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We compute ionic free energy adsorption profiles at aqueous graphene interface by developing
a self-consistent approach. To do so, we design a microscopic model for water and put the liquid
on an equal footing with the graphene described by its electronic band structure. By evaluating
progressively the electronic/dipolar coupled electrostatic interactions, we show that the coupling
level including mutual graphene/water screening permits to recover remarkably the precision of
extensive quantum simulations. We further derive the potential of mean force evolution of several
alkali cations.

The peculiar properties of the water/graphene inter-
face have been unveiled in pioneering experimental [1–3]
and theoretical [4–9] studies. This results in particular in
the extraordinary transport efficiency in water-filled car-
bon nanotubes and nanochannels [10–12]. Moreover, the
presence of charges in the wet nanometric channels leads
to exotic ionic behaviors [13–16] that are the cornerstone
of energy storage applications [17] and blue energy har-
vesting [18]. Although experimental data [19, 20] regard-
ing specific graphene-ion interactions in water are still
few in numbers, the need to overtake classical molecular
dynamics (MD) approximations and to model them at
the same level as metal/liquid interfaces [21, 22] has been
acknowledged. Beyond classical approaches, state-of-the-
art quantum calculations combined with solvation codes
[23–25] and even fully explicit ab initio methods [26, 27]
– treating both the liquid and the solid at the Born-
Oppenheimer level - represent the current state-of-the-art
but their computational cost remains prohibitive for sys-
tematic investigations. On the other hand, recent semi-
classical numerical studies have described graphene us-
ing a perfect metal [28], a Thomas-Fermi [29, 30], and an
atomistic polarizable force field [21, 31] model. Neverthe-
less, theses studies ignore the semimetallic band structure
of graphene. Continuum electrostatic approaches [32, 33]
permit to evaluate the well-known attractive “image-
charge” electrostatic potential in a dielectric medium.
Spatial correlations of both the fluid and the metal can a
priori be included [34–36] to investigate microscopic ef-
fects. However, the self-consistent electrostatic problem
is not yet addressed and collective interactions between
electrons and molecules in the liquid are only partially
and phenomenologically taken into account.
In this work, we develop a quantum/classical field frame-
work to investigate electrostatic interactions at the aque-
ous graphene interface. We propose a microscopic model
for the nonlocal dielectric properties of bulk and inter-
facial water and compute the polarization function of
graphene from a tight-binding model. We evaluate the
response function of a nanometric slab of water confined

between two graphene sheets by including gradually cou-
pled electrostatic interactions between the electrons of
the semimetal and the water molecules. This allows us
to derive an accurate evolution of the potential of mean
force (PMF) for a single cation solvated in the graphene
channel. Finally we explore the as derived PMF profiles
of a few alkali ions.

Theoretical framework Our framework, detailed in SI-
Sec. 1, takes roots in quantum field theory, and uses
Feynman diagrammatics to derive the Green’s function
of the interfacial system. As predicted by quantum chem-
ical calculations, the graphene/water interface presents a
negligible electronic corrugation [5] and is chemically in-
active with no mixing of electronic states [7, 37]. We fo-
cus on building the non-local linear response functions χ
of the system, that relates the mean induced charge den-
sity 〈nind〉 to an external electrostatic potential φext gen-
erated by a charge distribution next. The generic equa-
tions used to build the Green’s function w of the system
and therefore the mean electrostatic potential 〈φtot〉 can
be summarized as follows:

φext = v ∗ next 〈nind〉 = χ ∗ φext
w = v + v ∗ χ ∗ v 〈φtot〉 = w ∗ next, (1)

with v can denote the bare (v = 1/4πε0x, with x the
distance in 3D space) or an effective Coulomb potential
and ∗ the spatial convolution. The starting assumption
to build χ is to consider that particles are independent
and to derive an non-interacting response function χ(0).
Next, χ(0) is renormalized by considering interactions at
the mean-field level: independent particles respond to
the external potential plus the mean polarization poten-
tial 〈φpol〉 of the other similar particles. The induced
charge density thus reads 〈nind〉 = χ(0) ∗ [φext + 〈φpol〉]
with 〈φpol〉 = vinter∗〈nind〉 and where vinter is the effective
interparticle potential. This recursive equation combined
with Eq. 1 gives

χ = χ(0) + χ(0) ∗ vinter ∗ χ. (2)
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Eq. 1 and Eq. 2 sets of equations give the definition for
vinter and are used in the following to build the response
function of the water (χw) and the electronic (χe) part
separately, but also to build χ or w of the entire interfa-
cial system. The interfacial system consists of a channel
of nanometric height L made of two graphene sheets and
filled with water.

Water bulk We now build the response function χw
of bulk water. Using Eq. 2, the effective electrostatic po-
tential in bulk water vinter = veffw can be written veffw (k) =

1/χ
(0)
w (k) − 1/χ(k), with k = |k|. The fluctuation-

dissipation theorem gives χ(0)
w (k) = −βS(0)

w (k) where
β = 1/kBT and S(0)

w (k) is the single-molecule – or “self”
– charge structure factor, and χw(k) = −βSw(k), Sw(k)
the charge structure factor of the liquid. Here, we ap-
ply this framework to the widely-used 3 point-charge
model of water, SPC/E [38]. The analytical expression
of S(0)

w (k) is given in SI-Sec.3.1.1. χ(k) can be computed
in a MD simulation – e.g. the results of [39] computing
the polarization response function χ̄w = −χw(k)/ε0k

2

that are reported in Fig. 1a. The sharp peak of χ̄w(k)
centered at k ' 3Å illustrates the nonlocal and over-
screening properties of water [40].
From the numerical knowledge of the effective Coulomb
potential for water veffw (k), we suggest the following
ansatz:

veffw (k) =
1

ε0εeffw

(
1

k2
− 1

k2 + κ2
− γe−k

2/2κ2

κ2
√

2π

)
, (3)

with the inverse screening length κ, the prefactor γ and
the effective permittivity εeffw as parameters. The last
one is fixed to recover the bulk dielectric permittivity
of SPC/E water and can be expressed as a function of
the molecular dipole moment and bulk density of the
fluid. The values of (κ, γ) are adjusted to reproduce the
position and the amplitude of the over-screening peak of
χ̄w. The ansatz ensures χw(k)→ χ

(0)
w (k) for k →∞ (see

details in SI-Sec. 3.1.2).
We plot the polarization response function derived from
our framework, χ̄w(k) = −(1/χ

(0)
w (k) − veffw (k))−1/k2ε0

(orange curve, Fig.1a). Our model captures nicely the
dielectric properties of bulk water at low k.

