LY(M, p) — LY(M, x) is the canonical map, we obtain by (2.14) the equality
(3.13) Yn(s(h)xs(h)) = Try(R(hPx)) = Try(R(h)Px), x€ M.

By the results of Subsection 3.1, the range Ran P identifies to the noncommutative LP-spaces
LP(Np,) of the von Neumann subalgebra N}, of s(h)Ms(h) = s(P)Ms(P) generated by the right
(resp. left) supports of the elements of Ran P.

Moreover, the restriction of P to s(P)LP(M)s(P) identifies to a faithful normal conditional
expectation in this reduced LP-space, with range LP(Ny,). [ |

3.3 The non o-finite case.
3.3.1 The set of supports of elements in the range of P and its associated VINA.

Let P(P) be the set of all support projections of positive elements in Ran(P). If s € P(P) we
define Ny as the von Neumann subalgebra of sM's generated by the projections e € P(P) with
e < s. The link with the subalgebras IV}, defined in section 3.1 is given by the following Lemma.

Lemma 3.5 For every h € Ran(P) we have N,y = Np.

Proof : Let e € Nj, be a projection. We have e < s(h), hence by (2.2) s(ehe) = e. Since
P(s(h)LP(M)s(h)) is Np-bimodular, we have ehe € Ran P. Thus e € P(P) and by e < s(h),
e € Nyp)- Since Ny, is generated by its projections, it follows that N, C Nyp,y. Conversely if 0 <
k € P(LP(M)) with s(k) < s(h), then k = P(k) = P(s(h)ks(h)), hence k € P(s(h)LP(M)s(h))
and thus s(k) € N(h). Since Ny is generated by such projections, it follows that Ny C Np.

|

Lemma 3.6 If s1,s2 € P(P) then s1V sg belongs to P(P).

Proof : We can write s; = s(h;) for some positive element h; of Ran P. Then the positive
element h = hy + hsy belongs to Ran P and s(hy + ha) = s(hy) V s(hs). [

We denote by s(P) the supremum of all projections in P(P) (the support of Ran P) and by
Np the weak* closed #-algebra generated by P(P).

4. If h € Ran P, we can write h = h1 — ha + i(hs — ha) with hi, ha,h3,ha > 0. Hence h = P(h1) — P(h2) +
i(P(h3) — P(ha4)) where P(h1), P(h2), P(h3), P(ha) = 0.
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Lemma 3.7 i) If s € P(P) and e € Ny is a projection, then e € P(P).
it) if s1,82 € P(P) with so < s1 then sa € Ny, and Ny, = saNy, so.
it1) for not necessarily comparable s1,so € P(P) we have still s9Ng, s9 C N, .

Proof : i) See the first part of the proof of Lemma 3.5.

ii) It follows from the definition of the algebras Ny that Ng, C N, whenever so < s1. Then
clearly Ny, = sa9Ns,50 C s2Ng, s2. Conversely every projection e of the reduced von Neumann
algebra so Ny, s belongs to Ny, , hence to P(P) by (i), and is majorized by s, thus e € Ng,. It
follows that saNg, s C Ng,.

iii) In this case we have s9Ng, 89 C $9 Ny, vs, 82 = N, . [ |
It follows from the two preceding lemmas that the family (Ns)sep(p) is nested by inclusion,
so that Np = U NSW . Here is a more tractable definition:
seP(P)

Lemma 3.8 The algebra Np is the subset of s(P)Ms(P) consisting of elements x such that
sxs € Ng for every s € P(P).

Proof : Since each algebra Ny is included in s(P)Ms(P) and the latter algebra is weak* closed
in M, the whole algebra Np is also included in s(P)Ms(P). The set

A 12 e s(P)Ms(P) : sws € N, for all s € P(P)}

is weak* closed and contains all the Ny’s with s € P(P), thus A contains Np. For every x € A
and s € P(P), we have sxs € Ny C Np. Then sxs — s(P)zs(P) weak® when s 1 s(P) (as a
consequence of the fact that sp — s(P)p in the norm of M,, for every ¢ € M,). Thus x € Np,
and A C Np. [ |

Lemma 3.9 The map P is Np-bimodular on s(P)LP(M)s(P), and consequently Ran P is a
Np-bimodule.

