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three-node triangular element (triangular linear element) using line integrals and quadratic
polynomials. More precisely, we introduce a new class of nonconforming finite elements
by enriching the class of linear polynomial functions with additional functions which are
not necessarily polynomials. We provide a simple condition on the enrichment functions,

gﬁ{}’gﬁ:ﬂs'ﬁm element method which is both necessary and sufficient, that guarantees the existence of a family of
Error bound such enriched elements. Several sets of admissible enriched functions that satisfy the
Polynomial enrichment admissibility condition are also provided, together with the explicit expression of the
Non-polynomial enrichment related approximation error. Our main result shows that the approximation error can
Triangular linear element be decomposed into two parts: the first one is related to the linear triangular element

while the second one depends on the enrichment functions. This representation of the
approximation error allows us to derive sharp error bounds in both L and L' norms,
with explicit constants, for continuously differentiable functions with Lipschitz continuous
gradients. These bounds are proportional to the second and the fourth power of the
circumcircle radius of the triangle, respectively. We also provide explicit expressions of
these bounds in terms of the circumcircle diameter and the sum of squares of the triangle
edge lengths.
© 2023 The Authors. Published by Elsevier B.V. on behalf of IMACS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The finite element method (FEM) has achieved great success in many fields of science and technology. It is a very
useful and powerful tool for calculating accurate approximations of solutions of partial differential equations [8]. One of the
simplest finite elements is the traditional low-order finite element using three-node triangular element in two-dimensional
Euclidean space [8]. It is defined locally as the triplet

(T, P1(T), Zr),
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where T is any non degenerate triangle of a triangulation, P1(T) is the space of bivariate linear polynomials and Xt is
the set of functional evaluations at the vertices of T, also called degrees of freedom of the finite element. The three-node
triangular element is widely used in the applications, however it does not yield satisfactory results due to the low order of
approximation of its trial functions. Basing on this simple element, alternative approaches have been proposed in an effort
to obtain more effective finite element methods. One approach is to enrich the traditional triangular element (T, P1(T), 1)
with special enrichment functions and additional appropriate degrees of freedom, which are added to P{(T) and Zr, re-
spectively, in order to obtain a more accurate element (for an overview of the relevant literature see, for instance, [2-4,21]).
This is a natural way to improve the performance of finite element analysis and it is very important in the applications,
see [10,18]. Motivated by the polynomial enrichment proposed in [14], which is applied to improve the triangular Shepard
method (see [6,12,13,16,27] for other approaches) and by recent works on finite element approximations via the use of
enrichment functions [2,4,21], in this paper we propose a general polynomial and non-polynomial approach for the en-
richment of the standard triangular linear element. While in theory this approach has considerable generality, we focus
on the two-dimensional case, from which both one-dimensional and three-dimensional cases can similarly be developed.
More precisely, the goal of the current study is to unify the ideas and to extend to a more general setting the polynomial
enrichment presented in [14], by using more general polynomial and non-polynomial enrichment functions.

The paper is organized as follows. Section 2 begins by presenting the traditional three-node triangular element and by
recalling some classical results and notations of the finite element method, used throughout the paper. Then we propose
a generalization, using both polynomial and non-polynomial functions, of the polynomial enrichment for the standard tri-
angular linear element presented in [14]. Furthermore we provide explicit expressions of the basis functions in terms of
barycentric coordinates and an explicit error representation. Thereafter, in Section 3 we present the general framework and
extend the results of Section 2 to non-polynomial enrichments of the standard triangular linear element. Here an essen-
tial problem is to establish necessary and sufficient conditions, on the enrichment functions, to guarantee the existence
of well-defined enriched finite elements. This will be done by deriving, in Theorem 3.1, a general characterization result,
which significantly extends and improves the corresponding characterization Theorem of the polynomial enrichment case
introduced in [14]. In Section 3.1 we derive an explicit error representation formula for the non-polynomial enriched ap-
proximant, in Proposition 3.4, and provide explicit bounds for the approximation error, both in L'-norm and L*-norm, in
Corollary 3.12 and Corollary 3.19, respectively. We also list several relevant a priori error estimates. We discuss the quality
of the presented bounds and obtain, in Corollary 3.19, sharp error bounds in L!'-norm, while, in Corollary 3.21, we extend
this result for some special choices of admissible enrichment functions. In fact, we show that both in the L°°-norm and
L'-norm cases these bounds are respectively proportional to the square and the fourth power of the circumcircle of the
triangle, respectively, independently of admissible enrichment functions. To our knowledge, the form of the bounds and the
computational approach based on Leibniz and Weitzenbdck inequalities, are new in the context of the error estimate.

2. Polynomial enrichment of the standard triangular linear element
2.1. The standard triangular linear element

Given a non-degenerate triangle T ¢ R2 with vertices v; = (;, yi), we denote by I'; the edge of T opposite to the vertex

vi, i=1,2,3 and by {);(x)}; the barycentric coordinates of T, defined as follows
1 1 1 1 1 1 1 1 1
X X) X3 X1 X X3 X1 X2 X
y Y2 y3 yir ¥y y3 yi Y2 ¥
MR =7—, A2(X) = , M3X)=—-,
1(®) T 1 1 2(X) T 1 1 3(X) T 1 1
X1 X2 X3 X1 X2 X3 X1 X2 X3
Y1 Y2 3 Y1 Y2 y3 Y1 Y2 ¥3

where ¥ = (x, y) € R2. We denote by (-, -) the scalar product of the Euclidean space R2, and by ||-|| the relative norm. Then
IT1l=lva —vs3ll, [T2l=lvi—vsl, [Tsl=I[v1—val,
are the triangle T edge lengths. We also denote by |T| the area of the triangle T. Let
P1(T) :=span{Ay, A2, A3}
be the space of linear polynomials in R2. The standard triangular linear element P; is the triple
P1:=(T, P1(T), Z1),
where X7 is the set of point evaluation functionals at the vertices of T, that is
Eri={L1(f) = f(v1), La(f) == f(v2), L3(f) := f(v3)}.
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2.2. The general problem for polynomial enrichment of the standard triangular linear element

In this Section we generalize the quadratic polynomial enrichment of the standard triangular linear element proposed
in [14] and based on the set of linear functionals, called degrees of freedom

Sro={L, 1, i=1,2,3},
with
Li(f) = f(vi), fePyI), i=1,2,3, (1)
Ii(f)::ﬁ/fdo, fePyT), i=1,2,3, 2)
i 7

to the case of polynomials of degree greater than 2. We start with the case of cubic polynomials by fixing three linear
polynomials [y, I, I3, which satisfy

Li(vi) =b(va3) =l3(vi3) =1, (3)
where v1,, v23 and vq3 are the midpoints of the sides of T, and precisely
vi+v v+ v vi+v
Vi = ! 2 el V23:=% el, V13Z=% els.

