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(m, n)-QUASITILTED AND (m, n)-ALMOST HEREDITARY ALGEBRAS

EDSON RIBEIRO ALVARES, DIANE CASTONGUAY, PATRICK LE MEUR, AND TANISE CARNIERI PIERIN

ABSTRACT. Motivated by the study of (m, n)-quasitilted algebras, which are the piecewise hereditary algebras ob-
tained from quasitilted algebras of global dimension two by a sequence of (co)tiltings involving n — 1 tilting modules
and m — 1 cotilting modules, we introduce (m, n)-almost hereditary algebras. These are the algebras with global dimen-
sion m + n and such that any indecomposable module has projective dimension at most m, or else injective dimension
at most n. We relate these two classes of algebras, among which (m, 1)-almost hereditary ones play a special role. For
these, we prove that any indecomposable module lies in the right part of the module category, or else in an m-analog of
the left part. This is based on the more general study of algebras the module categories of which admit a torsion-free
subcategory such that any indecomposable module lies in that subcategory, or else has injective dimension at most n.
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INTRODUCTION

Quasitilted algebras were defined in [[7]] as the opposite algebras of endomorphism algebras of tilting objects of
Hom-finite, Krull-Schmidt hereditary abelian categories. These algebras feature several properties and characteri-
sations which explain their relevance. First, by [7, Chapter II, Theorem 2.3], an Artin algebra over an Artin ring is
quasitilted if and only if it has global dimension at most two and, for any indecomposable module X,

0.1 pdX <lorelseid X < 1.
Next, for any quasititled algebra A, the following decomposition holds (see [7, Chapter II, Proposition 1.6])
0.2) indA=LaURua,

where L4 and R 4 are the left and right parts of the module category of A, respectively. These subcategories are
efficient tools to classify algebras and study their representation theory. In particular (see [7, Theorem 1.14]),

(0.3) A is quasitilted if and only if A € add L 4;

we refer the reader to [1] for a survey on these subcategories. Finally, by general theory of derived equivalences
arising from tilting complexes, they are piecewise hereditary, that is, the bounded derived category of their module
categories are triangle equivalent to those of hereditary abelian categories.
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Recall that, for any piecewise hereditary algebra, there is a sequence of algebras with first term a quasitilted
algebra, with last term the given algebra and such that each algebra of the sequence is the opposite algebra of the
endomorphism algebra of a splitting tilting or cotilting module over the preceding algebra (see [6], or Section2lfor
a reminder). In many examples, that given algebra often has homological properties like (0.I) depending on the
number of tilting modules and the number of cotilting modules involved in the sequence.

Given positive integers m and n, we introduce (m, n)-quasitilted algebras, defined as the algebras for which
there is a sequence as above such that the number of involved cotilting modules is m — 1, the number of involved
tilting modules is n — 1 and the global dimensions of the algebras of the sequence increase strictly. The aim of this
article is to show that these algebras have homological properties like (0.1) and to derive consequences relative to
their representation theory in terms of specific subcategories, like (0.2).

For this purpose, we define the (m, n)-almost hereditary algebras as the algebras with global dimension m + n
and such that, for any indecomposable module X,

0.4) pdX <morelseid X <n.

Note that (0.4) alone implies that the global dimension is at most m + n + 1 (see Lemma[2.3)).

Our results establish that any (m, n)-quasitilted algebra is (m, n)-almost hereditary (Corollary 2.3)); although
this is an equivalence when (m, n) = (1, 1), the converse implication does not hold in general. Moreover, it appears
that any (m, n)-quasitilted algebra is (m +n — 1,1)- or else (1, m +n — 1)-almost hereditary (Lemma[2.8)). This
shows the relevance of (m, 1)- and (1, m)-almost hereditary algebras among the ones considered previously. For
these algebras, we prove in Theorem[3.6]that, if A is (m, 1)-almost hereditary, then

(0.5) ind A = L7 URA,

where L7} denotes the class of indecomposable modules such that the predecessors in ind A of which have projec-
tive dimension at most m. This result is obtained as a consequence of a more general one: we prove in Proposi-
tion3.4lthat if C is a torsion-free class in the module category of A such that any indecomposable module lies in C
or else has injective dimension at most n, then

(0.6) ind A = Lo URT,

where the definition of R} is dual to that of L'} and the definition of L¢ is given in These results raise the
question to determine when an algebra is (m, 1)-almost hereditary. We give a partial answer to this question in
Proposition[3.9] (compare with (Q.3)),

Alies £} and has global dimension m + 1 = A is (m, 1)-almost hereditary.

The article is therefore organised as follows. Base material is collected in Section Section [2] introduces
(m, n)-quasitilted algebras and (m, n)-almost hereditary ones, and relates them. Section[3]studies (m, 1)-almost
hereditary algebras in terms of £} and R 4. Finally, Section @ studies the behaviour of (m, 1)-almost hereditary
algebras under taking one point extensions.

