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HIGHER REGULATORS OF SIEGEL SIXFOLDS AND NON-CRITICAL
VALUES OF SPIN L-FUNCTIONS

ANTONIO CAUCHI, FRANCESCO LEMMA, AND JOAQUIN RODRIGUES JACINTO

ABSTRACT. We construct classes in the middle degree plus one motivic cohomology of
Siegel sixfolds and we compute their image by Beilinson higher regulator in terms of
Rankin-Selberg type automorphic integrals. Using results of Pollack and Shah, we relate
the integrals to non-critical special values of the degree 8 Spin L-functions. Along the way,
by defining and studying complexes of tempered currents on smooth projective complex
varieties endowed with a normal crossings divisor, we provide a new description of Deligne—
Beilinson cohomology for any Shimura variety. This is particularly useful for computations
of higher regulators and fills a gap in the literature on the subject.
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1. INTRODUCTION

Beilinson conjectures are vast generalisations of the analytic class number formula. They
relate special values of L-functions of motives to motivic cohomology classes via higher reg-
ulators. Very few cases of these conjectures are known [2], [3], [13], [14], [43], [6], [29], [34],
and they remain one of the main open problems in arithmetic geometry.

The purpose of the present article is to construct classes in the middle degree plus one
motivic cohomology of Siegel sixfolds and to prove a formula relating their image under the
Beilinson regulator to certain adelic integrals of Rankin-Selberg type. These integrals are
known to compute non-critical special values of L-functions of automorphic forms for GSpg,
and hence our results give further evidence for Beilinson conjectures. The main technical
innovation of the present work, which is also of independent interest, is the introduction and
study of complexes of tempered currents on smooth projective complex varieties endowed
with a normal crossings divisor. Using these complexes, we give a new explicit description
of Deligne—Beilinson cohomology for an arbitrary Shimura variety. This is particularly use-
ful for computations and provides what we believe to be the natural setting for computing
higher regulators of Shimura varieties.

1.1. Main results. Let G = GSpg be the symplectic similitude group of rank 3. Denote
by Shg the six dimensional Shimura variety associated to G. These Shimura varieties and
their cohomology play a prominent role in the study of arithmetic aspects of cuspidal auto-
morphic representations of G(A) and their associated Galois representations.

Fundamental objects used in most of the approaches to Beilinson conjectures are mod-

~Y

ular units. These are elements of the motivic cohomology groups H\,(Shgr,, Q(1)) =
O(Shgr,)* ®z Q of the modular curves Shqr,, which can be seen as motivic realizations of
Eisenstein series. Indeed, by the second Kronecker limit formula, their logarithm is related
to limiting values of some real analytic Eisenstein series. Using these modular units, and
inspired by the work of Pollack and Shah [42], we construct natural cohomology classes

Eispg € HZ\,I(ShG(U),Q(‘l))’

where U C G(Af) denotes an appropriate level structure. The construction goes as follows.
Let F denote a real étale quadratic Q-algebra, i.e. F' is either a totally real quadratic
extension of Q or Q X Q. Denote by GL; /Q the subgroup scheme of Resy/qGLa F sitting
in the Cartesian diagram

GL;F/—> ReSF/QGLZF

S

G, —— Resp/QGm,F-
Let H denote the group
H := GL: W GL; p = {(91,92) € GL2 x GL3 f | det(g1) = det(g2)}.
Then one has an embedding ¢ : H — G. This embedding induces a closed embedding

L: ShH — ShG
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of codimension 3. Letting pr; : H — GLy denote the projection to the first factor, and
u € H},(Shcr,, Q(1)) be a modular unit, one defines Eisp := ¢ (pr(u)).

Recall the existence of the Beilinson regulator map
rp : Hjy(Sha(U), Q(4)) = Hp(Sha(U)/R,R(4)) @R Q,

where H}(Shg(U)/R,R(—)) denote the Deligne-Beilinson cohomology groups of Sha (U).
According to Beilinson conjectures, if the latter cohomology group is non-zero, one expects
to be able to construct non-zero motivic cohomology classes which are related to special
values of L-functions.

Now let m = 7o ® 7 be a cuspidal automorphic representation of G(A) with trivial
central character, for which 7 is a discrete series of Hodge type (3,3) and such that
has a non-zero vector fixed by U. Associated to a cusp form ¥ = ¥V, @ ¥y € 7y ® 7T](c]
such that W, is a highest weight vector of one minimal K..-type of 7., there is a harmonic
differential form wy on Shg(U) of type (3,3). Via a careful study of Deligne-Beilinson
cohomology, we define a natural pairing

< 7w‘lf> : H%(Shg(U)/R, R(4)) OR Q —C ®Q Q
The following is our first main result.

Theorem 1.1 (Theorem [B.3)). We have

(ro(Bisno).wou) = Cur [ B(hy, 0)(A.¥)(h)dh,
H(Q)Zc(A)\H(A)
where E(h,s) is a real analytic Eisenstein series on GLg, the operator A is an element of
U(gc) (defined precisely in §5.3), the constant Cyr is a volume factor depending on UNH(A f)
and dh is a fized Haar measure on H(A).

The main theorem of [42] gives a Rankin-Selberg formula for the Spin L-function of certain
automorphic representations of G. As a consequence of this and Theorem [T we get the
following result, verifying instances of Beilinson conjectures.

Theorem 1.2 (Theorem BI7). Let m be a cuspidal automorphic representation of G(A)
with trivial central character such that mo is a discrete series of Hodge type (3,3). Let &
be a finite set of primes containing oo and the bad primes for m. Let ¥ = W, @ Wy be
a factorizable cusp form in m which is unramified outside ¥ and which supports a certain
Fourier coefficient of type (42). Then

(rp(Bisp), wy) = Cu lim (In(®y, AWy, s)L¥(m, Spin, 5)) .
where L* (7, Spin, s) = HPQE L(mp, Spin, s) and Is,(®x, A. Vs, s) is the integral over the finite
set of places 3 as defined in Equation (I5).

Some remarks are in order.

Remark 1.3. One can show (cf. Corollary [5.I8) that there exist a cusp form ¥ = ¥ ® \Tff €

m, with ¥ and T coinciding outside ¥, and a Schwartz function defining the Eisenstein
series, such that the finite integral In(®y, A.Uy,s) is equal to the archimedean integral
Io(Poo, AW, s), implying that

. N . = :
<TD(EISM)7wq;> =Cy ll_% (Ioo(q)ooa A'\I’ooy S)L (777 Spln, 5)) .
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We expect the value lim;_,q (Ioo(@oo, AW, s)L*(r, Spin, s)) to be equal, up to some non-
zero constant, to the leading term of the Taylor expansion of L*(,Spin,s) at s = 0 (cf.
Remark [5.19 for a more detailed discussion). We would like to point out that, thanks to [16]
Proposition 12.1], this archimedean integral can be made non-zero at arbitrary s = s if one
has some freedom on the choice of ®,, and ¥,. This implies that the archimedean integral
does not vanish identically, however the main crux to improve our formula is to calculate it
when W, is the highest weight vector in the minimal K..-type of 7.

Remark 1.4. The classes Eisp were used in [10], where the first and third authors showed
that their étale realisations could be assembled into a norm-compatible tower of cohomology
classes for some p-level subgroups, giving rise to an element of the Iwasawa cohomology of
the local p-adic Galois representation associated to the automorphic representation of GSpg.
The above theorem shows that the p-adic L-functions constructed in [I0] are indeed related
to special values of complex L-functions in the spirit of Perrin-Riou conjectures.

According to the taste of the reader, one could also be interested in the non-vanishing of
the motivic cohomology group in which our class lives.

Corollary 1.5 (Corollary B.21)). Let 7 be a cuspidal automorphic representation of G(A)
and U a cuspidal form in w as in Theorem [L.2 Suppose that

lim (Ioo(Poo, A-Voo, s)L¥ (7, Spin, s)) # 0.
s—0

Then H,(Shg(U), Q(4)) is non-zero.

Let us now make some remarks on and explain the strategy for proving Theorem [[.Il The
main difficulty in proving this result resides in the fact that the differential form wg does not
necessarily (to our knowledge) extend by zero to the boundary of a smooth compactification
of Shg(U). This problem only appears when one works with automorphic representations
whose archimedean component is not the holomorphic discrete series. As it was pointed
out to us by A. Pollack and S. Shah, a first version of this manuscript contained a fatal
mistake. Essentially, the problem was coming from using a description of Deligne—Beilinson
cohomology in terms of currents (cf. [26] or [8]) on a smooth compactification of the open
Shimura variety, i.e. linear forms of differential forms which extend to the boundary. The key
idea was to approximate the rapidly decreasing differential form wg by compactly supported
ones in order to apply these currents and, by using our hypothesis on the Hodge type of
wy, get the desired integral formula. However the main problem of this approach is that
there is no control on the Hodge type of the compactly supported differential forms that
approximate wy. Moreover, it turned out that a similar gap appears in other works on
complex regulators in different settings, such as [29], [33], [34], [41].

Our novel idea is to give a description of Deligne—Beilinson cohomology in terms of tem-
pered currents, i.e. sheaves of continuous linear forms on rapidly decreasing differential
forms. The basic ingredient of our result is the construction of various de Rham complexes
a la Deligne, formed by slowly increasing differential forms and tempered currents, that cal-
culate the Hodge structure of the cohomology of a smooth complex variety together with its
underlying real structure. We work this out in full generality because we believe it is of inde-
pendent interest and also because our methods are flexible enough and translate verbatim to
correct the aforementioned gap in the literature. Let us describe these results in more detail.

1.2. Hodge structures on the cohomology of a smooth complex variety. Let X be
a proper smooth complex variety, D C X be a normal crossing divisor and let X = X — D.
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In his seminal work [12], Deligne constructed a complex Q*Y(log D) of differential forms
with logarithmic singularities along D, which is equipped with Hodge and weight filtrations
F and W and he showed that (Q*Y(log D), W, F) is a mixed Hodge complex inducing the
canonical mixed Hodge structure on the cohomology of X. The results of Deligne have
been consequently extended by Navarro [39] and Burgos Gil 7], who showed that the mixed
Hodge structure on the cohomology can be calculated by means of complexes of analytic and
smooth differential forms with logarithmic singularities at the boundary. We will denote by
fszfy*(log D) the complex of smooth differential forms with logarithmic singularities along D
constructed in [7]. This complex has also the advantage of capturing the underlying real
structure that is not seen in 5(log D), as well as to provide a resolution by fine sheaves,
as they admit partitions of unity.

In the study of the arithmetic of non-holomorphic automorphic forms, one is naturally
led to study various types of singularities along the boundary divisor to consider complexes
of differential forms which are slowly increasing or rapidly decreasing along the divisor D.
In the context of coherent cohomology, this has been extensively used by Harris-Phong [23],
Harris [21] and Harris-Zucker [24]. In this article, we show that one can calculate the Hodge
structure of the cohomology of such a variety using this kind of complexes.

We now describe our result in detail. Locally around any point, one can find a coordinate
system (21, ..., 2k, Zk41, - - - 2q) such that X is isomorphic to a polydisc A? of dimension d and
radius 7 > 0 and that the normal crossing divisor D is given by the equations z; ...z, = 0.
Slowly increasing (resp. rapidly decreasing) functions on X are then defined locally by
asking that

. N
fx)<C <H|10g|zi||)
i=1

for some N > 0 (resp. for all N < 0) and some constant C, and similar conditions for certain
derivatives of f (cf. Definition .T]). Then one defines in an analogous way (cf. Definition
M3) complexes 7%, resp. %, of sheaves on X of slowly increasing and rapidly decreasing
differential forms. These are complexes of fine sheaves equipped with a Hodge structure
(given as usual by the type of a differential form) and with a real structure (given by real
valued smooth differential forms). A new object introduced in this article is the complex Z*
of sheaves on X of tempered currents. Rapidly decreasing differential forms are naturally
equipped with a Fréchet topology and we define 277 as the sheaves U — I'.(U, szfil_p ’d_q)*
of continuous linear forms on compactly supported sections on U of rapidly decreasing
differential forms, where U C X is an open set. It is also a complex of fine sheaves and it is
equipped with a Hodge filtration as well as with a natural real structure.

Theorem 1.6 (Proposition [L7] Proposition L8 and Theorem L20). The natural inclusions
(Q%(log D), F) = (@5 (log D), F) — (g, F) = (77, F)

8%
are filtered quasi-isomorphisms. Moreover, the last two quasi-isomorphisms are compatible
for the corresponding real structures.