We introduce the enriched space 1~’2(T) as follows:

Po(T) := P1(T) @ span {l13223, i1 s, l3h1h2) (4)
and we denote by AF3 the enriched polynomial element

AF3:= (T, Py(T), 31). (5)

The following technical lemma will be useful in establishing the proof of Theorem 2.3 about the unisolvence of the
element AF3.

Lemma2.1. Let p € FZ(T), then we have

1

Li(p)= 3 (p(v2) +4p(va3) + p(v3)), (6)
1

I(p)= 5 (p(v1) +4p(vi3) + p(v3)), (7)
1

I3(p) = & (p(v1) +4p(v12) + p(v2)). (8)

Proof. Let us prove the identity (6). We parametrize the edge I'y by

t—>tvs+(1—0)va, tel0,1].

Since the restriction of p to the edge I'7 is a cubic polynomial in t, the Simpson’s rule provides exact results for the integral,
and then by equation (2) we get

1
1 1
Ii(p)= ol / pdo =/p(tV3 + (1 —t)vy)dt = 3 (p(v2) +4p(v3) +p(v3)).
I 0

The same argument can be used to prove identities (7) and (8). O
Remark 2.2. Note that, if p € 1'52(T) and Lj(p) =1;(p) =0, j=1,2,3, then, by Lemma 2.1, we get

p(v23) =p(vi3) = p(vi2) =0, (9)

that is, p vanishes at the midpoints of the sides of T.

Theorem 2.3. The triple AF3 = (T, 1~°2(T), f)T) is a unisolvent element.

3
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Proof. We have to show that X7 is 52(T)—unisolvent, ie,ifpe ﬁz(T) and
Li(p)=0, j=1,2,3, (10)
Ii(p)=0, j=1,2,3, (11)

then p=0[11,Ch. 2]. Let p € P2(T) and assume that (10) and (11) hold. By definition, p can be represented as

p=01hy +a2h2 +a3)3 + Bil1d2A3 + falad1As + B3lshiAg (12)
for some constants «;, fi € R, i =1,2,3. Since the barycentric coordinates satisfy Lagrange property, that is L;j(%;) =
Ai(vj) = &jj, where §;; is the Kronecker delta symbol, then (10) implies o1 = =a3 =0 and p reduces to

p = B1lirars + Balar1 Az + B3lzAqAg.

On the other hand, I1(p) =0 and La(p) = L3(p) = 0 imply, by (6), p(vy3) = 0. Now, since A(vy3) = A3(Vvy3) = % and
A1(va3) =0, we get

4
0=cp(vas) = %11 (v23) = %,

where in the last equality, we used the conditions (3). Thus f; = 0. A similar argument can be used to show that g, = 3 =
0, therefore p =0 and the proof of the theorem is completed. O

Remark 2.4. We notice that if we take l; =, =13 =1, then the enriched space ﬁz(T) becomes the stagdard space of
quadratic polynomials P,(T) and, in this sense, the AF3 element (5) generalizes the element (T, P»(T), X7) introduced
in [14].

Remark 2.5. The enriched function space Po(T) satisfies the following properties:

i) it is a subspace of P3(T), the space of cubic polynomials, and hence the restriction of any p € P»(T) to each side of T
is a cubic polynomial in one variable;
ii) it contains the set of linear polynomials;
iii) the nonlinear terms in the expression (12) of p € P,(T) vanish at the vertices of T.

Theorem 2.3 can be stated equivalently by saying that the functionals of 7 are linearly independent in the dual space
P,(T)*. Then, there exists a basis {¢;i, ¢i, i =1, 2, 3} of P,(T) which satisfies

Li(pj) =8ij, li(pj) =0, i,j=1,2,3, (13)

Li(¢j) =0, Ii(¢j)=2¢;j, 1,j=1,2,3. (14)
Theorem 2.6. The basis functions ¢;, ¢, i =1,2,3, of (T, FZ(T), ir) satisfying (13) and (14) have the following expressions

@1 =A(1 =330 =3hLA3), @2=212(1—=3l3x1 —3l123), @3 =23(1—3LA1 —3l1A2), (15)

¢1="06[11213, ¢2=06Lr1A3, ¢3="06I[31125. (16)
Proof. Let us prove the first of identities (15). The element @1 € 752(T) can be represented as

@1 =0a1A1 +a2dy +o3A3 + B1l1Aad3 + BalaA1As + B3lsAq Ay, (17)

for some constants «;, 8i € R, i =1,2,3. Since L1(¢1) =1, La(¢1) = L3(p1) =0, the Lagrange property of the barycentric
coordinates implies &1 =1, oy = @3 = 0 and therefore

01 =211+ BrliAars + BaladaAs + Bslzhi Az
Moreover, since A1 =0 on I't, from I1(¢1) =0, by applying the Simpson’s rule, we get

1

4 B
0=——| Bilii2Asdo = —B1l1(v23)A2(V23)A3(V23) = —,
IT1] 6 6
I

which readily gives 1 = 0. Similarly, since A =0 on I'p, from [>(p1) =0 we get

4
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1
0=— | (A + B2lar23)do
T2
Iy

1 1
=5 <1 +4 (5 + Bal2(vi3)Aq (V13))»3(V13))>
_ 1 B+ B2)
=56 2),
that implies B, = —3. Finally, since A3 =0 on I'z, from I3(¢1) =0 we get 83 = —3, and then the first of (15) is proved.
We now show that the first of identities (16) holds. Since Lij(¢1) =0, i =1, 2, 3, the Lagrange property of the barycentric

coordinates implies that ¢1 € span{l{A2A3,l2A1A3,[3A1A2} and then it can be written as

¢1 = PiliraAs + Balor1A3 + B3lzriAg,
for some constants B, i =1, 2, 3. Moreover, from I1(¢1) =1 we get

1

1=—
Ty

4
/5111A2A3d0 = 5’3111 (v23)A2(v23)A3(V23) = %
I

hence 1 = 6. From Iy(¢1) = I3(¢1) = 0, we also get B, = B3 = 0 and then the first of (16) is proved. We can obtain the
expressions for the other functions by using symmetry arguments. O

Remark 2.7. It is easily seen that conditions (3), which are sufficient for the existence of the enrichment (5) of the element
(T, P1(T), 1), can be replaced by the more general ones

li(vi2) #0, l2(v23) #0, [3(vy3) #0. (18)

As it has become clear during the discussion, general conditions (18) are also necessary.