Throughout the text, & denotes an Artin commutative ring and A denotes an Artin k-algebra.

1. PRELIMINARIES

We denote by mod A the category of finitely generated left A-modules and by ind A a full subcategory consist-
ing of exactly one representative from each isomorphism class of indecomposable A-modules. For a subcategory
C of mod A we write M € C to express that M is an object in C.

If T' € mod A, then add T" denotes the full subcategory of mod A whose objects are the direct sums of direct
summands of 7T'. Given an A-module M, we denote by pd 4 M and id 4 M, respectively, its projective and injective
dimensions. The global dimension of A is denoted by gl.dim A.
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The space of morphisms from an object X to an object Y in D®(mod A) is denoted by Hom(X, Y’). Whenever
T € D’(mod A) is a tilting complex, that is, there is no nonzero morphism 7" — T[i] in D®(mod A) for all
i € Z\{0} and D’ (mod A) is the smallest triangulated subcategory of D”(mod A) containing 7" and stable under
taking direct summands, the module categories of mod A and mod B have equivalent bounded derived categories,
where B is the endomorphism algebra of 7' in D?(mod A). In such a situation, mod B is identified with the
following subcategory of D’ (mod A),

{X € D’(mod A) | (Vi € Z\{0}) Hom(T, X[i]) = 0} .

In particular, whenever X,Y € modA N mod B and i € Z, then Ext%(X,Y) is naturally identified with
Exth(X,Y).
For further background on the representation theory of A, we refer the reader to [3], [2]], [4].

1.1. Paths, left and right parts. Given M, N € ind A, a path from M to N (denoted by M ~~ N) is a sequence
of nonzero morphisms

(#) M=My 3 My — - B0, =N

where M; € ind A for all 4. In this case N is called successor of M and M predecessor of N.

Following [5], the left part L4 of mod A is the full subcategory whose objects are those M € ind A such that
every predecessor of M in ind A has projective dimension at most one. Clearly £ 4 is closed under predecessors.
The right part R 4 is defined dually and has dual properties.

1.2. A basic fact on short exact sequences. The following lemma is used several times in this article (see [11}
Lemma 1.2, part (ii)] for a similar statement).

Lemmall. Let0 = X L ELY S 0bea non-split exact sequence.
(a) If X is indecomposable then each coordinate morphism of g is nonzero.

(b) If Y is indecomposable then each coordinate morphism of f is nonzero.

Proof. We only prove (a) since the proof of (b) can be obtained dually. Suppose that E = E; & Es, where E; is
indecomposable, and g; = 0. Consider the following commutative diagram

0 0
| |
P — E
f2 Jf(é) (092)

FitoE, —Y —— 0

L
I e b

0 —— Kergo FEs 92 Y 0
0 0.

It follows that f7 is a split epimorphism and, because X is indecomposable, f7 is an isomorphism. Then the exact
sequence 0 =+ X — Fq & E» — Y — 0 splits, which is a contradiction. 0
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1.3. A short review of tilting theory. Recall that 47 € mod A is called a tilting module provided the following
three conditions are satisfied:

(1) pd T <1,

() ExtY(T,T)=0

(3) the number of pairwise non-isomorphic indecomposable direct summands of 7' equals the rank of the
Grothendieck group, K (A).

Given a tilting module 4T, let B = (End4T)°P. Recall that 4T induces torsion pairs (7 (T), F(T")) on
mod A and (X(T),Y(T)) on mod B, where T(T) = {X € mod A;Ext! (T, X) = 0}, F(T) = {X ¢
mod A; Hom (T, X) = 0}, X(T) = {X € mod B;T ®5 X = 0} and Y(T) = {X € mod B; Tor? (T, X) =
0}. Due to the Brenner - Butler Theorem ([9]]), mod A and mod B are related as follows: restriction of functor
Hom (T, —) : mod A — mod B to T(T) is an equivalence 7(T) — Y(T') and restriction of Ext} (T, —) to
F(T) gives rise to an equivalence F(T') — X (T). A tilting module 4T is called splitting if the torsion pair
(X(T),Y(T)) on mod B splits, that is, if each indecomposable B-module lies in X'(7T'), or else in Y(T'). Accord-
ing to Hoshino [12], if 47 is a tilting module, then 47 is splitting if and only if id4 X < 1 forevery X € F(T).

Dually, it is possible to define a cotilting module. We will use but not state explicitly the dual results and
properties which hold true for cotilting modules. For further definitions and results on tilting theory, we refer the
reader to [9]], [[13].