Proof : We have to prove that P(z1hze) = x1P(h)xs for every h € LP(M) and x1,22 € Np.
Since the maps z — xh and x — hx are weak™ to weak continuous, we may reduce to the case
where x1, 3 belong to some Ny with so € P(P). Since s(P) = \/ P(P) we have

s(P)LP(M)s(P) = | ] eLr(M)e
ecP(P)

(norm closure) so by another approximation argument we may assume that h € eL?(M )e with

e € P(P). Then, setting s L s v e, we have 1,29 € Ny and h € sLP(M)s. Since P is

bimodular with respect to Ny on sLP(M)s, the equation P(z1hxe) = x1P(h)xs follows, as well
as the bimodule property. [ |

Our goal is now to prove that Ran P is a suitable copy of LP(Np) inside s(P)L?(M)s(P). To
this end we define a conditional expectation Ep from s(P)M s(P) onto Np and an E p-invariant
normal semifinite faithful weight on s(P)Ms(P). A preliminary step will be to find a partition
of s(P) into projections belonging to P(P).

Lemma 3.10 The set P(P) is closed under finite or countable joins, under arbitrary meets,
and under relative orthocomplements.
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Proof : We have seen that if (h;);c; is an at most countable family of normalized positive
clements in Ran P, then \/,_; s(h;) is the support of h = }~,27"h;. Thus P(P) is closed under
finite or countable joins.

If s,e € P(P) with e < s, then e belongs to Ny by Lemma 3.7 and so does its relative
orthocomplement s — e. Since s — e is a projection in Ny it belongs to P(P), by the same
Lemma 3.7.

If s1, 59 € P(P), then e; def 51V 89 — 51 and eg def s1V s2 — so belong both to P(P) by the
preceding, and so does s1 A sy =51V s2 —e1 V ea.

If (si)ics is an arbitrary family in P(P) and e e Nicr 8i, then fixing 79 € I we have
e = N, 8, where s} = 5; A s;,. The s; belong all to P(P), and moreover s; < s;, € P(P). By
Lemma 3.7 s; € N, for every i € I, hence e € Ny, and this projection belongs to P(P) by the
same lemma. [ ]

Theorem 3.11 There is a family (s;)icr of pairwise disjoint projections in P(P) such that

il
Proof : Consider a maximal family (s;);e; of pairwise disjoint nonvanishing projections in

P(P). Clearly s o Viersi < s(P). If s # s(P) there exists e € P(P) such that e # e A 5. But

e—eANs= /A(e—eAs;) belongs to P(P) by Lemma 3.10, which contradicts the maximality
iel

of the family (s;). [ |

3.3.2 Application to the proof of the Main Theorem.

In this subsection we complete the proof of points 1) and 2) of the Main Theorem (Theorem
1.1) in the non-o-finite case.

Fix a maximal family (s;);es of pairwise disjoint projections in P(P), the existence of which
is given by Theorem 3.11. For each i € I let h; be a positive element of Ran P with support

s(hi) = s;. Let 1; be the normal positive bounded linear form on M associated with the element

ht of Ly (M, ). For each finite subset J of I, let us set s; o Y icySis hy o > icy i and let

¥y be the linear form associated with h;. Note that s(hy) = s;. Moreover, we have

P(hy) = P(Zm> => P(hi)=hy; and kY=Y hP, hence ;=) v

ieJ icJ icJ icJ

Let us also define a n. s. f. weight ¢ on s(P)Ms(P) by

(3.14) ¥(z) =D i),
il
All the projections s;, i € I belong to the centralizer of 1, and more generally so do the
projections sp LT > icr Si, I C I (I finite or not).
By the results of Section 3.1, we have a normal faithful conditional expectation E; def

;1 8yMsy — syMsy satisfying

Ey

(3.15) Yy =1;0E; and P(hizh3) = h3E,(z)h}
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Moreover by Lemma 3.5, the range of E; does not depend on the choice of the h; and equals
N, = syNpsy (by definition of Np).