The first quasi-isomorphism is one of the main results of [7]. The proof of the quasi-
isomorphism (25(log D), F') — (/;, F) can be more or less extracted from the work of

Harris and Zucker [24] and Kato, Matsubara and Nakayama [28]. The last one does not
seem to have been yet considered in the literature and is the one that we will need for our
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calculations.

Immediately from Theorem [I.6] we obtain the following description of Deligne-Beilinson
cohomology. Denote by Z*(X) the complex of global sections of %, let 91*1(1)_1) be the

complex of sheaves of R(p — 1) = (2mi)P~!R-valued currents and denote by Qﬁ(p_l)(Y) the
corresponding complex of global sections.

Corollary 1.7 (Theorem [£.23]). We have
R(p)p = cone (FP@*(Y) = gﬁ(p_l)@) —1].
In particular, we have
{(8,T) :dS =0,dT = m,_1(5)}
d(S,T)

where (S,T) € FP9™(X) & 75}, (X) and d(S,T) = (dS,dT — m,_1(S)).

Hp(X,R(p)) =

)

This explicit description has the pleasant property of being covariant with respect to
proper morphisms, which allows us to explicitly describe the image under the Gysin maps
of Siegel units as tempered currents, which can naturally be paired against the rapidly
decreasing differential form wy. This, together with the second Kronecker’s limit formula,
allow us to conclude the proof of Theorem [L.11

1.3. Organisation of the article. In Section 2 we introduce the relevant reductive groups
and the attached Shimura varieties and we explain the construction of the motivic coho-
mology classes. In Section 3 we recall some classical results on the cohomology of locally
symmetric spaces and we describe the construction of the harmonic differential form asso-
ciated to a cusp form on GSpg(A). Section 4 is the technical heart of the article and gives
an explicit description of the Deligne—Beilinson cohomology of a smooth variety in terms of
tempered currents. We also define natural pairings between elements in Deligne—Beilinson
cohomology and certain closed rapidly decreasing differential forms. Finally, in section 5, we
prove Theorem [I.1], expressing the value of this linear form on the archimedean realisation
of our motivic classes in terms of Rankin-Selberg type integrals and, using the main result
of [42], we relate these integrals to non-critical values of the Spin L-function of the fixed
cuspidal automorphic representation of GSpg(A).
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and Shrenik Shah for pointing out the mistake in our arguments in a first version of this
article as well as for various instructing discussions; José Ignacio Burgos Gil for his in-
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Moeglin for many useful conversations concerning discrete series and Fourier coefficients.
Guido Kings and David Loefller for their useful remarks on some of our calculations. The
third named author would like to thank Pierre Colmez for his interest and suggestions on
this article and for his constant support. Finally, we thank Michael Harris, Régis De la
Bretéche, Taku Ishii, Tadashi Ochiai, Juan Esteban Rodriguez Camargo, Giovanni Rosso,
Benoit Stroh, Jun Su and Sarah Zerbes for useful correspondence or conversations related
to this article. The first named author was supported by the European Research Coun-
cil (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No. 682152). The third named author was financially supported by the
ERC-2018-COG-818856-HiCoShiVa.
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2. CLASSES IN MOTIVIC COHOMOLOGY

This first section is devoted to the construction of the classes in the motivic cohomology
groups of Siegel sixfolds which will be the main characters of the article.

2.1. Groups. Let GSpg be the group scheme over Z whose R-points, for any commutative
ring R with identity, are described by

GSpg(R) = {A € GLg(R) | 'AJA = v(A)J, v(A) € Gm(R)},

where J is the matrix (_013 16”), for I3 denoting the 3 x 3 identity matrix.

2.1.1. Subgroups. Let F' be a totally real étale quadratic Q-algebra. Denote by GLE’F/Q
the subgroup scheme of Resyp/qGLg p sitting in the Cartesian diagram

GLS,F S ReSF/QGLZF

Tk

Gm(—> ReSF/QGmJ:'.

For instance, when F' = Q x Q, we have
GL;F = {(gl,gg) € GLy x GL4 ‘ det(gl) = det(gg)}.

Consider F? with its standard F-alternating form (, ). We fix the standard symplectic
F-basis {e1, f1} and define ( , )q to be Trp/q o (, )r. Then, by definition GL; p C
GSp(( , )q)- The extensions F/Q are parametrised by a € QZ,/(QZ%,)?, and we identify
F = Q& Qy/a, for a representative a of the corresponding class in Q;O/(Qéo)Q. Fixing the
Q-basis of F? given by

{ﬁeh se1,vafi, fi}
gives an isomorphism GSp((, )q) =~ GSp,. Indeed, such a basis represents the alternating
form (, )q as given by J. Thus we have an embedding

GL3 p — GSp((, )q) =~ GSp,. (1)

Let V3 be the standard representation of GSpg with symplectic basis {e1, e2, €3, f1, f2, f3}.
We will consider the embedding

GL, X GSp, — GSpg (2)

induced by the decomposition V3 = (e, f1) ® (e, €3, f2, f3)-
By composing the maps of (I]) and (2]), we construct the embedding

v H:=GL XGL; p — G

2.2. Shimura varieties. Keep the notation of the previous section and denote by S =
Resc/rGm/c the Deligne torus. Denote by Xg the H(R)-conjugacy class of

h:S—Hmg, z+iye ((5%),(59),(5Y9).

The pair (H, Xg) defines a Shimura datum whose reflex field is Q. Denote by Shyy the
corresponding Shimura variety of dimension 3. If U C H(Ay) is a fibre product (over the
similitude characters) Uy X A% U, of sufficiently small subgroups, we have

Shi(U) = Shar, (U1) X@,, Shery . (Ua),
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where X, denotes the fibre product over the zero dimensional Shimura variety of level
D= det(Ul) = det(Ug)

mo(Shar, ) (D) = Z%/D.
We recall the reader that the complex points of Shy(V') are given by
Shu(V)(C) = H(Q)\H(A)/Zu (R) Kn

where Zg denotes the center of H and Koo € H(R) is the maximal compact defined as
the product U(1) x U(1) x U(1).

Notice that the embedding ¢ : H — G induces another Shimura datum (G, Xg) of
reflex field Q. For any neat open compact subgroup U of G(Ay), denote by Shg(U) the
associated Shimura variety of dimension 6. We also write ¢ : Shgg(U N H) — Shg(U) the
closed embedding of codimension 3 induced by the group homomorphism ¢ : H — G.

2.3. Motivic cohomology classes for GSpg;. We now define the cohomology classes we
want to study in this article.

2.3.1. Modular units and Eisenstein series. The input of our construction are the modular
units already considered by Beilinson and Kato, which are related to real analytic Eisenstein
series by the second Kronecker limit formula.

Let T9 denote the diagonal maximal torus of GLs and let Bo denote the standird Borel.

Define the algebraic character \ : Ty — G,, by A(diag(t1,t2)) = t1/t2. Let S(A2, Q) denote
the space of Q-valued Schwartz-Bruhat functions on A%, Given ® € S(A2, Q), denote by

f(9,®,5) = |det(g)] / (0, )g) |t d*t

GL1(A)

the normalised Siegel section in Indggfg;)(])\ls ) and define the associated Eisenstein series
E(qu)ws) = Z f(797¢7s)' (3)
7€B2(Q)\GL2(Q)

Fix the Schwartz-Bruhat function @, on R? defined by (z,y) e~ (@ +y?) and, for each Q-
valued function ®; € S (Aff, Q), the smallest positive integer Ng ; such that @ is constant

modulo Ng f22. Finally, denote SO(A?,Q) cS (A%,Q) the space of elements ®; such that

®£((0,0)) = 0. We now state the following (classical) result, which relates modular units to
values of the adelic Eisenstein series defined in (3)).

Proposition 2.1. Let ®; SO(A%,Q) with No, > 3, then there exists
u(®y) € O(Shar, (K (Ns,)))* © Q

such that for any g € GLa(A) we have
E(g, ®,5) = log|u(®f)(g)] + O(s),

where @ = Py, @ Py

Proof. This is the second statement of [41, Corollary 5.6], where vy is taken to be the trivial
character. g
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Example 2.2. When ®; = char((0,1) + NZ2) for N > 4, the corresponding u(®y) €
O(Shg,(K(N)))* ® Q is given by Hbe(Z/NZ)X g‘o’i%]/v]z[, where g,/ is the Siegel unit as in
[27, §1.4]. Indeed, Shqr, (K (N)) is a disjoint union of connected components all isomorphic
to the modular curve Y (), which are indexed by the class of [det(k)] € Z* /(1 + NZ), for
k € GLQ(Z). Choose a system of representatives given by the elements k; = (1 d)v as d
varies in Z* /(1 + NZ). Then, a point in Shar, (K (NV))(C) is represented by a pair (z, kq),
with z € Y/(V). By [41], Corollary 5.6, as function on Shqr, (K (N))(C),

N N
W@k = T g i@ =TI s
be(Z/NZ)x ¢ be(Z/NZ)x

where 74 denotes the inverse of d modulo N, ¢ is Euler’s totient function, and go ,/y is the
Siegel unit as in [27, §1.4]. Thus, u(®s) descends to an element of O(Shgr, (K1(N)))* ® Q,
as each gg /v does.

2.3.2. The construction. Let
u: SO(Afva) — H}M(ShGszﬁ(l)) = O(ShGLg)X Kz Q

be the GLo(A f)-equivariant map defined by @ ¢ — u(®), where H},(Shar,, Q(1)) denotes
li_ngvH}Vl(ShGLz(V),Q(l)) and O(Shgr,)* ®z Q denotes limy (O(Shar, (V)™ ©z Q), the
limits being taken over all neat compact open subgroups V' C GLa(Ay).

Let

Vi C GLQ(Af), Vo C GL;F(Af)

denote neat compact open subgroups such that the images of V; and V5 by the similtude
characters are the same. Taking the fiber products over the similitude character, we obtain
a compact open subgroup V = V; A% Vo of H(Ay). Let U C G(Ay) be a neat compact

open subgroup such that the embedding ¢ induces a closed embedding Shg (V') < Sha(U)
of codimension 3. As a consequence, we have an induced map on motivic cohomology

b Hyg(Sha(V), Q(1)) = Hiy (Sha(U), Q(4)).

The projection on the first factor of Shy (V') is a morphism p; : Shg(V) — Shar, (V1).
Hence we have the sequence of morphisms

So(Ay, QY —— H},(Shar,(V1),Q(1))
L HL(Sha(V), Q1))
—— Hi,(Sha(U),Q(4)).
Definition 2.3. We define Eispg : So(Ay, Q)Y — Hi,(Sha(U), Q(4)) to be the composite

of these morphisms.

Remark 2.4. The notation Eisp, is slightly abusive as these morphisms depend also on U,
V' and the data entering in the definition of «.

3. COHOMOLOGY OF LOCALLY SYMMETRIC SPACES

In this chapter, we recollect some classical general facts that will be used later or that
serve as motivation for our constructions. We also describe the construction of the differential
form wy that will be used in the statement of the main result.
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3.1. Representation theory. We set the notations for the representation theory back-
ground needed to describe the component at infinity of the automorphic representations
under consideration.

3.1.1. Cartan decomposition. The maximal compact subgroup Ko, of Spg(R) is described

as
Ko ={(%%5)| AA'+ BB' =1, AB" = BA'}.

It is isomorphic to U(3) via the map (_AB ﬁ) — A + 1B and its Lie algebra is
t={(%%)|A=-A"B=DB"}.
Letting
pe=1{(4aT4) €eM(6.C) | A= A"},
one has a Cartan decomposition
spe.c = tc B pE B pe.

3.1.2. Root system. For 1 < j < 3, let D; be the square matrix of size 3 with entry 1 at
position (j,7) and 0 elsewhere. Define
0 Dy
T.? = _Z(—Dj OJ )
Then h = ©;R - Tj is a compact Cartan subalgebra of spg . We let (e;); denote the basis
of bg dual to (7});. A system of positive roots for (spg ¢, bc) is then given by

2€j, 1§]§37
ej + ex, 1<i<k <3,
€j — €k, 1<j<k<3.

The simple roots are e; — eg, €2 — e3,2e3. We note that pé is spanned by the root spaces
corresponding to the positive roots of type 2e; and e;+ej. We denote A = {+2e;, £(ejLex)}
the set of all roots, A; = {£(e; — ex)} the set of compact roots and A, = A — A, the
non-compact roots. Finally, we note A", AT and Af, the set of positive, positive compact
and positive non-compact roots, respectively.
The corresponding root vectors for each root space are given as follows:
e For 1 < j <3, the element X9, = (i?f)j ji%)j) spans the root space of £2e;.
e For 1 < j < k < 3, letting E;, be the matrix with entry 1 at positions (j, k) and
(k,j) and zeroes elsewhere, the elements Xoi(ejter) = (:Ij/‘é];k flEEj:) spans the root
space for of e; + ey.
e Finally, for 1 < j < k < 3, letting F}j;, be the matrix with entry 1 at position (j, k),
—1 at position (k,j) and zeroes elsewhere, the element X (. _c) = (Zigﬂ: I%:)

spans the root space of the compact root i(ej — ek).