2. (m,n)-QUASITILTED ALGEBRAS

The purpose of the section is to relate (m,n)-quasitilted algebras to (m, n)-almost hereditary algebras. We
say that A is (m, n)-quasitilted if there exists a sequence of triples (A;, T3, A;11 = (Enda,T;)°P) such that: Ag
is a quasitilted algebra of global dimension two; A = A,,1,_2; each T; is a stair splitting tilting or cotilting
A;-module, that is a splitting tilting or cotilting module with the property that gl.dimA; < gl.dimA;1;andn — 1
modules among the 7; are tilting whereas the m — 1 remaining ones are cotilting. Any (m, n)-quasitilted algebra
is piecewise hereditary. Actually, it is proved in [6] that any piecewise hereditary algebra A may be obtained from
some quasitilted algebra by a sequence of tilting or cotilting processes, where each involved (co)tilting module is
splitting. And, when k is a field and A is derived equivalent to a finite dimensional hereditary algebra, then A
may be obtained from hereditary algebra by a sequence of tilting processes, where each involved tilting module is
splitting (see [8]]).

By definition, the (1, 1)-quasitilted algebras are the quasitilted algebras of global dimension two; accordingly a
(1,1)-quasitilted algebra A satisfies (i) gl.dimA = 2 and (i) pd 4, X < 1 orelse id4 X < 1, for each indecompos-
able A-module X ([[7]). Below, we prove that any (m, n)-quasitilted algebra A has the two following homological
properties.

(Q1) gl.dimA =m +n;
(Q2) for each indecomposable A-module X, pd4 X < morelseids X < n.

We call (m, n)-almost hereditary an algebra which satisfies (Q1) and (Q2), where m and n are positive integers.
Note that condition (()2) is not a consequence of condition (1) as shown in the following example.

Example 2.1. Let A be the path algebra of the quiver
l——— 2
o,

3

bound by the relation Sa = 0; the indecomposable A-module ? has projective and injective dimension equal to
two, while global dimension of A is two.

Note also that condition (Q1) cannot be obtained from condition (Q2) as shown in the following example.
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Example 2.2. Consider the radical square zero algebra A given by the quiver
1=-2—=---—=m+n+2,

where m, n > 1. In this case, gl.dimA = m + n + 1, whereas each indecomposable A-module has projective
dimension at most m or injective dimension at most n. Of course, A is a (a, b)-almost hereditary algebra for all
positive integers a, b such thata + b =m +n + 1.

In fact, it is possible to verify that an algebra which satisfies condition (()2) and with global dimension greater
than m 4+ n — 1 is a (m, n)-almost hereditary or a (m + 1, n)-almost hereditary algebra, as stated in the following
lemma.

Lemma 2.3. Let m and n be positive integers and let A be an algebra such that pd 4 X < moridaX < n for
each indecomposable A-module X. Then gl.dimA < m + n + 1. In particular, if gl.dimA > m +n — 1 then A
is a (m, n)-almost hereditary or a (m + 1, n)-almost hereditary algebra.

Proof. Let M € ind A. Then, any indecomposable direct summand of 2"*! )/ has injective dimension at least
n + 1, and hence has projective dimension at most m. Therefore, pd 4 QA < m. Accordingly, pdy M <
m+n+ 1. 0

A first step to relate (m, n)-quasitilted algebras to (m, n)-almost hereditary ones is to investigate how the former
behave under tilting (or, dually, under cotilting). The relationship is then obtained as a corollary.

Theorem 2.4. Let m,n be positive integers. Let A be an algebra satisfying (Q2). Let T be a splitting tilting
A-module. Denote (EndoT)°P by B. Then, any indecomposable B-module has projective dimension at most m,
or else injective dimension at most n. + 1. In particular, if A is (m,n)-almost hereditary and T is stair, then B is
(m, n + 1)-almost hereditary.

Proof. We only prove the first statement because the second one follows from the first one and from the definition
of stair tilting modules. For all subcategories A, B of mod A and i € Z, denote by Ext’; (A, B) the collection
{Ext%4(X,Y); X € AY € B}. Also, for a full subcategory A of mod A, we denote sup {id4 X; X € A} by
id4 A. First, idg X(T') < 1. Indeed, using that id 4 F(T) < 1, we have

Extp(X(T), X(T)) = Exti(F(T),F(T))=0

Extp(V(T), X(T)) = Exti(T(T),F(T))=0.
Next, consider the decomposition

(ind Y(T') =)ind T(T) =C1 UCq,

where C; = {X € ind 7 (T);pd,X < m}andCe = {X € ind 7 (T);idaX < n}. Since

ExtH(C, V(T)) = Exty(Ci, T(T)) =0

ExtpH(C1, X(T)) = Exty(C1,F(T)) =0,
it follows that pd5 C; < m. Also, idg C2 < n + 1 because
Extt2(X(T),C2) = Ext’y™(F(T),C2) =0
Ext?(V(T),C2) = Ext’;T(T(T),C2)=0.
This proves the theorem. 0

Now, here is the announced relationship between (m, n)-quasitilted algebras and (m, n)-almost hereditary ones.

