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Abstract

We establish It6’s formula along flows of probability measures associated with general semi-
martingales; this generalizes existing results for flows of measures on It6 processes. Our ap-
proach is to first establish It6’s formula for cylindrical functions and then extend it to the
general case via function approximation and localization techniques.

This general form of 1t6’s formula enables the derivation of dynamic programming equations
and verification theorems for McKean—Vlasov controls with jump diffusions and for McKean—
Vlasov mixed regular-singular control problems. It also allows for generalizing the classical
relationship between the maximum principle and the dynamic programming principle to the
McKean—Vlasov singular control setting, where the adjoint process is expressed in terms of the
derivative of the value function with respect to the probability measures.

Keywords: T1t6’s formula; Flows of probability measures; Semimartingales; Cylindrical
functions; McKean—Vlasov controls

MSC: 60H30, 60K35, 93E20

1 1. Introduction

2 Ito’s formula is one of the most fundamental building blocks in stochastic calculus. It
3 is the key tool to connect PDEs with functional expectation of diffusion processes. Recent
+ developments in mean-field games and mean-field controls have extended It6’s formula to flows
s of probability measures. Analogously, this extension is a natural tool for deriving PDEs in
s the space of probability measures when dealing with SDEs of mean-field type called McKean—
7 Vlasov equations. For instance, the generalized It6’s formula has been used to derive the master
s equations in mean-field games and the Bellman dynamic programming equation for McKean—

s Vlasov control problems. (See [13] and the references therein.)
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There are three approaches to establish 1t6’s formula along flows of measures associated with
It processes. The first is to discretize time and mimic the standard proof of Itd’s formula [8];
this approach can also yield the Itd’s formula for flows of measures associated with mean-field
jump diffusions [31]. The second is to use the Fokker—Planck approach by assuming the existence
of the density for the probability measure [11]. The third, known as the particle approximation
approach, is to approximate flows of measures by flows of empirical measures [14, 13]; this has
been applied recently in [22], [21] to derive several Tt6—~Wentzell-Lions formulae on Wiener

spaces for real-valued functional random fields that depend on measure flows.

McKean—Viasov jump diffusion and singular control. McKean—Vlasov processes, first intro-
duced and studied in [33], are stochastic processes governed by SDEs whose coefficients depend
on distributions of the solutions. McKean—Vlasov controls are concerned with the optimal con-
trol of McKean—Vlasov processes. As in classical control theory, the two main tools to analyze
McKean—Vlasov controls are the stochastic maximum principle and the dynamic programming
principle. The former has been developed in [2, 12] to study controlled McKean—Vlasov systems
in terms of adjoint backward SDEs; it has also been adopted for mean-field games with singular
controls [25]. The latter has been developed through a series of works including for Markovian
controls [36], open-loop controls [5, 17], Markovian and non-Markovian frameworks [20], and
closed-loop controls [41]. None of these works except for [25], however, involves jumps.

The dynamic programming principle was developed to analyze the viscosity solution property
for a class of jump diffusion processes whose coefficients and control are independent of the state
process [9]. Moreover, most existing works on McKean—Vlasov controls deal with It6 processes
with continuous paths, except for [30, 25, 29], which considered singular controls and [28, 9],
which studied jump diffusions. To the best of our knowledge, there is no prior work on the
dynamic programming approach for McKean—Vlasov controls with general semimartingales.
The barrier has been the lack of a general form of It6’s formula for flows of measures on

semimartingales.

Our work. We establish Ito’s formula for flows of measures associated with general and pos-
sibly discontinuous semimartingales (Theorems 3.1 & 3.3). It enables us to derive dynamic
programming equations and verification theorems for McKean—Vlasov controls with jump dif-
fusions and for McKean—Vlasov mixed regular-singular control problems (Theorems 4.1 & 5.2).
It also allows for generalizing the classical relationship between the maximum principle and the
dynamic programming principle to the McKean—Vlasov mixed regular-singular control setting,
where the adjoint process is expressed in terms of the derivative of the value function with
respect to probability measures along the optimal path (Theorem 5.5).

Our approach starts by establishing Itd’s formula on cylindrical functions [37]. Then, by

invoking a general form of Stone—Weierstrass theorem on compact sets in the joint Wasserstein
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space and Euclidean space, this class of mean-field functions is shown to be dense in the class
of twice differentiable functions on the space of probability measures of order two with the
topology of C!'!. Finally, with an appropriate localization argument, the general form of Ito’s
formula is established.

There are several key technical ingredients in our work. The first are the properties of
cylindrical functions. These are smooth mean-field functions with integrable forms, initially
studied in Fleming—Viot processes [23] for modeling population genetics and further developed
for analyzing a general class of probability measure-valued processes called polynomial diffu-
sions [19]. The second are linear derivatives on the space of probability measures [23, 19]; this
form of derivatives enables characterizing the behavior of both the jumps of flows of probability
measures and the jumps of semimartingale processes. This is in contrast to the Itd’s formula
for flows of measures on diffusion processes, which involves only Lions derivatives [32]. Indeed,
Lions derivatives, obtained by identifying the Wasserstein space with the Hilbert space of ran-
dom variables on atomless probability space [8, 14], appear insufficient for characterizing the
infinitesimal changes on the functional of controlled McKean—Vlasov processes with the addition

of jumps; this has been observed before in [9].

Comparison with related works. In an independent work, which has been brought to our at-
tention during the review of this paper, [39] obtained a similar form of It&’s formula for flows
of measures on cadlag semimartingales. There are two main differences between our work and
theirs. First, they use a time-discretization approach, which is different from our cylindrical
function technique. Secondly, the conditions for the It6’s formula in their work are different
from ours. They are essentially different sets of conditions needed for the dominated conver-
gence theorem to allow for the interchange of the expectation and integration; see Remark 3.14

for more detailed comparison.

Cylindrical approach. The cylindrical function technique appears natural for handling discontin-
uous semimartingales and is of independent interest. It has recently been used to obtain Ito’s
formula for controlled measure-valued martingales [18, Theorem 5.1]. Cylindrical functions
have also been used to study viscosity solutions for controlled McKean—Vlasov dynamics [9].
Besides the cylindrical function technique and the time-discretization approach, it is natu-
rally of interest to explore for instance the particle approximation method. However, it appears
more difficult through this route for the case of discontinuous semimartingales, and we leave it
for future studies. (See Remark 3.15 for more technical discussions on the particle approximation

attempt).

Outline of the paper. Section 2 introduces the notation and recalls definitions of several forms

of derivatives in the Wasserstein space of probability measures. Section 3 is devoted to Itd’s
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formula and its variants for flows of probability measures for semimartingales. Section 4 studies
McKean—Vlasov control with jump diffusions and Section 5 analyzes McKean—Vlasov mixed

regular-singular controls.

2. Notations and Preliminaries

Throughout the paper, (Q, F,F = (F;)i>0,P) is a fixed filtered probability space satisfying
the usual conditions. That is, (Q,F,F,P) is complete and the filtration is right continuous.
We assume that there exists a sub-c-algebra G of F, with F rich enough as will be explained

shortly. Moreover, we will adopt the following notations, unless otherwise specified.

e Given any normed space (E,|-|), P(FE) is the set of all probability measures on (FE,| - |).
For any p € N, P,(E) is the set of all probability measures of p-th order on (E, |-|), defined

as Pp(E) z{u e P(E)||pllp :z(fE |33|p,u(dx)) < oo}. For instance, P(E) is the set of

all probability measures with finite second-order moment. For any probability measures

W, 1’ in P,(E), the p-th order Wasserstein distance on Pp(E) is defined as Wy,(u, ') =

1

inf (fExE ly — v/ [P (dy, dy’)) ", where 7 is a coupling of p and g in the sense that 7 €
P(E x E) with marginals u and p/. For any probability measure p € P(E), supp(u) is
the support of p. L2(E) is the space of all square-integrable functions f : E — R.

o L2(R%RY) is the space of all Borel mappings f : R? — R? such that [,, | f|*u(dz) < oo.
VC®(RY) := {Vy : p € C(RY)}, where C2°(RY) is the space of smooth real functions with
compact support in R?. The closure of VC°(R?) in Li (R%;RY) is denoted as T P2 (RY),

which is called tangent space of Py(R%) at a given measure p € Po(R?).

e For vectors a, b € RY, d € Nt, a.b = 32 | a;b;. For the matrix C = (Cj;)1<i j<a € R*?,
Tr(C) = Zle Cy;, the transpose of C is C7. Denote diag(as,...,aq) for the diagonal

matrix in R4 with diagonal entries a; € R, 1 <1 < d.

We denote L?(F; E) as the space of all E-valued square integrable random variables on (Q, F, P);
for any 9 € L2(F; E), we set ||0]| .2 = E[|9]2]2. We will assume that G is "rich enough” in a sense
that Po(E) = {P¢;€ € L?(G; E)}, where P¢ denotes the law of . This is satisfied whenever
the probability space (©2,G,P) is atomless, see page 352, [13]. We may use (Q,F,P) for an
independent and identical copy of the probability space (€, F,P), and ¥ € L?(F;E) for an
independent and identical copy of a random variable ¥ € L?(F; E).

Differentiability of functions of probability measures. We first recall two notions of differen-
tiability of functionals with respect to probability measures that will be used throughout the

paper. One is the Lions derivative from the identification of the Wasserstein space with the
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Hilbert space of random variables on an atomless probability space ([32] and [13]), the other is
the standard/ linear derivative on the Wasserstein space ([23], [19], and [13]).

The Lions derivative of a functional f, introduced in [32], is defined through the lift of f.
The idea is to take the function f : Po(R%) — R, and let f : L*(F;R%) — R be a lift of f such
that f(9) = f(Py) for any ¥ € L2(F;R%). Then, f is differentiable in the Fréchet sense at 9 if
there exists a linear continuous mapping Df(ﬁo) : L?(F;R%) — R such that

FO9) = f(90) = E[Df(ﬁo)-(ﬁ —0)] + o([[9 — Dol 2),

as || — 9ol — 0. It has been shown that when f is the lift of a function f in Py(R%), the law

of Df(ﬁo) depends on Yy only via its law Py, , and

Df(0o) = ho(do), (2.1)

for some Borel function hg : R? — R9. (See e.g., [13], Chapter 5 and [26]). The Lions derivative
is thus well defined:

Definition 2.1 f is differentiable at uy = Py, € Po(R?) if its lift function f is Fréchet differ-
entiable at Yo; and in this case, the function hgy in (2.1) is called the Lions derivative of f at

o, and denoted as (0uf)(po,-)-

The definition of the linear derivative on the Wasserstein space Po(R?) ([23], [19] and [13],

Chapter 5) is more straightforward:

Definition 2.2 For f : Po(R?) — R, the linear derivative of f at ju is a function % on Po(RY)
x R such that for every p, u' € Po(R?)

1
700 = 160 = [ [ SE e (= oo s o

Clearly, the linear derivative % is defined up to an additive constant. It is very closely
related to the Gateaux derivative, denoted by g—i, which usually assumes the existence of the
density function for a probability measure (see [6]).

Under suitable regularity conditions on f, the Lions derivative in Definition 2.1, and the
linear derivative and the Gateaux derivative in Definition 2.2 are connected through the following
equation, according to Proposition 5.48 of [13],

of
o

(12 = 0. 2L (4, ). (2:2)

8Mf(:u'7 1‘) = aa" aﬂ

For instance, consider the linear ®(pu) = [pq g(x)p(dz) =: (g, 1), where the derivative of g has
linear growth, then 0,®(u, x) = 0,9(z) = amg—‘i(u,z).
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Remark 2.3 In addition to the Lions derivative and the linear derivative, there is an intrinsic
notion of derivative on the Wasserstein space used in optimal transport and gradient flows ([1],
[26]). Precisely, one says that f : Po(R?) — R is differentiable at u € Po(R?) if there evists a
unique € € T, P2(R%), such that

m f(pn) = () = f'pz(Rd)sz(Rd) §(x)(y — z)mn(do, dy)
nyoo Wa(p, pin)

for any sequence {jn}n C P2(RY) such that 2-Wasserstein distance Wa(pn, 1) — 0 and any
sequence of optimal plans {71Tn}n C P2(RY x RY) with marginals i, p such that Wo(pin, 1) =
(fRded |z — y|?m, (dz, dy)) E} for any n. Such & is called Wasserstein gradient and denoted as
Vo f(p). It is shown in [26] that Wasserstein gradient V., f(u) is equivalent to Lions derivative
Ouf(p,-) in Definition 2.1.