3.1.3. Weyl groups. Recall that the Weyl group of Spg is given by Wsgp,, = {£1}% x &3. The
reflection o; in the orthogonal hyperplane of 2e; simply reverses the sign of e; while leaving
the other ey, fixed. The reflection o, in the orthogonal hyperplane of e; — e, exchanges e;
and ey, and leaves the remaining ey fixed. The Weyl group W of K = U(3) is isomorphic
to 63 and, via the embedding into G, identifies with the subgroup of Qg generated by the
ojr. With the identification s, = N(T')/Z(T'), an explicit description of s, and W,
is given as follows. The matrices corresponding to the reflections o, are

(S(J)k —Ojk)’
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where Sjj, is the matrix with entry 1 at places (¢,¢), £ # j,k, (k,j) and (j,k) and zeroes
elsewhere. The matrices corresponding to the reflection o; in the hyperplane orthogonal to
2e; are of the form

(—2[1]',1(;].)’

where T; denotes the diagonal matrix with —1 at the place (j,j) and ones at the other
entries of the diagonal.

3.1.4. Kyo-types. We previously defined the maximal compact subgroup K., =~ U(3) of
Spg(R), with Lie algebra £, and we considered the Cartan decomposition sps ¢ = tc ® p& @
pc. Recall that pé =®.car CXia-

Denote by (ko, ko, k3) = kie1 + kaea + kses, with k; € Z the integral weights. Integral
weights are dominant for our choice of AT if k3 > ko > k3. Recall that there is a bijection
between isomorphism classes of finite dimensional irreducible complex representations of
Ko and dominant integral weights, given by assigning to the representation 7(x, r, k) its
highest weight (ki, k2, k3).

3.2. Lie algebra cohomology. Let Ag = R’ denote the identity component of the center
of G(R) and let Kg = AgKsx C G(R). The embedding spg ¢ C gc induces an isomor-
phism spg o/t ~ gc/(Lie(Kg))c. By [5, II. Proposition 3.1], for any discrete series 7o
associated to the trivial representation (cf. §3.3] below), we have

6
H(g, K;moo) = Hompe (/\ 806.c/€ Too).

By using the Cartan decomposition above, we get

6 p q
/\513'6,(3/E = EB /\F‘Jé ®c /\PE-

p+q="6

One can easily decompose each term of the sum above in its irreducible constituents (if
treated as a Koo-representation via the adjoint action). This will be helpful for writing
explicit elements in H®(g, Kg;Too) according to the minimal K.o-type of ms. Indeed, pé
(resp. pg) is the six dimensional irreducible representation of K, of weight (2,0,0) (resp.
(0,0,—2)). Using Sage package for Lie groups, one can see the following.
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Lemma 3.1. We have the following decompositions in ireducible components of the following
K -representations.

6
/\PJ(S = T(4,4,4)
5
/\PJCr ®c Pc = T(4,2,2) D T(4,31) D T(4,4,0)

4 2

ArE©c \vc =7011) © 7220 ® 27310 S 2732, 1) © T(3.3,-2) B T(4,0,0)D

3 3

/\ P& ®c /\ Pc = 270,00 © T(1,1,—2) D 27(1,0,-1) D T(2,-1,-1) D T(2,1,-3) D T(2,2,—4)D
D 47(2,0,—2) D T(3,-1,-2) D 27(3,0,-3) D T(4,~2,~2)

2 4

+ - _

/\ pe ®c /\ Pe = T(—1,-1,-2) © 27(1,-2,-3) D 7(1,-1,—4) D T(2,-3,-3) D T(2,—2,—4)D

© 7(0,~2,-2) ® 27(0,-1,-3) D 7(0,0,-4)
5
PG ®c \Pe = T2, 2,0y B T(_1,-3,-2) © T(0,-4,-1)

6
/\P(_j = T(—4,-4,-4)
It will be useful to have some explicit description of the components 75 5 4y and 74 _ _9)
3 3, —
of A”p& ®c A’ pe-
Lemma 3.2. The vector
X(2,2,—4) = (X261 A X262 A X61+62) ® (X—e1—e3 A X—eg—eg A X—263)
is a highest weight vector of T(39 _4). Analogously, a highest weight vector of T4 _o _9) C
T(4,1,1) ® T(0,—3,-3) S given by
X(4,—2,—2) = (X261 A X€1+62 A X€1+63) ® (X—62—63 A X—262 A X—263)'
Proof. We have a decomposition of K, representations /\3 pé = 7(3,3,0) © T(4,1,1) /\3 e =
T(—1,—1,—4) D T(0,—3,—3)- Since each of the four summands have multiplicity-free weights (i.e.
every weight space has dimension at most one), then one can easily check that the vector
X(Z,Q,—Zl) = (X261 A X262 A X61+62) ® (X—61—63 A X—eg—eg A X—263)

is a highest weight vector of 7(39 _4) C T(33,0) ® T(~1,—1,—4). Indeed 7(35 4 is the Cartan
component of the tensor product and each of the terms in the tensor product defining
X(2,2,—4) is a highest weight vector of its corresponding representation. Analogously, one
shows that X4 _5 _o) is a highest weight vector of 74 _o _9) C 7(4,1,1) ® T(0,—3,—3). Observe
finally that we can pass from 739 _4) to 74 _2 _2) by the action of the matrix inducing
complex conjugation. O

3.3. Discrete series L-packets and test vectors. We recall some standard facts on
discrete series. For any non-singular weight A € A, define

AY(A)i={a €A : (a,A) >0}, AT(A)=AT(A)NA,

where (, ) is the standard scalar product on R3. Let A be a dominant weight for Spg
(with respect to the complexification hc of the compact Cartan algebra h) and let p =
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23 ear @ = (3,2,1). As |Wg, /W, | = 8, the set of equivalence classes of irreducible
discrete series representations of Spg(R) with Harish-Chandra parameter A + p contains
8 elements. More precisely, let us choose representatives {ws,...,ws} of Wsp, /Wi of
increasing length and such that for any 1 < i < 8, the weight w; (A + p) is dominant for K

Then for any 1 < i < 8 there exists an irreducible discrete series 72 | where A = w;(\ + p)
of Harish-Chandra parameter A and containing with multiplicity 1 the minimal K-type
with highest weight A + ds,, — 20k, where dsp,, resp. dx,, is the half-sum of roots, resp.
of compact roots, which are positive with respect to the Weyl chamber in which A lies, i.e.,

208p, 1= Z o, 20K, = Z o.

a€AT(A aeAT(A)

Moreover, for i # j, A = w;(A + p), A = w; (X + p), the representations 7A and 72 are not

equivalent and any discrete series of Spg(R) is obtained in this way (|30, Theorem 9.20]).
define the discrete series L-packet P(V*) associated to A to be the set of isomorphism classes
of discrete series of Spg(R) whose Harish-Chandra parameter is of the form A = w;(A + p),
for some 1 <7 < 8.

Lemma 3.3. There exist two irreducible discrete series representations 733 and 752 of
Spe(R) with Harish-Chandra parameter (2,1, —3) and (3,—1,—2), and trivial central char-
acter whose minimal Kx-types are T(z9 _4) and T(4,_2 ).

Proof. As explained in section B.I1.3] the reflections o; in the orthogonal hyperplane of the
long roots 2e; for 1 < i < 3 generate a system of representatives of Ws, /Wk,,. But
these elements do not necessarily meet the condition that o;p is dominant for K. In or-
der to find representatives satisfying this condition, we have to multiply these elements by
elements of Wy to put the coordinates of o;p in decreasing order. We find the represen-
tatives defined by their action on p as follows: wq(3,2,1) = (3,2,1), w2(3,2,1) = (3,2, —1),
ZU3(3, 2, 1) = (37 1, _2)? ZU4(3, 2, 1) = (27 1, _3)? w5(37 2, 1) = (37 -1, _2)7 w6(37 2, 1) =
(27 -1, _3)7 w7(37 2, 1) = (17 -2, _3)7 w8(37 2, 1) = (_17 -2, _3)

For each A = w;p, 1 < i < 8, observe that ds,, = w;p and hence the minimal K.-type of

the discrete series w2

is given by the formula
A+ 5SP6 — 25[(00 = 2w;p — 25](00.

Using this formula, one easily checks that the minimal K..-types corresponding to each

of representative w;, ¢ = 1,...,8 described above are, respectively, 71 = 7T(444),72 =
T(4,4,0)> T3 = T(4,2,—2),T4 = T(2,2,-4),T5 = T(4,-2,—-2),T6 = T(2,—2,—4),T7 = T(0,—4,—4) and
T8 = T(_4,—4,—4). Lhe result follows by considering i = 4, 5. O

Lemma 3.4. Let 1 = 7o @ 7y be a cuspidal automorphic representatz’on of G( ) with
archimedean component T the discrete series such that 7Too|sp6( R) 7Too e 71'00 and such
that 71'][{ #0. Let V =V, ® Uy be a cusp form in the space of m such that W, is a highest
weght vector of the minimal Ko -type T(2.2,_4) of 733 and W ¢ 1s a non-zero vector in W?. Let

X(2,2,—4) be the highest weight vector in the Koo-type T(29,—4y C A® P& ®c A? pe of Lemma
[72. Then there exists a unique non-zero harmonic (3,3) differential form

wy € Hompg (/\pc ®c /\pc,ﬂ ; ) ®7Tf

on Shg(U) such that wy(X(92 _4)) = V.
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Proof. The results follows immediately from the fact that the minimal Koo-type 722 _4) of
733 appears with multiplicity one, cf. [5, Theorem I1.5.3]. O

3.4. Archimedean L-functions and Deligne cohomology. We end up this chapter by
recalling some classical results on the relation between Deligne cohomology groups and
the L-function of a motive, which explains when one expects to have non-trivial motivic
cohomology. This section has only motivational interest and is not relevant to the main
calculations of this text.

3.4.1. Hodge decomposition. In this section, we describe the Hodge decomposition of the
"interior motive" M (7s) defined from the 7 s-isotypical component of the interior cohomol-

ogy
M(?Tf) &® T = HIG(ShG7 Q)[Trf]v

which will allow us to describe I'-factor of its L-function and its simple poles. Recall from

[15], [37] that M (7s) is pure of weight 6. The Hodge weights of M (7¢) lie in the set of pairs
(0,6),(1,5),(2,4),(3,3),(4,2),(5,1), (6,0).

When 7 is sufficiently nice, more precisely stable at infinity, all the weights (p, ¢) appear.

3.4.2. Archimedean L-functions and Deligne cohomology. We recall now, following [46], the
definition of the I'-factor of M (m¢). The simple poles of this factor indicate the set of Tate
twists of the motive M (m¢) for which the Deligne cohomology is of positive dimension. It
is precisely for these twists that one expects to construct non-trivial motivic cohomology
classes.

The Betti realisation of M (7;) admits a Hodge decomposition

Mp(rp)®C= @ HP"
p+q=6

which is equipped with an involution o such that o(HP?) = H%P. Denote h?? = dimc HP4
the Betti numbers. For any p, write HPP = HP+ @ HP~, where HP* = {x € HPP|o(x) =
+(—1)Pz}, and let AP*! = dimg HP*. Let T'r(s) = 7°/?T'(s/2), T'c(s) = 2(21)~°I'(s)
be the real and complex Gamma factors, so that we have I'c(s) = I'r(s)['r(s + 1). The
archimedean factor of the L-function of M (7¢) is then defined as

D(M(ms),s) = [[Tets — )" [ Tr(s — )" Tr(s —p+ 1"

Since the Gamma function I'(s) has simple poles at s = —n, n € N, a simple calculation
shows that the order of the pole of I'(M (7¢),s) at s = m, m € Z, is given by

0 ifm >3
m<Zp:<q W {h?”(_l)mg otherwise
Immediately from this formula, we get:
Lemma 3.5. The function T'(M(ny),s) has a pole of order h>* at s = 3.
Finally, recall the following result:
Proposition 3.6 (|45, §2, Proposition] ). We have

ords—p, L(M(7f), s) if m <3

dim, Hp(M (mp)(7 = m)) = {ords:muM(m), 5) = ordypir L(M(rp),5) if m =3,



HIGHER REGULATORS OF SIEGEL SIXFOLDS 15

In this text, we are interested in the study of these Deligne cohomology groups for m = 3.
The crucial hypothesis of Lemma [3.4] and §5.TJon the existence of a non-trivial test vector of
the right Hodge type translates into asking that h®* # 0. Using the functional equation of
the completed L-function for M(7y) and the fact that I'(M(7¢), s) is non-zero at s = 3+ 1,
this translates into the equality

Rt = ords—3L(M(7y), s) — ords—qa L(M(7}), ).