Corollary 2.5. If A is a (m,n)-quasitilted algebra, then A is (m, n)-almost hereditary.
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Proof. Let A be a (m,n)-quasitilted algebra. By definition, there exists a sequence of triples (A;, T;, A;11 =
(End 4, T;)°P) such that A is strict quasitilted, each T; is a stair and splitting tilting or cotilting A;-module and
A = A yn—2, where m—1 and n—1 are the numbers of cotilting and tilting processes, respectively. As mentioned
before, Ay is (1, 1)-almost hereditary and therefore, according to Theorem2.4] A is (m, n)-almost hereditary. I

Example 2.6. Let A be the path k-algebra given by the bound quiver 1 =% 2 22 ... 2T, 8 with relations
itq -0y =0, where 1 <14 < 3. Consider the tilting A-module T' = Py @ To ® T3P Ty DS, & Ps® P, @ Py.
Note that B = (End4T)°P is a tilted algebra, which yields that A is (1,2)-quasitilted, since A ~ EndTp.
According to Corollary 23] A is also (1, 2)-almost hereditary. It is an easy verification that £ 4 and R? consist,
respectively, of those modules in horizontal and vertical lines patterned areas in the illustration below. We point
outthat L4 UR 4 C ind A, since M has projective and injective dimensions equal to 2.

fo— s TG H H\
N N AN A N A T\ \{ |
17 CHEHer e (| (] o -I%

R AN RS A d
A N N N
A\}, PP e R - ® | o | I
i A
HHNG ™ | N \ 7
P (y) M [ .14
- 7 A -
N N
La Py Fig) Py P RzA

Note that the converse of the previous corollary is not true in general. Here is a counter-example.

Q10 11

Example 2.7. Let A be the path k-algebra given by the bound quiver 1 =% 2 22, ... 2% 17 2% 19 with
relations a6 - - o; = 0, where 1 < ¢ < 5. It follows from [10] that A is not piecewise hereditary algebra, which
entails that A is not (1, 2)- nor (2, 1)-quasitilted (or even (m, n)-quasitilted for any m and n). However, it is easily
seen that A is (1,2)- and (2, 1)-almost hereditary.

Later, the article concentrates on (m, 1)- and (1, m)-almost hereditary algebras. The reason is the following
result which states that, although an algebra of finite global dimension may not be (m, n)-almost hereditary for any
m,n, this property becomes true for the algebra obtained from it by a (co)tilting using a stair splitting (co)tilting
module.

Lemma 2.8. Let d be a positive integer. Let A be an algebra with gl.dimA = d, T an A-module and B =
(EndAT)°P.

(i) If T is a stair splitting tilting module, then B is (d, 1)-almost hereditary.

(ii) If T is a stair splitting cotilting module, then B is (1, d)-almost hereditary.
In particular, any (m, n)-quasitilted algebra is (m + n — 1, 1)-almost hereditary, or else (1,m + n — 1)-almost
hereditary.

Proof. (i) Since id4 F(T') < 1 we can use the same considerations as in the proof of Theorem2.4] and conclude
thatidg X(T) < 1. Also, pdg Y(T) < d because gl.dimA = d.

Now, assume that B is (m, n)-quasitilted. Let (A, T, B) be the resulting last triple appearing in the definition of
(m, n)-quasitilted algebras. Then gl.dimA = m+n—1, and hence B is (m+n—1, 1)-or (1, m+n—1)-quasitilted
according to whether 7' is a tilting or cotilting module, respectively. g

From now on we focus on (m, 1)-almost hereditary algebras. The (1, m)-almost hereditary algebras may be
treated using dual considerations.
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3. (m,1)-ALMOST HEREDITARY ALGEBRAS

The purpose of this section is to prove (0.3) whenever A is (m, 1)-almost hereditary, (see Theorem 3.6). In
order to prove this theorem, preparatory material is first established in[3.1on algebras with nice small homological
properties related to (1) and (Q2). And the theorem is proved with some consequences in

3.1. On algebras with small homological dimensions. The proof of (0.3) when A is (m, 1)-almost hereditary is
mainly based on the fact that L7} is a torsion-free class of A, which is true because gl.dim A = m + 1. Hence, this
subsection is devoted to the investigation of (0.3)) in the more general situation where
o the class of A-modules with projective dimension at most m is replaced by a torsion-free class C of mod A;
o L7 isreplaced by the class of indecomposable A-modules such that all the predecessors in ind A of which
lie in C, this class is denoted by L.

For a given positive integer n, this investigation establishes (0.6) whenever every indecomposable A-module lies
in C or else has injective dimension at most n (see Proposition 3.4). The first step of this investigation is to show
that there are no nonzero morphisms from any indecomposable A-module not lying in C to any indecomposable
A-module with a large injective dimension. This is done in the two following lemmas.

Lemma 3.1. Let C be a torsion-free class of mod A. Consider a nonzero morphism f: U — V, where U and
V' are indecomposable modules such that U ¢ C and V' € C, and such that {(U) + £(V') is minimal for these
properties. Then Im f € C, Ker f & C and Ker f is indecomposable.