In the sequel we denote by F(I) the set of finite subsets of I. This set is naturally ordered
by inclusion.

Lemma 3.12 The family (E;)jer(r) of conditional expectations is compatible, that is if Jy C Jo
then By, |s5, Msy, =Ejz . Similarly, we have 1 j,|s,Msy, =y, .

1 1 1
Proof : If Ji C Ja, then hy = sjhy, = hy,ss,, hence h3 = snhj, =hj,s; and for every
re€syMsy,:

1 1 1 1 (32 L1 11, (32) 1 1
W2y, (2)h3, = h2 By, ()3 ) P(h3 ah?) = P(hZah2) 2 h2 By ()2,
which implies Ej, (z) = E , (x) since both Ej, 2, E,x belong to s;,LP(M)s;,. Hence Ej, is the

restriction of Ej, to s1Ms;. [ |

Next we want to extend the family (E;) to a conditional expectation in s(P)Ms(P). To
this end we shall make use of the following lemma.

Lemma 3.13 A bounded net (x4)aca of elements of s(P)Ms(P) converges w* iff the reduced
nets (syrass)a, J € F(I) are all w*-convergent.

Proof : Note first that the maps P;: s(P)YMs(P) — s(P)Ms(P), x — sjxs; are w*-w*
continuous projections on s(P)Ms(P), which commute (P;Px = PxP; = Pjnk, with the
convention Py = 0). Moreover Pyz = z when J 1 I, which implies that the family (Py) e r(r)
is separating (P;(z) = 0 for all J € F(I) implies z = 0).

If the net (z4)aca converges w* to x, it is clear by the continuity of P; that (Pj(x4))a
converges w* (to Pj(z)) for each J € F(I). Conversely assume that Pj(x,) = y; for every
J € F(I)). Then if y is a w*-clusterpoint of the net (x,) (some exists by w*-compactness of
the balls), P;(y) is a w*-cluster point of (Pjz,), hence coincides with the w*-limit y; of the
net (Pyxq)a. By the fact that the family (Pj) is separating , the w*-cluster point y is unique,
and thus it is the w*-limit of (z4). [ |

Remark 3.14 As a consequence of the preceding lemma, for every bounded family (x7)cr(r)
such that xy € syMsy , and xx = Pk (xy) for every K C J € F(I), then there is a unique
x € s(P)Ms(P) such that xx = Pgx for oll J € F(I).

Proof : Indeed apply the Lemma 3.13 to the nested family (x7) jcr(r). Since for each K € F(I)
the net (Px(x7))jer () is stationary (constant for J O K), the net (x;) is w*-convergent and
its limit x satisfies the relations Pxx = w*- 11511 Pray =k, for all K € F(I). [ |

Lemma 3.15 The compatible set of maps (E ;) has a unique normal extension E : s(P)Ms(P) —
s(P)Ms(P). The map E is a normal faithful conditional expectation with range Np.

Proof : Existence of E. Note that if K C J € F(I) we have
(316) PKEJPJx:EJPK{E:EKPKx

for all © € s(P)Ms(P) (the first equation by Nj-bimodularity of E;, the second by Lemma
3.12). By Remark 3.14 there exists a unique map E : s(P)Ms(P) — s(P)Ms(P) such that:

(317) PK]EZ‘ :EKPKx
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for all @ € s(P)Ms(P). Moreover we have Ex = w*-lim;E;Pyz. If © € sxMsk we have
Ejz = Exgx for all J D K and thus Ez = Exz, i. e. E extends all the Ex, K € F(I). Then
by Lemma 3.13 the w*-w* continuity of E follows from that of the E;, J € F(I). As for the
faithfulness, it results from (3.16) and faithfulness of the E;, since if > 0 we have

Ex =0 = V.J € F(I), E;Pjz=PjEx =0 = VJ, Py =0 = z =0.

It is clear that E is sy M s j-bimodular for every J. The Np-modularity follows by w*-continuity.
Finally RanE is included in Np and contains s(P). By Np-modularity, RanE = Np.