Our Itd’s formula (Theorem 3.1) will be first established on the space of differential functions
CLL(Py(RY)) in Py(R?), first introduced in [8], [14].
Definition 2.4 We say a function f € C1Y(P2(RY)), if its lift f is Fréchet differentiable, and
if there exists a continuous version of 0, f(u, x) such that

e the mapping (1, x) — O, f(p,x) is jointly continuous with respect to (1, x) and there is a
constant C' > 0 such that

|0, f (1, 2)| < C, (2.3)
for any p € P2(RY) and any x € RY;

o for any p € Po(R?), the mapping x — 0, f (. x) is continuously differentiable. Its deriva-
tive, denoted by 050, f(u,x), is jointly continuous with respect to (p,x); and there is a

constant C' > 0 such that
020, f (. )| < C, (2.4)
for any p € Po(R?) and any x € RY.

We also introduce an alternative class Cigjm(Pg (R9)) of differential functions where we relax
the boundedness conditions in C1*(P2(R9)) by square integrability growth conditions, in view

of Ito’s formula in Theorem 3.3.

Definition 2.5 We say a function f € C-} (P2(RY)), if its lift f is Fréchet differentiable, and

relax

if there exists a continuous version of 0, f(u, x) such that
o the mapping (u,x) — O, f(u, ) is jointly continuous with respect to (u,x);

o for any p € P2(R?), the mapping x — 0,,f (u,z) is continuously differentiable. Its deriva-
tive, denoted by 0,0, f(p, x), is jointly continuous with respect to (u,x);



162 e for any compact set K in Py(RY),

sup| [ {10,700 + 10,0, () o) < . (25)
pnek LJRd
163 Note that in the above Definitions, the continuity in p is with respect to the Wasserstein
e distance Wa. Moreover, if f € C1H(Po(R?)) or C:gax (P2(R%)), then the linear derivative g—l{ in

165 Definition 2.2 exists and is jointly continuous with respect to (1, ) € Pa(R%) x R9,

16 3. 1t6’s Formula for Flows of Measures on Semimartingales

w 3.1, Ito’s Formula and Several Variants

168 In this section, we will present It6’s formula and several of its variants for flows of measures
1w on a class of semimartingales X = (X;)o<t<r (T > 0), which are square integrable and satisfy
w  the (H) condition, following the notation in [37]. This condition is similar to the integrability
wm  conditions on the drift and diffusion coefficients imposed for Itd’s diffusion processes in [8] and

172 [14].
ws  (H) There exists one decomposition X = X (0) + V + L, where V is cadlag process of finite
s variation with V(0) = 0, and L is a local martingale with L(0) = 0 such that

E[Var(V)z] < oo, E[ 3 |AXt|} < oo, E[[X,X]$] < 0. (3.1)
0<t<T

ws  Here Var(V)r denotes the variation of the process V on [0,7], X;— the left limit of X at ¢,
w AX, = Xy — X, the jump of X at ¢, [X, X] the quadratic variation of X, and [X, X]{ =
o [X6, X = [X, X — Zogrgt |AX,|? the continuous part of [X, X], with X¢ the continuous
s part of X.

1 Theorem 3.1 (It&’s formula) Given a semimartingale X satisfying (H) and ® : Py(RY) —
w R. If® € CHY(Py(RY)), then for any 0 <t <s<T,

o(Px,) — ®(Px,) (3.2)
= E[/s 0,0(Px,_, X,_).dX, + %Tlr(8358#1)(1[”)(7‘7,XT_)CZ[X7 X]i)

+ 3 {(0®x) = 9Px, )Ly, pox, ) — OuOPx, X, )AX,

t<r<s
0P 0P
+ (E(PXM X?") - E(PXM XT—)) l{Px,.:PxT, } }] .

1w Remark 3.2 Note that when ® € CHY(Po(R?)), the jump remainder in the RHS of (3.2) is
w2 finite. That is,

> [(2Px,) = ©Px, )1y, o, 3| <00 B[] 3 0P, X, ).AX || < o0,
t<r<s t<r<s
E[ Z ‘((;%(PXT7XT) - %(PXMXT—>>1{]P’X7,:]P’XT_}H < 0.

t<r<s
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Indeed, by the definition of the Lions derivative in Definition 2.1 and its relation with the linear

derivative (2.2), we see

d

1
BPx) - BPx) = [ f0Ex _nax)dh
0

1
/ E[0,®(Px, +hax, X, +hAX,).AX,]dh, (3.3)
0

1
(;E(IP’XT,XT) — (;E(IP’XT,X,«,) = / 0,2 (Px,, X,— + hAX,).AX,dh. (3.4)
o K 0

Thus, by (3.3)-(3.4) (or the Lipschitz continuity of ®) and (2.3),

50 50
(Px,) - O(Px, )| < CE[AX, ] 5 B Xo) = 5 (Bx, X )| < CIAX, . (35)

The claim is now clear by (3.1) from assumption (H) and (3.5).

Under such alternative conditions on the functional ® and the semimartingale X, one can
still derive the same form of It6’s formula (3.2). For instance, one can relax the condition on @
and instead impose a slightly stronger integrability condition on the semimartingale X.
(H)strict  There exists one decomposition X = X (0) + V + L, where V is cadlag process of
finite variation with V(0) = 0, and L is a local martingale with L(0) = 0 such that

E[[Var(V)r|*] < oo, E[( 3 |AXt|)2} < oo, E[[X,X]5]°] < oo, (3.6)
0<t<T

where Var(V)r, Xi—, AXy, [X, X] and [X, X]¢ are given in (H).

Theorem 3.3 (Itd’s formula (II)) Given a semimartingale X satisfying (H)sirice and a

functional & : Py(R?) — R in C) (Py(R%)), Itd’s formula (3.2) holds.

relax

In the special case when the semimartingale X is continuous, we have the following corollary,

recovering earlier results from [13] and [14].

Corollary 3.4 Suppose that the semimartingale X is continuous (and hence Py, is continuous

in time), and that X satisfies
E[|Var(V)T|2} < oo, E[[[X, X]%\Q] < 0.
Let ® be a function from Po(R?) into R satisfying

sup| [ 100,800 )] < +oc,
ne LJRE

for any compact set KK C Po(R?). Then, for all0 <t <s<T,

B(Pyx,) - (Px,) = IE{/ 8#<I>(]PXT,XT).dXT+;Tr(am(?#@(IPXT,XT)d[X7X]ﬁ)].
t
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To avoid confusion, for the rest of the paper, we will always refer to the first version of Ito’s
formula in Theorem 3.1 unless otherwise specified.
To extend It6’s formula to the time-space-measure-dependent case, let us first define the

space C2 (L1 ([0, T) x RY x Py (R%)) of continuous functions ® on [0, T] x R? x Py(R?) such that

o 0;P(t,x, ), 0xP(t,x, ) and 0., P(t, x, 1) exist and are jointly continuous with respect to
(t, 2, ) € [0,T) x R? x P2(R?);

e both 0,2(t,x, u,2") and 0,70, P(t, z, p, x') exist and are jointly continuous with respect
to (t,x,pu,2') € [0,T] x R? x Py(R?) x R% moreover, there exists C > 0 such that
10,®(t,z, pu,2")| < C and |00, P(t, z, pu,2")| < C.

Corollary 3.5 (Time-space-measure-dependent Itd’s formula) Let X be a semimartin-
gale satisfying (H) (with t — Px, not necessarily continuous). For any ® € CH>11([0,T] x
R? x Py(R?)), we have for 0 <t < s < T:

S
®(s, X,,Py.) :<I>(t7Xt,]P’Xt)+/ 8,®(r, X,, Py, )dr
t
_ s _ _ 1 _ _
n JEU 8,0(r, X,_ Px, . X,_).dX, + 5Tr<818u¢>(r, X,_,Px._, X, )X, X]g)
t

+ 3 {(00 X Px) - 00 X P, ) ) e, o,y — Ou®(r X Px, K, ). AX,

t<r<s
= 0P > 0P _
B[ Y (50X Py K0) = (1 X Py K)o, o,

d s d s
1] o
+ Z/ 02, ®(r, X, Px, )dX] + 5 Z/ 0,0, ®(r, X, Py, )d[X T, XTI
i=171t i,j=1"1t
d .
+ Y {(b(r,XT,IPXT) —®(r, X,_,Px,) — Z@xi@(r,Xr_,]P’Xr)AX}.}.

t<r<s i=1

Here X denotes an independent and identical copy of X on a copy of the probability space
(Q, F,P).

Proof. To see how it follows from Theorem 3.1, fix an m € N. Let 7}, = (t =tf’ <" <--- <

m .1 = s) be any partition of [t, s].

q)(S, stIP)XS) - q)(thtu]P)Xt)
m

= Z{(I)(t;ﬁ-l?Xt;nJrlaPXﬁ]11) - ¢(t;n) Xt;"7PXt;n)}
= : :

.

{(I)(t;rfi-17 Xt;nJrl’PXtﬁ.l) — (b(t;n, Xt}n’prt;"+l) + ‘I)(t;n7 Xt;n?PXtm—l) - (p(t;na Xt;_’l’ ]P)Xt;—n)}
0

J
m

.

<
I
o

=0

{@(tﬁl,xtﬂl,lpx%) — (17, XtT,PXtﬂl)}Jr Z{‘b(t}”,th_n,thﬂrl) - q)(tT,Xt;n,]P)Xt;n)}.
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Let m — oo, then, similar as proving the classical [t6’s formula for semimartingales, we see that

the first sum converges in probability to

/ 0, ®(r, X, Px, dr+2/ 0y, ®(r, X, Px, )dX} + Z/ (r, X,_,Px )d[X?, X

'le

d
+ > {<I>(r, X Px,) = (r, X, Px,) = > 02, ®(r, X,,PX7,)AXﬁ}.

t<r<s i=1

According to Theorem 3.1, the second sum converges to

]E|:/ aﬂq)(ra erva,,.varf)'er + / Tr(aa:auq)(ra XT>PX,,'aXr)d[XaX}$>:|
t t

+ Z (‘I’(TaXrﬂ]P’XT) —‘I’(T,Xrﬂ]fbxr_))l{lpxﬁépxh} —I_E{ Z 0,0(r, X,—,Px, ,X,_) AX,
t<r<s t<r<s

0P

‘*‘E{ Z (%(r, X, Px,_,X,)— TL(T“, er,IP’x,.,,Xr,)) 1{IP’XT:1P’X,,,}}-

t<r<s

O

1t6’s formula in Theorem 3.1 takes some special forms when applied to a class of semimartin-
gales driven by the McKean—Vlasov SDEs or jump diffusion processes which are useful for the
subsequent analysis of McKean—Vlasov controls in Sections 4 and 5.

To see this, first let b = (bs)s>0 and o = (05)s>0 be F-adapted processes valued in R? and
R4 respectively, and 3 = (B5(0))s>0 be F-predictable processes valued in R for 6 € RY.
Consider the following jump-diffusion process (X;)s>0

dX, = byds + oy dW, + Bs(A)N(ds,df), X,_ =& e L*(F;RY), (3.7)

0cR4
where (Wy)s>0 is Brownian motion, and N(ds,df) is a Poisson random measure with a finite
intensity measure v, with its compensated Poisson random measure N (ds,df) := N(ds,df) —

v(df)ds. It is easy to check that such (X;)s>; satisfies assumption (H) if

e[ | (0 + o+ [ 1 @wtdo))as] < .

Note that such process X has jumps induced by the Poisson random measure, whereas Px is

continuous in time. (See, for instance [27]).

Corollary 3.6 (It6’s formula for jump process) Given a semimartingale X defined by (3.7),
then for any ® € CL1(P2(R?)), we have
s 1
o(Py.) = (Pe)+ / E[G#Q(PXT,XT).bT + 5Tr(0,070.0,2(Px,. X,))
t
XX 0P
O (Px., X, + B.(0) — = (Px., X,) v(d6) | dr,
b [ (G Xt 8.0 - 5 (B X)) at) an

forall0<t<s<T.