Proof. Since V' € C and C is stable under taking submodules, it follows that
(3.1 Im f €C.

Using the exact sequence 0 — Ker f — U — Im f — 0, since U ¢ C,Im f € C and C is stable under extensions,
then

3.2) Ker f ¢ C and f is not a monomorphism.

Therefore, there exists an indecomposable direct summand K of Ker f such that K ¢ C. Consider the push-out
diagram
0 — Kerf — U ——Imf ——0

[

0 K U’ Imf — 0.

Notice that U’ & C, because K ¢ C and C is closed under submodules. In this case, there exists an indecomposable
direct summand U"” of U’ such that U” ¢ C. Consider the composite morphism

U'—=Imf V.

This morphism is nonzero for the following reasons. Should the exact sequence 0 — K — U’ — Im f — 0 split,
then the split epimorphism Ker f — K would factor through U, and hence there would exist a split epimorphism
U — K, which would entail that Ker f = U = K, a contradiction to f being nonzero; therefore the exact
sequence 0 - K — U’ — Im f — 0 does not split; accordingly, the coordinate morphism U” — Im f is
nonzero, and hence noris U” — V.

By construction, £(U") +£(V) < £(U) + £(V'). By minimality of £(U) 4 £(V) and because U"” ¢ C, it follows
that £(U") = ¢(U). Accordingly, U"” = U’ = U, and hence K = Ker f. Thus Ker f is indecomposable. O

Lemma 3.2. Let n be a positive integer. Let C be a torsion-free class of mod A such that, for all X € ind A,
X €C,orelseida X < n.
IfU, V € ind A such that U ¢ C and id 4V > n, then Hom 4 (U, V) = 0.
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Proof. Let U, V € ind A be such that U ¢ C and id4V > n. By absurd, suppose that there exists a nonzero
morphism f: U — V. Assume that £(U) + £(V) is minimal for these properties.

According to Lemma[3.1] Im f € C, Ker f € C and Ker f is indecomposable. Consequently, id4 Ker f < n.

Next, considering the injective dimensions of the modules in the following exact sequences

0 Ker f U Imf—0
L |
0 Im f % Coker f —— 0

yields thatid 4 Im f < n andid4 Coker f > n. This permits to prove that Coker f is indecomposable. Indeed, the
dual considerations of those following (3.2)) in the proof of Lemma[3.Tlmay be applied here to the exact sequence

0—=Imf—V — Cokerf—0

instead of to the exact sequence 0 — Kerf — U — Imf — 0 provided that C is replaced by {M €
mod A;id 4 M < n}, which is stable under extensions. Accordingly, Coker f is indecomposable.

Finally, consider any exact sequence
0— Cokerf —1Ip—---— I, o—C—0,

where Iy, ..., I,—o are injective modules and C' is the (n — 1)-th cosyzygy of Coker f; in the particular case
n = 1, just take C = Coker f and discard the exact sequence. From the long exact sequence obtained upon
applying Hom 4 (C, —) to the exact sequence

0—-Kerf—->U—Imf—0,
there results an exact sequence (recall that id 4 Ker f < n)
Ext’y (C,U) — Ext’y (C,Im f) — 0.

Accordingly, there exist N, No, ..., N,,_2 € mod A fitting into a commutative diagram as follows, where the rows
are exact and the leftmost square is cocartesian

0 U N No e No_s o 0
0 —— Imf 1% T Iy s C 0;

in the particular case n = 1, take the lower row equal to the short exact sequence 0 — Imf — V — C =
Coker f — 0 and take the sequence Ny, ..., N,_o to be void.
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Consider the following commutative diagram with exact rows and columns, whatever the value of n,

0 0

|

Ker f! —— Ker f

|

0 U N Coker f1 —— 0
0 Im f % Coker f —— 0
0 0.

Notice that the exact sequence
3.3) 0—>Kerf > N—=>V =0

does not split since, otherwise, the composite morphism Ker f — U — N would be a section and hence the
indecomposable U would equal Ker f, a contradiction to f being nonzero; similarly, the exact sequence

(3.4) 0—-U— N — Coker f -0

does not split.
Now, consider the exact sequence

0=-U—-ImfeN-—=>V =0

On one hand, since C is stable under taking submodules and U ¢ C, it follows that Im f & N ¢ C; and since
Im f € C, there exists an indecomposable direct summand N’ of N such that N’ ¢ C. On the other hand,
because id4 U < nandidg V' > n, it follows that id4 Im f & N > n; and since id4 Im f < n, there exists an
indecomposable direct summand N” of N such thatid4 N” > n.

Because the exact sequences (3.3) and (3.4) do not split and Ker f and Coker f are indecomposable modules,
the coordinate morphisms with indecomposable domain and codomain

N - VandU — N”

are nonzero. Moreover, they feature the following properties,

e N ¢Candids V > n;and

e U¢Candidga N" > n.