Unicity. If € is another extension of the E;’s then by w*-continuity

Ex = E(w*—li}n Pyx) = w*- 1{1}115Pﬂ: = w*—li?EJPJm = U)*—hLI]n]EPJZ' = Ex.

|
Lemma 3.16 We have ) = o E.
Proof : For x € s(P)Mys(P) we have
Y(Ex) = Zwi(sz(Eaz)sl) = Z%(Elslﬂ?sz) = Zﬂh(szx&) = ()
i€l i€l i€l
|

As explained in § 2.2 there is a canonical inclusion of the L° space of the crossed product
Np X0 R into that of s(P)Ms(P)x .« R, with preservation of their canonical traces, which leads
to inclusions i, of the respective LP-spaces: L?(Np,¢|n,) C LP(s(P)Ms(P),v), 1 < p < oc.
The conditional expectation Ey, ,,: LP(s(P)Ms(P),v) — LP(s(P)Ms(P), ) was defined there
by transposition of 4, (for the Haagerup trace duality).

Lemma 3.17 We have the following commutative diagram:

Ep,

L7 (s(P)Ms(P), ) LP(s(P)Ms(P), )

sy LP(s(P)Ms(P)b)sy = LP(sy Msy) ——2" 1P(s;Msy) = 5,12 (s(P)Ms(P), )s

Proof : For h € LP(s;Msy,v) and k € LP+(Np, 1) we have

Trw(hk) = Trw(SJhSJk) = TI'#,(hSJkSJ) = Tl‘q/,., (hSJkSJ)
= TI'wJ((ELph)SJkSJ) = TI'd;((]EJ7ph)SJ]€SJ)
= TI’w(SJ(EJ’ph)SJk) = Tr¢((EJ7ph)k)

(using twice the fact that s; is in the centralizer of ¢), hence Ey , h = E ), h. u

Let us consider now a n. s. f. weight x on M such that s(P) belongs to the centralizer
of x, and xspy = X|s(Pyms(p) = . Let k: (M Mg R, 7,) — (M Xox R, 7,) be the canonical
trace-preserving isomorphism, 4: LO(M x,¢ R, 7,) — LY(M x,x R, 7,) its natural extension,
which preserves the respective Haagerup’s I:p(M )-spaces. Recall ‘that if we identify M with its
canonical image in each crossed product then by (2.12) & fixes the points of M.
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Proposition 3.18 We have the following commutative diagram:

P

LP(M, ¢)© LP(M, @)
)%71 .‘%71
LP(M, x) LP(M, x)

Ey,p

s(P)LP(M, X)s(P) = LP(s(P)Ms(P), ) ——2— LP(s(P)Ms(P), %) = s(P)L?(M, x)s(P)

Proof : For every J € F(I), the projection s; belongs to the centralizer of x, since it belongs
to the centralizer of v = x,(p), while s(P) belongs to the centralizer of x. It follows by (3.10)
that

Pi (k) = &7 'Eyp(k)
for all k € s;LP(s(P)Ms(P),v)s; = LP(syMsy,1;). Since by Lemma 3.17, E ), is the restric-
tion of Ey 0 LP(s(P)Ms(P),v) — LP(s(P)Ms(P), ) to s;LP(s;Msy,15)s; we obtain

P (k) = A7 'Ey (k)

for all k € |J,; LP(s;Msy). By density of |J; LP(s;Msy) in LP(s(P)Ms(P)) it follows that P
coincides with &7 o Ey, ,, o & on s(P)LP (M, p)s(P). [

3.4 Complement on the case 1 < p < o0

Part 3 of Theorem 1.1 is a consequence of a more general fact on contractive projections in
non-commutative L, spaces. For the sake of stating the result we introduce the left and right
supports of a projection P, that we denote respectively by s¢(P) and s, (P). We set:

(3.18) seP)E\/ sh), s(P)E\/ si(h).

heRan P heRan P

Clearly if P is positive then s;(P) = s,(P) and both these supports coincide with s(P) defined
by formula (3.11). The general result is then:

Proposition 3.19 Let 1 <p < oo and P: LP(M) — LP(M) be a contractive projection. Then
for every h € LP(M) we have
P(h) = P(s¢(P)hs,(P)).