10



21 Proof. Apply Theorem 3.1 to ®(Px,) with X, given in (3.7) between ¢ and s,
s 1
o(Py.) - BBy, ) = E[/t 0,®(Px., X,).b, + 51}(@0;@6@(1@&, XT))dr

+ Z {(‘I)(HDXT> —‘I)(]P)er))l{lP’xrﬂ’xrf}

t<r<s

50 50
+(5(PXT,XT) - M(PXT,X,«_))@XT_PXT}}]. (3.8)

»s  Now it suffices to compute the jump term in (3.8). As the distribution Px, is continuous in

29 time, we have

> {(‘I)(PXT) - @(PXT_))l{PXT;APXT_}} =0.

t<r<s

20 Note that at the time r, X,_ has a jump 5,(0) with Poisson random measure N (dr,df), Thus,

B| 3 {(#x) ~ 0Px )1y, o,

t<r<s
0P 0P
+ (5U (]P)XMXT) - (S'LL(IPXMXT))l{PXT—PXT}}}

B[ [ [ (S X4 50 - S X))t

231 O

22 Relation to Fokker—Planck equation. One can check that this form of Itd’s formula for (3.7) is
23 consistent with its Fokker—Planck equation. To see this, suppose that Px, has a PDF p; such
2a  that by = b(Xy,pt), 0 = (X, pt), Be(0) = 0, and N is a compound Poisson Process with
25 intensity A € R? and jump PDF +, then under mild conditions, the time evolution of p; can be

26 prescribed by an integral differential equation

omi =~V (b)) + 5V V- (ol p)ole p)p)
([ puOne = 0)d = (). (39)

27 where V- denotes the divergence. One can further obtain the time evolution of ¢(p;) for a

25 smooth function ¢ : L2(R?) — R with respect to the Gateaux derivative ([6]),

0
do(pr) = Adg(pt,x)atptdxdt

0 1 0
— B[0. 52 (pn ) bXepe) + 5T (007 (X pi)0a 5 1 X0))
9¢ 99
A (— X, +0) - Z(x ) 9d9]dt,
o [ (o0 - S x)00)
20 where the second inequality is by (3.9) and from integration by parts. Now the consistency
20 follows from the connection (2.2) between the Gateaux derivative and the linear derivative in

21 Definition 2.2.

11
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Next, let us consider processes that arise from control problems of singular type. Let (1:)

= (n})1<i<a be finite variation processes valued in R?, and denote A = diag(A1, ..., \g) with \;
nonnegative constant in R. Take the following cadlag process X = (X}, ... 7Xg)52t,
dX, = byds + o dW, + Mdns, s > t, X, = ¢ € L*(F;RY), (3.10)

where (Wy)s>0 is a d-dimensional Brownian motion. Assuming that E[Var(n)r] < oo and
E[fOT(|bs|2 + |os]?)ds] < oo, one can easily check that X satisfies assumption (H), and we then

have,

Corollary 3.7 Given a semimartingale X in (3.10) (with t — Px, not necessarily continuous).

For any ® € CH1(P2(RY)),

(Px,) — ®(P¢)
s 1
_ ]EM {6M<I>(IP’XT,XT).I)T+§Tr<6w8M<I>(PXT,XT)aTJT)}dr

d s
Y /t N, 0Py, . X, )i’
1=1

+ > {(ox) - @®x, ) 1ex, 2,y —i)\iauéi(IP’Xr_,Xr)Anj}]

t<r<s

o 0D
E —(Px ., X,)— —(Px ,X,_))1 _ <t<s<T.
+ L;S (5M( X, Xr) 5H( X, Ar )) {Px,=Px, _ }}, 0<t<s<

8.2. Proof of Theorem 3.1

We will establish Ité’s formula for a class of cylindrical functions called G(M). We will
then prove the general case by applying the general form of Stone—Weierstrass theorem on
compact sets in the joint Wasserstein space and Euclidean space and by appropriate localization
argument. For ease of exposition, we will prove for the case of d = 1 without loss of generality.
We will discuss (see Remark 3.13) how to adapt the arguments to the general case of d > 1.

Throughout the proof of Theorem 3.1, we adopt a generic constant C' for ease of exposition,

unless otherwise specified.

3.2.1. Proof of Theorem 3.1 for G(Kk)
Let us first define the general space of cylindrical functions G(M) for M C Pa(R).

Definition 3.8 Given M C P2(R), define

GM) == {M > p ®(p) = f({g1. 1), -+, {gns 1) ) for some n € N,

and polynomial f : R™ - R and g1, , gn : R = R polynomials }. (3.11)

12



260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

Observe that G(M) is an algebra as it is closed under pointwise addition, multiplication, and

scalar multiplication. Moreover, G(M) can be rewritten in the following form
G(M) =span{(g,n") :n > 1,1 € M,g:R" — R is monomial},

where (g, ") == [er 9(x1,...,2n)p(dzy) ... p(de,) with n > 1 is a basis of G(M), as each
® € G(M) is a linear combination of monomials (g, u*). (See [19] for more discussions of this

function space).

Now, consider the cylindrical function ®(u) = f({g1, 1), .-, {gn, 1)), whose Lions derivative
is given by

n

0u® () = Y Dy (g1, 1) 5+, (G 1)) D ().

k=1
Note, however, the Lions derivative and the mixed second order derivative of cylindrical func-
tions are not necessarily in G(M). Instead they belong to a bigger algebraic space defined

below.
Definition 3.9 Given M C P2(R) and U C R. Let

HMxU):={MxU>3 (u,z) — ®(p,x) = zn:fk(@k,uk))hk(x), for some n € N,

k=1
fi,hy :R—= R and g, : R¥ — R are monomials }.

One can see that H(M x U) is also an algebra and can be rewritten in the following form

HMxU) = span{<g,uk>zl k>1,1>0,peMzcU,g:RF 5 Ris monomial}.
Moreover, G(M) can be viewed as a subalgebra of H(M x U).

We will next consider a particular choice of G(M) with M := Kk, and
K = {n € Pa(R)lsupp() C [-K. K]}.

Clearly Kk is not empty since the Dirac measure §g is in Kx. Moreover, by Lemma 5.7 and
Proposition 5.3 in [10], Kx is compact under the W, distance for any p > 1. Now we can

establish 1td’s formula for any ® € G(Kk).

Lemma 3.10 Given a semimartingale X satisfying assumption (H) and |X;| < K P-a.s., for
some K > 0 and any t € [0,T]. Then Ité’s lemma in the form of equation (3.2) holds for
O(Px,), with ® € G(Kk).

Proof. Given ® € G(Kk), ®(u) = f({g1,1) -+, (gn, 1) ) by (3.11), where f and gx, 1 <k <n

are polynomials. Therefore,
O(Px,) = f(Elg1(Xr)], .., Elgn(X,)]),

13
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277

278

279

280

281

282

283

284

where the process r — X, is a semimartingale and |X,| < K P-a.s. Clearly, if we define
Y = Elgr(X,)], k= 1,...,n for any r € [0,T], then ®(Px ) = f(Y,},...,Y,"). Since X, is a
semimartingale and gy is polynomial, by the classical It6’s formula for semimartingale, gi(X,)
and (hence) Y, = E[g).(X,)] are bounded semimartingales. Now, setting g = (g1,...,¢g,) and
Y, = (Y} ...,Y"),0<r<T, and applying Itd’s formula to f(V,) between ¢t and s, 0 < t < s

< T, we see
O(Px,) — ®(Px,) = f(Ys) = f(V2)

:zn:/say’“f( Y+ 5 ZZ/ Dy, F(Yr)d[Y? Y FY; (3.12)
k=171

k=1 j=1

I 11

o 3 (s s - oo avt

t<r<s =

111

Let us now compute the terms I, I, and I11 separately.

Applying the classical 1t6’s formula to gi(X,), 1 < k < n, we have

gr(Xs) — gu(Xy) / Bugn(Xo_)dX, + amxgk(xr,)d[X,X}g (3.13)
+ Z {gk r)*gk(Xr_)*&ﬁgk(Xr_)AXT}.
t<r<s

Since | X, | < K, P-a.s., there exists constant C' > 0 such that P-a.s.

max (g (X,)], 1094 (X )|, 10ragi (X)) < C.

Taking expectation on both sides of (3.13), we see
Yk - [ / Oug (X, )dX, + Bmgk(Xr,)d[X7 X]¢ (3.14)

S {gkm) - aX) - 00 (X)AX, .
t<r<s
By the definition of the integral,
1= / Ou SV = Jim 530, i )0, — V)

holds for any arbitrary partition ;" of [t, s]. Therefore, in order to calculate the term I, we may

take a partition 7% = (t =17 <" <--- <t;.; = s),m € N such that max; [t]* — 7%, = 0

and max; SUP; (¢ tm || |Y,— — Yim| — 0 as m — oo. The existence of 7" is ensured by the fact

that (Y, )i<r<s is a cadlag function of finite variation. Therefore, I is well-defined and can be

14



25 approximated by the partition 7;"%:

_ s k k
I = ,ggnoozl;aykfm;om%—m)

m.

= H%EHWZE[/ Zaykf Yt’” )02k (Xr—)d X,

J

m n

J+1 )

+ 2 Zaykf Yip ) { o (X:) - gk<xr>—amgk<xrmxr}]

tr<r <t | k=

= E {/ (0,2)(Px, , X, )dX, + 18:,38#<I>(IF’XT_,XT_)d[X, X¢
t

0P 0P

> 3 —Px,_, X)) - —(Px,_, X, ) = 0,®(Px,_, X, )AX, ¢ |,
o o

t<r<s

xs  where in the second equality, (3.14) is applied to Y,* between 7" and t7" |, and in the last equality,

27 Yym in the second inequality is replaced by Y,_, r € (¢, ] as max; SUD,.¢ (g ¢ || |Y,—

288 Yt;n — 0 as m — oo.

289 Now, since Y* is deterministic, [Y*,Y7]¢ = 0, and
=320 [ s v o
k=1j5=1

290 Moreover, notice that the third term of (3.12) is

117 = Z {‘I)(IPXT) - iE[aykf gk (Xr) — gk(Xr—)):|}

t<r<s k=1

_ Z{@(PXT)MIP’XT_)E[(;@(PX X)) = (;;I:(PX A )}}

t<r<s 6“
Summing up these three terms I, IT, and 111, and substituting them into (3.12), we obtain
B (Px,) - B(Px,)

1
[/ 0u®(Px,_, X,-)dX, + 50:0,8(Px,_, X, )d[X, X]ﬁ}

+ Z ( (P, ))1{]P’X7‘¢PXT_}—]E{ Z au@(IP’XT_,XT,)AXT]
t<r<s t<r<s
0P 0P
t;;s o X (5 X,
) 0
- E[(%(Px,.,,xr>—%(PX,.,,XH)]
t<r<s

01 As (Px, )i<r<s is a cadlag function, let us divide [¢, s] into countable set {r € [t,s] : Px, # Px, }

15



2 and uncountable set {r € [t,s] : Px, = Px,_}, we have

E{ > (gi(PX,.,XT) - g(PX,,.7Xr))]

t<r<s
0P 5P
= Z ]E|:(5‘LL(PX77X’I’> - (S‘[L(PX77XT)> 1{PX7‘?£PX7,}:|
t<r<s
0P 5P
. —Px,_, Xp) = —(Px,_, Xr-) | Ly, =

203 where we switch the order of the expectation and the summation on countable set {r € [t,s] :

204 PXT 75 ]P)er}. Meanwhile,

> E[(@(PX,.,,XJ - @(PX,,.,,XT—))}

o O op
1) 1)
= > E[(g(er,,Xr)—g(lP’xer—))}1{erﬂxr7}-
t<r<s

205 We conclude that

o 3 (G- Gee o] 5 El(Fes - G x)

t<r<s t<r<s

= E[ Z {(;%(PXT_vXT)_(;%(PXT_,er)}l{[pxy;]pxr_}}.

t<r<s

s Note that |0,®(u, x)| is bounded on the compact set Kx x [—K, K], and by the same argu-
27 ment as in Remark 3.2, one can see that the terms >, (<I>(]P’X7,) - (I)(eri))l{]pxr¢]px.ri},

B Ciere, 0Py, Xo JAX, | and B| o, {52 Px, X0) 52 Py, Xo ) Plpy, —px, 3]

200 are all finite. O

w0 3.2.2. Proof of Theorem 3.1 for CY(Kx)

301 We next establish the It6’s lemma for C1! (K k). To this end, we first need:

32 Lemma 3.11 (Stone-Weierstrass) Take a compact Hausdorff space H, and let C(H) be the
s algebra of real-valued continuous functions on H, with the topology of uniform convergence. Let
s A be a subalgebra of C(H). If A separates points on H and vanishes at no point on H, then A

w5 s dense in C(H).