By assumption on C, the indecomposable modules N’ and N” are not isomorphic, and hence N’ & N is a
direct summand of N; accordingly,
U(N') +L(N") < UN) < LU) + V).

Therefore, {(N') < £(U) orelse {(N") < ¢(V). In the former case, {(N') + {(V) < £(U) + £(V); and, in the
latter case, £(U) 4+ ¢(N") < £(U) + £(V'). Both cases contradict the minimality of £(U) + £(V). O

The second step in proving (0.6) consists in gathering information on indecomposable A-modules which have
successors in ind A with a large injective dimension. This is done in the following lemma.

Lemma 3.3. Let n be a positive integer. Let C be a torsion-free class in mod A such that, for all X € ind A,
X €C,orelseidp X < n.
Then
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(1) for every pathY — U — V inind A such that id oAV > n, there exists Z € ind A such that idaZ > n
and Homu (Y, Z) # 0;

(2) for everyY € ind A which has a successor in ind A with injective dimension greater than n, there exists
Z € ind A such that idaZ > n and Homu (Y, Z) # 0;

(3) if X € ind A is such that id4 X > n, then every predecessor of X in ind A lies in C.

Proof. (1) LetY — U — V be a path in ind A such that id4V > n. By absurd, assume that Hom 4 (Y, Z) = 0
for all Z € ind A such that id4Z > n. Denote by C’ the following torsion-free class of mod A
C'={M € mod A; Hom 4 (Y, M) = 0}.

By assumption, U ¢ C’, id4V > n and the following holds for all X € ind A,
X el orelseids X < n.

Apply LemmaB.2lto U and V for the torsion-free class C’; then Homy4 (U, V) = 0, a contradictionto U — V
being nonzero. Thus, there exists Z € ind A such thatid4Z > n and Hom 4 (Y, Z) # 0.

(2) Using (1), an induction on ¢ shows that, for every Y € ind A, if there exists a path of length ¢ in ind A
starting in Y and ending in a module with injective dimension greater than n, then there exists Z € ind A such
thatid4 Z > n and Homx (Y, Z) # 0.

(3) Let X € ind A be such that id4 X > n. Let Y be a predecessor of X in ind A. Following (2), there exists
Z € ind A such thatid4 Z > n and Homu (Y, Z) # 0. Lemma[3.2]entails that Y € C. O

Now, it is possible to prove (0.6). Recall that, for every torsion-free class C of mod A, the piece of notation L¢
denotes the class of X € ind A such that every predecessor of X in ind A lies in C.
Proposition 3.4. Let n be a positive integer. Let C be a torsion-free class of mod A such that, for all X € ind A,
X €C,orelseidp X < n.
Thenind A = L¢c URY.

Proof. Let X € ind A\R". Then there exists a successor Z of X in ind A such that idaZ > n. Part (3) of
Lemma[3.3]entails that Z € L¢. Thus X € Lc. d

The previous proposition does not apply to (m,n)-almost hereditary algebras for general m and n because,
when gl.dimA = m + n, the class of A-modules with projective dimension at most m need not be torsion-free.
However, Proposition 3.4 may be applied to certain algebras satisfying (Q2) as the following result shows.
Theorem 3.5. Let m, n be positive integers. Assume that

(a) gl.dimA = max{m,n} + 1; and
(b) forall X € ind A, then pd, X < m, orelseida X < n.

Thenind A = L} URY.
Proof. Assume first that m > n. Denote by C the class
C={M € mod A;pd M < m};

since gl.dimA = m + 1, this is a torsion-free class in mod A. By definition, L} = L. Hence, the conclusion
follows from Proposition[3.4]
When n > m, the conclusion follows from dual considerations, using the dual version of Proposition3.4 O
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3.2. Applications to (m, 1)-almost hereditary algebras. Now, we can prove the main result of this section.
Theorem 3.6. Let A be a (m,1)-almost hereditary algebra. Then ind A = L} U R 4.

Proof. The theorem now follows from Theorem[3.3] O

It is a consequence of Theorem [3.6] that the subcategories £} and R 4 determine a trisection in the sense of
[7, Chapter II, Section 1, p. 36] in ind A, when A is a (m, 1)-almost hereditary algebra, as stated in the following
corollary.

Corollary 3.7. Let A be an algebra which satisfies conditions (i) and (ii) as described in Theorem[3.3 Then
(LT\RY, LY NRYE, R\ LY) is a trisection in ind A. In particular, if A is (m,1)-almost hereditary, then
(LB \ R4, LTNRA, Ra\LY) is a trisection in ind A.

To end this section, we discuss sufficient conditions for an algebra to be (m, 1)-almost hereditary. It is proved
in [[7], then an algebra A is (1, 1)-almost hereditary if and only if all indecomposable projective modules belong
to £ 4. When replacing £4 and (1, 1) by £} and (m, 1), respectively, part of the equivalence may be proved. In
order to do so, it is again convenient to first replace the class of modules with projective dimension at most m by a
torsion-free class.