Water slab We turn to the dielectric response of a wa-
ter slab confined between two infinite flat interfaces in the
(x,y) plane located in z=0 and z = L respectively (see the
sketch in Fig. 1b). We describe the system using cylin-
drical coordinates in real and Fourier spaces, x = (r, z)
with r lying in the interfacial plane and k =(q, qz) with
q the in-plane Fourier component (see Fig. 1c right). Ac-
cording to the in-plane invariance, the response function
can be written as χw(q, z, z′). We show in SI-Sec. 3.2.1
that we can write

χ(0)
w (q, z, z′) ' −β

√
n0(z)n0(z′)

n0
S(0)
w (q, |z − z′|) (4)

Figure 1. Dielectric response functions of water. (a) Sus-
ceptiblity of SPC/E water obtained with MD [39] and with
the theoretical model for (εeffw = 1.04 (see SI Sec.3.1.2) , κ =
1.65 Å−1, γ = 0.99) . We show the dimensionless quantities
χ̄(k) = −χ(k)/ε0k

2. (b) Schematic drawing of the water slab
and of the two considered molecular density profiles n0(z)
for L = 3 nm. The inset shows the two parameters of the
smoothed step function model for n0(z): d0 and σ0. (c) Lo-
cal dielectric susceptibility χ̄w(z) of the slab Pz = χ̄w(z)Dz
corresponding to the molecular profile n0(z).

where S(0)
w (q, |z − z′|) =

∫ dqz
2π e

iqz|z−z′|S(0)
w (k) and n0(z)

is the molecular density profile that converges to bulk
density n0 in the middle of the channel (see Fig. 1b).
We assume that the water molecules interact in the slab
between themselves as in bulk, so the slab-geometry ef-
fective potential veffw (q, |z−z′|) can be obtained by Fourier
transforming Eq. 3 (see SI-Sec. 3.2.2). To inverse Eq.2
and carry out all subsequent computations, we resort to
matrix multiplications in the discretized space along z
and z′. The (i, j)th element of the matrix M [zi, z

′
j ] is

given by the function m(q, zi, z
′
j). The solution of Eq. 2

reads X = (1−X(0)Vinter(dz)2)−1X(0) where dz = 0.02Å
is the grid spacing and where a matrix of size bL/dzc2
has been inverted.

We now derive the local dielectric susceptibility χ̄w(z),
relating the response polarization field Pz to a constant
excitation D = Dzez such that Pz(z) = χ̄w(z)Dz. We
show in SI-Sec. 4.1 that

χ̄w(z) = 1− d
dz

[∫ L

0

dz′ε−1w (q → 0, z, z′)z′
]
, (5)

with ww = ε−1w ∗ v = v + v ∗ χw ∗ v, ww is the Green’s
function of the water slab alone, according to Eq. 1.
The slab water density profile n0(z) , which describes
the interaction between water and graphene, is an input
of the model (see Eq. 4). We first consider a generic
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Figure 2. (a) Computed Feynman diagrams included in the
Green’s functions for various approximations. The colors of w
match the one of curves in Fig. 3. The dashed line represents
the Coulomb potential. The hatched bubble diagram depicts
χe. (b) Schematic illustration of the screening in the different
cases (see text for interpretation).

smoothed step function model, which captures the
vacuum layer between the fluid and a surface (encoded
by d0) and the width (σ0) of the fluid interface (inset of
Fig. 1b). In agreement with previous results [8, 41, 42],
the susceptibility calculated in this framework (solid line
in Fig. 1c) presents an alternation of over-responding
(χ̄w(z) > χb) and under-responding (χ̄w(z) < χb) layers
before reaching its bulk value χb = 1 − 1/εw for z >
1.25 nm. Refining n0(z) by extracting the hydrogen
molecular density from a MD simulation [9] (see Fig.
1b) induces minor modifications in χ̄w(z) (dotted line
in Fig. 1c). This first result validates our analytical
microscopic model for confined water.

Graphene sheet Regarding the solid phase, the non-
interacting response function χ(0)

e can be computed and
we choose a tight-binding model defined elsewhere [43].
Single-particle wavefunctions ψν,p(x) and correspond-
ing eigenenergies εν,p are labelled with the band index
ν and the in-plane wavevector p. For one graphene
sheet, assuming the small spatial extent of the pz carbon
orbitals, we consider the two-dimensional susceptibility
χ
(0)
e (q, z, z′) = χ

(0)
e (q)δ(z)δ(z′) where χ(0)

e is (minus) the
two-dimensional polarizability given by the bare bubble
diagram [44]:

χ(0)
e (q) =

2

A
∑

ν,µ,p

|λν,µp,p+q|2
nF (εµ,p+q)− nF (εν,p)

εµ,p+q − εν,p
, (6)

where A is the surface area, nF the Fermi-Dirac distri-
bution and λν,µp,p+q =

∫
dxψ∗ν,p(x)ψµ,p+q(x)e−iq,r. We

compute Eq. 6 analytically at T = 0K [45] (see result in
SI-Sec. 5.1) and use a Fermi level of EF = kBT to in-
clude a minimal number of free electrons. The response
function χe is built from Eq. 2 using the bare Coulomb

potential for the electron-electron interacting potential,
vinter = v, which corresponds to the well-known random-
phase approximation [46] (see SI-Sec. 1.2). Case of two
interacting graphene sheets are detailed in SI-Sec. 5.2.

PMF modelling and coupled interactions Turning to
the computation of the PMF, we first derive the Coulomb
energy at a mean field level defined as

F (z) =
1

2

∫∫
dxdx′next(x)∆w(x,x′)next(x

′) (7)

where ∆w = w − v. A spherical test charge of radius
b is placed in the channel at the altitude x = (0, 0, z)
such that next(x) = ±eδ(b − |x − zez|)/4πb2. The test
charge region is assumed to respond as water. We define
the PMF as ∆F (z) = F (z) − F (L/2). It thus contains
only electrostatic contributions and neglects the short-
range Van der Waals interactions. We now gradually
introduce coupled interactions in three steps labeled un-
coupled, semi-coupled and fully-coupled to build w from
the knowledge of χe and χw.
Fig. 2 reports the computed Feynman diagrams and the
sketched coupling scenarios. First, we consider the un-
coupled case, where water and graphene are blind to each
other such that w is clearly separable:

wuncoupled = ww + v ∗ χe ∗ v. (8)

Secondly, we consider the semi-coupled scenario where
the polarization charge on the graphene surface results
from the potential exerted by the ion and surrounding
water molecules. This is the sum of the bare ionic po-
tential and the one induced by the solvating structure of
dipoles, that is the screened potential that is obtained by
the water slab Green’s function ww and therefore

wsemi-coupled = ww + ww ∗ χe ∗ ww. (9)

It is equivalent to an interfacial semi-classical simulation
adding a self-consistent optimization of the surface po-
larization at each time step, taking into account fixed –
and equal to their values in vacuum – site-site interac-
tions of the atomistic model of the metal. For analytical
approaches, it corresponds to the ion-metal electrostatic
interaction derived in the pioneering work of Kornyshev
et al.[34] and later [47]. Finally, the last fully-coupled
case unveils the presence of the polar liquid for electrons
of the solid. Electron-electron interactions are effectively
modified due to the presence of water, so that we intro-
duce the in situ response function of the metal χ(w)

e which
is built from Eq. 2 with vinter = ww. Note that this cou-
pling effect can not be included in a simple way in the
standard approaches [34, 47]. The most refined Green’s
function systems therefore reads

wfully-coupled = ww + ww ∗ χ(w)
e ∗ ww. (10)

With the above w expressions, three different PMFs can
be computed using Eq. 7. Note that the double inte-



4

Figure 3. (a) PMF of K+ (b = 2 Å ) at the graphene-water
interface. Models with increasing coupling (solid lines) com-
pared to a graphene-free model (blue line) and ab initio sim-
ulations [27] (black dots with error bars). (b) Detailed con-
tributions to the PMF from water (b1) and from graphene
(b2) with increasing ionic radius from point charge (blue) to
large radius (yellow). For ∆Fe, the ionic center is placed at
increasing altitude x = (0, 0, z+ b) for increasing radius. (b3)
Comparative PMF for three alkali ions. The PMF for Li+

(resp. Cs+) is obtained using b = 1 Å (resp. b = 3 Å).