306 Then we will establish the following Lemma showing that cylindrical functions restricted on

s Ky is dense in C1! (K ) with appropriate choices of norms.

ss  Lemma 3.12 G(Kx) is dense in CH1(Kx), the collection of all C1'1 functions on K with the

w0 supremum norm of derivatives of all orders:

[Olhee = s (1000 + 9,8 (00)] + 0.0, 2)]).
(p,z)EK K X[— K, K]

16
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317

318

319

320

321

322

323

324

325

326

Proof. The proof consists of two steps, and we will adopt the linear derivative.
Step 1. If ® € CY*(Kg), then 9,22 rm ®(u,x) € C(Ki x [-K, K]). Since we are concerned about
the support of u, we restrict 8351@ to Kx x [—K, K]. We see that
o H(Kk x [-K,K]) =: Hi separates points on Kk x [—K, K]. To see this, take (u,z) #
(1, 2") € Kk x [- K, K], we have either pn # p/ or x # 2/, If u # p/, from Theorem 30.1 in
[7], there exists jo € N such that [ #7° (4 — p')(dx) # 0, otherwise, = p/. In this case,

define p(u, ) = (27°, i) € Hr, then p(u, x) # p(p',x). If p =/, x # &', take p(u, ) =
x, then p(u, x) # p(p',2’). In either case, Hy separates points on Kx x [—K, K.

o Hy wanishes at no point on K x [—K, K]. This is obvious as one can always choose a

nonzero constant function in Hp.

It thus follows from the Stone-Weierstrass lemma that H(Kx x [ K, K]) is dense in C(Kx X
[-K, K]) with the topology of uniform convergence. Therefore, one can find a sequence of

functions py,, P € Hx such that for any e > 0, there exists N(e) such that for n > N(e)

oD B 0P
sup Pulits @) = O ()| S €, sup [pul) = = (w0)| S, (3.15)
(1,2) ek X[~ K, K] op pekx o
Step 2. Let
x ry
Pu(iz) = Puln)+ / / Pt 2)dzdy,
0 0
1
vu0) = oG+ [ [ B (1 0, ) 30)d)A
0 J[-K,K

One can easily check that ®,, € G(Kk) by the above construction. Now we have

Py z) — ”( v)

5<I> Ty 0D
/ / Pl 2 dzdy) e 0)+ /O /0 Ous 5 (1, ey

5<1> 59 (u,0) 5q>

I
™

Thus by (3.15),

sup |00 P (11, 2) — 0, (1, )| < K - ¢,
ICKX[—K,K]

0P
sup |Po(p, @) = () < (14 K7) - c.
Krx[—K,K] K

Moreover,

@, (p) — (1)
1
(50) + /0 /7K PO (1 000,2) = ) )00

~(2(60) + /1 / . %()\M (1= Ao, ) — 80)(dr)d)

/ / PoOvi+ (1 — Ao, ) — ‘;ibw (1= N)do,2) ) (1 — o) (dz)d.
KK] H

17



327

328

329

330

331

332

333

334

335

336

337

338

339

Hence
sup [ @, (p) — @(u)| < 201+ K?)e.
Kk
Therefore,
IﬁnﬂmKSEO%1Y+%1+K%)

with ®,, € G(K), which is shown to be dense in C*1(Kx). m]

We are now ready to show that Itd’s formula (3.2) holds for any ® € C1!(Kx ). Without loss
of generality, assume that Xy = 0. Fix K > 0 and suppose |X,| < K P-a.s. for any r € [0, 7.
By Lemma 3.12, for any ® € C1'1(K ), there is a sequence of cylindrical functions {®,,}2° ; in

G(K k) such that
|®,, — @l — O. (3.16)
By the definition of topology of C*! in (3.16), it is easy to deduce that

sup @, () — ()| >0, sup  {[8, @0 (1, X) — 9D (. X))
e K REK K, X~pu

+ (020,80 (11, X) — aza#cp(u,xn} 50 P—as  (3.17)

From (2.3), (2.4), and (3.17), there exists a K-dependent constant C' such that for all n € N,

st (0@ X)L 0,0 X)) 100,00 (1. X)L 0,0,8(0. X)) < C. (3.18)
12 K, AN

By Lemma 3.10, It6’s formula holds for {®,,},>1

@n(PXs) - (I)n(PXt)

—E [/ 0, P (Px,_, X, )dX, + %@m%mxr, X, )d[X, X]ﬁ}
t

+ 3 {cpn(lpxr)fcpn(PXT_)}hpxrﬂxr_}fE[ 3 8“<I>n(IP’XT_,Xr_)AXT}

t<r<s t<r<s
6d, 5®,
B[ 3 (G P X) = S (P, X)) Lip, o, ) (3.19)
t<r<s

To establish a similar equation for any ® € C11(Kx), let us check that each term in the RHS
of (3.19) converges to its suitable limit.
o First term of RHS of (3.19). Note from (3.18) that the integrand is bounded. By applying

the Dominated Convergence Theorem for stochastic integrals
/ 0@y (Px, , X,—)dV, =% / 0,®(Px, , X,_)dV,,
t t

/ 0,9, (Px, , X, )dL, 2> / 2,0(Px, ,X,_)dL,,
t t

18



340

341

342

343

344

345

346

347

348

349

350

where 2% and -2 denote respectively the convergence P-a.s. and in probability.

On one hand, from (3.1)

/ 0u®n(Px, , X,-)dV,|< CVar(V)s;
t

and by (3.1) and the Dominated Convergence Theore

lim E[/ auq%(]PX,,,Xr)dm}: / 0, (Px, T)dm}. (3.20)
n o0 t

On the other hand, by Itd’s isometry, (3.1), and (3.18)

} = sup]E{/
n>1 t

< CE[[X, X],] < o0

supIE[

n>1

/acp (Px,_,X,_)dL,

2
a;/,‘bn(PXr, ) X?"—)’ d[Xv X]r:|

This implies the uniform integrability of { [;*(8,%®,)(Px,_, X,_)dL,} ., and

lim IE[/ 8Mt1>n(]P>XT,X,._)dL,}:IE[/ alttb(PXT,X,._)dL,}. (3.21)
t t

n—roo

Summing up (3.20) and (3.21), we deduce that

lim ]E[/ 9,®, (P, _ XT}:]E[/ 8M<I>(IP>X,,,7XT_)dXT].
n—oo t

e Second term of RHS of (3.19). By (3.18), | [}’ 0,0,%,(Px,_, X, )d[X, X]¢| < C[X, X]¢. By

the Dominated Convergence Theorem,

lim E{/ 00,2, (Px, , X,_)d[X, X]f} = E[/ 0.0,2(Px,_, X, )d[X, X]ﬁ]
t t

n—oo

o Third term of RHS of (3.19). Note that |[AX,| < 2K P-a.s.. By (3.17),

Tim {((I)n(IP’XT) - cbn(PXP)) Ly 2oy} — 0u®n(Px,_, X,._)AXT.}

n—r oo

- ((I)(]P’XT) - <I>(IF’XT7)> Loy, ox. ) — 0u®(Px,_, X, )AX,, P—as.

Moreover, by Remark 3.2 and (3.18)

supE[ > {(@nPx) = 2P, ) 1py, ox, 3 — 8#<I>H(IP’XT_,XT)AXT}]

n>1

t<r<s
<2sup sup |0,Pn(pu,x |E[ Z |AX, |} <C’IE[ Z |AX, |}
nzl (u,z)eH K t<r<s t<r<s

Applying the Dominated Convergence Theorem yields,

nlggo]E{ Z { ((I)n(]PXT) - (I)n(PXT— )) 1{IP’X,,,7£]P’XT_} - 8/L‘I)TL(]PJXT_ ) Xr—)AXr}}

t<r<s

= ]E{ Z {<<I>(PXT) - <I>(IP’XT_)) Lpy, #ex,_y — Ou®(Px, Xr_)AXT}] .

t<r<s
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358

359
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363

364

365

366

e Fourth term of RHS of (3.19). By (3.18),
5P, 0P,
s 37 ‘(W(PXT,XT) = W(]PXT,XT_))‘1{%:%_}} < o0,
t<r<s
By the Dominated Convergence Theorem,

lim IE[ Z ‘(%(PXT;XT’) — %(ervXT—))‘]‘{PX,«:PXT_}}

n—00
t<r<s

- E[tfzs | (%IPXT,XT) - %(PXT,X,,,)) [Lps, s, 3]

Now taking the limit on both sides of (3.19), we establish Itd’s formula (3.2) for any ® €
CY1(Kk).

3.2.3. Proof of Theorem 3.1
We now finish the proof of Theorem 3.1, using a localization argument for general functions
over P2(R).

Take a general process X = (X¢)e[o,7], and note that X := (X;_) 0,7] 1 locally bounded.

te|
Fix K > 0, denote 7 = inf{0 <t < T, |X;_| > K}, and define the truncated process

K T
XE = X75 = Xy pre.-

Then |XX| < K P-a.s.. Now, for any ® € C1}(P2(R)), one can apply Itd’s formula to @i,
the restriction of ® over Kg:
D(Pyx) - D(Pyy) (3.22)

S 1 S
:EU 0@ (Pyx ,Xf{)deJri/ 020, ®(Pyx ,Xf)d[XK,XK]:;]
t o t "

3 {0®xr) — 8Pxx ) P prpn ) — B[ X0 40Py X )AXE]

t<r<s t<r<s

) )
+ E[K;S (g(PxfaXf() - %(Pxfyxﬁ))l{wxgszﬁ}]

To see that Itd’s formula (3.2) holds for any ® € C**(Py(R)), let us check each term of the RHS
of (3.22).
o First term of RHS of (3.22). By the construction of X* and the stopping rule for stochastic

integral
/ 8M<I>(IP>X£,X;K_)de{:/ 0,®(Px,_, Xy )1[0, ) d X,
t t

Since [(0,®)(Px,_, Xr)1jo,rx]] < [(0,®)(Px,_, X;—)| < C, P-as., by the Dominated Conver-
gence Theorem for stochastic integrals (Proposition 2.74 [34])

/8M<I>(HDXT7,X,._)1[O}TK]dVT%/ 0,@(Px, , X,_)dV,,
t t

/ u®(Px, , X, )1jo rdL, — / 0,®(Px, ,X,_)dL,.
t t
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Repeating the same argument as the proof for the first term of RHS of (3.19),

lim EU u®(Pyx , XJX) dXK] V 0,2(Px, , X,_)dX,|. (3.23)

K—oo

e Second term of RHS of (3.22). Note that we have in the pathwise sense
[ 00 XE)aX®, x9: = [ 0.0,8(Bx, X, g g, X
t t
“—>/ 0:0,@(Px, , X, )d[X, X,
t

Since (0,0, ®(p, z)| < C and E[[X, X]5] < oo for any T' > 0, Dominated Convergence Theorem

implies

lim ]EU 020, (Pxre , X[ )d[ X5, XK ] U 0:0,®(Px, , X, )d[X, X];

K—oo

o Third term of RHS of (3.22). By the construction of X/,

(O(Pxx) = @Pxx )L orp e ) — Ou®(Prx , X )AXE

as <<I>(IP’XT) - @(IP’XP)) Ly, 2o} — 0u®(Px, X, )AX,.
By Remark 3.2, RHS of the above equation is integrable under E[>_, _, -], and by the Domi-
nated Convergence Theorem

lim B[ 37 {(@Fxx) = @(Px ) ) Lipyyopry i ) — 0uP(Prre X )AXS]]

K—oo
t<r<s

= E{ Z {(q’(PXT) - ‘I)(erf))l{ﬂ»xﬁepxri} - 3H<I>(]P’XP,XT,)AXTH.

t<r<s
e Fourth term of RHS of (3.22). As

0d 0d 0P

o — (P, X5 ))l{u»XK =Pyx } = <5/~L (Px,, Xr) — @(Pxﬂxr—))kuﬁxr:mp},

(M) (P, X5 =

op

by the Dominated Convergence Theorem,

. 5o 5o
Klgr‘l"}EL;T:gs (@(PX’{{’X:{) N @(Pxf’X )>1{Px,f.<¢ﬂ”x£i}}
:E[ 3 (g—@(PxMX» - (;E(PXT,er))l{pXT:PXP}}. (3.24)
t<r<s H H

Now, taking limit on both sides of (3.22) and ®(Pxx) — ®(Px,) as K — oo, Itd’s formula (3.2)
holds for any ® € C11(P2(R)). 0

3.8. Proof of Theorem 3.3

Note that all the arguments of Theorem 3.1 remain essentially the same here. The only
modification is to ensure the Dominated Convergence Theorem holds whenever appropriate.