In view of Proposition B8] this in turn implies that HL (M (77)(4)) is of positive dimension.
According to Beilinson conjectures (cf. [45, §5]), one then expects to construct non-trivial
motivic cohomology classes in H (M (77)(4)).

Thanks to the results of [42], we can relate the archimedean realisation of our motivic
class to a non-critical special value of the degree 8 Spin L-function. Indeed, under certain
technical hypotheses, the L-function of M(7¢)(3) agrees with the (partial) Spin L-function
L(7,Spin, s) (cf. [31, Proposition 13.1]), which are both centered at s = 1/2. In this case,
Beilinson conjectures predict an isomorphism

(Hias(She. QM) © R) & (NV*(She) © R) L2 HE, (She /R, R(4).

where 7p denotes the archimedean regulator, N3(Shg) is the space of codimension 3 cy-
cles (up to homological equivalence) in a smooth compactification Shg, and cp is the
(Betti) cycle class map. In this article, we focus our attention to the cuspidal automor-
phic forms which contribute to the motivic part of the conjecture, i.e. precisely those for
which A%+ = ord,—oL(, Spin, s) > 0. Our main result, Theorem [5.I7), gives striking evi-
dence towards the conjecture for these automorphic forms. The forms which contribute to
the other term, in the spirit of Tate’s conjecture, are instead the ones of Hodge type (3,3),
for which ords—; L(m,Spin,s) = —1. These automorphic forms are lifts from the split Go
under the exceptional theta correspondence (cf. [42, Theorem 1.3]). In [9], we address this
part of Beilinson conjecture.

4. DELIGNE-BEILINSON COHOMOLOGY AND TEMPERED CURRENTS

Let X denote a complex analytic variety which is smooth, quasi-projective and of pure
dimension d. Let X be a smooth compactification of X such that D = X — X is a simple
normal crossing divisor. We denote by j : X — X the open embedding. We will assume
that X is defined as the analytification of the base change to C of a smooth, quasi-projective
R-scheme. The complex conjugation F, is an antiholomorphic involution on X. For p € Z,
let R(p) denote the subgroup (277)PR of C. We will denote by the same symbol the constant
sheaf with value R(p) on X.

We recall the definition of Deligne-Beilinson cohomology (D B-cohomology for short) of
X. Let Q% be the sheaf of holomorphic differential forms on X and let Q*Y(log D) be the
sheaf of holomorphic differential forms on X with logarithmic poles along D (see [12, §3.1]).

The Hodge filtration on % (log D) is defined as FPQ% (log D) = B,/>, Q%(log D). There
are natural quasi-isomorphisms of complexes Rj,C — Rj.{)% and Q*Y(log D) — Rj.Q%
(see [12] or [26] for the basic facts used here). For any p € Z, the D B-cohomology groups
HE(X,R(p)) of X with coefficients in R(p) are defined as the hypercohomology groups of
the complex

R(p)p := cone(Rj.R(p) & F*Q(log D) — Rjy)[-1], (4)

where the arrow is given by the difference of the natural maps. Let F* = FX ® c be
the de Rham involution given by the action of the complex conjugation on X and on the
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coefficients. The real D B-cohomology groups are defined as
Hp(X/R,R(p)) = Hp(X,R(p)) ",

The purpose of this chapter is to give some useful new explicit description of D B-
cohomology that will be suitable for the computations of the next chapter. In order to
do this, we will explain how the Hodge filtration and the real structure on the cohomology
groups of X are induced from Hodge complexes of differential forms with growth conditions
and tempered currents.

4.1. Function spaces. If r > 0, we denote by A* ={z € C : 0 < |z| <r} the punctured
disc of of radius r and A, = {z € C : 0 < |z| <r} its closure. If m,n € N, we will denote
by z = (21, Zm, Zm+1, - - - » Zm+n) the coordinates of (AX)™ x (A,)™.

Definition 4.1 (|24] §2.2]). Let N € N. A C*®-function f(z) on (AF)™ x (A,)" is said to
have logarithmic growth of degree N, resp. logarithmic decay of degree N, if

m N
sl (T hoelsl)
j=1
resp. if

1f(2)] < C<ﬁ|log|Zj|\>_N,

j=1
for some constant C > 0. We say that f is slowly increasing if, Va,b € N c,d € N", the
function

[[Gg)"Egz)" 11 G G |0 )
i=1 ‘ bog=Eml T !

is of logarithmic growth for some N € N. The function f is uniformly slowly increasing if
the same N works for all. We say that f is rapidly decreasing if f and all the terms as in
@) are of logarithmic decay N for all N € N.

Remark 4.2. The condition (@) on the derivatives comes from asking that all the exterior
higher derivatives of f will satisfy the same growth conditions. This will assure in particular
that the complexes of differential forms defined below are well defined. We also point out
that a slowly increasing functions is equivalent to a smooth function on A™*" equipped
with the log structure given by the normal crossing divisor {z; ...z, = 0}, cf. [28, Lemma
3.4(2)]. We also point out that this is the usual condition for defining rapidly decreasing
functions taking into account the logarithmic change of variables on polar coordinates.

Let X be a smooth compact complex manifold, D C X a normal crossing divisor and
X = X — D. This means that each point z € X has a coordinate neighbourhood U = A¢
with coordinates (z1,...,z2q) for which x = (0,...,0) and such that there is an integer k,
0 <k <d, so that

XﬂU:(Ai)kX (Ar)d_k:{(zl,...,zd)\21...2k7é0}.

We note j : X — X the natural inclusion. o
We denote by O the structural sheaf of holomorphic functions on X and we denote by

Q*Y the holomorphic de Rham complex on X. This is a complex of locally free O<-module
of finite type. Recall also that Q*Y(log D) is defined to be the sub-Ox-algebra of j, Q%

locally generated by the sections dz—zj, 1 <¢ <k and dz; k <i<d. We shall denote by ,!nyo
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the sheaf of smooth functions on X and MY* the complex of sheaves of smooth differential
forms. The complex ,Q{Y*(log D) of smooth differential forms on X with logarithmic growth

at D is defined (cf. |7, §2]) to be the .@/-algebra subsheaf of j,.o7§ locally generated by the

sections

dz  dz:
L5 ogly (1<i<k),
Zi Zq

dZZ', dfi (k <1< d)

Definition 4.3. We denote by &0 (resp. %) the sheaf on X whose sections at U C
X are given by complex valued functions on U N X which are locally at each point of U
slowly increasing (resp. rapidly decreasing). We define the complex <7 of sheaves of slowly
increasing differential forms to be the subcomplex of j.of+ ofszf modules locally gemerated
by d'zl, i for1<i<k anddz, dz; fork <i<d. The complex %, of rapidly decreasing

Zi
dzﬁerentml forms is defined analogously.

Remark 4.4. Observe that, even if it is not reflected in the notation, the sheaves .27 and
/% depend a priori on the divisor D.

Precisely, for any open subset U C X, a differential form w € j,&7%(U) lies in &%(U)
(resp. &% (U)) if it can locally be written as

1,1',J,J’

where I,I' C {1,...,k}, J,J' C{k+1,...,d} and as s is a function in ZI(U) (resp.
Z9(U)) for every I,I',J, J', and where, for I = {i,...,im} C {1,...,k}, we have used the

usual notation %L = NN B
21 B z

Observe that there are natural inclusions

7 C s(log D) C oA C jusly.

dzy
/\dZJ/\—/\d_J/

, and idem for the other terms.

They are all are complexes of fine sheaves since their terms are modules over .Q{YO and hence
admit partitions of unity. We denote by A*Y(log D), «*(X) and o} (_Y ) the corresponding
complexes of global sections. Moreover, the complex structure on X induces compatible

bigradings ) = @, —p Zii" /Z(log D) = @, 4= szf%q(log D), 3 = @,y gen T

st 7
with corresponding Hodge filtrations FPo/7) = @p’Zp fszf?ﬂ’q, etc. Finally, we denote by
Aip C Ay, Dyr © Ay, gz g (log D) C @2(log D) the subcomplexes of sheaves of R-

valued differential forms. The complex Q%(log D) is endowed with a Hodge filtration F™
defined by

FPQO5(log D) EB Qp (log D).

l>p

Proposition 4.5 ([7, Corollary 2.2|). The natural map (Q%-(log D), F) — (@< (log D), I!)
1s a filtered quasi-isomorphism and Rj.R — M%R(log D) is a quasi-isomorphism.

4.2. 9-Poincaré lemma with growth conditions.

Lemma 4.6. There is a long exact sequence

0 — Q% (log D) — /PO 3, APt P 2 .
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Proof. One first reduces to the local situation with coordinates (21,. .., zq) € (AX)F x Ad=F,
Then, the exactness at the middle follows from |23 Lemme 1] (cf. also |21}, (3.1.1) Lemma)|
or [24] 2.1.3]), where they show, in the case of dimension 1, that if g € 72 is a function which
has logarithmic growth of order IV then there exists f € szfsol of logarithmic growth N + 1
such that 9f = g(z)d—; This implies that f is slowly increasing (resp. rapidly decreasing)
whenever g is. The proof for higher dimension is similar, but we also refer to |28, §3.7] for
a proof with complete details.

The exactness at the first term is [23] Lemme 2| and it is also shown in [28 3.5]. We
recall the proof for commodity of the reader. Since &/27 = Mi’q R0y Q‘Z(_(log D), it suffices

to prove the result for p = 0. If f € szfsg’o is such that 0f = 0, then f is holomorphic on X
and slowly increasing. It follows from definition that, locally around any point, the product
(]_[f:1 2;)f(2) is a holomorphic function on A¢ vanishing at the boundary D = {z; ...z, =
0}, and hence divisible by Hle 2;, which shows that f is actually holomorphic on A. This
implies that f € Ox. The case for rapidly decreasing forms is treated similarly. O

Proposition 4.7. There is a filtered quasi-isomorphism
(Q%(log D), F) — (g, F).

5%
Proof. This is basically |24, Proposition 5.8]. In order to show that the natural inclusion
Q*Y(log D) C 7 induces a filtered quasi-isomorphism, one needs to check that it is a filtered
morphism and that the corresponding graded pieces of the complexes are quasi-isomorphic.

The first condition is satisfied by construction, since the Hodge filtration on 27 induces
that of (2% (log D). For the last assertion, we have

GripQ%(log D) = Q% (log D),
A S S )
So the result follows from Lemma O

Proposition 4.8. The natural inclusion (g (log D), F) — (&, F) is a filtered quasi-
isomorphism compatible with the real structures.

Proof. The inclusion map obviously respects the Hodge filtration by construction. To show
that the map is a filtered quasi-isomorphism, it suffices to show that there is a quasi-
isomorphism
Gry o2 (log D) = Grl, o7,
By the proof of [7, Proposition 2.3|, we know that
Gri, /3 (log D) = Q% (log D).
The result follows then from the proof Proposition .71 O

Remark 4.9. Proposition .8 could also be deduced directly from Proposition 7] and [7]
Theorem 2.1].

4.3. The Bochner-Martinelli kernel and rapidly decreasing differential forms. We
now introduce the Bochner-Martinelli operator on rapidly decreasing differential forms which
will be used later to show the d-Poincaré lemma for tempered currents. Our calculations
are very much inspired in the work of Harris and Phong [23], where the case of dimension
1 is treated for showing that the complexes of rapidly decreasing and slowly increasing
differential forms calculate the cohomology of X. By standard arguments, one reduces to
working locally around a point of X, i.e. on a domain of the form (A*)™ x A" with
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A = Ayp. Since all the computations we will make in this section carry over in the same
way, we will assume n = 0 to simplify the exposition.
Let n be a smooth differential form on (A*)™ (A’f/2)m of type (0,¢q). Consider the

operator induced by the Bochner-Martinelli formula

(Kn)(z) = | k(z,w) An(w),
A™

where, if one sets .
D;(C) = (1) 1GdG A AdG A A dCa,
(¢) =dGi A ... NdCa,
the kernel k(z,w) of the operator is given by

k(2 w) = (m - DY Dz —w) A CID(w).
(2mi)m |z — w|?™m
For generalities on this operator, we refer the reader to [19] and [32]. The Bochner-Martinelli
kernel is a locally integrable differential form on C™ x C™\{z = w} that decomposes as

= f} kY (2, w),
q'=1

where k;ql(z, w) is of type (0,¢ — 1) on the variably z and of type (m, m —q’) on the variable
w. Then integral defining the operator K needs not converge but we will show that it does
whenever 7 is rapidly decreasing.