gration of Eq. 7 is made in Fourier space and by ma-
trix multiplication [48]. We compute all the PMFs for
L = 6 nm and using the first density model for n0(z)
with σ0 = 0.3 Å [8].The microscopic distance d0 is de-
termined by imposing the long-wavelength limit of the
surface charge structure factor of water at the interface
[9] and equals d0 = 1.3Å.
To gain insights on the electronic and water contributions
to the PMF, we decompose the free energy contribution
into two terms : F = Fe+Fw, where Fw contains the con-
tribution of water as in an air/water interface replacing
w with ww in Eq. 7. We could consider other substrates
by changing χ(0)

e Eq. 6.
Results & Discussions Fig. 3a displays the resulting

different computed profiles for ∆F for one single posi-
tive charge of radius b = 2 Å, together with a reference
curve computed recently from an ab initio molecular dy-
namics (AIMD) study, for K+ solvated in a 2nm thick
water slab on graphene [27]. In the AIMD simulation
the limited thickness of the water slab induces a second
water/air interface explaining the non-monotonic and re-
pulsive ab initio PMF behavior above 1nm. This large
range of graphene-water distance (1< z <2 nm) is not
meaningful here. Hence for sake of comparison, we shift
the ab initio PMF such that it is vanishing in the middle
of the water slab, for z around 1 nm (black dots, Fig. 3a).
The water contribution ∆Fw shows the expected repul-
sive behaviour of the ion at an air/interface (blue curve,
Fig. 3a). Concerning the water/graphene interface, the
uncoupled PMF profile (red curve, Fig. 3a) is strongly

attractive and presents oscillations with small amplitudes
near the surface stemming from the non-local dielectric
response of water. Moreover it deviates a lot from the ab
initio plot.
Moving to the semi-coupled PMF profile (orange curve,
Fig. 3a), its energy position is shifted to positive values
fingerprinting a long-range repulsion and a net reduction
of the graphene-ion interaction due to surrounding wa-
ter molecules. Interestingly this result is in quantitative
agreement with semi-classical simulations [21, 28, 49] us-
ing ad hoc surface polarization models (SI-Section 6.2).
Finally the fully-coupled PMF curve (green curve in Fig.
3a) reveals a re-amplification of the wall-ion attraction by
several thermal energy units and matches almost quanti-
tatively the ab initio PMF. This is the key finding of our
approach. The nice agreement suggests that this semi-
analytical approach incorporating electrostatics in a self-
consistent way, is able to reproduce some key features
of the state-of-art reference PMF like the position and
amplitude of the three local minima. The stabilizing ef-
fect present in the fully-coupled case can be qualitatively
understood as follows. The absence of repulsive interac-
tion between charge carriers would make them accumu-
late to one point in order to screen the ionic potential.
Thanks to electron-electron interactions a finite polariza-
tion charge can accumulate on the surface as shown by
the uncoupled case cartoon in Fig. 2b. Water molecules
actually screen the ionic potential and reduce the polar-
ization charge (semi-coupled case Fig. 2b), but in the
last fully-coupled case, the presence of water effectively
reduce electron-electron interactions - by roughly a factor
of (εw + 1)/2 for electrons that are far apart as shown in
SI-Sec. 6.3. As a result, the polarization charge gets re-
amplified and so does the surface-ion screened potential.
The plots differ significantly at short distance, z <0.5
nm, where non-electrostatic contributions of the PFM -
not considered here - are dominant [33].
We now investigate the variations of the PMF with vary-
ing radius b ranging from point charge to 3 Å with de-
tailed contributions from water and graphene. Fig. 3b1
shows that water repels more strongly smaller ions from
the interface. This can be understood by considering
the hydrated radius of the cations - defined in continu-
ous theories as the range on which the ion polarizes the
surrounding fluid -that is inversely proportional to the
ionic radius [50]. Coming from the bulk, Li+ is the first
to break its solvation shell. Fig. 3b2 compares the non-
monotonic surface contribution ∆Fe for the series of ions,
which center is shifted so that the available space for wa-
ter molecules between ion and surface is equal for each
ion. We link the increasing attraction for smaller radii
to the ordering degree of the hydration shells as follows.
In the limit of poorly structured hydration shells – e.g.
for Cs+– we find the monotonic surface-ion potential of
an attenuated charge in vacuum. The opposite limit is a
point charge with three highly ordered hydration shells.
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This gives rise to three special places where ice-like wa-
ter, with a low permittivity, is practically transparent
to the potential stemming from the polarization charge
on the graphene surface. Summing both contributions
in Fig. 3b3 for three cations in the alkali series leads
to complex PMF profiles. We observe that for increas-
ing radius the three local minima are stabilized in energy
in agreement with an increased capacitance [20] and a
reduced hydration energy [24]. Indeed small ions like
Li+ manifest a strong solvation environment difficult to
break hampering its adsorption. Proceeding down the
series, Cs+ yields a weak solvation shell which can be
easily desolvated at the graphene interface.

Conclusion In this letter, we build a self-consistent
theoretical framework which permits to investi-
gate analytically the single ionic adsorption at the
graphene/water interface. By including the semimetallic
band structure of graphene, building a microscopic
model for interfacial water and considering the mutual
screening of the two materials, we obtained results that
are in excellent agreement with expensive quantum free
energy perturbation methods, at a negligible computa-
tional cost. Our PMF predictions for the alkali series
are in agreement with experimental observations and
permit to distinguish the liquid water and graphene
surface contributions. We hope that this versatile
and generalizable method, will renew some interest in
semi-analytical approaches and be used to investigate
more complex systems involving for example ion-ion
interactions in nanochannels.
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Notations

Throughout those notes, the Fourier transform is defined as follows :

f(k) =

∫
d3xf(x)e−ikx f(x) =

∫
d3k

(2π)3
f(k)eikx

We use cylindrical coordinates in real x = (r, z) and reciprocal space k = (q, qz).
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1 Building dielectric response functions

1.1 Response functions
We consider a thermodynamically closed system such that the term external refers to something that is not a
part of the physical system under scrutiny. Under the application of a perturbating external electrostatic potential
φext(x, t), it responds by generating a charge density deviance nind(x, t) - therefore induced by the latter. We
will focus on the statistically averaged - denoted 〈.〉 - deviation produced by the system, in space-time - denoted
for short by 1 ≡ (x1, t1). Note that Linear response theory relates both quantities via the response function - or
susceptibility - χ as follows

〈nind(1)〉 =

∫
d2χ(1, 2)φext(2). (1)

The total charge density of the system n = n0+nind might not be equal to nind if, without the external perturbation,
an inhomogeneity is already present in the system. In turn, the averaged charge density deviance creates an averaged
induced electrostatic potential φind that can be written

〈φind(1)〉 =

∫
d2v(1, 2)〈nind(2)〉. (2)

Here we have used the Green’s function method (Schwinger, 1998) to solve Poisson’s equation so that the kernel is
the Coulomb interaction between two particles of elementary charge (we use e = 1) in vacuum that reads

v(1, 2) =
1

4πε0

δ(t1 − t2)

|x1 − x2|
, (3)

where ε0 is the dielectric permittivity of vacuum. Accordingly, we write Eq. 2 for the external potential φext that
arises from an external charge density next. The statistically averaged total potential in the system is given by
〈φtot〉 = 〈φext〉+ 〈φind〉. Combining Eq. 1 and Eq. 2 we can write the Green’s function of the system w(1, 2) as

w(1, 1′) = v(1, 1′) +

∫∫
d2d3v(1, 2)χ(2, 3)v(3, 1′). (4)

The linearity of Poisson’s equation makes the introduction of w helpful because the total potential then reads

〈φtot(1)〉 =

∫
d1′w(1, 1′)next(1

′). (5)

Those last equations directly establish the link between the averaged total potential 〈φtot〉 in the system and χ, its
two-point susceptibility. Regarding the general structure of w in Eq. 4, it is constituted of two objects linked by
convolutions. To prepare future complexifications, we represent by a diagram the bare potential v and χ.