Specifically, instead of relying on [0,®(u,z)| < C and [0,0,®(y,x)| < C in Definition 2.4
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for (3.23)-(3.24) in the proof of Theorem 3.1, one first needs to check that conditions (2.5) in
Definition 2.5 and (3.6) in (H)gtice are sufficient for the Dominated Convergence Theorem.

That is to check

2
} < sup E“@p(]}»xr_,xr_)ﬂ B [[Var(V)r|?]
0<r<T

E ’/ 0,8(Px._, X, )dV,
L t

2

|'< 5w B[00y xF] B[, XLE)

E ‘/ 0, 8Py, X,_)d[X,X],
L' Jt 0<r<T
}2

E[ ’(@(IF’XT) - <I>(]P’XT_)>1{PM¢PXT_} — 0,8(Py,_, X, ).AX,

Tt<r<s

< 40335TE[|aﬂ<I><PXT_,Xr_>|2}E[(O<;;T|AXt|)2},

and

E[K;s (%(er, X,) - g(ﬁ’xr,er))1{PX7‘=PXT_}r

< sw Efl0,8Fx X ] -E[(Ongmm)g],

where (3.3)-(3.4) in Remark 3.2 are used. Now, it remains to verify conditions (3.6)-(2.5) are
satisfied: given a semimartingale X, K= KxUKx_ is compact in Pa(R), with Kx = {IP’XT,, 0<
r< T} and Kx_ = {IP’XF,O <r< T}. To see this, let {fy, }n>1 be any sequence in l%, where
pr, iseither Px € Kx orPx, € Kx_. Since {rn}n>1 has a convergent subsequence in [0, 77,
denoted as {ry, }r>1, one can show that o, also converges with its limit in K. Consequently

by (2.5), supo<rST]E{|8ﬂ<I>(IPXP,XT,)|2} < sup,%]E[|8M<I>(IP’X,,,7,XT,)|2} < 0. O

Remark 3.13 (Generalization to d > 1) For ease of exposition, the proof for Theorem 3.1
is given for d = 1. Newvertheless, its adaptation for the case of d > 1 is straightforward, including
Definition 3.8, Definition 3.9, Lemma 3.10, and Lemma 3.12. Indeed by [19], the underlying
space in G(M) in Definition 3.8 and H(M,U) in Definition 3.9 can be any locally compact
Polish space. When the underlying space is RY, the compact set in P2(R?) can be defined as
K = {pu € Po(RY)|supp(p) C [~K, K]?}. One can also check that the proof of Lemma 3.10
remains unchanged except for the polynomial g, 1 < k < n, now defined from R? to R; hence
the deriwative of gi is replaced by its partial derivative with respect to x;, 1 <1i < d.

Finally, for Lemma 5.12, one can find pn(p,x) = (p57(p,2))1<ij<a with piI(p,x) =

pht(p, ) such that |pid (p,x) — amﬁ%g%(l)(uw)’ < €, and then obtain P,(u,x) by integrat-

d

ing Pn (1, x) with respect to dz = dz'...dz% and dy = dy" ...dy?. The rest proceeds similarly

as the proof of Lemma 3.12.

Remark 3.14 Note that we propose two different sets of conditions for It6’s formula: one in

Theorem 3.1 with stronger conditions on the functional and weaker integrability conditions on
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the semimartingale, the other in Theorem 3.3 with weaker conditions on the functional and
stronger integrability condition on the semimartingale. Note that conditions in [39] are similar
to ours in Theorem 3.3, as both sets of conditions allow for the interchange of the expectation
and integration.

Comparing conditions (2.5) and (3.6) with Definition 3.1 and equation (3.2) in [39], it is
clear that our condition (3.6) on the semimartingale X is from the Doob-Meyer decomposition
of the semimartingale X while equation (3.2) in [39] is from the Doob-Meyer decomposition
of the continuous part of the semimartingale X. Note that we assume 0,® and 0,0, in
(2.5) (Definition 2.5) to be bounded in L?, locally uniform in p, whereas [39] assumes that (see
their Definition 3.1) % has quadratic growth in x, 0,® has linear growth in x, and 0,0,P is
bounded, all locally uniform in p; The assumptions in Definition 3.1, [39] provide with sufficient

conditions for our assumptions in (2.5).

Remark 3.15 We would also like to point out that there appears to have some essential diffi-
culties to adopt the particle approrimation approach for general semimartingales. For instance,
there are two terms for jumps in Ito’s formula in Theorems 3.1 & 8.8: the first jump term
sums over the set of time points at which the law of the semimartingale is not continuous, and
the second jump term sums over the set of time points at which the law of the semimartingale
s continuous while the semimartingale itself has jumps. Using the particle approzimation ap-
proach, the first jump term in the standard Ité’s formula of the empirical projection converges
to the first jump term, as expected. However, it is unclear whether the second jump term in
the standard Ité’s formula of the empirical projection converges to the second jump term asso-
ciated with the linear derivative in Theorem 3.1 or Theorem 3.3. To see this more precisely,
suppose that ((X]")i>0)n>1 15 a sequence of i.i.d. copies of the semimartingale (X¢)¢>0. Denote
by p¥ = % 2521 dxn as the empirical measure of ((X{')i>0)n>1. Given an integer N > 1, the
empirical projection of ® : Po(RY) — R onto R is defined as

oV ®RYN S (a1, ... x;ﬂ»—)@(ii(s ).
5 5 N x;

i=1
The strategy of the particle approzimation approach is then to expand ¢~ : (RN 3 (z1,...,zN)
using classical Ito’s formula and take the limit. However, one cannot see clearly in the expan-
sion of ¢ whether the term EDcres ((;SN(X}, L XNy N XT],\L)) Lipy, =px,_}]
converges, as N — oo, to B[}, . (%(PXT, X,) — %(PXMXP))l{PXT:PXT, 1] in (3.2).

The remaining part of this paper demonstrates how It6’s formula enables us to derive dy-
namic programming equations and verification theorems for McKean—Vlasov controls with jump
diffusions and for McKean—Vlasov mixed regular-singular control problems. It also allows for

generalizing the classical relation between the maximum principle and the dynamic program-
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ming principle to the McKean—Vlasov singular control setting, where the adjoint process is

expressed in terms of the derivative of the value function with respect to probability measures.

4. McKean—Vlasov Control with Jump-diffusion Process

4.1. Problem Formulation and HJB Equation

On a given probability space (Q, F,F,P), we consider a d-dimensional Brownian motion
W = (Wi)i>0, and an independent Poisson random measure N with a finite intensity measure
v, with N (df, dt) := N(d, dt) —v(d)dt the compensated Poisson random measure. Fix T’ < oo,
consider the following McKean—Vlasov control problem with jump-diffusion process, where the

R-valued state variable X, (s > t) follows the dynamics starting from ¢ € [0, T,

dXs = b(XsaOémPXs)ds+0-(X5’as’]P)XS)dWS
+ Jaw B(Xsms 00, P, O)N(ds, df), s > 1, (1)

X ¢ € L*(F;RY),

Here the control a = (a;)s>¢ is a cadlag F-adapted process taking values in a subset A of R™,
satisfying the square integrability condition: E| ftT |ais|2ds] < oo, and denoted by « € Ay.

Define a cost functional

T
J(ta Ev Oé) =E |:/ f(X.:é’aa Qs, ngvfﬁ‘)ds + g(X%§7a7PX§;5‘“) 5 (42)
t

then the McKean—Vlasov control problem is to find an optimal control (if exists) to minimize

the cost functional J. That is to solve for

V(&) = aiélftt J(t, & ), (4.3)

subject to the jump diffusion (4.1).

To ensure the well-definedness of the control problem, the following conditions on coefficients
b, o and [ are imposed.
(H1) There exists a constant Cj, , 3 > 0 such that the coefficients b, o defined from R? x A x
Py(R?) to R, R4 respectively and 3 from R? x A x Py(RY) x R? to R? satisfy:

bz, @ )| + o, a, )| + / 1B, 0. 1, 0)[v(d0) < Coop (1+[al + [al + 1l )
for any x € R, a € A, and pu € P2(R?). Moreover, there exists a constant C4.0.5 > 0 such that

|b($, Cl,,u) - b(x/a Cl/,,u/)| + |0'(.13, avl”') - U(xl7al7,u',)‘ + R |ﬁ($, Q, [, 9) - ﬁ('rlv alv,u/v 9)|V(d9)
< Chop(lo =21+ la—d|+ Walu, ),

for any z,2’ € R?, a,a’ € A, and p, i’ € Po(RY).
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One can easily check that if « € A;, the dynamics (4.1) under conditions (H1) has a unique
square integrable solution, and we denote by X the solution to (4.1) and omit the superscripts
of X% whenever there is no confusion.

Furthermore, to ensure that the cost functional in (4.2) is well defined and finite, we will

make the following assumptions on coefficients f and g.

(H2) There exists Cy, > 0 such that the coefficients f : R? x 4 x P2(R?) — R and g :
R? x Py(R?) — R satisfy:

F(a,a,m)| + gz )] < Cpg(1+ [l + lal? + [1al}3).
for all z € R% a € A, and p € Pa(RY).
Now, proceeding by the same argument as in [17], we have the dynamic programming prin-

ciple (PP) for this McKean—Vlasov control problem (4.1)-(4.3).

DPP. Under assumption (H1), the value function in (4.3) is law-invariant. Moreover, for u =

Pe € P2(R?), with a slight abuse of notation, write

Vitw) = V(5,6 = inf J(t€0). (4.4)
Then, the dynamic programming principle holds such that

S
V(t,u) = inf {]E[ / f(Xf,’g’a,ar,]P)Xt,g,a)dr} +V(3,PXt,g.a)}, (MKV-Jump-DPP)
aEA; t T s

for all t,s € [0,T], with t < s, u € P2(R?) and any & € L?(F; R?) such that Pe = p.
Next, define an operator H on R% x A x Py(R%) x R? x R¥*? x LL,,, with LL,, the set of all
deterministic integrable functions with respect to v, such that
1
H(l‘vaa,u‘vpa M,’f’()) = f('raaﬁu) +b($7aaﬂ)p+ iTI'(O'O'T(.T,CL,ILL)M) (45)

b [+ B0 .0)) — r(@)v(d0).
Ra

Then, if the value function in (4.3) is sufficiently smooth, applying Corollary 3.6 to (MKV-
Jump-DPP) yields the following HJB equation

. 5V
OV (t,pu) + E ;ggH(é,a,u,3MV(t,u,§)78m8HV(t7u,€),E(t,u,é)) = 0,
V(T )

Il
s
I
=

One can further connects the value function V (¢, p) in (MKV-Jump-DPP) with the HIB

equation (4.6) in the following verification theorem.
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4.2. Verification Theorem

Theorem 4.1 (Verification Theorem) Let V : [0, T]x P (R%) — R be a function in C-1V ([0, T]x

Py (RY)).
(a) Suppose that V is a solution to the HJB equation (4.6), then \7(t, w) < V(t,p) for any

(t, 1) € [0,T] x Po(RY), with V given in (4.4).