Let I C{1,...,m} with |I| = ¢ and let n(w) = f(w)dgllf be a rapidly decreasing form of
type (0,q) on (A*)™. For every N € N we have

|f(w)] < Gyl log w]| Y (:= nNH|10g|wJ|| ) (6)
7j=1
for some constant Cy y > 0 and the same estimate holds (with variable constant) for all
exterior derivatives of 1 (cf. Definition E:[D We have by definition

) = [ k) ) = (G z . Um0 NOW)

Hz—w\l2m

Observe that f(A*)m Silzmw)ndw) n(w) = 0 unless ¢ € I. Let ¢ € I, then

fe=wlPm

Di(z —w) A D(w) (/ (z; —w;) f(w) )
An(w) = N ZW)T ) oy A diw ) dz i
/(N)m [z — w2 (w) (anym ||z — w|Pmay I={a}-

Lemma 4.10. Then, for any z € (A*)™, the integral
gz(z) - / (ZZ wl)f( )d /\d_
(A%)

ym |z — wl|]*™w;

1s absolutely convergent.

Proof. Let us fix z € (A*)™. Write f = fi1 + f2, where f is a smooth function which
is supported in a sufficiently small polydisc B(z,2a) = [];., B(z;,2a) around z and fo
vanishes identically on []7L; B(z;,a). Then we have

Zi — Wi - 1 il
/ 7 — @ Hfz(iu)'dw/\dw‘ < C’/ Tordw A dw < o0,
(A m

m Iz = wl|*™fwy]
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for some constant C' > 0, where here we denote [w;| = |wr| = [];¢; |wi| and |w| = [T~ |wl.
On the other hand, we have

/ (Zi —wi) f1(w)
(Ax)m
dx

Iz — w|]*™w;
for some C’ > 0 and where the last integral converges from the standard fact that [ Br(0.1) Te[[®
converges if « < n (B™(0,1) € R" is the unit ball). O

dw A dw < +00,

dw/\d@‘ < C'/ 5
B(z,2a) HZ—’[UH m

Lemma 4.11. There exists a universal constant Cy, n, depending only on m and N, such
that for any z € (A*)™ we have

| log ||~

19i(2)| < CrunCy N
|z1—{i}|

Proof. We have

Y Jianm |1z = w2 =N Joaeym 2 — w|Pmfwy] '

We will show the inequality by induction on m. The base case m =1 and I = {i} is the
one treated in |23, Lemme 1] [ for which we give a proof for the commodity of the reader.
There are two cases for the reduction step of the induction, one for those variables j such
that j € I and another one for those variables j not belonging to I. We treat both at the
same time using the same dévisage of the integral as the proof of the base case.

The base case : When m =1 and I = {i} we have

f(w) -
= —————dw A dw.
() /* (z —w)w e
We let 7 := |z| and we decompose A* into three regions

A*:D1UD2UD3,

where D) = A:/2 is the punctured disc of radius r/2, Dy = B(z,7/2)NA* is the intersection
of A* with the (punctured) disc around z of radius r/2 and D3 = A*—(D1UD3). For w € Dy,
we have |z—w| > |z|/2 and |w| < |z|/2 so that in particular |log |w||~™ < |log|z||~". Hence

1 N 1 N dw A dw
/ de/\d@ﬁﬂ o]l / ad w:27r\log]zH_N,
D, |7 —wllw| E D, |l

where the last integral is calculated using polar coordinates. When w € Ds, we have
lw| > |2|/2 and also |w| < 2|z| so that that |log |w||™ < |log(3|z])|~". Hence

_ 3 _N
/ | log |wl| Ndw/\dw - 2\log(§]2\)\ / dw A dw
Dy |2 —w|jwl |2| B(zr/2) |2 — W
|log(2|z])|~N dw A dw 3, -
e — 2| log(22)
ERmy A 2

1Actually7 in [23] Lemme 1] only the case of slowly increasing functions, i.e. when —N > 0 in our notation,
is treated. The arguments for the present case are commented in [2I Lemma 3.1.1] but there is a misprint
in the second term, where it should be 2r instead of r/2.
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Finally, when w € D3, we use that |z — w| > |w/3| and we get, for N # 1,

log [w]|~Y log Jw|| =Y 1 N
/ Nog[wll™ ) n dw < 3/ demz@g:&/ [og [l 4, \ 4w
D3 ‘Z—’LUH'IU‘ D3UDo ”LU’

! “ng’_N 61 67
= 6 o8Pl gy = 2T 1y o) [-N+1 < | _N+1
BB o2 < ol

—N+1

logpl™™ ; _ |logr/2|
dp = N1

p

for

where the last equality follows from the direct calculation frl/z
N # 1. Putting all together we get

_ 3 _ 61 _
1(:)] < o (2l tog 27 + 2 og DI + 17 Hog((=DI+1)

We finally observe that |log(2|z[)Y < 2¥|log|z||" for all = € A*. This concludes the proof
of the base case.
The induction step : For any 1 < j < m, j # i, let rj := || and decompose as before

where Dy) (resp. Déj), resp. ng)) is obtained by replacing the j—th term of (A*)™ by
D, = A:j/z (resp. Do = B(zj,1j/2) N A*, resp. D3 = A* — (D1 U Dy)).

(1) When w; € Dy, we have |z; —w;| > 7;/2 = |2;|/2. Letting 2’ = (21, ,2j,- -+ ,2m) €
(A*)™=! and idem for w’, by the weighted AM-GM inequality we have

_1\ I/m
R SR Y EEd i .
2 —wl|® = |25 —wy|” + [[2" = w'[| = m | |25 — wy] ) (8)
m—1

so that 1/lz —w|[™ < =gp s < AR E e

(a) When j € I, using the above inequality we get

Z — w1 -N
/ | zi — wi| Zi!%i!\ dw A dio <
p® |z —w|*™w]|

LA / dw; A d; </ 'fi—@il“ogiw’“‘Ndwmdw)
A (A

|Zj|2 * /2 |'LUJ| *)mfl HZ/ — wl”2(m_l)‘w/1/’
Tj
|log |2~V 7 — @il log [w'||”N
= 471'# - TR, 2(m_1) 7 dw A d@ 5
Z] (A*)m 1 ||Z w H |w11|

where we have denoted I' = I — {j}.
(b) Assume now that j ¢ I. The same calculation shows that

p@ Iz —wl[*™fwy]

1 =N Z — w1 "|—N
| Og |Z]2|| / dw] /\dwj / |ZZ/ wl“ 2(()g|_1§))|| - dw/ /\d@/
|ZJ| A (A*)mfl ||Z —w H m |'LUI|

*
'rj/2

4

A I|—N
_ 277“0g’2jH_N / ’Zz ’wszOg\ul) H : dw' A da 7
(A*)mfl HZ/ — ’LU,” (m_ )”u)I’
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(2)(a) Let now w; € Dy with j € I. We have |w;| > |z;]/2 and |log|w;||™V <
[log(2|z;|)| =" as in the base case. We calculate

Z — w1 -N
/ -l Zi!ftﬁ!\ dw A
pg = —w|*mfwr]

3 —N — —

< 51108312 / |2 —’wiHl?g\w'H N (/ dw; Adé”,i) ' N dw. (9)
EA (Axym—1 W | D, Iz —wl|

Using polar coordinates we calculate

dwj /\dwj B T3 /2 Pj '
2m 2 2 / 112 md’oj
D, Iz —wl| o (o2 —w]?)
B T 1 1
T I\ WP R e
T 1

m—1 HZ/ _ wl”2(m—l) ’
Hence (@) is majorated by

N .
o |log(3]z])| N / 2 = willlog [uw|| ™Y
m—1 |z (amym-1 |2 — @' |[|2m =D |

(2)(b) When j ¢ I, the first inequality becomes

Z; — wil| 1 -N 3 i — wi|1 =N dw; N\ dw;
/ [Zi — wil|log [uw]] dwNdw < |10g(—|zj|)|_N/ |2 — wil | log [ (/ u) dw' Ndw',
Dy 2 D

Iz = wll*™w;| (Axym=1 |wh] 2 12— wl>m

and the same estimates explained in (a) give the result.
(3)(a) Let w; € D3, with j € I. Using again the AM-GM inequality we get

Z. — w1 —N 1 1I=-N w1 /|—N
[ Bl X <o ([ bRl ) ([ Y )
p |z —w|*™[w| Dy |75 — wi[?|wj| (axym-1 [|2/ = w'[|2m=D]w], |

Since on D3 we have |z; — w;| > |w;|/3 and we obtain

1 Jq-N 1 =N 1/2 1] |-N
/ —| 8 |’LU]|2| dwj /\dwj § 3/ 7| Og|wjl| dZUj /\d@j = 67T/ 7| ng2j| d,()j,
D3 ’Z] - w]‘ ’w]‘ D3UD> ‘w]’ Tj/2 pj
1 |-N J1-N+1
< qon - |log pj| dp; < 127 |log |||
12l Jr, 2 P N-1 EA

(3)(b) Finally, we let w; € D3, with j ¢ I. Using the same argument we get

zZi —wi|] -N I =N s —wi|[1 1"-N
/ ] Zi@” dedwg4</ [1og Ju, || _ dijdwj) / [z w“;g'_“i)” —dw' AdT ) .
pe Iz = wl*™fw| Dy |25 — wjl (amym-r |28 = w! [P wh |

Since on D3 we have |z; — w;| > |w;|/3, we obtain
1 =N 1/2 1 =N
/ %dwj A dw; < 67T/ Mdpj < 6| log |2~V
Dy |2 — wjl ri/2 Pi
Putting (1), (2) and (3) together as in the base case, we deduce that, for j € I,

J|-N+1 o N
lg:(2)| < C NUM / |zi — w;||log ||| ' pdw )
> ) ’Zj’ (Ax)ym—1 HZ/ _ wl”2(m—l)‘w}/’
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for some constant C’ depending only on m and N (and the same with no |z;| on the
denominator when j ¢ I). This concludes the proof of the inductive step and hence the
proof of the lemma. O

Lemma 4.12. For any differential operator D, we have
D(Kn) = K(Dn).
Proof. By the change of variable u = z — w in the integral defining D(Kn) we have

(m—1)! & Di(u) N P(z —u)
D(Kn)(z) = ~—~———>» D < — An(z— u)>
! <2m> Z; / [ul? !

O(z—u
— 27” Z / ‘/;”%n ) A Dn(z — u)
= K(Dn).

In the above, we used differentiation under the integral because of absolute convergence
(Lemma [.10]), and the second equality follows from the fact that the coefficient function of

D (WAP(z—u)
f[ufl>™

is independent of z. O

Before stating our main result, we recall the definition of the topology on the space of
rapidly decreasing differential forms.

Definition 4.13. The space of rapidly decreasing functions on (A*)™ is equipped with the
Schwartz topology given be the family of semi-norms

pv.p(f) = sup | log 2| DS (2)],

where N € N and D is as in definition [{.1 The space of rapidly decreasing differential
forms on (A*)™ is a free module over rapidly decreasing functions as is equipped with the
induced topology.

We recall the reader that a sequence (¢, )nen of rapidly decreasing functions converges
to 0 for the Schwartz topology if and only if, for all N and D, we have pn p(¢n) — 0 as
n — +00.