2
<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> = v(1, 2)

<latexit sha1_base64="EVzJXk6qpCDW5f/+yPk3c+1f95s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+QLuUbJptQ7PZkGQLZemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz8wLJmTau++3k1tY3Nrfy24Wd3b39g+LhUVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQ/81tjqjSLxZOZSOpHeCBYyAg2VmrdjcveZfWiVyy5FXcOtEq8jJQgQ71X/Or2Y5JEVBjCsdYdz5XGT7EyjHA6LXQTTSUmIzygHUsFjqj20/m5U3RulT4KY2VLGDRXf0+kONJ6EgW2M8JmqJe9mfif10lMeOunTMjEUEEWi8KEIxOj2e+ozxQlhk8swUQxeysiQ6wwMTahgg3BW355lTSrFe+q4j5el2pnWRx5OIFTKIMHN1CDB6hDAwiM4Ble4c2Rzovz7nwsWnNONnMMf+B8/gBt5Y43</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

= �(1, 2)
<latexit sha1_base64="4T0lZKVcPj8ujyASpgdE9i1Pd28=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+wHYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D1p9MPB4b4aZeWHCmTau++UUVlbX1jeKm6Wt7Z3dvfL+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/O/M4jVZpJ8WAmCQ1iPBQsYgQbK/k3qEdGrOqd18/65Ypbc+dAf4mXkwrkaPbLn72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RadWGaBIKlvCoLn6cyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eW/pF2veRc19/6y0jjJ4yjCERxDFTy4ggbcQRNaQEDCE7zAq2OcZ+fNeV+0Fpx85hB+wfn4BuePj5k=</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

10
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

10
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

w(1, 10) =
<latexit sha1_base64="nvtlReGAbx+/i2OhYVS8wcxqrFw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CVaxgpSNCnoRCl48VrAf0C4lm2bb0Gx2TbJKWfonvHhQxKt/x5v/xrTdg1YfDDzem2Fmnh8Lro3rfjm5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7ye+M0HpjSP5J0ZxcwLSV/ygFNirNR6LOMTfHR81S2W3Io7BfpLcEZKkKHWLX52ehFNQiYNFUTrNnZj46VEGU4FGxc6iWYxoUPSZ21LJQmZ9tLpvWN0aJUeCiJlSxo0VX9OpCTUehT6tjMkZqDnvYn4n9dOTHDppVzGiWGSzhYFiUAmQpPnUY8rRo0YWUKo4vZWRAdEEWpsRAUbAp5/+S9pnFbwWcW9PS9VD7I48rAH+1AGDBdQhRuoQR0oCHiCF3h17p1n5815n7XmnGxmF37B+fgGz1iOaA==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> 2

<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

(6)

We define that their link represents a convolution in space-time. Therefore, we can represent the Green’s function
as follows

2
<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> = v(1, 2)

<latexit sha1_base64="EVzJXk6qpCDW5f/+yPk3c+1f95s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+QLuUbJptQ7PZkGQLZemP8OJBEa/+Hm/+G9N2D9r6YODx3gwz8wLJmTau++3k1tY3Nrfy24Wd3b39g+LhUVPHiSK0QWIeq3aANeVM0IZhhtO2VBRHAaetYHQ/81tjqjSLxZOZSOpHeCBYyAg2VmrdjcveZfWiVyy5FXcOtEq8jJQgQ71X/Or2Y5JEVBjCsdYdz5XGT7EyjHA6LXQTTSUmIzygHUsFjqj20/m5U3RulT4KY2VLGDRXf0+kONJ6EgW2M8JmqJe9mfif10lMeOunTMjEUEEWi8KEIxOj2e+ozxQlhk8swUQxeysiQ6wwMTahgg3BW355lTSrFe+q4j5el2pnWRx5OIFTKIMHN1CDB6hDAwiM4Ble4c2Rzovz7nwsWnNONnMMf+B8/gBt5Y43</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

= �(1, 2)
<latexit sha1_base64="4T0lZKVcPj8ujyASpgdE9i1Pd28=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CVahgpTdKuhFKHjxWMF+wHYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D1p9MPB4b4aZeWHCmTau++UUVlbX1jeKm6Wt7Z3dvfL+QVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/O/M4jVZpJ8WAmCQ1iPBQsYgQbK/k3qEdGrOqd18/65Ypbc+dAf4mXkwrkaPbLn72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RadWGaBIKlvCoLn6cyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eW/pF2veRc19/6y0jjJ4yjCERxDFTy4ggbcQRNaQEDCE7zAq2OcZ+fNeV+0Fpx85hB+wfn4BuePj5k=</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit>

10
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

10
<latexit sha1_base64="ectbk4SXoHKVswr+DAIXVgUDono=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LFbRU0lU0GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ68M565YpbdWcgy8TLSQVy1Hvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rwxs+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpySDcFbfHmZNC+q3mXVvb+q1E7yOIpwBMdwDh5cQw3uoA4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB9JyjMo=</latexit>

w(1, 10) =
<latexit sha1_base64="nvtlReGAbx+/i2OhYVS8wcxqrFw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CVaxgpSNCnoRCl48VrAf0C4lm2bb0Gx2TbJKWfonvHhQxKt/x5v/xrTdg1YfDDzem2Fmnh8Lro3rfjm5hcWl5ZX8amFtfWNzq7i909BRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7ye+M0HpjSP5J0ZxcwLSV/ygFNirNR6LOMTfHR81S2W3Io7BfpLcEZKkKHWLX52ehFNQiYNFUTrNnZj46VEGU4FGxc6iWYxoUPSZ21LJQmZ9tLpvWN0aJUeCiJlSxo0VX9OpCTUehT6tjMkZqDnvYn4n9dOTHDppVzGiWGSzhYFiUAmQpPnUY8rRo0YWUKo4vZWRAdEEWpsRAUbAp5/+S9pnFbwWcW9PS9VD7I48rAH+1AGDBdQhRuoQR0oCHiCF3h17p1n5815n7XmnGxmF37B+fgGz1iOaA==</latexit>

1
<latexit sha1_base64="qWbN4FA8rp8uccZxLJDhapmtXPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0lU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveVdVtXFdqZ3kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBckGMmQ==</latexit> 2

<latexit sha1_base64="TiWfjM49+mShxnoBhTejYXkGtIE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86pSP8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPc8WMmg==</latexit>

. (7)

.

1.2 Mean field correction: From χ(0) to χ.
To build the response function χ of a system containing indistinguishable particles, we start from the simplest
possible version and enrich the description from it. The first - drastic - physical assumption is to consider that the
particles are independent so that we first construct the non-interacting response function χ(0) using a microscopic
model.