(b) Moreover, suppose that there exists a continuous function a(t,xz,u) for (t,z,p) € [0,T) X
R? x Py(RY), valued in A such that

- - 5V
a(t,x, 1) € arg mEiEH(ac7 a, i, 0,V (t, p, ), 0,0,V (t, 1, x), T(t,u, x)); (4.7)
a I
suppose also that the corresponding controlled dynamics under (4.7)
dXs = b(Xsa(s,Xs,Px,),Px.)ds + o(Xs, a(s, X, Px.),Px,)dW;
+ Jou B(Xs—,a(s, X-,Px,),Px,,0)N(ds,df), t < s < T,
X, = €&

admits a unique solution denoted as X}, and the control o* = {a} := a(s, X}, Px:),t <

s < T} € A;. Then V= V, with V given in (4.4), and o* is an optimal Markovian

control.

Proof. (a) Fix (t,£) € [0,T] x L*(F; R?), with Pe = pu € P2(R?), and consider X = X155, a
solution to SDE (4.1) for an arbitrary control a € A;. By assumption (H1),

IE[ sup |X§’§’a|2} < Cr(1+E[¢%]) < oo,
t<s<T

which implies that assumption (H) holds, i.e.,
T
IE[/ {|b(Xs,as,IPXS)|2 + o (X, o, Px)|? +/ |B(Xs,ozs,]1”xs,9)u(d9)}ds] < 0.
t Rd

Now applying Corollary 3.6 to f/(s7 Py t.a) between t and T' yields

~ ~

T
Vi) = Vrex) - [ {07(Px) + B[00 (Px. X)X 00 Px.)
t

1 —~
+ iTI'(G'O'T (Xs, a5, Px,)0,0,V (Px,, XS))

oV oV
+ /R (E(PXS,XS + B(X,, o, Px, , 0)) - E(sz,xs))u(de)} }ds

~

= V(I,Px,)— /tT{asf/(s,Isz) - E[f(Xs,OésJP’XS)}

N ~ S5V
+ IE[H(XS, s, Px., 0,V (5, Px., Xs), 0.0,V (5, Px., Xs), %(S,PXS,XS))} }ds

IN

R T
V(T, IPXT) +E {/ f(X,, as,]P’XS)ds}

T
= E[Q(XT,PXT)—‘r/ f(XS,OéS,PXS)d8:|

V(t, 1),

IN
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where the first inequality is from the HJB equation (4.6) for ‘7, the last equality is from the
terminal condition for ‘A/, and the final inequality is by the definition of V.
(b) Now we apply the same argument again with the control a* € A; given by a} = a(s, X;,Px+),

t < s < T, with @ attaining the infimum in (4.7), and obtain

~

T
V(t7 M) = V(Ta ]P)Xtyiva* ) +E |:/ f(Xﬁg’O{* y O[:, IPX%&O‘* ) d?",
T + s
which implies that V (¢, 1) = V (¢, ). a

Remark 4.2 In the case when there is no smooth solution to the HJB equation (4.6), then its
solution should be interpreted in the viscosity sense as in [9], [16], [15]. Notice that a particular
form of 1té’s formula for cylindrical functions has also used in [9] in order to derive the viscosity

solution property of the value function.

4.3. Example: McKean—Vlasov Linear Quadratic Control Problem with Jump-diffusion Process

In the particular case of a McKean—Vlasov linear quadratic (LQ) control problem with jump
diffusion, we will illustrate how to apply the Bellman equation (4.6) and the verification theorem
4.1 to derive explicit solutions. In fact, a similar problem has been solved in [40] via a duality
approach where the jump is driven by a Poisson random martingale measure, and also studied in
[4] which considers jump-diffusion-regime switching state dynamics of multiple decisions makers.

For simplicity, take d = 1 and A = R as the analysis can be easily generalized to the

multivariate case. In the LQ case, coefficients of dynamics in (4.1) are specified as

b(z,a,p) = bo+ bix + bifi + boa,
o(x,a,p) = oo+ o1+ 710+ oz,

ﬂ(x,a,u,@) = ﬂO(H)+/81(9)x+51(0)/j+/62(6)a7

for (z,a, 1) € R x R x Pa(R), where i := [ xu(dx); the cost functional in (4.2) takes the form
of

flxya,p) = fiz® + fif® + foa?,

gz, ) = gz’ + @,

where Var(p) := [a?u(dx) — p*. Here by, 09,b;,04, (i = 1,2),b1,01, f1, f1, f2, 91,81, are con-
stants in R; and Sy, 1, 51, B2 are deterministic functions of 6.

We start by guessing the form of the solution to the HIJB equation (4.6) with

V(t,p) = A(t)Var(p) + B(t)i® + C(t)fi + D(t) (4.8)
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su for some time-dependent deterministic functions A(t), B(t), C(t) and D(t). Then

%(t, wx) = At)z? + 2(B(t) - A(t))/jw + Otz + ¢,

8, V(tma) = 2A(t)z+ Q(B(t) - A(t))ﬁ +C(t),
8,0,V (t,mx) = 2A(),
s2 where ¢ is a constant. Suppose that V in (4.8) satisfies the HJB equation (4.6), by some straight-

si3  forward calculations, one can decompose H in (4.5) into two parts, with one part involving a,

su  denoted as G(a), and the other part independent of a, such that
inf H( 0,V (t, 1), 0,0,V (¢ )@(t )
;ER Z,a, W, 1 y ), Ox 7 y )y 5# y K

= inf G(a) + (i + 21 AW) + o1 PAW) + (26 + |82, ) A(D) ) o

+( (B(t) = A())b1 + 2b1 A(t) + 20151 A(t) + 2(B1 51 + B1, v) A(t) + 2(B1, v)(B(t) — A(t)))a;ﬂ

(14 25 (B() — AW) + [PAW) + (B ) AW + 2031 1) (B(1) — A(D) )
+ (260A(1) + B1C(0) + 20001 A1) + 2(BoBr + o, ) AD) + (Br.v)C() )

+ (B10(0) + 250(B(1) — A(0)) + 20051 A() + 2801 ) A(L) +2{f0. ¥) (B(1) — A(1)
+ {(Brr)C ))M+b0 (1) + G3A() + (Aol VYA + (B0, ).

sis where G(a) takes the following quadratic form

G(a) = U(t)a* +2S(t)xa+2(Z(t) — S(t))fia+ Y (t)a (4.9)
Ut (a +%(x—u)+§8u+m 2

St )2 _ _
Ut " —h) - vt T o M w
25(0)2(1)

516 With
Ut) = fa+03A@1)+ (B3, 1)A(),
S(t) = boA(t) + 0102A(t) + (B1P2 + P2, V) A(t),
Z(t) = baB(t) + (01 +71)o2At) + (1 + B1) B2, v) A(t) + (B2, V) B(1),
Y(t) = bC(t) +20002A(t) + 2(Bof2, v)A(t) + (B2, v)C(2).

SOy 20, YO
U(t)( ) — OF 2wy (4.10)
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sis Substituting (4.9) with a into (4.6), we obtain

0= 0,V (t, 1) + E[ inf H(& a0,V (b1, €), 020,V (8,11, €), ‘;—‘;a, .6))] (4.11)
S(t)?
T )var()
+ (BO)+ 1+ i+ 200 +0)B) + (01 + 1) A1) + (81 + B, ) A()
Z(t)%\ _
U(t) )“2
+ (C(t) + 2(by + b1)C(t) + 269 B(t) + 200(01 + 51) A(t) + 2(Bo(B1 + B1), V) A(t)
+ 2{80, 1) B(t) + (81 + Br,v)C(1) )

Y(1)?
AU (t)

= (A1) + fu+ 1AW + o1 PA®) + (261 + |81, ) A(L) —

+2((B1 + 1), v)B(t) —

+ D(t) 4 boC(t) + 02 A(t) + (|Bo?, V) A(2)

519 Now comparing terms in Var(u), 2, fi in (4.11), we get the following ODEs system for A(t),
B(t), C(t) and D(t),

5!

]
S

A(t) + f1 + 260A(1) + |oaPA) + (281 + 812 1) A(t) — s =0,
A(T) = 91,
B(t) + fi+ f1 +2(b1 + b1) B(t) + (01 + 61)2A(t) + ((Br + B1)?, v) A(t)
+2((B1 + Br), ) B(t) — AL =0,
B(T) = g1 + g1,

522

C(t) + 2(by + b1)C(t) + 200 B(t) + 200(01 + 61) A(t) + 2(Bo(B1 + B1), V) A(t)

+2<50a Z/>B(t) + <ﬂ1 + Bl) V>C(t) = Oa
Cc(T) =0,
D(t) + 2boC(t) + 0ZA(t) + (|Bol?, v) A(t) + (B0, V)C(t) — 155 =0,
D(T)=0.
524 By the Verification Theorem 4.1, the solution for the McKean—Vlasov LQ control problem

s 18 given by the solution of the Riccati equations for A(¢) and B(t) and those of the linear
s equations for C(t) and D(t) given A(t) and B(t). See [42] for sufficient conditions on the

sz existence of solutions to Riccati equations.

528 From (4.10), the optimal control is given by
S(t) Z(t) Y(t)
s 2V xr CEIXT]) - S LE[X] —

s where X is the controlled dynamic associated with «. In fact, one can further compute E[X/]

s SO that
dE[X¢] = R(HE[X/]dt + Q(t),
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546

with

R(t) = by+bi+ (B+pB,v)— 58(52 + (B2, v),
Q) = bo+ (Bo,v) — 2};]((?)(1’2 + (B2, v)).

Note that the path of X} is discontinuous, yet E[X}] is continuous.

5. McKean—Vlasov Mixed Regular-Singular Control Problem

5.1. Problem Formulation and Dynamic Programming FEquation

On a given probability space (Q,F,F,P), we consider a d-dimensional Brownian motion
W = (Wi)i>0. A mixed regular and singular controlled McKean—Vlasov dynamics can be

formulated as the following SDE starting from ¢ € [0, T

dX, = b(X,, a5 Py )ds + o(Xy, o5, Px. )dW, + Adn,, t < s < T,

(5.1)
X;. = €cL?(F;RY,

for some measurable functions b : R x R™ x Py(RY) — R4, 5 : R? x R™ x Py(R?) — R¥¥4 and
some nonnegative constant A\ = diag(\y,...,\q) € R4*4. Here the mixed regular and singular

control pair (as, ns)i<s<7 is a pair of processes valued in R™ x[0, o0)¢ such that
o (as)i<s<r € Ay := {a :[t,T] = R™ | v is F — adapted, and E[ftT |a5|2ds} < oo},
o (Ns)t<s<T € U is a nondecreasing cadlag F-adapted process satisfying E[Var(V)r] < oco.

Given the dynamics (5.1), the McKean—Vlasov regular-singular control problem is to derive,

over the admissible control set A; x U, the following value function

f/t, - inf jt7 =
(t,€) o™ (t, & a,m)

T
= inf E Xg, ,P d X ’P d ,
(oc,n)lenAtxUt [/t (f( s s, Px,)ds + g(Xr XT)> +/[t’T)'y 773]

(5.2)

where 7 is a fixed constant in R¢ and f[t ) vdn; means that a jump at the terminal time T is
not allowed.
To ensure this McKean—Vlasov control problem (5.1)-(5.2) is well defined, we will make the

following assumptions on the coefficients for the coefficients b and o :

(H3) There exists a constant Cj, > 0 such that for any z,2’ € R?, a,a’ € R™, and pu, p’ €
Po(R?)

|b($,a,u) - b(mlva’/»//” + ‘U(xvanu) - U(x/aa/wu/” < Cb,0(|$ - ‘T/‘ + WQ(M?N/) + |a - a/l)v
and
b(z, a, p)| + |o(z,a, 1) < Cpo(1+ |2 + ||l + |a])-
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Note that under condition (H3), equation (5.1) has a unique strong solution, denoted as
Xb&an for any admissible control («,n) € Ay x Uy.

Furthermore, we will assume that the running functions f and g satisfy the square growth
condition.