Proposition 3.8. Let C be a torsion-free class of mod A. If A € add L¢, then for all X € ind A,
X e€C,orelseidy X < 1.

Proof. Let X € ind A be of injective dimension at least 2. Then Hom 4 (771X, A) # 0. Therefore, 771X € L,
and hence X € C. 0

Now, here is a sufficient condition for an algebra to be (m, 1)-almost hereditary.

Proposition 3.9. Let m be a positive integer. Assume that A € add L'}. Then

(1) gl.dimA < m+ 1and, forall X € ind A, then pd 4, X < morelseida X < 1;
(2) if, moreover, gl.dimA = m + 1, then A is (m, 1)-almost hereditary.

Proof. (1) Since A € L'}, the syzygy of any A-module has projective dimension at most m. Accordingly,
gl.dim A < m + 1. Denote by C the class

C={M emodA|pdy M <m};

since gl.dim A < m + 1, this is a torsion-free class of mod A. The rest of the statement of (1) therefore follows
from Proposition[3.8]

(2) follows directly from (1). ]

We make the following conjecture.
Conjecture 3.10. Any (m, 1)-almost hereditary algebra A is such that A € add L.

The corresponding statement for (m, n)-almost hereditary does not hold when n > 1 as shown in the following
example.

Example 3.11. Let A be the radical square zero path algebra given by the quiverm +n+1 — --- — 2 — 1.
Then A is (m, n)-almost hereditary and Py, 4,41 & L7
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4. ONE-POINT EXTENSIONS OF (m, 1)-ALMOST HEREDITARY ALGEBRAS

From now on, we assume that k is a field and A is a finite dimensional k-algebra. The purpose of this section
is to investigate how (m, 1)-almost hereditary algebras behave under one-point extension process. In particular,
conditions for the one-point extension to be (m, 1)-almost hereditary are presented. First, here is a necessary
condition for a one-point extension to be a (m, 1)-almost hereditary algebra.

Proposition 4.1. Assume that k is a field. Let B be a finite dimensional k-algebra with gl.dimB = m + 1 and
assume that A = B[M] for some B-module. If A is a (m, 1)-almost hereditary algebra, then B is (m, 1)-almost
hereditary.

Proof. When m = 1, the proposition is proved in [[7, Chapter III, Proposition 2.3]. Up to replacing the inequality
“pd > 1” by “pd > m?”, the proof given there works here in the general case. 0

We point out that the hypothesis on gl.dim B above is necessary to conclude that B is (m, 1)-almost hereditary
for some positive integer m as shown in the following example.

Example 4.2. Let B be the path algebra of the quiver

- ~ -

5 4 3 2 51,

which has gl.dimB = 2 but is not (1, 1)-almost hereditary. However, by letting M = S5 we obtain the (2, 1)-
almost hereditary algebra A = B[M] given by the quiver

- ~ - ~

6 5 —4 3 2 1.

For m = 1, it is well known that the converse of Proposition Z.1] does not hold true. This is also the case for
each positive integer m # 1, as we can see in the following example.

Example 4.3. Let B be the path algebra given by the quiver

m+3ﬂm+2ﬂm+1%mﬁ-~-%3%2;l.

where all the paths of length two with source in {1,...,m + 2} are relations. It can be easily checked that B is
(m, 1)-almost hereditary. Now, taking M = I,,,13 = S;,+3, the one-point extension algebra A = B[M] is such
that gl.dimA = gl.dim B, but it is not (m, 1)-almost hereditary, since pd 4 Sy,+2 = m + 1 and id 4 Sp42 = 2.

Besides Example[d.3] if M € add L'} then property (Q2) of the definition of (m, n)-almost hereditary algebra
is satisfied by those indecomposable B[M]-modules of the shape (0, X, 0), as stated in the following proposition.

Proposition 4.4. Assume that k is a field. Let B be a (m, 1)-almost hereditary algebra oer k and let A = B[M]
for some B-module M. If M € add L, then:

(i) gl.dimA =m + 1,

(ii) if (0, X, 0) is an indecomposable A-module, then pd 4(0, X,0) < m, or else id 4 (0, X,0) < 1.