Enriching the description of the system requires considering interparticule interactions. In this work we use
a mean field method. Be it for electrons in a metal (Mahan, 1990) or in simple liquids (Hansen and McDonald,
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2013), the mean field method is a well-known renormalization scheme for homogeneous media to take into account
the collective behavior of particles. It amounts to considering that independent particles respond to the external
potential φext plus the mean polarization potential 〈φpol〉 = vinter ∗ 〈nind〉 of the other similar particles - here vinter
is the interparticle potential and ∗ denotes the space-time convolution. In other words, the mean induced charge
density is given by the sum of the two contributions that reads

〈nind(1)〉 =

∫
d2χ(0)(12)

[
φext(2) +

∫
d3vinter(23)〈nind(3)〉

]
. (8)

The recursive nature of this interparticle renormalization scheme is captured by the integral equation for the
response function χ which reads

=<latexit sha1_base64="4RJMQ9icUk4rDXV6qZeIzDsS8dE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokKehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObNKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1lx61fl6mkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIRxjKU=</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

...
<latexit sha1_base64="H+6pvewqDctuf7cwUPpbzpWGwy0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LFbBU0hU0GPBi8eK1hbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmlldW19o7xZ2dre2d2r7h88miTTjDdZIhPdDqnhUijeRIGSt1PNaRxK3gpHN1O/9cS1EYl6wHHKg5gOlIgEo2ile9d1e9Wa53ozkGXiF6QGBRq96le3n7As5gqZpMZ0fC/FIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsipVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwug5yodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BD8xZeXyeO561+43t1lrX5SxFGGIziGM/DhCupwCw1oAoMBPMMrvDnSeXHenY95a8kpZg7hD5zPH0OIjQY=</latexit>

=<latexit sha1_base64="4RJMQ9icUk4rDXV6qZeIzDsS8dE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSp4KokKehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObNKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1lx61fl6mkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIRxjKU=</latexit> +
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

+
<latexit sha1_base64="pzV2lu8M3gwWcXtbSVLiRV4SqOw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSoIQklU0GPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1FipftErld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVnxripu/bpcPc3jKMAxnMA5eHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8faSmMkw==</latexit>

vinter
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, (9)

or in equation

χ(11′) = χ(0)(11′) +

∫∫
d2d3χ(0)(12)vinter(23)χ(31′). (10)

Note that the introduction of χ is a short-cut notation for an infinite number of convolutions between χ(0) and
vinter, that are the elementary bricks. Indeed, by writing the beginning of the infinite sum
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, (11)

we can observe that we have actually re-organized or renormalized an infinite sum of diagrams involving only χ(0)

and vinter. Turning to the topographic structure of w when the diagram depicted by χ is decomposed, it consists
in enumerating all diagrams that can be build with χ(0) and vinter, that start and end with a Coulomb leg.

A special important case of mean-field renormalization is the random phase approximation (RPA) (Bohm and
Pines, 1953). It is equivalent to identifying the interparticle mean-field potential with the direct potential - e.g.
vinter = v for classical point charges. For electrons, in the RPA, the potential can also include an exchange-
correlation potential, but those refinements are left out of this study. We attribute the bare bubble diagram to χ(0)

e
and the hatched bubble diagram to the RPA response function for electrons that we denote χe that reads
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. (12)

2 The metal-like/liquid interface

2.1 Hamiltonian of the system
In the framework of quantum field theory, we will use a bosonic operator to depict the charge density of each medium
n̂(x, t), with x = (r, z) and n = 〈n̂〉 is the corresponding expectation value. It can either depicts the fictitious charge
density operator of the classical Gaussian liquid n̂w Kavokine et al. (2022) or the nuclear charge density operator
of the solid lattice n̂n. The creation and annihilation Fermi fields that describe the behavior of the electrons will be
denoted Ψ†(x, t) and Ψ(x, t) such that the electronic charge density can be written n̂e(x, t) = Ψ†(x, t)Ψ(x, t). We
consider the Coulomb interaction between partial atomic charges on classical molecules in the liquid, electrons and
nuclei in the solid. The Hamiltonian of the system can be written H = H0 +Hint with the quadratic Hamiltonian
H0 = H

(0)
w +H

(0)
e +H

(0)
n , for the electrons, liquid molecules and nuclei respectively that contains one-particle terms

only.
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Figure 1: Schematic drawing of the metal/liquid interface. The zoom shows the behavior of the total electronic
density near the interface between graphene and water. It is obtained with a static DFT calculation on a ab initio
snapshot.

The crystal lattice, made of positively charged nuclei cannot be stable without considering an implicit interac-
tion with the electrons that makes forces between nuclei nearly harmonic and not purely repulsive. In turn, the
eigenstates of the electrons differ from the ones of the free electron gas because they feel the potential produced by
the clamp nuclei. Herein, we will be interested in time-averaged quantities so that nuclei, with their core electrons,
can be considered to be fixed on their equilibrium positions. As a result, they do not participate in the polarization
charge and can be removed from the description by considering an appropriate tight-binding model that takes into
account the lattice for valence electrons so that H0 = H

(0)
w +H

(n)
e . Ignoring exchange and correlation interactions

between electrons, we read

Hint = Uee + Uew + Uww, (13)

where the electronic interactions Uee have to be explicited with the Fermi fields to remove the diverging self-energy
term - i.e.

Uee =
1

2

∫∫
d1d2Ψ†(1)Ψ†(2)v(1, 2)Ψ(1)Ψ(2), (14)

but where the other interactions can be clearly expressed in a more intuitive two-body form:

Uew =

∫∫
d1d2n̂e(1)v(1, 2)n̂w(2), (15)

Uww =
1

2

∫∫
d1d2n̂w(1)veffw (12)n̂w(2) (16)

Liquid part For the liquid, the expression of veffw is unknown. Nevertheless, by switching off the charge of
electrons, we can isolate the excess term Uww as follows:

Uww = H −H(0)
w .

The remaining Gaussian classical field is defined by its correlation function so that those Hamiltonians can be
written in the form of

H [nw] = −
∫∫

d1d2nw(1)χ−1
w (12)nw(2) (17)

H(0)
w [nw] = −

∫∫
d1d2nw(1)

[
χ(0)
w

]−1

(12)nw(2) (18)

Note that χw is the response function of the liquid slab alone and χ
(0)
w is the ideal or non-interacting response

function of the liquid slab. Consequently, we can write a general expression for veffw using Eq. 16, 17, 18 that reads
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veffw (12) =
[
χ(0)
w

]−1

(12)− χ−1
w (12). (19)

Inserting Eq.19 in the mean field renormalization equation Eq.10, we understand that it is satisfied for vinter = veffw
so that veffw is the charge-charge mean field potential in water. This prompts us to introduce a diagram for the
response function of the liquid. We have used the precedent diagrams for electrons and we therefore introduce a
new white and hatched ball-and-stick representation for χ(0)

w and χw respectively. The mean field equation Eq. 9,
for the case of a water slab alone reads
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2.2 Response function at the interface
From the previous sections, we have guessed some rules for constructing diagrams that would lead to the Green’s
function of the system:

• (i) Draw all possible linked diagrams with χ(0)
w and χ(0)

e that start and ends with a Coulomb leg v. The links
are given by the mean-field potential between particles.

• (ii) Re-sum the diagrams to make renormalized response functions appear.

• (iii) Write down the equation by reading the diagrams: a link represents a convolution in space-time.

Those rules stem from Feynman ones and are adapted to our case in which we focus on response functions. They
lead to a result that can be derived with the functional formulation of quantum field theory (Hedin and Lundqvist,
1970; Giustino, 2017).

We re-organize all possible linked diagrams as prescribed by the aforementioned rules. There are 2 ways of
re-summing the diagrams to put forward either electrons or water molecules. We chose to separate the contribution
of the liquid alone. The Green’s function of the liquid slab alone reads

+
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The response function of electrons χ(0)
e can now be renormalized at the mean field level that we have seen in Eq.