(H4) There exists a constant Cy , > 0 such that
F(,a,m)| + gz )] < Oy (1+ [l + lal* + [1ul}3).
for all z € R%, a € R™, p € P2(RY)

Next, proceeding by the same arguments as [16], we can obtain the DPP for this McKean—

Vlasov regular-singular control problem (5.1)-(5.2).

Under assumptions (H3)-(H4), for any t,s € [0,T] with ¢ < s, and £ € L?(F;R?) with

Pe = p, we have

Vit,p) 2V(t,€) = inf R X,, o, Px,)d d V(s,Pyre).
ewavee = it B[00 an Bt [ ] VP

(MKV-Regular-Singular-DPP)

Suppose that V (¢, u) is sufficiently smooth. By applying Corollary 3.7 to (MKV-Regular-

Singular-DPP), we obtain the dynamic programming equation:

_ inf LV (rPx.) +E Py, X,).b(X,, ap, P .
0 = it [{avere) BBV X) b0 an Py ) (5.3

1
+ iTr(UUT(XM Ay, ]P)Xr)aaca,uv(rv IP)XT, Xr)) + f(Xr» Ay, ]P)XT):| }dT

+ ]E[/t (MY (. Px,_, Xoo) +7)dne | —E[ 3 0.V (rPx,_, X,-).AX, |

t<r<s

+ > (V(T,IP’XT)—V(T,PXF))l{er#er,}

t<r<s
+ E[ Z (%(r, Px,,X,) — %(ﬁ ]IDXMXT—))l{IP’Xr:PXT_}}’
t<r<s

for all 0 <t < s < T. Notice that the last two terms of RHS of (5.3) can be written in integral

form
1
Vir,Px)—V(rPx. ) = / E[0,V (r, Px, +nax, Xr_ +hAX,).AX,]dh,
0
1
il(r, PXM XT) — (Z—V(r, ]P)Xr, s er) = / QHV(T‘, ]P)XT,+hAXT7 X, + hAXT)AXTdh
H H 0

Hence, by rearranging the last three terms in (5.3), we obtain the following definition of a

classical solution to (5.3).
Definition 5.1 Consider V € CH1D([0,T] x Py(RY)), define

~

C(V):= {(t,,u,x) €[0,T] x Po(RY) x RY : 4 + A@M‘A/(t,,u,x) > O}, (5.4)
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> denote by CLM(‘A/) the projection of C(V) onto (t, n)-space, and define

51

k-3

H(z,a,p,p, M) = f(z,a,p1) +b(z,a,p).p+ Tr(o(z,a,p)"M). (5.5)

sss  We say that V is a classical solution to the dynamic programming equation (5.3) if the following

sea  conditions hold
565 o for every (t, 1) € [0,T] x Po(RY), if (t, 1,€) € C(V), P-a.s. with & ~ p.
OV (tp) +E[ inf H(E a0,V (8 1,€), 000,V (1, ) (,0,))] =0, (5.6)
wo o for every p € Py(RY), V(T, ) = (g(-, 1), ),
s67 o for every (t,u) € [0,T] x Po(R?) and & ~ p,
Y+ AV (1, €) >0, P—as., (5.7)
568 e for every (t,p,a) € [0,T] x P2(R%) x R™,
OV (t, 1)+ E[H (€. a1, 0,V (t.11,), 0:0,V (¢, 11, ) (1,0, ))] 2 0. (5.8)

so  9.2. Verification Theorem

s Theorem 5.2 (Verification Theorem)

(a) Suppose that V € CH1D ([0, T] x Po(R?)) is a classical solution of the dynamic program-

5

N
=

572 ming equation (5.3), then V(f,/j) < V(t,p) for any (t,p) € [0,T] x Pa(RY), where V is
573 given in (MKV-Regular-Singular-DPP).

su  (b) Furthermore, if there exists (a*,n™) € Ay X Uy such that
P(Leb ae. se[t,T),X: = Xbea™ 0" ey p (17)) —1, (5.9)
575 and for every (s,Px«, X¥) € c(V),

ol =a(s, XI, Pxs), witha(s,x,n) € arg mﬂi{n H(z,a,p, 8H‘7(s,u),8wau\7(s,u)), (5.10)
: R
576

E / (30, V(s Bx: . X2) 47t =0, (5.11)
[t.T)

577

v(s,PX:_) = 17(t,]P’X;) +1E[An;] foranyse {t <s<T:Px: #Px-_ }, (5.12)

and
sV 5V
]P’(—V(S,IP’X*,X;‘) = —V(s,]P’XMX;L) +yAnL, for allt <s < T
o s o s
with Px. = JPX;) -1 (5.13)
578 Then V is the value function of problem (5.1)-(5.2). That is, V(t,u) = V(t,p) for any
579 (t, 1) € [0,T] x Po(R?), where V is given in (MKV-Regular-Singular-DPP).
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591

Proof. (a) Fix (t,¢) € [0,T] x L?(F;RY) with P = p and consider X, = X557 solution
to SDE (5.1) for a given arbitrary admissible control («,n) € A¢ x Uy. Under conditions (H3)-
(H4),

E[ sup |X§’§’°""|2} < Cr(1+E[|¢?]) < oo.

t<s<T
This implies assumption (H). Applying Corollary 3.7 to ‘7(87 ]P)Xi,g) between t and T,

~

T
Vit,p) = V(T,]PXT)—/ {8SV(S,IP’XS)+]E[(?#V(s,]P’XS,XS).b(Xs,as,]P’Xs)
t

+ %Tr(ooT(Xs, aS,IPXS)&ca,JA/(s,IPXS,XS))} ds} (5.14)

T o~
—E[/t AauV(s,PXk,Xs_).dng]

(517 LX) - ?Z(S,szst))l{sz—sz}]

Since V is a classical solution of (5.3), by (5.8),
~ ~ 1 ~
sV (s,Px,) + IE[@LV(S,IP’XS,XS).b(XS,aS,IP’XS) + §T1“(O'O‘T(XS, as,IP’XS)awauV(s,PXS,XS))}
> _f(Xmas»PXs)'

Moreover, by (5.7), we have

T T
B [ 20,05, Px._, X)) = o[ [ aie]
t t
According to the Fundamental Theorem of Calculus and (5.7),

1
V(s,Px,) — V(s,Px, )= / E[A0, V(5. Px, tnax., Xo +hAX,).An,|dh > —1E[An,],
0
5V 5V LN
5—(7“7 Px ,X,) — 5—(7“, Px , X, )= 0,V (r,Px,, X,— + hAX,).AX,dh > —yAn;.
H K 0
From the above three inequalities, with the terminal condition for V plugged into (5.14), we

obtain

~

V(t,pu) < E[/tT (f(Xs,as,PXS)dt+g(XTJP’XT)) +/[tT) ’ydns}.

(b) Applying (5.14) with Px, we see from (5.4), (5.9), and (5.10) that the second term on the
right hand side of (5.14) becomes

E[/tTf(X:,a:,PX;)ds]
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Furthermore, by (5.11)-(5.13),

/ O, V (s, Px-_, XI )dny } Z (V S, ]P’X* v(SaPX;,))l{P}S;éPX:_}

t<s<T
_E[ > ( (s,Px=, XI) — (;V(s Pxs, X} ))1{%_% }}
t<s<T H
= E[/ vdn;"c} +y Y E[An;‘]l{nmxs*#n»x*f}Jrle[ > A??Z‘l{wx;:r@x;}}
t t<s<T : t<s<T ’

E[/tTvdn;“]

Now by applying (5.14) to (a*,n*), we conclude that

T
—| [ 7000 P s+ 006 Py + |
t

Yy ] :
[t1T)

Remark 5.3 According to Verification Theorem 5.2, if there exists (a*,n*) € A; satisfying
(5.10)-(5.12), then V = V and (a*,n*) is optimal. Let us denote C(V) and D(V) for the

n*-continuation region and the n*-action region, respectively, with

C(V) = {(t,mx)€[0,T] x Pa(RY) x R : v+ A3,V (¢, pu,z) > 0}, (5.15)
D(V) = UL, Di(V), (5.16)

where
Dy(V) ={(t,p,z) € [0,T] x PQ(Rd) xR Vit /\i(aﬂv)i(tvﬂ’x) =0}, 1<i<d

Moreover, if (t,Px» , X[ ) starts from n*-action region D(V') with positive probability, then
(t,Pxx , X[ ) jumps immediately to a point on the boundary of C(V'), denoted as OC(V). In
fact, (5.9) suggests that if (t,Px» , X[} ) is in the n*-action region with a positive probability,
then (t,Px;, X;) must be either in the interior of C(V') or in its boundary P-a.s.. To check that

indeed it can not be in the interior of C(V'), let us define
7: = inf {h €0,1]: (6, Px: ynaxs, X;_ +hAX]) € aC(V)}.
If Px+ # Px;, according to (5.12), together with the Fundamental Theorem of Calculus

0 = V(t,]P)Xt*) — V(t,IP)Xt*i) + ~vE[An;]

1
/ E[()‘auv(t»PX;‘_JrhAvaXt*— +hAXT) + 7) Aﬁf}dh
0

1
/ E{()\a/LV(t,PX57+hAXf s Xt*— + hAXt*) + ’y) 1{h<T}AT]:} dh
0

1
+ / E[(A9V (6 Px;_ shaxs Xio + RAX]) +7) sy Av; | dh.
0
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From (5.9), the integral over [0, 7] is nonnegative and the integral over (1,1] is positive, thus a
contradiction unless T = 1 P-a.s., which means that (t,Px», X;) is on 9C(V) P-a.s. Similarly,
if Pxy = Px» , according to (5.13), together with the Fundamental Theorem of Calculus, T =1
P-a.s. In either case, once (t,IP’Xt*,X;‘) reaches the boundary, ny acts only to prevent it from

entering the interior of D(V).

5.3. Relation to the Maximum Principle

As discussed in the introduction, the maximum principle and the dynamic programming
principle are the two most common approaches in solving stochastic optimal control problems.
Under certain differentiability conditions, these two principles are related in the sense that the
derivatives of the value function and the solution to the adjoint equation along the optimal state
process are connected. This relationship has been discussed in [43], [35] for classical diffusion
processes, in [24], [38], [44] for diffusion with jumps, and in [3] for singular stochastic optimal
control problems.

In this section, we will build a similar relationship for McKean—Vlasov (MKV) regular-
singular control case. In order to put it in the framework suitable for the maximum principle,

we will make the following assumptions.

(H5) Measurable functions b(+,a,+),o(-,a,-) and f(-,a,-) are differentiable with respect to x
and p and all derivatives are bounded and Lipschitz continuous, where Lipschitz constants
are independent of a € R". Moreover, functions b, and f are continuously differentiable
with respect to the control a, and all their derivatives are continuous and bounded. Similarly,
g(-,-) are differentiable with respect to x and p and all derivatives are bounded and Lipschitz

continuous.
(H6) The Hamiltonian H(-, -, -, p, M) defined in (5.5) is convex with respect to (x, s, a), i.e., for
every r,2' € RY p, ' € Po(RY), and a,a’ € R™,
H(z',d',p',p, M) > H(z,a,p,p, M)+ 0 H(z,a,p,p, M).(z' — )
+ 8aI{(x7 a, [, P, M)'(a// - CL) + E[auH(xv a, 4, P, Ma g)(g/ - f)] )

where & and &’ are square integrable random variables with distributions p and g’ (respectively).

The F-adapted processes (p:, M) are given by the adjoint equation

dpt _{8$H(Xt*7 Oé;jku]P)X;th Mt) + IE[GHH(X:’ d:7PX;‘aptu MbX:)} }dt
+ MydWy, (5.17)

pr

Now recall from [29] the following maximum principle for the MKV mixed regular-singular

control problem.
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Proposition 5.4 (1) Let X* be the optimal solution associated with the optimal strategy (a*, n*)
of McKean—Vlasov mized regular-singular control problem (5.1)-(5.2). Assume condition (H5).
Then there ezists a unique pair of F-adapted processes (py, My)y for the adjoint equation (5.17)
such that for all (a,n) € Ag x Uy, the following inequality holds P-a.s., dt-a.e.