The proof of this proposition follows the line of classical proofs for the contractive projection
in commutative LP-spaces. Let us first recall some facts about duality mappings.
Recall that a normed linear space X is said to be strictly convex (or rotund) if for any

x,y € X the equalities % = [|z||lx = |ly||x imply = = y.
Let X be a Banach space. For each x € X, we can associate the subset

Ix(z) ={z" € X* ¢ (z,2")xx- = [|lzll% = l2"]%- }

of the dual X*. The multivalued operator Jx: X — X* is called the normalized duality
mapping of X. From the Hahn-Banach theorem, for every x € X, there exists y* € X* with
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lly*|lx+ = 1 such that (z,y*)x x+ = ||z[|x. Using z* = ||z||xy*, we conclude that Jx(z) # 0
for each € X. If the dual space X* is strictly convex (i.e. X is smooth), Jx is single-valued.
Indeed, if 7,235 € J(z) then

1 * *
, 5(% + m2)>

1
lallx |5 @i +a3)| . > (= = il = Dzl = el

X+ X, X

Since X * is strictly convex, we conclude that z7 = x5. When X is a reflexive and strictly convex
space with a strictly convex dual space X*, Jx is a singlevalued bijective map and its inverse
J)_(l: X* = X* = X is equal to Jx+: X* — X. Indeed, for * € X, by definition of Jx-«(z*)
we have

[x-(2")lx = ll2*[lx- and  (Jx«(2"),2%) ¢ . = (2", Tx-(27)) x. = llo"[%-.

We deduce that Jx (Jx«(x*)) = «*. Hence Jx Jx+ = Idx+. By symmetry, we get also Jx«Jx =
Idx.

Proof of Proposition 3.19 : Suppose 1 < p < co. Recall that LP(M) is strictly convex and
smooth [PiX, Cor. 5.2]. Hence Jypary: LP(M) — LP (M) is a singlevalued bijective map.
Moreover, (Jur(ar)) ™" = Jro* (ary- For any h € LP(M) with polar decomposition i = ulh|, we
have

2= hf =

= I

o = RIS IRIE™E = (Il
and using the fact that u*u is the support projection of |u| by [Pal2, Theorem 9.1.25], we obtain

(ho (1B 7P AP~ ) ary = IR 7P T (ulpllR P~ ) = [A]57F Tr (J2F) = [IA]15.
(1)

Lr(M),Lr*
Hence, we infer that the explicit description of Jy»(ap) is given by
(3.19) Jie(any (R) = [[B]157P|RP~ .

From this formula it is clear that the right (resp. left) support of Ji»(ar)(h) = [|h]|277|h[P~ u*
coincides with the left (resp. right) support of h.

On the other hand, from the last line of the proof of [Cal, Th. 1], the map J»(ar) sends
Ran(P) onto Ran(P*). This remark together with formulae (3.18) imply that s,.(P*) = s¢(P),
s¢(P*) = s,(P). Thus for every h € LP(M), we obtain that

1P, 0y = T (P Joany (P()) = T (WP (Juoqary (P(R)))) = Tx (i an) (P(h))
= Tr (hse(P*)Jue(ar)(P(h))sy(P*)) = Tr (hsp(P)Jyean (P(h))se(P))
= Tr (s¢(P)hsy (P)Jro(ary (P(R))).

Hence P(h) = 0 whenever hs,.(P) =0 or s¢(P)h = 0. Now, for any h € LP(M), we have

P(h) =P((1 = 5¢(P))h(1 = 5,(P))) + P((1 — s¢(P))hs(P)) + P(s¢(P)h(1 = s,.(P)))+
+ P(s¢(P)hsy(P)) = P(s¢(P)hs,P)).

Remark 3.20 [t is well known that even in the commutative case and for positive projections
the statement of Proposition 3.19 becomes false for p = 1.
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