10, except that electrons interact via the Coulomb potential screened by water so that vinter = ww. This means
that we need to introduce the in situ response function of electrons χ(w)e that reads
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w w
. (22)

Finally, all diagrams in the Green’s function of the system are contained by expressing w as follows
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. (23)

The corresponding mathematical equations for Eq. 21, 22 and 23 read

ww(11′) =v(11′) +

∫
d2d3v(12)χw(23)v(31′) (24)

χ(w)e (11′) =χ(0)
e (11′) +

∫∫
d2d3χ(0)

e (12)ww(23)χ(w)e (31′) (25)

w(11′) =ww(11′) +

∫∫
d2d3ww(12)χ(w)

e (23)ww(31′) (26)
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2.3 Special case of the slit geometry
Until now, our work does not depend on the geometry. If the system has one interface, then Eq. 23 can be written
in terms of the well-identified response function χ

(w)
e . In contrast, when two interfaces are present, χ(w)e is the

response function for the whole electronic part, that is the two (semi-)metals with a channel filled with water in
between. Due to our finite matrix inversion for the liquid part, the finite size channel geometry is necessary and we
need to express χ(w)e with the response function of a single graphene sheet χ(0)

e .
Naively, we would like to split the electronic response into two parts, one for the electrons at the bottom ↓ of

the channel and one for the electrons at the top ↑ that is
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where the diagrams on the right-hand side are the renormalized response functions for the graphene sheets at z = 0
(bottom, ↓) and at z = L (top, ↑). The diagram on the left-hand side is therefore the first guess. The correct
result is not that simple because there are cross correlation effects that have to be considered. Indeed, according to
the aforementioned rules, we miss some diagrams in w and we need to combine top and bottom response functions
in all possible ways. We can separate all combination in four categories depending on their first and last diagram
(↑↑,↑↓, ↓↑, ↓↓). The task is easier if we introduce the cross correlation response function=<latexit sha1_base64="/zqHO3ZxfpXRJtZfpDuJLZVtUDE="></latexit>
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and its mean-field renormalized analogue
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. This gives the first two independent Dyson equations (Eq. 29 can also be written for ↑↓) and the remaining two
read
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– and the same for ↑↑. Assembling the four categories gives the response function that we look for and
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It can be checked that if the height of the channel tends to infinity, the cross susceptibilities tend to 0 and our
initial assumption is correct - i.e. Eq. 31 and Eq. 27 are equal.

3 Water model
In this part, we build a versatile model for bulk water that can be adapted to the slab geometry. It relies on the
construction of the non-interacting response function χ

(0)
w and the effective potential between molecules veffw . We

scrutinize the bulk medium before tackling the interface. Then we express the local susceptibility χ̄w(z) in our
microscopic description.

3.1 Bulk water
3.1.1 Non-interacting susceptibility χ

(0)
w (k)

In this paragraph we detail our model for bulk water. First, we precise that we will consider static external
perturbations only. The time integration in Eq.1 gives that the mean induced charge density does not depend on
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Figure 2: Sketch of a three-point charge SPC/E water molecule. Distances and partial charges are indicated on the
figure.

time (as expected) and that the relevant response quantity is the zero-frequency component of the response function
- e.g. χw(k) = χw(k, ω = 0) in the homogeneous and isotropic system. We briefly recall how to obtain it using
Kramers-Kronig relationships and the fluctuation-dissipation theorem Kubo (1966) :

χw(k) = Reχw(k, ω = 0) (32)

KK
=

∫ +∞

−∞

dω′

π

Imχw(k, ω′)
ω′

(33)

fluc-diss
=

∫ +∞

−∞

dω′

π

− ω′

2kBT
Sw(k, ω′)

ω′
(34)

= −βSw(k, t = 0) = −βSw(k) (35)

= −βV 〈nw(k)nw(−k)〉 (36)

where 〈.〉 means the phase-space averaged at equilibrium, Sw(1, 2) = 〈nw(1)nw(2)〉 is the charge structure factor, V
the volume of the system. The charge density of the water molecules nw(x) – that must be replaced by δnw(x) =
nw(x)−〈nw(x)〉 if the mean is not zero – is composed of point-like charges. In a field formulation, we can write the
charge density as a convolution between the fixed charge density σ(x,Ω) of one rigid water molecule oriented with
an angle Ω, and the molecular number density Nw(x,Ω) – i.e.

∫
V
∫

Ω
Nw = N = n0V so that n0 is the molecular

density.

Nw(x,Ω) =
∑

i

δ(x− xi)δ(Ω− Ωi) σ(x,Ω) =
∑

α

cαδ(x− sα(Ω)), (37)

They both depend on the molecule’s orientation Ω that we do not need to explicit here, but details can be found
in e.g. Jeanmairet et al. (2013). The index i runs on different molecules and α on different atoms in the molecule
with the partial charges cα. sα(Ω) is the position of the atom α given the orientation Ω of the molecule. Those
quantities for the SPC/E model Berendsen et al. (1987) can be found in Fig. 2. This gives

nw(x) =

∫
dΩ

∫
dx′σ(x− x′,Ω)Nw(x′,Ω) (38)

With those definitions, the structure factor reads

Sw(k) =
1

V

∫∫
dΩ1dΩ2σ(k,Ω1)σ(−k,Ω2) 〈Nw(k,Ω1)Nw(−k,Ω2)〉 (39)

The molecular number density field can be split into two parts that highlight intramolecular and intermolecular
correlations

〈Nw(k,Ω1)Nw(−k,Ω2)〉 = 〈
∑

i

δ(Ω1 − Ωi)δ(Ω2 − Ωi)〉+
∑

i,j 6=i
... (40)
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Therefore, we can write Sw(k) = S
(0)
w (k) + S

(inter)
w (k) with

S(0)
w (k) =

1

V

∫
dΩ1σ(k,Ω1)σ(−k,Ω1)〈Nw(Ω1)〉 (41)

and the orientational density Nw(Ω1) =
∑
i δ(Ω− Ωi). In the bulk 〈Nw(Ω1)〉 = 1/8π2 is homogeneous and

S(0)
w (k) = n0

∑

α,β

cαcβ

∫
dΩ1

8π2
e−ik(sα(Ω1)−sβ(Ω1)) = n0

∑

α,β

cαcβj0(kdαβ) (42)

where j0 is the zeroth order spherical Bessel function, the interatomic distances read dαβ = |sα − sβ | and n0 is the
molecular bulk density. For SPC/E water, we have

S(0)
w (k) = n0z

2
H [6− 8sinc(kdOH) + 2sinc(kdHH)] (43)

where zH is the partial charge on the hydrogen atom, dOH and dHH are the bond distances of the SPC/E molecule
(see Fig. 2) Berendsen et al. (1987) and n0 = 0.03298 Å−3. This gives the response function of the independent -
or non-interacting - molecules that reads

χ(0)w (k) = −βS(0)
w (k) (44)

3.1.2 Effective potential veffw (k)

In order to cast the water susceptibility into the mean-field equation Eq. 10, we want to infer the effective inter-
molecular potential veffw (k) such that the equation

χw(k) = χ(0)w (k) + χ(0)w (k)veffw (k)χw(k) (45)

is satisfied for the homogeneous, isotropic case. It leads to veffw (k) = 1/χ
(0)
w (k)− 1/χw(k) as already obtained in Eq.