Proof. When m = 1, the proposition is proved in [[7, Chapter III, Lemma 2.5]. The proof given there may be
adapted to prove the general case by replacing the inequality “pd > 1” by “pd > m”. 0

In order to present a sufficient condition for B = A[M] to be a (m, 1)-almost hereditary algebra, the following
technical lemma is needed.
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Lemma 4.5. Assume that k is a field. Let B be a finite dimensional k-algebra with gl.dimB = m + 1 and assume
that A = B[M]| for a B-module M. If (Y, X, f) is an A-module, then pd 4, (Y, X, ) < m if and only if:

(1) pdgKer f <m —1,
(2) Ext ! (Ker f, -) 4 Ext; ! (Coker f, —) — 0 is an exact sequence, where 0 is naturally induced by

3

Proof. Let (Y, X, f) be an A-module. Since (0, Pcoker £,0) @ (Y, M ®; Y,1ymey) is a projective cover of
(Y, X, f), it is possible to construct the following commutative diagram

lygy

0 0 M®,Y —— MY —— 0

| 163 )j{f

0 —— K —— M ®,Y & Pooker f

In this case, pd4 (Y, X, f) < m if and only if pd 4(0, K,0) < m — 1. By the snake Lemma we get the exact
sequences 0 — Ker f — K — Pcoker f — Coker f — 0and 0 — Ker f — K — Q!(Coker f) — 0, and from
the latter we obtain that

4.1 pdg Ker f < max{pdg K,pdzQ' (Coker f) — 1} .

Since gl.dimB = m + 1, it follows from (£.1) that pdz Ker f < m — 1if pd4(Y, X, f) < m, which proves
(1). Now, by applying Hom(_,—) to 0 — Ker f — K — Q!(Coker f) — 0 we get the exact sequence
Ext’}(Ker f, —) & Ext’ (' (Coker f), —) — 0. The connecting morphism ¢ : Ext’y (Q'(Coker f), —) —

Ext" ! (Coker f, —) is an isomorphism, hence Ext’y ! (Ker f, —) 4 Ext’3 T (Coker f, —) — 0 is an exact
sequence, where 6 = dg.

Conversely, assume (1) and (2). In order to prove that pd 4 (Y, X, f) < m, it is enough to prove that pd s K <
m — 1. Applying Hom(_, —) to

0 — Ker f — K — Q!(Coker f) — 0

gives the exact sequence Exth ' (Ker f, —) % Ext}(Q'(Coker f), —) — Ext’y (K, —) — Ext(Ker f, —) =
0. It follows from (2) that ¢ = dg is an epimorphism, and so is g. Hence Extz (K, —) = 0, that is, pdg K <
m — 1. 0

Now, here is a sufficient condition for a one-point extension to be (m, 1)-almost hereditary.

Theorem 4.6. Assume that k is a field. Let B be a (m, 1)-almost hereditary algebra and assume that A = B[M]
for a projective B-module M. If, for every indecomposable A-module (k*, X, f), one has pdgX < m or else
idpX < 1, then A is (m,1)-almost hereditary.

Proof. Tt is proved in [[7, Chapter III, Proposition 1.3] that gl.dimA = max{gl.dimB, pd 5 M + 1}, which allows
us to conclude that gl.dimA = m + 1. Let (k%, X, f) be an indecomposable A-module. Assume first £ = 0. In this
case, pdg X < morelse idgX < 1, since B is (m, 1)-almost hereditary and X is an indecomposable B-module.
Therefore pd 4 (0, X,0) < m orelse id4(0, X,0) < 1.

Suppose now t # 0. According to [7, Chapter III, Lemma 2.2], if idp X < 1, then idA(kt, X, f) <1, because
Exty (M, X) = 0. Finally, assume that pd 3 X < m and consider the following short exact sequences

t
42) {0—>Kerf—>M®kk —Imf—0

0—>Imf— X — Coker f —0.
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Lemma[.3]will be applied to conclude that pd 4 (k?, X, f) < m. For this purpose we first prove that pd 5 Ker f <
m — 1. Applying Hom(_, —) to @.2) gives rise to the exact sequences
0 = Ext (M, —) — Ext (Ker f, —) — Ext’? ™ (Im f, —) — Extp ™ (M*,—) =0
{ 0 =Ext} (X, —) = Ext% ™ (Im f, ) — Ext3T*(Coker f, —) =0,
from where we get that Ext’y (Ker f, —) = 0. Thus pdg Ker f <m — 1.
Now, since pd X < m there are exact sequences Ext" ! (Ker f, —) < Ext(Im f,—) — 0 and 0 —

Ext?(Im f, —) 2 Ext™+!(Coker f, —) — Ext?+!(X, —) = 0. Therefore

(4.3)

Ext} ! (Ker f, —) LEN Ext’; ! (Coker f, —) — 0
is an exact sequence. By LemmalL.3] pd 4 (k¢, X, f) < m, which finishes the proof. 0
Corollary 4.7. Assume that k is a field. Let B be a (m, 1)-almost hereditary algebra and let M be a projective
B-module such that
HOIIIB(M, _)|RB\£7£ = 0.

Then B[M] is (m, 1)-almost hereditary.

Proof. Let t be a natural integer. Notice that if (k*, X, f) is an indecomposable A-module, then any indecompos-
able direct summand of X is a successor in ind B of an indecomposable direct summand of M?. Since there is no

nonzero morphism from M to Rp \ L% we get that X € add L, hence pdg X < m. The conclusion therefore
follows from Theorem 4.6 O
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