More generally, let us consider three interior points X1, X2, X3, of the sides I'1, I', I's of the triangle T, respectively, and
three linear polynomials 1, I5, [3. We call these points (and polynomials) admissible if they generate a unisolvent enriched
element, possibly with different basis functions. In analogy with (18), we introduce the nonvanishing conditions

L1 (1) #0, DL(x2)#0, I3(x3)#0. (19)

The question arises whether conditions (19) are sufficient (and necessary) to generate a unisolvent enriched element. As
we will see below, the answer to previous question is positive, but the differentiability class of the enrichment functions
will depend on the position of the point x1, X, 3. To prove this result, we use appropriate 1-point Gauss quadrature rules,
instead of Simpson’s rule, used in the case of the midpoints of the sides of T. The idea is rather simple and dates back to
paper [19]. By assumption, there exist real numbers «;, 8; > 1, i =1, 2, 3, such that

o
_ M B v
o1+ B o1+ B
(07
= 2 vi+ e V3,
ay+ B ay + B
o
_ R B3 v.
a3+ fB3 a3+ B3

As in Section 2, for the sake of simplicity, we can assume that

X1 3,

X2

X3

L) =l (*) =13(x3) = 1. (21)
We introduce the following more general enriched space
$a(m) =Pr(M @span [Lag ™34 s Al TS (22)
which includes Tiz(T) as particular case. In order to test whether or not fJT is EZ(T)—unisolvent and to compute the basis
of the enriched space, we recall the classical Euler beta function
1

B(a,ﬂ):/t“‘l(l —0fldt, o, B>0, (23)
0
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which satisfies the key property

B(a +1, ﬂ)——B(a B), o,p>0. (24)
a+p
The beta function is connected to the gamma function through the equation [1]
F'e)I'(B)
Ba,f)=———1-, (25)
(e + B)
and hence for positive integers o and S, we have
(a —DIB-D!
B, f)=——— . (26)
(ax+B-1!

The following Proposition is crucial to prove that $1 is So(T)-unisolvent.
Proposition 2.8. Under nonvanishing conditions (21), the enrichment functions of §2(T) satisfy the following delta properties

|I‘|/ll)\a1 1)\/‘51 1d0—8113(a1 B1),

ﬁ/lzk?rlkgz_lda = 82iB(a2, Ba), (27)
1

1 - -1
T / 2975 4o — 83,B(as. B3).
1

foreachi=1,2,3.

Proof. Let us prove the first of identities (27). Since o1 > 1 and 1 > 1 then ka1 1kﬁl ! vanishes on I'; and I's, therefore
the first of identities (27) holds for i =2, 3. For i = 1, using the fact that 1, and A3 are affine functions, we get

1
1 1
ﬁ/m‘;l D do = f m“l W= 1>(tvz+(1—t)V3)dt
1
0

= /11 (tva + (1 =)t~ 1(1 — P14t
0
For the 1-point Gauss quadrature in the interval [0, 1] associated with the weight function wg, g, (t) = ta1—1(1 —t)f1—1 the
node is located at the point 1+ﬁ1 while the corresponding weight is equal to B(wq, B1) [25, Sect. 3.1]. Indeed, it suffices
to determine the orthogonal polynomial q(t) of degree 1 relative to the weight function wg, g, on the interval [0, 1] and
using (23) and (24), we get
o

o+ B

Since we assumed by (21) that I;(x1) = 1, the result then follows from the exactness of the 1-point Gauss-Jacobi quadrature
for polynomials of degree 1. O

qt) =t —

(28)

The following theorem extends the Theorem 2.3 to the case of the general configuration of three points (20).

Theorem 2 9. Let the linear polynomials 11, I, I3 satisfy the nonvanishing conditions (21) in the points X1, X2, X3. Then the element
(T, Sz(T) ZT) is unisolvent.

Proof. As the dimension of §2(T) is equal to the cardinality of iT, it suffices to show that ¢ € §Z(T) is identically zero if
all the degrees of freedom (1) and (2) vanish when applied to . The proof follows the same argument of Theorem 2.3 by
using the general identities given in Proposition 2.8. It is therefore omitted here. O

6
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Remark 2.10. The nonvanishing conditions (19) are also necessary. Indeed, let us assume that conditions (19) do not hold,
and without loss of generality, we can assume that l;(x1) = 0. The function ey = lMg‘]_]Ag‘_] € Sy(T), satisfies eq(v;) =
0,i=1,2,3 and

1 1
—/€1d0’=—/€]d0'=0,
T2 T3]

Iy I3

since e; vanishes both on I'; and I';. We also have

1
1
ﬁ/eldo =/t"”_1(l — 0P (tvy + (1 = t)v3)dt = B(a1, B1)l1(x1) =0.
1
I 0

Then Li(eq) =1j(e1) =0, i, j=1,2,3, and therefore ET is not §Z(T)—unisolvent since e1 # 0.

By assuming that the nonvanishing conditions (19) hold, we introduce the following notations

05171)\;31—1
3

_ az—1, fa—1
er =1l 2700

. ep=Da° ,e3=1A2 BTy =B, B, 1=1,2,3. (29)

Using the delta properties of the enriched terms given in Proposition 2.8, we can provide simple but elegant expressions

for the basis functions ¢;, ¢;, i =1, 2,3 of (T, §2(T), ir). The proof of the following theorem follows the same argument of
Theorem 2.6 and it is omitted

Theorem 2.11. The basis functions of (T, STy, 1) satisfying (13) and (14) have the following expressions

3
(/)i:)\i_ze_](l_sij)7 i=1,2,3, (30)
=2

pi=—, i=123. (31)

2.3. An explicit error representation

For the enriched space S5(T), we introduce the approximation operator
M:C(T) — So(T)
3

3
foe Y Lo+ Y liHgi,
i=1 i=1

(32)

where ¢;, ¢;,i =1, 2,3, are the basis functions defined in Theorem 2.11. We are interested in evaluating or estimating the
approximation error

E(f]:=f—T[f]. (33)

The following result shows that the error (33) can be decomposed in two parts: the first one is related to the linear
triangular element while the second one depends on the enriched functions e;, i = 1,2, 3. To short the notation, in this
representation we make use of a generalization of the classical trapezoidal formula to the case of line integrals. More
precisely, for each j =1, 2,3, we set

3
1
Ej = 5 ZLi (34)
i=1
i)
and
=Ly —1j, (35)

where L; and I}, i, j=1,2,3 are defined in (1) and (2), respectively.