19. The expression of veffw (k) is known in the long-wavelenght limit as we know that

S(0)
w (k) −−−→

k→0
n0

4

3
k2z2

Hd
2
OH cos2(

θHOH

2
) = n0

k2µ2

3
= kBTn0αk

2 (46)

where we notice the Debye-Langevin polarizability α = µ2

3kBT
with µ = 2.351 D the dipole moment of the SPC/E

water molecule. Using the dimensionless susceptibility χw(k) = − 4πε0
1

k2

4π χ̄w(k) with the limit χ̄w(k) −−−→
k→0

1 − 1
εw

,
we obtain

veffw (k) −−−→
k→0

1

4πε0εeffw

4π

k2
(47)

with the effective dielectric constant given by

1

εeffw
=

1

χ̄w(k → 0)
− 1

χ̄
(0)
w (k → 0)

= 1 +
1

εw − 1
− ε0
n0α

. (48)

As expected, note that the intermolecular potential is zero — or εeffw →∞ – if water molecules behave independently
i.e. χ̄w ' χ̄

(0)
w . For water we have εeffw ' 1.04 so that the description of interacting molecular form factors with a

bare Coulomb potential is quite accurate in the long-wavelength limit. For the remaining wavelengths, with the help
of the results from the bulk SPC/E MD Jeanmairet et al. (2016) shown in the main text, we suggest the following
ansatz (see main text for formula in reciprocal space):

veffw (x) =
1− e−κx − xγ κπ e−κ

2x2/2

4πε0εeffw x
. (49)

It gives a simple but accurate description of the response function. An inverse screening length κ dictates the
position of the overscreening peak and a prefactor γ ' 1 modifies its amplitude. We have found that κ = 1.65Å−1

and γ = 0.99 can reproduce the spectra of SPC/E water. The effect of those parameters on χ̄w(k) is shown in Fig.
3. Note that the experimental spectra Bopp et al. (1996) shows a less intensive peak that can be easily fitted by
tuning down γ. The second peak of χ̄w(k) around k ' 5Å−1can also be included to refine the model, but we expect
no important change on the long-range collective dielectric response of water.
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Figure 3: Sensitivity of χ̄w(k) to κ and γ variation. (a) Variation of κ for γ = 0.99. (b) Variation of γ for κ=1.65 Å−1

3.2 Interfacial water
3.2.1 Non-interacting susceptibility χ

(0)
w (q, z, z′)

Looking for the response function χw(q, z, z′) at interfaces, we can proceed from Eq. 32 to Eq. 36 to find a relation
between the susceptibility and the corresponding structure factor. Equally, we dwell on the non-interacting part
and find

χ(0)
w (q, z, z′) = −βS(0)

w (q, z, z′) (50)

We proceed like in the bulk and after some straightforward steps, we obtain

S(0)
w (q, z, z′) =

1

A

∫∫
dΩ1dz1σ(q, z − z1,Ω1)σ(−q, z′ − z1,Ω1)〈Nw(z1,Ω1)〉 (51)

where A is the surface area of the interface and

σ(q, z,Ω) =
∑

α

cαe
−iqsα(Ω)δ(z − zα(Ω)) Nw(z1,Ω) =

∑

i

δ(Ω1 − Ωi)δ(z1 − zi) (52)

Looking at the structure of the product σ(q, z,Ω1)σ(−q, z′,Ω1), we can express with the sum and differences of z
and z′ as follows

σ(q, z,Ω1)σ(−q, z′,Ω1) =
∑

αβ

cαcβe
−iq(sα(Ω)−sβ(Ω))δ (z − zα(Ω)) δ (z′ − zβ(Ω))

=
∑

αβ

cαcβe
−iq(sα(Ω)−sβ(Ω))δ (z − z′ − [zα(Ω)− zβ(Ω)])× δ(z + z′ − [zα(Ω) + zβ(Ω)])

(53)

This makes the convolution of Eq. 51 with Nw(z1,Ω1) possible. It reads

S(0)
w (q, z, z′) =

1

A

∫
dΩ
∑

αβ

cαcβe
−iq(sα(Ω)−sβ(Ω))δ (z − z′ − [zα(Ω)− zβ(Ω)])×Nw

(
z + z′ − [zα(Ω) + zβ(Ω)]

2
,Ω

)

(54)
For an homogeneous density, we would be able to get the term involving Nw out of the summation. Assuming
equiprobable orientation of molecules in the entire slab, we would recover the inverse Fourier transform of the bulk
structure factor, i.e.

S(0)
w (q, |z − z′|) =

∫
dqz
2π

eiqz|z−z
′|S(0)

w (k) (55)

= n0z
2
H [6δ(z − z′)− 8I(q, dOH, |z − z′|) + 2I(q, dHH, |z − z′|)] (56)
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with I(q, d, z) = J0(q
√
d2 − z2)Θ(d− |z|)/2d and J0 is the zeroth order Bessel function. We work in this direction

and try to express S(0)
w (q, z, z′) with S(0)

w (q, |z− z′|). Using the condition enforced by the first Dirac delta function
in Eq. 54 – z = z′ + [zα(Ω)− zβ(Ω)] – we can replace the term involving Nw by either Nw (z′ − zβ(Ω),Ω), or
Nw (z − zα(Ω),Ω), but also by

√
Nw (z − zα(Ω),Ω)Nw (z′ − zβ(Ω),Ω), without any approximation. Making now

the approximation Nw (z − zα,Ω) ' Nw (z,Ω) and assuming equiprobable orientation of molecules in the entire slab
we can write

S(0)
w (q, z, z′) '

√
n0(z)n0(z′)

n0
S(0)
w (q, |z − z′|), (57)

which is the main result of this paragraph. This approximation is valid if the molecular profile typically varies on
a scale larger than the size of a water molecule. Note however that the Taylor expansion of Nw near the interface
give rises to terms linear in zα(Ω) that can most probably gives a zero contribution when the angular integration
is carried out (under the approximation of equiprobable orientation). Combining Eq. ?? and Eq. 57 gives the
equation (Eq. 4) of the main text.

3.2.2 Effective potential veffw (q, |z − z′|)
What is the charge-charge effective potential in the water slab ? We don’t know it, but we can suppose that water
molecules interact in the slab as if they were in the bulk. This is a common approximation in the liquid state
theories of water - e.g.Jeanmairet et al. (2013). We therefore take veffw from Eq. 49 and give for completeness the
appropriate Fourier transform that reads

veffw (q, |z − z′|) =
1

4πε0εeffw

(
2π

q
e−q|z−z

′| − 2π

Q
e−Q|z−z

′| − γ 2π

κ
e−q

2/2κ2 e−κ
2(z−z′)2

π

)
, (58)

where Q2 = q2 + κ2. Those expressions are all linked by Fourier transform.

3.2.3 Matrix filling

The matrix X(0)
w has a size bL/dzc × bL/dzc with grid spacing dz = 0.02Å and length L = 6nm. We rely on the

condition that an homogeneous external potential cannot induce a charge density disturbance (i.e.
∫
dz′χ(0)

w (z, z′) =
0) to fill the matrix. This can be checked in the bulk and imposed at altitudes close to the molecular density
depletion. Therefore, in order to obtain the entire matrix X(0)

w and avoid numerical integration errors due to the
Dirac delta functions, we fill the non-diagonal entries of X(0)

w according to χ(0)
w (q, z, z′) = −βS(0)

w (q, z, z′) and impose
that all lines and column sum to 0 to fill the diagonal.

4 Local dielectric susceptibility χ̄w(z)

4.1 Expression from χw(q, z, z′)

In order to confirm our model for water, we define the following non-local dielectric function

ε−1
w (q, z, z′) = δ(z − z′) +

∫
dz1v(q, z, z1)χw(q, z1, z

′) (59)

with the converged grid spacing dz = 0.02Å. The expression for the kernel ε−1
w (r, r′) is derived from the bulk

relation between 〈φtot〉 and φext,

〈φtot〉(r) = φext(r) +

∫
d3r”d3r′v(r, r”)χw(r”, r′)φext(r

′) (60)

that we obtained using Eqs. (4,5)
At this point, we still have a function of three variables that we cannot easily visualize. We therefore want to

link ε−1
w (q, z, z′) to the inverse local dielectric function ε−1

w (z) that relates the total electric field Ez(z) in the system
to the constant one that is applied. Again, instead of turning back to electrostatics, we construct microscopically
the external electric field. We place two infinite plates of opposite surface charge that sandwich from very far the
system under scrutiny. The external electric field in the system is constant and equal to Dz/ε0. Seen by the system
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of finite size under scrutiny, this homogeneous (in the plane), constant displacement field applied in the direction
normal to the surface can be written as φext(z) = −Dzε0 z plus a constant that we set to zero. The electric field in the
system reads ∂zφtot(z) = −Ez(z). Also, for the microscopic linear response framework that we use, the electrostatic
potentials are linked as follows :

φtot(z) =

∫ L

0

ε−1
w (q → 0, z, z′)φext(z

′)dz′ (61)

The electric field and the constant displacement field are linked via the local dielectric function such that

Ez(z) = ε−1
0 ε−1

w (z)Dz (62)

We can differentiate Eq. 61 and use Eq. 62 to obtain

ε−1
w (z) = ∂z

∫ L

0

dz′ε−1
w (q → 0, z, z′)z′ (63)

from which the local susceptibility reads χ̄w(z) = 1 − ε−1
w (z). It relates the polarization of the medium to the

applied electric field ε0Ez(z) = Dz − Pz(z) where Pz(z) = χ̄(z)Dz.