Theorem 4.14. The Bochner-Martinelli formula induces a well defined continuous operator
.0, 0,q—1

K it =
Moreover, if satisfies OK + K0 = id.
Proof. To see that the operator is well defined, we need to prove that if n € szf,%’q is a rapidly
decreasing form, then the integral defining Kn converges and gives a rapidly decreasing
differential form. First observe that one can restrict to the local situation and work on
(A*)™ with coordinates (21,...,2p). Let ¢ >0 and let n(2) = 3|, f1(2)dz; be a rapidly
decreasing differential form of type (0,q). We have

=S ([, v e )z
ym Nz — wl]*™w,
el

It suffices to show that each dlfferentlal form

wiz) = </(A deAcﬁ)dﬁ .

m ||z — w||*™w;
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is well defined and rapidly decreasing. Lemma .10l shows that all these integrals converge
absolutely. Lemma [4.11] shows that the first condition of rapidly decreasing (cf. Definition
[47)) is satisfied. Let D denote any differential operator as in Definition 1] then by Lemma

4.12] we know that
zi —w;) D _\
Duwy = </ Gi—® )QJiw)dw/\dw>d21_{i},
(A*)m HZ—'UJH wr

and hence one can apply Lemma [Tl to conclude that each w; is rapidly decreasing. By
Lemma [£.TT] the operator K is continuous for every semi-norm py p and hence is continuous
as an operator on the space of rapidly decreasing differential forms equiped with the Schwartz
topology. It follows from the Bochner-Martinelli-Koppelman formula ([32, Theorem 2.3])
that the identity 0K 4+ K0 = id holds on the dense subspace of compactly supported
differential forms, and hence the result follows by continuity of the operator. O

4.4. Tempered currents. We now define sheaves of tempered currents by considering
continuous linear forms on rapidly decreasing forms and show that they are filtered quasi-
isomorphic to the cohomology of X.

Definition 4.15. For any 0 < p,q < d, we define the sheaf P of tempered currents to be
the sheaf on X assigning to any open set U C X the module 2P1(U) of continuous complex

linear forms on the compactly supported sections I'.(U, bef:fi_p’d_q). Similarly we denote by
D, as the dual of ) .

Remark 4.16. As in Definition EEI3l The space I'(U, «7%) of rapidly decreasing functions
on X is equipped with the usual Schwartz topology given be the family of semi-norms

pn,p(f) = sup|log |2|[V|Df(2)],
where N € N and D is as in definition .11

Remark 4.17. Observe that the boundary D might intersect U and hence an element in
r.(U, szf,%) is a function on U N X with growth conditions along D NU. In particular, is has
compact support in U C X but not necessarily in X.

For any open subset U C X, let T € 2P9(U) and w € fszfsgl’ql(U). Since the product of
a slowly increasing differential form against a rapidly decreasing differential form is rapidly
decreasing, the formula

(WT)(n) = T(wAn)
is a well defined element in 2P*7-94(17). This induces an & J-bilinear map and hence a
map

AP ® 0 gr'd — grtelatd
equipping 2** with a bigraded «7,;"-module.
Lemma 4.18. The map

AP D0 g4 ~ gptr'atd
s an isomorphism.

Proof. To prove that this map is an isomorphism, we immediately reduce to the case where
p’ = ¢ = 0. This map is injective since 27 is free over 9. Let {d% ANdzy A éz—; A
dzZyyrp., where 11" C {1,...,k},J,J" C {k+1,...,d} are such that |I| + |J| = p,
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[I'l + |J'| = g, be a basis of Z2(U) over #2(U), where U C X is a sufficiently small
coordinate open subset. If T' € 2P4(U), then, defining Ty, ; € 2°°(U) by
dz[l,k} dzje dZ e

dz
LM A dzffpr,a) N ——— NdZq1,9) = T Ndzge N —
Z[l,k} Z[l,k} ZJc ZJre

where I¢ ={1,...,k} — I, J°={k+1,...,d} — J and idem for I'® and J'°, we have

TLJ( /\df]/c),

dZ Z
T = Z TI,J®(—I/\dZJ/\_I NdzZyr),
LII,J' 1 zr

showing that the multiplication map is surjective. This finishes the proof. O
In fact, the proof of the lemma shows the following.
Corollary 4.19. The map
0P (log D) @0, 772 9P
1 an isomorphism.

By Lemma H.I8| for any coordinate open subset U C X, we can write any tempered
current 7' € 2P4(U) as a differential form with coefficients in tempered distributions:

zZr

dZ]
T = Z TLJz—I/\dzJ/\ ANdzZy,

V4
1000 I

where Ty ; € 2%4(U). The exterior derivative of smooth forms induces a differential d :
2" — 2™+ defined by
dT(w) = (—1)" "7 (dw).
We have d = 8+ 9 with 0 : PP1 — PPT14, 9 : PPt — PPt defined in the analogous way.
This defines complexes of sheaves of tempered currents 2*, 2** (with differentials d, 0, ).
Since currents are modules over &%ﬁ all these complexes are complexes of fine sheaves. We
will denote by 2**(X) the corresponding complexes of global sections. Moreover Z* is
equipped with a Hodge filtration given by
EB 7,88

FPo* =
p'>p

For any open subset U C X, there is a natural way to associate to any form w € APNU) a
current T,, € P4(U) given by

Tw(n)zﬁ/[]wAn-

Using Lemma A8 the current T, can also be described as the product of w with the

normalised trace distribution in 2%9(U) defined by 7 € szfjjd(U) — W Jym- By Stokes

formula [4] we have dT,, = Ty,,, 9T, = Th,,, etc., which implies that
gy — D"
is a filtered morphism of complexes.
Theorem 4.20. There is a filtered quasi-isomorphism
(A, F) = (77, F)

compatible with real structures.
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Proof. By Proposition 7] it suffices to show that there is a long exact sequence
0— Q2 (log D) — 7*° & w1 2 2 grd Dy, (10)
We first reduce to the case p = 0. Assume that we have a long exact sequence
0 O —» 2% 2% 9012 9 g0d 0

Since the sheaf pr(log D) is a locally free Ox-module of finite type, it is in particular flat
and we get a long exact sequence

0 — Q% (log D) ®oy Ox — Qi(log D) ®ox 900 % 9, Qf(log D) ®o 904 2 g,

Hence the general case follows from Corollary .19l
Let us prove the case p = 0. By Theorem 14|, we have a continuous operator

. oy 0,q—1
K:d i — A

The operator K induces an operator
K : 9% - 9%—1

defined via (KT)(w) = T(Kw). This operator satisfies 0K + K0 = id, showing that the
complex of (I0) is exact in the middle.

It remains to show that the kernel of @ : 200 % @01 g precisely O. It follows from the
regularity of the O-operator (cf. [19, p. 380]) that if T € 2°9 is a current such that 97 = 0,
then T' = T}, for some holomorphic function ¢ on X. Since T, is a tempered current, this
implies that ¢ is slowly increasing and hence holomorphic on the whole X by Lemma
We illustrate this in the case of dimension one: the function ¢ is in fact holomorphic on X.
Indeed, arguing by contradiction, write p(z) = :;io_oo an(p)z" the Laurent expansion of ¢

and assume without loss of generality that a_;(¢) # 0 and moreover that ¢(z) = 1/z. Let
then w = 2% A % Then w is a rapidly decreasing differential form but

z
/ 1 / dz Ndz
—w = JE—
A* z * |Z|2

does not converge, implying that 7' cannot be evaluated at the form w. The case of higher
dimension reduces to the case of dimension 1. This finishes the proof of the proposition.

O

4.5. Application to DB-cohomology. We now apply the results obtained in the last
section to give some useful descriptions of D B-cohomology. We recall that D B-cohomology
is defined as

R(p)p = cone(Rj.R(p) ® FPQ%(log D) — Rj.Q%)[—1]. (11)

Let @7};(X), resp. 7, ’z’R(p_l)(X ), denote the global sections of the complex of sheaves .27t
resp. szfs’;’R(p_l).
Proposition 4.21. There is a quasi-isomorphism
R(p)p = cone(F*a/3(X) = o gy (X1,
where the arrow is induced by the projection mp—1 : C — R(p — 1) defined by m,—1(z) =

2+ (=1)P~1z . . . .
———5——"_ In particular, we have canonical isomorphisms

{(6.6) € PP3(X) @ Apd ) (X) | dé = 0,dd) = m,1(6))
d(¢,¢")

Hp(X, R(p)) ~ . (12)
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Proof. This follows from Proposition .7 and Proposition E.8 O

Remark 4.22. Let r11 : Hy,(X,Q(1)) — Hj(X,R(1)) be Beilinson’s regulator. Recall the
canonical isomorphism O(X)* ® Q ~ H},(X,Q(1)). Then for u € O(X)*, the Deligne
cohomology class 71,1 (u ® 1) is represented by (dlog(u),log |u]) € F'o/}(X) ® /2 R(O)(Y).

The following result is the key to the calculations of this article.
Theorem 4.23. We have
R(p)p = cone (F*7*(X) > 1) (X)) [-1].
In particular, we have
{(8,T) :dS =0,dT = m,_1(5)}
d(s,T)

where (S,T) € FP9™(X) & 75}, (X) and d(S,T) = (dS,dT — 7,_1(5)).

Hp(X,R(p)) =

)

Proof. This is a consequence of Proposition .7 and Theorem A.20] O

In what follows, for (S,T) € FPQ"(Y)EBQQZ;_D(Y) such that dS = 0 and dT" = m,_1(S5),
we will denote by [(S,T)] € H(X,R(p)) the cohomology class of the pair (S,T).

Proposition 4.24. Let x € HA(X/R,R(n)) be a Deligne-Beilinson cohomology class which
is represented, via the isomorphism of Proposition [{-21], by a pair (¢,¢") of smooth slowly
increasing differential forms. Then via the isomorphism of Proposition [{.23, the class x is
represented by the pair of currents (Ty, Ty ).

Proof. This is immediate from Proposition .21l and the quasi-isomorphisms of Theorem
4. 20) O

We also need to recall the functoriality of D B-cohomology for proper morphisms. Let
f : X' = X be a proper morphism of pure relative codimension ¢. Let X’ denote a
smooth compactification of X’ such that Y’ = X’ — X’ is a simple normal crossing divisor.
Assume further that f extends to a morphism X’ — X that we still denote by f and such
that f~1(Y) = Y’. By Poincaré duality between D B-cohomology [26, Theorem 1.15] and
homology and covariance of D B-homology by proper maps, one has a functorial map

f. s HB(X' R(p)) — Hp (X, R(p + ).
If T is a tempered current on X' of type (p,q) then the formula
ST (w) =T(f*w)
defines an element f,T € ZPT¢4T¢(X).

Proposition 4.25. Via the isomorphism of Theorem[{.23, we have
LT, 1Y) = [T, £T)].

Proof. The morphism f, on Betti cohomology coincides by construction with the usual
description of the pushforward given by Poincaré duality and covariance of Betti homology
for proper morphisms. The result then follows from [26] or [8], §5.5], precisely the discussion
after Corollary 5.49 of loc. cit.. O

We conclude with the construction of a linear form on D B-cohomology associated to
certain rapidly decreasing differential forms.
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Proposition 4.26. Let w € </(X) be a smooth closed rapidly decreasing differential form
of Hodge type components inside {(a,b) : a < p}. Then the assignment (S,T) — T (w)
induces a map

<_7w> : H%+1(X7 R(p)) - C.

Proof. By Theorem [£.23] we have
HEH (X R(p)) = {(8,T) € FP7"H(X) © Digp1)(X)}/ ~ .

In order to show that the linear form (S, 7T") — T'(w) is well defined at the level of cohomology,

we need to see that it vanishes at any coboundary. Let (S,T) € FP2"1(X) & .@ﬁ(p_l)(X).

We have d(S,T) = (dS,dT — m,_1(S)) and we need to check that (dT — m,_1(S))(w) = 0.
We have 3 3

dT(w) = =T (dw) =0
since w is closed. Moreover, S € FP%"*1(X), which implies that S vanishes on forms of
type (a,b) with a < p, whence the result. O

5. ARCHIMEDEAN REGULATORS AND NON-CRITICAL VALUES OF THE SPIN L-FUNCTION

We now apply the general results of last section to the elements constructed in Definition
23 In this section, we fix neat levels U and V' = H(A ) NU and smooth toroidal compact-
ifications Shg(U) and Shg (V') such that the boundaries are normal crossing divisors. By
[20, Proposition 3.4], it is possible to extend ¢ to a morphism Shyy (V) — Shg(U).