7
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Proposition 2.12. Let us assume that the nonvanishing conditions (21) hold and let e;, i = 1, 2, 3, be the functions defined in (29).

Then, for all f € C(T), the approximation error at any point x € T is given by
E[f1(®) = E™M[f1®) + E[ 1),

where

3
EMf1®) = f@) =Y Li(Hri@),
i=1

and

E[f1(x) = Z £ )5""(f)
Vi

j=1

Proof. By (33) and (32)

3 3
=D Lithei = Y LN
i=1 i=1

By (30) and by changing the order of the summation, we get

3 3 3
e
;Li(f)ﬁoz‘:;h‘(f) Ai— Zj —5ij) |-

11’

—ZL(f)A, Z Z —8ij) Li(),
=ZLi(f>Al Z Z Li(f),

= jlll;ﬁ]

- ZL (F)ri — Z %cm.
J

j=1,

Therefore, for all x € T, we get

3 3
E[F1®) = f®) = > Li(Hei® — Y 1;(Hejx)

i=1 j=1

3 3 3
=f@® =Y LHr®+ Y efyﬁ.cj(f) =Y 1i(Hgi®

i=1 j=1, "J j=1

3 .
_ Elin[f](X) +ZEJT(X) ([,](f) - Ij(f)),

=1

as desired. O

3. Non-polynomial enrichment of the standard triangular linear element

3.1. Non-polynomial enrichment

(36)

In this Section we introduce a more general enrichment of the standard triangular linear element P; based on three lin-
early independent arbitrary enrichment functions e, ey, e3. As before, we assume that these functions satisfy the vanishing

conditions on the vertices

e1(vi) =ex(vj) =e3(v;) =0, i=1,2,3.

The new element, denoted by GF3, is

(39)
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(T, Go(T), Tr),

where

G2(T) = P1(T) @ span{eq, ez, e3}. (40)

The motivation for the introduction of this new enriched element lies in the possibility to capture, through the new enrich-
ment functions, features of the function to be approximated that cannot be accurately captured by previously considered
basis. It is worthwhile to note that, in the present situation, we cannot apply previously developed approaches, based on
the use of Simpson’s rule or 1-point Gauss quadrature rule. The following theorem gives necessary and sufficient conditions
on the enrichment functions e, ey, e3, such that ET is G»(T)-unisolvent.

Theorem 3.1. Let be
Ii(e1) Ii(e2) Ii(e3)
N=| Ix(e1) Ia(e2) Iz(e3) |, (41)

I3(e1) Is(e2) I3(e3)

then the triple (T, G(T), ir) is a unisolvent element if and only if
det(N) #0. (42)
Proof. Let assume that det(N) # 0. Let f € G,(T) be a function satisfying
Li(f)=f(vi)=0, i=1,23, (43)
Ii(f):|r1,—i|ffd(7:0, i=1,2,3. (44)
i

By (40), f can be decomposed into the sum of a linear polynomial p € P1(T) and an enriched part, that is
f=p+oaje; +ozes; +asze3, o;eR, i=1,23.

The vanishing conditions (39) for the enrichment functions imply that
p(vi)=0, i=1,2,3,

and therefore, since p is linear, p =0 and f coincides with its enriched part
f=arer + ey + azes.

Consequently, equations (43) and (44) imply that

I1(e1) Ii(e2) Iq(e3) o1 0
Ix(e1) Ia(ex) Ia(e3) | |ax |=]0]. (45)
Is(e1) Is(e2) Is(e3) | | o3 0

As the determinant of N is non zero, this system has the unique solution oy = o3 = 3 =0. Hence f =0.
Now, let assume that det(N) = 0. Therefore, there exist three real numbers Yy, y», 3, not all zero, for which the function

3
€= Zyiei
i=1

satisfies
Iij(e)=0, j=1,2,3.

Moreover the vanishing conditions (39) imply that
Liey=0, j=1,2,3,

therefore, we can exhibit a linear combination of the basis functions of G2 (T) with coefficient not all zero in which all
degrees of freedom vanish. Then X7 is not G,(T)-unisolvent. O

There exists a large class of admissible enrichment functions, as the following example shows.

9
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Example 3.2. Let us consider the three functions
- —1,p1-1
er=(1—a)* LTI
_ -1, -1
ea=(1-2)™ P, (46)
e3=(1— a3 B

with o, B, ¥i > 1,i=1,2,3. It is easy to see that eq, ey, e3 satisfy conditions (39). Moreover, by using (27) we get

1 ..
Ii(ej):ﬁfedeZ&jB(,Bi»Vi)s i,j=1,2,3 (47)
1
T

and then the matrix N defined in (42) is a diagonal matrix with determinant different from zero. This implies that the
functions ei, i=1,2,3, are linearly independent and therefore, by Theorem 3.1 we can enrich Py to the unisolvent element
(T, Go(T), X1) by using (46) as enrichment functions.

As in Section 2, we can obtain simple explicit expressions for the basis {¢;, ¢i, i =1, 2,3} of G(T), associated to a
unisolvent GF3 element, which satisfy (13), (14). To this aim we denote by

N1= [c1€2¢€3], (48)

the inverse matrix of N, where ¢; e R3, i =1, 2, 3, are column vectors.