0aH (XY, af,Pxs,pe, My)(ay — f ) + E[/{ (v + Ape)d(ne —nf)| > 0.
0,7)

(2) Let (&,9) € Ao X Uy be an admissible control, and X", (p¥, M&) be the solution of (5.1)
and (5.17) respectively associated with (&, 7). Assume conditions (H5)-(H6). And suppose that

the singular control (&,1) satisfies that

T
B[ [ 0O G0 P, pf M) — )] + E /[ (A =) 20,
0 0,

for any (a,m) € Ag x Uy. Then (&, 1) is an optimal control of the McKean—Vliasov singular
control problem (5.1)-(5.2) starting at time t = 0.

We now show that the adjoint process can be expressed in terms of the Lions derivative of

the value function for the MKV mixed regular-singular control problem.

Theorem 5.5 Assume that V € CHZD([0,T] x Po(RY)). If (a*,n*) € Ag x Uy satisfies condi-
tions (5.9)-(5.12), then the solution of the adjoint equation (5.17) is given by

pr =0,V (tPxs, X7), My = 0,0,V(t,Pxs, X)o(X7,af, Px:), 0<t<T.  (518)
Proof. Observe that
(,L,a)egg{}d)me F(t,p,a) = F(t,Px;,a(t, X{, Pxy)),
where F(t,u,a) is given by
F(t,p,a): = 0V (t,n) +E[H(E a, 1,0,V (t, 1, €), 0.0,V (L, 1, )]
Differentiating F'(t, 1, a) with respect to x4 and then evaluating at Px and a yields
O, F (t,Pxy,a(t, X;,Px+)) = 0. (5.19)
To simplify notations, set
b= b(XT 0l P ), B = WK 60 Py ), of = 0(X7 s Pxp), 0 = o(X7 @, P ).
Then straightforward calculation of (5.19) suggests
00,V (t,Px;, X;) + 0,0,V (t,Px;, X[ )b + E[02V (,Pxs, X, X[ )bf]
+ %{Tr(af(af)TﬁmﬁuV(t,ng,Xt*)) +]E[Tr(&f(&f)Tﬁx@zV(t,]P’X;,Xt*,Xt*))]}
= {0 H(X; 0l Px;, 0,V (1, Px;, X7, 0,0,V (8, Px;, X[ )or)

+ E[0,H(X;, @, Px;, 0,V (6 Py, X1, 0.0,V (8, Px;, X7), X[V} | (5.20)
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s Applying Corollary 3.5 to 9,V (s, Pxx, X;) between ¢t and 7" yields
0, V(t,Pxs, X[) = 0,V(T,Px:, X7) (5.21)

T
1
= —/ {883MV(3,]P’X:,X:)—|—6w8MV(3,IPX:,X:)b:—|—2Tr(a:(a:)78m8MV(s,IPX:,X:))}ds
t
T o B
— [ B[OV P X5 X + ST (E 07 000FV (s Py X2, X)) s
/ 0,0,V (5, P2, X2 ) dW,

—)\ / 0,0,V (5, Bx:, X2)dit — > 0,0,V (s,Px:, ;)An;)
t

t<s<T
I,
o Z (a V S PX* ) 0 V(S IEDX* X* ))1{ng=Pxf }
t<s<T o
I3
= 3 (0uV (5 P, X2) = 0V (5, P, X2) ) Lo o
t<s<T ‘ o
13
— T — —
SAE| [ OV(s P, X2 XD = Y 02V (s P, X7, XA
t t<s<T
I3
" 5(atv) * vk §(atv) * vk
-E[ ¥ ( o (S,IF’X;,,XS,XS)f(;T(S,IP’X:,XS,XS_))I{PX;:PX;}]
t<s<T
Iy
- (aMV(SaPX;‘aX;Z)_6MV(57PXS*_=X:7)>1{Px;¢ﬂ”x* b
t<s<T T
Is

651 Now, we calculate I; and I3. On one hand, D(V) C argmin{y+ A9,V (i, x)}, then for every
e (t,p,x) € D(V) in (5.16),

y (’y + X9,V (1, x)) = 0,V (p,z,2") =0, 0, ('y + A@,ﬂ/(,u,x)) = 0,0,V (p, ) = 0.

63 On the other hand, (5.11) implies that E[ftT 1(s,1P’X*,X;)ec(V)d77§’C} = 0, therefore

T
I )\/ 0,0,V (5, Pxs, X2 )dn:*
t

T
N A/ L(s.xs x2)ec(v)y 020,V (5, P, XJ)dn
t E
T
+ /\/ Li(spxs, x2)eD(v)} 020,V (8, Px 2, XJ)dn "
t
= 0.
64 Similarly, we have

T
I3 ::EU OV (s, Pxe, X3, X2)dis — > 85V(5,IPX;,X:,X:)A77:] =
t

t<s<T
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s Next, we calculate I3 + I5. By the Fundamental Theorem of Calculus,

Bl = > (9V(sPxe, X2) = 0,V (s, Px:, X00) ) Ly oy )
t<s<T ‘
1
= A > ( / 920,V (s,Px+_ynaxs, Xi +hAXI)Anidh
t<s<T V0

1
+ / IE[@IQLV(S,IPX;MAX;,X:_ + hAX:,X:_ + hAX:)Aﬁ:]dh)l{]px*#pX* 3
0 s s

ess 10 prove that the right hand side in the above equation vanishes, it suffices to check that if

es7  An* >0, then for every h € [0, 1], P-a.s., P-a.s.

0,0,V (s, Px+ 1naxs, Xi_ +hAXT) =0, (5.22)

OV (s,Pxs_pnaxs, Xio + hAX, X +hAX)) =0. (5.23)
s From (5.12), we see that when s € {t < s <T : Px» # Px+_},

0

V(Sv]PX;‘) - V(Sa]PX:,) + ’YE [An:]

/01 E [(ABMV(& Px: +hax:, Xg_ +hAX]) + 7) Aﬂ:} dh.

o The right hand side is nonnegative, An; > 0 implies that (s,Px+ ynaxs, X;_ +hAX7) € D(V),
o P-a.s., for every h € [0,1]. This implies (5.22)-(5.23). Hence, I3 + I5 = 0.

661 Now we compute I3 + I. By the Fundamental Theorem of Calculus,
1
n o= > ( / 80,V (8, P, X7 +hAX;*)A77;"dh)1{]pX*=px* .
t<s<T 7O co
— 1 — —
I = E[ 3 (/ ABﬁV(s7IP’X;_+hAX;,X§,X;‘,+hAX;‘)Anjdh)l{]pX*:PX* }]
t<s<T VYO0 : o

sz 'To prove the right hand side in the above equation vanishes, it suffices to show if An¥ > 0, then

s for every h € [0,1], P-a.s., P-a.s.
920,V (s,Pxs, X3 +hAX) =0, 92V (s,Px:, X, X +hAX))=0. (5.24)

664 From (513), when s € {t <s<T: ]P)XS* = PX:,}

1% 1%
= = D oo pupad " *
0 §u(SaPXs7 s) 5M(S7PXS’ s—)+'7A773

1
/ (MY (5, Bxs, X2+ hAXZ) + ) Antdh.
0

ses The right hand side is nonnegative, An} > 0 implies that (s, Px«, X7 +hAX]) € D(V), P-as.,
s for every h € [0,1]. This implies (5.24)

0:0,V (s,Px:, X +hAX}) =0, 9.V(s,Px:,X; +hAX} X])=0.
e7 Hence IJ =0 and I, = 0.
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Note that all terms I; — I associated with n¥ vanish. By (5.20)-(5.21), we obtain

o,V (t,Px», X{) = —{(%H(X;, af,Pxx, 0,V (t,Pxy, X[), 0.0,V (t,Px;, X[ )o})
+ B[0H (X767, Px;, 0,V (6 Px;, X7), 0,0,V (1, Px;, X0)arp)] ot
+ 0.0,V (t,Pxy, X[ )o (X}, of , Px)dWry,
OuV(T,Px;, X7) = 0ug(X[,Px;) + E0,9(X7, Pz, X7)].
Thus, the pair (p, M) given by (5.18) is the solution of the adjoint equation (5.17). a

Remark 5.6 (Mean-field games with singular controls) When the controls are regular,
mean-field game (MFG) and McKean—Vlasov control are related ([13], chapter 6). In the case of
singular controls, [25] established the existence of an optimal control to McKean—Viasov singular
control using a similar method for MFGs with singular controls. In fact, one may mimic the
case of regular controls and show that MFG with singular control and McKean—Vlasov singular
control are also connected. To see this, assume for simplicity that o in (5.1) does not depend
upon on the regular control «, then the FBSDE system given by the mazimum principle (5.1)-
(5.17) for the McKean—Viasov control problem may be also identified with (at least formally)
the FBSDE system given by applying the maximum principle to the following auziliary MFG
problem, where the dynamics follow

dXs = b(Xs, as,ps)ds + o(Xg, ps)dWe + Adng, t < s < T,

Xio = £eL¥FsRY,

and the cost functional is given by

5 T
Mo = Elarpm) + [ S ir Xeurin) + [ (K )ds
t

T sH, |
o [ S (05,0, 5. )0 1) e D5, ). 5 9) () ) )
t

T
+ / ’ydns} :
t
Here &(x, p, p, M) is the minimizer of H(x,a, u,p, M) in (5.5), and the function u is the linear

derivative of the value function V (t, 1) in (MKV-Regular-Singular-DPP) along the optimal path.

5.4. Example: Mean-Variance Singular Control
We now analyze a class of one-dimensional mean-variance singular control problem, where
coefficients of the dynamics in (5.1) are specialized with
b(x,a,pn) = rz+ pa,
O(Iv a, /j/) = oa,
for (z,p,a) € R x Po(R) x R, with r,p and ¢ > 0 constants in R. And in (5.2), the running

cost f = 0, and the mean-variance terminal cost function is

glap) = Sa—pP-z,
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where the constant 8 > 0, and i := [, zu(dx).

We will search for a classical solution to the dynamic programming equation (5.3). In the
waiting region C(V') in (5.15), V (¢, u) would satisfy the HJB equation (5.6), which corresponds
to the classical linear quadratic McKean—Vlasov control problem. Now take V(¢,u) of the

following form
V(t, u) = A(t)Var(u) + B(t)i* + C(t)a+ D(t),

for some time-dependent functions A, B, C, and D : [0,7] — R. Solving the corresponding
HJB equation (5.6) in the similar way as in Section 4.3, we see that A(t), B(t),C(t) and D(t)
satisfy the following ODEs

A(t) — g—Z—Qr)A(t) = 0, AT)=2,
B P> B*(t) _ —
) - S58 1Bt = 0, B(T)=0,
C(t)+r0(t)—g—i% = 0, O =-1,
. 2 2
D(t) - 50 = 0, D(T)=0,

which can be explicitly solved such that

gexp (c2r - g)(T —1). B =0,
) = —exp(r(T—1)), Dt) = iexp (g—Z(T 1) - i

Therefore, C(V') in (5.15) and D(V) in (5.16) are now given by

c(v) = {(t,ﬂ,m)e [0, T] x RxR: A\Fexp ((QTfZ—Z)(Tft))(xfﬂ)
—Xexp (—r(T —t)) +v > 0},
D(V) = {(t,ﬂ,x) €0,T] x RxR: AFexp ((2T—§)(T—t))(x—ﬂ)

—Xexp (—r(T —1t)) Jr’y:()}.

From (5.9)-(5.12), P(Leb a.e. t € [0,7], (t,Pxs, X}) € C(V)) = 1, where X} is the controlled
process associated with the optimal control (a*,n*), where

of =~ 5(X; EIX{]) + 5g e (g - (T - 1),

o
and n*
T
E/O Lipxs xp)epvyydn; = 0. (5.25)
The controlled process X; then follows
2 2 2 2
) P O L P P
AX; = ((r — DX+ BRG]+ g el — (T - t)))dt (5.26)

+ (- Lo - Elx) ﬁpaexp(gz = 7)(T = 1)) )W, + Adn;.
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Solving (5.25)-(5.26) is equivalent to solving a one-dimensional Skorokhod problem, see [30]. By

Theorem 4.1 in [30], such an n* exists uniquely.
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