5.1. Integral expression for the pairing. Let
Eispg : So(Af, Q)Y — Hj,(Sha(U), Q(4))
denote the morphism defined in Definition 23l Recall that it is defined as the composite

So(As, Q" —— H},(Sha,(V1),Q(1))

.
Pi,m =
e

Hj,(Shu(V),Q(1))

Lx, M ~

HY,(Sha (1), Q(4)).
Let B

rp : Hi, (Sha(U), Q(4)) — Hp(She(U), R(4)) ®q Q
denote Beilinson higher regulator.
Lemma 5.1. Let 5 € So(Af,Q)Vl. Then, via the isomorphisms given by Theorem [{.23,
the cohomology class rp(Eisp(Py)) is represented by the pair of tempered currents
(T s rog u(@ )l e+ Tpjatogu(y))-
Proof. According to [26] §3.7], the regulator maps are morphisms between twisted Poincaré

duality theories. As a consequence, we have the commutative diagram

*
P1,Mm Ly, M

Hj(Shar, (V1), Q(1)) H(Sha(V), Q(1)) Hit' (She (U), Q(t))

Hp(Sher, (V1)/R,R(1)) ®q Q e, Hp(Shu(V) /R, R(1)) 8 Q@ —— HE™(Sha(U)/R,R(1) @q Q.
Via the isomorphism of Proposition .21l the morphism p’{’D is induced by the pullback of

differential forms. The statement of the Lemma follows from Remark [£.22], Proposition [£.24
and Proposition 4.25] O
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Let m = moc ® ¢ be a cuspidal automorphic representation of G(A) with trivial central
character such that 7'(']ch # 0. Writing moo|Go(m) = nl @ 7L, we assume that

3 3
Hompg (/\pé ®c /\pa,ﬂéo> # 0.

Following Lemma 3.4 we consider a cusp form ¥ = W, ® Wy in the space of 7 such that

U, is a highest weight vector of the minimal K. -type 7L of 7' and such that W ris a

non-zero vector in 71'][{ and we let wyg be the associated harmonic cuspidal differential form.
Analogously we do it for 7. at the place of 7

Theorem 5.2. Let ®; So(Af,Q)Vl. Then, we have
(ro(Eisaan(@)wow) = [ pilogu()lwe.
Shu (V)

Proof. According to Lemmal[5.0] the D B-cohomology class rp(Eisp »(®)) € H5(Sha(U), R(4))®
Q is represented by the pair of tempered currents (L*Tp»{ logu(@)]> b+ Tptdlogu(® f)). It follows
from [24] Proposition 2.6.1] that the differential form wy is rapidly decreasing. As it is
moreover of Hodge type (3,3), by Proposition we have

<7’D(EiSM7n($)),w\y> = T log|u ‘(wq;)

= T*10g|u(<1>f)|(b*w\11)
- / pi log [u(® )" wy.
Shy (V)

This finishes the proof. O

5.2. The adelic integrals. We now use Kronecker limit formula to rewrite Theorem
in terms of values of adelic Eisenstein series. Throughout the section, we let 7 be a cuspidal
automorphic representation as in §5.11

Fix the choice of a measure on H(A) as follows. For each finite place p of Q, we take
the Haar measure dh, on H(Q),) that assigns volume one to H(Z,). For the archimedean
place, we fix Xo 1= (Xoe; A Xoey A Xoeg) @ (X906, A Xey, A X_9e) € /\ be/tac =
/\3]3H c® /\SPHC C /\?’pC ® /\?’pC as the basis of the 1-dimensional subspace ASpg ¢ of
/\3]3C ® /\?’pC M. Such a choice of basis induces an equivalence between top differential w
forms on Xpg = H(R)/KH 0 and invariant measures d,ho on H(R) assigning measure one
to K oo (cf. [22) p. 83] for details). We then define dh = dihoo [, dhyp.

Let A € U(h) be the operator such that pr = A.X(9,2,—4), where pr
/\3 pé ®c /\3 Pc — T(2,2,—4) denotes the projector to the irreducible factor 7(99 4y (cf.
Lemma [3]). We give an explicit formula for A in Lemma [5.4] below.

After applying Proposition 2Tl and Lemma [5.1] Theorem implies the following.

Theorem 5.3. Let & € SO(Afc,Q)Vl and let wy be as in Theorem[5.2. We have

) hV /
o (Eis & ’ -
< D( M( f)) \II> VOI(V) H(Q)Zc(A)\H(A)

where hy = 272|Za(Q)\Zc(Ay)/(Za(Af) N V).

T(2,2,—4) (XO) 7(2,2,—4) :

E(hy,®,0)(A.W)(h)dh,  (13)

2by a slight abuse of language, we denote by Xo the vector in A%pu,c as well as its image in /\3pé ® /\3;3(7j
by ¢, this should cause no confusion
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Proof. Recall that Theorem [(£.2] gives
o (Bism(@)wu) = [ Ensun,
Shu (V)

where, by Lemma [5.I] and Proposition 2.1 { = prjlog|u(®y)| = priE(g, ?,0). Thanks to
the equivalence between top differential forms on Xy and invariant measures on H(R) ex-
plained above, we pass from integrating over Shgr (V') to integrating over H(Q)Zg(A)\H(A).
More precisely, we have

/ EN Jwy = / E(hl, P, O)w\p (XO)(h)dh
Sha (V) H(Q)\H(A)/Zn (R)KH,00V

hv / E(hl,(I),O)w\p(Xo)(h)dh
H(Q)Zg(A)\H(A)/V

hy /
vol(V) Ju(Q)ze(a)\H(A)

where we have used that |Zg(R)/(Zg N H)(R)| = 22. Finally, note that wy(Xg)(h) =
(A.U)(h) by definition of wg. This proves the desired formula. O

E(hb (1)7 O)W\I/ (XO)(h)dhv

We finish this section by giving an explicit formula for the projector A of the theorem.

Lemma 5.4. Up to renormalizing Xo by an explicit non-zero rational factor, the projections
of Xo to T(2,2,—4) and T4 _o _9) are given, respectively, by A.X (39 _4) and A’.X(4,_2,_2), where
A=Ad%,  oAdY, . A'=Ad%, |, oAd%,

Proof. Recall that X is a weight (0, 0, 0)-vector (with respect to the action of hc) in /\3pJé®
/\3p6. Thus, we may write Xo = Y @ ax(y 2 _4), where Y belongs to the complement of

T(2,2,~4) in the decomposition of /\%é@/\%é as the sum of its weight subspaces (cf. Example
[B.1), the vector z(3 9 4 is a generator of the one dimensional weight (0, 0,0)-eigenspace of

T(2’27_4)7 and als a scalar. We can assume x(2’27_4) = Ad?Xe3*€2 OAd?Xegfq (X(2,2,—4))7 where
X2,2,-4) = Xoey N Xoey N Xejtey @ X ey —eq A X—ey—e5 A X_2¢5 15 a highest weight vector for
T(2,2,—4)- Since the the weight (2,2, —4) has multiplicity one in A’p§ ® A*pg, we have that
Adg(el,eg OAd%(eTeS (Y) =0 and hence

Adk, , oAd%, . (Xo)=aAdk, , oAd%, , oAd%, . oAd%, . (X2 1)

A direct computationﬁ shows that
o Adk, _,, oAd,,  (Xo) = 2°X(22 ),

3

Therefore, the projection of Xo to 732 _4) I8 ﬁx@g’_@. The other projection follows
(with the same coefficient) by applying the action of complex conjugation. This finishes the
proof of the Lemma. O

Finally, we use the main result of [42] to write the adelic integral calculating the archimedean
regulator in terms of a special value of a Spin L-function for GSpg.

3The authors have found Sage package for Lie groups very useful for these computations.
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5.3. The Spin L-function. Recall the following.
Definition 5.5. For a character x of Q;, define

- {(1 X0 i, =

otherwise.

L(x,s

Let X0, X1, X2, X3 be smooth characters of Q. They define an unramified character x of
the Borel By = T;Up, of G(Q), which is trivial on the unipotent radical Up, and on the
diagonal torus T} is

d = diag(a,b,c, pa™ ", pb~", pue™t) = x(d) := x1(a)xa(b)x3(c)xo (k).
The modular character of the Borel subgroup dp, : Ty — C is given by

2
diag(a,b, e, pa™, pb™ ", pe™t) W
Definition 5.6. The (normalized) principal series representation my(x) = me(X0, X1, X2, X3)
is the representation of G(Qy) whose underlying vector space is the space of functions f :
G(Q¢) — C satisfying

f (dng) = “LIEEy () £(g),

for every d = diag(a,b,c,pa™t, ubt, uc™) and u € Upy, and where the action of G(Qy) is
given by right-translation.

Definition 5.7. Let m; = my(x) be an irreducible principal series. It’s Spin L-factor is
defined as

L(ry, Spin, s) := L(xo, 8 H IT  ZGoxi - X 9)-

k=11<i1 < <1, <3

Now let m = 7o ® ®2 m¢ be a cuspidal automorphic representation of G(A) and let ¥ be
a finite set of primes containing all the bad finite primes for 7.

Definition 5.8. The partial Spin L-function of 7 is defined as
L*(r, Spin, s) HL g, Spin, ).
gy
5.4. The integral representation of the Spin L-function. Let m be a cuspidal auto-

morphic representation of G(A) with trivial central character. Denote by I(®,W,s) the
integral
/ E(hy,®,s)¥(h)dh,
H(Q)Zg(A)\H(A)
where ® € S(A?%) and V¥ is a cusp form in the space of . Here, we assume that ® and ¥
are factorizable.

5.4.1. Fourier coefficients of type (42). Let O be the unipotent orbit of G associated to the
partition (42). To such O one can define a set of Fourier coefficients as follows. Denote by
ho the one-dimensional torus

t s diag(t3,t,¢,t73,t71 7Y

attached to O (cf. [II, p. 82]). Given any positive root « (for the action of the diagonal
torus of G), there is a non-negative integer n such that

ho(t)za(u)ho(t) ™t = x4 (t"u),
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where z, denotes the one-parameter subgroup associated to a. Let Uz(Q) denote the sub-
group of the unipotent radical Up of the standard Borel B of G generated by the z, such
that n > 2. If o # €, — e}, then n > 2, thus Us(O) coincides with the unipotent radical Up
of the standard parabolic P with Levi GL? x GLs, given by

a
{( guafl > : a,,uGGLl,geGLg}.
ptg1

Let L = Q(v/D) be an étale quadratic extension of Q and let x : Up(Q)\Up(A) — C* be

the non-degenerate unitary character associated to L as in [42] §2.1].

Definition 5.9. Let ¥ be a cusp form in the space of w. Define the Fourier coefficient

U\ up(9) = X (w) ¥ (ug)du.

/UP(Q)\UP(A)

We say that 7 supports a Fourier coefficients of type (42) if ¥, y, # 0 for some choice of
¥ and L. Our main results will concern automorphic cuspidal representations 7 supporting
a non-zero Fourier coefficient of type (42). The following lemma shows that, under some
mild assumptions, the cuspidal automorphic representations that we consider in this article
always support such a non-zero coefficient.

Lemma 5.10. Let m = mo ® m¢ be an automorphic cuspidal representation of G(A) with
trivial central character and such that mes = 7o & T (cf. Lemmal33). Assume that w
does not admit a non-trivial cuspidal theta lift to the split orthogonal group SO12(A). Then

7 admits a non-zero Fourier coefficient of type (42).

Proof. We first observe that, by [18, Theorem 2.7|, 7 admits a non-zero Fourier coefficient of
type (6), (42) or (222). The former case corresponds to 7 being generic. We will show that,
according to our Hodge type and the assumption of the lemma, m cannot have a Fourier
coefficient of either type (6) or (222).

We first show that, since 7o, is of Hodge type (3,3), it cannot be generic. Recall that,
after [47, Proposition 6.19], one can read the Hodge type of a discrete series representation
defined by an element w € Ws, /Wk,, (notations are as in §3.3)) as follows. The element
w induces a reordering of the roots and the Hodge type of the discrete series representation
(and hence of the cuspidal form 7) is (p,q), where p (resp. ¢) is the number of positive
(resp. negative) simple non-compact roots. Moreover, it is well known (cf. for instance [36]
Proposition 4.1]) that 7 is generic exactly when w = ws,wg in the notation of the proof
of Lemma B.3] which are of Hodge type (4,2) and (2,4). We conclude that 7 cannot be
generic, i.e. it does not support a Fourier coefficient of type (6).

Now, suppose that 7 admits a non-zero Fourier coefficient of type (222). By [17, Main
Theorem B|, 7 lifts to a non-trivial cuspidal representation on SOj2(A). This contradicts
our hypotheses, thus proving the result. O

Remark 5.11. Observe that [17, Main Theorem A] implies that, if 7 supports a Fourier
coefficient of type (42), then it admits a non-trivial theta lift to SO12(A), but this lift will
not be cuspidal.

5.4.2. The unfolding. Recall the following.
Proposition 5.12 ([16], Proposition 7.1). The integral I1(®, ¥, s) unfolds to

/ F(hn, ®, )0, 0, (h)dh,
Usyy (A)Zes (A)VHI(A)
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where Upy, is the unipotent radical of the Borel By of H and f(h1,®,s) is the normalised
section defined in §2.3.1.