Theorem 3.3. The basis functions ¢;, ¢i, i =1, 2,3, of (T, Go(T), 1) satisfying (13) and (14) have the following expressions

3
1 .
¢i=xi—52(e,cj>, i=1,2,3, (49)
j=1
J#i
pi=(ecy), i=1,2,3, (50)
where
e=[e1, ez, e3]". (51)

Proof. We start by showing the validity of (49) in the case i = 1. We set

Ij(e)=1Ij(en), Ije2), Ij(e3)]", j=1,2,3
hence, since NN~1 = I, we easily get

(Ij(e),ci):aij. (52)
Moreover, by Lemma 2.1, we get

1

1) = 5 (1= ). (53)

As an element of G,(T), ¢1 can be represented as

Y1 =p+ pre1 + faez + B3es=p + (e P), (54)
where p € P1(T) and B = [B1, B2, 8317 € R3. By using (13) and the vanishing conditions (39) we have

M) =é81j=Lj(p1) =pvj), j=1,2,3,

so that p = A1, since they are linear polynomials. Therefore (54) becomes
p1=»Xx1+ (e B), (55)
and by applying I, j=1,2, 3, to both members of (55), by (13) and (53), we get
1 .
0= 5(1 =81 +(Ije.B), j=1.2,3,
or, in matrix form,

10
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0 1 0
Of==|1|+NB.
o| 211
Consequently
0
1 1
B=—-N""|1|=-S(c2+¢3),
2 1 2

which, substituted in (55), gives the required expression (49) for ¢1. Now we show the validity of (50) for i = 1. We proceed
in analogy to previous case and then we set

d1=q+(e.y).
where q € P1(T) and [y1, )2, )/3]T e R3. Since ¢1(vj) =0 for j=1,2,3, this function can be expressed as

p1=(e.y). (56)
By applying I;, i =1, 2, 3, to both members of (56), by (14), we get

sin=(li(e),y), i=1,2,3,
or, in matrix form,

1
0[=Ny.
0

Consequently
1
y=N1|0|=c,
0

which, substituted in (56), gives the required expression (50) for ¢1. The expression of the other functions can be obtained
using symmetry arguments. O

3.2. An explicit error representation

In analogy to the case of polynomial enrichment described in previous section, we are interested in evaluating or esti-
mating the error

E[f1=f-TIf] (57)
of the approximation operator
3 3
nif1=Y LHgi+ Y L(Hgi, (58)
i=1 i=1

where the basis functions ¢;, ¢;, i =1, 2, 3 are now given as in (49) and (50). As before, we start by proving a decomposition
of the error E[f] as a sum of the error of the (non-enriched) linear triangular element plus an additional term which
depends both on the enrichment functions e;, i =1, 2,3 and the error (35) of the generalization of the classical trapezoidal
formula to the case of line integrals (34). This representation will play an important role in the derivation of explicit bounds
for the error in L!-norm.

Proposition 3.4. Let e; € C(T), i = 1, 2,3 be enrichment functions such that Sris G2(T)-unisolvent. Then, for all f € C(T), the
approximation error E[ f] at any point x € T is given by

3
E[f1®) = E™M[f1®) + ) (e®), ;)7 (f), (59)
j=1

where E'"[ f](x), Ejt.m(f), e(x)and cj, j=1,2,3 are defined as in (37), (35), (51) and (48), respectively.

11
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Proof. By (57) and (58)

3 3
E[f1=f=) L(Hoi— Y _ Li(Hei.
i=1 i=1

By (49) and by changing the order of the summation, we get

3 3 3
Y LiHgi=Y Li(f) | i— % Y le.c))
i=1 i=1 j=1
J#

3 3 3
= ZLi(f)xi - ZLi(f)% Z(e, ¢j) (1 -8
—ZL(f)Az Zec] Zl(f)(l—&])
j=1
—ZL (f)xl—z e.cj)= ZL ).
j=1

1751

Consequently, for each x € T, we get

3 3
E[f1®) = f@®) =Y _Li(NH@i®) =Y 1i(ejx)

i—1 j=1

3 3 3
=f@— Y LHrum =) le.cj)s ZL )| =D 1i(Hle®).¢))
i=1 j=1

j=1
1;&]

3
:E”“[f](x)—i-Z(e(X)v"J ZL(f)_Ij(f)

J=1 l#]
3
= EMF1) + ) (e, ) (L) — (). o

as required. O

Remark 3.5. It may be interesting to compare the proposed approximation operator IT and the standard three node trian-
gular approximation operator

3
M1 =Y Li(f)Hri). (61)

i=1
Using the representation of the error (60), the operator IT can be formulated in an subtractive form more convenient for
practical computation

[ f1x) = T f1(x) — ES™[f1(%), (62)
where
3
ESMfI) =) (e@), ;) (£;()) = 1;(f)).
j=1

Indeed, as shown in equation (62), the operator I1 may be computed by simply subtracting the enriched approximation
operator ES" from the operator I1'", so that the two contributions can be evaluated separately.

12



E Dell’Accio, E. Di Tommaso, A. Guessab et al. Applied Numerical Mathematics 187 (2023) 1-23

3.3. Error bounds
The decomposition (59) is the key result to get the estimate of the error E[ f] in the case of a particular class of functions

with continuous gradient. As usually, we say that f is continuously differentiable on T if it is continuously differentiable on
an open set containing T. Other useful terminology and notations are clarified in the following.

Definition 3.6. A differentiable function f is said to have a Lipschitz continuous gradient on T, if there exists a constant
p > 0 such that

IVFf@ -VfWl=plx—yl, VX yeT. (63)
By C1(Q) we denote the subclass of all functions f which are continuously differentiable with Lipschitz continuous
gradient on T. We call the smallest possible p such that (63) holds Lipschitz constant for V f and we denote it by L(V f).
The following result (see [17, Theorem 2.3]) will be useful in the following.

Theorem 3.7. Let A : C'(T) — C(T) be a linear operator. The following statements are equivalent:

(i) for every convex function g € C1(T), we have

g0 < Algl(0. xeT: (64)
(i) forevery f € CL1(T) we have
L(V
70— Aol = P20 (a1 - ). xer. (65)

Equality is attained for all functions of the form
f@ =a@®) +clix|?,
where ¢ € R and a(x) is any affine function.

Remark 3.8. We notice that the results of Theorem 3.7 hold true, with the needed changes, in the case of standard simplex
in RY, d e N (see [17, Theorem 2.3]).

3
Since each ¥ € T can be expressed as x = Y _ 1;(x)v;, then for every convex function f on T we have
i=1

3
f@® <Y @) =ThIfl®. xeT, (66)
i=1
that is, the linear interpolation operator IT; satisfies condition (64), i.e. it approximates every convex function from above.
Then, the following result holds.

Theorem 3.9. For every f € C11(T) we have

LV )
2

3
‘Elin[f](X)’:|f_H1[f]|§ ZA,’(X)”X—VI-HZ’ xeT.
i=1

Equality is attained for all functions f of the form

f@®) :=a@® +clxl?,

where ¢ € R and a(x) is any affine function.

Proof. From (66) we can apply Theorem 3.7 to the linear operator IT; so that (65) becomes

L(v >
70 —mifel < 20 (in(x) ||vi||2—||x||2>, xeT.
i=1

It remains to show that

13
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3 3
Do n@ il = %12 =) ai@) [x— vl

i=1 i=1

Indeed, we have

& — vill® = x> — 2 (x, vi) + lvill?, i=1,2,3.