4.2 Comparison with Landau-Ginzburg model
The smoothed step function molecular density profile n0(z) is chosen because:

• the use of veffw that implies that molecules interact as is they were in the bulk, that is with an homogeneous
molecular density n0.

• it gives the same χ̄w(z) we obtain by using the real hydrogen density from the MD simulation. We use the
hydrogen atoms because they can go at lower altitudes than the oxygen atoms.

Its expression is given by

n0(z) =
n0

4

[
tanh(

z − d0

σ0
) + 1

] [
tanh(

L− z − d0

σ0
) + 1

]
.

We can see the effect of the smoothness in Fig. 4a. The agreement with the Landau-Ginzburg model introduced in
(Monet et al., 2021) is excellent for σ0 = 0.2Å. Compared to the MD results (Monet et al., 2021) in Fig. 4b, the
use of σ0 = 0.3Å gives the correct amplitude for the first peak. The oscillation period, amplitude and decay length
are also in good agreement. By tuning the molecular density profile, we can fit exactly the MD profile, but our goal
is not to reproduce the local dielectric of an MD simulation that uses effective Lennard-Jones potentials or effective
interactions between the surface and the water molecules – graphene must be absent when we build χw.

5 Graphene model
Here we give the expression for the non-interacting and the interacting response function of graphene.

5.1 The non-interacting susceptibility χ
(0)
e (q, z, z′)

The non-interacting response function of graphene sheet χ(0)
e (q) can be calculated with a tight–binding model at

T = 0K Hwang and Das Sarma (2007). It reads

χ(0)
e (q) = − 2kF

~vFπ


1 +

1

2
Θ

(
q

2kF
− 1

)
π

2

q

2kF
−
√

1−
(

2kF
q

)2

− q

2kF
arcsin

(
2kF
q

)




where vF = 1 nm.fs−1 is the Fermi velocity and kF = EF /~vF is the Fermi wave vector and EF the Fermi energy.
The effect of temperature and Fermi level EF is not investigated in this article and we rather use a minimal Fermi
level doping EF = kBT that represents the minimal concentration of mobile electrons.
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Figure 4: (a) Local dielectric susceptibility of the slab Pz = χ̄w(z)Dz computed from the non-local response
function χw(q, z, z′) with varying smoothness of the step function σ and compared with Landau-Ginzburg model
of Ref. (Monet et al., 2021). (b) Models of the main text compared with the results from the MD simulation of
(Monet et al., 2021). The force field parameters chosen for water and graphene are taken from Ref. (Werder et al.,
2003).

5.2 The interacting susceptibility χ
(w)
e (q, z, z′)

For two confining plates centered in z = 0 and z = L, the expression of the electronic response function is obtained
by following the steps from Eq. 27 to Eq. 31. This gives

χ(w)
e (q, z, z′) = χ

(w)
e↑ (q)δ(z)δ(z′) + χ

(w)
e↓ (q)δ(L− z)δ(L− z′) + χ

(w)
e↑↓(q)δ(z − L)δ(z′) + χ

(w)
e↓↑(q)δ(z)δ(L− z′) (64)

with

χ
(w)
e↑ (q) =

χ
(w)
e/Gr(q)

1−
[
ww(q, 0, L)χ

(w)
e/Gr(q)

]2 χ
(w)
e↓ (q) = χ

(w)
e↑ (q) (65)

χ
(w)
e↑↓(q) =

χ
(w)
e/Gr(q)ww(q, 0, L)χ

(w)
e/Gr(q)

1−
[
ww(q, 0, L)χ

(w)
e/Gr(q)

]2 χ
(w)
e↓↑(q) = χ

(w)
e↑↓(q) (66)

and where

χ
(w)
e/Gr(q) =

χ
(0)
e (q)

1− ww(q, 0, 0)χ
(0)
e (q)

(67)

The “uncoupled” and “semi-coupled” curves in the main text are obtained by replacing ww(q, 0, 0) with v(q, 0, 0) =
1

4πε0
2π
q in Eq. 67.
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6 Supplementary discussions

6.1 Long-wavelength limit error for water

In the case of the infinite height channel L → ∞, Eq. 64 reduces to χ(w)
e (q, z, z′) = χ

(w)
e/Grδ(z)δ(z

′) such that the
system’s Green’s function reads

w(q, z, z′) = ww(q, z, z′) + ww(q, z, 0)χ(w)
e (q)ww(q, 0, z′). (68)

Close to the surface, for z ' z′ ' 0, if we take the long-wavelength limit according Eq. 72, the second on the rhs
of Eq. 68 is reduced by a factor a roughly (ε∗w)2 ' 1600 for water, as first stated in Kornyshev and Vorotyntsev
(1980).

6.2 Comparison with other studies considering a metallic behavior of the surface
To evaluate the role of the graphene sheet, we can isolate the electronic part Fe = F −Fw, where Fw solely contains
the contribution of water and is obtained via the equation (Eq. 7) of the main text, replacing w by ww. The details
of the contributions are shown in Fig. 5. Note that the blue curve ’water only’ corresponds to ∆F as defined
in Eq. (7) and is represented to permit an estimation of the electronic stabilization amplitude. In this case, the
electronic contribution vanishes. We report on the same figure the results of Ref. (Misra and Blankschtein, 2021)
that decomposes the wall-ion contribution for the adsorption site of SCN−, which is an ion too large and anisotropic
to be quantitatively compared with isotropic ion in presence of water. Nevertheless, the good agreement with our
results regarding metal-ion potential attenuation validates our description of the system.
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F e
(z
) 
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uncoupled
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fully-coupled

Figure 5: Details of the contribution of the PMF shown in the main text. The crosses are results extracted from
Ref. (Misra and Blankschtein, 2021).

Note that it is not possible to disentangle electronic and water contribution of the PMF when metallic character
of the graphene surface is neglected, which is the case in classical MD simulations.

6.3 Electron-electron potential attenuation
For an infinite channel height L→∞, we have

ww(q, 0, 0) =
1

4πε0

2π

q
[1− gw(q)] , (69)

where gw(q) is the surface response function of the water medium, defined as

gw(q) = − 1

4πε0

2π

q

∫∫ +∞

0

dzdz′e−q(z+z
′)χw(q, z, z′), (70)

and that converges to the image charge coefficient in the long-wavelength limit Kavokine et al. (2022)

gw(q) −−−→
q→0

εw − 1

εw + 1
. (71)
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This gives a two-dimensional screening potential reduced by a factor ε∗w = (εw + 1)/2 such that

ww(q, 0, 0) −−−→
q→0

1

4πε0ε∗w

2π

q
. (72)

This is the potential by which electrons interact in graphene.
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