As explained in [42], the Fourier coefficient ¥, 7, might not factorise in general, thus
Proposition does not imply that I(®, ¥, s) factors into an Euler product; however, in
[42], the authors define and study local integrals corresponding to this unfolded integral,
and use them to relate the global integral I(®, W, s) to values of the Spin L-function of T,
as we now recall.

5.4.3. Connection with values of the Spin L-function. Recall that we have taken m = 7w, ®
(®pmp) to be a cuspidal automorphic representation of G(A) with trivial central character.
We further suppose that 7 supports a Fourier coefficient of type (4 2), i.e. that there is a
cusp form W in the space of m such that ¥, ;7. is not identically zero.

We now recall following [42] the definition of the local integrals corresponding to I(®, ¥, s)
and their properties. We start with the following definition.

Definition 5.13. A (Up, x)-model for m, is a linear functional A : 7, — C such that
Au-v) = x(u)A(v),
for allv € mp and v € Up.
For a (Up, x)-model A for m,, a vector v in the space of m,, and ¢, € S(Qg, C), define
@ v.5) = | Flg1, . 5)A(g - ).
Uy (Qp)Za(Qp)\H(Qp)

where f(g,®p,s) € Inngii?(Sl)(5%GL2) denotes the function

| det(g)]? / B,((0,0)9)]¢2dt.
GL1(Qp)

One has the following.
Proposition 5.14 ([42] Theorem 1.1, Proposition 5.1).

1) If p is a finite odd prime and m, is unramified, let vg € w, be a spherical vector and
( p P
let ®, = char(Z2); then, for any (Up,x)-model A for m,, we have

I,(®p,vo,s) = A(vg) L(mp, Spin, s).

(2) If mp, is ramified and vy is a vector in m,, then there exists a vector v in m, and a

Junction ®, € So(Q2, Q) such that for all (Up, x)-models A
L,(®,,v,s) = Avg).

Remark 5.15. As explained in the proof of [42] Proposition 5.1], in the case of a finite bad
place p, one can choose ®, to be char((0,1) + p"Z,), with n a suitable positive integer
depending on vg.

Finally, consider the archimedean integral

Lo (®o, U, 5) 1= / (i, Do, )W,y (1) (14)
Uy (R)Zes (R)\VH(R)

This integral has been studied in [I6], where it is shown that it can be made non-zero at
arbitrary s = sg if one has some freedom on the choice of ., and W.



34 ANTONIO CAUCHI, FRANCESCO LEMMA, AND JOAQUIN RODRIGUES JACINTO

5.5. The regulator computation. We now state and prove one of the main results of this
manuscript.
Let m = oo ® (®;)7rp) be a cuspidal automorphic representation of G(A) with trivial

central character, such that
(DS) 7o is a discrete series whose restriction to Spg(R) is ma @ Tor,
(FC) there exists a factorizable cusp form ¥ = W, ® ¥ in the space of 7 which admits a
non-zero Fourier coefficient of type (4 2) associated to a real étale quadratic extension

L/Q, and such that ¥, is a highest weight vector of the minimal K.-type of 71253.

Remark 5.16. In view of Lemma[5.10] the existence of a Fourier coefficient of type (4 2) might
be partly replaced by asking that m lifts to a non-cuspidal automorphic representation of the
split SO12(A). Furthermore, notice that if 7 does not support such a Fourier coefficient,
the following results will still be true but all the terms will vanish.

Let us fix a neat open compact subgroup U = Hp U, of G(Ay), for which ¥y € 77?, and
¢ =®,P, € SO(A?C, Q)", with Vi = pry(U N H), which satisfy the following. Let ¥ be a
finite set of primes containing co and all the bad finite primes for 7; for every prime p & X,
we set U, = G(Z,) and ¢, = char(Zg). Then, we have the following.

Theorem 5.17. Assume (DS), (FC) and that ¥ is invariant under G(Z,) for every p ¢ X.
Then we have

<TD(EiSM(<I>f))7 W\Il> =Cy hH(l) (IE(q)Ea Ay, S)LZ (777 Spin, S)) )
s—

where L* (7, Spin, s) = HPQE L(mp, Spin, s), and

In(®, AT, 5) = / F(hy, By, 8)(A0) 0 (),
Upy (Asn)Zg(As)\H(Ax)
the operator A is defined in Lemmal[5.4] and Cy = % are as in Theorem [5.3.

Proof. This follows from Theorem [£.3] and Proposition [5.14l For the sake of clarity, we give
a sketch of its proof, following [40].
Recall that, from Theorem and Proposition 5.12] we have

(ro(Bispm(Py)), we) = Ov/ E(hy, ®,0)¥ (h)dh
H(Q)Zc (A)\H(A)

ey / F(hy, B0, (h)dh
Uiy (A)Zs (A)VH(A)

=: CyI(®,¥',0),
where we denote Cy = #XV) and ¥/ = AU,
We now study the quantity I(®, ¥’,0). Given a finite set of primes S containing ¥, define

Is(0,'5) = | F (b, @5, )W, 1, (R, (15)
Upy (As)Za(As)\H(Ag)
where ®5 = [[,cg ®,. Then, in the range of convergence

I(®, v = lim Ig(®, ¥, s).
( 3 78) EIQH}S' S( 3 78)

Notice that, by [42] Theorem 2.7|, if p & S,
[SU{p}((I)a \Ij/a 3) = L(ﬂ'pa Spin7 S)IS((I), \IJ/, S).
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Indeed, Igugp) (P, V', s) equals to

/ f(h1, ®s,s) </ f(tha @p,s) ;,Up(hph)dhp> dh.
Upy(As)Zg(As)\H(Ag) Ub (Qp)Za (Qp)\H(Qp)

As p ¢ ¥, m, is unramified at p. Fix a spherical vector vy for mp; as U’ is invariant under the
action of G(Z,), there is a G(Z,)-equivariant map ¢, : 7, — 7 sending vy to ¥’. Thus, for
a fixed h € G(Ag), the functional Ah mp — C defined by Ap(v) := p(v)y,up(h) is clearly
a (Up, x)-model and Ap(hy, - vg) = (hph). Proposition [5.14(1) implies then

XUP
/ SRy @y ), (hph)dh,
UBH(QP)ZG(QP)\H(QP)
- / F(haps @y ) A (B - o)l
UBH(QP)ZG(QP)\H(QP)

= L(mp, Spin, s) Ay (vo)
- L(?Tp,Spm S) XUp(h)

which implies the desired equality.
Taking the limit varying the set S O X, we get

I(®,9',0) = lim (Ix(®, V', s)L*(r, Spin, s))
s—0
which implies the result. O

The following Corollary studies further the finite integral In,(®, A.U,s). For this, we fix
the components at finite bad primes of our Schwartz function ® and the level. If p € ¥ is a
finite place, we let ®, = char((0, 1) +p"ZI2,), and

Up={9€G(Zy) : g=1I(modp")},
with n the positive integer given by Proposition [5.14[(2) and Remark

Corollary 5.18. Let U and wy be as in Theorem 517 Then, there exist U = Wy ® \I’f mn
m, with Uy and Yy coinciding outside X, such that

(rp(Eispm(®y)),wg) = Cv hm (Ioo(Poo, AT, s)L*(m, Spin, s)) ,

where

IOO(q)OoaA'\Ilvs) = f(hla(I)Oms)(A'\II)X,UP(h)dh‘

/UBH (R)Zc(R)\H(R)
Proof. Let p € ¥ be a finite place. As V¥ is factorizable and 7, irreducible, there exists a
G(Qp)-equivariant map ¢, : m, — m, which sends v, — A.U, where the vector v, € m,
denotes the local component of A.W. By the choice of ®,, Proposition [5.14] (2) produces a
vector Uy, in 7, which depends on v,, such that for all (Up, x)-models A of m,

IP(¢P75P7 5) = A(Up)-

For a fixed h € G(Ag.qp}), define the functional Ay, : m, — C as Ay(v) = @p(v)y,up(h).
This is a (Up, x)-model for m, and Ap(hy, - v) = @p(v)y,Up(hph). We have that, for this
model Ay,

/ F(h1,ps @p, 8)Ap (R - 0p)dhy, = Ap(vp) = (AW)y 0y (h).
Uy (Qp)Zc (Qp)\H(Qp)
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Now one proceeds similarly to the proof of Theorem B.I7to use this equality to show that
IE(q>7 Ai’v S) = Ioo(q>oov Aqlv S),

where the cusp form U coincides with ¥ at co and away from X, and has component v, at
each p € X. Finally, since ¥ and ¥ coincide almost everywhere as well as at oo, the result
follows from Theorem G171

O

We conclude with two remarks on the non-triviality of the limiting value

. ) .
ll_)l% (IOO(CI)OO, AW, s)L*(m, Spin, s)) .

Remark 5.19. The archimedean integral I (P, A.U,s) is expected to be equal to the
Gamma factor of the completed Spin L-function as predicted by the rule of Serre. This would
imply that it has a pole at s = 0 of order equal to the order of vanishing of L* (7, Spin, s)
at s = 0. The analogous expectation in the case of GSp, was confirmed in the articles [35],

I38].

Remark 5.20. Tt follows from [16, Proposition 12.1| that the archimedean integral can be
made non-zero at arbitrary s = sg if one has some freedom on the choice of ®., and V..
This shows that the archimedean integral does not vanish identically. However their result
is not enough for our purposes as ¥, is fixed to be in the minimal K.-type of 3.

5.6. A remark on the non-vanishing of the regulator. We have the following direct
consequence of Theorem [5.17 regarding the non-vanishing of motivic cohomology.

Let N denote the positive integer defined as the product of prime numbers ¢ such that
m¢ is ramified. The fact that 7 is cohomological implies that there exists a number field
L whose ring of integers Oy, contains the eigenvalues of the spherical Hecke algebra PN
away from N and with coefficients in Z acting on ®/@[N 7TZG(ZZ). We let 6, : HPMN — L

denote the Hecke character of 7 and we let m, := ker(6).

Corollary 5.21. We assume that there ezists an automorphic representation ™ of G(A)
and a cusp form W in 7, which satisfy all the running assumptions of Theorem [5.17 and
such that

lim (Ioo(@oo, A, s)L* (7, Spin, s)) #0.

s—0

Then, the class Eisp(® ) is non-trivial and thus the localisation H,(Shg(U), Q(4))m, is
non-zero.

By assuming spin functoriality for 7 and by using a generalisation of the prime number
theorem due to Jacquet and Shalika [25], we can improve the corollary by establishing that
the non-vanishing of our pairing relies on the non-vanishing of the archimedean integral, as
we now explain.

Let Spin : “G — “GLg denote the homomorphism between L-groups induced by the spin
representation Spin : GSpin; — GLg. Roughly, Langlands’ functoriality would predict the
existence of a spin lift to GLg for 7, i.e. the existence of an automorphic representation II of
GLg(A) whose L-parameter ¢y, at each place v is obtained from composing the L-parameter
¢, of m, with Spin, thus implying that

L(m,Spin, s) = L(I1, s),

where the latter denotes the standard L-function associated to II.
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Remark 5.22. In [31], a potential version of spin functoriality is discussed and proved. If we
further assume that 7 is spin-regular (cf. [31]), the result [31, Theorem C|, which builds
upon [I, Theorem A], produces a cuspidal automorphic representation II of GLg(AFr), over
a finite totally real extension F'/Q, with the desired properties. For instance, at each finite
place v of F' above an odd prime p ¢ ¥ one has L(II,, s) = L(m,, Spin, s).

Corollary 5.23. Let ¥ and wy be as in Theorem L1 Suppose that there exists a cuspidal
spin lift 11 to GLg of m and that

Io(Poo, AW, 1) £ 0,

where ® denotes the Fourier transform of ®. Then, the class Eisp(®y) is non-zero and thus
the localisation H(Sha(U), Q(4))m, is non-zero.

Proof. Recall that the Eisenstein E(g, ®, s) satisfies the functional equation
E(g,®,s) = E(g, @, 1—3).
This implies that
I(®,0,5)=I(®, 0,1 — s) = In(®, U, 1 — s)L>(r, Spin, 1 — s).
Since L*(m,Spin,s) = L*(I, s), by Corollary .18, we get that

(rp(Bism(®y)), wg) =g lim (IOO@OO,A.\IJ,s)LE(H, s)) .

We now claim that L*(TI,1) # 0. In [25], it is shown that L(II,s) # 0 for any s with
Re(s) = 1. Writing
LZ(Hv 8) = L(H7 8) H L(Hilh S)_17

peEX
our claim follows from the fact that each Euler factor L(II,,s) has no pole in the region
Re(s) > 1 (e.g. [44} p. 317]). The result follows. O
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