By multiplying each of the above equalities by A;(x) and summing over all i =1, 2, 3, we immediately get

3 3 3 3
D on@lx—vill> =Y @) [x]* - 2<x, in<x)v,-> +) L@ lvil®.
i=1 i=1 i=1 i=1

The desired result now follows from the partition of unity and the linear precision properties of the barycentric coordinates.
The last statement of the theorem follows directly by Theorem 3.7. O

With reference to the formula (59), it remains to bound the error 6jt.ra(f) defined in (35).

Theorem 3.10. For every f € C-1(T) we have

L(Vf) Ir;
i

1
T

Equality in (67) is attained for all functions of the form
F@) :=a@ +clx|?, (68)

where ¢ € R and a(x) is any affine function.

Proof. We prove (67) in the particular case j =1 since the remaining cases can be proved by analogy. Let us denote by T
the map

T =f(1—Dvy+tvs), tel0,1] (69)
and by
Mi[f1t) = (1 =6 F©) + (1) (70)

its linear interpolant at the end points of the interval [0, 1]. Therefore, we have

ERIfl1= (f(VZ) + f(v3)) — ot / fdo

1

(FO +f) / ftydt
0

Nl'—t

1
- [ @iho-Fo) . (71)
0
Consequently
1
e = [ |fio - Fol d. (72)
0

Since ﬁ1 approximates from above any convex function on [0, 1], from Remark 3.8 we have

(f ) N_LEY
10 -Fol < == (- 1o - 10?) = == (.-2).
and therefore, from (72) we get

14
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na L(F)

Moreover, for each s,t € [0, 1], we have

[F/() = F/ (O = (Vf(sv2 + (1 —5)v3) = Vf(tva + (1 — )v3), V2 — v3) |
<VFGv2+ 1 =9s)v3) = Vftva+ (1 =0)v3)| [va — vs
<L(VH lva—vsl®Is—t, (74)
and then, by definition of Lipschitz constant, we get
L(F) < L(Vf) |va = v3l? = L(V )T (75)

which concludes the proof of the inequality (67). Let assume that the function f(x) has the form (68) with ¢ = 0. Therefore
the function f defined in (69) is affine and then 1'[1[f] f and L(f ) = 0. Consequently, (67) holds with equality in this
case. Now let assume that f(x) = ||x||%. In this case the function in (69)

o =ltva+a—0vs)?, tefo1],
is a univariate quadratic polynomial satisfying

Frey=21va—vs|*. (76)
We expand 7(0) and 7(1) in Taylor series centered in t and we get, from (76),

FO =F®O —tf ©O+1 v —vs)?, (77)

FO=FO+a-0FO+0-0%vs—vs|?. (78)
Multiplying (77) by 1 —t, (78) by t and summing yields

A-0F @ +F O =F© + (A -0 +ed = 02) v - v3?, (79)
or equivalently

710 - F©O = (1 =02+ =0?) [v2 = v3]2. (80)
Hence, by integrating (80), we get from (71)

1

eI = vz = valP [ (=0 4 - 0?) do
0
=|lva —v3|*(B(3,2) + B(2,3)),

1
2
== [V2—V3|",
6|| Il

which is exactly the term on the right hand side in (67), since L (V (||-[|)) = 2. Finally, if f(x) has the general form (68),
then the equality (67) easily follows. O

Combining Proposition 3.4, Theorem 3.9 and Theorem 3.10, we arrive at the main error estimate.

Theorem 3.11. For any v € C11(T), the following explicit error estimate holds

LVS) < 1<
|f @) =TI f1®)] < (Zf) (mex)nx—vi||2+€Z|Fi|2|<ci,e<x>>|>, xeT. (81)
i=1

i=1
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3.4. The L error estimate
The bound of the point-wise error given in Theorem 3.11 allows us to get a bound in L°°-norm
=max|f(x
| fllgoo ) mas [f )]

of the error E[ f] defined in (57). As shown in the following result, this bound is proportional to the square of the radius of
the circumcircle of the triangle T, by a constant factor which depends on f and on the enrichment functions e;, i =1, 2, 3.

Corollary 3.12. For any f € C1-1(T), the following explicit error estimate holds

L(Vf) 3 2
3 <1 + 5 iil}flz)’g ll{ci, e) ||L°°(T)> R%, (82)

where ¢;, i =1, 2, 3 and e are defined in (48) and (51), respectively, and R is the circumradius of T.

I f =T ey <

Proof. We bound the two terms inside the bracket appearing on the right hand side of equation (81) separately. With
regard to the first term, we show that

3
sup »  Ai(x) [Ix— vi|l> < R%. (83)

xeT i1

Indeed, if ¢ is the circumcenter of T, by using the linear precision and partition of unity properties of barycentric coordi-
nates, we have

3 3
D@ lx—vil> =) n@x—c—@vi—o)l?

i=1 i=1

3
=> 1@ (lx—cl? —2x—c.vi— o)+ v — c|?)

i=1

3 3
=lx—c|* - 2<x— ¢, Y M@V — c> +) L@ llvi—cf?

i=1 i=1
=|x—c|®*-2(x—c,x—c)+R?
=R?—|x—c|?.
Therefore, for each x€ T

3
D k@ lx—vil? <R? —min|lx—c|? <R?, xeT, (84)
im Xe
and so (83) is valid. With regard to the second term inside the bracket, we use Leibniz’s inequality to bound the sum of the
squares of edge lengths of the triangle in terms of its circumradius [24], i.e.

3
> ITil? <9R%. (85)
i=1

Combining the last estimate with (83) gives us the desired inequality (82). O

Remark 3.13. We notice that, for x =c we get

3
> o) lle = vill> = R?,
i=1
then inequality (84) holds with equality if and only if the circumcenter ¢ belongs to T. This property characterizes acute
triangles, i.e. triangles having all angles less than 7 /2.

Remark 3.14. Let X be a set of discrete points in a general position, e.g. a set of scattered points, and assume that we need
to triangulate X. Inequality (82) suggests us the use of a triangulation 7~ which minimizes the maximum of the squares of
the circumradii over all triangles of 7. The Delaunay triangulation has this property.
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Remark 3.15. For any triangle T, it is possible to obtain a more precise L°°-error bound in terms of the square of the circum-
radius minus a nonnegative quantity. Indeed, denoting by ¢, b and R the circumcenter, the barycenter and the circumradius
of T, respectively, then the following bound holds, see [22, Theorem 2.4.4 ]

3

1 2 2 2 2 : 2
— I'il*=R*“—|b—c||* <R —min|x—c|*.
9;—1' il Il I“ < mir l I

The last step follows because b belong to T. Therefore, in Corollary 3.12, R? can be replaced by the smaller value R —
mip\lc—x“z.
Xe

Remark 3.16. Let I's be the longest side of T and let v13 be its midpoint. The line segment joining ¢ with v, is a perpen-

dicular bisector of I';. Denoting by h = sup | v — w| the diameter of T, by the Pythagorean Theorem we get
v,weT

h 2
- 2 2
— min |x — ¢||“ = R*,
<2) +min % — c]
and then

1
R?> —min|x —c|? = = h?.
xeT 4

From Remark 3.15 and Remark 3.16, the Corollary 3.12 becomes

Corollary 3.17. For any f € C11(T), the following explicit error estimate holds

L(V) 3 2
-1 oy < ——— 14+ = max |[{ci,e)|;~ h*, 86
I f [flleery < 3 +2i:1’2’3||( is€) Lo (1) (86)
where h is the diameter of T.
3.5. The L! error estimate

The bound of the point-wise error given in Theorem 3.11 allows us to get a bound in L!-norm

||f||L1(r)=f|f(X)|dx
T

of the error E[f] defined in (57).

Theorem 3.18. For any f € C11(T), the following explicit error estimate holds

L(VS)
If =0 ey < a1 (1+emax) IT|(T), (87)
where |T| is the area of the triangle T,
€max = Max 2 l{ci, e)ll (88)
max = i=12.3 |T| i LY(T)
and
3
o(T) = |
i=1

Proof. We start by proving the identity
3 IT| 3
: —vill2 dy = ' 2
f;mx)nx il d = 3 Ir (89)
Toi= =

Since Z?:] Xi (%) ||x — v;||? is a quadratic polynomial which vanishes at all vertices of T, by [20, Theorem 5.1], we get
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° 2 Tl 2
[ S nwix-vi x= "3 3 b=l (90)

Toi=1
where b is the barycenter of T. Moreover, since
|vi—vi > = Ivil> + |vi]? = 2(vi,vj), i.j=1,2,3,
[b—vi|® = bI> + | v]* —2(b.vj). j=1.2.3,
|vi—v;|> = [b—v;|* = lvil> = IBI? +2(b— vi, v}) i,j=1,2,3,

and then, by summing over all j =1, 2, 3, both members of the last equality, we immediately get

3 3
> vi—vil® = X [b=vj|* =3 (Ivil® ~ 1bI?) +6 (b — vi. b)
j=1 j=1

=3 (Ivill? ~ 1BI? +2 (b — vi. b))
=3b—vi?>, =123,
or equivalently,
E 2 : 2
Dvi—vi|"=> " b—vi| +3Ib—vi]*, i=1,2,3.
j=1 j=1
Now we sum both members of the above equality over all i =1, 2,3 and we get

3
oD lvi- vl =63 lb—vil?.
i=1j i=1

i=1 j=1

or equivalently

3 1 3 3 ) 1 3
Y- vt = 1YY - wl = § e o
i=1 i=1

i=1 j=1

The identity (89) follows by substituting (91) in (90). Finally, by integrating (81) and by using (89), we get (87) and then
the thesis. O

In the following, we further analyze the case of the enrichment functions are
e =TS el T e ST (92)
with «j, B; > 1. In particular, we determine the ‘best’ parameters «;, 8, in order to minimize the approximation error (87).
Theorem 3.19. Let e;, i = 1, 2, 3, be the enrichment functions defined in (92). Then, for any f € C1-1(T), we get
L(Vf) 4
-1 <—— 14+ — ) |T|w(T), 93
If =Ty < 24 +M IT|e(T) (93)

where (L = 1111i£13 (@i + Bi).
1=1,2,

Proof. Let us compute ey defined in (88), relative to the enrichment functions (92). In this case, from (27), the matrix N
defined in (41) is a diagonal matrix and

1
. am O 0
N™" =[c1,€2,¢3] = 0 B(e2.82) 0
0 A
B(as,f3)

Consequently we get
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2 _ 2 11 11
|T|T/|<C1,e(X)>|dx— |T|B(a1,ﬂ1)T/A2 ®)r3' (%) dx,

2 2 ey, p1
|T|T/|(cz,e(x))|dx_ ITIB(Olz,ﬂz)T/)\] ®)A5° (%) dx, (94)

2 _ 2 w31, o fy1
|T|T/I<C3,e(x))|dx— |T|B(a3,ﬂ3)Tfk1 ®AT (x)dx.

In order to compute the integrals at the right side of (94) we denote by
T=fr=@MerR’rz07=07+7=1}, (95)
the triangle of vertices ¥; = (1,0), ¥, = (0,1) and ¥3 = (0,0) and by F: T — T the affine map defined as

F®) =11 @v1 + 2@V 4+ 23@)v3,

where %@, /Xz@, /):360 are the barycentric coordinates of T. Since F preserves the ratio of areas of two triangles, by
definition of barycenter coordinates we get

Lo F®) =ni(®).

Therefore, by using F as change of variables, we get

T

/)\‘5‘1*1(X))\gl_](x)dx:2|T|/’)\\fz)hfl(’a’):g]_](?Dd,x\7
T

/x;rl(mgz* @) dx:2|T|/X‘;‘2*1®X§2”®d§, (96)
T

T

T

/)»?3*1(X))¥§3_1(X)dx=2|T|/1\?‘3*1®’)§2ﬂz—1®d§,
T

where 2|T| is the Jacobian determinant of F. The integrals at right member of equalities (96) can be computed by using
the powerful formula presented in [5]

Fa+DHI@E+ D0y +1)

[i‘;‘@iﬁ@i{@d&: Fa+p+y+3) 57)
T
valid for each «, 8, y > —1. By combining equalities (94), (96), (97) and (25), we get (93). O
Now we consider the more general enrichment functions, already introduced in Example 3.2,
Ei = —A,-)V"ei, i=1,2,3, y;>0, (98)
where e;, i = 1,2, 3, are defined in (92). In analogy to the Theorem 3.19, in Theorem 3.21 we determine, by using the

enrichment functions (98), the ‘best’ parameters «;j, Bj, yi which minimize the approximation error (87). To this aim we
consider the triangle T with vertices ¥1 = (1,0), ¥, = (0, 1) and V3 = (0, 0) and barycentric coordinates 11 (X), A2(X), A13(X).

Lemma 3.20. For each i = 1, 2, 3, the following equality holds

~ _ _ _ r r r
/(1 CR@RE @i @A @) dR = w’“’ (99)
2 F(Zj:],j#i“f)
where
3
r (Vi +Zf:1,#i0‘f) .
Wi = s yizo, aj>1, i=1,2,3.

r (Vi + Z?:] Oli)
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Proof. It is well known that the barycentric coordinates of T in terms of Cartesian coordinates are

M@ =R, L® =Y, MME®=1-3-7.

We use them to prove the formula (99) for i = 1. We note that

[ (1 -2 (1 % - 7% drdy = f (1 -7 @) R, (100)
T 0
where
1-x
I® = / yela —-x-y)*=dy. (101)
0

In order to compute the integral (101) we consider the change of variable

and then

1
I® = (1 -Rres! /%‘1(1 —po @z (102)

_gartar- F(Olz)r(a3)
[(az +a3)’
Finally, the right side of (100) becomes

(103)

f')zalfl a _')D)/1+az+a3fl dx = F(Cl])r()/] + 0 +Ol3). (104)
Iy +ax + o3+ y1)

The result follows by combining (100), (103) and (104). By the same arguments we can prove formula (99) for i = 2. In
order to prove (99) for i = 3, we consider the coordinate transformations

T :j—>f, T, y)=(,%),
0:T—T, 0xy)=>01—-x—y,y)=:(u,v),

and the change of variables 7 o & whose Jacobian determinant is equal to 1. Then we get

/(x + y)Vix0—ly@=1(] — x — y)®~axdy = /(1 —u)YiG(u, v)dudv,

where G(u, v) ;= u®~1y%~1(1 —y — v)®1~1, The result now follows from the case i=1. O

Theorem 3.21. Let €;, i = 1, 2, 3, be the enrichment functions defined in (98). Then, for any f € C11(T), we get

0 = Tl < (24”( M)mwm (105)

where 1 = ig]li;lB (@i + Bi + i)

Proof. Let us compute e;;qx defined in (88), relative to the enrichment functions (98). By (47), the matrix N defined in (41)
is a diagonal matrix and

1
» B(a1,81) ? 0
N™" =[c1,¢,¢c3] = 0 B(az,82) 0
0 0 1
B(as,B3)

Consequently we get
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2 2

i - = _ y1ye1—1 p1—-1

|T|/|<C1,e(X)>IdX— |T|B(a1,ﬂ1)/(1 M@ @A (x) d,
T T

2 / (€2, e(@)|dx = ——— / (1= 22@)222 @2 (%) dx

IT| J ' IT|B(az, B2) J ! 3 ’

2 2 a3—1 B3—1

- - _ V: 3 3

7l /|<c3,e(x))|dx_ T B, B) /(1 A3@)VPATTI @A, (x)dx.
T T

By using the same strategy of the proof of Theorem 3.19, we get

/ (=2 @)"25" @A @ dx=2T| / 1@ @ T @,
T T
/ (1= 2272 @A (w dx=2IT| f (1 =@y @5 ® dR,
T T

f (1= 23@)" @Ay @) dx=2|T)| / (1 -73@)P T @A ® dr.
T T

The result follows from Lemma 3.20. O

The following result shows that the bound (105) is proportional to the fourth power of the circumradius of the triangle
T.

Corollary 3.22. Let e;, i =1, 2, 3, be the enrichment functions defined in (98). Then, for any f € C1-1(T), we get

9V3L(VS) 4
I =T oy = ——5— (1 + ﬁ) R4,

where R is the circumradius of T and u = n‘]li;lB (i + Bi + Vi)-
1=1,z,

Proof. By Theorem 3.21 and Leibniz’s inequality, it suffices to bound the area of T in terms of its circumradius. To this end,
we use Weitzenbdck’s inequality [24], which states that for any triangle T of sides I'1, 'z, I'3, the following inequality holds

3
43T <) 1T
i=1

With the aid of this estimate and Leibniz’s inequality, it is easily seen that

9
IT| < —=R*. (106)

43

The result follows by (85), (106) and (105). O
By Remark 3.15, it is possible to obtain a more precise L'-error bound in terms of the diameter of T.

Corollary 3.23. Let e;, i =1, 2, 3, be the enrichment functions defined in (98). Then, for any f € C1-1(T), we have

9V3L(V ) <1 L4 ) ”
)

I =Tl < =455

where h is the diameter of T and . = n;li;‘lB (ai + Bi + Yi)-
i=1,2,

3.6. Practical consideration

Let X, ={x;,i=1...,n} be a set of n scattered data in R? and let 7, = {Ty, @ = 1,...,m} be a triangulation of X.
We denote by C = conv(X;) the convex hull of X,. We define the global approximation operator IT7, by setting, for any
fech(C)and xeC,
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N7, [ f1&) =1[f, Tel®), if xeTy, a=1,...,m,

where TI[ f, T ] is the approximation operator defined in (58), based on the triangular element (Ty, G2(Ty), flra). In this
case, Theorem 3.19 gives the following global L!-error bound

1f =Ml = / 0~ (10| dx=3 [ 1£60 = ntf. Teeo x

o= 1T{X

_Lvh
=i ( >Z|Ta|w<m) (107)

For any triangulation 7; we denote by

E1(Tm) = Y IT|o(Ta).

a=1

The global error bound (107) is proportional to Eq, by a constant factor which is independent on the triangulation 7. In
analogy, by using the results of Corollaries 3.12 and 3.22 we denote by

m
Ey(Tm) = ) RZ,

a=1

E3(Tm):= ) Rq

a=1

where Ry is the circumradius of the triangle T, € 7. By using the optimality results of Delaunay triangulation, which can
be found in [15] and [17], it is possible to prove the following result.

Theorem 3.24. Let X, be a set of n scattered data in R? and let T, be a triangulation of X,.. Then E;(Tm), i = 1, 2, 3 achieve their
minimum if and only if T, is the Delaunay triangulation.

In this paper we have introduced a new class of nonconforming finite elements by enriching the standard triangular
linear element with additional functions which are not necessarily polynomials. We provide a simple condition on the
enrichment functions, which is both necessary and sufficient, that guarantees the existence of a family of such enriched
elements. We have also derived an error bound in both L and L' norms. Future researches can be carried out in order to
extend the proposed here technique to triangular element with one curved side (see for example [7,9,23,26]).
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